Journal of Algebra 222, 428-470 (1999)
Article ID jabr.1999.8011, available online at http://www.idealibrary.com on I1DE §|.®

Tree Products of Conjugacy Separable Groups

P. C. Wong and C. K. Tang

Department of Mathematics, University of Malaya, 50603 Kuala Lumpur, Malaysia
E-mail: wpc@mnt.math.um.edu.my

Communicated by Walter Feit

Received October 7, 1998

A group G is said to be conjugacy separable if for each pair of elements x, y € G
such that x and y are not conjugate in G, there exists a finite homomorphic image
G of G such that the images of x, y are not conjugate in G. In this note, we show
that the tree products of finitely many conjugacy separable and subgroup separa-
ble groups amalgamating central subgroups with trivial intersections are conjugacy
separable. We then apply our results to polycyclic-by-finite groups and free-by-finite
groups.  © 1999 Academic Press
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1. INTRODUCTION

Baumslag [3] proved that the generalised free products of two polycyclic-
by-finite groups amalgamating a central subgroup are residually finite. In
this note we shall prove that the tree products of finitely many conjugacy
separable and subgroup separable groups amalgamating central subgroups
with trivial intersections are conjugacy separable. This generalises our result
in [27]. As a consequence the tree products of finitely many polycyclic-by-
finite groups or free-by-finite groups amalgamating central subgroups with
trivial intersections are conjugacy separable. More precisely we shall prove
the following:

THEOREM 2. Let Gy, G,,..., G, be conjugacy separable and subgroup
separable groups. Let G = (G4, Gy, ..., G,;H;j = H};) be a tree product of
Gy, Gy, ..., G, amalgamating the finitely generated subgroups H;; of Z(G;)
and Hj; of Z(G;), where H; N Hy = 1 for j # k. Then G is conjugacy
separable.
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We recall that a group G is said to be conjugacy separable if for each
pair of elements x, y € G such that x and y are not conjugate in G, there
exists a finite homomorphic image G of G such that the images of x, y
are not conjugate in G. It is well known that free groups, finitely gener-
ated nilpotent groups, and surface groups are conjugacy separable (Stebe
[21]; Blackburn [4]; Scott [20]). Dyer [5], Formanek [8], Remeslennikov
[18], and Fine and Rosenberger [7] extended these results by showing that
free-by-finite groups, polycyclic-by-finite groups, and Fuchsian groups (fi-
nite extension of surface groups) are conjugacy separable, respectively. The
free products of conjugacy separable groups are shown to be conjugacy
separable by Stebe [21]. The systematic study of the conjugacy separabil-
ity of generalised free products began with Stebe [21]. Dyer [6] completed
Stebe’s work by showing that the generalised free products of two free
groups or finitely generated nilpotent groups amalgamating a cyclic sub-
group is conjugacy separable. By using the structure of certain generalised
free products, Tang [24] and Allenby and Tang [2] then showed that certain
one-relator groups with torsion are conjugacy separable. More recently Al-
lenby [1] showed that certain one-relator products are conjugacy separable
by using similar methods.

The study of the conjugacy separability of generalised free products has
been continued by many mathematicians. Their results can be briefly sum-
marised as follows: Let G be a generalised free product of two groups
amalgamating a cyclic subgroup. Then G is conjugacy separable if the
two factor groups are free groups or finitely generated nilpotent groups
(Dyer [6]) or surface groups (Tang [26]) or finitely generated Fuchsian
groups (Kim and Tang [11]) or polycyclic groups (Ribes, Segal and Za-
leskii: see the paper by Kim and Tang [11]) or free-by-finite groups or
finitely generated nilpotent groups (first proved by Tang [25] with some
additional conditions and later in general by Ribes and Zalesskii [19]).
More recently Kim and Tang [13] showed that the tree products of finitely
many conjugacy separable residually finitely generated torsion-free nilpo-
tent groups amalgamating cyclic subgroups are conjugacy separable. As a
consequence the tree products of finitely many free groups, finitely gener-
ated torsion-free nilpotent groups, or surface groups amalgamating cyclic
subgroups are conjugacy separable. In the same paper, Kim and Tang
[13] asked whether the tree products of finitely many Fuchsian groups
or the tree products of finitely many polycyclic groups amalgamating
cyclic subgroups are conjugacy separable. Our theorem complements these
results.

We shall proceed to prove our results as follows: in Section 2 we state the
definitions and essential lemmas; in Section 3 we give a brief outline of the
proof of Theorem 2 and state the lemmas (without proofs) used directly in
the proof; in Section 4 we prove Theorem 2 and give some applications to
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polycyclic-by-finite groups and free-by-finite groups and finally in Section 5
we give the proofs of all the lemmas.
The notations used in this note are standard. In addition, the following
will be used for any group G and x, y € G:
N <¢ G means N is a normal subgroup of finite index in G.
Z(G) denotes the centre of G.
G Yy means x is conjugate to y in G.
{x}¢ denotes the conjugacy class of x in G.
K* means x~!'Kx for any subgroup K in G.

If G is a generalised free product and x € G, then ||x|| will denote the usual
reduced length of x.

2. PRELIMINARIES

In this section, we give the main definitions and essential lemmas. We
begin with a theorem of Magnus, Karrass, and Solitar [16].

LEmMA 1. Let E = Gy *y G, and let x € E be of minimal length in its
conjugacy class. Suppose that y € E is cyclically reduced and y ~p x.

(@) If |x|| =0, then ||y|| < 1and if y € G, say, there exists a sequence
hy, hy, ..., h, of elements in H such that y ~g hy ~g, hy ~g, -+ ~g, h, =
x.

(d) If |lx|| = 1, then |yl = 1 and either x,y € G, and x ~, y or else
x,y € Gyand x ~g, y.

(c) If | x|l = 2, then ||y| = ||x|| and y ~y x’ where x' is a cyclic per-
mutation of x.

Let x = wjuy---u,, y = vjv,---v,, where r > 2, be cyclically reduced
elements of E as in Lemma 1. Consider the system of equations
Uiy = ko'viky

Uiy = ki Uzkz

(1)

_ -1
Ui, =k, vk,.

The system of equations (Ii) has a solution of H if and only if there exists
a finite sequence hy, hy, ..., h, of elements in H which satisfy the system
of equations (Ii) simultaneously and 4, = k. This is equivalent to x’ =
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hy'yhg, where x' = w;u;,q ---u;_; is a cyclic permutation of x. So x ~ y
if and only if the system of equations (li) has a solution in H for some i,
0 <i <r. (See Dyer [6].)

We recall the definition of a conjugacy separable group.

DEerINITION 1. A group G is said to be conjugacy separable (c.s.) if for
each pair of elements x, y € G such that x and y are not conjugate in G,

there exists a finite homomorphic image G of G such that the images of x,
y are not conjugate in G.

LemMA 2. Let E = G xy G,, where G| and G, are finite groups. Then
E is conjugacy separable.

Proof. Theorem 1 in Dyer [6].
Next we give the definition of a subgroup separable group.

DEFINITION 2. A group G is called H-separable for the subgroup H if
for each x € G\H, there exists N <; G such that x ¢ HN.

G is termed subgroup separable if G is H-separable for every finitely
generated subgroup H. Similarly G is HK-separable for the subgroups H, K
if for each x € G\HK, there exists N <7 G such that g ¢ (HK)N.

LEmMMA 3. Let G be free-by-finite. Then G is HK-separable for all finitely
generated subgroups H, K of G. In particular, G is subgroup separable.

Proof. Lemma 3.2 in Tang [25].

We note that if £ = G, x5y G,, where G, and G, are finite groups, then
E is free-by-finite and hence E is HK-separable for all finitely generated
subgroups H, K of E.

DEFINITION 3. Let Gy, G, ..., G, be groups and let H;; be a subgroup
of G;. Then G = (G, G,, ..., G,; H; = Hy) shall denote a tree product
of the Gy, Gy, ..., G, with the subgroups H;; of G; and H; of G; amalga-
mated.

3. OUTLINE OF THE PROOF OF THEOREM 2

In [27], we proved the following:

THEOREM 1. Let E = G *y G,, where GiyN G, =H and H € Z(G,)N
Z(G,). Suppose that each G; is conjugacy separable and subgroup separable.
Then E is conjugacy separable.

In this note, we shall extend Theorem 1 to Theorem 2. First we give a
brief description of the methods we shall use. The proof of Theorem 2
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is based on methods and techniques first developed by Stebe [22] and
Dyer [6]. Later Allenby, Kim, McCarron, and Tang independently and
jointly, further developed, expanded, and refined these and other new meth-
ods in their papers [1, 2, 11, 13-15, 24-26]. Among the many concepts used
and introduced by Allenby, Kim, McCarron, and Tang, the following or
similar properties will be used in the proof of Theorem 2:

Let G be a group and let H be a finitely generated subgroup of G.

(i) Let R<s H. Then there exists N < G such that NN H = R.
(i) Let x € G\H. Then there exists N <y G such that x ¢ HN.

(iii) Let {x}° N H =, where x € G. Then there exists P <; G such
that {x} NH =J in G = G/P.

(iv) Let x ¢ HyH, where x,y € G. Then there exists P <; G such
that X ¢ HyH in G = G/P.

Properties (i), (ii), (iii), and (iv) are derived from the definitions of po-
tency (see Allenby and Tang [2]), subgroup separability, subgroup conju-
gacy separability (see Kim and Tang [12]), and double coset separability,
respectively.

Our proof of Theorem 2 follows the method of Allenby, Kim, McCarron,
and Tang which is based on the criterion of Magnus, Karrass, and Solitar
(Lemma 1 above). We shall use the theorem of Dyer (Lemma 2 above)
and the properties (i)—(iv) repeatedly. However these properties and the-
orems together are not sufficient to prove the conjugacy separability of a
generalised free product in general. The properties of the factor groups
and the type of subgroup amalgamated play an important role in determin-
ing the conjugacy separability of the generalised free product. This is where
Allenby, Kim, McCarron, and Tang have made many contributions.

We now give a brief outline of the proof of Theorem 2. Let G =
(G, G,,...,G,; Hj = Hj;) be a tree product of conjugacy separable and
subgroup separable groups G, G,, ..., G, amalgamating the finitely gen-
erated subgroups H;; of Z(G;) and H;; of Z(G;), where H; N Hy = 1
for j # k. To prove that G is conjugacy separable, we use induction on 7.
The case n = 2 follows from Theorem 1. Let n > 3. The tree product G
has an extremal vertex, say G,, which is joined to a unique vertex, say
G,,_;. The subgroup of G generated by G, G,, ..., G,_; is just their tree
product. Let E denote this subgroup. Then we write G = E %y G,,, where
H = H,_1), = H,(,_1). This implies that G is a generalised free product
of the two groups E and G,, with the subgroup H amalgamated. Note that
H is central only in G,,.

Next we apply the criterion of Magnus, Karrass, and Solitar (Lemma 1
above). To do that we need to show that E is conjugacy separable and E
has the properties (i)—(iv). In addition, E must have the following property:
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(v) LetH*NH =1,H"NH =1, where x, y € G and R <y H. Then
there exists P<1f G such that PN H € R and H*PNHP = P, H'PnN
HP =P.

By induction, E is conjugacy separable. By Lemmas 4-6, E satisfies the
hypotheses of Lemmas 8, 10, 13, 26, and 32 and this implies that E has
the properties (i)—(v). Now by assumption, G,, is conjugacy separable and
subgroup separable. Again by Lemmas 4 and 6, G, has the properties (i)—
(iv). (The property (v) is not applicable to G,.) So now we can proceed
to use the criterion of Magnus, Karrass, and Solitar (Lemma 1 above).
Let x, y € G be such that x =5 y. We can assume x, y to be of minimal
lengths in their conjugacy classes. We then divide the proof into several
cases according to the length of x and y. In each case, by using the above
properties, we find an image G of G such that G is a generalised free
product of two finite groups and such that x « y, where X, y are the images
of x, y, respectively, in G. By the theorem of Dyer (Lemma 2 above), G is
conjugacy separable and we are done. This completes the brief outline of
the proof of Theorem 2.

We shall give the complete proof of Theorem 2 in the next section. Before
that, we state (without proofs) Lemmas 8, 10, 13, 26, and 32. As given in the
outline above, these lemmas state that certain tree products have properties
(i)=(v). Thus they play an important role in the proof of Theorem 2. The
complete proofs of these and other lemmas will be given in Section 5.

LEMMA 8. Let G = (Gy, Gy, ..., G,; Hj = Hj;) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H;; of G and H;; of G;. Let K
be a subgroup of G, and suppose that

(a) foreach S <; K, there exists M <y G, such that M N K = S;
(b) foreach R;j <; H;j, there exists N; <y G; such that N; N H;; = R;;.

Then there exists P < G such that PN K = S.
LEMMA 10. Let G = (G, Gy, ..., G,; H;; = Hj;) be a tree product of

Gy, Gy, ..., G, amalgamating the subgroups H;; of G; and H; of G;. Let K
be a subgroup of G, and suppose that

(a) G, is Hy-separable and G, is K-separable;
(b) for each R;; <y Hjj, there exists N; < G; such that N; N H;; = R;;.

Then G is K-separable.

l]’

LemMMA 13. Let G = (G, Gy, ..., G,; H; = Hy;) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H;; of Z(G;) and H;; of Z(G)).
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Let K be a subgroup of Z(G,) such that K N H,; = 1. Suppose that

(a) G, is Hj-separable and G, is K-separable;

(b) foreach R,; <y H,;, there exists M,; <y G, such that M,; N H,; = R,
and KM,,NH, M, =M,;

ri»
(c) foreach R;j <; H;j, there exists N; <; G; such that N; N H;; = R;;.

l]’

Let {x}° N K = &, where x € G is of minimal length in its conjugacy class.
Then there exists P <; G such that {FYNK =T in G=G/P.

LemmA 26. Let Gy, Gy, ..., G, be residually finite groups. Let G =
(Gy, Gy, ..., Gy Hy; = Hy;) be a tree product of Gy, G, ..., G, amalga-
mating the subgroups H;; of Z(G;) and Hj; of Z(G), where H; N Hy =1
for j # k. Let K, K, be finitely generated subgroups of Z(G,), Z(G,),
respectively, such that K; N H,;, =1 = K, N H;. Suppose that

(a) G, is Hy-separable, G, is K,-separable, and G, is K,-separable;

(b) for each Ry <y Hyj, there exists My <y G; such that My N\ H;j =
l]k and H Mljk N HlkMt]k - Ml]k’

(c) foreach R,; <y H,, there exists M,; <y G, such that M,; " H,; = R,;
and KiM,,NH, M, =M,;

(d) foreach Ry <y Hy, there exists My; <y G such that M; N Hy; = R;
and K;yMgNHGM; = M;

(e) for u ¢ JivJ,, where u,v € G; and J,,J, C Z(G,), there exists
L; <y G; such that u ¢ J,vJ, in G; = G;/L;;

(f) for each R;j <y Hyj, there exists N; < G; such that N; N H;j = R;;.

Let x ¢ K yK;, where x, y € G. Then there exists P <; G such that X ¢ K, jK,
in G=G/P.

LEMMA 32. Let G = (G4, Gy, ..., G,; H; = Hj;) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H; of Z(G;) and H;; of Z(G).
Let K be a subgroup of Z(G,) such that H,; N K = 1. Suppose that

(@) G, is Hj-separable;

(b) for each S <y K, there exists M <y G, such that M N K = § and
H.MNKM =M,

(¢c) foreach R;j<s H

Then K*NK =1 for all z € G\G, and for each S <; K and x,y € G\G,,
there exists P < G such that PNK C Sand K*PNKP =P, KYPNKP = P.

ij» there exists M; <; G; such that M; N H;; = R;;.
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4. TREE PRODUCTS OF CONJUGACY SEPARABLE GROUPS

In this section, we prove Theorem 2 and give some applications. First we
prove some properties of subgroup separable groups.

LEMMA 4. Let G be a subgroup separable group and let H be a finitely
generated subgroup of Z(G). Then for each R <; H, there exists N <; G such
that NN H =R.

Proof. Let R <; H be given. Since R C Z(G), we can form G = G/R.
Since R is finitely generated, G is residually finite. Furthermore, the sub-
group H = H/R is finite in G. Hence there exists N < G suchthat NN H =
1. Let N be the preimage of N in G. Then N <+ G and NNH=R.

LEMMA 5. Let G be a subgroup separable group and let K, H be finitely
generated subgroups of Z(G) such that K N H = 1. Then for each R <; H,
there exists N <y G such that NN H = R and KN "HN = N.

Proof.  Let R <y H be given. By Lemma 4, there exists M <; G such that
MNH =R LetS_MﬂK Then § < K. SlnceRSCZ(G) we can
form G = G/RS. Since R, S are finitely generated, G is residually finite.
Furthermore, the subgroups K, H are finite in G. Hence there exists N < G
such that NN KH = 1. Let N be the preimage of N in G. Then N < G
and KN N HN = N. Also, NN H = 1. It follows that N N H = R. Hence
N is the required normal subgroup.

LEMMA 6. Let G be a subgroup separable group and let K, H be finitely
generated subgroups of Z(G). Then for x ¢ KyH, where x, y € G, there exists
N <4 G such that x ¢ KyH in G = G/N.

Proof. Since K, H € Z(G), then x ¢ KyH if and only if xy~! ¢ KH.
Since G is subgroup separable and K, H are finitely generated there exists
N <4 G such that xy~' ¢ (KH)N. Let G = G/N. Since ¥j~! ¢ KH and
K, H c Z(G), it follows that ¥ ¢ KyH.

THEOREM 2. Let Gy, G,, ..., G, be conjugacy separable and subgroup
separable groups. Let G = (G, Gy, ..., G,; H;j = Hj;) be a tree product of
Gy, Gy, ..., G, amalgamating the ﬁmtely generated subgroups H;; of Z(G)),
and Hj; of Z(G ) where H; N Hy =1 for j # k. Then G lS conjugacy
separable.

Proof.  'We use induction on n. The case n = 2 follows from Theorem
1. Let n > 3. The tree product G has an extremal vertex, say G,, which
is joined to a unique vertex, say G,_;. The subgroup of G generated by
Gy, Gy, ..., G,_; is just their tree product. Let E denote this subgroup.
Then we write G = Exy G, where H = H(,,_),, = H,(,_1). By induction,
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E is c.s. By Lemmas 4-6, E satisfies the hypotheses of Lemmas 8, 10, 13,
26, and 32. Let x, y € G be such that x »; y. We can assume x, y to be of
minimal lengths in their conjugacy classes. We divide the proof into several
cases.

Case 1. |x[| = [yl =0

Since H,,(,_1y € Z(G,), by Lemma 1(a), x ~¢ y if and only if x ~5 y or
x =Y. S0 x =gy if and only if x » y. Since E is c.s. there exists N; <; E
such that ¥ < j, where E = E/N,. By Lemma 4, there exists N> <y G, such
that N, ﬂHn(n n=N OH(,, 1)n- Now, we form G = Exy G, where E =
E/Ny, G, = G,/N,, and H = H(,_y),N{/N; = H,,_1yN,/N,. ClearlyGls
a homomorphlc image of G. By the choice of N, X =z . Since Hn(n <
Z(G,), by Lemma 1(a) again, X = y. Since E and G, are finite, G is c.s.
by Lemma 2 and our result follows.

Case 2. |1x||, |yl < 1

Subcase 1. ||x|| = 0 and |[|y| = 1. First suppose y € E\H(,_),. Since
y is of minimal length in its conjugacy class, then H¥n H,_ Dn = = (J. By
Lemma 13, there exists Ny <¢ E such that {7 ﬂH(” =D in E = E/N,.
By Lemma 4, there exists N2 < G, such that N, N H,,,_1) = Ny N H,,_yy,.
As in Case 1, we form G. Clearly {j}“ N H(,_;), = & and hence ¥ » j.
Our result then follows as above.

Now suppose y € G,\H,(,_1). By H,(,_1)-separability of G, there exists
N, <y G, such that y ¢ H,,_1y in G, = G,/N,. Since Hn(,, < Z(G,),
we have {7} N H,L(,H) = (J. By Lemma 8, there exists Ny <; E such that
NyNH(,_1y, = Ny N H,y(,_1). Again we form G. Clearly {7}¢ n Hy, 1y =0
and hence X = y. Our result now follows.

The case where ||x|| =1 and | y|| = 0 can be similarly proved.

Subcase 2. || x|| = ||y|| = 1. First suppose x and y are in different factors
of G. WLOG, let x € E\H,_y), and y € G,\H,,(,_y). Since x is of mini-
mal length in its conjugacy class, then {x}* N H,_1), = . By Lemma 13,
there exists M, <y E such that {x}E NH 1y, =D in E = E/M,. By
Hn(n j-separability of G, there exists M, <y G, such that y ¢ H,, 1
in G, = G,/M,. Since H,, 1y S Z(G,), we have {j}% N Hyyy = .
By Lemmas 4 and 8, we can find N, <4 E, N, <¢ G, such that Ny € M,
N, € M,, and Ny N H,_yy, = N, N H,(,_y). Again we form G. By the
choice of N; and N,, X » y and we are done.

Now suppose x,y are in the same factor of G, say E. Since x, y are
of minimal lengths in their conjugacy classes, {x}* N H,_ 1), = <& and
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N H,_1), = <. By the conjugacy separability of £ and by Lemma 13,
there exists Ny <, E such that x =z y, {x}n H(n n = < and {3 n
H(n_l)n = in E = E/N;. By Lemma 4, there exists N, <; G,, such that
N, N H,,—1y = Ny N Hg,_yy,. Then we form G. Clearly x = y and our
result follows. Similarly for the case x, y € G,,.

Case 3. ||x|| # ||yl and One of || x|| and ||y| Is at Least 2

By Lemma 10, E is H,_;),-separable and by Lemma 8, for each R <,
H,_1y,, there exists M, <y E such that M; N H,_;), = R. By assumption,
G, is H,,_1)-separable and by Lemma 4, for each R <y H,,_,), there exists
M, < G, such that M, N H,(,_;) = R. So we can find N| <y E and N, <; G,
such that in G = Exp G, | X] =[x # [yl = |yl Since [|X]| and || are
each of minimal length in their respective conjugacy classes, then X =g y
and we are done.

Case 4. | x| = |ly]l = 2

Let x = uyu,---u, and y = vyv, - - - v, be cyclically reduced words in G,
r > 2. Since x » y, the system of equations (Ii) has no solution in H for all
0 < i < r. Therefore we need to show that, for each i, there exists N; <; G
such that in G; = G/N;, the corresponding system of equations (Ii) has no
solution in H. Letting N be the intersection of the normal subgroups N; in
G we have X =5 y in G = G/N and the result follows. Hence it is sufficient
to show the case i = 0 in (Ii).

Since E is H,_y,-separable and G, is H,_;)-separable, there exist
M, <y E, M, <y G, such that u;, v; ¢ H(,_y),M, if u;,v; € E\H,_;), and
Mj, 'Uj ¢ Hn(n—])MZ if Llj, 'Uj (S Gn\Hn(n_]).

Suppose that there exists some ¢ such that u, ¢ Hv,H, where u,, v, €
E or u;, v, € G,. First suppose u,, v, € E. By Lemma 26, there exists
T; <5 E such that u, ¢ H(n s H(n 1n 1N E = E/T,. By Lemmas 4 and
8, there exist Ny <y E, Ny <y G, such that Ny € M; NT;, N, € M, and
Ny Hg, 1), = Ny N H 1y Again we form G. Then &, ¢ H,,_1),0,H (1),
in G and hence X » y. The result now follows.

Now suppose u, ¢ H,,(n )VeH y(n-1), Where u;, v, € G,. Since H,(,_y) ©
Z(G,), we have u,v; ' ¢ H,,_ 1y Then by H,,,_1y-separability of G, there
exists T, < G,, such that u,v, o Hn(,, 1) in G, = G,,/T,. This implies that
u, ¢ Hn(n 1)thn(n 1) and we proceed as above to obtain our result.

Consequently, we may assume that the system of equations (Ii) has no
solution in H but each individual equation of (Ii) is soluble in H. Thus
there exists a finite sequence xy, y;, ..., x,, ¥, of elements in H such that
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the following hold:
uyp = x7 vy

~1
Uy =Xy U

_ 1
ur - xr vryr'

Recall that y = vyv,---v,, where v; € E\H(,_yy, or v; € G,\H,_y).
First suppose that all the v; from E\H,_,), are actually in G,_;\H,_y),.
So each of these v; commutes with every element of H,_,), since H, 1, €
Z(G,_y)- In this case by Lemma 1(c), x ~¢ y if and only if x = y. As
before, we can find Ny <; E, N <; G, such that in G = Ex5 G,, || = |||
and X # y. Hence ¥ ¢ y and we are done.

So we may assume that for at least one i, the v; from E\H(,_;), is
not in G, 1\H,_yy,- Then by Lemma 32 (with K = H,_,),), we have
H(”,"L_l)n N H,_1y, = 1 and hence the equation u; = x7 'v;y; has unique solu-
tion x; !, y,. Fixing this i, we consider the next equation u;,; = x;rll Vip1Yit1
and arrange, if possible, so that x; ; = y;,. Continuing in this way, we see
that this matching must eventually fail at some equation, say u; = xj_]vj Vis
where x; # y;_;. This equation may be the equation we started with. Fur-
thermore this v; is not in G,_1\H,_y),, for otherwise, this v; commutes

j j
with every element of H,_;), and we can match x; = y;, ;. Again by

Lemma 32 (with K = H,_y),), we have H(v,; yn VH(,-1y, = 1 and the equa-
tion u; = x; T, ;iy; has unique solution x;° i y;- Now by the residual finiteness
of H, there exists L <y H such that x;y;- 1 ¢ L.Let R=M,NM,NL. Then
R N H. By Lemma 32, there exists T} <, E such that Ty " H = R; € R and
H(n et VHe 1y, Ty =T, H(n 1N H 1), Ty =Ty Let Ny = My N T,

Then N, < E such that Ny N H,_;), = R; and H(n_l)an NHg_1y,Ny =
Nl,Hn N1 0 H,_1),N; = N;. Now, by Lemma 4, we can find 7, <

G, such that T, NHy,-1y = Ry. Let Ny = My N'T,. Then N, <¢ G, and

Ny N Hyu1y = Ry As above, we form G. Then H(n N H(n Dn = =1,

H(n N H(n n = = 1 in G. This implies that both the equations uj =

X; 1v/y/ and u; = X; 19,7, have unique solutions. Since X;# yj_y in G, the
matching of x; with y;_, fail at the equation u; = )_Cj_li_)j}_)j. Therefore X =g y
and our result follows.

We now give some applications of Theorem 2 to polycyclic-by-finite
groups and free-by-finite groups. We note that by Remeslennikov [18§],
Formanek [8], and Dyer [5], polycyclic-by-finite groups and free-by-finite
groups are conjugacy separable. Furthermore, polycyclic groups and free

i
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groups are subgroup separable (Mal’cev [17]; Hall [9]). Since a finite
extension of a subgroup separable group is again subgroup separable,
polycyclic-by-finite groups and free-by-finite groups are subgroup separa-
ble. Hence from Theorem 2, we have the following two corollaries:

COROLLARY 1. Let Gy, G,, ..., G, be polycyclic-by-finite or free-by-finite
groups. Let G = (G, G,,...,G,; H;j = Hj;) be a tree product of Gy,
Gy, ..., G, amalgamating the finitely generated subgroups H;; of Z(G;) and
Hj of Z(G), where H; N Hy =1 for j # k. Then G is conjugacy separable.

COROLLARY 2. Let Gy, G,, ..., G, be finitely generated abelian groups.
Let G = (Gy, Gy, ..., G,; Hy = Hj;) be a tree product of Gy, G, ..., G,
amalgamating the finitely generated subgroups H;; of G; and Hj; of G, where
H;NHy =1 for j # k. Then G is conjugacy separable.

5. PROOFS OF THE LEMMAS

In this section, we shall state and give the complete proofs of all the
lemmas. For each of these results, we first prove the case when the tree
product has two factors and then apply induction for the case when the
tree product has n > 2 factors. This will lead to the proofs of Lemmas 8§,
10, 13, 26, and 32.

LEMMA 7. Let E = Gy xy Gym, where Gy N G, = H. Let K be a sub-
group of G and suppose that
(a) foreach S <4 K, there exists M <y G, such that M N K = S;
(b) foreach R <4 H, there exists N <y G, such that NN H = R.

Then there exists P < E such that PN K = §.

Proof. Let S < K and M <4 G| be such that M N K = §. Let R =
M N H. Then R <; H and hence by (b), there exists N <y G, such that
NNH = R. Let E = G, %y G,, where G; = G;/M, G, = G,/N, and
H = HM/M = HN/N. Clearly E is a homomorphic image of E. Since E
is residually finite and K = KM/M is finite, there exists P <, E such that
PNK =1. Let P be the preimage of P in E. Then P <, E and PNK = §.

LEMMA 8. Let G = (Gy, G,,...,G,; Hj = Hj;) be a tree product of
bGel,a ?bfl;é;(;l;pG;fagraéic;m;t;};i ;izet zzfgroups Hj;of G;and Hj; of G;. Let K
(a) foreach S < K, there exists M <; G, such that M N K = S;
(b) for each R;; <y Hyj, there exists N; <y G; such that N; N H;; = R;;.

Then there exists P < G such that PN K = S.
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Proof. The proof follows by induction on »n with the case n = 2 being
Lemma 7.

LEMMA 9. Let E = G *y G,, where Gy, G, = H. Let K be a subgroup
of G, and suppose that

(a) G, is H-separable, K-separable and G, is H-separable;
(b) foreach R <y H, there exist Ny <y Gy, Ny <y G, such that Ny N H =
R=N,NH.

Then E is K-separable.
Proof. Lemma 2.3 in Kim [10].

LEmMMA 10. Let G = (Gy, G,,...,G,; H; = Hy) be a tree product of
Gy, G, ..., G, amalgamating the subgroups H;; of G; and H;; of G;. Let K
be a subgroup of G, and suppose that

(a) G, is Hj-separable and G, is K-separable;
(b) for each R;j <; H;j, there exists N; <y G; such that N; N H;; = R;;.

Then G is K-separable.

ij»

Proof. We use induction on n. The case n = 2 follows from Lemma
9. Let n > 3. The tree product G has an extremal vertex, say G,, which
is joined to a unique vertex, say G,_;. The subgroup of G generated by
G, G,, ..., G, is just their tree product. Let E denote this subgroup.
Then we write G = E xy G, where H = H(,,_,),, = H,(,_1). By induction,
E is H,_;y,-separable and by Lemma 8, for each R <y H,_),, there exists
L <4 E such that L N H,_;y, = R. First suppose that K < E. By induction,
E is K-separable and hence G is K-separable by Lemma 9. Now suppose
K < G,,. By our assumption, G,, is K-separable and hence G is K-separable
by Lemma 9.

LEMMA 11. Let E = Gl *p G2, Z/Uhere G] N G2 = H and H - Z(Gz)
Let K be a subgroup of G, and suppose that
(a) Gy, G, are H-separable;
(b) for {yY9' NK =&, where y € Gy, there exists M <y Gy such that
{)_J}Glﬂkzgm GIZGI/M,
(c) foreach R<; H, there exist Ny <y Gy, N, <y G, such that Ny N H =
R=N,NH.

Let {x}* NK = &, where x € E is of minimal length in its conjugacy class.
Then there exists P <; E such that {x}* N K = in E = E/P.

Proof. Let x be a reduced element of E.
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Case 1. x € Gy. Since {x}!' N K = &, we have {x}° N K = J. By (b),
there exists Ny <, Gy such that {x}“' N K = & in G| = G;/N;. By (¢),
there exists N, <¢ G, such that Ny N H = N, NH. We form E = G| xy G,,
where G| = G,/N,, G, = G,/N,, and H = HN,/N, = HN,/N,. Let
¥, K, denote the image of x, K, respectively, in E. Since {¥}%1 N K = &,
H < Z(G,), and K € G, it follows that {¥}£ N K = &. Since E is c.s. by
Lemma 2 and K is finite, there exists P < E such that {#}* NK = & in
E = E/P. Let P be the preimage of P in E. Then P <, E and {(FYENK =0
in E = E/P.

Case 2. x € G,\H. By H-separability of G,, there exists N, <y G, such
that x ¢ HN,. By (c), there exists Ny <; Gy such that NyNH = N, N H.
As in Case 1, we form E. Since X € G,\H, H € Z(G,), and K C Gy, it
follows that {x}* N K = . We can now proceed as in Case 1 to obtain our
result.

Case 3. x ¢ G, UG,, that is, ||x|] > 2 in E. WLOG, let x =
a\b;---a,b,, where a; € G\\H and b; € G,\H for all i. By H-separability
of Gy, G, and by (c), we can find N, <y Gy, N, <y G, such that a; ¢ HN,
b; ¢ HN, for all i and Ny N H = N, N H. As above we form E. Then X is
reduced and | x| = ||x|| in E. Clearly {¥}* N K = & and our result follows.

LEMMA 12. Let E = Gl *H Gz, Where Gl n G2 =H and H g Z(GZ)'
Let K be a subgroup of Z(G,) such that K N H = 1. Suppose that

(a) G, is H-separable and G, is H-separable, K-separable;

(b) foreach R <y H, there exist Ny <y Gy, Ny <y G, such that Ny N H =
R:NzﬁHand KszHNz :Nz.

Let {x} N K = &, where x € E is of minimal length in its conjugacy class.
Then there exists P <y E such that {x}¥"K=Qin E=E/P.

Proof. Let x be a reduced element of E.

Case 1. x € G,\K. By K-separability of G,, there exists M <; G, such
that x ¢ KM. Let R = M N H. Then R <; H. By (b), there exist T} <f
Gy, T, <4 Gysuch that ' "H =R=T,NH, KT, NHT, =T,. Let N; =
T) and N, = M NT,. Then Ny <4 Gy, N, <y G, such that N, € M and
N,NH=R=N,NnH.

Next we show that KN, N HN, = N,. Clearly N, € KN, N HN,. Let u
KN, NHN,. Then u = kn, = hn, for some k € K, h € H, and n,, n, € N,.
Since N, € T, we have KN, N HN, € KT, " HT, = T, and so u € T,.
This implies that & = un,' € T,. Therefore h €e T,NH = R = N,NH
and hence h € N,. It follows that u = hn, € N, and so KN, N HN, € N,.
Hence KN, N HN, = N,.
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Now we form E = G, %y G,, where G, = G,/N,, G, = G,/N,, and
H = HN,/N, = HN,/N,. Let x, K denote the i images of x, K, respectively,
in E. Then x ¢ K, KN H =1and K € Z(G,) in E. It follows that {x}* N
K = . We can now proceed as in Case 1 of Lemma 11 to obtain our
result.

Case 2. x € G{\H. By H-separability of G, there exists N; <y G; such
that x ¢ HN,. By (b), we can find N, <y G, such that NN H =N, N H,
KN, N HN, = N,. As above, we form E. Then x ¢ H, KNH =1, and
K € Z(G,) in E. 1t follows that {¥}£ N K = & and our result follows as
above.

Case 3. x ¢ G1 UGy, thatis, [ x| > 2 in E. As in Case 3 of Lemma 11,
we form E in which ¥ is reduced and ||%|| = ||x|| in E. Clearly {x}* NK = &
and our result follows.

LEMMA 13. Let G = (G4, Gy, ..., G,; H; = Hj;) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H;; of Z(G;) and H;; of Z(G)).
Let K be a subgroup of Z(G,) such that K N H,; = 1. Suppose that

(a) G, is Hy-separable and G, is K-separable;
(b) foreach R,; <y H,;, there exists M,; <y G, such that M,; N H,; = R,;
al’ld KM” ﬂ H”'Mn' == M”;

(¢) foreach Ry <y Hyj, there exists N; <y G; such that N; N H;; = R;;.

l]’

Let {x}° NK = &, where x € G is of minimal length in its conjugacy class.
Then there exists P <; G such that {x}6NK =T in G =G/P.

Proof. We use induction on n. The case n = 2 follows easily from
Lemma 12.

Let n > 3. As in Lemma 10, we write G = E %y G,,, where E is the tree
product generated by Gy, G,,..., G,y and H = H,_y, = H,,_1). By
Lemma 10, E is H,_;),-separable and by Lemma 8, for each R <y H,_y),,
there exists L < E such that L N Hy, ), = R. Let {x}* N K = &, where
x € G is of minimal length in its conjugacy class.

Case 1. K < E. By induction, for {y}¥ N K = &, where y € E is of
minimal length in its conjugacy class, there exists Q <, E such that {y}* N
K =@ in E = E/Q. By assumption, G, is H,,_j)-separable and for
each R <y H,(,_), there exists N <y G, such that N N H,,_;) = R. Since
H,,-1y € Z(G,), our result follows from Lemma 11.

Case 2. K < G,. Our result follows from Lemma 12.

LEMMA 14. Let E = G xy G,, where G N G, = H and G, is residually
finite. Let K, K, be subgroups of G such that K, " H =1 =K, NH.
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Suppose that

(a) G, is H-separable, K,H-separable, HK,-separable and G, is H-
separable;

(b) for each R <y H, there exists M <y Gy such that M N H C R and
K,MNHM = M, K,M N HM = M;

(c) for u ¢ K,vK,, where u, v € Gy, there exists N <y Gy such that
u ¢ KI{)KZ in Gl = Gl/N,

(d) foreach R <y H, there exist Ny <y Gy, N, <y G, such that NyN H =
R=N,NH.

Let x ¢ K,yK,, where x € E and y € G U G,. Then there exists P < E such
that ¥ ¢ K,yK, in E = E/P.
Proof. Let x ¢ K,yK, be a reduced element of E.
(i) yeG.

Case 1. x € Gy

By (c), there exists Ny <y G; such that X ¢ K,jK, in G, = G{/N;.
Then by (d), there exists N, <y G, such that Ny N H = N, N H. Now
we form E = G,y G,, where Gl = G/Ny, G, = G,/N,, and H =
HN,/N, = HN,/N,. Clearly x ¢ Klsz in E. Slnce E is free- by -finite,
then by Lemma 3, there exists P <y E such that xy~! ¢ (K, 7K,y ")P. Let
P be the preimage of P in E. Then P is the required normal subgroup.

Case 2. x € G,\H

By H-separability of G, there exists N, <y G, such that x ¢ HN,. Then
by (d), we can find Ny <; G; such that NyNH = N, N H. As in Case 1, we
form E. Since ¥ € G,\H and K,yK, c Gy, it follows that ¥ ¢ K,yK,. Our
result then follows as in Case 1.

Case 3. x ¢ G{UGy; That Is, ||x| = 2in E

As in Case 3 of Lemma 11, we form E in which ¥ is reduced and || x| =
||x|| in E. It follows that X ¢ G, and hence ¥ ¢ K;yK,. Again we are done.

(i) ye G,y\H.

Case 1. x € Gy

Clearly x ¢ K yK, if and only if y ¢ K;xK,. As in Case 2 above, there
exists P <, E such that y ¢ K;xK, in E = E/P. Therefore x ¢ K,yK, and
we are done.
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Case 2. x € G,\H

Since K;NH =1=K,NH and K,, K, C Gy, then x € K yK, if and
only if x = y. Hence we have xy~! # 1. By the residual finiteness and
H-separability of G,, there exists M <; G, such that xy~! ¢ M and x,
y ¢ HM.Let R=M N H. Then R <; H. By (b), there exists Ny <y G; such
that Ny N H € R and K;N;, N HN; = Ny, K;N; N HN; = N;. By (d), we
can find N, <¢ G, such that N, € M and N, N H = N; N H. Again we form
E. Then % # Y, X, y € G,\H and K, NH = 1=K, N H in E. It follows
that ¥ ¢ K,yK, and the result follows.

Case 3. x ¢ GiUGy; That Is, ||x| = 2in E

Subcase 1. ||x|| > 3. As before, we form E in which ¥ is reduced and
x|l = x|l in E. Clearly X ¢ K,yK, and our result follows.

Subcase 2. ||x|| = 3. Let x = a,b,a,, where a;,a, € G;\H and b, €
G,\H. Since G, G, are H-separable, there exist M; <; Gy, M, <y G, such
that a;, a, ¢ HM, and b,, y ¢ HM,. We note that x € K,yK, if and only if
x = k,yk, for some k; € K, k, € K, and there exist h;, h, € H such that
ay = kyhy, by = hi'yh, and a, = h;'k,. First suppose a; ¢ K,H. Since
G, is K;H-separable, there exists M <; G, such that a; ¢ (K;H)M. Then
by (d), there exist Ny <y G, N, <y G, such that Ny € My N M, N, € M,
and NyNH = N, N H. As before, we form E. Then aj, a, € G,\H, ¥,
b, € G)\H, and a, ¢ K;H in E. It follows that ¥ ¢ K,yK, and we are
done as above. Similarly for the case a, ¢ HK,.

Now suppose a; € KH and a, € HK,. Let a; = kyh; and a, = h;'k,,
where k| € Ky, k, € K,, and hy, h, € H. Since K,NH =1=K, N
H, we see that k;, h; are uniquely determined. Since x ¢ K;yK,, then
b, # h1_1 yh,. By residual finiteness of G,, there exists N <; G, such that
bi'hi'yh, ¢ N. Let R = M; "M, N N. Then R < H. By (b), there exists
Ny <y Gysuchthat Ny € My, NyNH C R, and KyN; NHN; = Ny, KN N
HN, = N;. By (d), there exists N, <y G, such that N, € M, N N and
N, NH = N; N H. As before, we form E. Then a, a, € Gl\H ¥y, b, €
G,\H, and b, # h;'yh, in E. Furthermore, K, NH = 1=K, N H and
hence k h are uniquely determined. Since b, # h'yh,, then x ¢ K K,
and again we are done.

Let x = b,a,b,, where a; € G|\H and b;, b, € G,\H. By H-separability
of Gy, Gy, and by (d), there exist Ny <y G, N, < G, such that a; ¢ HNj,
by, by ¢ HN,, and Ny NH = N, N H. As above, we form E. Then a, €

G,\H and by, b, € G,\H in E. Clearly x ¢ K,jK, and the result follows.

Subcase 3. || x|| = 2. Let x = ab, where a € G;\H and b € G,\H. Since
K, NH =1, then x € KyK, if and only if x = ky for some k; € K, and
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there exists 4 € H such that a = k;h and b = h~'y. Therefore, using a
similar argument as in Subcase 2, we can find P <; E such that ¥ ¢ K,yK,
in E = E/P as required. The case x = ba, where a € G{\H and b € G,\H
can be similarly proved.

LEMMA 15. Let E = Gy xy G,, where G, N G, = H and H is residually
finite. Let K, K, be subgroups of G, G,, respectively, such that K; N H =
1 =K, N H. Suppose that

(a) G, is H-separable, K,-separable, K,H-separable and G, is H-
separable, K,-separable, HK,-separable;

(b) for each R <y H, there exist My <y Gy, M, <y G, such that M; N
H - M2 ﬂH g R and KlMl ﬂHMl - M], K2M2 ﬂHMZ - Mz,

(¢) foreach R <y H, there exist Ny <y Gy, Ny <y G, such that Ny N H =

Let x ¢ K,yK,, where x € E and y € G U G,. Then there exists P <y E such
that ¥ ¢ K,yK, in E = E/P.

Proof. Letx ¢ K,yK, be areduced element of E. We shall only consider
the case y € G,. The case where y € G, is similar.

Case 1. x € Gy

Since K, N H = 1, it follows that x € K,yK, if and only if xy~! € K.
Hence we have xy~!' ¢ K,. By K,-separability of G,, there exists N <y Gy
such that xy~' ¢ K|N. By (b), there exist Ny <; G|, N, <; G, such that
N, €N, NN H = N,nH and K,N, N HN, = N;, K;N, 0 HN, = N,.
Now we form E = G,y G,, where G, = G,/N,, G, = G,/N,, and H =
HN,/N, = HN,/N,. Then xy—' ¢ K, and K, N H =1 = K, N H in E. This
implies that ¥ ¢ K,yK, and the result follows as in Lemma 14.

Case 2. x € G,\H

We note that x € K, yK, if and only if x = k,yk, for some k; € K, k, €
K, and there exists h € H such that x = hk, and y = k7 'h. First suppose
x ¢ HK,. Since G, is HK,-separable, there exists M <, G, such that x ¢
(HK,)M. By (c), we can find Ny <f Gy, N, <y G, such that N, € M and
N{NH =N,NH. As in Case 1, we form E. Then ¥ ¢ HK, in E. This
implies that ¥ ¢ K,yK, and we are done. The case where y ¢ K;H can be
similarly proved.

Now suppose x € HK, and y € K;H. Let x = hik,, and y = k;'h,,
where k| € Ky, k, € K5, and h;, h, € H. Since K,NH =1=K, N H, we
see that k;, h; are uniquely determined. Clearly x ¢ K;yK, implies that
hy # h,. By residual finiteness of H, there exists S < H such that /4, h; l¢
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S. By H-separability of G, there exists 7' <y G, such that x ¢ HT. Let R =
SN T. Then R <y H. Hence by (b), there exist Ny <¢ G, N, <¢ G, such that
N, €T, NynH = N,NH € Rand K,;N, N\HN, = Ny, KN, NHN, = N,.
Again we form E. Then ¥ € G,\H, hy # hy,, and K, N H =1 = K,nH
in E. This implies that k h are uniquely determined. Since h; # h,, we
have ¥ ¢ K,yK, and the result follows.

Case 3. x ¢ G UGy; That Is, ||x|| =2 in E

Subcase 1. ||x|| > 2. As before, we form E in which X is reduced and
%]l = ||x|| in E. Clearly X ¢ K,yK, and our result follows.

Subcase 2. ||x|| = 2. Let x = ab, where a € G;\H and b € G,\H.

(i) y e H.Then x € K,yK, if and only if x = k,yk, for some k; €
K, k, € K, and there exist h, h, € H such that a = kh;,b = hyk,,
where y = hih,. Following a very similar argument as in Case 2, we can
find P «; E such that X ¢ K,jK, in E = E/P as required.

(i) y ¢ H. Then x € K,yK, if and only if x = k,yk, for some k; €
K,, k, € K, and there exists 4 € H such that a = k,;yh and b = h™'k,.
Following a very similar argument as in Case 2, we can find P <y E such
that X ¢ K,yK, in E = E/P as required.

Let x = ba, where a € G\\H and b € G,\H. By H-separability of G,
G, and by (), there exist Ny <y G, N, <y G, such that a ¢ HNy, b ¢ HN,,
and NyNH = N, N H. As before, we form E. Then @ € G)\H and b €
G,\H in E. Clearly x ¢ K,yK, and we are done.

LEmMA 16. Let E = G xy G,, where G; N G, = H and G, is residually
finite. Let K, K, be subgroups of G, such that Ky "H =1 = K5 N H for
all y € Gy. Suppose that

(a) Gy, G, are H-separable;

(b) for each R <y H and u,v € Gy, there exists M <y Gy such that
MnNnHCRand K{MNHM =M, KM NHM = M,;

(¢) for u ¢ K\vK,, where u,v € Gy, there exists N <y G such that
i ¢ KoK, in G, = G{/N;

(d) for u ¢ K\vH, where u,v € Gy, there exists S <y G such that
i¢ KivH in G, = G,/S;

(e) for u ¢ HvK,, where u,v € G, there exists T <y G such that
i ¢ HiK, in G, = G,/T;

(f) foreach R <y H, there exist Ny <y Gy, N, <y G, such that NyNH =
R=N,NH.
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Let x ¢ K yK,, where x, y € E. Then there exists P <y E such that x ¢
K]yK2, n E E/P
Proof.  The case y € G; U G, follows from Lemma 14. Let y ¢ G; U G,
and x ¢ K,yK, be a reduced element of E.
Case 1. x € G{ UG,

Clearly x ¢ K,yK, if and only if y ¢ K;xK,. As in Lemma 14, we can
find P <4 E such that y ¢ K %K, in E = E/P. Therefore ¥ ¢ K,yK, in
E = E/P and we are done.

Case 2. x ¢ G{UGy; That Is, |x|| = 2in E
Subcase 1. ||x|| # |yl £2, |yll £1 and [[y|. As before, we form E in

which ||x|| = ||x| and ||| = |ly| in E. So ¥ ¢ K;yK, and our result follows.
Subcase 2. ||x|| = |yl £2,|lyll £1 or |y||. We shall only consider
the case x = aybjay---a,b,a,., y = ujviuy---u,v,u,,, where a;,

u; € G\\H, b;, v; € G,\H for all i. The other cases are similar. Since
Gy, G, are H-separable, there exist My <y Gy, M, <y G, such that q;,
u; ¢ HM,, b;, v; ¢ HM, for all i. We note that x € K, yK, if and only if
x = kyk, = kjuyvuy - - - u,v,u,, 1k, for some k; € Ky, k, € K, and there
exist hy, Iy, ..., h,, I, € H such that

a; = kyuhy
bl == hl_lvlll

a, = l;luzhz

(1)
a, =1 u,h,
b, = h;'v,l,
an+1 = l;] un+1k2.
Since K{'NH =1= "“ N H by our assumption, we see that k;, &,

and /; are uniquely determmed Now, x ¢ K,yK, 1mphes that at least one
equatlon of (1) is not satisfied. Suppose that b; = h; 'v,l; is the first equa-
tion not satisfied, that is, v;'h;b; ¢ H. By H- separablhty of G,, there ex-
ists M <y G, such that vi‘lhibi ¢ HM. Hence by (b) and (f), there exist
Ny <y Gy, N <5 G, such that Ny € My, N, € M, "M, NyNH =N, NH,
and K{"N,NHN, = N,, K;""'N,NHN, = N2 As before, we form E. Then
a;, u; € Gl\H b,, V; € G2\H for all i, and o; 'h;b; ¢ H in E. Furthermore,
K mH_l—K "“'NnH in E.
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Suppose x € K;yK,. Then
X=abay---a,b,a,, = LU0y U, Vi, 401
for some 7, € K, t, € K, and there exist 7, Wy, ..., ,, w, € H such that

ap = fiyh

o

bl = rl ViWq

- _ _71_ —_

ap =Wy Uxh

)

dpyy = 7j);]’f_‘nﬂfz-
Since K" N H = 1=Ky N H, we sce that f;, 7;, and w; are uniquely de-
termlned Therefore k, = #,, h = i, I, = Wiy enes hi =7y, 1 =w;_,
and h; = 7;. This implies that o7 hb; = v;'Fb; = w; € H, a contradiction.
Therefore % ¢ K,yK, and we are done

LEmMMA 17. Let E = G, xy G,, where G; N G, = H and H is residually
finite. Let K, K, be subgroups of G, G,, respectively, such that Kfl NH=
1=K} NH foral y, € G, and y, € G,. Suppose that

(a) G, is H-separable, K;-separable and G, is H-separable, K,-
separable;

(b) foreach R<; H and u € Gy, v € G, there exist My <y Gy, M <
G2 such that Ml NH = M2 NH - R and K?Ml ﬂHMl = Ml’ KSMz n
HM, = M,;

(c) for u ¢ K\vH, where u,v € Gy, there exists S <y Gy such that
l/_l¢K1'l_)Hln Gl_ 1/S

(d) for u ¢ HvK,, where u, v € G,, there exists T <y G, such that
i ¢ HuK, in G, = G,/T;

(e) foreach R <y H, there exist Ny <y Gy, Ny <p G, such that NyN H =
R - N2 N H.

Let x ¢ K yK,, where x, y € E. Then there exists P < E such that X ¢ K,jK,
in E=E/P.

Proof. The case y € G; U G, follows from Lemma 15. Let y ¢ G, U G,
and x ¢ K;yK, be a reduced element of E. Then following a very similar
argument as in Lemma 16, we can find P <, E such that X ¢ K,jK, in
E = E/P as required.
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To extend Lemmas 16 and 17 to a tree product (Lemma 26), we shall
need the following extra lemmas (Lemmas 18-25):

LemmMA 18. Let E = Gy *y G,, where Gy, G, = H and H C Z(G,).
Let K, K, K, be subgroups of G, such that K| NK = 1= K3 NK for all
y € G;. Suppose that

(a) Gy, G, are H-separable;

(b) for each S <; K and u, v € G, there exists M <y Gy such that
MnNKcSand KiMNKM =M, KSMNKM =M,

(c) foreach R<; H, there exist Ny <y Gy, N, <y G, such that Ny N H =
R=N,NH.

Then KiNK = 1and K; NK =1 for all z € E. Furthermore, for each S <y K
and x,y € E, there exists P <« E such that PNK C S and K{PNKP = P,
KyPNKP =P.

Proof. Since K{NK =1=K,NK forall y e G, and H C Z(G,),
clearly KiNK=1and K;NK =1forallze E. Let x,y € E and § <4 K
be given. We divide the proof into several cases.

Case 1. x,y € G;. By (b), for S <¢ K and x, y € Gy, there exists N; <
G, such that NyNK C S and KiN; N KN, = Ny, KN, N KN, = N,. Then
by (c), there exists N, <y G, such that N, N H = N; N H. Now we form
E = G *y G,, where G, = G;/N;, G, = G,/N,, and H = HN,/N, =
HN,/N,. Clearly Kx NK =1and K3 NK =1 in E. Since E is residually

finite and K, K, K2 are finite, there exists P < E such that PN KK =
1 and PﬂK%K = 1. This implies that PNK = 1 and K{P N KP = P,
K5PNKP = P. Let P be the preimage of P in E. Then P is the required
normal subgroup.

Case 2. x, y € G,\H. By H-separability of G, and by (c), there exist
M, «s Gy, M, <4 G, such that x, y ¢ HM, and M; N H = M, N H. Let
Sy = M;NS. Then §; <f K. Hence by (b), for S; «; K, there exists T} <¢
Gysuchthat T'NK =S8, C S, and K\T) N KT, =T, K, T, N KT, =T;.
Let Ny = M; N T;. Then Ny <y Gy, NyNK =S, and K;N; N KN, = Ny,
K,Ny N KNy = N;. By (c), we can find N, <y G, such that N, € M, and
Ny NH = N,NH. Again we form E. Then &, j € G,\H and Kl NK =
1, K,NK =1 in E. Since H € Z(G,), it follows that K{ N K =1 and
K3 N K = 1. The result then follows as in Case 1.

Case3. x, y ¢ G, UG,. WLOG, let x = a;b;---a,b,, and y =
ad,---c,d,, where a;, ¢; € G\\H and b;, d; € G,\H for all i. By H-
separability of Gy, G, and by (c), there exist M; <y Gy, M, <4 G, such
that a;, ¢; ¢ HM,, b;, d; ¢ HM, for all i, and M, N H = M, N H. Let
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S1 = M;NS. Then §; <f K. Now, let x; = a,a,---a, and y; = ¢;¢; -+ - ¢,
Then x;, y; € G;. Hence by (b), for §; < K and x;, y; € Gy, there ex-
ists N] <s Gy such that N, € M;, NyNK € S, and K{'N, N KN, =
Ny, K3'N; N KNy = N;. By (c) we can find N, < G, such that N, C M2
and NNNH = N,NH. Agam we form E. Then a;, ¢; € G)\H, b,
die G\A foralliand K}'NK =1, K} NK =1in E.

Next we show that K N K = 1 in E. Let i be any element in K.
Then i = k* = b,'a,'---by'a;'ka,b, ---a,b, for some k € K,. Now let

ia; = a;'b - by! a1 lfalbl -b;_ya;, where 1 <i<n. Then it = k¥ =
bla;'.. blﬂb~--ab for each 1 < i < n.
First suppose it;, iy, ..., 4;_; € H but i; ¢ H for some 1 < i < n. Since

k¥ =b;'a; b lu; b- ---a,b,, it follows that &* has length greater than 1.
Hence u = kx ¢ K

Now suppose iy, Uy, ..., U, €
u; for each i since i; € H
a 15r?—lllzn lbn 1én = d;1 l’_tnfl
a',---ay'ka,---a,_,a, = x¥;'kx,. Therefore k* = k¥ € K|'. Since
K{'nK =1, it follows that i = k" ¢ K. Hence K NK = 1. Slmllarly we
can show that K3 N K = 1. Then our result follows as in Case 1.

€ H. This implies that b, commutes w1th

Z(G,). Hepce K = b b, = i, =
= a,'a,’ b, i, 2b, »a, 1d, = -+ =

=Q| |m

Case 4. x € Gy, y € G,\H. By H-separability of G, and by (b) and (c),
for § «; K, there exist Ny <y Gy, N, <y G, such that y ¢ HN,, NN K C S,
N; ﬂH N,NH, and K{N; N KNl Ny, K,Ny N KNy = N;. Again we
form E. Then y € G,\H and KX NK=1,K,NK=1in E. As in Case 2,
we have K2 N K =1 and we are done as above.

Case 5. x € Gy, y ¢ G{UG,. Let y and y, be as in Case 3. By H-
separability of Gy, G, and by (b) and (c), for S «; K, there exist Ny <; Gy,
N, <4 G, such that ¢; ¢ HN,, d; ¢ HN, for all i, NyNK € §, NyNH =
N,NH, and K{N; NKN; = N;, K;'N; N KN; = N,. Again we form E.
Then ¢ € G\\H, d; € G,\H forall i and K{NK =1, K}y NK =11in E.
As in Case 3, we have K3 N K = 1 and our result follows as before.

Case 6. x € G,\H, y ¢ G; UG,. Let y and y, be as in Case 3. By H-
separability of G, G, and by (b) and (c), for § <¢ K, there exist Ny <; Gy,
N, <4 G, such that ¢; ¢ HNy, x, d; ¢ HN, foralli, NNNK C S, NNNH =
N, N H and K;N; NKN; = Ny, K3'N; N KN, = Nj. Again we form E.
Then ¢ € G)\H, %, d; € G,\H for all i and K, NK =1, KglmK—l
in E. As in Case 2 and Case 3, we have KxﬂK =1 and K2 NK =1,
respectively. Our result now follows as before.

The following cases are similar to Cases 4, 5, and 6, respectively.

Case 7. x e G,\H, y € G;.
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Case 8. x ¢ GiUG,, y e G;.
Case 9. x¢ G, UG,, ye G,\H.

LemMA 19. Let E = G, *xy G,, where G, G, = H and H € Z(G),).
Let K, K, K, be subgroups of G, such that K,, K, € Z(G,) and K, K =
K,NK = HNK = 1. Suppose that

(a) Gy, G, are H-separable;
b) for each S <; K, there exists M <. G, such that M N K = S and
f 2
KiMNKM =M,
¢) for each S <, K, there exists N < G, such that NN K = S and
(c) f 1 r Gy
K,;NNKN =N,
d) for each S <, K, there exists L < G, such that LN K = S and
! 2
HLNKL =1L;
e) foreach R <, H, there exist N; <y G, N, <y G, such that Ny N H =
! 197 U, N < U 1
R=N,NH.

Then KiNK = 1and K; NK =1 for all z € E. Furthermore, for each S <; K
and x,y € E, there exists P <y E such that PN K C § and KiP N KP =
P,K;PNKP =P.

Proof. Since JNK =1 and J € Z(G,) for J = H, K;, K,, clearly
KiNnK =1and K;NK =1 forall ze E. Let x,y € E and S <4 K be
given. We divide the proof into several cases.

Case 1. x, y € G{\H. By H-separability of G, and by (d) and (e), for
S < K, there exist Ny < G, N, <y G, such that x, y ¢ HN;, N,NK C S,
N, NH = N2 NH and HN, N KN, = N,. Now we form E = Gy %y Gy,
where Gl G1/Ny, G2 G, /N, and H = HN,/N; = HN,/N,. Then X,
yE Gl\H and HNK =1 in E. It follows that each non- -trivial element of
K* " has length greater than 1 and hence K| N K =1,K,nK""
1. Consequently, KinK=1and K;NK =1in E. We can now proceed
as in Case 1 of Lemma 18 to obtain our result.

Case 2. x,y € G,.Since K, K, € Z(G,), then K} = K, and K} = K,.
By (b) and (c), for S «; K, there exists N, <; G, such that NN K = §
and K;N, NKN, = N,, KyN, N KN, = N;. By (e), there exists Ny <¢ G,
such that Ny N H = N, N H. As above, we form E. Clearly K, N K = 1
and K, NK =1 in E. Since Ky, K, € Z(G,), then K{ = K, K =K,

and hence K N K =1 and K3 N K =1 in E. The result now follows as in
Case 1.

Case 3. x,y ¢ Gy U G,. WLOG, let x = a;b;---a,b, and y =
ad;---c,d,, where a;, ¢; € G\H and b;, d; € G,\H for all i. By
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H-separability of G, G, and by (d) and (e), for S <, K, there exist
Ny <t Gy, N, <¢ G, such that a;, ¢; ¢ HN, and b;, d; ¢ HN, for all i,
N,NK < S, NN\NH =N,NH, and HN, N KN, = N,. As before, we form
E. Then a;, ¢; € G,\H, b;, d; € G,\H for all i, and HNK=1inE. It
follows that each non- tr1V1al element of R " has length greater than
1 and hence K; N K¥ =1, K,N KV =1. Consequently, KinK = 1 and
K} NK =1in E. Our result then follows as above.

The remaining cases can be similarly proved as in Lemma 18.

LEMMA 20. Let G = (Gy, Gy, ..., G,; Hij = Hy;) be a tree product
of Gy, Gy, ..., G, amalgamating the subgroups H;; of Z(G;) and H;; of
Z(Gj). Let K, Ky, K, be subgroups of G, such that K, K, € Z(G,) and
KiNK=K,NnK=H,NK = 1. Suppose that

(a) G, is Hj-separable;

(b) for each S <y K, there exists M <y G, such that M N K = S and
K.MNKM = M;

(c) for each S <s K, there exists N <f G, such that NN K = S and
K);NNKN =N;

(d) for each S <; K, there exists L,; <y G, such that L,; N K = S and
H,L,,NKL,; =L,;

(e) foreach Rj; <f Hy, there exists N; <p G; such that N; N\ H;; = R;;.

l]’
Then KiNK = 1and K; NK =1 forall z € G. Furthermore, for each S <y K

and x, y € G, there exists P <y G such that PN K € S and KiPNKP =P,
K;PNKP =P.

Proof. We use induction on n. The case n = 2 follows easily from
Lemma 19.

Let n > 3. As before, we write G = E *; G,,, where E is the tree product
generated by Gy, Gy, ..., G,y and H = H(,_y), = H,(,_;). By Lemma 10,
E is H(,_y,-separable and by Lemma 8, for each R < H(,_,),, there exists
L <4 E such that LN H,_;), = R.

Case 1. K,K,K, < E. By induction, K{NK =1,K; N K =1 for all
z € E and for each S <x K and u,v € E, there exists O <y E such that
ONK CSand KfONKQ =0, K;0NKQ = Q. Since H,(,,_1) € Z(G,),
the result follows from Lemma 18.

Case 2. K, K, K, < G,. The result follows from Lemma 19.

LEMMA 21. Let E = G xy G,, where Gy NG, = H. Let K be a subgroup
of Gy such that H NK = 1forall y € G, and let K, K, be subgroups of G,.
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Suppose that

(a) Gy, G, are H-separable;

(b) for each S <4 K and u,v € G, there exists M <y Gy such that
MNKCSand H*MNKM =M, HM N KM = M,

c) foreach R<, H,there exist Ny <y G, Ny <y G, such that NN H =
f ! f
R=N,NH.

Then KiNK = 1and K; NK =1 for all z € E. Furthermore, for each S <y K
and x,y € E, there exists P <; E such that PN K C S, KiPNKP =P, and
K;PNKP =P.

Proof. Since HPNK =1forally e G; and K C Gy, K, K, C G,, then
KinK =1and K;NK =1 forall ze E. Let x,y € E and S <; K be
given. We divide the proof into several cases.

Case 1. x, y € Gy. By (b), for S <4 K and x,y € G, there exists
Ny <; Gy such that NyNK € S and H*N; N KNy = Ny, H'N;NKN; = N;.
By (c), there exists N, <4 G, such that N, N H = N; N H. We form
E = G, %5 G,, where G, = G{/Ny, Gz G,/N,, and H = HN,/N, =
HN,/N,. Clearly H*NK =1 and A NK = 1 in E. This implies
ANK*' =1 and A ﬂKy = 1. Since K;, K, C Gz, it follows that
K, nK*' =1, K,NKY" =1and hence K NK =1, K NK = 1. We can
now proceed as in Case 1 of Lemma 18 to obtain our result.

Case 2. x, y € G,\H. By H-separability of G, and by (b) and (c), for
S <¢ K, there exist Ny <y Gy, N, <y G, such that x, y ¢ HN), NN K C S,
NiyNH =N,NH, and HN; N KN; = N;. As above, we form E. Then x,
yE G2\H and HNK =1 in E. It follows that each non-trivial element of
K has length greater than 1 and hence K,NK* =1, K, N K7
1. Consequently, KiNnK =1and K3 NK =1 in E. The result then follows

as in Case 1.

Case 3. x, y ¢ G U G,. First suppose x = a;b;---a,b, and y =
ad,---c,d,, where a;, ¢; € G\\H and b;, d; € G,\H for all i. By H-
separab1l1ty of Gy, G, and by (b) and (c), for § < K, there exist N; <¢ G,
N, < G, such that a;, ¢; ¢ HN; and b;, d; ¢ HN, for all i, NyN K C §,
NyNH = N,NH, and HN; N KN; = N,. Again we form E. Then a;,
¢; e G\H, b;, d; € G,\H for all 2 and HNK =1in E. It follows that
each non-trivial element of K* ' " has length greater than 1 and hence
KNK" =1, KNk =1. Consequently, KinK=1land K NK =1
in £. Our result now follows as before.

Now suppose x = a;b;---a, and y = ¢|d, - - - ¢,,, Where a;, ¢; € G\\H
and b;, d; € G,\H for all i. As above, we can form E such that a;, ¢; €

G\H, b;, d; e GZ\H foralliand H*NK =1, H» NK = 1in E. Clearly

KiNnK =1and K;NK =1 in E. Our result now follows as before.
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The remaining cases can be similarly proved as in Lemma 18.
Lemma 21 can be extended to a tree product as follows:

LEMMA 22. Let G = (Gy, G,,...,G,; H; = Hy) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H; of Z(G;) and H;; of Z(Gj).
Let K be a subgroup of G, such that H,; N K = 1 and let K, K, be subgroups
of Z(G,), where r # s. Suppose that

(a) G, is Hy-separable;

(b) for each S «; K, there exists M,; <y G, such that M,; N K = S and
HriMrimKMri = Myj;

(c) foreach R;j<; Hyj,
Then KiNK = 1and K; NK =1 forall z € G. Furthermore, for each S <y K

and x, y € G, there exists P <; G such that PNK C S and K{PNKP =
P,K;PNKP =P.

there exists N; <y G; such that N; N\ H;; = R;;.

Proof.  We use induction on n. Let n = 2. WLOG, we may assume that
K < Gy. Since Hy, € Z(G,), then H}, = H, for all z € G,. By assumption,
Hyj, N K =1 and by (b), for each § </ K, there exists M <y G, such that
MNK =Sand H,M N KM = M. The result then follows from Lemma 21.

Let n > 3. As before, we write G = E %y G,,, where E is the tree product
generated by Gy, Gy, ..., G,y and H = H(,,_y), = H,(,_). By Lemma 10,
E is H,_yy,-separable and by Lemma 8, for each R < H(,_;),, there exists
L <y E such that LN H,_), = R.

Case 1. K, K, K, < E. By induction, K;NK =1, K;NK =1, for all
z € E, and for each § < K and u, v € E, there exists N <¢ E such that
NNK CSand K{NNKN =N, KNNKN = N. Since H,,,_1y € Z(G),),
our result follows from Lemma 18.

Case 2. K < E, Ky, K, < G, First suppose H(,_;), and K are in dif-
ferent factors of E. Then by induction (with Ky = K, = H(,_y),), we have
H(an)n NK =1for all z € E and for each § < K and u, v € E, there exists
Q <¢ E such that N K < § and H("n_l)nQ NKQ =0, Hf)n—l)nQ NKQ = 0.
Hence we are done by Lemma 21.

Now suppose H,_1, and K are in the same factor of E. Then we argue
as above but in this case, we use Lemma 20 (with K; = K, = H,_yy,)
instead of induction.

Case 3. Ky, K, < E, K < G,. Since H,(,_1) € Z(G,), then H,, | =
H,,—y) for all z € G,,. By assumption, H,,_;)N K =1 and by (b), for each
S <5 K, there exists M <; G, such that M N K = § and H,,_ \M N KM =
M. Again we are done by Lemma 21.
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LemMA 23. Let E = Gy xy G,, where Gy NG, = H. Let K, K, be sub-
groups of G, such that K| N K =1=HYNK forall y € G, and let K, be a
subgroup of G,. Suppose that

(a) Gy, G, are H-separable;

(b) for each S <4 K and u,v € G, there exists M <y Gy such that
MNK CSand KIMNKM =M, H'M N KM = M;

(c) foreach S <y K and u,v € Gy, there exists N <y Gy such that N N
K cSand H*NNKN =N, H’'NNKN = N;

(d) foreach R<; H, there exist Ny <y G, N, <¢ G, such that Ny H =

Then KiNK = 1and K; NK =1 for all z € E. Furthermore, for each S <y K
and x,y € E, there exists P <« E such that PNK € S and K{PNKP =
P,K;PNKP=P.

Proof. Since KiNK =1=H"NK forall y e G, and K, C G,, it is
easy tosee that KINK =1and K3NK =1forallze E. Letx,y € E and
§ <y K be given. We divide the proof into several cases.

Case 1 x, y € Gy. By (b), for S <4 K and x, y € G, there exists N, <1f
G, such that NN K € S and K{N; N KN, = N, H' NN KN, =
By (d), there exists N, <y G, such that NN H = N; N H. Now we form
E = G, x5 G,, where G, = G{/Ny, Gz G,/N,, and H = HN,/N, =
HN2/N2 Clearly K{ N K = land AP NK = 1 in E. This implies HnN
KV = 1. Since K, C G, it follows that K, N K¥"' = 1 and hence KNK =
1. We can now proceed as in Case 1 of Lemma 18 to obtain our result.

Case 2. x, y € G,\H. By H-separability of G, and by (c) and (d), for
S <y K, there exist N <y Gy, N, <y G, such that x, y ¢ HN,, NyNK C S,
NyNH = N,NH, and HN; N KN; = N;. Again we form E. Then x,
yE GZ\H and H N K =1 in E. It follows that each non- -trivial element of
K* " has length greater than 1 and hence K; N K™ =1,K,nK""
L. Consequently, K{inK =1and K5 NK =1 in E. Our result then follows
as in Case 1.

Case 3. x, y ¢ G, UG,. WLOG, let x = a;b;---a,b, and y =
ad,---c,d,, where a;, ¢; € G\\H and b;, d; € G,\H for all i. By H-
separab1l1ty of Gy, G, and by (c) and (d), for S < K, there exist N; <y G,
N, < G, such that a;, ¢; ¢ HN, and b;,d; ¢ HN, for all i, NyNK C §,
N,NH =N,NH, and HN; N KN; = N,. As above, we form E. Then a;,
¢; € G\H, b;, d; € G,\H for all i, and HNK =1in E. It follows that
each non-trivial element of K*', K" has length greater than 1 and hence
K NK™' =1, KNk =1. Consequently, KinK=1and K NK =1
in E. The result now follows as above.
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The remaining cases can be similarly proved as in Lemma 18.
Next we extend Lemma 23 to a tree product.

LEMMA 24. Let G = (Gy, Gy,...,G,; Hij = Hy;) be a tree product
of Gy, Gy, ..., G, amalgamating the subgroups H;; of Z(G;) and H;; of
Z(Gj). Let K, K be subgroups of G, such that K| € Z(G,) and K; N K =
1=H,;NK.Let K, be a subgroup of G such that K, C Z(G,), where s # r.
Suppose that

(a) G, is Hy-separable;
(b) for each S <y K, there exists M <y G, such that M N K = S and
KMNKM =M;
c) foreach S <, K, there exists N,; <¢ G, such that N, N K = § and
f !
HriNri n KNri = Nri;
d) foreach R;; <; H, there exists N; <y G; such that N; N H;; = R;.
jSF R f j

Then KiNK = 1and K; NK =1 forall z € G. Furthermore, for each S <y K
and x, y € G, there exists P < G such that PNK C S and K{PNKP =P,
K PNKP = P.

Proof. We use induction on n. Let n = 2. WLOG, we may assume that
K < Gy. Since Hy,, K| € Z(G,), then H{, = H, and Kj = K, for all
z € Gy. By assumption, H, N K =1 and K; N K = 1. By (c), for each
S <¢ K, there exists N <y G; such that NN K = § and H;,N N KN = N.
Furthermore, by (b) and (), for each S «; K, there exists T <y G such that
TNK =S8 and Ky,TNKT =T, H,TNKT = T. The result then follows
from Lemma 23.

Let n > 3. As before, we write G = E %y G,,, where E is the tree product
generated by Gy, G,,...,G,_and H = H(,,_yy, = H,,,_1). By Lemma 10,
E is H(,_;y,-separable and by Lemma 8, for each R <y H,_),, there exists
L <y E such that LN H,_y), = R.

Case 1. K, K;, K, < E. By induction, Ki NK =1, K; N K =1 for all
z € E and for each S < K and u, v € E, there exists Q<1f E such that
ONK C Sand KfQONKQ =Q, K;0NKQ = Q. Since H,,_1) € Z(G,),
our result follows from Lemma 18.

Case 2. K, K| < E, K, < G,. First suppose H,_ ), and K are in
different factors of E. Then by induction (with K, = H,_;),), we have
KinKk =1 H(Zn 1)nﬁK =1 for all z € E and for each § < K and u,
v € E, there exists Q) <; E such that Q; N K € § and K{Q; N KQ; = Oy,
H(n @1 NKQy = Q. By Lemma 22 (with Ky = K, = H,,_y,), we have
H(n e NK =1 for all z € E and for each § <¢ K and u, v € E, there ex-
ists O, <¢ E such that 0, N K € § and H(” ])an NKQ, = 0,, H(n 1)nQ2

KQ, = Q,. The result then follows from Lemma 23.
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Now suppose H,_1, and K are in the same factor of E. Then we argue
as above but in this case, we use Lemma 20 twice (with K, = H,_;, and
with K; = K, = H(,_y),) instead of induction and Lemma 22, respectively.

Case 3. K, < E, K, K; < G,. Since H,,_y), K; € Z(G,), then
H 1y = Hy,-1) and Ki = K, for all z € G,,. By assumption, H,(, ;)N
K =1and K; NK = 1. By (b), for each § «; K, there exists N <s G, such
that NN K = § and H,,;,_;yN N KN = N. Furthermore, by (b) and (c), for
each § <4 K, we can find T'<¢ G, such that TN K = § and K\TNKT =T,

H )T N KT = T. The result now follows from Lemma 23.

n(n—1
LEMMA 25. Let G = (G, G,,...,G,; H; = Hy) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H,; of Z(G;) and H;; of Z(G)).
Let K be a subgroup of G, such that H,;, N K = 1 and let K, K, be subgroups
of Z(G,), Z(G,), respectively, where s # r # t, s # t. Suppose that

(a) G, is Hj-separable;

(b) for each S <« K, there exists M,; <y G, such that M,; N K = S and
H,M,;NKM,; =M,;

(c) foreach R;j<; Hyj,
Then KiNK = 1and K; NK =1 forall z € G. Furthermore, for each S <y K

and x,y € G, there exists P <4 G such that PNK € S and K{PNKP =P,
K5PNKP = P.

Proof. 'We use induction on n. As before, we write G = E x5 G,,, where
E is the tree product generated by Gy, Gy, ..., G, and H = H(,,_yy, =
H,,—1)- By Lemma 10, E is H(,_;),-separable and by Lemma 8, for each
R <; H,_y),, there exists L <¢ E such that L N H,_yy, = R.

First, let n = 3. WLOG, let G = (G, G,, G3; Hj, = Hy, Hy = Hz,)
and E = (G, G,; H{, = Hy;). We shall consider the following cases:

Case 1. K, Kl < E, K2 < G3

First suppose K < G;. Since H, € Z(G,), then Hf, = H, for all z €
G,. By assumption, Hj; N K =1 and by (b), for each § < K, there exists
My, <¢ Gy such that My, NK = § and H,M,, N KMy, = M,,. Then by
Lemma 21 (with K, = Hy), wehave KINK =1, H; NK =1forallze E
and for each § <; K and u, v € E, there exists M < E such that M NK C §
and KM NKM =M, H);M N KM = M. Again, by Lemma 21 (with K, =
K, = H,3), we have H3; NK =1 for all z € E and for each S < K and
u, v € E, there exists N <y E such that NN K € § and HANNKN =N,
H}N N KN = N. The result now follows from Lemma 23.

Now suppose K < G,. Since H,; € Z(G,), then H;, = H,, for all z €
G,. By assumption, H,; N K =1 and by (b), for each § <, K, there exists
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M, <f G, such that My N K = S and Hy M, N KMy = M,,. Then we
argue as above but we use Lemma 23 (with K; = Hy, K, = K;) and
Lemma 19 (with K; = K, = H,3) instead of using Lemma 21 twice. The
result again follows from Lemma 23.

Case 2. K, K, < E, K| < G5

This case is similar to Case 1.

Case 3. K, K, < E, K < G,
Since Hs, € Z(G;), then H3, = H;, for all z € G;. By assumption,

Hy,NK =1 and by (b), for each S < K, there exists M3, <; G5 such that
Mz N K =S and H3Ms, N KMz, = Ms,. The result now follows from
Lemma 21.

Let n > 4. We shall consider the following cases:

Case 1. K, K, K, < E

By induction, Ki NK =1, KN K =1 for all z € E and for each § <, K
and u, v € E, there exists Q <y E such that 0N K € S and KON KQ = Q,
K;0NKQ = Q. Since H,(,_1y € Z(G,), the result follows from Lemma 18.

Case 2. K, K| <E, K, <G,

We shall consider the following subcases:

Subcase 1. Suppose H(,_y),, K, and K; are in different factors of E.
Then by induction (with K, = H,_yy,), we have KiNK =1, H, ), NK =
1 for all z € E, and for each S <¢ K and u, v € E, there exists M «; E such
that MNK C Sand KIMNKM = M, anq)nM N KM = M. Furthermore,
by Lemma 22 (with K; = K, = H(,_y),), we have H;, ), N K =1 for all
z € E and for each S «; K and u, v € E, there exists N <, E such that
NNK C Sand H("nil)nN NKN = N, H(Unfl)nN N KN = N. Our result now
follows from Lemma 23.

Subcase 2. Suppose H(,_;), and K; are in the same factor of E. We ar-
gue as in Subcase 1 but in this case, we use Lemma 22 (with K, = H(n,l)n)
instead of induction.

Subcase 3. Suppose H, iy, and K are in the same factor of E. We
argue as in Subcase 1 but in this case, we use Lemma 24 (with Ky = H(,,_y),,
K, = K;) and Lemma 20 (with K; = K, = H,_;),) instead of induction
and Lemma 22, respectively.
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Case 3. K, K, < E, K| <G,

This case is similar to Case 2.

Case 4. K, K, < E, K < G,

Since H,, 1y € Z(G,), then H, ) = H,, ) for all z € G,. By as-
sumption, H,,_;yN K =1 and by (b), for each § «; K, there exists M <; G,
such that M NK = § and H,,_yM N KM = M. So we are done by
Lemma 21.

Now we can extend Lemmas 16 and 17 to a tree product (Lemma 26).

LEmMA 26. Let Gy, Gy, ..., G, be residually finite groups. Let G = (G,
Gy, ..., G, Hyj = Hy;) be a tree product of Gy, G, ..., G, amalgamating
the subgroups H on(G )and Hj; of Z(G,), where H; N Hy =1 for j # k.
Let Ky, K, be ﬁmtely generated subgroups of Z(G,), Z(G,), respectively, such
that Ky N H,; = 1=K, N Hy. Suppose that

(a) G, is Hy-separable, G, is K -separable, and G, is K,-separable;
(b) for each Ry <y Hyj, there exists My <y G; such that My N H;j =
ljk and H Mljk n Hlle]k - Mtjk7
(c) foreach R,; <s H,;, there exists M,; <y G, such that M,; N H,; = R,;
and K\M,;NH . M,, = M,;

(d) foreach Ry; <y Hy;, there exists M; <f G such that M; N Hy; = Ry;
and K;yMgNHGM; = M;

(e) for u ¢ JyvJ, where u,v € G; and J,,J, € Z(G,), there exists
Li <f Gi Such that u ¢ Jl'l_)Jz in G = G/Ll,

(f) for each R;j <y Hyj, there exists N; < G; such that N; N H;j = R;;.

Let x ¢ K yK;, where x, y € G. Then there exists P <; G such that X ¢ K,jK,
in G=G/P.

Proof.  We use induction on n. The case n = 2 follows from Lemmas 16
and 17.

Let n > 3. As before, we write G = E %y G,,, where E is the tree product
generated by Gy, G,,...,G,_and H = H(,,_yy, = H,,_1). By Lemma 10,
E is H(,_;y,-separable and by Lemma 8, for each R <y H,_),, there exists
Ny <5 E such that Ny N H,_yy, = R.

Case 1. K;, K, < E. By Lemmas 20, 22, 24, or 25 (with K = H,_),),
we have Kj N Hg 1y, =1, KN Hg_1y, = 1 for all y € E, and for each
R <s H(,_y), and u, v € E, there exists M <, E such that M N H,_), € R
and KyM NH,_,M = M, KM N H,_;,,M = M. By induction,
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(i) for u ¢ K vK,, where u,v € E, there exists L; <; E such that
i¢ KjwK, in E=E/L;
(ii) for u ¢ KyvH, ;y,, where u, v € E, there exists L, <¢ E such
that u ¢ KIDH(n—l)n in E = E/Lz,
(iii) for u ¢ H, 1),vK;, where u, v € E, there exists L <y E such
that u ¢ H(nfl)nl_)KZ in E = E/L3

Our result now follows from Lemma 16.

Case 2. K, < E, K, < G,,. By Lemma 10, E is K;-separable and by
assumption, G, is K,-separable. By Lemmas 20 or 22 (with K = H(,_y),,
K, = K;), we have K} N H,_1), = 1forall y € E and for each R <; H,_y),
and u € E, there exists M; < E such that M; N H(,_;), € R and K{M; N
H,_1),M; = M,. Since K, € Z(G,), then K; = K, for all z € G,. By
assumption, K, N H,,_;y = 1 and there exists M, <y G, such that M, N
Hn(n—l) = Ml N H(n—l)n and K2M2 N Hn(n—l)MZ = Mz. NOW, by inductiOn,
for u ¢ K\vH,_y),, where u, v € E, there exists L; <y E such that u ¢
K\vH(, 1y, in E = E/L,. By (e), for u ¢ H,, yvK;, where u, v € G,,
there exists L, <y G,, such that & ¢ H,,_1)vK; in G, = G, /L,. Our result
now follows from Lemma 17.

Case 3. K, < G,, K, < E. This case is similar to Case 2.

Case 4. K, K, < G,. Since K, K, € Z(G),), then K{ = K| and Kj =
K, for all z € G,. By assumption, K; N H,,_y =1 and K, " H,,_;y = 1.
By (¢) and (d), for each R <y H,,_y), there exists T <y G, such that TN
H,,-y=Rand K\,TNH,, T =1 K,TNH,,_yT = T. Furthermore,
by (e),

(i) for u ¢ K vK,, where u, v € G, there exists L; <y G, such that
i¢ KoK, in G, = G, /Ly;
(i) for u ¢ KyvH,,_yy, where u, v € G, there exists L, <5 G, such
that l/_l ¢ Kvll_)Hn(nil) in Gn = Gn/Lz,
(iii) for u ¢ H,,_1)vK,, where u,v € G, there exists L3 <y G, such
that 2 ¢ H,(, 10K, in G, = G,/L5.

The result now follows from Lemma 16.

LeEmMA 27. Let E = Gy G, where Gy NG, = H. Let K be a subgroup
of Gy such that H* N K =1 for all y € G,. Suppose that
(a) Gy, G, are H-separable;

(b) for each S <4 K and u,v € Gy, there exists M <y G, such that
MNKCSand H*MNKM = M, H'M N KM = M,



TREE PRODUCTS OF SEPARABLE GROUPS 461

c) foreach R <y H,there exist Ny < G, N, <y G, such that NN H =
h R<; H, th ist Ny <5 Gy, Ny <4 G h that NN H
R=N,NH.

Then K*NK =1 for all z € E\G, and for each S <; K and x, y € E\Gy,
there exists P<1f E such that PNK C Sand KXPNKP =P, KY'PNKP =P.

Proof. Since HYNK =1 for all y € Gy, clearly K*NK =1 for all
z € E\G,. Let x,y € E\G; and § <¢ K be given. We shall consider the
following cases:

Case 1. x, y € G,\H. By H-separability of G, and by (b) and (c), for
S <y K, there exist Ny <y G, N, <y G, such that x, y ¢ HN,, NyNK C S,
NyNH = N,NH, and HN; N KN; = N;. Now we form E = G, %y Gy,
where G1 G/Ny, G2 G,/N,, and H = HN,/N; = HN,/N,. Then X,
yE€ G2\H and HNK =1 in E. It follows that each non-trivial element of
K*, K7 has length greater than 1 and hence K*NK =1,KYNnK = 1. Since
E is free-by-finite and K is finite, there exists P < E such that PN K*K =
1 and PN KYK = 1. This implies that PN K = 1 and K*P N KP = P,
KYPNKP = P. Let P be the preimage of P in E. Then P<E,PNK =S5
and K*PNKP =P, KYP N KP = P. Our result now follows.

Case2. x, y ¢ G, UG,. WLOG, let x = a;b;---a,b,, and y =
ad;---c,d,, where a;, ¢c; € G)\H and b;, d; € G,\H for all i. By H-
separability of Gy, G, and by (b) and (c), for § <; K, there exist Ny <; Gy,
N, <¢ G, such that a;, ¢; ¢ HNl and b;, d; ¢ HN2 for all i, NNNK C S,
N,NH =N,NH and H*' N NKN; = Ny, H%'N, N KN, = Nl Again
we form E. Then a;, ¢ € G,\H, b;, d; € G,\H for all i and H%'NnK =1,
H&%' NK =1 in E. It follows that each non-trivial element of K¥, K¥ has
length greater than 1 and hence K* NK =1, KY N K = 1. Our result now
follows as in Case 1.

The remaining cases can be similarly proved.

To extend Lemma 27 to a tree product (Lemma 32), we need the follow-
ing extra lemmas (Lemmas 28-31):

LEmMMA 28. Let E = G xy G,, where Gy NG, = H. Let K, K, be sub-

groups of G, such that K{ NK = 1= HYNK forall y € G,. Suppose that

(a) Gy, G, are H-separable;

(b) for each S <4 K and u, v € Gy, there exists M <y G, such that
MNKCSand H*MNKM =M, KiM NKM = M;

(¢) foreach S <y K and u,v € Gy, there exists N <y Gy such that N N
K cSand H*NNKN =N, H'NNKN = N;

(d) foreach R<; H, there exist Ny <y G, N, <y G, such that Ny N H =
R=N,NnH.
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Then K'NK = 1forall t € E\G, and Ki N K =1 forall z € E. Furthermore,
foreach S <4 K and x € E\Gy, y € E, there exists P <y E such that PNK C S
and K*PNKP =P, K{PNKP = P.

Proof. Since HY NK =1 =K, NK forall y € Gy, clearly K'NK =1
forall t € E\G, and KiNK =1forall ze E. Let x € E\G{, y € E, and
§ <y K be given. We divide the proof into several cases.

Case 1. x, y € G,\H. By H-separability of G, and by (c) and (d), for
S <y K, there exist Ny <y Gy, N, <¢ G, such that x, y ¢ HN,, Ny NK C S,
NyNH = N,NH, and HN; N KN, = N;. Now we form E = G, *y G,,
where Gl G1/Ny, G, = G,/N,, and H = HN,/N, = HN,/N,. Then %,
yE G2\H and HNK =1 in E. It follows that each non-trivial element of
K*, has length greater than 1 and hence K*NnK=1,Kn KV =1.
Consequently, K{ NK = 1. Since E is residually finite and K, K, are finite,
there exists P < E such that PNK*K =1 and PN KyK = 1. This implies
that PNK =1and K*PNKP =P, KyP NKP = P. Let P be the preimage
of P in E. Then P is the required normal subgroup.

Case 2. x, y ¢ G, UG,. WLOG, let x = a;b;---a,b, and y =
ad,---c,d,, where a;,c; € G\\H and b;, d; € G,\H for all i. By H-
separability of G, G, and by (c) and (d), for § < K, there exist Ny <; Gy,
N, <y G, such that a;, ¢; ¢ HN; and b;, d; ¢ HN, for all i, NyNK C §,
N,NH =N,NH and H%'N, N KN, = N,, HN, N KN, = N,. As before
we form E. Then a;, ¢, € G,\H, b;, d; € G,\H for all i and H%' NK =1,
HNK =1 in E. It follows that each non-trivial element of K*, K" has
length greater than 1 and hence K*nK =1, K;n KV =1. Therefore
K{ N K =1 and we proceed as in Case 1 to obtain our result.

Case 3. x € G,\H, y € G,. By H-separability of G, and by (b) and (d),
for § «; K, there exist Ny <y G, N, <5 G, such that x ¢ HN,, NN K € §,
N,NH =N,NH and HN; N KN, = Ny, KlNl N KN, = N;. Again we
form E. Then ¥ € G2\H and HNK =1, K{NK =1in E. As in Case 1,
we have K* N K =1 and our result follows as above.

The remaining cases can be similarly proved.

LEMMA 29. Let G = (Gy, Gy,...,G,; Hij = Hy;) be a tree product
of Gy, Gy, ..., G, amalgamating the subgroups H;; of Z(G;) and Hj; of
Z(Gj). Let K, K be subgroups of G, such that K| € Z(G,) and K; N K =
1=H,; NK. Suppose that

(a) G, is Hj-separable;

(b) for each S <y K, there exists M <y G, such that M N K = S and
KiMNKM = M;
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C or eac < , there exists IN,; < » sucn that IN,; N = an
h S« K, there exists N,; <; G, such that N,; N K = § and
HriNrimKNri = Nyis

(d) for each R;j <y H;j, there exists N; < G; such that N; N H;; = R;;.

Then K'NK =1 for all t € G\G, and K{ NK =1 for all z € G. Further-
more, for each S <y K and x € G\G,, y € G, there exists P <y G such that
PNK CSand KPNKP =P, KJPNKP =P.

Proof. We use induction on n. Let n = 2. WLOG, we may assume that
K, K| < Gy. Since Hy,, K| € Z(G,), then H}, = H;, and K] = K, for
all z € G,. By assumption, K; N K =1, H;, N K =1 and by (c), for each
S <¢ K, there exists N <¢ G; such that NN K = § and H;,N N KN = N.
Furthermore, by (b) and (c), for each § <; K, we can find T <; G such that
TNK=Sand HR,T NKT =T, KyTNKT = T. Our result now follows
from Lemma 28.

Let n > 3. As before, we let G = E x5 G, where E is the tree product
generated by Gy, Gy, ..., G,y and H = H(,,_y, = H,(,,_). Let x € G\G,,
y € G and § <; K be given. We divide the proof into several cases.

Case 1K, K, <E

First suppose H(,_1y, and K are in different factors of E. By induction,
K*NnK =1forall u € E\G, and K{ N K =1 for all v € E. By Lemma 22
(with Ky = K, = H(,_1y,), H, NK =1 for all w € E. It follows that

(n—1)n

K'NK =1forallte G\G, and K{NK =1forall ze G.

Subcase 1. x ¢ E\G,, y € G. By Lemma 10, E is H-separable and by
Lemma 8, for each R <y H,,_;),, there exists L <¢ E such that LN H,,_;, =
R. By Lemma 24 (with K, = H(,,_;),), we have H, ;) NK =1, KiNK =1
for all z € E and for each § <y K and u, v € E, there exists M < E such that
MnK cSand Hj,_,MNKM =M, KiMNKM = M. By Lemma 22
(with K, = K, = H(,_y,), we have H;,_, , NK =1 for all z € E and
for each § <y K and u, v € E, there exists N <y E such that NNK € §
and H(“n_l)nN N KN = N, an_l)nN N KN = N. Hence we are done by
Lemma 28.

Subcase 2. x € E\G,, y € E. By induction, for § < K and x € E\G,,
y € E, there exists Ny <¢ E such that Ny N K € § and K*N; N KN; = Ny,
K{N; N KN; = N;. Then by (d), there exists N, < G, such that N, N
H,-1y = N1 N H,_y),.- We form G = Exg G,, where E = E/N;, G, =
G,/Ny, and H = H(,,_1),N1/N| = H,,_1)N/N,. Clearly K* N K =1 and
K{NK =1in G. We can now proceed as in Case 1 of Lemma 28 to obtain
our result.
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Subcase 3. x € E\G,, y € G,\H,,_1). By H,,_y)-separability of G,
and by Lemma 8, there exist My <y E, M, <z G, such that y ¢ H,,_; )M,
and M\ NH,_yy, = M, " H,,_y. Let § = M; N S. Then §; <4 K. By in-
duction, for §; <y K and x € E\G,, there exists Ny <; E such that N; C
M;,NyNK < §; and K*N; N KN; = N;, K;N; N KN; = N;. By (d), there
exists N, <¢ G, such that N, € M, and N, N H,,,_) = Ny N H,_yy,. Again
we form G. Then y € G,\H,(, ;) and K*NK =1, K,NK =1in G. As in
Case 2 of Lemma 18, we have K{ N K = 1 and we are done.

Subcase 4. x € E\G,, y ¢ EUG,. WLOG, lety = ¢d, - --c,d,,, where
¢; € E\H(,_y), and d; € G,\H,,_y for all i. Since E is H,_;),-separable
and G, is H,,_y-separable, there exist M, <y E, M, <y G, such that ¢; ¢
H,_1),M, and d; ¢ H,,_1yM, for all i. By Lemma 8 and (d), we can
assume that M, N H,_yy, = M, N H,,_y. Let §; = M; N S. Then §; <4 K.
Let y; = ¢i¢; - - ¢,,. Then y; € E. By induction, for §; <¢ K and x € E\G,,
yi € E, there exists Ny < E such that Ny € M;, NyNK € §; and K*N; N
KN; = N;, K{'N; N KN; = N,. By (d), there exists N, <; G, such that
N, € M, and Ny N H,,_1) = Ny N H,_y),. Again we form G. Then ¢; €
ENH 1y d; e G, \H (1) for all i and K*NK=1,K{'nK=1inG.
As in Case 3 of Lemma 18, we have K] N K = 1 and again we are done.

Now suppose H(,_;), and K are in the same factor. Then we argue as
above but in this case, we use Lemma 20 twice (with K} = K, = H(,,_y),
and with K, = H(,_;),) instead of Lemma 22 and Lemma 24, respectively.

Case 2. K, K|, < G,

Since H,,-1), K; € Z(G,), then H,, | = H,(, 1) and K{ = K, for all
z € G,. By assumption, K; NK =1, H,,_)N K =1 and by (c), for each
S <¢ K, there exists N <y G, such that NN K = § and H,,,_;)N N KN = N.
Furthermore, by (b) and (c), for each § <¢ K, we can find T <¢ G, such
that TNK =S and H,,_nT N KT =T, K;T N KT = T. Hence the result
follows from Lemma 28.

LeEMMA 30. Let E = G *y G,, where G, NG, = H. Let K, K, be sub-
groups of G, G,, respectively, such that H' N K =1 for all y € G. Suppose
that

(a) Gy, G, are H-separable;

(b) for each S <4 K and u,v € Gy, there exists M <y G, such that
MNKCSand H*MNKM = M, H'M N KM = M,

c) foreach R <y H, there exist Ny < G, N, < G, such that NN H =
f f f
R=N,NH.
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Then K'NK = 1forall t € E\G, and KiNK =1 forall z € E. Furthermore,
foreach S <4 K and x € E\Gy, y € E, there exists P <y E such that PNK C S
and K*PNKP =P, K{PNKP = P.

Proof. Since H* N K =1 for all y € G|, we have KN K = 1 for all
t € E\G,. Since K; C G, and H' N K =1, we have Ki N K =1 for all
z€ E. Let x € E\Gy, y € E, and S < K be given. We shall consider the
following cases:

Case 1. x,y € G,\H. By H-separability of G, and by (b) and (c),
for § < K, there exist Ny <4 Gy, N, <f G, such that x, y ¢ HN,,
NyNK C S, Ny\NH = N,NH, and HN; N KN; = N;. As before,
we form E = G,%yG,, where G, = G/Ny, G, = G,/N,, and
H = HN,/N, = HN,/N,. Then %, j € G,\H and HNK =1 in E.
It follows that each non-trivial element of K¥, K has length greater than
1 and hence K*NK =1, K; N K’ = 1. Consequently, K} N K = 1. We
can now proceed as in Case 1 of Lemma 28 to obtain our result.

Case2. x, y ¢ G, UG, WLOG, let x = a;b;---a,b, and y =
ad,---c,d,, where a;, ¢; € G\H and b;, d; € G,\H for all i. By H-
separability of G, G, and by (b) and (c), for § <¢ K, there exist Ny <; Gy,
N, <¢ G, such that a;, ¢ ¢ HN; and b;, d; ¢ HN, for all i, NyNK C S,
N,NH =N,NH and H% Nl NKN| = Ny, HNI NKN, = Nl As before,
we form E. Then a;, ¢; € G\H, b;, d; € G,\H for all i and H*"' ﬂK =1,
HANnK=1inE. It follows that each non-trivial element of K¥, " has
length greater than 1 and hence KNk =1, K, NnK"" =1. Consequently,
K] N K =1 and our result follows as in Case 1.

Case 3. x € G,\H, y € G,. By H-separability of G, and by (b) and (c),
there exist Ny < G, N <f G, such that x ¢ HN), NNNK S S, NyNH =
N, NH and HN; N KN; = N;, H”N; N KN = N,. As before, we form E.
Then x € GZ\H and HNK =1, H'NK =1 in E. As in Case 1 we have
K*NK =1. Since AN K =1 and K, c G,, we have K, NKY' =1 and
hence Kj N K = 1. The result now follows as before.

The remaining cases can be similarly proved.

LEMMA 31. Let G = (Gy, Gy, ..., G,; Hj = Hj;) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H;; of Z(G;) and H;; of Z(G)).
Let K, K, be subgroups of G,, G,, respectively, such that K| € Z(G,) and
H,,NK =1, where r # s. Suppose that

(@) G; is Hj-separable;
(b) for each S «; K, there exists M,; <y G, such that M,; N K = S and
H M, NKM,, = M,;

(c) for each R;; <y Hyj, there exists M; <y G; such that M; N\ H;; = R;;.

l]’
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Then K'NK =1 for all t € G\G, and K{ NK =1 for all z € G. Further-
more, for each S <y K and x € G\G,,y € G, there exists P <y G such that
PNK CSand KPNKP =P, K{PNKP =P.

Proof. 'We use induction on n. Let n = 2. WLOG, we may assume that
K < Gy and K| < G,. Since H, € Z(G,), then H{, = Hy, for all z €
G,. By assumption, H,, N K = 1 and by (b), for each § <, K, there exists
M <; Gy such that M N K = § and H{,M N KM = M. Hence we are done
by Lemma 30.

Let n > 3. As before, we let G = E G, where E is the tree product
generated by Gy, Gy, ..., G,_yand H = H(,,_y, = H,(,,_). Let x € G\G,,
y € G and § < K be given. We shall consider the following cases:

Case 1. K, K| < E

We argue as in Case 1 of Lemma 29 with the following changes: If H,,_,
and K are in different factors of E, we use Lemma 22 (with K, = H(,,_yy,)
instead of Lemma 24. If H,_;), and K are in the same factor of E, we use
Lemma 20 (with K| = K, = H(,_y),) and Lemma 24 (with K; = H(,_y),
and K, = Kj).

Case2. K < E, K, <G,

First suppose H,_;), and K are in different factors of E. By induction
(with Ky = H(,_1),), K*NK =1 for all u € E\G, and H(,_ e NK =1
for all v € E. Hence K'N K = 1 for all t+ € G\G,. Since K; C G, and
H, 4y, NK =1forallveE, we have K NK =1 forall z € G.

Subcase 1. x ¢ E\G,, y € G. By Lemma 10, E is H,_;,-separable
and by Lemma 8, for each R <y H(,_y),, there exists L <y E such that L ﬂ
H(nfl)n = R. By Lemma 22 (with K, = K, = H(,,_),), we have H(,_;), N

=1 for all z € E and for each § <y K and u, v € E, there exists Q<1f
such that QN K C S and H(n 1)nQ NKQ = Q, H(n 1)nQﬁKQ = Q. Our
result now follows from Lemma 30.

Subcase 2. x € E\G,, y € E. By induction (with K; = H,_y),), for
S <, K and x € E\G,, y € E, there exists N <, E such that Ny N K C § and
K*N;NKN; = Ny, H{n_l)an N KN; = N;. By (c), there exists N, <¢ G,
such that Ny N H, ), = Ny N H,(,_1). Now we form G = E x5 G,,, where
E=E/N,, G, = =G,/Ny,and H = H,,_ l)an/Nl Hy- 1)N2/N2 Clearly
KxﬂK—landH ~yn NK=1inG. SlnceH( 1y NK=1andK, c G,,
we have K, N K7 =1 and hence Ky N K = 1. We can now proceed as in
Case 1 of Lemma 28 to obtain our result
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Subcase 3. x € E\G,, y € G,\H,,_1). By H,,_y)-separability of G,
and by Lemma 8, there exist M; <« E, M, <; G, such that y ¢ H,,_1)M,,
and My N H,_yy, = My N H,,_y). Let §; = M; N S. Then §; <4 K. Hence
by induction (with K; = H(,_y),), for §; <; K and x € E\G,, there ex-
ists Ny <¢ E such that Ny € M;, N;NK C §; and K*N, N KN; = Ny,
H,_1),N; N KNy = Nj. By (¢), there exists N, <¢ G, such that N, € M,
and N, N H,_ hn = =N ﬂHn(n 1)- Now we form G as above. Then j €
G \Hn(n 1) and K* OK =1, Hj—1y NK =1in G. It follows that each non-
trivial element of K" has length greater than 1 and hence K; N K7™ =1.
Consequently, K N K = 1. The result now follows as in Subcase 2.

Subcase 4. x € E\G,, y ¢ EUG,. WLOG, lety = ¢d, - - ¢,,d,,, where
¢; € E\H,_y), and d; € G,\H,,_y) for all i. Since E is H,_;),-separable
and G, is H,,_;)-separable, there exist M <y G, M, <y G, such that ¢; ¢
H,_ 1)nM1 and d; ¢ H,(,_y) for all i. By Lemma 8 and (c), we may assume
that My N H,_y), = My, N H,(,_y). Let §; = M; N S. Then §; <; K. Hence by
induction (with Ky = H,,_yy,), for §; <¢ K and x € E\G,, there exists N <f
E such that Ny € My, NyNK € §; and K*N; N KNy = Ny, H,_1),N; N
KN, = N;. By (c), there exists N, <y G, such that N, € M, and N, N
H, 1y = Ny N H(,_yy,. As above, we form G. Then ¢; € E\H(n Dno> d; e
G \Hn(n 1) for all 7, and K*nK =1, H(n n NK =1 in G. It follows

that each non-trivial element of_Ky has length greater than 1 and hence
K, NK¥" =1. Consequently, K] N K =1 and the result follows as before.

Now suppose H,_1, and K are in the same factor of E. Then we argue
as above but in this case, we use Lemma 20 (with K; = K, = H,_yy,)
and Lemma 29 (with K; = H(,_;),) instead of Lemma 22 and induction,
respectively.

Case3. K, <E, K < G,

Since H,,_1y € Z(G,), then H(, ), = H, iy, for all z € G,. By as-
sumption, H,_), N K = 1 and by (b), for each § < K, there exists M <, G,
such that M N K = § and H,_;,,M N KM = M. Our result now follows
from Lemma 30.

Now we can extend Lemma 27 to a tree product (Lemma 32) as follows:

LEMMA 32. Let G = (Gy, G,,...,G,; H; = Hy) be a tree product of
Gy, Gy, ..., G, amalgamating the subgroups H;; of Z(G;) and H;; of Z(Gj).
Let K be a subgroup of Z(G,) such that H,; N K = 1. Suppose that

(a) G, is Hj-separable;
(b) for each S <«; K, there exists M <y G, such that M N K = S and
H,MNKM = M,

(¢) foreach R;j <; H;j, there exists M; <y G; such that M; N H;; = R;;.

l]’
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Then K*NK =1 for all z € G\G, and for each S <; K and x,y € G\G,,
there exists P < G such that PNK C Sand K*PNKP =P, KYPNKP = P.

Proof.  We use induction on n. Let n = 2. WLOG, let K < G,. Since
Hy, € Z(G,), then Hf, = Hy, for all z € G;. By assumption, H, NK =1
and by (b), for each § < K, there exists M <y G such that M NK = § and
H,M NKM = M. Hence we are done by Lemma 27.

Let n > 3. As before, we let G = E x5 G,,, where E is the tree prod-
uct generated by Gy, Gy, ..., G,y and H = H(,_yy, = H,,_1). Let x, y €
G\G, and § < K be given. We divide the proof into several cases.

Case 1. K < E

First suppose H(,_1y, and K are in different factors of E. By induction,
K*NK =1 for all u € E\G, and by Lemma 22 (with K| = K, = H,_1y,),
we have Hg’nfl)n NK =1 for all v € E. This implies that K N K = 1 for all
z € G\G,.

Subcase 1. x, y ¢ E\G,. By Lemma 10, E is H,_;),-separable and by
Lemma 8, for each R <y H(,,_1),, there exists L <, E such that LN H,_;, =
R. By Lemma 22 (with K; = K, = H,_y),), for each § < K and u, v €
E, there exists M <; E such that M N K € § and Hn 1)nM NKM = M,
H{, 1),M N KM = M. The result now follows from Lemma 27.

Subcase 2. x, y € E\G,. By induction, for § < K and x, y € E\G,,
there exists Ny <; E such that Ny N K € § and K*N; N KN; = N;, KYN; N
KN, = N;. By (c), there exists N, <y G, such that N, N H,,,_) = Ny N
H,_1),. Now we form G = E x5 G, where E = E/N,, G, = G,/N,, and
H = = H,_1),N1/Ny = H,_ 1)nN2/N2 Clearly K" NK =1and KYNK =1
in G. We can now proceed as in Case 1 of Lemma 27 to obtain our result.

Subcase 3. x € E\G,, y € G,\H,(,_y). By H,(,_)-separability of G,
and by Lemma 8, there exist M, < G;, M, <y G, such that y ¢ H,,_;)M,
and M\ N H,_yy, = M, ﬂHn(n - Let S = M; N S. Then §; <y K. Hence
by Lemma 31 (with K; = H(,_y,), for §; <f K and x € E\G,, there ex-
ists Ny <¢ E such that Ny C Ml, N,NK € §; and K*N; N KN; = Ny,
Hg, 1),Ni NKN; = N;. By (c), there exists N, <¢ G, such that N, € M,
and N, N Hn(n n=NN H(n 1yn- NOw we form G as in Subcase 2. Then
jyeG \Hn(n 1 and K* NK =1, H(n 1)nﬁK_1 in G. As in Case 1 of
Lemma 27, we have K¥ N K = 1 and our result follows.

Subcase 4. x € E\G,, y ¢ EUG,. WLOG, lety = ¢/d, ---c,d,, where
¢; € E\H,_y), and d; € G,\H,,_y) for all i. Since E is H,_;),-separable
and G, is H,,_;)-separable, there exist M; < E, M, <y G, such that ¢; ¢
H,_1),M; and d; ¢ H,,_1yM, for all i. By Lemma 8 and (c), we can assume
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that My N H,_1), = M, N H,,_yy. Let §; = M; N S. Then §; <y K. Hence
by Lemma 31 (with K; = H, y),), for $; <; K and x € E\G,, ¢;' € E,
there ex1sts Ny <¢ E such that Ny € M;, N, DK c S, and KN N KN, =

Nl,H<n N1 N KNy = Nj. By (), there exists N, <5 G, such that N, € M,
and N, ﬂHn(,, 1 =Ny N H,_1y,. Again we form G. Then ¢; € E\H(n s
d; € G,\H, n(n—1y for all i and K*NK =1, H(n 1)nﬁK_llnG As in

Case 2 of Lemma 27, we have K” N K = 1 and our result follows.
The following cases are similar to Subcases 3 and 4, respectively.

Subcase 5. x € G,\H,(,_1), y € E\G,.

Subcase 6. x ¢ EUG,, y € E\G,.

Now suppose H,_;, and K; are in the same factor of E. Then we argue
as above but in this case, we use Lemma 20 (with K; = K, = H(,_y),)
and Lemma 29 (with K; = H,_,),) instead of Lemma 22 and Lemma 31,
respectively.

Case 2. K < G,

Since H,, 1y € Z(G,), then H, ) = H,, ) for all z € G,. By as-
sumption, H,,_;)N K =1 and for each § «; K, there exists M <; G,
such that M NK = § and H,,_yM N KM = M. Hence we are done by
Lemma 27.
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