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1. Introduction

Throughout this paper, all groups are finite and soluble and G denotes a finite soluble group.

It is well known that a group G is nilpotent if and only if every chief factor H/K of G is central,
that is, H/K C Z(G/K). Developing this result, Gaschiitz [6] firstly introduced the general theory of
central factors for the class of all soluble groups. Let f : P — {formation of groups} be a formation
function. Then a p-chief factor H/K of G is said to be f-central in G if G/Cc(H/K) € f(p). Following
[4,6], a class F of groups is called a formation if it is closed under homomorphic images and subdirect
products. Let LF(f) ={G | G/C¢c(H/K) € f(p), for every p-chief factor H/K and every p | |H/K]|}.
A formation is said to be a local formation if there exists a formation function f such that § = LF(f).
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Note that if a formation function f is such that f(p) = (1), where (1) is the class of identity
groups, for all primes p € P, then LF(f) = is the class of all nilpotent groups.

For a local formation § = LF(f), Huppert [11] introduced the concept of §-hypercentre of a
group G: a normal subgroup N of G is called §-hypercentral if every G-chief factor H/K of N is
f-central in G. It is easy to know that the product of any two §-hypercentral normal subgroups is an
$-hypercentral normal subgroup of G. Therefore, every group G has a unique maximal §-hypercentral
normal subgroup, which is called §-hypercentre of G and denoted by Zz(G). When § is the class I
of all nilpotent groups, the §-hypercentre is Zy,(G).

Recall that a class § of groups is said to be a Fitting class if the following two conditions hold: (i)
if GeF and N <G, then N € §; (ii) if Ny, N, < G and N1, N € §, then N1N; € §.

The concept of Fitting class is actually the dual concept of formation.

In 1967, Fischer, Gaschiitz and Hartley found an important generalization of Sylow theorem and
Hall theorem in the theory of Fitting classes (see [5]). Based on this, Hartley [9] and D’Arcy [3]
established the theory of local Fitting classes, as follows. Let f be a function P — {Fitting classes},
which was later called a Hartley function or, for brevity, an H-function (see, for example, [15]), and
let Supp(f) ={p € P| f(p) # @}, which is called the support of f. Let m = Supp(f) and LR(f) =
Sy N (ﬂpen f(P)MN,&y). Then a Fitting class § is said to be local if there exists an H-function f
such that § = LR(f).

It is well known that the f-hypercentre in the theory of local formations plays an important role
in the research in finite groups, and a large number of interesting results have been obtained by using
it (see, for example, [1,4,7,10-12]). In this connection, naturally, the following problem arises.

Problem 1.1. Would we establish the theory of §-centrality of chief factors and §-hypercentre of a
group for local Fitting classes §?

This problem was proposed at Gomel seminar many years ago. But, up to now, this problem has
not been resolved. If the answer to this problem is positive, then the new idea would play a positive
role in the research in group theory.

Recall that for a class X of groups, a subgroup V of G is said to be an X-injector of G if VNK
is an X-maximal subgroup of K for any subnormal subgroup K of G. It is well known that for a
Fitting class §, every §-injector V of G possesses the cover-avoidance property, that is, V either
covers or avoids each chief factor of G (see [4, VIII.2.14(c)]). For any local formation §, Carter and
Hawkes [2] proved that every §-normalizer covers each §-central chief factor of G and avoids each
F-eccentric chief factor of G. Note that a subgroup R of G covers (avoids) a chief factor H/K if
H C RK (correspondingly, H N R C K). This leads to the following problem.

Problem 1.2. Let § = LR(f) be a local Fitting class. Is it true that every §-injector of G covers each
F-central chief factor of G and avoids each F-eccentric chief factor of G?

The purpose of this paper is to give answers to the above two problems.

In Sections 3 and 4, we will establish the theory of §-central factors and §-hypercentre for any
local Fitting class § = LR(f) and so give the positive answer to Problem 1.1.

In Section 5, we give the answer to Problem 1.2 in the case where § has an integrated and invari-
able H-function f.

As an application of our results, in Section 6, we give a new method to define local Fitting classes.
In fact, we use local functions but not H-functions to define local Fitting classes.

All unexplained notation and terminology are standard. The reader is referred to [4] and [12] if
necessary.

2. Preliminaries
From the definition of formations and Fitting classes, we see that

(1) for a formation §, every group G has the smallest normal subgroup whose quotient is in §, which
is called the F-residual of G and denoted by G¥;
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(2) for a Fitting class §, every group G has the largest normal §-subgroup, which is called the §-
radical of G and denoted by Gg.

The product §$) of two Fitting classes § and $) is the class (G | G/Gg € ). It is well known that
the product of any two Fitting classes is also a Fitting class and the multiplication of Fitting classes
satisfies associative law (see [4, 1X.1.12]).

We denote by & the class of all finite soluble groups; G, denotes the class of all finite soluble -
groups; I denotes the class of all finite nilpotent groups; 91, denotes the class of all finite nilpotent
m-groups. In particular, 9, is the class of all finite p-groups. It is well known that &, &5, N, Ny
and 91, are all local Fitting classes.

Note that if ¢ and ¢ are any two H-functions of a local Fitting class §, then Supp(¢) = Supp(y¥) =
() (see [8, Lemma 2.3]).

Let § =LR(f) for some H-function f. Then f is called

(i) integrated if f(p) € § for all p € P, and
(i) full if f(p)= f(p)N, for all p e P.

Let 2 ={f;|i eI} be some nonempty set of H-functions. Suppose that f;, f; € £2. Then we write
fi< fjif fi(p) € fj(p) forall p e P.
The following known results will be frequently used in this paper.

Lemma 2.1. (See [13].) Let § = LR(f) for some H-function f. Then

(1) § =LR(¢p) for some integrated H-function ¢;
(2) §=LR(y) for some full and integrated H-function .

Lemma 2.2. (See [4, VII.2.4(d)].) If § is a nonempty Fitting class and N is a subnormal subgroup of G, then
Ng = G& N N.

Lemma 2.3. (See [14].) The product of any two local Fitting classes is a local Fitting class.

It is also well known that for any Fitting class §, every soluble group has a unique conjugate class
of F-injectors (see [5] and [7, Theorem 2.5.2]).

3. &-central factors

In this section, we establish the theory of F-central factors for local Fitting classes.

Let § be a local Fitting class, that is, § =LR(f) = &; N (ﬂpeﬂ F(P)NpS,) for some H-function
f, where 7 = Supp(f).

Definition 3.1. A p-chief factor H/K of G is said to be f-central if p € 7 and Gf(pm, covers H/K;
otherwise, it is said to be f-eccentric.

Lemma 3.2. Let § = LR(f) and p € w = Supp(f). Then a p-chief factor H/K is f-central if and only if
H= I(Hf(p)mp.

Proof. Assume that the p-chief factor H/K of G is f-central. Then H € KG f(pm,. By Dedekind mod-
ular law, we have

H=HNKGspm, = KHNGspm,).

It follows from Lemma 2.2 that H = KH f(p)m,. The converse is clear.
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Remark 3.3. The definition of f-central chief factors depends on the choice of H-functions of §. In
order to show it, we give the following example.

Example 3.4. Let § = 91363. Since 93 and &3 are local Fitting classes, by Lemma 2.3, § is also a
local Fitting class. By a direct check, we can see that § can be defined by each of the following two
H-functions ¢ and v, where

()_{mg ifp=3,
S A}

. Ny ifp=3,
w(p)_{s ifp£3.

for every prime p.

Let G = S4 be the symmetric group of degree 4 and A = A4 the alternating group of degree 4.
Then G/A is a chief factor of G, Gy@)m, = K is Klein 4-group and Gy @)m, = G. Clearly, G has a
unique chief series 1 <K <1 A < G. Since AGy@2)m, = AK = A <G, the 2-factor G/A is not ¢-central
by Lemma 3.2. But, since AGyyn, =AG =G, G/A is a y-central 2-chief factor of G.

However, the following theorem shows that the concept of f-central chief factor does not depend
on the choice of H-functions f of § if the H-functions f are integrated.

Theorem 3.5. Suppose that § = LR(¢) = LR() for some integrated H-functions ¢ and v, and H/K be a
p-chief factor of G. Then the following two statements are equivalent.

(i) H/K is gp-centralin G;
(ii) H/K is y-central in G.

Proof. By Lemma 2.1, every local Fitting class can be defined by an integrated H-function. Hence the
integrated H-function of § exists. Without loss of generality, we may assume that ¢ < . In fact,
since §=LR(pN¥) and ¢ Ny is an integrated H-function of ¥, we can always choose two integrated
H-functions ¢ and ¢ such that ¢ <. Let 7w = Supp(¢) = Supp(y). Then we have Gyp) € Gy (p) for
all p e m and so every ¢@-central chief factor is a i/-central p-chief factor.

Now we only need to show that (ii) = (i). Let H/K be a -central p-chief factor of G. Then by
Lemma 3.2, we have

H/K = (HN Gypm,)K/K. (3.1)

We fist prove that y(p), C §. For the purpose, we construct an H-function f of § such that
f@) =y @M if remr and f(r) =0 if r ¢ w. Obviously, Supp(y¥) = Supp(f) = m. Since § = LR(Y) =
Gy N (ﬂpen Y (p)NpSy), by the multiplicative associative law of Fitting classes, we have LR(f) =
Sy ﬂ(ﬂpen f@N,Sp) =GN (ﬂpen V(PN Sp) =6, N (ﬂpen Y (p)MNpSy) =F. This means
that f is also an H-function of §. Let L € f(p). Since f(p) € f(p),S,, we have L e f(p)NpSp.
Assume that q is an arbitrary prime in 7 different from p. Then 9, € &4 and so 1S¢ c 1% But
since L € f(p) =¥ (p)MNy, L/Lyp) € Np. Hence L% c Ly (py- Since ¥ is an integrated H-function
of 5, L™ € §. Hence L% ¢ §. Then by § = LR(f), we obtain that LS /(LGq )@ € NgSy . It follows
that (L%¢)™S¢ ¢ f(q). Since (L%¢)™S¢ = [M4S¢Sy (see [4, IV.1.8(b)], we have L7 ¢ f(q).
Hence

L/Lyiq) = (L/L9S0) [ (Ly (/L7090 ) € NSy
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and so L € f(@NqSq for g # p and q € 7. This implies that L € &x N (Nper f(P)NpSy). Thus
Y (p)Np S §. It follows that

Gopn, € Gypm, S G3- (3.2)

Consequently, G¢(p)mp € § and thereby Gw(p)mp/(c¢(p)mp Jo(p)M, € &,. But since (lel(p)‘ﬂp)w(p)‘ﬁp =
Gypmnepm, and ¢ < ¢, we have Gypym,/Gppym, € &p. This means that every Sylow p-
subgroup P of Gy(pym, is a Sylow p-subgroup of Gy (pm,. Now because H/K is a p-factor of G,
by comparing the orders of K(H N Gypym,) and K(H N P), we see that

K(H N Gypym,) = K(HNP). (3.3)

Thus by (3.1) and (3.2), we obtain that

H/K = (Gypym, "H)K/K = (PNH)K/K = (Gyppym, N H)K/K.
This induces that KHypym, 2 H. Therefore, H/K is ¢-central in G. This completes the proof. O

This theorem shows that the f-centrality of chief factors in the theory of Fitting classes does not
depend on the choice of integrated H-functions of the Fitting class §. In connection with this, we call
an f-central chief factor an §-central chief factor when f is an integrated H-function of J.

In the theory of formations, there exists an analogue of Theorem 3.4. In fact, Carter and Hawkes
[2] proved that if f; and f, are two integrated formation functions of a formation §, then a chief
factor is fi-central in G if and only if it is f,-central in G. Moreover, Carter and Hawkes [2] proved
that for a local formation § = LF(f), a group G € § if and only if every chief factor of G is f-central
in G (see also [4, Theorem IV.3.2]). Now we give the following theorem which is an analogue of the
result of Carter and Hawkes.

Theorem 3.6. Let § = LR(f) be a local Fitting class, where f is an H-function of §. Then G € § if and only if
every chief factor of G is f-central.

Proof. Assume that G € § and let = = Supp(f). Then G € f(p)Mp &S, for all primes p e w. Let H/K
be a p-chief factor of G and Hfym, be an f(p)dip-radical of H. Since H € §, H/Hf(p)f_)’[p, € Gy.
Let P be a Sylow p-subgroup of H. Then PHypym,/Hfpym, is a Sylow subgroup of H/Hp)m,.
Hence PHypym, /Hrpym, € Gp NNp = (1). It follows that PH¢pym, = Hfpym, and so P S Hypym,.
This implies that P is also a Sylow p-subgroup of Hgpym,. But since H/K € 9y, H/K = PK/K <
Hypym, K/K < H/K. It follows that H = Hpym, K. Therefore, by Lemma 3.2, the p-chief factor H/K
is f-central in G.

Now assume that G ¢ §. Then there exists some prime p € w such that G ¢ f(p)9t,. Hence there
exists a p-chief factor H/K above Gy, such that Ggpm, does not cover H/K. This shows H/K
is not f-central. The theorem is proved. O

Corollary 3.7. Suppose that § = LR(f) is a local Fitting class, where f is an integrated H-function of §. Then
G € § if and only if every chief factor of G is F-central.

Obviously, the description of F-central chief factors in the theory of formations is different from
the description of F-central chief factors in the theory of Fitting classes. Recall that for the formation
N of all nilpotent groups, a chief factor H/K of G is 91-central in G if and only if H/K € Z(G/K), that
is, it is central in G. Hence, a group G is nilpotent if and only if every chief factor of G is 91-central in
the theory of formations. The following Corollary 3.8 shows that though the method of the description
of M-central chief factors in the theory of formations is different from the method of the description
of 9-central chief factors in the theory of Fitting classes, they both can give the characterization of a
group belonging to the class 91 of all nilpotent groups by using each method.
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Corollary 3.8. Every chief factor of G is -central in the theory of Fitting classes if and only if every Sylow
subgroup of G is normal.

Proof. Obviously, 9t = LR(f) is the local Fitting class for the integrated H-function f such that f(p) =
Ny for every prime p € w = Supp(f). Hence, by Theorem 3.6, every p-chief factor of G is 91-central
in G in the theory of Fitting classes if and only if G € 91,5, . It follows that every Sylow p-subgroup
of G is normal in G. O

Corollary 3.9. Every chief factor of G is 9t2-central in the theory of Fitting classes if and only if all Sylow
subgroups of G/F(G) are normal in G/F(G).

Proof. It is easy to see that the class 9 of all metanilpotent groups is a local Fitting class such that
§ =LR(f), where f is the H-function such that f(p) =90, for all primes p. Hence by Theorem 3.6,
every chief factor of G is 9%>-central if and only if G € MNMNp&, for all p € . But it is possible only
in the case that every Sylow p-subgroup of G/F(G) is normal in G/F(G). O

4. F-hypercentre

In this section, we establish the theory of §-hypercentre for local Fitting classes §.

By Theorem 3.5, we see that the concept of §-central chief factor for a local Fitting class § does
not depend on the choice of integrated H-functions of §. Hence, in this section, we always assume
that any local Fitting class § = LR(f) is defined by an integrated H-function f.

Definition 4.1. Let § be a local Fitting class.

(i) Suppose that L is a normal subgroup of G. Then the factor group G/L is said to be F-hypercentral
in G if there exists a series

L=Lp<l1<---<L=GC (4.1)

such that every factor L;;1/L; is a G-chief factor and it is §-central in G, foralli € {0, 1,...,k—1}.
(ii) The intersection of all normal subgroups K of G such that G/K is §-hypercentral is called the
F-hypercentre of G and denoted by Z%(G).

In general, G/ZS(G) is not F-hypercentral (see Example 4.3).

In the theory of formations, it is well known that if § is a local formation with full and inte-
grated local function F and § is closed with respect to normal subgroups, then Zz(G) € § (see [4,
Theorem [V, 6.15]). We now establish an analogous result in the theory of Fitting classes.

Theorem 4.2. Let § = LR(f) be a local Fitting class, where f is an integrated H-function. Then for any group
G and any normal subgroup L of G, the following statements hold:

(a) If G/L is §-hypercentral in G, then G = LGg;

(b) If § is closed under homomorphic images and G/L is §-hypercentral in G, then G/L € §;

(c) If § is a formation as well, then G/ Z% (G) € §;

(d) Assume that the integrated H-function is also full and Supp(f) = P. If G/L is §-hypercentral in G, then
every chief factor above L is §-central.

Proof. (a) Since G/L is §-hypercentral in G, there exists a G-chief series between L and G such that
every p-chief factor in this series is §-central in G. Hence Gy(pm, covers every p-chief factor in
this series, for all primes p € m = Supp(f). By the proof of “(ii) = (i)” in Theorem 3.5, we see that
Gf(pym, C G5 for every p € 7. Therefore, G5 covers every p-chief factor of G in this series and so it
also covers G/L. Thus G = LGg.
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(b) Assume that § is closed under homomorphic images and G/L is §-hypercentral in G. Then
by (a), G =LGg and so G/L =LGg/L~Gg/LNGg. Since Gz € § and § is closed under homomorphic
images, Gz/L N Gz € § and consequently G/L € §.

(c) Assume that § is a formation. Then, since Z3(G) = N{L < G | G/L is F-hypercentral in G}, we
obtain that G/Z3(G) € § by (b).

(d) Supposed that G/L is §-hypercentral in G and H/K is a p-chief factor of G between L
and G. Then by (a), the §-radical Gz of G covers G/L. Hence Gz covers H/K. Since H/K € ,,
a Sylow p-subgroup P of Gy covers H/K. Because f is an integrated and full H-function, we have
fP) ST C fF(PNpySy = f(p)&, for every p € P. Hence Gz/(G3)f(p) € G- But since (Gz)fp) =
Gznfp) = Gf(p), the Sylow p-subgroup P of Gz is also a Sylow p-subgroup of G (p). Since P covers
H/K, Gy covers H/K. Thus H/K is §-central. This completes the proof. O

The following example shows that G/Z3(G) is not §-hypercentral, in general.

Example 4.3. Let § = 9. Then 9t = LR(f), where f is the H-function such that f(p) =N, for every
prime p € P. Put G = S3 x Z3, in which the symmetric group S3 = (s, t), where s> =1 and t2 = 1. Let
Zy = (z) and « be the map from S3 to Z; such that «(s) =1 and «(t) = 2. Let H = {(k, a(k)) | k € S3}.
Then |G:H|=2 and so H < G.

Consider all possible chief series of G:

1<A3x1<83x1«G,
1<A3 x1<HKG,
1<]A3X1<1A3X22<]G,

1<1xZy<1As3 xZy<G.

It is easy to see that G/H and G/S3 x 1 are 9-hypercentral in G since they are covered by G ) =
Gm, =1 x Z. Besides, the chief factor G/A3 x Z; is J1-eccentric since G () avoids it. Analogously,
S3 x 1/A3 x 1 and H/A3 x 1 are not 9M-hypercentral in G. This shows that G/H and G/S3 x 1 are
the only two 91-hypercentral factors of G. Therefore, Z?1(G) = A3 x 1. Obviously, G/Z™(G) is not
N-hypercentral in G.

Remark 4.4. If a class § of finite groups is both a local formation and a local Fitting class, then the
$-hypercentre of a group G in the theory of formations is different from the F-hypercentre of G in
the theory of Fitting classes, in general. For instance, let § = 91 be the class of all finite nilpotent
groups. Then 91 is both a local formation and a local Fitting class. Let G = S3 x Z3. Then, obviously,
the 9t-hypercentre Zy(G) of G is 1 x Z, if M is regarded as a formation. However, by the above
Example 4.3, we see that the -hypercentre Z™(G) of G is A3 x 1 if we regard 91 as a Fitting class.

5. On the problem of cover-avoidance properties for §-injectors

Suppose that f is an H-function of a local Fitting class §, that is, § = LR(f), and let 7w = Supp(f).
If f(p)= f(q) for all primes p,q € m, then f is said to be invariable.

In this section, we give the answer to Problem 1.2 in the case where § has an invariable H-function
(see the following Theorem 5.4(3)).

Definition 5.1. Let § = LR(f) for some H-function f with Supp(f) =m and p € w. We say that a p-
chief factor H/K of G is f(p)-covered in G if H= K(Vf,yNH), and f(p)-avoided if K = K(V ;)N H)
for some F-injector V of G.

Lemma 5.2. Let § = LR(f) for some H-function f and m = Supp(f). If X is a non-empty Fitting class and
Xc ﬂpen f(p), then Cc(Gz/Gx) S Gg for any group G.
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Proof. The proof is analogous to the proof of [8, Theorem 3.2] and we omit the details. O

Lemma 5.3. Let § = LR(f) for some invariable H-function f and Supp(f) = m. If V is an §-injector of G,
then Vipy =Gy forallp e .

Proof. Since Gz <V and f(p) €&, by Lemma 2.2, Gfp) = (Gz)rpy = Gz N Vg for all p e m.
Hence [V¢p), Gzl < Gr(p) and thereby V) < Cc(Gz/Gf(p)). Since the H-function f is invariable,
Cc(Gz/Gyf(p)) < Gz by Lemma 5.2. Therefore, V) = Gy(p), for every pem. O

Theorem 5.4. Let § = LR(f) with Supp(f) = m and f be an integrated H-function of §. Then the following
statements hold:

(1) If p € o, then every p-chief factor of G is either f(p)-covered or f(p)-avoided in G.

(2) Assume that f is invariable and p € 7. Then
(i) A p-chief factor of G is f(p)-covered if and only ifit is f-centralin G;
(ii) An §-injector of G covers every f(p)-covered chief factor of G.

(3) If f is a full and invariable H-function, then an F-injector of G covers each §-central chief factor of G and
avoids each §-eccentric chief factor of G.

Proof. (1) Suppose that H/K is a p-chief factor of G and let V be an F-injector of G. Since VNH <V,
by Lemma 2.2, we have

VO =VipN(VNH) =Vip NH.

But by [4, Theorem VIIL.2.13], V N H is an F-injector of H. Hence, by [4, Theorem VIIL2.9], every
conjugate subgroup of (VN H)f in G is a conjugate subgroup of (V N H)f, in H. Hence by Frattini
argument, G = HNg((V N H)f(p)) and so K(V N H)fy < G. This implies that the p-chief factor H/K
is either f(p)-covered or f(p)-avoided.

(2) The statement (i) can be directly obtained by Lemma 5.3 and the definition of f-central chief
factor. We now prove (ii). Assume that V is an F-injector of G and H/K is an f(p)-covered chief
factor of G, that is, H = K(V () N H). Since the H-function f is invariable, by Lemma 5.3, V) =
G f(py for all primes p € 7. But since Gy € Gz C F for every §-injector F of G, F covers H/K and
so (ii) holds.

(3) Let H/K be an §-central p-chief factor of G, where p € w, and V an F-injector of G. Then
H < KGypm,. Since f is integrated, by the proof of (ii) = (i) in Theorem 3.5, we see that Gf(pm, <
Gg. Besides, by the definition of §-injector, Gz < V. Hence H < KV and so V covers H/K.

Now assume that an F-injector V of G covers some p-chief factor H/K of G. Obviously, a Sylow
p-subgroup P of V covers H/K. If p ¢ , then M, ¢ F (see [3, Lemma 2.3] or [4, Theorem 1X.1.9])
and so the Sylow p-subgroup P of V is trivial. It follows that H/K =1, which contradicts the choice
of H/K. Hence, we can assume that p e . Since V € §, we have V € f(p)M,&p . Since f is full, we
have f(p)", = f(p). This implies that V /Vy,) € &, and hence every Sylow p-subgroup P of V is
a Sylow p-subgroup of V(). Consequently, P < V). By Lemma 5.3, V) =Gy (p) for every pen
and obviously Gy € Gf(pym,. Hence H/K is covered by Gpym, . This shows that H/K is §-central
in G. This completes the proof. O

6. Applications

Formerly, in the definition of local Fitting classes § = LR(f), f(p) is always a Fitting class for all
p € Supp(f), that is, f is an H-function. In this connection, the following problem naturally arises.

Problem 6.1. Could a local Fitting class be defined by a local function f such that the value f(p) is
not necessarily a Fitting class, that is, f is not an H-function?
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In this section, we use the theory of §-centrality in the theory of Fitting classes given in the above
sections to resolve this problem. In fact, we will construct local Fitting classes by using some local
function f which is not an H-function.

Following [4], a map f : P — {class of groups} is said to be a local function and let 7 = Supp(f) =
{p € P| f(p) # ¥}. For the local function f, we let LR(f) =G, N (ﬂpen f(p)NpSy). Analogously,
a local function f is said to be: (a) integrated if f(p) € § for all p € 7r; (b) full if f(p) = f(p)N, for
all pem.

Recall that a class X of groups is said to be S;-closed if every normal subgroup of every X-group
is also a X-group. We say a local function f is Sp-closed if f(p) is Sp-closed for all p € P.

Theorem 6.2. Suppose that § = LR(F) is a local Fitting class with a full and integrated H-function F and
Supp(F) = . Then § can be defined by a full S,-closed local function f such that f is neither integrated nor
an H-function in general, where

(G | Gp(p) covers every §-central chief factor of G) ifp e,

I® { @ ifpgn’.
Proof. We proceed via the following steps.

(1) Let o(p) = (G | Gz € F(p)) forall p € P. Then f(p) = ¢(p).

Obviously, if p ¢ 7, then ¢(p) = f(p) = 0. Assume that G € ¢(p), where p € . Since F is full, by
Lemma 3.2, we see that every §-central r-chief factor of G is covered by G, for all r € . Since
F is integrated, F(r) € § for all r € w. Hence Gf¢y < Gg and so the §-radical Gz of G covers every
§-central r-chief factor of G. Besides, because Gz € F(p), we have Gz < Gp(p). Hence Gz = Gf(p) and
thereby every §-central r-chief factor is covered by Gp(p). This shows that G € f(p) and so ¢ < f.

Assume that f(p) # ¢(p) for some p € w and let G be a group in f(p) \ ¢(p) of minimal order.
Since Grpy < Gz and G ¢ @(p), Gr(p) < Gg. Then there exists a g-chief factor H/K of G between
Gr(py and Gz for some prime q. Obviously, Gz covers H/K. Since Gz € F(()91;6y = F(q)&y and
F(@) €3, G3/(Gz)rq) = G3/GF(q) € &¢. Hence every Sylow g-subgroup Q of Gz is a Sylow g-
subgroup of Grq). Consequently, Q covers H/K and so Grq) = GF(qm, covers H/K. Hence H/K is
§-central. But since H/K is a chief factor between Gr(,) and Gg, obviously, Grg) does not cover
H/K. This contradiction shows that f = ¢.

(2) The local function f is full and Sy-closed.

Since f = ¢ by (1), we only need to prove that ¢ is full and S,-closed.

We first show that ¢ is Sp-closed. Assume that X € ¢(p) and V < X. Then X3z € F(p). By
Lemma 2.2, Ny = NN Xz € F(p) and so N € ¢(p). Hence ¢ is S,-closed.

Now we prove that ¢(p)M, = ¢(p) for all p € P. Note that 7w = Supp(F) = Supp(f) = Supp(¢). If
@(p) =, then it is clear. Obviously, ¢(p) € ¢(p)MN, for all p € . Assume that ¢(p)I, # ¢(p) and
let G be a group in ¢(p)1, \ ¢(p) of minimal order. Now by the choice of G, we see that G has a
unique maximal normal subgroup M and |G : M| = p.

If G e, then G € F(p)&, and so G/GF(p) € S . Since M is the unique maximal normal subgroup,
Grpy € M. Hence (G/GFp))/(M/GF@py) =~ G/M € 91, N &, = (1), which contradicts |G : M| = p. Thus
G ¢ §. It follows that Gr(p) € Gz < M. This induces that Gz = Mg = Mfp) = Gf(p) and so G € ¢(p).
This contradiction shows that ¢ is full.

(3) §is locally defined by f.

We only need to prove that § =91, where 9t = &, N (ﬂpen F(@NyS&y) and 7 = Supp(f). Ob-
viously, F(p) € (G |Gz € F(p)) =¢(p) = f(p) for all pe . Hence F < ¢ = f and so § € M. Now
we prove that 9t C §. If not, we let G be a group in 9\ § of minimal order. Then Gg is the unique
maximal normal subgroup of G and |G : Gg| = p for some p e . Since G € M and the local function
fis full by (2), G € f(p)NpS, = f(p)Sp. Then there exists a normal subgroup K of G such that
K e f(p) and G/K € &p. If K =G, then G € f(p). Hence by (1), G € ¢(p). It follows that Gz € F(p)
and so G € F(p)9, = F(p) € §. This contradiction shows that K # G. Then, since Gg is the unique
maximal normal subgroup of G, K € G and so (G/K)/(Gg/K) ~ G/Gz € &,. This implies that
G/Gz €My NGy =(1). Hence G = Gz € §. This contradiction shows that § = 1.
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(4) f is neither integrated nor an H-function, in general.

Let § = IN;, where 7 is a set of primes such that {2,3} C . It is easy to see that § = LR(F),
where F is an H-function such that

Ny ifpem,

F(p)={® ifpgn’.

Then by (1) and (3), we have that § is defined by the local function f such that

f(p):{(cmm” €Ny) %fpen;

] ifpgn’.

Let p =3 and S3 be the symmetric group of degree 3. Then S3 € f(3) and S3 ¢ 9. Hence the local
function f is not integrated in general.

We now prove that f(3) is not a Fitting class.

Let Y =SL(2,3) be the special linear group of degree 2 over the field GF(3). Then the order of Y
is 24 and Y contains the unique minimal normal group D = Z(Y) of order 2. Let H = Y1 x Y, where
Yi~Y fori=1,2and D= {(d,d) |d € D}. Then D is a minimal normal subgroup of H with order 2.

By [4, B.9.16], there exists a faithful irreducible representation @ of H/D over GF(3). Assume that
V is the space of the representation @. Then V is a 3-group. Hence the map &@: H/D — GL(V) is a
isomorphism from H/D to some subgroup of the group GL(V) of all automorphisms of the space V.
Let

@:H— GL(V)

be such that ¢(h) = d)(thD) for all h € H. Since

@(hthy) = ®((h1D)(h2D)) = @ (D)@ (h2 D) = @ (h1)¢(h2)

for any hq, hy € H, we see that ¢ is a homomorphism. Let G = [V]H be a semidirect product, where
V is a normal subgroup of G and H acts on V by ¢.
Let Ker¢p = {h € H | ¢(h) = 1} be the kernel of ¢. We now prove that

I(er(pzﬁ.

IfheD, then ¢(h) = qﬁ(hD) @(D) =1 and hence D € Ker¢. Conversely, assume that h € Kerg.
Then qﬁ(hD) =@(h) = 1. Since @ is a monomorphism, hD =D and so h € D. This means that Kerg C

D. Thus, Kerg = D.

Because 7 (Y) = {2, 3} and 7 (V) = {3}, we have that 7 (G) = {2, 3} and F(G) = 03(G)02(G).

We now prove that 03(G) =V and 0,(G) = D. In fact, since w(Y) ={2,3} and F(Y) is a Sylow
2-subgroup of Y, F(H) = F(Y1)F(Y2) = O(H). Hence O3(H) =1. Since V <G and 7w (V) ={3}, V <
03(G) < G. Then by Dedekind modular law, 03(G) NVH =V (03(G) N H). Since 03(G) NH < H and
03(G) =1, we obtain that 03(G) N H = 1. This implies that 03(G) =V

Since 7 (V) = {3}, 02(G) < H. By the properties of semidirect product, we see that if N < H, then
N is a normal subgroup of G if and only if N < Kerg. Hence, by 02(G) G and Kerg = D, we have
0,(G) < D. It follows from |D| =2 that 05(G) = D. Hence F(G) = 03(G)02(G) = VD.

Obviously, G =VY1VY; and VY; <G for i =1, 2. By Lemma 2.2,

F(VY)=F@G)NVY;=VDNVYi=V e &s.

Then since {2,3} C 7 and w(VY;) = {2, 3}, we have
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VYo, = (VYDays = 02(VY)03(VYi) = F(VY)).

Analogously, Gy, = F(G). Hence (VY{);, € M3 and Gy, = VD ¢ G3. Therefore, by the definition
of f, we obtain that VY; € f(3) fori=1,2 and G ¢ f(3). This shows that f(3) is not a Fitting class
and thereby f is not an H-function in general. This completes the proof. O

Note that the class 9t of all nilpotent groups is a local Fitting class with a full and integrated H-
function F such that F(p) =9, for all prime p € P. Hence, as an immediate corollary of Theorem 6.2
and its proof, we have the following

Corollary 6.3. The class 2 of all nilpotent groups can be defined by a local function f such that f(p) = (G |
0p(G) covers all N-central chief factors of G), and f(p) = (G | F(G) = 0,(G)) forall p € P.
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