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Introduction

A well-known result states that for any odd prime p, the isomorphism classes of p-adic
lattices correspond to the possible symbols of the form Hé\]:o (p®)eeme, where e, € {£1}
and n. € N for every e. Moreover, the Witt Cancellation Theorem holds for p-adic
lattices, as is shown in [7]. The same assertions hold for lattices over the ring of integers
O in a finite field extension of Q. In all references known to the author (e.g., [7,9,4,13],
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etc.) the proof is based on the p-adic valuation being discrete, or at least of rank 1 (see
[5]). Recall that a valuation has rank 1 if the value group can be embedded in (R, +) as
an ordered group. The first aim of this paper is to generalize these assertions to lattices
over any 2-Henselian valuation ring with a finite residue field whose characteristic is
not 2. Indeed, a very simple variation of the short argument appearing in Section 4 of
Chapter 1 of [12] suffices to prove this result (see also Section 3 in Chapter 8 of [4] for
the case of lattices over the ring Z, of p-adic numbers).

We remark that several texts deal with non-unimodular lattices (also in the Hermitian
setting) under various degrees of generality (see, e.g., [2] or [3]). However, these references
use abstract tools such as quadratic forms over Hermitian categories. The book [11] also
deals with related topics, but mostly in the quadratic setting, while we do not assume that
our bilinear form comes from a quadratic form (in the sense of [1] in characteristic 2—see
more details in Section 4). The book [10] considers bilinear forms over valuation rings,
but treats them up to isomorphism over the quotient field rather than just over the
valuation ring itself. It seems that our results are independent of the results appearing
n [11] and [10]. In any case our proofs are very concrete and simple, and show how the
desired assertions can be obtained solely from 2-Henselianity.

Next we consider unimodular rank 2 lattices, which contain the only non-trivial inde-
composable lattices over valuation rings (up to multiplying the bilinear form by a scalar).
We focus on the residue characteristic 2 case, where indeed such indecomposable lattices
exist. We define an invariant for isomorphism classes of these lattices, which in some
sense generalizes the Arf invariant defined in [1]. We then show how two invariants char-
acterize the isomorphism classes of such lattices, in case they contain a primitive element
whose norm is divisible by 2. We conclude by giving some relations between different Jor-
dan decompositions (in residue characteristic 2) which yield isomorphic lattices, taking
a Jordan decomposition of a lattice to a “more canonical” one.

In Section 1 we prove the existence of Jordan decompositions over any valuation ring,
and show that an approximated isomorphism between lattices over a 2-Henselian valua-
tion ring is a twist of a true isomorphism. Section 2 proves the “uniqueness of the symbol”
result. In Section 3 we present the conventions for unimodular rank 2 lattices, with their
generalized Arf invariants. Section 4 considers isomorphisms between unimodular rank 2
lattices containing a primitive vector of norm divisible by 2, and shows that the fine Arf
invariant and the class of minimal norms characterize the isomorphism class of such
lattices. Finally, in Section 5 we define when one Jordan decomposition in residue char-
acteristic 2 is “more canonical” than another Jordan decomposition, and present certain
transformations of Jordan decompositions which makes them “more canonical”.

I am thankful to U. First for reading this manuscript and providing several enlight-
ening insights. Many thanks are due to the anonymous referee, whose suggestions have
helped to greatly improve many aspects of this paper, as well as the clarity of several

arguments.
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1. Jordan decompositions

Let R be a commutative ring, and let M be a finite rank free R-module with a
symmetric bilinear form. We denote the bilinear form by (-,-) : M x M — R, and for
r € M we write 2% for (z,x) (this element of R is called the norm of z). The bilinear
form maps M to the dual module M* = Hompg(M, R), and we call the bilinear form
non-degenerate if this map M — M™* is injective. In this case we call M an R-lattice.
Note that our non-degeneracy condition is weaker than the inner product condition
considered in [12], where the map M — M* is required to be bijective. In case this map
is bijective we call the lattice M unimodular. We consider only the case where R is an
integral domain, so we assume this from now on. In this case we can extend scalars to
the field of fractions K of R, and obtain a K-lattice, or equivalently an inner product
space over K. Then non-degeneracy is equivalent to requiring a non-zero determinant for
the Gram matrix of the bilinear form using any basis for M.

Some authors (e.g., [12]) assume that a module underlying lattice is projective (and
not necessarily free). However, our main interest here is the case where R is a valuation
ring, hence a local ring, where these two conditions are equivalent.

Elements x and y of a lattice M are called orthogonal and denoted = L y if (x,y) = 0.
For a submodule N of M we denote N its orthogonal complement, the submodule of M
consisting of those x € M such that = L y for all y € N. Our non-degeneracy condition
is equivalent to the assertion that M+ = {0}. A direct sum of lattices is orthogonal
if every two elements from different lattices are orthogonal. Then an orthogonal direct
sum of bilinear form modules is a lattice (i.e., non-degenerate) if and only if all the
summands are lattices. Two lattices M and N are called isomorphic, denoted M = N, if
there exists an R-module isomorphism between them which preserves the bilinear form.
A non-degenerate lattice M has an orthogonal basis if and only if it is isomorphic to
a direct sum of rank 1 lattices. For a lattice M and an element 0 # a € R, we denote
M (a) the lattice obtained from M by multiplying the bilinear form by a. This lattice
is non-degenerate if and only if M has this property, and a basis for the module M is
orthogonal for the lattice M if and only if it is orthogonal for M (a).

We denote the group of invertible elements in the ring R by R*, and the multiplicative
group of K by K*. The determinant of a Gram matrix of a basis of M is independent
of the choice of basis up to elements of (R*)2. Hence a statement of the form “the
determinant of the bilinear form on M divides an element of R” is well-defined. We
note that M is unimodular (hence non-degenerate in the sense of [12]) if and only if its
determinant is in R*.

An element z of a lattice M is called primitive if the module M/Rx is torsion-free.
This condition is equivalent to x being an element of some basis of M, and it is preserved
under multiplication from R*. Note that this notion depends only on the structure of M
as an R-module, and not on the bilinear form on M.

We call an R-lattice M uni-valued if it can be written as L(o) with L unimodular
and ¢ € R. This notion (at least over valuation rings) is closely related to the notion of
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a-unimodularity considered, for example, in [13]. A Jordan decomposition of a lattice M
is a presentation of M as 69;:1 M, with M)y, uni-valued, such that if My = Ly (ox) with
Ly, unimodular then v(oy) # v(0;) wherever k # . Note that if M and N are uni-valued
with the same o then so is M @& N. Hence the condition about the o} having different
valuations can be easily achieved by successive combination of two uni-valued lattices
with the same v(o) into one.

We now prove the existence of Jordan decompositions for lattices over arbitrary valua-
tion rings. We follow closely the arguments in Chapter 1 of [12] (where bilinear forms over
fields are considered) and [7] or Chapter 8 of [4] (which considers the p-adic numbers).

Let N be a (free) submodule of M which is non-degenerate of rank r. First we prove
a simplified version of Lemma 1 of [7]:

Lemma 1.1. Let e;, 1 < i <r be a basis for N, and let A € M,(R) be the matriz whose
ij-entry is (e;,e;). For any x € M and 1 < ¢ < r, denote by A, , the matriz whose
ij-entry (with the same i) is (z,e;) and all the other entries coincide with those of A. If
det A divides det A; . in R for any i and x then M decomposes as N @ N+ (as lattices).

Proof. Since N is non-degenerate, we have NN N+ = {0}, hence N @ Nt is a sub-lattice
of M. We need to show equality. Given « € M, we claim that there exists some y =
i jae; € N (with a; € R) such that (z,e;) = (y,e;) for any 1 < j < r. Indeed,
these equalities (one for each 1 < j < r) yield a system of linear equations for the
coefficients a;, which we can solve over K since the corresponding matrix is A (hence
of non-zero determinant). But the solution is given using Cramer’s formula, i.e., a; =

dztcfzw € K, and our assumptions imply that these coefficients are in R. Now, sincey € N

and our assumption on y implies 2 —y € N+, we obtain that z =y + (z —y) € N& N*,
as desired. This proves the lemma. O

Assume now that R is a wvaluation ring. This means that there is a totally ordered
(additive) group I" (the value group) and a surjective homomorphism v : K* — I" (called
the wvaluation) satisfying v(x + y) > min{v(z),v(y)} for every z and y in K. Here and
throughout, we extend v to a function on K by setting v(0) = oo and considering it
larger than any element of I'. The statement that R is the valuation ring of v means
that R consists precisely of those elements x € K such that v(x) > 0 (with 0 here is the
trivial element of I"). For any v € I" we define I, = {z € K* | v(z) > ~}. It is a (proper)
ideal in R if v > 0. In particular, Iy is the unique maximal ideal of R. We remark that an
ideal of the sort {z € K* | v(z) > v} is just the principal (perhaps fractional, if v < 0)
ideal o R with v(o) = =, hence requires no further notation.

In many references (e.g., [5]), the ordered group I' is considered as a subgroup of
the additive group of R. Such valuations are called of rank 1. In particular, the discrete
valuations, in which I' & Z (covering the case of the p-adic numbers and their finite
extensions) have rank 1. However, we pose no restrictions on v or I" in this paper, hence
the rank is arbitrary.
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For any R-lattice M we define the valuation of M, denoted v(M), to be min{v(z,y) |
z,y € M}, where we use the shorthand v(z,y) for v((z,y)). This value equals
min; ; v(e;, e;) wherever e;, 1 < ¢ < r is a basis for R, since (z,y) lies in the R-module
generated by these elements for any = and y in R. In particular v(M) is well-defined. If M
is uni-valued, then by writing M = L(o) with L unimodular we have v(M) = v(o). In a
Jordan decomposition @221 M, of a lattice M the condition on the elements o, € R dis-
tinguishing the uni-valued components from being unimodular reduces to the assertion
that these components have different valuations. We can thus assume, by changing the
order if necessary, that v(My) < v(Mgy1) for every 1 < k < t. Using these definitions,
Lemma 1.1 yields

Proposition 1.2. Any lattice M over a valuation ring R admits a Jordan decomposition.

Proof. We apply induction on the rank of M. For rank 1 lattices the assertion is trivial.
Let v = v(M). Assume first that there is an element z € M such that v(z?) = v. Then
N = Rz satisfies the condition of Lemma 1.1, so that we can write M = N @ N+. On
the other hand, if no such z exists, then we take x and y in M such that v(z,y) = v,
and our assumption implies v(z?) > v and v(y?) > v. We claim that = and y are linearly
independent over R. Indeed, the equality ax + by = 0 implies ax?® + b(x,y) = 0 and
a(z,y) + by? = 0, hence a € bly and b € aly, which is possible only if a = b = 0.
Moreover, N = Rx & Ry satisfies the condition of Lemma 1.1. Indeed, the valuation of
the determinant is 2v, while the valuation of any other 2 x 2 determinant with entries in
the image of the bilinear form has valuation at least 2v. Thus also here M = N @ N+ It
remains to verify that in both cases N is uni-valued. To see this, observe that any rank 1
lattice is uni-valued, and in the second case dividing the bilinear form on N by (z,y)
gives a unimodular lattice. The induction hypothesis allows us to decompose N1 into
uni-valued lattices, and adding N to the component of valuation v in N+ (if it exists)
completes the proof of the proposition. O

The decomposition of Proposition 1.2 is called a Jordan splitting in [13]. From the
proof of Proposition 1.2 we deduce

Corollary 1.3. If 2 € R* then the components My have orthogonal bases. If 2 ¢ R* then
either My, has an orthogonal basis or it admits an orthogonal decomposition into lattices
of rank 2 each having a basis {x,y} such that v(x?) and v(y?) are both strictly larger
than v(z,y).

Proof. First we show that if 2 € R* then there exists an element z € M with v(z?) =
v(M). Indeed, if v(z,y) = v and v(2) = 0 while v(2?) > v and v(y?) > v then (z +y)? =
22 + y? + 2(x,y) has valuation v. In view of the proof of Proposition 1.2, this proves
the corollary in this case. Assume now 2 ¢ R*. The proof of Proposition 1.2 shows that
Mj, can be written as an orthogonal direct sum of rank 1 lattices and rank 2 lattices of
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the sort described above. It remains to show that if a lattice of rank 1 appears in My
then M} has an orthogonal basis. It suffices (by induction) to prove that if N is the
direct sum of one rank 1 lattice and one rank 2 lattice of this form having the same
valuation then N has an orthogonal basis. Let now N = Rz & Ry @ Rz be a lattice in
which x L 2,y L 2, and (z,y) and 2% have common (finite) valuation v while v(2?) > v
and v(y?) > v. One checks directly that the three elements tz + z, (2?)y — t(x,y)z, and
(222 + (2, y)?)w — (2,y)(t?2% + 22)y — t(x?y? — (z,y)?)z form an orthogonal basis for
N for any ¢t € R*. This proves the corollary. 0O

Recall that a valuation ring R is called Henselian if Hensel’s Lemma holds in R, namely
if given three monic polynomials f, gg, and hg in the polynomial ring R[z] such that
f — goho lies in Iy[X] (i.e., all the coefficients of that difference have positive valuation)
and the resultant of gg and hg is in R* then there exist monic polynomials g and A in
RJ[z] such that f = gh and g — go and h — hg are in Iy[X]. In particular, taking g to be
of degree 1 renders this statement equivalent to the assertion that if ¢ € R and monic
f € RJx] satisfy v(f(a)) > 0 and v(f'(a)) = 0 then f has a root b € R with b — a € Ij.
We call a valuation ring R 2-Henselian if the last assertion holds for any polynomial f of
degree 2, and if 2 # 0 in R. We note that a more general assertion holds in a Henselian
ring, stating that for f € R[z] (not necessarily monic!) and an element a € R such that
v(f(a)) > 2v(f'(a)) there exists a root b of f with b —a € I,(f(q4)). Indeed, following
the proof of the equivalence of (e) and (f) in Theorem 18.1.2 of [6], we use the Taylor

expansion to write f(a — f(‘z) y) as f(a)(1 —y + ff((g))gy g(y)) for some polynomial g,
and we present this expressmn as f(a)y h( ) where d is the degree of f and h(x) has

the form x4 — 241 + El —o iz’ with ¢; € Ip. Since v(h(1)) > 0 and v(h'(1)) = 0 there

exists a root A € 1 4+ Iy C R* of h, so that the required root of f is b = a — ]{((‘;)) . %

Since A € R* we know that v(b—a) = v( ]{,(( ))) In a 2-Henselian valuation ring this more
general condition holds for any f € R[x] of degree 2. As Theorem 7 in Chapter 2 of [14]
shows that every complete valuation ring is Henselian (and in particular 2-Henselian),

our results hold for a variety of interesting valuation rings.
The following property of 2-Henselian rings will be used below.

Lemma 1.4. An element of R of the form 1+y with v(y) > 2v(2) lies in (R*)?, and has a
unique square root 1+ z such that v(z) > v(2). Moreover, the equality v(y) = v(z) +v(2)
holds in this case. Let A, B, and C be three elements of K such that v(AC) > 2v(DB)
(hence B # 0). Then the equation At*+ Bt+C = 0 has one solution in K with valuation
v($) (so that this solution is in R if v(C) > v(B)). If A # 0 then the other solution has
valuation v(8), which is strictly smaller.

Proof. Consider the polynomial f(t) = t> — 1 — y and the approximate root 1. The
2-Henselianity of R yields a root of this polynomial, which we write as 1 + z, such that
z € I(9) since f'(1) = 2. We also have v(z) = v(%) = v(y) — v(2). The second square
root of 1 +y is —1 — z, and by subtracting 1 we obtain the element —2 — z of R, which
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has valuation precisely v(2) since v(z) > v(2). Next, the equation At> + Bt + C = 0
has only one solution ¢ = —% if A = 0, and otherwise its two solutions are given by
—B4yBI-4AC VQB:MJ (in an appropriate extension of K if necessary). Now, B2—4AC = B?(1+y)
fory = —4‘326, and the inequality v(y) > 2v(2) allows us to write /B2 — 4AC as B(1+z

)
with z € R such that v(z) = v(y) —v(2) = U(Qéz,c) The two solutions 2 (—1 % (1 + 2))
)

Z

of the equation lie in K. The solution with + is and has the required valuation v(%

(like in the case A = 0), and the other solution hab valuation v(£) since v(2 — z) = v(2).

As v(AC) > v(B?) implies v(%) > v(£), this proves the lemma. 0O

Note that the condition 2 # 0 was implicitly used in Lemma 1.4, in assumptions in
which some elements have valuations strictly larger than v(2), as well as dividing by 2
in K. All the assertions of Lemma 1.4 collapse if 2 =0 in R.

Our first result states that the existence of an approximate isomorphism between
lattices over 2-Henselian valuation rings implies that the lattices are indeed isomorphic.
See Theorem 2 of [5] for the special case of complete valuation rings of rank 1, and
Corollary 36a of [9] or Lemma 5.1 of [4] for the case R = Z,,.

Theorem 1.5. Let M and N be R-lattices. Decompose M as in Proposition 1.2, and
assume that M and N are isomorphic when we reduce modulo L(ar,)420(2)- Then M = N
as R-lattices.

Proof. Denote I,(as,)420(2) by I. An isomorphism over R/I can be lifted to an R-module
homomorphism ¢ : M — N (since M is a free module). Moreover, ¢ must be bijective:
Observe that M and N must have the same rank, and by choosing bases for both modules
the determinant of ¢ is a unit modulo I hence lies in R*. ¢ preserves the bilinear form
up to I, and we now show how to alter ¢ to a lattice isomorphism from M to N. We
apply induction on the (common) rank of M and N.

Assume first that M; has an orthogonal basis, and let x be an element of the basis
of M;. Then v(z?) is minimal in M, and the fact that 2> ¢ I implies the equal-
ity v(¢(x)?) = v(z?). This valuation is also minimal in N. Moreover, the inequality
v(#‘;)2 — 1) > 2v(2) holds, so that by Lemma 1.4 there is ¢ € R* with v(c—1) > v(2) such
that ¢? = #:)2. Lemma 1.1 implies that M = Rz @ (Rx)*, and we define ¢ : M — N
by taking z to cp(z) and u € (Rz)* to o(u) — w (). Since (p(u),p(x)) € T
(as (u,z) = 0), we have w € Iry(2) € R. Now, ¢(z)? = 2%, and if u L 2 then we
have ¢(u) L ¢(z). If w € M is another vector such that w L x as well, then we have

(p(u), p(@))(p(w), p(x))
p(x)? '

(u,w)(mod I) and the relations % € R and

The congruence (p(u), p(w)) =
(p(w), p(z)) € I now imply ((u),(w)) = (v, w)(mod I) for any u and w in (Rz)*t.
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On the other hand, if M; has no orthogonal basis, then we take some z and y in
M such that v(x,y) is minimal in M, and then v(p(z),¢(y)) = v(z,y) is minimal
in N. Moreover, v(¢(z)?) and v(p(y)?) are both larger than v(z,y). We need to modify
o(x) and @(y) in order to obtain elements spanning a rank 2 sublattice of N which
is isomorphic to Rz & Ry. We claim that there exist elements s and ¢ in I,) and
¢ = 1(mod I,(2)) such that

(cola) +esp(y)’ =2, (p(y) + tp(x)) = 42,

and

(co(a) + ese(y), e(y) + to(x)) = (x,y).

First we apply Lemma 1.4 with the numbers A = ¢(z)?, B = 2(p(x), »(y)), and C =
©(y)?—y? € I (these numbers satisfy the assumptions of that lemma). The corresponding
solution ¢, of valuation v( ) > v(2), satisfies (¢(y) + te(x))? = y? as required.

Further, denote z%y? — (z,y)? by A and ¢(z)%¢(y)? — (¢(x), o(y))? by A,, so that
v(A) =v(A,) = 2v(z,y) (see Corollary 1.3). Observe that

(@), o) = (2,9)? = (((2), 0(1)) — (2.9)) ((¢(2), 0(¥)) + (z,9))

and

o(x)*0(y)* — 2%y = o(x)* (e(y)* — ¥°) + v (p(x)?* — 2°)

are elements of (z,y)I, so that A, — A lies in the same ideal and xQ(% —1) € I. Hence
C= w(m)z—xQ% € I, while B = 2(¢(z), <p(y))+2tx2% has valuation v(x, y)+v(2) and
A = p(y)? — 22252 has valuation v(z2) > v(z,y). Thus, we can use Lemma 1.4 again

and obtain a solution s, of valuation v(£) > v(2), to As?>+Bs+C = 0. Furthermore, since
(Lt+st) (p(x).0(y) +50 () +to(x)?

s and t are in I, (), the number o= is congruent to 1 modulo

I,,(2) (hence lies in R*). We denote by c the inverse of this number, hence v(c—1) > v(2)
as well. The two elements cp(z) + csp(y) and ¢(y) + to(x) span Ro(x) @ Reo(y) since
the determinant ¢(1 — st) of the transition matrix is in R*, and the choice of ¢ implies

(cp(@) + eso(y), o(y) + te(x)) = (2,y).
In order to evaluate (co(z) + csp(y))? we write the square of the denominator of ¢ as

Substituting the quadratic equation for ¢ in each of the coefficients of s2, s, and 1 takes
the latter expression to the form
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[Pe(y)® — Aut?]s® + 2[y° (), o(y)) + Apt]s + [yP0(z)® — A,

Multiplying (co(x) + esp(y))? — 22 by the latter expression yields (recall the numerator
(z,y) of ¢)

[(z,9)%0(y)? — 2%y%0(y)* + 2* A t?] s
+2[(z,9)*((2), o(y)) — 2°y* (p(x), 0(y)) — 2*Ayt]s
+ [(z,9)%0(2)? — 2®yPo(x)? + 22 A, ).

The coefficients of s?, s, and 1 are t2z2A, — ¢(y)?A, —2tx2A, — 2(¢(x), p(y))A, and
22A, — o(x)?A respectively, so the quadratic equation for s shows that the latter ex-
pression vanishes. This shows that (co(z) + csp(y))? = 22 as desired.

Let u € (Rz @ Ry)* be given. As in the proof of Lemma 1.1, we can find, using
Cramer’s rule, the coefficients of ¢(x) and ¢(y) which should be subtracted from ¢(u)
in order to obtain a vector perpendicular to ¢(z) and ¢(y). These coefficients are of the
form %, hence lie in R, and in fact in I5,(2). We define a map ¢ : M — N by sending
z to cp(x) + csp(y), y to w(y) + tp(x), and u € (Rx ® Ry)* to ¢(u) modified by the
appropriate multiples of ¢(x) and ¢(y). The map 1 is an isomorphism of Rx & Ry onto
its image Ryp(x)® Ry(y) and it takes (Rz® Ry)* onto the orthogonal complement of the
latter space. In addition, (v(u), ¥ (w)) = (u,w)(mod I) for every u and w in (Rx ® Ry)*
by arguments similar to the previous case, using the orthogonality of ¥ (u) and ¥ (w) to
¢(z) and to p(y).

In both cases M decomposes as K @& K+ and we have altered ¢ to a map ¢ which
is an isomorphism on K and preserves the orthogonality between K and K. Since the
restriction of ¢ to K (denoted 1| k1 ) becomes an isomorphism when reducing modulo I,
the induction hypothesis allows us to alter 9|z . to an isomorphism 7 : K+ — (K=).
The map which takes € K to ¢(z) and u € K+ to n(u) is the desired isomorphism
from M to N. O

We note that in each induction step in Theorem 1.5 the element ¢ — 1 of R, as
well as s and ¢ in the second case, lie in I, (). Moreover, the coefficients we use when
changing the map on the orthogonal complement in each step lie in I3, (2). This proves
the stronger statement, that reducing any “isomorphism-up-to-I” modulo the (larger)
ideal I,(9) yields the image (modulo I,s)) of a true isomorphism from M to N.

2. Uniqueness of the decomposition if 2 € R*

We recall that for odd p there are two isomorphism classes of unimodular p-adic
lattices of rank n, and the isomorphism classes correspond to the possible values of the
Legendre symbol of the discriminant of the lattice over the prime p (see, for example,
Section 3 of [17]). Then the decomposition of a general p-adic lattice as described in
Section 1 allows us to define the symbol of the p-adic lattice, which is an expression
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of the form [];~,(p*)*™* with nj € N being the rank of the uni-valued component of
valuation k and e, € {£1} is the appropriate Legendre symbol. Moreover, the possible
symbols are in one-to-one correspondence with isomorphism classes of p-adic lattices. We
now use a simple argument to show that a similar assertion holds over any 2-Henselian
valuation ring (of arbitrary rank) with a finite residue field in which 2 is invertible.

Following Section 4 of [12], we define, for a decomposition of M as an orthogonal
direct sum K & L, the reflection corresponding to this decomposition to be the map
r: M — M which takes x € K to x and y € L to —y. This map is an involution, which
preserves the bilinear form on M. First we prove

Lemma 2.1. Let R be a valuation ring in which 2 € R*, let M be an R-lattice, and let x
and y be elements in M having the same norm. Let v be the valuation of this common
norm, and assume further that the norm of any z € M is at least v. Then there is a
reflection on M taking x to y.

Proof. Write z = u4+w and y = u—w for u = x—;y and w = *5¥. The norm equality 2% =
y? implies u L w, hence this common norm equals u?4w?. Under our assumption on v we
have v(u?) > v, v(w?) > v, and v(u?+w?) = v, whence at least one of the two inequalities
is an equality. Since 2 € R*, the proof of Corollary 1.3 shows that the 1-dimensional
sublattice generated by the corresponding element (u or w) satisfies the conditions of
Lemma 1.2, giving a decomposition of M. Observing again that u | w, we find that
if v(u?) = v then the reflection with respect to the decomposition M = Ru @ (Ru)*
gives the desired outcome, while if v(w?) = v we can use the one corresponding to the
decomposition M = (Rw)* @ Rw. This proves the lemma. O

As an application of Lemma 2.1 we deduce

Corollary 2.2. Every automorphism of a rank n lattice M over a valuation ring R such
that 2 € R* is the composition of at most n reflections.

Proof. We apply induction on n, the case n = 1 being trivial (since Aut(M) is just {£1}
in this case). Corollary 1.3 yields an orthogonal basis for M, and let « be an element
of this basis whose norm has minimal valuation. Given an automorphism f of M, the
elements x and f(z) of M satisfy the conditions of Lemma 2.1, hence there exists a
reflection r on M taking f(z) to x. Lemma 1.1 implies M = Rz @ (Rx)*, and the
composition ro f fixes x, hence restricts to an automorphism of (Rz)*. By the induction
hypothesis, the latter automorphism is a composition of at most n — 1 reflections on
(Rx)*, and by extending each such reflection to M by leaving  invariant we obtain that
r o f is the composition of at most n — 1 reflections on M. Composing with r=! = r
completes the proof of the corollary. O

Next we prove a special case of the Witt Cancellation Theorem, which holds for lattices
over any valuation ring in which 2 is invertible.
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Proposition 2.3. Let M and N be lattices over a valuation ring R in which v(2) =0, and
define v = min{v(M),v(N)}. Let L be a rank 1 lattice spanned by an element x whose
norm has valuation not exceeding v, and assume that M & L and N & L are isomorphic.
Then the lattices M and N are isomorphic.

Proof. Let f : M@ L — N @ L be an isomorphism. The elements Ox + = and f(0ps + )
of N & L satisfy the conditions of Lemma 2.1, yielding a reflection r on N & L taking the
latter element to the former. Writing g = r o f, we obtain an isomorphism from M & L
to N @ L which takes the direct summand L of the first lattice onto the direct summand
L in the second one. This isomorphism must therefore take M isomorphically onto NV,
which proves the proposition. O

Proposition 2.3 generalizes a special case of Theorem 1 of [7], with a simpler proof.
We can now prove the main result for the case v(2) = 0:

Theorem 2.4. Let M and N be lattices over a 2-Henselian valuation ring R such that
2 € R*. Decompose M and N, using Proposition 1.2, as @221 My, and @;_, Ny re-
spectively. If M = N then t = s and for any k we have My = Ny (and in particular
v(My) = v(Ng))-

Proof. The ranks of M and N must be equal, and we apply induction on this common
rank. The case of rank 1 is immediate. Let y € M; be a basis element as in Corollary 1.3.
Then v(y?) is minimal in M, and let w € N be an element having the same norm as y
(such w exists since M = N). v(w?) is also minimal in N, hence v(Ny) = v(M).
Write w = Y7, wy with wy € Ny for any 1 < k < s. T2he minimality of v(w?)
implies v(w?) > v(w?) for any k > 2. Thus, the image of w7 modulo Iy is 1. Since
v(2) = 0, Lemma 1.4 yields the existence of ¢ € R* such that w? = ¢?
z = cw; € Ny has the same norm as y. Lemma 1.1 allows us to write M as Ry @ (Ry)*

w3, so that

and N as Rz @ (Rz)*. Let L be a rank 1 lattice generated by an element x having the
same norm as y and z. The sublattices (Ry)t of M and (Rz)% of N, together with
this element x, satisfy the conditions of Proposition 2.3 (indeed, M = L & (Ry)* and
N = L @ (Rz)* are isomorphic, and the valuation condition holds by our choice of y
and 2), so that (Ry)* = (Rz)* by that proposition. Applying Lemma 1.1 to M; with y
and to Ny with z yields the decompositions My = Ry & (Ry)y;, and Ny = Rz & (Rz)y, ,
where the orthogonal complements (Ry)z;, and (Ry)y, are uni-valued with valuation
v(My) = v(N1). Therefore we can write (Ry)™ = (Ry)3;, @ @i _, My, and (Rz)* =
(Rz)]{-,1 ® @P;_, Ni as uni-valued decompositions with increasing valuations, and the
induction hypothesis implies t = s, My = Ni for k > 2, and (Ry)JJM1 % (Rz)fgl. As
Ry = Rz as well, we deduce also M7 = N, which completes the proof of the theorem. 0O

The Witt Cancellation Theorem for 2-Henselian valuation rings in which 2 is invertible
follows as
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Corollary 2.5. Let M, N, and L be three lattices over such a ring R. f M@ L= N® L
then M = N.

Proof. Write M = @Zzl My, N = @221 Ni, and L = @};zl L;, as in Proposition 1.2,
where we assume that v(My) = v(Ng) = v(Lg) for any 1 < k < t (allowing empty
components if necessary for such a unified notation). Then we can write M @® L and
N&®Las @ _,(M,®Ly) and @)_, (N ® L), both being decompositions to uni-valued
lattices of increasing valuations. Theorem 2.4 yields M@ Ly = Np®B Ly forany 1 < k < t,
and we claim that My = Ny for every such k. One way to establish this assertion is by
dividing the bilinear forms on M}, Ni, and Ly by a suitable element of R to make them
unimodular, and then use the Witt Cancellation Theorem for unimodular lattices proved
in Theorem 4.4 of [12]. Alternatively, Ly has an orthogonal basis by Corollary 1.3, and
we can “cancel” these basis elements iteratively using Proposition 2.3 since the valuation
condition is satisfied. In any case, this assertion implies M = @2:1 My, = @2:1 N, =N
as desired. O

Theorem 2.4 generalizes Theorem 4 of [5] to (2-Henselian) valuation rings of arbitrary
rank, and Corollary 2.5 generalizes Theorem 2 of [7] and Theorem 5 of [5] to this case,
again with simplified proofs.

There are classical examples showing that without the condition 2 € R*, both The-
orem 2.4 and Corollary 2.5 no longer hold. Over Z, the lattice M generated by two
orthogonal elements of norms 1 and 2 is isomorphic to the lattice N having an or-
thogonal basis consisting of vectors of norms 3 and 6. Since v(1) = v(3) = 0 and
v(2) = v(6) =1but 2 =5 =3 ¢ (Z3)?, this example demonstrates that Theorem 2.4
fails for R = Zy (for the analysis of Zy-lattices, see [8]). Still over Z, taking 2% = y? =0
and (x,y) = 22 = t = 1 in the proof of Corollary 1.3 shows that adding an orthog-
onal norm 1 vector to the hyperbolic plane generated by two norm 0 vectors x and y
with (z,y) = 1 (denoted My in the notation of Sections 3 and 4) one obtains a lattice
admitting an orthonormal basis consisting of three elements with norms 1, 1, and —1
respectively, which gives a counter-example to Corollary 2.5 over Zs. The 2-Henselianity
is also important: Consider the ring Z,z obtained from Z by localizing in the prime ideal
pZ for some odd prime p. It is a discrete valuation ring with quotient field IF,, of odd
characteristic, which is not complete. As in the first example over Zy, the lattice gener-
ated by two orthonormal vectors of norms 1 and p also admits an orthogonal basis whose
norms are 1+p and p+p?, and unless 1+ p is a square in Z, this shows that Theorem 2.4
does not hold over Z,z (in case 1 + p is a square, one may use a similar argument with
1+ t2p for other t € Z fur this purpose). As for the general Witt Cancellation Theorem
for valuation rings which are not 2-Henselian but with 2 € R*, finding counter-examples
seems complicated, in view of Proposition 2.3 and the fact that the Witt Cancellation
Theorem holds in general when M, N, and L all have rank 1. We leave this question for
further research.
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Theorem 2.4 shows that the classification of general R-lattices (for R a 2-Henselian
valuation ring with 2 € R*) reduces to the classification of unimodular R-lattices in the
following sense. For every v > 0 fix some element o, € R with valuation v, with oy = 1.
By Theorem 2.4 every R-lattice M can be written uniquely up to an isomorphism as
@D, M,(o,) with M, unimodular such that M, = 0 for all but finitely many v. Moreover,
in this case the unimodular lattices are determined up to isomorphism by their (non-
degenerate) restriction to the residue field F of R (see, for example, Theorem 1.5—mote
that v(2) = 0 by our assumption on R and v(M;) = 0 by unimodularity). Hence, the
classification of R-lattices simplifies to the classification of lattices over the field F, whose
characteristic differs from 2, for which many methods have been developed. For general
fields this problem is not at all simple: For example, for IF a global field the isomorphism
classes depend on all the completions of F. However, if F is finite then the isomorphism
class of an F-lattice M is determined by its rank and sign (i.e., the image of the de-
terminant of a Gram matrix of a basis of M in the order 2 group F*/(F*)?)—see, for
example, Proposition 5 in Chapter IV of [15]. Let 1°" denote a unimodular R-lattice
(R as above, with a finite residue field F) whose restriction modulo Iy has rank n and
sign ¢ € F*/(F*)? = {41}. Using the shorthand ¢<" for 1°(o,), we have thus proved

Proposition 2.6. Any isomorphism class of lattices over a 2-Henselian valuation ring R
with finite residue F of odd characteristic contains a unique representative of the form
@D, o5 (where the direct sum is finite).

Proof. The existence of such a representative follows from Proposition 1.2 and the fact
that every uni-valued R-lattice is (up to isomorphism) of the form oZ»" for unique v, n,,
and e, (see the previous paragraph). The uniqueness follows from Theorem 2.4. This
proves the proposition. O

In the case where R is a discrete valuation ring we can take o, for v € N to by the vth
power of a uniformizer w of R. In particular, Proposition 2.6 yields the known symbols
for lattices over p-adic rings (for odd p), but it holds in much greater generality.

3. Unimodular rank 2 lattices

Corollary 1.3 implies that there are only two types of lattices over a valuation ring
R which are indecomposable (namely, cannot be written as the orthogonal direct sum of
two proper sublattices). Such a lattice is either generated by one element, or is spanned
by two elements z and y such that v(x,y) is strictly smaller than the valuations of the
norms of both z and y. Both such lattices are uni-valued, hence (after fixing a, for each
possible valuation v) it suffices for the description of the isomorphism classes of such
lattices to consider just unimodular lattices. For rank 1 lattices the task is easy: Each
isomorphism class of unimodular rank 1 lattices corresponds to an element of R*/(R*)?,
which is the norm of a generator of a lattice in this isomorphism class. We consider
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2 since multiplying the generator by ¢ € R* yields a generator for

classes modulo (R*)
the same module, with norm multiplied by ¢2. In fact, if the unimodularity assumption is
relaxed, the isomorphism classes of non-degenerate rank 1 lattices correspond to classes
in (R\ {0})/(R*)?, and these assertions hold over any integral domain R.

We now consider unimodular rank 2 lattices, in which the basis elements z and y
satisfy (z,y) € R*. In fact, every unimodular rank 2 lattice L over a valuation ring
admits such a basis: If for a given basis x and y of L we have (z,y) ¢ R* (i.e., (z,y) € Ip)
then without loss of generality unimodularity implies v(2?) = 0. Thus, x and x +y form
a basis for L such that (z,z +y) € R*. Multiplying = or y by an element of R*, we may
assume (z,y) = 1.

Given o and 8 in R, we denote the rank 2 lattice spanned by elements x and y with
22 = «, (z,y) = 1, and y*> = 8 by M, . Without loss of generality, we always assume
v(a) < v(B). An interesting question, which will be answered under some assumptions in
Section 4 below, is finding necessary and sufficient conditions on «, 3, v and § such that
M, g = M, s. The present section is devoted to the description of the lattices M, g, and
is divided into three subsections. In Subsection 3.1 we classify the lattices M, ¢ and prove
a technical lemma which will later have various applications. Subsection 3.2 considers
conditions for existence of a primitive element with norm of maximal valuation in M, g.
Finally, Subsection 3.3 defines the generalized Arf invariant of such a lattice (under this
maximality assumption on ) and proves that it is an invariant of the isomorphism class
of the lattice. Unless stated otherwise, R is a 2-Henselian valuation ring.

3.1. Isotropic lattices and general technicalities

Recall that a non-zero norm 0 vector is called isotropic, and a lattice is called isotropic
if it contains an isotropic vector. Our first observation is

Lemma 3.1. If v(a) + v(B) > 2v(2) then M, g is isotropic.

Proof. Write (y + tz)? = at? + 2t + 3. Then the coefficients A = a, B = 2, and C = f3
satisfy the condition of Lemma 1.4. Hence there exists some ¢ € K which annihilates
this expression, and the inequality v(C) > v(B) (which follows from v(a) < v(f5) and
v(a) +v(B) > 2v(2)) implies that we can take t € R (and even ¢ € I). The vector y + tz
of M, g is then isotropic, which proves the lemma. O

We now prove another assertion about the possible values of norms of elements of
M, 5 having minimal valuation under certain conditions. In the case v(2) > 0 the Artin—

Schreier map p : F — F is defined by p(z) = 22

— . It is an additive homomorphism
on F, whose kernel is the prime subfield Fo C FF, and its image is denoted F 4. By some
abuse of notation, the map from R to R defined by the same formula = — 22 — 2 will be
also denoted p, though it is no longer a homomorphism of additive groups. We denote

p(R) by Rygs. First we need

Lemma 3.2. Ify € R then y € Rags holds if and only if y + Iy € Fag.
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Proof. If y = p(z) then y + Iy = p(z + Iy). Conversely, if y + Iy = p(x + Ip) for some
x € R then substitute t = s + x in the polynomial f(t) = t* —t — y in order to obtain
g(s) = 82— (1—2x)s+ (22 —z—y). The coefficients A =1, B=2z—1,and C = 22—z —y
satisfy v(AC) > v(B?) since v(C) > 0 and v(A) = v(B) = 0 (recall that 2 € Iy). Hence
Lemma 1.4 yields a root s € Iy C R of this polynomial. The element x4 s of R (with the
same F-image as x) satisfies p(z + s) = y, which completes the proof of the lemma. 0O

We now prove an important technical result which will be needed later.

Lemma 3.3. Let a and 5 be two elements of R such that v(5) > v(2) and v(B) > v(w).
We define the set T to be (R*)*-(a+2R) in case v(B) > v(2) and as (R*)?- (a+ %RAS)
if v(B) = v(2). (i) If v(a) > v(2) and v(B) > v(2) then T = 2R, and this is the set of
all norms of elements in My . (%) In the case v(2) > v(a) the set T consists of all the
norms of elements of M, g having minimal valuation, which then equals v(c). (iii) In
the boundary case v(f) = v(2) = v(a) an element lies in T precisely when it is the norm
of a primitive element of M, g.

Proof. First we show that an element of R lies in T if and only if it is the norm of some
element z € M, g of the form z = cx + dy with ¢ € R*. Indeed, such an element of
M, s can be written as c(z + sy) with s € R, and its norm ¢*(a + 2s + s?3) is of the
form ¢?(a + 2r) since 2|3. Moreover, if v(3) = v(2) then by writing s = —%x we find
that r = %p(x) € %RAS. Conversely, given 7 and ¢ we need to show that c?(a + 2r)
can be obtained as the norm of such z € M, g. By writing z = c¢(z + sy) again this
assertion reduces to finding s € R such that r = s 4+ 32% Consider the polynomial
fls) = §52 +s—r. If v(B) > v(2) and r is arbitrary, then the coefficients A = g € Iy,
B =1¢€¢ R*, and C = —r € R satisfy the conditions of Lemma 1.4, yielding a solution
s € R (of valuation v(£) = v(r) > 0). On the other hand, if v(8) = v(2) and r € %RAS
then the substitution s = —%t takes f(s) to the form %(t2 —t+ gr), which has a root ¢
by our assumption on r.

Now, if v(8) > v(2) and v(a) > v(2) then T = 2R, and since for every element
z = ax + by € M, the three terms a®«, 2ab, and b*3 of 22 are divisible by 2, we
obtain T = {2% | 2 € M, g}. This proves (i). On the other hand, assume v(a) < v(2),
and let z € M, g be an element whose norm has the same valuation as a. We write
z = cx + dy, and if ¢ € Iy then the three terms ca, 2cd, and d?B of (cx + dy)? lie in
I()- Since this contradicts the assumption v(z?) = v(a) we deduce ¢ € R*, and we
have already seen that z? € T for such z. This proves (ii). It remains to consider the
case v(f) = v(2) = v(a). In this case a primitive element of M, g not considered in the
above paragraph takes the form z = h(y + tx) with h € R* and ¢ € I, and satisfies
2% = h?(B+ 2t + t?a). But the element w = h[(2 + t)z — y| has the same norm as z and
the coefficient of  in w is in R* (since 2 € R* and ¢ € I), so that the norm of z lies in
T for such z as well. This proves (i) and completes the proof of the lemma. 0O
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We remark that the element w € M, g defined at the end of the proof of Lemma 3.3
is the image of z under the reflection with respect to z, taking u € M, g to u — 2(’;—"”%
This element is well-defined as an automorphism of M, g since 2 € R, though it is not a
reflection with respect to a decomposition since M, g does not decompose as Rz ® (Rx)*
if v(a) > 0.

The proof of parts (i) and (i) of Lemma 3.3 allows us to classify isotropic rank 2

unimodular lattices over any valuation ring (not necessarily 2-Henselian):

Proposition 3.4. Let R be any valuation ring. The lattices My,o and M, o are isomorphic
if and only if v = c*(a + 2r) for some ¢ € R* and r € R. Therefore the isomorphism
classes of isotropic unimodular rank 2 lattices are in one-to-one correspondence with the
set (R/2R)/(R*)?.

Proof. The only place where we used the 2-Henselian property of R in the proof of
Lemma 3.3 was in our search for a solution to the equation gsg + s =r for r € R. But if
B8 =0 then s = r is a solution, so that Lemma 3.3 with 8 = 0 holds over any valuation
ring R. Thus, if 2 and y form the basis for M, o as above then c(x +ry) and £ span the
same lattice and define an isomorphism with M., o for v = ¢?(a+2r). It remains to show
that if M, o = M., o then v = ¢®(a+2r) for some r € R and ¢ € R*. If 2|« then v, as the
norm of some element of M, g, is divisible by 2 (the proof of Lemma 3.3 again), which
completes the proof for this case. Assume now v(c) < v(2). The isomorphism from M, o
to Ma,o takes the isotropic generator of M, ¢ to a primitive isotropic vector w € Ma, o,
which can be either £ or %(y — %x) for ¢ € R*. The other basis vector of M, o must be
taken to some z € M, ¢ with (z,w) = 1. In the first case we have z = ¢(z + ry) for some
r € R, and the norm of z is ¢*(a + 2r) as shown above. Otherwise w = 2(y — 2z), and
writing z = ax + by with a and b in R, the equality (z,w) = 1 implies a = —c — %b. It
follows that z takes the form —cz + b(y — 2z) for some b € R, and its norm ¢ — 2bc
also has the asserted form. This proves the proposition. O

The reflection with respect to x appears implicitly also in the proof of Proposition 3.4,

since it takes the element ¥ of M, o to (y — 2z).

We remark that if a € R* then M, is decomposable, since the elements x and
t = x — ay are orthogonal and have the norms « and —a« respectively. Conversely,
a direct sum of two unimodular rank 1 lattices which is isotropic must be of this form: If
z and w are perpendicular and have norms in R* then for some combination az + bw to

have be isotropic we must have a?2? = —b?w?. Hence v(a) = v(b), and by replacing w by
b
a

implies the following

u = 2w we obtain a generator u for Rw such that u? = —2z2. Therefore Proposition 3.4

Corollary 3.5. For o € R* (R being any valuation ring) denote Hy o the lattice generated
by two orthogonal elements of norms o and —a. Given o and v in R*, the relation
Ho o = H., o holds if and only if v = c2a+2r for c € R* and r € R.
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Proof. The previous paragraph shows that for any o € R* the lattices H, o and My0
are isomorphic. Hence the assertion follows from Proposition 3.4. 0O

In particular, if v(2) = 0 then R/2R is trivial, and Proposition 3.4 implies that every
isotropic unimodular rank 2 lattice over R is a hyperbolic plane (namely, a lattice iso-
morphic to My o in the notation of Proposition 3.4). This statement is in correspondence
with the results at the end of Section 2, since the same assertion holds over F if the
characteristic of F is not 2. Corollary 3.5 implies in this case that all the lattices of the
form H, ¢ with o € R* are isomorphic. On the other hand, if v(2) > 0 then the elements
of (Io/2R)/(R*)? correspond to indecomposable isotropic unimodular lattices of rank 2.
If v(2) = 0 then Iy/2R is not well-defined and can be considered as the empty set (since
Iy is the complement of R* and the image of R* in R/2R is the entire set R/2R), which
corresponds to the fact that there exist no indecomposable rank 2 lattices in this case
(Corollary 1.3 again).

3.2. Primitive vectors with norms of mazimal valuation

The anisotropic case is more delicate. Lemma 3.1 allows us to restrict attention to
the case v(a) +v(8) < 2v(2) when we consider anisotropic lattices. The following lemma
will turn out useful in what follows.

Lemma 3.6. If v(a) 4+ v(B) < 2v(2) then the valuation of the norm of a non-zero element
of My g of the form tz + sy with t and s in R can be evaluated as min{v(t?a),v(s*B)},
provided that the two terms t>a and 2B have different valuations. In case v(t?a) =
v(s2B) and v(a) +v(B) < 2v(2), the valuation of (tx + sy)? is larger than the common
valuation of t2a and s if and only if v(t?a + s28) > v(t?a) = v(s?p).

Proof. The element in question has norm t?«a + 2st + s?3, and we claim that v(2st) >
min{v(t?a),v(s?>8)} under our assumptions. If s = 0 this is clear, so assume s # 0.
Now, assuming by contradiction that v(2st) < v(s%8) and v(2st) < v(t?a), we obtain
the inequalities v(£) < v(g) and v(%) > v(2), the combination of which yields v(g) >
v(2). But the latter inequality implies v(a) + v(8) > 2v(2), and this may occur with
v(a) +v(B) < 2v(2) only if v(a) + v(B) = 2v(2) and v(t?a) = v(s%3), a case which we
have excluded in our assumptions. This establishes the claim. It follows that comparing
v((sz + ty)?) with min{v(t?a),v(s*8)} is the same as comparing v(t?a + s%3) with that
minimum, which completes the proof of the lemma. O

If (o) < v(2) (and v(a) < v(B), as always), then x is a primitive element of M, g
whose norm has minimal valuation. This is obvious, since the three terms appearing
in the expansion of the norm of any element ax + by of M have valuations of at least
v(a). Maximal valuation is a more complicated property, whose existence is guaranteed
only under some conditions on R in Proposition 3.10 below. We shall restrict attention,
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from now on, only to those lattices M, g which do contain such elements. Henceforth,
we assume in our notation My g that B, as a norm of a primitive element of My g, has
mazximal valuation. For the characterization of such lattices, we need a parity notion for
elements of the value group I'. We call an element of I" even if it is divisible by 2 in I
(namely, if it is the valuation of an element of (K*)?), and odd otherwise. A distinguished
class of elements of even valuation is given in the following

Definition 3.7. An element a of even valuation is called an approzimate square if a =
b?(mod I,(,)) for some b € R. If v(a) = 0 we call a a residual square. Given an even
valuation u, we let J, be the union of the ideal I,, with the set of approximate squares
of valuation u.

The condition that v(a) is even in Definition 3.7 is in fact redundant, since no element
of odd valuation can satisfy the required property for being an approximate square. We
claim that if v(2) > 0 then the sets J, for even u are additive subgroups of R. Indeed,
Jo is just the inverse image of F? (including 0) under the projection from R to F; It is
a group since z — x? is additive on a field of characteristic 2 and F? is just the image
of this map. In the general case we observe that if a € R has even valuation u then a is
an approximate square if and only if % is a residual square for some (hence any) o € R
with 2v(o) = u. Hence J, = 02Jy for any such o, showing that it is also a group. As
I, C J,, we may allow ourselves the slight abuse of notation by referring as approximate
squares also to images in R/I, of approximate squares of valuation u, and this remains
well-defined. We remark that the natural definition of .J,, for an odd valuation u is just I,
since there are no approximate squares of valuation wu.

In our examination of lattices M, g with primitive vectors of norms with maximal
valuation we shall distinguish among the cases v(a) + v(8) < 2v(2) and v(«) + v(8) =
2v(2).

Proposition 3.8. The case v(a)+v(B) < 2v(2) and v(B) is mazimal occurs precisely when
the element g of R is not an approximate square. More explicitly, if v(a)+v(B) < 2v(2)
then v(B) is mazimal either when v(g) is odd, or when v(g) is even but % + Iy is not
n (F*)2 for some (hence any) o € R with 2v(o) = fu(g), but in no other case.

Proof. A primitive element z € M, g takes either the form c(y + tz) with ¢ € R and
¢ € R* or the form c(z + sy) with s € Iy and ¢ € R*. For the valuation of the norm
of z, we can assume ¢ = 1. For the norm of an element of the form z + sy, the fact that
v(B) > v(a) and s € I allows us to apply Lemma 3.6, which yields that the valuation
of this norm is just v(a). As for z = y + tz, Lemma 3.6 shows that the valuation of 2>
is min{v(B),v(t?a)} unless v(B) = v(t?a) and the sum 3 + t2a has larger valuation. If
v(g) is odd then the equality v(3) = v(t?a) cannot be achieved, hence any primitive
z has norm of valuation at most v(3). Otherwise we take t = or for ¢ as above and
r € R*, and 3 + t?a has valuation larger than v(f3) if and only if 1 + 72 - aTg2 € Iy. The
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maximality of v(3) is thus equivalent to 1 + 72 - %’2 being in R* for every such r, and
since 2 must be in Ij to allow v(a) +v(8) < 2v(2), the latter condition forbids the image
of % modulo Iy to belong to (F*)2. This proves the proposition. 0O

It is clear that Proposition 3.8 can be stated in terms of properties of the product a3
rather than the quotient g

Corollary 3.9. If the residue field F of R is perfect then the situation described in Propo-
sition 3.8 occurs only if v(g) is odd.

Proof. T is of characteristic 2, and it is perfect if and only if (F*)? = F*. Hence the
second setting in Proposition 3.8 cannot occur in this case. O

Using Proposition 3.8, we derive a condition on R assuring the existence of a primitive
element whose norm has maximal valuation in every R-lattice M, g. We recall that an
extension L of K with a valuation w on L such that w|g = v is called immediate if
w(L) = I'" and the quotient field S/.Jy, with S the valuation ring of (L, w) and Jy the
maximal ideal in S, is isomorphic to F.

Proposition 3.10. Assume that K admits no quadratic immediate extensions. Then every
lattice M, g contains a primitive element whose norm has mazimal valuation.

Proof. Let M, g be a lattice without such an element. First we observe that v(a)+v(8) <
2v(2). For if v(«) + v(B) > 2v(2) then M, g is isotropic by Lemma 3.1, and the norm
of an isotropic vector has maximal valuation co. Moreover, if v(a) + v(5) = 2v(2) then
the fact the [ is not maximal allows us to find a primitive element of norm § with
v(0) > v(B). This implies M, g = M, 5 for some v with v(vy) > v(e), and we are again
in the isotropic case.

Now, a primitive element of M, 3 whose norm has valuation larger than v(«) must
be of the form z = ¢(y + tz) for some ¢ € R* (see the second paragraph of the proof
of Lemma 3.3), and again we can take ¢ = 1 since we are interested only in v(z?). We
now construct a sequence of elements z, = y + t,x, for ¢ in some maximal well-ordered
set X, whose norms 3, = 22 satisfy v(3,) > v(8,) for 7 > 0. We do this using transfinite
induction, starting with tg = 0, zg = y, and By = [. Assume that we constructed z,
for 0 € X. If X has a maximal element 7, then we can find some ¢;,; such that z,14
has norm f,4; with valuation bigger than v(8;) (since 8, is not maximal). Then the
index 7 4 1 increases Y. If X' does not contain any maximal element, but there exists
some primitive element of M, g having norm with valuation exceeding v(f,) for every
o € X, then we saw that this element can be written as z, = y + t,x, and we increase
X’ by adding 7 as a new maximal element. We stop when it is impossible to add further
elements to Y. The fact that we take elements from a fixed lattice implies that this
transfinite process must terminate. We thus obtain a well-ordered set X', having no last
element, and ¢, for each o € X' such that v(8;) > v(8,) for every 7 > ¢ in X, and such
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that no primitive element of M, g has norm with valuation exceeding v(53,) for every
oel.

We claim that {t,},cx is an algebraic pseudo-convergent sequence in R, with no
pseudo-limit in R (see Definitions 10, 12, and 15 in Section 2 of [14]). Indeed, let ¢ and
7 be elements of X' with o < 7, and write z; = z, + (t; —to)z. As v(a) +v(8s) < 20(2),
Lemma 3.6 implies that v(8,) = v((t; —t,)?a), for otherwise the condition v(8,) > v(f,)
cannot be satisfied (the fact that (x,z,) equals 1 + t,« rather than 1 does not affect
the validity of Lemma 3.6). As in the proof of Proposition 3.8 we obtain that v(%”) is
even and equals 2v(t; — t,) for each 0 € X. Hence v(t; — t,) = 1, with 7, € I" strictly
increasing with o (as 279, = v(%)), which shows that {¢,},cx is pseudo-convergent.
Moreover, 3, = f(t,) for f(t) = B+ 2t + at?, and since v(f3,) strictly increases with o,
the algebraicity of {t, },cx follows. Had this pseudo-convergent sequence a pseudo-limit
s € R, a similar argument would show that y + sz has norm § with v(6) > v(5,) for
every o € X, contrary to our assumption on Y. Then Lemmas 12 and 19 of Section 2 of
[14] yield a quadratic immediate extension IL of K generated by adding a pseudo-limit to
this sequence, in contradiction to our assumption on K. This contradiction shows that
M, g must contain a primitive element with maximal valuation. O

In particular, Proposition 3.10 shows that if K is maximally complete (i.e., admits
no immediate extensions at all) then every lattice M, s contains a primitive element of
norm with maximal valuation. The proof of Proposition 3.10 also shows that any lattice
M, g contains such a primitive element in case the set of positive v € I" which are smaller
than 2v(2) is finite (e.g., when I' = Z), a fact which is also easily verified directly.

The conditions for v(a) + v(5) = 2v(2) > 0 are somewhat different.

Proposition 3.11. If v(a) + v(B8) = 2v(2) then v(B) is mazimal if and only if %ﬁ €
R*\ Rys.

Proof. The condition v(a) + v(8) = 2v(2) implies that ¢ = —% € R*. As in the
proof of Proposition 3.8, we may restrict attention to norms of elements of the form
z = y+tx € M, g, and the norm of such an element has valuation either v(t?a) or
v(B3) unless v(t) = v(2) (which is equivalent here to 2v(t) = v(g)) We therefore write
t=—25 (with s € R*), and then 2% = 2(s> —s—¢). As v(2) = v(3), the valuation of 2
exceeds v(f) if and only if € + Iy = p(s + Ip). Since z is primitive and s € R is arbitrary,
we find that v(8) is maximal if and only if —e + Iy = e + Iy ¢ F 45, which is equivalent,

by Lemma 3.2, to the desired condition —e ¢ R 4g. This proves the proposition. O

Corollary 3.12. If p is surjective (in particular if F is algebraically closed) then any lattice
My, 5 with v(a) + v(B) = 2v(2) is isotropic.

Proof. The proof of Proposition 3.11 shows that v(f) cannot be maximal, since we can
take s € R such that v(s*—s—e) > 0. But this shows that M, g = M, s with v(5) > v(8)
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(take the basis z and Y12 with t = — 25 as in the latter proof). Since v(a)+v(8) > 2v(2),

Lemma 3.1 shows that this lattice is isotropic. This proves the corollary. 0O
3.8. Generalized Arf invariants

Following Lemma 3.1 and Propositions 3.8 and 3.11, we define, under the assump-
tion that v(2) > 0, the following invariant of a unimodular rank 2 lattice containing a
primitive element with norm of maximal valuation.

Definition 3.13. Let M, 5 be a unimodular rank 2 lattice over R such that 3 has maximal
valuation. We define the generalized Arf invariant of M, g as follows:

1. If M, g is isotropic (i.e., S = 0), define the generalized Arf invariant to be 0. This is
called a vanishing generalized Arf invariant.

2. If v(a) +v(B) < 2v(2) and is odd, then we define the generalized Arf invariant of
M, g to be the class aff + I, (o). These generalized Arf invariants are called odd.

3. In the case where 0 < v(a) +v(8) < 2v(2) and is even, the generalized Arf invariant
of My, is defined to be the (non-zero) class aff + Jy(ap) (modulo the group of
approximate squares of valuation v(af3)). This type of generalized Arf invariants is
called even.

4. In case v(a) + v(8) = 2v(2) we take the generalized Arf invariant of M, g to be the
image of af in 4R/4R 5. These are called eract generalized Arf invariants.

We remark that the odd and even cases in Definition 3.13 may be unified, since we saw
that for odd u the natural definition is J,, = I,,. For the exact case, the group 4R/4R s
in question is the image of F/F 45 (depending only on F) arising from multiplication by
4 on R and projecting onto the appropriate quotient.

The importance of the generalized Arf invariant from Definition 3.13 is revealed in
the following

Proposition 3.14. The generalized Arf invariant is an invariant of the isomorphism class
Of Ma,ﬁ .

Proof. The valuations of o and  are well-defined by the minimality and maximality
assumptions. Denote v(a) 4+ v(3) by u. Recall that the discriminant of M, g is =1+ a8,
and we consider its class modulo (R*)%. If M, s & M, 5 then 1 — af = ¢*(1 — 74), and
since 3 and § lie in Io, it follows that ¢ € 1+ Iy hence ¢ € 1 + Iy. If u > 2v(2) then
Lemma 3.1 implies u = oo, f = § = 0, both discriminants are —1, and both generalized
Arf invariants are 0. Hence the assertion is immediate in this case. Assume now that
u < 20(2), and write ¢ = 1 — h with h € Iy. By taking the images on both sides modulo
I,, and noting that ¢?>yd = y§(mod I,) we obtain

76 = h? — 2h + aB(mod I,).
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We shall consider the cases v(h) > v(2) and v(h) < v(2) separately. Recall that I,, C J,
for even w and I, 9y € 4R g, so that the condition v0 = af(mod I,,) yields the asserted
conclusion for any (non-vanishing) generalized Arf invariant.

Now, as u < 2v(2), if v(h) > v(2) then h? —2h € I, and vd = af(mod I,,). The same
argument holds if v(h) = v(2) and u < 2v(2). The remaining case in which v(h) > v(2)
is where v(h) = v(2) and u = 2v(2). We write h = 2¢ with ¢t € R, and the congruence
shows that the difference between v and af is 4p(t) modulo I5,(9). Proposition 3.11
shows that o + 4p(t) is not in Iy, for any ¢t € R, so that the corresponding class
is non-zero, and Lemma 3.2 completes the proof of this case. Hence the assertion holds
wherever v(h) > v(2).

We now consider the case where v(h) < v(2), which implies v(2h) > 2v(h). It follows
that if 2v(h) < w then the congruence cannot hold. This establishes the inequality
2v(h) > u, which in particular completes the proof for exact generalized Arf invariants.
We also have 2h € I, and we may omit it from the congruence. Thus, if 2v(h) > u
then we again have v = af(mod I,,), which in particular completes the proof for the
case of odd w since 2v(h) > w implies 2v(h) > u in this case. It remains to consider the
case where u < 2v(2) and is even, and 2v(h) = u. But our congruence shows that the
difference v§ — a3 is h? modulo I,,, and as 2v(h) = u this difference belongs to .J,. As
Proposition 3.8 implies that the class of af + J,, is non-zero, this completes the proof of
the proposition. O

The case u = 2v(2) in Proposition 3.14 generalizes the Arf invariant defined in [1] for
such lattices, whence the name. For more on this relation, see Subsection 4.3. Note that
this case (the exact generalized Arf invariants) arises from non-zero classes in 4R/4R 4s;
this is, in some sense, complemented by the vanishing generalized Arf invariant, repre-
senting the remaining, trivial class in 4R/4R 4 5. In any case, our generalized Arf invariant
carries also the additional information about the valuation v. In Section 4 we shall present
a refinement of the generalized Arf invariant in some cases, and use it to classify lattices
M, g satisfying some additional conditions.

We remark that we have defined the generalized Arf invariant only for rank 2 lattices,
while the classical Arf invariant is defined for quadratic modules of arbitrary even rank.
As the generalized Arf invariant depends on some maximality conditions, defining it for
higher rank lattices requires much more care, together with results of the same type as
those appearing in Section 5 below.

We remark that many results from this section remain valid when the 2-Henselian
assumption is relaxed. E.g., Lemma 3.2 holds over R also if we relax the hypothesis 2 # 0
in 2-Henselianity: The polynomial f from the proof of that lemma satisfies f(z) € Iy
and f/(z) = 2z — 1 lies in R*, so that the usual Henselian property can be used to
prove it. In this case, p is a homomorphism of additive groups also as a map on R.
For Proposition 3.4 in the case where 2 = 0 in R, we note that the only isotropic
vectors in M, o are multiples of y (and there are no reflections involved). Hence the
set (R/2R)/(R*)? appearing in the classification there becomes just the set R/(R*)?,



834 S. Zemel / Journal of Algebra 423 (2015) 812-852

whose non-zero elements appeared in the classification of rank 1 lattices. The remaining
assertions do not use the 2-Henselian property, and we just remark that if 2 = 0 in
R then a lattice M, g with 8 maximal is either isotropic or satisfies the conditions of
Proposition 3.8. However, since 2-Henselianity is used in Lemma 3.1, and the rest of this
section uses the inequality v(«) +v(5) < 2v(2) for anisotropic lattices, we prefer to stay
in the 2-Henselian setting.

4. Invariants of lattices with primitive norms in 2R

In this section we define a refinement of the generalized Arf invariant from Defi-
nition 3.13 in case the valuation is larger than v(2). We then present an additional
invariant of lattices M, g containing primitive elements with norms divisible by 2, and
show that these two invariants characterize isomorphism classes of such lattices. In the
end of this section we reproduce the results for lattices over the 2-adic ring Zs, and give
also the example of lattices over Zs[v/2].

4.1. A criterion for isomorphism and fine Arf invariants

We first present the main criterion for isomorphism between lattices of the form M, g
with v(8) > v(2).

Lemma 4.1. Assume v(a) < v(2) < v(B) < v(2). A lattice M., 5, where § is a norm

o
of primitive element with mazimal valuation, is isomorphic to My g if and only if v =
(o + 2r) for some r € R (with the restriction r € %RAS if v(B) =v(2)) and c € R*,

2q_ at2r 2
and § = % for some a € R with 2v(a) > v(g) In particular, if v is as above

and § — C% € Iyy(2)—v(a) then My 5 = My 5. In the limit case v(d — C%) = v(%), we obtain
M, s = Mg if and only if the element % (c?6 — B) of R* lies in Ras. If v(a) < v(2)

4c2

this is equivalent to (B — c26) € Rys.

Proof. Since we assume v(a) < v(8) and v(y) < v(d), we find that v is the norm of an
element z € M, g of the form z = c(x+sy) with ¢ € R* and s € R. Indeed, if v(a) < v(B)
this is clear, and if v(a) = v(2) = v(B) then the assertion follows by using the reflection
with respect to = (the one mentioned after Lemma 3.3) if necessary. Lemma 3.3 now
implies that « has the form c?(a +2r) with ¢ € R* and r = s + %92 € R,and r € %RAS
if v(B) = v(2). The second basis element w of M, 5 satisfies (z, w) = 1, which implies

c(I1+sf)w=y+ (14 sB)z— (a+s)y)

a
1—ap
for some a € R. This is because (y, z) = ¢(14s/) and (1+s8)x — (a+s)y spans the space

a— a+2r a2
(Rz)™. Therefore § = l(itsdw] _ F+2

1—af
c2(14sB)2 —  c2(1+42p8r)

U(g) follows from the maximality of § (and implies v(d) = v(8)—see Propositions 3.8

as asserted, and the inequality 2v(a) >
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and 3.11). Conversely, the map taking the two basis elements of M., s with such v and
d to z = ¢(x + sy) and the asserted w defines an isomorphism to M, g (the surjectivity
of this map follows either by evaluating the determinant of this change of basis or just
from unimodularity). This establishes the first assertion. Now, given « (hence ¢?), it
remains to show that if 6 — C% € Izy(2)—v(a), or if V(0 — ﬁ) =v(2) and L (c*6 — B)
lies in R4g, then we can find an approprlate value of a. Write aj(% as na for some 7
(which belongs to R* since n = W and v(vy) = v(«)), and we need to find a € R
such that ¢2(1 4+ 287r)6 = B + 2a — naa®. Denoting the left hand side by A, we find

v(n— =) =v(aB) > 0 and v(A — ¢?0) > v(2B5) > v(2). Next, we write a = Q’Bb7 and

c2

look for a solution for

)

2
— 1].
1 b b+

0=-naa’+2a+ (B—N) = (8- |na

If 6 — C% € Iyy(2)—v(a) then A = na@ € Iy, and Lemma 1.4 with B = —1 and
C =1 yields a solution b € R. If v(§ — c%) = v(2) then 4(X = B) € R*, so that we
h and the equation becomes 0 = na(A &) [h? — h + naw] The
(A=8)

: _ 4
write b = 7a0=F)

approximations for A and 7 above show that na-=-= has the same F-image as the
element %z (c?6 — ) of Rag, so that Lemma 3.2 1mphes the existence of a solution to
the latter equation. Finally, if v(a) < v(2) then 7, hence also -, are in 1 + I, so that
2= (8 — c?6) € Rag if and only if §(c?6 — 8) € Rag. This proves the lemma. 0O

Lemma 4.1 is the main tool for investigating whether two lattices of the form M, g
and M, s, with 8 and § maximal with valuations at least v(2), are isomorphic. We begin
by showing that isomorphism classes of lattices with generalized Arf invariant in I,3)
can be described using yet another invariant, which is finer than the generalized Arf
invariant.

Proposition 4.2. (i) The set S = {t*—2t | t € R,2v(t) > v(2)} is a subgroup of I,z which
contains Iay(2). (7) If Mg = My s with B and 6 mazimal and the (common) generalized
Arf invariant is contained in Iy, then a8 and v0 coincide modulo S. (iii) There exists
a well-defined map from elements of the quotient I,2)/S containing a representative
of maximal valuation onto the set of generalized Arf invariants with valuation larger
than v(2).

Proof. (i) The inclusion S C I,y is clear. For y € I5,() we have & € Iy C Rag, and if
4 = p(x) then y is obtained as t* — 2¢ for ¢ = 2z. In order to show that S is a subgroup,
we show that the difference between two elements 2 — 2t and s? — 2s of S also lies in 9,
since it is of the form (¢t — s + h)?> — 2(t — s + h) for some h such that 2v(h) > v(2).
Indeed, comparing terms yields the equation h? + 2(t — s — 1)h + 2s% — 2ts = 0 for h,
where the coefficients A = 1, B = 2(t — s — 1), and C = 252 — 2ts satisfy v(4) = 0,
v(B) = v(2), and v(C) > 2v(2). To see the inequality concerning v(C'), observe that



836 S. Zemel / Journal of Algebra 423 (2015) 812-852

v(s%) > v(2) and v(ts) > v(2) because 2v(t) + 2v(s) > 2v(2) by our assumptions on s
and t. Lemma 1.4 thus yields a solution h of valuation v(%), which is the same valuation
as v(ts — s%) > v(2). Hence 2v(t — s + h) > v(2) and the difference is indeed an element
of S.

(7) Let now M, s and M, s be isomorphic lattices such that the common valuation
u of a3 and 7§ satisfies u > v(2). Then 1 —v§ = ¢*(1 — af) for some ¢ € R*, and an
argument similar to the proof of Proposition 3.14 shows that ¢ must be of the form 1 —h
with 2v(h) > u. But then af(h? —2h) € Iyy2) € S and h?—2h € S, s0 that yd—afB € S
as asserted.

(7ii) Let w be a representative of a class of I,,(2)/S of maximal valuation, i.e., v(w +
t? — 2t) < v(w) for every t with 2v(t) > v(2). If v(w) > 2v(2) then w € S hence w = 0.
Otherwise, the set of such representatives of the class w + S is just w + (S NwR), and
it contains no element of I,,). Considerations similar to those presented in the proof
of Proposition 3.14 yield the following conclusions: If v(w) < 2v(2) and is odd then
SNwR C I, If v(w) < 2v(2) but is even, then the image of S NwR modulo I,
coincides with that of J,(,. Finally, if v(t* — 2t) > 2v(2) then t € 2R, and if ¢ = 2r
then t2 — 2t = 4p(r). The latter observation implies the equality SN4R = 4R (and in
particular we see that I5,(2) C S again). The maximality of v(w) in its class implies that
w must satisfy the conditions for o5 in Propositions 3.8 and 3.11 (i.e., either v(w) < 2v(2)
is odd, or v(w) < 2v(2) is even and w is not an approximate square, or v(w) = 2v(2)
and w not lying in 4R 4 5). In particular every such w defines a generalized Arf invariant.
Moreover, our arguments show that this generalized Arf invariant is the image of w in
the quotient of w modulo the group (S NwR) + I, (), which is coarser than the quotient
modulo (S NwR) and coincides with it if v(w) = 2v(2). Hence the map taking a class in
I,(2)/S containing an element w of maximal valuation to the generalized Arf invariant
represented by w is well-defined, as it just takes the image of w in one quotient to the
image of w in a coarser quotient. This proves the proposition. O

On the basis of these arguments, we make the following

Definition 4.3. A fine Arf invariant is defined to be the set of representatives of maximal
valuation in a class in I,(2)/S containing such representatives. The valuation of a fine
Arf invariant is the valuation of any such representative. A fine Arf invariant is said to
be

vanishing if it comes from the trivial class with the representative 0;
odd if its valuation is smaller than 2v(2) and odd;
even in case its valuation is smaller than 2v(2) and even; and

Ll

exact in case its valuation equals precisely 2v(2).

Given a lattice M, g with 8 of maximal valuation as the norm of a primitive element in
this lattice and with generalized Arf invariant of valuation larger than v(2), we define
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the fine Arf invariant of M, g to be the set of elements of valuation v(a/3) in the class
af modulo S.

Part (i) of Proposition 4.2 shows that the fine Arf invariant of a lattice M, g whose
generalized Arf invariant has valuation larger than v(2) is an invariant of the isomorphism
class of M, g. The type (vanishing, odd, even, or exact) of a fine Arf invariant from
Definition 4.3 coincides with the type of the generalized Arf invariant to which is it taken
by the map from part (44) of Proposition 4.2. This map also preserves the valuations
of fine and generalized Arf invariants, and its restriction to vanishing and exact fine Arf
invariants (i.e., to valuations at least 2v(2)) gives a natural bijection between these fine
and generalized Arf invariants. It is clear that this map takes the fine Arf invariant of a
lattice M, g (for which the fine Arf invariant is defined) to the generalized Arf invariant
of this lattice.

4.2. Classes of minimal norms

Lemma 4.1 shows that if v(8) > v(2) and M, 3 = M, s then v differs from some
element in (R*)%a by an element in 2R (and even in %RAS if v(8) = v(2)). Lemma 3.2
implies that the set %RAS depends only on the image of 8 modulo I,(g), so that we can
write it (at least heuristically at this point) as %R As using the generalized Arf invariant
n of My g. Thus, if v(8) = v(2) then v and « can be described as related through the
action of the multiplicative group (R*)?(1 + %RAS). In order to put the relation for
v(B) > v(2) on the same basis, we remark that (at least for the non-zero classes with
v(a) < v(2)) the relation v € (R*)?(a + 2R) can also be phrased using the action of the
group (R*)2(1 + %R) where ¢ € R is any element of R with v(§) = v(a). We therefore
introduce the following

Definition 4.4. A coarse class of minimal norms is an element of the set (R/2R)/(R*)?.
Given a lattice M, g such that v(5) is maximal and satisfies v(8) > v(2), we define the
class of minimal norms of M, g to be the image of « in the set of coarse classes of minimal
norms. Given a generalized Arf invariant n with v(n) < 2v(2) (i.e., non-vanishing) we
define a fine class of minimal norms arising from n to be the orbit of an element of R, of
valuation u satisfying 2u < v(n), under the action of the multiplicative group (R*)?(1 +
%R As), where 7 is some element of R whose class in the appropriate quotient is 7). Let
M, 3 be a lattice with generalized Arf invariant 7, and assume that v(3) is maximal and
equals v(2) (so that v(n) > v(2)). In this case we define the class of minimal norms of
M, g to be the image of « in the set of fine classes of minimal norms arising from 7.

Note that the condition on v(3) implies that if the generalized (or fine) Arf invariant
71 of M, g is not of vanishing type then the class of minimal norms of M, g has valuation
strictly smaller than v(n) — v(2) if v(8) > v(2), and its valuation equals precisely v(n) —
v(2) in case v(f5) = v(2).
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The fact that the objects appearing in Definition 4.4 are well-defined, and the main
classification result of this paper, are as follows:

Theorem 4.5. The set of fine classes of minimal norms arising from each generalized Arf
invariant n with v(n) < 2v(2) is well-defined. Given a generalized Arf invariant n with
v(n) > v(2), the isomorphism classes of lattices M, g with generalized Arf invariant n
and with primitive elements with norm in 2R (of mazimal valuation) are characterized

precisely by their fine Arf invariant and their classes of minimal norms.

Proof. The set in question is defined as orbits under the action of the group (R*)?(1 +
éRAS)7 where 7 represents the generalized Arf invariant 7. We must thus show that
taking another representative for 7 yields the same group. Now, 7 can be either odd,
even, or exact, so that we have to consider the effect of adding to 7 an element from
Lynys Jo(n), Or 4R a5 respectively.

Now, adding an element from I,y to 7 is the same as dividing it by something from
1+ Iy. The effect on %R As is multiplication of Rag by 1+ Iy, which leaves it invariant
by Lemma 3.2. In particular, the assertion for odd 7 follows. For even 77 it remains to
consider the effect of adding A2 to 7, where 2v(\) = v(n). The group 1+ —*5 T+)\2 Ryg will in
general be different from 14+ 2Ry, but we claim that it is contained in (R*)*(1+2Ras).
Indeed, Ploposltlon 3.8 shows that 2= ¢ 1+ Iy, so that 1 + 2~ ¢ R* and every element
of 1+
expand

H\Q R4s may be written as 1 + +)\2p[(1 + ) ] for some 7 € R. But we may

o S)]- (o Epor )

(a direct calculation using the definition of p), so that our element becomes 1 + 2 p( )+
4A2 ® As 20(A) = v(7) = v(n) < 20(2), we find that 2~ € I, and v(2r) > v(4)‘ r ), S0
that dividing this element by (1 + 2%)2 yields an element of 142 ~p(r) + Iy2)—v(r)- But
Lemma 3.2 implies that the latter expression takes the form 1+ % p(s) for some s € R, so
that our original expression equals (1 + 2%)2(1 + 2p(s)) and lies in (R*)*(1+ 2Rg) as
desired. Interchanging the roles of 7 and 7 + A% now show that the groups arising from

both numbers coincide, which proves that sets of fine classes of minimal norms arising
from even n are also well-defined.

When the generalized Arf invariant 7 is exact, we need to verify that adding an
element from 4R 45 to T leaves the group (R*)?(1+ éR As) invariant. Hence we consider
Rag for some h € R. Note that we may always
4p(h)

™

an element of the group 1 + - +4 TR

replace h by 1 — h, since they have the same p-image. The number cannot be in

14 Iy by Proposition 3.11, so that 1+ 4‘77(}1) € R* and we write an element of our group
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as 1+ T+4p(h)p[(1 + Aol )) ]. Using a similar expansion, the latter expression equals

1+ % (r)+ 16"7#. Writing the two p-images explicitly, we get

1672 16r2h? 47?2 4 drh
Oy =14 O T(HL).

We may assume, by replacing h by 1 — h if necessary, that 1 + @ € R*. When we
divide this expression by (1 + @)2, the sum of the first two terms gives an element of
1+ Iy (which equals 1 + é[o since % € R*), and the remaining three terms become just
% p(m). Invoking Lemma 3.2 again yields an element s € R such that the whole
sum is just 1+ 2p(s), so that our original element equals (1+ 222)2(14 2 p(s)) and lies in
(R*)?(14+2£Ry4s). The symmetry between 7 and 7+4p(h) now establishes the invariance
of the group (R*)*(1+ 2R,s) under this operation, so that the sets of fine classes of
minimal norms are well-defined also for exact 1. This proves the first assertion.

Now, Lemma 4.1 shows that isomorphic lattices of the form M, g with v(8) > v(2)
and v(af) > v(2) have the same class of minimal norms, and that no finer invariant for
the minimal norm exists. Moreover, part (i¢) of Proposition 4.2 shows that the fine Arf
invariant is also an invariant of isomorphism classes of such lattices. Conversely, assume
that M, g and M, s have the same fine Arf invariant and the same class of minimal
norms. In particular, the difference between the valuation of the (common) generalized
Arf invariant 7 of these two lattices and v(a) coincides with its difference from v(y),
so that we consider either the coarse classes of minimal norms in both lattices or the
fine classes of minimal norms arising from 7. Since the (appropriate) classes of o and
coincide, Lemma 4.1 shows that M, s is isomorphic to M, , for some 1 € R. Moreover,
by part (i) of Proposition 4.2 the lattice M, , has the same fine Arf invariant as M, ;
and M, g, meaning that a8 — au € S. If the fine (or generalized) Arf invariant vanishes
then p = 8 = 0 and we are done. Otherwise v(n) < 2v(2), and we write the difference
af — ap as t2 — 2t. We claim that 2v(t) > v(n). Indeed, otherwise v(t) < v(2) and
all the elements ayu, a3, and 2t have valuations larger than v(¢?), so that the equality
af — ap = t? — 2t cannot hold. Now, since v(n) = v(af) > 2v(a) we can write t = ab
for b € R with 2v(b) > v( ) and obtain the equality u = B + 2b — ab?. We claim that

this equality implies an equality of the form pu =

2v(a) > v( ). Indeed, write a = b+ h in the desired equality, and using the given relation
between pu, 8, and b we obtain the equation Ah? + Bh+ C = 0 with A = —m (of
valuation v(a)), B = 2(1 — ) (of valuation v(2)—recall that t = ab and af are
both in Iy), and C = —% bjB (of valuation at least v(a) + 2v(83) by the condition on b).
The inequalities v(af) = v(n) > v(2) and v(8) > v(2) allow us to apply Lemma 1.4,

and show that the valuation v(%) of the solution h is larger than v(2). This proves the
existence of an appropriate a, and Lemma 4.1 completes the proof of the theorem. 0O
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Since the proof of part (i) of Proposition 4.2 shows that over an exact or vanishing
generalized Arf invariant there exists only one fine Arf invariant, the result of Theorem 4.5
in these cases can be phrased as in the following

Corollary 4.6. (i) Assume that v(8) > v(2) and v(a) + v(8) > 2v(2). Then the class of
a in (R/2R)/(R*)? and the generalized Arf invariant n (the image of a3 modulo 4R ag)
characterize the isomorphism class of M. g, where the vanishing of the former invariant
implies the vanishing of the latter. (ii) If v(a) = v(B) = v(2) then the isomorphism
classes of such lattices are characterized by the generalized Arf invariant n, and in case
n#0 (ie., n is ezact), also by the class of elements of 2R/(R*)*(1 4+ 2Ras) (of valua-
tion 2), where T € 4R is such that n = 7 + 4R g, containing all the norms of primitive
elements in a lattice in this isomorphism class.

Proof. Part (i) follows directly from Theorem 4.5. Part (i) is obtained by combining
Theorem 4.5 and Lemma 3.3. O

The case of a vanishing generalized Arf invariant (namely, isotropic lattices) of The-
orem 4.5 and Corollary 4.6 reproduces the result of Proposition 3.4, though the latter
holds over any valuation ring while Theorem 4.5 and Corollary 4.6 require the 2-Henselian
property.

Once again, the lattices with classes of minimal norms of valuation 0 are decomposable.
Such a lattice M, g, with 7 € R representing the fine Arf invariant of M, g, is isomorphic
to the lattice H, » spanned by two orthogonal elements u and w of norms o and a(r—1):
Indeed, by taking 7 = a8 we find that x = v and y = "JfT“’ form a basis for H, . as an
isomorphic image of M, g. Therefore Theorem 4.5 implies also the following

Corollary 4.7. Let o and v be elements in R* and let 7 and A be elements in I,
representing generalized Arf invariants. The lattices Hy » and H., ) are isomorphic if
and only if T — X € S and a and ~ are in the same coarse class of minimal norms in

(R/2R)/(R*)?.

As above, the case 7 = A = 0 in Corollary 4.7 yields Corollary 3.5 (under the
2-Henselianity assumption).

Note that Theorem 4.5 and Corollary 4.7 deal only with lattices whose generalized
Arf invariants come from I,(2). Next we show that these results extend to generalized
Arf invariants with valuation precisely v(2) under some conditions on the 2-Henselian
valuation ring R.

Proposition 4.8. Assume that R satisfies either (i) v(2) s odd, (i) F is perfect, or
(@) p is surjective. Then all the lattices My p with B € 2R having mazimal valuation
are classified by their fine Arf invariant and the appropriate class of minimal norms.
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Proof. Define ST = {t? =2t | t € R, 2v(t) > v(2)}. If we can show that S is a
subgroup of 2R, then Definition 4.3 may be extended to introduce fine Arf invariants
with valuation precisely v(2), using classes in 2R/S*. Apart from this extension, there
are two additional places in the proofs of Proposition 4.2 and Theorem 4.5 where we have
used strict inequalities for our arguments. One is where for a generalized Arf invariant
coming from af € I,2) and an element h with 2v(h) > v(2), the expression a3(h? — 2h)
lies in Ip,(2) € S (part (éi) of Proposition 4.2). The second place appears at the end of
the proof of Theorem 4.5, where we concluded that if o and 3 are as above and b satisfies
2v(b) > v(g), then the sum of the valuations of A = —=55 and of €' = — ?Q_bjg is larger
than 2v(2), so that a solution to the equation for a exists by Lemma 1.4. Note that the
latter sum v(AC) is just v(ab?B).

Now, in case (i) the conditions 2v(t) > v(2) and 2v(h) > v(2) become strict inequal-

ities since they compare the odd valuation v(2) with an even valuation. Hence St = S
is a group, and classes from 2R/S define fine Arf invariants which are invariants of iso-
morphism classes of lattices (and map to generalized Arf invariants as before). As for
v(a®b?B), it is at least v(a?B?) since 2v(b) > v(g), hence AC € 4R. But if v(af) > v(2)

B
«
with v(b) is strict, and again AC € I5,(2). This proves for case (i). Hence we consider

then we already have AC' € I5, (), while in the case of equality v(%) is odd, the equality
cases () and (7{) under the additional assumption that v(2) is even.

Case (i) with even v(2) is simple: As there are no generalized Arf invariants of even
valuation v(2) by Corollary 3.9, there is no need for any extension of the definitions, and
all inequalities involving v(« ) remain strict. In case (i) we consider again the equation
h2+2(t—s—1)h+2s%—2ts = 0 for h in the proof of part (i) of Proposition 4.2, where now
s and ¢ give rise to elements from S*. By writing h = 2(1 —t+ s)g this equation becomes
g*—g+ 2(1{%2)2 = 0 (recall that s? and st are in 2R as above), and this Artin-Schreier
equation has a solution by our assumption on p and Lemma 3.2. Moreover, as SN4R =
4R 4 is the full ideal 4R in this case, the conditions v(af) > v(2) and 2v(h) > v(2) are
sufficient for aB(h? — 2h) to be in 4R C S. Hence S+ is a group, fine Arf invariants of
valuation v(2) are well-defined, and they are preserved under isomorphism of lattices.
Finally, the equation for a can be transformed by similar means to an Artin—Schreier
equation looking for a pre-image of %, which again exists under our assumption.
This completes the proof of the proposition. 0O

We remark that extending Corollary 4.7 to the cases (i) or (#4) in Proposition 4.8
requires using the fine classes of minimal norms arising from the common generalized
Arf invariant arising from 7 and A in case v(\) = v(7) = v(2), rather than the coarse
classes of minimal norms appearing in that corollary. The fact that there are no even
generalized Arf invariants in case (ii) of Proposition 4.8 agrees, for the case of R is a
(complete) discrete valuation ring, with the parity condition on the weight and norm
ideals in Section 93 of [13].

On the other hand, if none of the conditions of Proposition 4.8 is satisfied, then ST
is no longer a group, but generalized Arf invariants of valuation v(2) exist. Therefore,



842 S. Zemel / Journal of Algebra 423 (2015) 812-852

an appropriate definition of fine Arf invariants of valuation v(2), which will be preserved
under isomorphisms, requires much more care and will probably be more involved. At-
tempts to extend to generalized Arf invariants of valuation smaller than v(2) encounter
more severe difficulties (as no group structure is expected there), and will be left for
future research. However, we point out one fact that arises from the proof of Lemma 4.1
in this more general case: If § — 3 lies in I5,(2)—y(a) then M, g = M, 5. Indeed, putting

s =0and ¢ =1 there (i.e., z = x) shows that the vector w has norm 8+ 2a— l‘i“fjﬁ (note

that the maximality of S shows that 1 — a8 cannot be in Iy, by Proposition 3.8). As
comparing this value to § yields a quadratic equation in which the sum of the valuations
of A= —ﬁ and C = § — ¢ is larger than twice the valuation of B = 2, Lemma 1.4
yields a solution a to this equation, which proves the assertion. Moreover, the assumption
that v(3) > v(«) was not used in this argument, so that we also deduce My g = M, g if
v — a € Iyy2)—y(p)- This fact will be useful in completing the classification for lattices
over Zg[ﬁ] in Subsection 4.3 below.

4.8. Relations to quadratic forms and examples

A notion closely related to (symmetric) bilinear forms, which has not appeared in this
paper yet, is the notion of quadratic forms. Recall that a quadratic form on an R-module
M is a map q : M — R which satisfies q(rx) = r222 for all » € R and € M, and such
that the map taking  and y in M to ¢(z + y) — ¢(x) — q(y) is a bilinear form on M
(this is the bilinear form coming from ¢). We denote this bilinear form ¢(q), so that we
have a map ¢ = pj; from the set of quadratic forms on M to the set of bilinear forms
on M. In case 2 € R*, every bilinear form comes from a unique quadratic form, namely
q(z) = % Hence ¢ is a canonical bijection. If 2 ¢ R* but is not a zero-divisor in R
(e.g., 2 # 0 and R is an integral domain), then ¢ is injective, but may not be surjective.
This is so, since we can localize by 2 (making ¢ bijective again), but some bilinear forms
which are R-valued will require the quadratic form to take values in the localization.
Those lattices in which the bilinear form comes from a quadratic form via ¢ are the
lattices called even in the terminology of [17] and others. But other lattices exist: E.g.,
M, g is even precisely when a and § are both in 2R, i.e., the generalized (or equivalently
fine) Arf invariant is exact or vanishing and the class of minimal norms comes from 2R.
In case 2 = 0, however, this map ¢ is in general neither injective nor surjective (this is
the map considered in [1] for R a field of characteristic 2). Hence a quadratic form on
a module over an integral domain yields more information than the one obtained using
the bilinear form arising as its ¢-image alone only if the integral domain in question has
a fraction field of characteristic 2.

The last assertion of Corollary 4.6 shows the relation of exact and vanishing general-
ized Arf invariants to the classical Arf invariants: Any field F of characteristic 2 is the
quotient field of a 2-Henselian valuation ring R whose fraction field K has characteristic 0
(for an example of such a ring in which the valuation is complete and discrete, take R to
be the ring W (IF) of Witt vectors over F—see, e.g., Section II.6 of [16] for more details
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on this construction). Any non-degenerate (or fully regular in the terminology of [1])
quadratic form of dimension 2 over F is isomorphic to a form q : (r,s) — A\r? + 7s + s>
for some A and p in F (see Theorem 2 of [1]—mnote that by normalizing one of the basis
elements we can make the product 1, i.e., we can take b; = 1 for all 7). Let « and S
be elements of 2R such that § + Ip = A and g + Iy = p. Then the quadratic form ¢
can be seen as the reduction modulo Iy of the map z — é for z = re + by € My g.
If Mo g = M, s for some v and 0 in 2R then ¢ is isomorphic over F to the quadratic
form Q : (r,s) — @r? +rs + s? for ¢ = 7+ 1o and ) = g + Iy (by reducing the iso-
morphism modulo Iy). On the other hand, Corollary 4.6 implies that the isomorphism
class of M, g is independent of the choice of a € 2\ + I, o) and 8 € 2p + I,y 2). This
implies that if ¢ and @) above are isomorphic over F then M, g = M, s: Indeed, lifting the
isomorphism over I to any map over R yields an isomorphism between M, g and M, ,
for k € 20 + Iy 2) and v € 2¢) + I, (), and the previous assertion implies M, , = M, 5.
Thus, isomorphism classes of fully regular quadratic forms of rank 2 over F correspond
to isomorphism classes of lattices M, g over R, where a and 3 are in 2R (i.e., of even
lattices My, 3). Now, exact or vanishing generalized Arf invariants are “4 times” the Arf
invariant A defined in [1] (this means 4A € 4R/4R s for A € F/F4gs), and the set of
numbers % + Iy obtained from primitive z € M, g is precisely the set of squares of
non-zero elements of the odd part of the Clifford algebra of g over F. Since Lemma 3.3
implies that this set is either F or an orbit in F/(F*)?(1 + 2F4s) (after division by 2
and dividing modulo I), and the remainder of the structure of the Clifford algebra is
determined by the condition that the two basis elements x and y are chosen such that
(z,y) = 1, Corollary 4.6 implies Theorem 3 of [1| (in fact, this normalization shows
that applying p to the element zy of the Clifford algebra yields the Arf invariant A, the
condition about A in that theorem is redundant).

The results of Section 3 as well as this section thus generalize the classical assertions
from [1] to many lattices in which the bilinear form does not necessarily come from a
quadratic form. It seems likely that a similar argument can treat binary quadratic forms
over some valuation rings in which 2 = 0 and which are not fields—mnote that the results
of this section are contained in Proposition 3.4 in case 2 = 0 since we assume here 5 € 2R
throughout. We leave this question for future research.

We now use our results in order to classify the unimodular rank 2 lattices over two
rings. Recall that every such lattice is isomorphic to some lattice M, g with v(5) > v(«),
and this lattice is decomposable if and only if « is invertible, a case in which the lattice
is isomorphic to some lattice H, , (see the paragraph preceding Corollary 4.7). We start
with R = Zs, the ring of 2-adic integers. As p(IF3) = 0, we have Rag = Iy = 2R. All the
lattices of the form M, g admit primitive vectors with norms of maximal valuations, by
Proposition 3.10 or the finiteness of valuations smaller than v(2). There are three possible
generalized Arf invariants: 0 (vanishing), 44+ 8R (exact), and 2+ 4R (odd). Moreover, the
set (R/2R)/(R*)? of coarse classes of minimal norms consists of two elements, represented
by 0 and 1, the latter having valuation 0. The condition 2v(¢) > v(2) in the definition of
S implies 2|t hence S = 8 R. Moreover, both conditions (¢) and (i) of Proposition 4.8 are
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satisfied, so that we can classify all the Z-lattices M, g using our method. The isotropic
lattices are My (the hyperbolic plane) and M ¢ (which is isomorphic to Hj g, hence
generated by 2 orthogonal vectors having opposite norms). Over the exact generalized
Arf invariant lies the fine Arf invariant 4 + 8 R. A lattice having this fine Arf invariant
with v(8) > v(2) must have 1 in its coarse class of minimal norms. Such a lattice must
therefore be isomorphic to M; 4, which can be generated by orthogonal elements of norms
1 and 3 as its isomorph H; 4. The multiplicative group corresponding to this generalized
Arf invariant is just 1+ %RAS = 14 2R = Z. There is thus only one fine class of
minimal norms of valuation 1 arising from this generalized Arf invariant, yielding the
lattice M3 2. The remaining fine Arf invariants are 2 + 8R and —2 + 8R, lying over the
odd generalized Arf invariant 2 + 4R. Both have valuation v(2) = 1, so that we have to
consider the fine classes of minimal norms of valuation 0 corresponding to 2 + 4R. The
group by which we divide is 1 + %R s = 1+ 4R, so that there are two such classes,
represented by 1 and —1. The invariants 1 and 24 8R yield a lattice isomorphic to M »,
which is generated by two orthogonal elements of norm 1 like H; 2. With the invariants
—1 and 24-8R comes the lattice M_; _5, an orthogonal basis of which can be taken with
both norms —1 (consider H_; _3). Taking now the class with 1 and fine Arf invariant
—2 48R yields the lattice M7, _2, a basis of its isomorph H;,_5 has norms 1 and —3. The
last lattice, with invariants —1 and —2 +8R, must be isomorphic to M_; 2, which, being
isomorphic to H_; 2, has an orthogonal basis with elements of norms —1 and 3. One can
easily verify that these results reproduce the results of [8] for rank 2 unimodular 2-adic
lattices, since —3 = 5(mod 8), —1 = 7(mod 8), and the lattice M_1,_o can be written
as M3 _o (since —1 = 3(mod 4)) and the isomorphic lattice H3 _5 has an orthonormal
basis consisting of two norm 3 vectors.

We now turn to present the explicit picture our results yield for the ring R = Zg[\/i].
The fine Arf invariants we obtain have valuation larger than v(2) (Corollary 3.9 or
condition (77) of Proposition 4.8), and once again Rag = Iy, which here equals v/2R.
Proposition 3.10 (or the fact that only finitely many positive elements of I" are smaller
than v(2) = 2) shows again that in every lattice M, g we can take J to have maximal
valuation. The elements in 1+ 4v/2R are squares, and (R*)?/(1 +4+v/2R) consists of one
additional non-trivial class, which is represented by (14 1/2)? = 3 + 2v/2. A generalized
Arf invariant of a lattice can be 0 (vanishing), 4 4+ 4v/2R (exact), 2v/2 + 4R (odd), or
V2+2R (odd). Fine Arf invariants are defined only above the first three generalized Arf
invariants. The group S is based on elements satisfying 2v(t) > v(2), which means 2|t
hence S = 4v/2R. As the action of (R*)?2 C 14 2R on R/2R is trivial, there are 4 coarse
classes of minimal norms, represented by 0, v/2, 1, and 1 + /2, with valuations oo, 1,
0, and 0 respectively. Hence there are 4 isomorphism classes of isotropic R-lattices, in
which the generalized and fine Arf invariants are vanishing, namely Mg o, M va.00 M0,
and M, /5. Considering the exact generalized and fine Arf invariant 4 + 4v/2R, as all
the non-zero coarse classes of minimal norms have valuation smaller than v(2) = 2, we
obtain 3 isomorphism classes of non-even lattices having this fine Arf invariant, which are
represented by M, 55 5, Mi,4, and M, /5, (recall that ﬁ = 44/2 — 4 is congruent
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to 4 modulo 4v/2R). When considering fine classes of minimal norms arising from this
generalized Arf invariant, the acting group is just 1 4+ /2R = R*, so that there is only
one element of valuation 2 in this set, giving rise to the lattice M 2. The generalized Arf
invariant 2v/2+4R appears as the image of two fine Arf invariants, one being 2v/2+4v/2R,
and the other one is 2v/2 + 4 + 4v/2R. The isomorphism classes of lattices M, g with
v(B) > 3 having these fine Arf invariants are represented by the coarse classes of minimal
norms 1 and 1 4 v/2. The corresponding lattices are (up to isomorphism) ML? 3 and
M1+ﬂ,2\/§+4 with the fine Arf invariant 2v/2 + 4v/2R, while M1,2ﬂ+4 and M1+ﬁ,2\/§
have the fine Arf invariant 2v/2 + 4 + 4v/2R. The fine classes of minimal norms arising
from the generalized Arf invariant 2¢/2+4R are obtained modulo the action of the group
1 + 2R (which already contains (R*)?). As the classes of valuation 1 are represented by
V2 and 2 + /2, we obtain the two additional lattices M 55 and My, /55,9,5 With the
fine Arf invariant 2v/2+4+v/2R, together with the lattices M V3.2+2v3 and My 5 5 having
the fine Arf invariant 2v/2 4+ 4 + 4v/2R. Theorem 4.5 shows that these 16 isomorphism
classes of R-lattices are distinct, and every unimodular R-lattice of rank 2 admitting a
primitive vector of norm in 2R belongs to one of these isomorphism classes.

We end this section by completing the classification of those unimodular rank 2 lat-
tices over R = Zg[ﬂ] to which Theorem 4.5 does not apply. These lattices all have
generalized Arf invariant /2 + 2R, and they are all decomposable. By the remark at
the end of Subsection 4.2 they take the form M, g where o can be taken from any set
of representatives for R*/(1 + 4R) (there are 8 such classes) and for S one may use
any set of representatives for the classes in \/QR/ 42R having valuation 1 (again 8 such
classes). We identify, for the moment, these sets of representatives with the corresponding
classes, so that the two operations we introduce below on these classes may be considered
to be normalized to always take representatives to representatives. There are 64 pairs in
R*/(14+4R) x v/2R*/(1 + 4R), and there are three operations on these pairs such that
two pairs are connected through these operations if and only if they yield isomorphic
lattices. The first operation takes o and 8 to r?a and Tﬁ? for r € R*. This operation
has exponent 2 here since (R*)?/(1+4R) has order 2. In addition, we may replace « by
a+2s+3s? for s € R, and 3 by ﬁ The valuations of @ and 3 and the fact that we
consider elements modulo multiplication from 1 + 4R show that this operation depends
only on the class of s in F = Fy, yielding another operation of order 2. In addition, we
can take 3 to B + 2t + at? and « to ﬁ for t € R with v(t) > 0. By letting 72
represent the non-trivial class in (R*)?/(1 + 4R) and choosing s = —«a and t = —f to
represent the non-trivial choices of the two latter operations, we find that our operations,
which we denote ¢, o, and 7, send the pair (a, 8) to (ay?, 8+?), (a(aB — 1), 3+?), and
(a2, B(aB —1)) respectively. Working modulo 1+ 4R one sees that ( is central, all three
have order 2, and the commutator of o and 7 is (. Hence these three operations generate
a dihedral group of order 8, which operates on our set of 64 pairs without fixed points.
It follows that there are 8 orbits, and representatives for these orbits can be taken to
be My 5, My 5y My _ 5o My _\oygs My 5 My 5y My _\poand M_y _ 5.,
(i.e., an R-lattice with generalized Arf invariant /2 + 2R is isomorphic to precisely one
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of these 8 lattices). One can find ad-hoc invariants: The closest analogue of the fine Arf
invariant would be elements in v/2 4+ 2v/2R modulo 4\/§R, but not for every lattice M, g
the product af lies in this set (sometimes one has to switch to an isomorphic lattice),
and the choice of the elements v/2 + 2v/2R rather than v/2 4+ 2 4+ 2¢/2R does not have an
immediate extension to the general case. As for classes of minimal norms (which depend
on af), 1 and 1 + af (and their images after multiplying by squares) lie in one class
while —1 and —1 + a3 (times squares) lie in another class, and this situation does not
seem to have a clear description of the sort of Definition 4.4. This illustrates how the
existence of norms in 2R simplifies our method substantially.

5. Towards canonical forms in residue characteristic 2

In this section we derive some relations between lattices of 2-Henselian valuation rings
in which v(2) > 0. The idea is to give canonical representatives for isomorphism classes
of such lattices. This goal remains far out of reach, but we give some results toward it.

The Jordan decomposition of a lattice M, given in Proposition 1.2, is, in this case,
not unique. However, the different Jordan decompositions yielding isomorphic lattices
do have some properties in common:

Proposition 5.1. Let M = @2:1 My and M = @221 Ny be two Jordan decompositions
of the same lattice M, with v(My) = v(Ny) for every k (allowing empty components if
necessary). Then the uni-valued lattices Ny and My, have the same rank (in particular,
no empty components are needed in two such presentations), and one of them has a
diagonal basis if and only if the other one has such a basis.

Proof. We use the same method as in Section 93 of [13]. Take some 0 < v € I', and
consider the subset M, of all elements € M such that v(z,y) > v for every y € M.
We claim that this is a sub-lattice of M. Note that since R is not necessarily Noetherian
(because the valuation is not discrete), the assertion does not follow from the fact that
M? is a submodule of M: Indeed, the condition v(x,y) > v can be interpreted as (,y)
being in the principal ideal J of elements with valuation at least v, and if we apply
this condition for a non-principal ideal J then the resulting subset is not a finitely
generated submodule of M. Now, if M decomposes as L & N then M, decomposes as
L, ® N,, so that in particular M, decomposes either as EBZZI My, ,, or as @221 Ni o
Let a € R with v(a) = v. If N is uni-valued, say N = L(o) with L unimodular and
v(0) = v(N), then N, = N if v(N) > v and N, = 2N if v(N) < v: The first assertion
is obvious, and the second assertion holds because any primitive element x € N satisfies
{(z,y) | y € N} = oR since N is uni-valued. It follows that M}, (or Ni,) are lattices
for every k, and M, is a sub-lattice of M.

The lattice M, has valuation at least v. Moreover, its decompositions as @221 My
or EBZZI Ny, are decompositions to uni-valued lattices (but not necessarily in increasing
valuation orders). To see this, we examine N, for the uni-valued lattice N = L(o) again.
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If (N) > v then N, = N = L(o) is uni-valued with valuation v(N) = v(o), while
if v(N) < v then N, = 2N is isomorphic to L(é) and has valuation 2v — v(N). In
particular, v(N,) > v unless v(N) = v. Consider now M,(1). The inequality v(M,) >
v = v(a) shows that it is still a lattice, and we take the tensor product of this lattice
with F. The images of all the components My, ,, or Ny, with v(My) = v(Ny) # v become
degenerate in this F-valued bilinear form, and a maximal non-degenerate subspace of
this F-vector space arises from M}, or Nj in case v(M}) = v(Ng) = v. In particular the
ranks of M, and N} coincide for each k, and Corollary 1.3 shows that each of them has
an orthogonal basis if and only if some element of M, (1) has a norm not in Iy. This
proves the proposition. O

A more detailed examination of the proof of Proposition 5.1 allows one to derive a
stronger assertion. Define, for each 2 < k < ¢, the element uy of I" to be min{v(M}) —
v(Mg—1),v(Myy1) — v(Mg)} > 0, and for the extremal values & = 1 and k = t let
up = v(Msy) — v(My) and uy = v(My) — v(M;—1). Replacing F = R/Iy by R/b,R with
by € Iy having valuation u shows that the images of Mk(é) and Nk(%) modulo b, R are
isomorphic. This implies

Corollary 5.2. (i) The two sets {z? + abyR | © € My} and {y® + abpR | y € Ny} are the
same subset of R/abpR. (i) If up > 2v(2) then My = Ny.

Proof. Part (i) follows directly from the isomorphism M (1) = Ni(1) modulo byR
(alternatively, this set is just the images of all norms from M, modulo abiR, and it
is contained in aR/abyR). Part (i) is a consequence of this isomorphism and Theo-
rem 1.5. O

In fact, if 2 € R* then the condition wu, > 2v(2) is satisfied for any k. Thus, Corol-
lary 5.2 yields another proof of Theorem 2.4.

We shall define an order on the set of Jordan decompositions of lattices, together
with explicit forms of the components, in which one such Jordan decomposition (with
additional data) is larger than another one if it is more canonical in the sense explained
below. The idea is to define certain unimodular components to be more canonical than
others, and certain forms of such a component as more canonical than other forms of the
same component. After fixing o, for every v, the more canonical uni-valued components
of valuation v are the more canonical unimodular ones with the bilinear form multiplied
by o,. For a general lattice M, we say that the Jordan decomposition EBZZl My, of M
is more canonical than @2:1 N, if there exists some 1 <[ < t such that M, = N for
all £k < [ and M, is more canonical than N;. A canonical form of a lattice M would be
a Jordan decomposition of M, with the components given in a specific form, which is
more canonical than any other Jordan decomposition of M or any other expression for
the components.

Before we give the details, we present the case R = Zy considered in [8]. In this case the
unimodular components have symbols resembling those arising from lattices over Z,, for
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odd p. The symbols take the form 17" or 157, where n is again the rank and ¢ is a Legendre
symbol related to the discriminant of the lattice. The additional index ¢ denotes an odd
(or properly primitive in the terminology of [8] and others) component, admitting an
orthonormal basis in which ¢ € Z/8Z is the image of the sum of the norms of the elements
of such a basis. On the other hand, an index II means that the component is even
(or improperly primitive), i.e., admitting no orthonormal basis (see Corollary 1.3). The
=== 4 this notation. Uni-valued lattices have
symbols (2F)5™ or (2¥)5® (standing for the unimodular lattice 15" or 157 with the bilinear

parameter A of [8] equals € - (—1)

form multiplied by 2%), and a Jordan decomposition of a general 2-adic lattice is a product
of such expressions (like for p-adic lattices for odd p), yielding again a symbol for the
lattice (with the chosen Jordan decomposition). However, in this case different symbols
can give rise to isomorphic lattices (or equivalently, two different Jordan decompositions
of the same lattice may yield different symbols for the same lattice). Now, [8] considers
a rank 1 lattice over R = Z, representing (R*)? = 1 + 8Zs to be more canonical than
the other unimodular rank 1 lattices, and My (whose generalized Arf invariant is 0
hence is vanishing) to be more canonical than M, o (with exact generalized Arf invariant
4 + 8Z5). Moreover, here I' = Z, and for 0 < v € I" we take o, = 2. [8] shows how to
define the order of being more canonical on all possible Jordan decompositions, and the
canonical form of a lattice M appearing in Theorem 1 of [8] is the Jordan decomposition
of M which is the most canonical one in this order. We remark that the order depends
on the (arbitrary) choice, which of 3+ 8Z5 and 7+ 8Z5 is more canonical, a choice which
is harder to generalize in the arguments below (a choice of similar type appears also in
the classification of unimodular rank 2 lattices over R = Zy[v/2] having generalized Arf
invariant v/2 + 2R at the end of Subsection 4.3).

We now define when one form of a unimodular lattice is more canonical than another
form, for lattices over a 2-Henselian valuation ring R in which v(2) > 0. First, a canonical
form is based either on an orthogonal basis (if it exists) or of a direct sum of lattices of the
form M, s with o and 3 in I (the proof of Corollary 1.3 shows that such a form always
exists for a unimodular lattice). In order to define the further relations in the order, we
say that an element f € R* is closer to 1 than g € R* if v(f —1) > v(g — 1). Now, one
form of a lattice is more canonical than another form of the same lattice (or from a form
of a different lattice) if it has discriminant closer to 1. If the lattice admits an orthogonal
basis, then one orthogonal basis is more canonical than another if it contains more
elements of norms in 1+ Ij. If two bases have the same number of elements with norms
in 14 I, we order the base such that the elements whose norms are closer to 1 come first.
Then the basis z;, 1 < j < n is more canonical than y;, 1 < j < n if there exists some
1 < k < n such that 7 is closer to 1 than g and v(z5 — 1) = v(y; — 1) for all j < k. In
particular, an orthogonal basis containing a maximal set of elements of norm precisely 1
will be more canonical than a basis not having this property. For a lattice of the form
@D, Mo, 5,, we choose the order such that the valuations of generalized Arf invariants
are decreasing. Then one form is more canonical than another using a condition similar
to the orthogonal base case, with “2? being closer to 1” replaced by “the generalized Arf
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invariant having higher valuation”. For two unimodular lattices given in a certain form,
we call one of them more canonical than the other according to the same rules.

Let L be a unimodular lattice over R (a 2-Henselian valuation ring with v(2) > 0)
having an orthogonal basis. Using the argument of Section 1, we find that the reduction
of L modulo Iy decomposes as the orthogonal direct sum of elements of norms 1 + I,
and an F-lattice in which no norm equals 1 + Ij. Lifting this basis to a basis of L and
altering by elements of Iy, we obtain an orthogonal basis z;, 1 < j <n for M in which
x? € 1+ I for j <1, and no combination of z; with [ 4+1 < j <n has a norm in 1 + Ij.
If F is perfect then any non-zero norm is a square times an element of 1 + Iy, so that
the reduction can always be taken orthogonal and [ = n. If M is a lattice with Jordan
decomposition M = EBZ:I Mj, such that My = L, then mixing with the components My,
of higher valuation cannot yield norms from @?:l 41 Rr; @D~ My which are in 1+ I,
hence cannot render our form of L = M7 more canonical.

We now turn to unimodular rank one components generated by an element with a
norm in 1 + Iy. Recall that a more canonical form for such a lattice will be based on
a generator x whose norm is such that v(2? — 1) is large. Now, if we can have a most
canonical form for such a lattice (i.e., 22 = 1 + r with the maximal possible v(r), which
is thus positive) then either » = 0, v(r) < 2v(2) and is odd, v(r) < 2v(2) is even and r is
not in 02R? + I,y for o € R with 2v(0) = v(r), or v(r) = 2v(2) and r is not in 4Rys.
Indeed, if v(r) > 2v(2) then 2?2 is a square by Lemma 1.4. Otherwise, we compare 1 +r
to c2(1+47), ¢ has to be 1+ h for h € Iy with 2v(h) > v(r), and considerations like those
presented in Section 3 prove the assertion.

The first step towards a canonical form is provided by the following

Proposition 5.3. Let M be a unimodular lattice generated by two orthogonal elements x
and y, whose norms are 1+r and 1+ s respectively. Assume that v(s) > v(r) > 0, v(s) is
maximal, and r is such that v(r) is mazimal among the norms of primitive generators of
(Ry)*. If v(r) is smaller than both v(s) and v(2) then the generalized Arf invariant which
r represents is an invariant of the lattice. If v(r)+v(s) > 2v(2) then M is isomorphic to
a lattice spanned by two orthogonal elements of norms 1 and (1 +r)(1 + s) respectively,
hence s = 0 by maximality. If s # 0 but v(s) is mazimal (and v(s) > 0) then r and s
satisfy the conditions of Proposition 3.8 or 3.11 with « =1 and = s.

Proof. For any ¢ € R, the elements = + (1 + r)ty and y — (1 + s)tx are orthogonal and
have norms (1 +7)[1+#3(1+7r)(1+ s)] and (1 + s)[1 +t>(1 +7)(1 + s)] respectively. We
take only ¢ which is not in 1 4 Iy, so that these vectors are primitive and generate M.
We can thus divide these elements by 1 + ¢, and obtain generators of M having norms
14w and 1+ w with

t2(1+ 8)(r2 +2r) +r — 2t + st? (L +7)(s? 4 25) + 5 — 20+ 1t?

“= (1+1)2 U (1+1¢)2
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Every presentation of M with an orthogonal basis is obtained in this way, up to multi-
plying 1 + u and 1 + w by elements from (R*)?: This follows directly from primitivity
and orthogonality. We are looking for isomorphic presentations of M with v(w) > v(s).
Hence if v(r) < v(s) we take ¢ either with 2v(t) > v(£) > 0 or v(t) > v(2) > 0. It follows
that u represents the same generalized Arf invariant as 7, and by the usual maximality
argument this generalized Arf invariant is an invariant of the isomorphism class of this
lattice. If v(r) + v(s) > 2v(2) (hence v(s) > v(2)) then the equation w = 0 is quadratic
in t, with A of valuation at least v(r) and with B = —2 and C = s. Lemma 1.4 gives
a solution ¢ of valuation v(5) > 0 to this equation, so that w = 0 can indeed be ob-
tained. The evaluation of 1 +u as (14 7)(1 + s) is carried out either using the equation
for t or using discriminant considerations. Now assume that s # 0 and v(s) is maxi-
mal (so that no element of M has norm precisely 1). The maximality of s implies that
v(s — 2t + rt?) < v(s) for every t € R\ (1 + Iy), since the denominator in the expres-
sion for w is in R* and the other term in the numerator has valuation larger than v(s).

Arguments similar to those of Section 3 now complete the proof of the proposition. O

A slight modification of the proof of Proposition 5.3 shows that if a lattice L admits an
orthonormal basis with norms in 14 I such that one norm is 14 r with v(r) < v(2) and
all the other norms are closer to 1 than 1 + r then r defines a generalized Arf invariant
which is an invariant of L.

The effect of combining a lattice M, g (with o and g in I) with a unimodular rank 1
lattice spanned by a vector z with 22 = u € R* is already considered in the proof of
Corollary 1.3. The norms of the three basis elements given there in this case are u + at?,
t?u + u?B, and —(u + at?)(t? + uB)(1 — afB) respectively. Modulo Iy, these norms are
u+ Iy, t2u + Iy, and —t?>u + I, which are all equivalent to u + Iy modulo (R*)2 since F
has characteristic 2.

We now examine the effect of adding a lattice of positive valuation to a unimodular
lattice.

Proposition 5.4. Let M be a unimodular lattice whose discriminant in a given basis is in
1+ Iy, and let L be a lattice with v(L) > 0. Write the discriminant of M in this basis
as 1+ r, and assume that there exist primitive elements x € M and y € L, with norms
a and b respectively, such that t?ab € r + Iy for some t € R. Then, the lattice M & L
is isomorphic to N & K with N having the same reduction modulo Iy as M and has
discriminant 14 s with v(s) > v(r), and K is a lattice with the same valuation as L and
whose discriminant is the discriminant of L multiplied by 1 + t2ab.

Proof. Let z;, 1 < i < n be a basis for M giving the discriminant 1 4+ r and in which

2
n

z; = a, and let y;, 1 < 7 < m be a basis for L with y2, = b. Consider the elements
zi = x; + (@, n)Ym and w; = y; — (Y5, Ym)Tn of M & L. One verifies that z; L w;
for all i and j, and (z;,2;) = (2, ;)(mod Iy) since y2, = b € I as v(L) > 0. We take

N to be the lattice spanned by z;, 1 <i < n and K to be the lattice generated by wj,
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1 < j < m. If D is the matrix defined by d;; = (z;,2;) (with determinant 1 + r by

assumption) then the matrix giving the discriminant of N is D + t?bd,d!, where d,,

is the last column of D. By the Matrix Determinant Lemma, the determinant of this
matrix is (14¢2b-d!, D~1d,,) det D, and since D~1d,, is the nth standard basis vector and
dnn = ¥2 = a, this expression reduces to (1 + t2ab)(1 + r). Writing the latter expression
as 1+s with s = r+t2ab+rt2ab and observing that r and t?ab are in Iy, t2ab € r+ Iy,
and F has characteristic 2, we find that v(s) > v(r). For elements of the lattice K the
expression (w;,wy) differs from (y;, yx) by at(y;, ym)(Yk, ym) of valuation at least 2v(L).
Evaluating the discriminant of K can be carried out in the same way as the discriminant
of N (since L is non-degenerate, the corresponding matrix has non-zero determinant
hence can be inverted over K). This completes the proof of the proposition. O

Proposition 5.4 can be used in various manners in order to convert a component
in a Jordan decomposition of a lattice into a more canonical one, while affecting only
the Jordan components with higher valuations. As two possible examples, consider the
following: A lattice element with norm 1+ r (contained in a unimodular component)
with v(r) maximal can be taken to an element of norm 1+ s with v(s) > v(r), and a
lattice M, g can be altered in this way to a lattice M, s with generalized Arf invariant
of higher valuation. In some cases, the class of minimal norms can also change to a class
with larger valuation. All the transformations presented in [8] over R = Zy are special
cases of Propositions 5.3 and 5.4.
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