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Abstract

We prove that Stanley—Reisner rings having sufficiently large multiplicities are Cohen—Macaulay
using Alexander duality.
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1. Introduction

Throughout this paper, let S = k[X1, ..., X,] be a homogeneous polynomial ring over
a field k& with deg X; = 1. For a simplicial complex A on vertex set [n] = {1, ...,n} (note
that {i} € A for all i), k[A] = S/I4 is called the Stanley—Reisner ring of A, where I
is an ideal generated by all square-free monomials X;, --- X;, such that {i1, ..., i)} ¢ A.
The ring A = k[A] is a homogeneous reduced ring with the unique homogeneous maximal
ideal m = (X1q, ..., X;;,)k[A] and the Krull dimension d = dim A + 1. Let e¢(A) denote
the multiplicity eg(mAn, Am) of A, which is equal to the number of facets (i.e., maximal
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faces) F of A with dim F =d — 1. Also, we frequently call it the multiplicity of A. If all
facets of A have the same dimension, A is called pure. See [1,11] for more details.
Take a graded minimal free resolution of a homogeneous k-algebra A = S/ over S:

. . % % . ; 4
0— PSP s B A §(— i L s A0,
Jez JEL

Then the initial degree indeg A (respectively the relation type 1t(A)) of A is defined by
indeg A =min{j € Z: B ;(A) # 0} (respectively rt(A) = max{j € Z: B ;(A) #0}). Let
w(I) denote the minimal number of generators of I, thatis, (1) = )" B1,j(A). Note that
the initial degree and relation type are simply the smallest and biggest degrees of a minimal
set of generators of 1, respectively. Also, reg A =max{j —i € Z: B; j(A) # 0} is called
the Castelnuovo—Mumford regularity of A. It is easy to see that reg A > indeg A — 1, and
A has (g-)linear resolution if equality holds (and ¢ = indeg A).
The main purpose of this paper is to prove the following theorems:

Theorem 2.1. Let A = k[A] be a Stanley—Reisner ring of Krull dimension d > 2. Put
codimA =c. Ife(A) > (Z’) — ¢, then A is Cohen—Macaulay.

Theorem 3.1. Let A = k[A] be a Stanley—Reisner ring of Krull dimension d > 2. Put
codim A = c. Suppose that A is pure (i.e., A is equidimensional). If e(A) > ('L') —2c+1,
then A is Cohen—Macaulay.

It is easy to prove the above theorems in the case of d = 2. In fact, when d =2, A is
Cohen—Macaulay if and only if A is connected. A disconnected graph has at most (";])

(= (g) — (n —2) — 1) edges. This shows that Theorem 2.1 is true in this case. Similarly,

a disconnected graph without an isolated point has at most ("52) + 1(= (g) —2(n —2))
edges. Indeed, such a graph is contained in the disjoint union of an (n — i)-complete graph
and an i-complete graph for some 2 <i <n — 2. When i = 2, the number of edges of the
above union is maximal and just (";2) + 1. Thus we also get Theorem 3.1 in this case.

For Theorem 2.1, we give several proofs by different methods in Section 2. One of
powerful tools is the Alexander dual. As for Theorem 3.1, since it seems to be difficult
to prove it directly, we give a proof using the Alexander dual complex in Section 3. The
following Alexander dual versions of Theorems 2.1 and 3.1 have some interest in their own
right.

Theorem 2.8. Let A = k[ A] be a Stanley—Reisner ring of Krull dimension d > 2. Suppose
that indeg A =d. If e(A) < d, then A has d-linear resolution. In particular, 1t(A) =d.

Theorem 3.3. Let A = k[A] be a Stanley—Reisner ring of Krull dimension d > 2. Suppose
that indeg A =r1t(A) =d. If e(A) < 2d — 1, then A has d-linear resolution. In particular,
a(A) <0.

For a Stanley—Reisner ring A with indeg A = dim A = d, it has d-linear resolution if
and only if a(R) < 0. Thus the assertion of Theorem 3.3 could be seen as an analogy of
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the following: Let R be a homogeneous integral domain over an algebraically closed field
of characteristic 0. If e(R) < 2dim R — 1 and codim R > 2, then a(R) < 0.
In the last section, we will provide several examples related to the above results.

2. Complexes A with e(k[A]) > (§) — ¢

In this section, we use the following notation. Let A be a simplicial complex on
V =[n], and let A = k[A] = S/I be the Stanley—Reisner ring of A. Put d = dim A,
and c =codimA =n —d. Let ([Z]) denote the family of all d-subsets of [r]. For a subset
W of V and a face G in A, we put
Aw ={F e A: FCW},
staranG={F e€A: FUG € A},
linka G={FeA: FUGe A, FNG=0}.

The main purpose of this section is to prove the following theorem.

Theorem 2.1. Let A = k[ A] be a Stanley—Reisner ring of Krull dimensiond > 2. If e(A) >
(Z’) —c, then A is Cohen—Macaulay.

Let us begin the proof of this theorem with the following lemmas.
Lemma 2.2. [fe(A) > (Z) — ¢, then indeg A > d and A is pure.

Proof. Let I' be the (d — 1)-skeleton of 2V . Every (d — 2)-face of I" is contained at least
¢ + 1 facets of I'. Consider A as a subcomplex of I'. Then A is obtained from I" by
removing at most ¢ facets. Hence A contains all (d — 2)-faces of I, that is, indeg A > d
and A is pure, as required. O

By the following two lemmas we may assume that indeg A = d and ¢ = codim A > 2 to
prove Theorem 2.1.

Lemma 2.3. Under the above notation, the following conditions are equivalent:
(1) indegA =d + 1.
2) e(A) =)

(3) Ir = (X e Xiggt 1<ii <+ <igy1 <n).
(4) A has (d + 1)-linear resolution.

When this is the case, A is Cohen—Macaulay with 1t(A) =d + 1.

Proof. See, e.g., [12, Proposition 1.2]. O
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Lemma 2.4. Suppose n =d + 1. If e(A) > d, then A is a hypersurface.
Proof. Suppose that A is not a hypersurface. Then we can write

In=X; X J

ip

for some monomial ideal J (= §) with height J > 2 since height /4 = 1. In particular, A is
not Cohen—Macaulay. Thus indeg A < d by Lemma 2.3. Then e(A) = p < d — 1. This
contradicts the assumption. 0O

In what follows, we put I'; = links{i} for each i € V. Also, using the following lemma
one can show that every [; satisfies the assumption of the theorem if so does A with
dimk[A] > 3.

Lemma 2.5. Suppose that indeg A = d and A is pure. Then

n n—1
e () <etrn - (7))

Also, equality holds if and only if i € F holds for all F € ([Z]) \ A.

Proof. If we put W; = {F € ("): i e F ¢ A}, then J1_, W; = () \ A and W; = (i} U
G: G e ("= \ ;). Thus

n—1 LT < n N
(52 1) - etarm < () -,

and equality holds if and only if W; = ([Z]) \ A, thatis, i € F holds forall F € ([:’1]) \A. O

Proof of Theorem 2.1. We use induction on n > d and d > 2. By the observation in the
introduction, the case of d = 2 is true. Also, when n =d + 1, A is Cohen—Macaulay by
Lemma 2.4. We may assume thatd > 3 and n > d +2. By Lemmas 2.2, 2.3 we may assume
that indeg A = d and A is pure. In particular, dimk[[;] =d — 1 for every i € V. Thus [;
is Cohen—Macaulay by Lemma 2.5 and the induction hypothesis on d.

Now suppose that e(k[I}]) > (Z:}) forall i € V. Then

n

1 nin-—1 n
6<A>=7Ze(k[”1)>g(d_1>=<d)-

i=1

This implies that A is the (d — 1)-skeleton of 2"; hence it is Cohen—Macaulay. Thus we
may assume that e(k[1}]) < (Z:i) — 1 for some i € V. Fix such i € V. Then there exists a
(d — 1)-facet F of A such thati ¢ F. Hence dimk[Avy\(;;] =d and
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e(k[Av\jiy]) = e(k[A]) — e(k[stara{i}])
= e(k[A]) — e(k[link s {i}])

n—1
=( d )—(c—l).

By the induction hypothesis on n, Ay\(; is Cohen-Macaulay. Take the Mayer—Vietoris
sequence with respect to A = Ay ;) U stara{n} as follows:

Hy—2(Av\iy) ® Hy—a(stara{i}) = Hy—2(A) — Ha_3(I}).

Note that both sides are zero since Ay, I; are Cohen—Macaulay and since

H j(starp{i}) =0 for all j. Hence Hy_>(A)=0and A is Cohen—Macaulay by Hochster’s
formula on Betti numbers. O

In the rest of this section we give another proof of Theorem 2.1 using Alexander dual
complex. Assume that ¢ = codim A > 2. Let A* be the Alexander dual of A:

A*={Fe2": V\F¢A}

Then A* is a simplicial complex on the same vertex set V of A for which the following
properties are satisfied:

Proposition 2.6. Under the above notation, we have

(1) indegk[A*] 4+ dimk[A] = n.
(2) rt(k[A*]) =bight I, where

bight /o = max{heightp: p is a minimal prime divisor of I4}.
In particular;, A is pure if and only if rt(k[A*]) = indeg k[ A*].
(3) Po,g+(Ia+) = e(k[A]), where g* = indegk[A*].
4) (4")*=A.

Also, the following theorem is fundamental. See [3] for more details.

Theorem 2.7. (Eagon—Reiner [3]) k[A] is Cohen—Macaulay if and only if k[ A*] has linear
resolution.

We want to reduce Theorem 2.1 to its Alexander dual version. Let A* be the Alexander

dual of A. Then indegk[A*] =n — dimk[A] = c and dimk[A*] =n — indegk[A] =n —
d = c. Also, since indeg k[A*] = dimk[A*] = ¢, we have

e(kia*) = (") = Boctla) = (") - ea) <.
C C
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Also, H._(A*) =0 if and only if H;_»(A) = 0. Note that H._(A*) is the top reduced
homology of A*, while H;_»(A) is an intermediate reduced homology of A. The top
homology is easier to treat than the intermediate one in most case. For example, the top
homology of A* vanishes if A* is homotopy equivalent to a lower-dimensional simplicial
complex. This is the reason why we consider Alexander dual version.

Theorem 2.8 (Alexander dual version of Theorem 2.1). Let A = k[ A] be a Stanley—Reisner
ring of Krull dimension d > 2. Suppose that indeg A = d. If e(A) < d, then A has d-linear
resolution. In particular, 1t(A) = d.

Proof. It is enough to show that I:Id_l(A) = 0 whenever e(k[A]) < d. Assume that there
exists a complex A such that e(k[A]) < d, ﬁd_l (A) #0 and dim A = d — 1. Take one
A whose multiplicity is minimal among the multiplicities of those complexes. Choose any
(d — 1)-facet F of A. Then F contains just d subfacets of A; say Gy, ..., Gy4. Then G;
is not a free face (see [9]). That is, G; is contained in at least two facets of A. Indeed, if
G = G; is a free face of A, then the simplicial complex A" := A\ {F, G} is homotopy
equivalent to A and thus I:Id_l(A/ )= I:Id_l(A) # 0. This contradicts the minimality of
e(k[A]) since e(k[A']) < e(k[A)).

Thus for each i € V there exists a (d — 1)-facet F; of A such that G; C F; # F. In
particular, Fi, ..., Fy, F are (d + 1) distinct facets of A. This is a contradiction. 0O

Now we give a slight generalization of the theorem. A ring homomorphism A — B is
called pure if for every A-module M, M —- M ® 4 B(m +—> m® 1) isinjective. Let A = §/1
be an arbitrary homogeneous reduced k-algebra over a field k of characteristic p > 0. The
ring A is called F-pure if the Frobenius map F:A — A(a > a”) is pure in the above
sense.

Proposition 2.9. Let A = S/I be a homogeneous F-pure k-algebra. Put dimA =
indegA =d > 2. If e(A) < d, then A has d-linear resolution. In particular, 1t(A) = d
and a(A) < 0.

Proof. Puta(A) =sup{j € Z: [Hf‘ll(A)]j # 0}, the a-invariant of A. From the assumption
we obtain that

a(A)+d<e(A)—1<d—1,

where the first inequality follows from e.g. [7, Lemma 3.1]. Hence a(A) < 0. On the other
hand, [H},(A)]; =0 forall i and j > 1 since A is F'-pure. Then by [4], we have

reg A =inf{m e: [H{;.‘(A)]j =O0foralli+j > m} <d—1=indegA — 1.
This means that A has d-linear resolution, as required. O
It is known that a Stanley—Reisner ring is F-pure over a field of characteristic p > 0.

If A has linear resolution over a positive characteristic field then so does it over a field of
characteristic zero. Thus the above proof gives a ring-theoretic proof of Theorem 2.8.
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Remark 2.10. After submitting the paper, Ng6 Viét Trung informed us about another proof
of Theorem 2.8: In fact, in order to prove the theorem, it is enough to show that regk[A] <
e(k[A]) — 1 in the case where A is pure. But it follows from [6, Theorem 3.1] or [8,
Theorem 1.1].

3. Complexes A with e(k[A]) > () —2c+1

We use the same notation as in the previous section unless otherwise specified. The
main purpose of this section is to prove the following theorem.

Theorem 3.1. Let A = k[A] be a Stanley—Reisner ring of Krull dimension d > 2. Put
¢ = codim A. Suppose that A is pure. If e(A) > ('Z) —2c¢+ 1, then A is Cohen—Macaulay.

Now suppose that ¢ = 1 (respectively indeg A > d + 1). Then the assertion of Theo-
rem 3.1 follows from Lemma 2.4 (respectively Lemma 2.3). Thus we may assume that
¢ > 2 and g = indeg A < d. The following lemma corresponds to Lemma 2.2.

Lemma 3.2. If e(k[A]) > (") — 2c + 1, then indegk[A] > d — 1, i.e.,

(1) indegk[A]=d or
(2) indegk[A]l=d — 1.

Proof. Suppose that indegk[A] < d — 1. Take a squarefree monomial M € I, with
degM = d — 2. Then there are (n_”sz) squarefree monomials in degree d in /4. Note

(”_‘21+2) = (0'52) > 2¢. Hence

e(k[A]) < (Z) ~ 2.

This contradicts the assumption. O

By the same reason in the previous section, we take the Alexander dual. First, we con-
sider the Alexander dual version of Theorem 3.1 in the case of indegk[A] = d. Namely,
we will prove the following theorem.

Theorem 3.3 (Alexander dual version of Theorem 3.1, Case (1)). Let A = k[A] be a
Stanley—Reisner ring of Krull dimension d > 2. Suppose that indeg A = rt(A) =d. If
e(A) <2d — 1, then A has d-linear resolution. In particular, a(A) < 0.

The proof of the above theorem can be reduced to that of the following theorem, which
is a key result in this paper.

Theorem 3.4. Let A = k[A] be a Stanley—Reisner ring of Krull dimension d 2> 2. Suppose
that tt(A) < d. Ife(A) <2d — 1, thenreg A < d — 1, equivalently, Hy_1(A) =0.
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Proof. Put e =e(A). Let A’ be the subcomplex that is spanned by all facets of dimension
d — 1. Replacing A with A’, we may assume that A is pure.

We use induction on d = dim A > 2. First suppose d = 2. The assumption shows that A
does not contain the boundary complex of a triangle. Hence I:I] (A) =0since e(A) < 3.

Next suppose that d > 3, and that the assertion holds for any complex the dimension
of which is less than d — 1. Assume that A is a (d — 1)-dimensional pure complex with
rt(k[A]) <d, e(k[A]) <2d — 1 and fld_l (A) #0. Take one A whose multiplicity is min-
imal among the multiplicities of those complexes. Then A does not contain any free face
by a similar argument as in the proof of Theorem 2.8.

First consider the case of rt(A) = d. Take a generator X;, ---X;, of Ix. For every
j=1,...,d, each G; = {i],...,fj,...,id} is contained in at least two facets as men-
tioned above. Then e(A) > 2d since those facets are different from each other. This is a
contradiction.

Next we consider the case of rt(A) < d. Let V = [n] be the vertex set of A. Take the
Mayer—Vietoris sequence with respect to A = Ay () U stara {n} as follows:

Hy—1(Ay\(ny) ® Hy—1(stara{n}) — Hy—1(A) — Hy—(linka{n}).

The minimality of e(k[A]) yields that I:Id_l(AV\{n}) = 0 since e(k[Ay\(m)]) < e(k[A]).
Hence Hy_1(A) <> Hy_»(linka{n}). In particular, Hy_»(link o {n}) # 0.

Set A’ = linka{n}. Then A’ is a complex on V \ {n} such that dimk[A'] =d — 1 and
rt(k[A']) <rt(k[A]) < d — 1. In order to apply the induction hypothesis to A, we want to
see that e(k[A’]) < 2d — 3. In order to do that, we consider e(k[Ay\(n}]). As A # starp{n},
one can take F = {i1,...,iu,n} ¢ A for some m < d — 2 such that X;, --- X; X, is a
generator of /4. Then G :={iy,...,i,} € A, butitis not a facet of A. Thus it is contained
in at least two facets of A, each of which does not contain n. Hence e(k[Ay\in]) > 2.
Thus we get

e(k[A"]) = e(k[stara{n}]) = e(k[A]) — e(k[Ay\m}]) < 2d — 3.

By induction hypothesis, we have H;_»(linka{n}) = 0. This is a contradiction. O

Remark 3.5. Theorem 2.8 also follows from Theorem 3.4. In fact, one can easily see that
e(k[A]) > d + 1 whenever rt(k[A]) > d + 1.

Next, we prove the following proposition as the Alexander dual version of Theorem 3.1
in the case of indegk[A] =d — 1. Note that f; (A) denotes the number of i-faces of A.

Proposition 3.6 (Alexander dual version of Theorem 3.1, Case (2)). Let A = k[A] be a
Stanley—Reisner ring of Krull dimension d > 2. Suppose that indeg A =1t(A) =d — 1. If
w(lp) > (dfl) —2d + 2, then A has (d — 1)-linear resolution with e(A) = 1.
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Proof. First we show that e(A) = 1. Now suppose that e(A) > 2. Then there exist at least
two facets F1 and F;, with |Fj| = |F2| =d. This implies that fy_>(A) > 2d — 1. However,
by the assumption, we have

faa() = (d’i 1) — foa-1(Ia) = (df 1) — n(lp) <2d -2,

This is a contradiction. Hence we get e(A) = 1.

In order to prove that A has (d — 1)-linear resolution, it is enough to show that
Bi,j(A)=0foralli >cand j >i+d — 1 by [10, Theorem 5.2]. Also, it suffices to show
that Hy_1(A) = Hy_»(A) = Hy_2(Aw) = 0 for all subsets W C V with |W|=n — 1 by
virtue of Hochster’s formula on the Betti numbers:

Bij(A)= Y dimg H; i 1(Aw;k).
wcv
[W|=j

Claim 1. H;_(A) = Hy_»(A) =0.

It is easy to check Hy_1(A)=0 using simplicial argument; see also Theorem 3.4. Now
let F ={1,2,...,d} be the unique facet with |F| = d. Consider a simplicial subcomplex
A= A\ {F, G} where G ={1,2,...,d — 1}. Then dimk[A'] =d — | and e(k[A']) <
2d —3=2(d — 1) — 1. Also, since rt(k[A"]) < rt(k[A]) < d — 1, applying Theorem 3.4 to
A, we obtain that Hy_»(A) = Hy_»(A’) =0, as required.

Claim 2. H;_»(Aw) = 0 for all subsets W C V with |W|=n — 1.

Let W be a subset of V such that |[W|=n — 1. Put V \ W = {v}. If v is not contained
in F, then Hy >(Aw) =0 by a similar argument as in the proof of the previous claim. So
we may assume that v € F. Then dimk[Aw]=d — 1 and e(k[Aw]) < (d—-3)+1=d —
2<2(d—1)—1. Also, since rt(k[Aw]) < d — 1, we have I:Id,z(AW) = 0 by Theorem 3.4
again.

Hence k[A] has (d — 1)-linear resolution, as required. O

Remark 3.7. The above proposition gives a little bit stronger result than the desired one.
Indeed, the Alexander dual version of the above proposition yields that if A is pure,
indegk[A] =d — 1, e(k[A]) > (") — 2c then k[A] is Cohen—Macaulay.

Example 3.8. Let p, d be an integers with 0 < p <d — 3. Let A be a simplicial complex

on V = [n] spanned by F = {1, 2, ...,d}, any distinct p elements from (d[f]l) \ (d[‘ill) and

all elements of (d[ﬁ]z) Then dimk[A] =d, indegk[A] =rt(k[A]) =d — 1. Also, we have

n n
uttn) =poastn=(," ) =o-az (") -2+

Hence A satisfies the assumption of the above proposition.
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On the other hand, we have no results for F-pure k-algebras corresponding to Theo-
rem 3.3. But we remark the following.

Remark 3.9. As mentioned in the introduction, if A is a homogeneous integral domain
over an algebraically closed field k of chark = 0 with codim A > 2 and e(A) < 2d — 1
then one has a(A) < 0. In fact, it is known that an inequality

e(A) — 1}

A)+d< .
a(A) + lrcodlmA

holds; see, e.g., the remark after Theorem 3.2 in [7]. Moreover, Chikashi Miyazaki told us
that this inequality is also true in positive characteristic.

Question 3.10. Let A = k[A1] be a homogeneous F-pure, equidimensional k-algebra. Put
dimA =indegA =d > 2. Ife(A) < 2d — 1, then does a(A) < 0 hold?

4. Buchsbaumness

A Stanley—Reisner ring A = k[ A] is Buchsbaum if and only if A is pure and k[link A {i}]
is Cohen—Macaulay for every i € [n]. As an application of Theorem 3.1, we can provide
sufficient conditions for k[ A] to be Buchsbaum.

Proposition 4.1. Let A = k[A] be a Stanley—Reisner ring of Krull dimension d > 3. Put
¢ =codim A. Suppose that A is pure, indeg A =d and e(A) > (Z) — 2c¢. Then

(1) e(k[linka{i}]) > (”;1) —2c foralli € [n].
(2) Ifheight[IalqS > 2, then A is Buchsbaum.
(3) Ifrt(A) =d, then A is Buchsbaum.

Proof. (1) follows from Lemma 2.5. In order to prove (2) and (3), we may assume that
¢ >2and e(A) = () — 2c by virtue of Theorem 3.1.

(2) Suppose that height[/4]4S > 2. Then there is no element i € [n] for whichi € F
holds for all F € ([Z]) \ A. Thus the latter assertion of Lemma 2.5 yields that

(Z) m=eld)s (Z) - [(’:z: i) - e(k[m)] -1,

that is, e(k[I}]) > (Z:}) —2c + 1 for every i € [n]. Also, we note that I} is pure and
indegk[[l;] > dimk[[;] =d — 1. Applying Theorem 3.1 to k[[;], we obtain that k[I}] is
Cohen-Macaulay. Therefore A is Buchsbaum since A is pure.

(3) Now suppose that A is not Buchsbaum. Then since height[/4];S = 1, one can
take i € [n] for which i € F holds for all F € ("})) \ A. We may assume i = n. Then
{l,...,f,...,d—i— 1} € A for all j € [d + 1] because n — 1 > d + 1. This means that
X1--- X441 is a generator of I4; thusrt(A) =d + 1. O
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The next example shows that the assumptions “height[/4]sS > 2” or “rt(k[A]) =d”
are not superfluous when e(k[A]) = (7) — 2c.

Example 4.2. Let A be a simplicial complex on V = [5] which is spanned by
{1,2,3},{1,4,5},{2,3,4},{2,3,5},{2,4,5} and {3,4,5}.

Then A is pure, indegk[A] = dimk[A] = 3, rt(k[A]) = 4 and e(k[A]) =6 = ('j) — 2c.
Also, height[/4]3S = 1 since [Ia]l3 € X1S. However k[A] is not Buchsbaum since
link A {1} is spanned by two edges {2, 3}, {4, 5} and thus is not connected.

5. Examples

Throughout this section, let ¢, d be given integers with ¢,d > 2. Setn =c +d.
Example 5.1. Put F; ; ={1,2,...,f,...,d,j}foreachi =1,...,d;j=d+1,...,n. For
a given integer e with 1 < e < c¢d, we choose e faces (say, Fi, ..., F,) from {F; j: 1 <i <
d, d + 1< j <n}, which is a set of the facets of the simplicial join of 2141\ {[d]} and ¢
points.

Let A be a simplicial complex spanned by Fi,..., F, and all elements of ( d[f]]).
Then k[A] is a d-dimensional Stanley—Reisner ring with indegk[A] = rt(k[A]) = d and
e(k[A]) =e.

In particular, when e < 2d — 1, k[ A] has d-linear resolution by Theorem 3.3. Thus their
Alexander dual complexes provide examples satisfying the hypothesis of Theorem 3.1.

The following example shows that the assumption “e(A) < 2d — 1” is optimal in The-
orem 3.3.

Example 5.2. There exists a complex A on V = [n] for which k[A] does not have d-linear
resolution with dimk[A] = indegk[A] = rt(k[A]) =d and e(k[A]) = 2d.

In fact, let Ag be a complex on Vy = [d + 2] such that k[Ap] is a complete intersection
defined by (X1 --- X4, Xg+1X4+2). Also, let A be a complex on V such that

Ia=&X1-- XS+ (Xiy - Xiy , Xap1Xaq2: 1<y <+ <ig-2<d)S
+ Xy X 1< i< <ja<n, ja>d+3)S.

Then I:Id_l(A) = I:Id_l(Ao) # 0 since a(k[Ap]) = 0. Hence k[A] does not have d-linear
resolution.

Remark 5.3. The case n = d + 2 in the above example is also obtained by considering the
case ¢ =2, e =2d in Example 5.1.

The next example shows that the assumption “rt(A) = d” is not superfluous in Theo-
rem 3.3.
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Example 5.4. Suppose that d + 1 < e < (Z) — 1. Then there exists a simplicial complex
A on V = [n] such that dimk[A] =indegk[A] =d, 1t(k[A]) =d + 1| and e(k[A]) =e. In
particular, k[ A] does not have d-linear resolution.

In fact, put F = (") \ (). Let Ag be a simplicial complex on V such that

Ing = (X1 XaXar1)S + (Xiy -+ Xig: {i1, ..., ia} € F)S.

Then dimk[Ag] = indegk[Ag] = d, rt(k[Ao]) =d + 1, and e(k[Ap]) =d + 1.

For a given integer e which satisfies the above condition, one obtains the required sim-
plicial complex by adding to Ag any (e — d — 1) distinct d-subsets of [r] which are not

s d+]]

contained in (*“ 7).
Remark 5.5. Now let A be a simplicial complex on V = [n]. Set A = k[A]. Suppose
that dim A = indeg A = d > 2. Then one can easily see that d <1t(A) <d + 1; rt(A) =d
(respectively d + 1) if 1 < e(A) <d (respectively e(A) = (})). So we put

rtk[A] =d + 1 for all (d — 1)-dimensional
f(n,d) =min {m € Z: complexes A on V with indegk[A] =d
and e(k[A]) > m

Then f(n,d) > cd + 1 by Example 5.1. From the definition of f(n, d), one can easily see
that there exists a simplicial complex A on V which satisfies rt(k[A]) = d and e(k[A]) = e
for each e withd +1 < e < f(n,d) — 1. On the other hand, according to Example 5.4, one
can also find a simplicial complex A which satisfies rt(k[A]) =d + 1 and e(k[A]) = e for
cache withd +1<e < () — 1.

It seems to be difficult to determine f(n, d) in general. Let T (n, p, k) be the so-called
Turan number; see, e.g., [5]. Then we have

fn,d)= <Z> — T, d+1,d).
In particular, we get

2 . .
T+ ifnisevenandn > 4,

f(n,2)= { 5.1

P=1 41, ifnisoddandn >3,

by Turan’s theorem (e.g., [2, Theorem 7.1.1]). However, no formula is known for
T (n,4,3); see [5, pp. 1320].

In the rest of this section, we show that the purity of A is a very strong condition in
Theorem 3.3.

Proposition 5.6. For integers d > 3, c =n — d > 2, the following conditions are equiva-
lent:
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(1) There exists a (d — 1)-dimensional pure simplicial complex A on V = [n] such that
indegk[A]l =d and e(k[A]) = e < 2d — 1.
(2) n=d + 2 and (d, e) is one of the following pairs:
(3,4), 3,5), (4,6), 4,7), (5,9).

Remark 5.7. Note that any 1-dimensional pure simplicial complex A with e(k[A]) < 3,
indeg k[A] = 2 is isomorphic to one of the following complexes:

(@) (i) (iif) (iv) ) (vi)

RN VY

In particular, when d = 2, there exists a (d — 1)-dimensional simplicial complex A in
which ¢ > 2 and indegk[A] = d; see (v) or (vi).

To prove the proposition, we need the following lemma.

Lemma 5.8. Let A = k[A] be a d-dimensional Stanley—Reisner ring which is not a hyper-
surface. Suppose that A is pure and indeg A = d > 3. Then there exists a vertex i € [n]
such that e(k[Ay\(;y]) > 2.

Proof. Note that n > d + 2 by the assumption. Put e = e(A). Suppose that
e(k[Ay\{i1]) =1 for all i. Then since there exist (e — 1) facets containing i for each
i € [n], we have (d +2)(e — 1) <n(e — 1) < de; hence e < L2
On the other hand, by counting the number of subfacets (i.e., the maximal faces among
all faces except facets) of A we get
n
(o)

since indeg A = d and A is pure. It follows from these inequalities that

d(d+2)>de> n > d+2 _ d+2.
2 d—1 d—1 3

Hence d < 2. This is a contradiction. O

de

WV

Proof of Proposition 5.6. We first show (1) = (2). Let A = k[A] be a d-dimensional
Stanley—Reisner ring for which A is pure, indeg A = d, and e = e(A) < 2d — 1. We may
assume that e(k[Ay\(7;]) = 2 by Lemma 5.8. Since A is pure, any subfacet is contained in
some d-subset of A. By counting the number of subfacets that contain n, we obtain that

—1
Cl - 2) < (e—e(klAv\m]))d =D < (e —2)(d — D).
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Now let us see that n = d 4 2. Suppose that n > d + 3. Then we get

d+2Y ("= @ - 1) < 2d - 3)d -1
<4)\(d—2>\(8_ )d—1)<(2d—-3)d—-1)

by the assumption. This implies that d < 4.

Now consider the case of d =4. Thenn =d+3=7,e=2d — 1 ="7.Let {F, ..., Fy}
be the set of facets of A. Since e(k[Ay\(71]) =2, we may assume that 7 € F if and only
if 1 <i < 5. Note that F; contains only one subfacet that does not contain 7 for each
1 <i < 5. On the other hand, one can find at most 4 x 2 subfacets as faces of Fg or F;.
Therefore the total number of subfacets that do not contain 7 is at most 13. However the
number of all subfacets which do not contain 7 is (Z:}) = 20 since indeg A = 4. This is a
contradiction.

By a similar observation as in the case of d =4, one can also prove that the case of
d =3 does not occur. Therefore we conclude that n = d + 2.

Under the assumption that n = d + 2, let us determine (d, ¢). Let A* be the Alexander
dual complex of A and put R = k[A*]. Then R is a 2-dimensional Stanley—Reisner ring
with indeg R = 2. Also, rt(R) = indeg R = 2 since A is pure. Thus by virtue of Turan’s
theorem (see Eq. (5.1)), we have

(d +2)>
2 9

<d+2>—e=e(R)<f(d+2,2)—1={

where |a ] denotes the maximum integer that does not exceed a. Namely, we have

d+1)?
2d—1>e>v Z ) J

It immediately follows from this that (d, e) is one of the pairs listed above.

Conversely, in order to prove (2) = (1), it is enough to find (n,e’)-graphs (i.e.,
1-dimensional simplicial complexes I" on [rn] with ¢’ edges) which does not contain any
triangle for each (n,¢’) = (5,6), (5,5), (6,9), (6,8), (7,12). One can easily construct
those complexes using the following example. 0O

Example 5.9. Let d > 2 be a given integer, and put n = d + 2. Let T2(n) be the so-called
Turan graph, that is, it is the unique complete bipartite graph on [r] whose partition sets
differ in size by at most 1:

2 _ Kn,m (n=2m),
T (l’l)— {Km,m—i-l (n=2m+1)’

where K, ; denotes the complete bipartite graph which has two partition classes containing
exactly r vertices, s vertices, respectively.
If we can regard T2(n) as a 1-dimensional simplicial complex I, then ¢’ := e(k[I;]) =

12 (= f(n,2) — 1) and rt(k[T},]) = indeg k[ [},] =2.
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Let A, be the Alexander dual complex of I;,. Then A, is pure and k[A] is a d-dimen-
sional Stanley—Reisner ring with e(k[A,]) = (’;) —e = L%J and indegk[A,]=d.

Using Proposition 5.6, one can determine non-Cohen—Macaulay Buchsbaum complexes
A with indegk[A] =dimk[A] =d and e(k[A]) < 2d — 1.

Corollary 5.10. Let A = k[A] be a d-dimensional Buchsbaum Stanley—Reisner ring which
is not a hypersurface. Suppose that indeg A =d > 3 and e(A) <2d — 1. Then d =3 and
A is isomorphic to the simplicial complex spanned by {1,2,4},{1, 3,4}, {1, 3,5},{2,3,5}
and {2,4,5}.

Proof. Since A is Buchsbaum and indeg A = d we have

dic+d—2
e=e(d) s SHE(T
d \ da-2

by [12, Proposition 2.1]. Also, n = d + 2 by Proposition 5.6 since A is pure. Thus

2 —
o 15esdF2( 4\ _@trd-1)
d \d-2 2

This implies that d < 3, and thus d = 3, e =5 and k[A] is not Cohen—Macaulay.

Now let I' = A* be the Alexander dual complex of A. Then I' is a 1-dimensional
connected simplicial complex which contains a cycle which is not a triangle. Thus I" is
isomorphic to either one of the complexes 17 which is spanned by

{1,2},{2,3},{3,4}, {4, 1}, {4, 5}
or I> which is spanned by
{1,2},{2,3},{3,4}.{4,5}.{5. 1}

see below.

I = =

2 3 2 3

Since k[Fl*] is not Buchsbaum, A is isomorphic to Iy, as required. O
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