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Introduction

The concept of face algebra was introduced by T. Hayashi in [13], motivated by the the-
ory of solvable lattice models in statistical mechanics. It was further studied in [14-20],
where for example associated *-structures and a canonical Tannaka duality were de-
veloped. This Tannaka duality allows one to construct a canonical face algebra from
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any (finite) fusion category. For example, a face algebra can be associated to the fu-
sion category of a quantum group at root unity, for which no genuine quantum group
implementation can be found.

In [32,36,37], it was shown that face algebras are particular kinds of x g-algebras [40]
and of weak bialgebras [5,3,31]. More intuitively, they can be considered as quantum
groupoids with classical, finite object set. In this article, we want to extend Hayashi’s
theory by allowing an infinite (but still discrete) object set. This requires passing from
weak bialgebras to weak multiplier bialgebras [4]. At the same time, our structures admit
a piecewise description by what we call a partial bialgebra, which is more in the spirit of
Hayashi’s original definition. In the presence of an antipode, an invariant integral and a
compatible *-structure, we call our structures partial compact quantum groups.

The passage to the infinite object case requires extra arguments at certain points, as
one has to impose the proper finiteness conditions on associated structures. However,
once all conditions are in place, many of the proofs are similar in spirit to the finite
object case.

Our main result is a Tannaka—Krein—Woronowicz duality result which states that
partial compact quantum groups (with finite hyperobject set) are, up to the appropriate
notion of equivalence, in one-to-one correspondence with concrete semisimple rigid tensor
C*-categories. Here we do not assume the unit of the tensor C*-category to be irreducible
— this situation can also be dealt with using the notion of C*-bicategory introduced
n [21]. By a concrete tensor C*-category we mean a tensor C*-category realized inside
a category of (locally finite-dimensional) bigraded Hilbert spaces. Of course, Tannaka
reconstruction is by now a standard procedure. For closely related results most relevant
to our work, we mention [48,35,16,33,12,39,34,9,29] as well as the surveys [22] and [30,
Section 2.3].

As an application, we generalize Hayashi’s Tannaka duality [16] (see also [33]) by
showing that any module C*-category over a semisimple rigid tensor C*-category has an
associated canonical partial compact quantum group. By the results of [9], such data can
be produced from ergodic actions of compact quantum groups. In particular, we consider
the case of ergodic actions of SU,(2) for ¢ a non-zero real. This will allow us to show that
the construction of [14] generalizes to produce partial compact quantum group versions
of the dynamical quantum SU(2)-group [11,24], see also [38] and the references therein.
This construction will provide the right setting for the operator algebraic versions of
these dynamical quantum SU(2)-groups, which was the main motivation for writing this
paper. These operator algebraic details will be studied elsewhere [7].

The precise layout of the paper is as follows.

The first section introduces the basic theory of the structures which we will be con-
cerned with. We introduce the notions of a partial bialgebra, partial Hopf algebra and
partial compact quantum group, and show how they are related to the notion of a weak
multiplier bialgebra [4], weak multiplier Hopf algebra [46,45] and compact quantum
group of face type [14]. We also briefly recall the notions of tensor category and tensor
C*-category.
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In the next two sections, our main result is proven, namely the Tannaka—Krein—Woro-
nowicz duality. In the second section we develop the representation theory of partial
compact quantum groups, and we show how it allows one to construct a concrete semisim-
ple rigid tensor C*-category. In the third section, we show conversely how any concrete
semisimple rigid tensor C*-category allows one to construct a partial compact quantum
group, and we briefly show how the two constructions are inverses of each other.

In the final two sections, we provide some examples of our structures and applications
of our main result. In the fourth section, we first consider the construction of a canonical
partial compact quantum group from any module C*-category for a semisimple rigid
tensor C*-category. We then introduce the notions of Morita, co-Morita and weak Morita
equivalence [27] of partial compact quantum groups, and show that two partial compact
quantum groups are weakly Morita equivalent if and only if they can be connected by a
string of Morita and co-Morita equivalences. In the fifth section, we study in more detail
a concrete example of a canonical partial compact quantum group, constructed from an
ergodic action of quantum SU(2). In particular, we obtain a partial compact quantum
group version of the dynamical quantum SU(2)-group [11,24].

1. Partial compact quantum groups
1.1. Partial algebras

Definition 1.1. An I-partial algebra <7 is a set I = {k,l,---}, the object set, together
with C-vector spaces rA;, multiplication maps

M = Mpim: A ® 1Am = 1Am, a®@b— ab

and unit elements 1y € pAx such that obvious associativity and unit conditions are
satisfied.

We emphasize that 1, = 0 is allowed, in which case for example . A; = {0}. Note that
I-partial algebras can be seen as small C-linear categories, but we will use a different
notion of morphisms for them than the usual one of functor. Other names for I-partial
algebra would be C-algebroid (with object set I) or C[I]-algebra.

By making M the zero map on all other tensor products, we can turn A = @y 14,
into an associative algebra, the total algebra of <7. It is a locally unital algebra by the
orthogonal idempotents 1.

For example, for any set I we can define a partial algebra .#at; with Mat; = C for
all k,1 and each My, ; ., scalar multiplication. The associated total algebra is the algebra
of all finitely supported matrices based over I. For a general o7, one can identify A with
finite support I-indexed matrices (ag;)g,; with ag € xA;, equipped with the natural
matrix multiplication.

Working with non-unital algebras necessitates the use of their multiplier algebra
[6,43]. Recall that a multiplier m for an algebra A consists of a couple of linear maps
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a — Ly (a) = ma and a — R,,(a) = am such that a(bm) = (ab)m, (ma)b = m(ab)
and (am)b = a(mb) for all a,b € A. They form an algebra, the multiplier algebra M (A),
under composition for the L-maps and anti-composition for the R-maps. In case A is
the total algebra of an I-partial algebra 7, the natural homomorphism A — M (A) is
injective, and M (A) can be identified with matrices (mg;)g; which are rcf in the sense of
the following definition.

Definition 1.2. An assignment (k,l) — my; into a set with distinguished zero element is
called row-and column-finite (rcf) if it has finite support in either one of the variables
when the other variable has been fixed.

When m; € M(A) are such that for each a € A one has m;a = 0 = am; for all but
a finite set of 4, one can define a multiplier ). m; in the obvious way. One says that
the sum ), m; converges in the strict topology. We will often use this kind of limit
implicitly, for example in the next definition.

Definition 1.3. Let &/ and % be respectively I and J-partial algebras. A @-morphism
from & to & consists of a map ¢: I — Z(J), the power set of J, and a homomorphism
frA— M(B) such that f(1x) = >, o) 1r

Note that a ¢-morphism f splits up into linear maps f.s: xA; — B for all r €
o(k), s € p(1), which completely determine f. These components satisfy

—

a) frt(1g) = 0,41, for vt € p(k), and
(b) fre(ab) =3 o) frs(a) fse(b) for all a € rA;, b€ 1A, € (k) and t € p(m),

where the last sum is finite by the rcf property of multipliers. Conversely, if one has a
family of linear maps f.s with (r,s) = frs(a) rcf on ¢(k) x ¢(I) for each a € ,A;, then
one can meaningfully impose conditions (a) and (b) on these maps, which then determine
a unique p-morphism f. Note that if the images of ¢ are all singletons, we find back the
notion of (C-linear) functor.

1.2. Partial coalgebras

The notion of a partial algebra dualizes as follows.
Definition 1.4. An I-partial coalgebra <7 consists of a set I = {k,l,...}, the object set,

together with vector spaces A{“, comultiplication maps

m

k
A = A( ! ):Afn - AF® Al a ag) ® ag.a),
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and counit maps € = ek:A’,z — C satisfying obvious coassociativity and counitality
conditions.

In the following, we will extend e as the zero functional on A¥ when k # I.

1.3. Partial bialgebras

We write I2 for I x I seen as column vectors. To superimpose the notions of partial
algebra and partial coalgebra into that of a partial bialgebra, we need the maps

parl? = 2P x 1), oal(n))=1((}). () 1€},

il 5 2D, (1) {é’“} rl

We also use the natural tensor product of an I-partial algebra ./ and J-partial algebra
A, which is an I x J-partial algebra &/ ® % with total algebra A ® B. This corresponds
to the usual tensor product of (small) C-linear categories.

Definition 1.5. A partial bialgebra </ consists of a set I, the object set, a collection of
vector spaces ¥ Al with I%-partial algebra structure on the 4 A, m, = K Al and a

Ay = mfn

OA- homomorphlsm o — @ ® o/ and p.-homomorphism e: &/ — #at; whose compo-

kl)

nents turn A =k Al into an I x I-partial coalgebra.

Spelled out, this means we have maps and elements
M:EAL @ LA FAr A h Al s EAleAs 1(F) e Al efAlocC
satisfying (co)associativity and (co)unitality, and such that moreover
1(
b)

e(1(7)) =1,
e( €(a)e(b) whenever a,b are composable,
Bur(1(5)) = (5) 91( ), and
A,s(ab

) = > Ari(a)A¢s(b) whenever a, b are composable.

Note that this sum in the last entry is finite, as it is implicit in the definition that
the applications (r,s) — A,s(a) are rcf for each a. We will use the Sweedler notation
A(a) = a(1) ® ag) for the total comultiplication, and A,s(a) = a(rs;1) @ a(rsp2) for its
components.

It will be convenient to consider the multipliers

M= 1(*)eM@A), p=) 1(*)e M)

l k
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Then by [45, Proposition A.3], there is a unique homomorphism A: M(A) - M(A®A)
extending A on A and satisfying A(1) = >, pr ® M. It follows by elementary calcula-
tions that the total objects (A, M, A e, A(1)) form a regular weak multiplier bialgebra [4,
Definition 2.1 and Definition 2.3]. We will call (A4, A) the total weak multiplier bialgebra
associated to 7.

Recall from [4, Section 3| that a regular weak multiplier bialgebra admits four pro-
jections TIX ITE T TI®: A — M (A), where for example 117 (a) = (e ® id)((a ® 1)A(1)).

One computes that for a € ¥ Al one has

11" (a)
11 (a)

e(a) Ay = €(a) g, I (a) = e(a)\, = e(a)\,

(@) = e(a)pn,  T7(a) = e(a)px = e(@)pum.

The base algebra of (A, A) is therefore the algebra Fun(I) of finite support functions
on I. By [4, Theorem 3.13|, the comultiplication of A is left and right full (‘the legs of
A(A) span A’).

It is of more interest to consider the converse question. If (A, A) is a regular left
and right full weak multiplier bialgebra, let us write AL = TI¥(A) = II*(A) and
AR = TIR(A) = TI®(A) for the base algebras. By [4, Lemma 4.8], the algebra A" is
anti-isomorphic to A by the map o: A — AR sending 1% (a) to 1% (a). We then refer
to AL as the base algebra.

Proposition 1.6. Let (A, A) be a reqular left and right full weak multiplier bialgebra whose
base algebra is isomorphic to Funy(I) for some set I, and such that moreover AL AT C
A. Then (A, A) is the total weak multiplier bialgebra of a uniquely determined partial
bialgebra of over I.

The condition AYA®" C A is essential, and should be considered as a properness
condition. Indeed, this condition can be interpreted as saying that morphism spaces of
the ‘quantum category’ associated to A are compact, which coincides with the notion of
properness for a groupoid with discrete object set, cf. [42].

Proof. Write )\, € AL for the function A\ (l) = i, and write o(\;) = pp € A By
assumption, 1(1;) = M € A. Further A = AAR = AAL = AV A = AR A, cf. the proof
of [4, Theorem 3.13]. Hence the 1(}) make A into the total algebra of an I*-partial
algebra, as A" and A" elementwise commute by [4, Lemma 3.5].

Let us show that A(1) = 3, pr ® Ax. By [4, Lemma 3.9], we have (pr ® 1)A(a) =
(1®Ak)A(a) for all @ € A. By [4, Lemma 4.10] and the fact that A(1) is an idempotent,
we can then write A(1) = Y7, pr ® A for some subset I’ C I. As by definition
ITE(A) = Fung(I), we deduce that I = I'. We then have as well that A(l(:@)) =
> 1(1;) ® 1(7;) by [4, Lemma 3.3|, and it follows that A is a ya-homomorphism in
the sense of Definition 1.5.
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For a € kAL and b € LA™ we then have e(ab) = e(al(é)b) = e(a)e(b)

q“ir o
by [4, Proposition 2.6.(4)]. The counitality of e gives 5k11( nll) = 1(:1 ) 1 ( 7;) =
(e ®id) (A(l(fn))(l ® 1(7;))) = e(l(’f))l(rln) for all k,l,m. Summing over m and
using A\; # 0, we deduce e(l(’l“)) = 0. This shows that € is a ¢.-homomorphism.

As A is coassociative and e satisfies the counit property, it is clear that the components

of A and e satisfy the conditions for a partial coalgebra, which finishes the proof. O
1.4. Partial Hopf algebras

Definition 1.7. A partial bialgebra 7 is called a partial Hopf algebra if the total weak
multiplier bialgebra (A, A) admits an antipode S: A — M(A) in the sense of [4, Theo-
rem 6.8].

By [4, Theorem 6.8, Theorem 6.12 and Proposition 6.13], the antipode is uniquely
determined, anti-multiplicative and non-degenerate, and by [4, Corollary 6.16] moreover
anti-comultiplicative, A(S(a)) = (S ® S)A°(a) for all a € A. We will call S the total
antipode of <. The next proposition will show that we have in fact in particular that

S(A) C A.

Proposition 1.8. Let </ be a partial Hopf algebra. Then S maps & Al into AT, and
Za(m;l)S(ars;g) = e(a)l(’:), ZS(a(Ts;l))a(m;g) =e(a)1(.), ac kAl (1.1)
S T

Conversely, if o is a partial bialgebra with maps S: &, Al — " A™ satisfying the above
identities, then the latter extend by linearity to an antipode of (A, A) and 7 is a partial
Hopf algebra.

Proof. Let o7 be a partial Hopf algebra. From [4, Lemma 6.14], applied with one of
the elements of the form 1(’,:), we deduce S’(l(;)al(rln)) = 1("7)S(a)1(7), hence
S (% AL) C 7AP. From the identities (6.14) in [4], we obtain ab(1)S(b()) = allZ(b) for
all a,b € A. Taking a = 1(*), we find 3, brs1)S (brsi2)) = €(b)1(*) for all b € AL
The other antipode identity in (1.1) follows similarly.

Conversely, assume that <7 is a partial bialgebra and S is defined on components and

satisfies (1.1). Then the linear extension of S satisfies
ba(l)S(a(g)) = bHL(a), S(a(l))a(g)b = HR(a)b, Va,b € A. (1.2)

Hence a(l)b(l) & a(2)b(2)S(b(3))0 = a(l)b(l) & a(Q)HL(b(Q))c for all a,b,c € A. As
by @ ¥ (b2)) = A(1)(b® 1) by an easy computation, identity [4, Theorem 6.8.(2)(vii)]
holds. In the same way one proves the identity in [4, Theorem 6.8.(2)(viii)]. Finally, [4,
Theorem 6.8.(2)(ix)| requires Y, S(pma)A\m = S(a) for all @ € A, but this is immediate
from the condition S(F,AlL) = 1A". O
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Lemma 1.9. Let (o7, A) be a partial Hopf algebra. Then e o S = .

Proof. As both €0 S and e vanish on ¥ AL when k # m or [ # n, it suffices to check the
identity on a € ﬁA% But then €(S(a)) = e(a(kl;l))e(S(a(kl;Q)) =>. e(a(ks;l))e(S(a(ks;g))).
By partial multiplicativity of € and (1.1), this equals € (Zs G/(ks;l)S(a(kS;Q))) =

e(a)e(l(i)) =e¢(a). O

Define now on I the relation k ~ | <= 1(’;) # 0. As 6(1(:)) = 1, we have in
particular 1(:) # 0, hence this relation is reflexive. As S(l(’;)) = 1(2), this relation
is symmetric. As A”(l(i)) = 1(’;) ® 1(72), this relation is transitive. Hence ~ is an
equivalence relation.

Definition 1.10. The hyperobject set of a partial Hopf algebra o is the set I/~.

For reasons of technical simplicity, and since it will be sufficient for our purposes, we
will later on assume that the hyperobject set is finite. This is no real restriction, as results
for infinite hyperobject sets can then easily be derived by inductive limit arguments.

Definition 1.11. A partial Hopf algebra o7 will be called regular if the antipode S: A — A
is invertible.

We can characterize regularity in terms of the coopposite partial bialgebra «7°P, for
which the grading is ¥, (A%°P), = "™ A? with the same multiplication maps but A,(a) =

a(rs;?) X a(rs;l) .

l
n

Lemma 1.12. A partial Hopf algebra <f is reqular if and only if the partial bialgebra o7 “°P
is a partial Hopf algebra. In this case, S~' is the antipode of </ “°P.

Proof. Note that IT"%/Z is the ITX/B-map for o7°°°. Hence, by Proposition 1.8, &P is
a partial Hopf algebra if and only if there exists a map 7: A — A mapping ¥ Al into
AT and such that ba2)T(a(1)) = bII¥(a) and T'(a(s))a(n)b = I1*(a)b for all a,b € A.
Now if S is invertible, we see that these identities indeed hold with T = S~! by
applying S to them and using S o IT*/L = II%/E. Conversely, if such a T exists, take
a€k Al and put e = 1( ) and f = 1( ) Then, using that we know the behavior of

k 1
m n
S and T on the local units, we compute on the one hand

ST(ea(l))S(a(g))a(g)f = ST(ea(l))HR(a(g))f = ST(ea(l)HR(a(g)))f = ST(@)7
while on the other
ST (ear))S(agy)ag) f = S(aw)T(ean)))ag) f = S (aw)T(e))ag) f
= €HL(CL(1))(Z(2)f = a.

Hence ST(a) =aforallae A. O
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1.5. Invariant integrals

Invariant integrals for I-partial bialgebras over a finite set I were introduced in [14].
A more general definition of invariant integrals for regular left and right full weak mul-
tiplier bialgebras was developed in [23], see also [2, Section 3] and the unpublished work
[47]. We will base our definition on the characterization obtained in [47, Proposition 2.7],
but as in [14] we will assume that our integral has been normalized on the base algebra.
The normalization will however be different from the one in [14], where the Dirac func-
tions Ax and p,, were assigned weight one, as this normalization does not make sense in
case I is infinite.

Definition 1.13. Let ./ be an [-partial bialgebra. A functional ¢: A — C is called an
invariant integral if (;5(1(2)) =1 for all £ and

([d@g)Aa) = > ¢ (Akadi) Ar,  (6@1d)A(a) =Y ¢ (pmapm) pm
k

m

as multipliers in M (A).

It follows from the Larson—-Sweedler theorem, [47, Theorem 2.14], that if one moreover
assumes ¢ to be faithful, in the sense that ¢(ab) = 0 for all b (resp. all a) then a = 0
(resp. b = 0), then & is automatically a regular I-partial Hopf algebra. Conversely,
we will show in the next section that an invariant integral on a regular I-partial Hopf
algebra is automatically faithful.

Note that if ¢ is an invariant integral on an [-partial bialgebra, then ¢(1(7’fl)) =1
whenever 1(7;) # 0, by applying (id ®¢) to Akk(l(:z)). In particular, also in this case
the relation k ~ | & 1(1;) # 0 is an equivalence relation.

An invariant integral will have support on the homogeneous components of the
form £ AE .

Lemma 1.14. Let o/ be an I-partial bialgebra with invariant integral ¢. Then for alla € A
and all k,m € I, one has ¢(1( " )a) = ¢p(al(”)).

k k
m m

Proof. Cf. the discussion following [47, Proposition 2.7]. Namely, if a € A and s € I, we
compute

(id@¢)((1® As)A(a)) = ps(id @9)(A(a)) = (id @) (A(a))ps = (Id@¢)(A(a)(1 @ As)).

As both sides lie in A since (r,s) — A,s(a) is rcf, we can apply € to conclude ¢(Asa) =
@(aXs). Similarly the identity ¢(psa) = ¢(aps) can be derived. O
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One easily concludes from this that an invariant integral ¢ is uniquely determined,
since any other invariant integral 1 satisfies

¢la) =¥ (1(})) ¢la) = (¥ ® ¢)(Awk(a)) = ¥(a)d(1( ) = ¥(a),  a€ AL
1.6. Partial compact quantum groups

Definition 1.15. A partial *-algebra is a partial algebra & whose total algebra A is
equipped with an anti-linear, anti-multiplicative involution a — a* with 1} = 1 for all
objects k.

This implies that * restricts to anti-linear maps yA; — ;Ak.

Definition 1.16. A partial x-bialgebra is a partial bialgebra <7 whose underlying partial
algebra has been endowed with a partial x-algebra structure such that A,¢(a)* = Ag,.(a*)
for alla € * Al A partial Hopf -algebra is a partial bialgebra which is at the same time
a partial *-bialgebra and a partial Hopf algebra.

Proposition 1.17. An I-partial x-bialgebra <7 is an I-partial Hopf x-algebra if and only if
the weak multiplier x-bialgebra (A, A) is a weak multiplier Hopf x-algebra. In that case,
the counit and antipode satisfy e(a*) = e(a) and S(S(a)*)* =a for all a € A.

Note that <7 is then automatically regular.

Proof. The if and only if part follows immediately from Proposition 1.8, the relation
for the counit from uniqueness of the counit [4, Theorem 2.8], and the relation for the
antipode from [46, Proposition 4.11]. O

Definition 1.18. A partial compact quantum group consists of a partial Hopf *-algebra .o/
with an invariant integral ¢ that is positive in the sense that ¢(a*a) > 0 for all a € A.
We then write & = H(¥), where we refer to ¢ as the partial compact quantum group
defined by 7, and to & as the algebra of (regular) functions on ¥.

It will follow from Theorem 2.14 and [14, Theorem 3.3 and Theorem 4.4] that for I
finite, a partial compact quantum group is precisely a compact quantum group of face
type [14, Definition 4.1]. As the total structure should not be considered compact for I
infinite, we have changed the terminology to partial compact quantum group to reflect
that only the parts should be considered compact.

1.7. Tensor categories

We assume that the reader is familiar with the basic notions concerning tensor cate-
gories — we refer to [28] for an overview. We will always assume that our tensor categories
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(C,®) are C-linear and strict. If moreover C is semisimple, then each object has a finite-
dimensional endomorphism algebra, and will be isomorphic to a direct sum of irreducible
(or, equivalently, simple) objects. We will in general not assume that the unit object 1
of C is simple. A tensor category will be called rigid if each object has a left and right
dual object. By tensor functor we will mean a strongly monoidal functor.

If C is semisimple, we know by the Eckmann—Hilton argument that End(1) & C” for
some finite set #. If an identification with such a set .# has been made, we will refer
to . as the hyperobject set of C. To each a € # then corresponds a simple subobject
1, of 1. If o, B € .7, we can then construct full subcategories C,g of C consisting of all
objects X for which 1, ® X ® 135 = X. The collection {Cop} can be looked upon as a
particular kind of 2-category, or, seeing it as a categorification of the notion of partial
algebra, as a partial tensor category. In this way, one could also treat the case where %
is infinite, in which case the associated total tensor category would be ‘non-unital with
local units’. However, to be able to stick to more familiar terminology and to avoid some
technical points, we will not discuss this more general setting which would bring nothing
essentially new to the discussion.

We will also need the more structured notion of tensor C*-category, by which we will
understand a tensor category with each Mor(X,Y’) a Banach space equipped with an
anti-linear map *: Mor(X,Y) — Mor(Y, X) satisfying the appropriate submultiplicativity
and C*-conditions — see [26] or again [28]. Again, we stress that we do not assume the
unit of a tensor C*-category to be simple. In a rigid tensor C*-category, left and right
duals are isomorphic, and given an object X we will simply pick a dual object and denote
it by X.

2. Representation theory of partial compact quantum groups

2.1. Corepresentations of partial bialgebras

A notion of full comodule for a general weak multiplier bialgebra was introduced in
[2, Definition 2.1 and Definition 4.1]. It was then shown in [2, Theorem 5.1] that the
category of full comodules forms a (possibly not semisimple) tensor category, and in [2,
Theorem 6.2] that the category of finite-dimensional full comodules for a weak multiplier
Hopf algebra forms a rigid (but possibly not semisimple) tensor category. However, in
many situations the class of finite-dimensional comodules will be too small. We introduce
here for partial bialgebras a class of ‘intermediate size’ comodules, which in the case of
partial Hopf algebras with invariant integral will turn out to be large enough. We will
however phrase the result in terms of corepresentations in stead of comodules, as this will
be more appropriate when discussing matrix coefficients. We then make the connection
with the comodules from [2] in Lemma 2.6.

Definition 2.1. Let [ be a set. An [ x I-graded vector space V = @ME] xV; will be
called row-and column finite-dimensional (rcfd) if the s £V (vesp. Brer £ V;) are finite-
dimensional for each & (resp. {) fixed.
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We denote by Vect? %! the category whose objects are rcfd I x I-graded vector spaces.
Y rcfd

Morphisms are linear maps 7" that preserve the grading, and can therefore be written as
T= Hk,le[ k17

Definition 2.2. Let &/ be an I-partial bialgebra. A corepresentation £ of </ on an rcfd
I x I-graded vector space V is a family of elements * X! € k Al ® Homc(,,Vy, V1)

satisfying (A, ®id)(% X1) = (’;Xg) . (gp(;g)23 and (e ® id)(5 X1) = 0pmdpn id 1.
We use here the standard leg numbering notation, e.g. ass = 1 ® a.
Example 2.3.

1. Equip the vector space C) = Pc; C with the diagonal I x I-grading. Then the
family % given by ¥ Ul = (51@)1(5%”1(:1) € k Al is a corepresentation of &/ on C()
called the trivial corepresentation.

2. Assume given an rcfd family of subspaces ,,V, C @y, kAL with Apy(m Vi) C
oV ® B AZ for all indices. Then the elements ¥ X! € * Al ® Homc( Vi, £ Vi)

defined by
EXLAeb)=AR0) e L AL ® W forallbe ,V,

form a corepresentation 2" of &/ on V. Corepresentations of this form will be called
regular.

A morphism T between corepresentations (V, Z") and (W, %) of o will be a morphism
T from V to W satisfying the intertwiner property (1® xT}) % X! = *V!(1® ,,T,,). In
this way, corepresentations form a category which we will denote Corep,.sq(%).

We next consider the total form of a corepresentation. Let V be an rcfd I x I-graded
vector space, and write py; for the projections on the component V;. Write Endg (V)
for the algebra of endomorphisms on V' having finite-dimensional support.

Definition 2.4. Let o/ be a partial bialgebra, and let V be an rcfd I x I-graded vector
space. An element X € M(A ® Endg(V)) is called a total corepresentation if for all
kilmnel

1(}F)@id)x1(!) ®id) = (1® pu)X(1 @ pmn) € A @ Endo(V), (2.1)
and

Here (e ® id)(X) makes sense as a multiplier by (2.1) and the fact that e has support
on the zAf
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The following lemma is straightforward.

Lemma 2.5. Let X be a total corepresentation. Then the % X! = (1( 7’; J@id) X (1( TlL )@id)
form a corepresentation X of </, and every corepresentation arises in this way from a
unique total corepresentation.

We will in the following call X the corepresentation multiplier of Z .

Recall now the notion of full right comodule for a regular weak multiplier bialgebra
(A, A) [2, Definition 2.1 and Definition 4.1]. It consists of a vector space V', equipped
with two maps A\, p:V ® A — V ® A satisfying certain assumptions. It then follows
from [2, Theorem 4.1] that V is a firm bimodule over the base algebra. In particular, if
(A, A) is the total weak multiplier bialgebra associated to a partial bialgebra, </, then
V becomes in a natural way an I-bigraded vector space. Whenever considering full right
comodules, we will consider V' with this natural bigrading.

Proposition 2.6. Let o/ be a partial bialgebra. There is a natural one-to-one corre-
spondence between corepresentations of &/ and full right comodules for (A, A) on rcfd
I-bigraded vector spaces.

Proof. Let (A, p) be a full right comodule of (4, A) on an rcfd vector space V. Let us
write ,,V = @, mVn etc.

It follows from [2, Lemma 4.2.(1) and (7)] that A maps ,,V® A into V;® ,,, A. From |2,
Lemma 4.2.(8)] it follows that A has range in @V ® FA. As A(v®ab) = Av®@a)(1®D)
by the multiplier property with respect to p, and as V is rcfd, all this implies that we can
define inside the tensor product ’anln ® Home (1 Vi, £Vi) = Home (1, Vi, ’anfl ® £V;) an
element * X! by the formula

v (L(F)@idv)odvel(l)), wve Vi,
where o is the flip map. Moreover, as A has support on &, V,,® ,A by [2, Lemma 4.2.(2)],
the maps * X! completely determine A.
The defining identity [2, (2.12)] for A, applied to v ® 1(}1) ® 1(2) with v € V,,, leads
immediately to the corepresentation identities for the * X!. Finally, [2, Lemma 4.2] and
the definition of the right action of the base algebra A on V implies that for v € V],

(e@id)(;X[)v = (i[d@e) (1@ 1(F)Mve1(})))
= pk(ld ®e)()\(pkv X 1(;))) = pPRUpP; = 0.
We leave it to the reader to check that conversely, each total corepresentation

(V, X) leads to a right comodule (V, A, p) by the formulas A(v ® a) = 06X (a ® v), and
plv®a)(p®1)=(1 ®a)UX(1(7ll) @) forve V,. O
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If of is a partial bialgebra, the category Corep,.sq(<) is easily seen to be an abelian
category with a faithful functor into Vectfcxfi lifting kernels, cokernels and biproducts,
cf. [2, Lemma 5.3]. In particular, one can call a corepresentation V irreducible if any
morphism 7T from (resp. into) V either has all Ty, zero or injective (resp. surjective).

Moreover, from [2, Theorem 5.1] we know that the category of all full comodules
over (A, A) forms a monoidal category with a strict monoidal imbedding into the tensor
category of firm Af-bimodules, that is, I x I-graded vector spaces. The latter tensor

product, which we will denote by ®;, can easily be identified concretely as follows:
(VR W)m =@ Vi @ (W,

It follows immediately that Corep,.q(27) is a tensor subcategory, represented faithfully
inside Vect! 1. In terms of total corepresentations, the tensor product of 2" and % is
given by X MY = X;15Y13, with associated components

fn(XCDY);Z = Z (feré)lz (iqup)ls’

ln

where the sum is actually finite because of the rcfd condition. The unit is given by the
trivial corepresentation (C), %/).

2.2. Corepresentations of partial Hopf algebras

Assume now that ' is a partial Hopf algebra. If V' is an rcfd I x I-graded vector
space, we will denote by )\}c/ (resp. pZ) the projection in Endg(V') onto elements with
left (resp. right) grading equal to k.

Lemma 2.7. Let (V, Z") be a corepresentation of &/ on an rcfd vector space. Then the
element

X' =(S®id)(X) € M(A®Endy(V))

is a generalized inverse of X in the sense that XX 'X = X and X' XXt = X1,
More precisely, one has XX 1 =3, My @ A/ and X'X =3, p @ p} (w.r.t. strict
convergence).

Proof. This follows immediately from Proposition 1.8 and the corepresentation iden-
tity. O

Given a corepresentation Z°, we then write

E(XTY, = (S@id)(PX) € 5 AL ® Home (Vs nVin)

m

for the components of X 1.
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The following easy lemma will be very useful.

Lemma 2.8. Let o7 be a partial Hopf algebra. A bigraded map T defines a morphism from
(V, Z') to (W, %) if and only if one (and hence both) of the following relations hold:

Y 1@D)X =Y pn®mly, YARD)X ' = Zkaﬂ

m,n

Proposition 2.9. Let &/ be a partial Hopf algebra. Then Corep,.q(2) has left duals. If
o/ is reqular, then Corep,.q(</) also has right duals.

Proof. Let (V, Z") be a corepresentation. Denote the dual of vector spaces V' and linear
maps T by V* and T, respectively, and define the dual of an I x I-graded vector space
V =@, 1Vi to be the space V" = @, ; x(V"); where (V") = (;V4)*. Then using
anti-comultiplicativity of S and Lemma 1.9, we see that V" and the family z given by

A

mXn = (S @ =) X}

form a corepresentation of . To see that it is a left dual of 2, consider the natural
evaluation and coevaluation maps

ev:VA@r V- Ch weve w),
coev:CD 5 Ve VA, 6 Y el o w™,

where {ez(-kl)} and {wglk)} are a basis and its dual basis for ;V;. Note that the right
hand sum is finite by the rcfd condition. These maps provide the duality between V' and
VA in Vectfcﬁ. It then suffices to show that they are also morphisms from the trivial
corepresentation to the tensor product representations of 2~ with Z . But for example
the intertwining property of ev follows from

1@ revi) > (EXL) ,(LXE) = (1@ revi) Y (5@ —")(PX)12(LX s

l,n l,n

= Om,g(1® mevm) Y (S @id)(FX7)13( LX)

l,n
-5 k
a1 (4)© v,
= ﬁlU(f(l@ m€Vim).

If o is a regular partial Hopf algebra, it follows that Coreprcfd(% ) has right duals
since 2+ Z is then essentially surjective, with inverse 2+ 2 for

v

mXn = (STt =M(IXE). O
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Remark 2.10. The previous proposition was proven for general weak multiplier Hopf
algebras in [2, Theorem 6.2] with respect to finite-dimensional full comodules.

2.8. Corepresentations of partial Hopf algebras with invariant integral

In the presence of an invariant integral, one can integrate morphisms of bigraded
vector spaces to obtain morphisms of corepresentations.

Lemma 2.11. Let (V, Z) and (W, %) be rcfd corepresentations of a partial Hopf algebra
o with invariant integral ¢. Fix m,n € I, and let T: ,,V, — mVn. Then the families

W= (0 @id)(F (Y (1o T) P XT),
W= (9@ i) (hYI1 e T) (XY,
form morphisms T and T from (V, Z) to (W,%).

Proof. Viewing T as a linear map V' — W concentrated at the component at (m,n), we
can consider the total forms T' = (¢®id)(Y " 1(1©T)X) and T' = (¢@id)(Y (10 T)X 1).
We compute

Y 1190T)X = (¢ ®id®@id) (Y )as(Y ) 13(1 ® 1@ T)X13X23)
= (¢ ®id)A®id)(Y ' (1®T)X)
=> @ (¢eid(pe )Y 11 T)X(n®1))
l

=sz® le-
k,l

Hence 7' is a morphism from 2 to % by Lemma 2.8. The assertion for 7' follows
similarly. O

Lemma 2.12. Let o be a partial Hopf algebra with invariant integral ¢. Let (V, Z") be
an rcfd corepresentation, and W, C 1V, an invariant family of subspaces. Then there
exists an idempotent endomorphism T of (V, Z") such that ;W; =img T; for all k,1.

Proof. We can decompose V' = @ , V3, where for o, 8 in the hyperobject set .# we write
« V3 for the direct sum of all ,V; with k € a,l € 5. As each V3 is invariant, we may
assume that V = V3 for some «, 8.

Let & be the restriction of 2" to W. Fix n € §. Let T be a bigraded idempo-
tent endomorphism of V' with image W, and write 7™ = . T,,. By Lemma 2.11, we
obtain endomorphisms 7™ of (V, 2'). Using column-finiteness of V, we can define
T =3, T We claim that W is the image of T
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Invariance of W implies (1® T)X(1® T) = X(1 ® T). Applying (S ® id), we get
1eT)X '1(1®@T)=X"1(1®T). Then

TT = (¢ ®id)(X ' (1@ pVT)X(1®T))
= (pRid)(X '1ep)X(1eT))
= (i) (XX, ©T))

ST =Y AT =T,
l

lep
As kf’l sends (V) into W, it follows that imgT = W, which proves the claim. O

Lemma 2.13. Let o/ be a partial Hopf algebra with hyperobject set .7, and fix represen-
tatives lg € B for each B. If T is a morphism in Corep,.tq(</) and T, = 0 for all k
and (B, then T = 0.

Proof. This follows from the equations in Lemma 2.8. O

Theorem 2.14. Let o be a partial Hopf algebra with invariant integral. Assume that the
hyperobject set .7 is finite. Then Corep,.sq(#) is a semisimple tensor category with left
duals and hyperobject set .7 .

Proof. It is easy to verify that, for each hyperobject a, the space C(®) is an invariant
subspace of C) w.r.t. the trivial representation %, and that the corresponding subrep-
resentations % (*) provide a decomposition of % into irreducible components.

By Lemma 2.12 and Proposition 2.9, it now suffices to show that each endomorphism
space of Corep,.q(7) is finite-dimensional.

Choose a representative Ig for each 8 € .#. Assume that T is an endomorphism of
some rcfd corepresentation (V, 27) with }°, _; »T;, = 0 for all 5. From Lemma 2.13, it
follows that 7' = 0. Hence the map T +— Zkﬁ 11, is an injective map from End(V, 2")
into a finite-dimensional space of linear maps. O

In fact, as Corep,.q(27) is semisimple, it will automatically have right duals as well.
This will also follow more concretely from Corollary 2.25 and Proposition 2.9.

For general partial Hopf algebras with invariant integrals, we have a weak form of
semisimplicity.

Corollary 2.15. Let o/ be a partial Hopf algebra with invariant integral. Then every rcfd
corepresentation of o/ decomposes into a (possibly infinite) direct sum of rcfd irreducible
corepresentations.

Proof. Any rcfd corepresentation is a (possibly infinite) direct sum of rcfd corepresen-
tations with a singleton as left and right hyperobject support. As in Theorem 2.14, we
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conclude by Lemma 2.13 that such rcfd corepresentations have a finite-dimensional space
of self-intertwiners. The corollary then follows again from Lemma 2.12. O

2.4. Schur orthogonality

Our next goal is to obtain Schur orthogonality for matrix coefficients of corepresen-
tations. We give a little more detail than provided in Hayashi’s paper [14].

Given finite-dimensional vector spaces V and W, the dual space of Hom¢(V, W) is
linearly spanned by functionals of the form wy ,(T) = (f|Tv), where v € V, f € W*,
and (—|—) denotes the natural pairing of W* with W.

Definition 2.16. Let o/ be a partial bialgebra. The space of matriz coefficients C(Z") of
an rcfd corepresentation (V, 27) is the sum of the subspaces

mC(2),, = span {(id @wp,) (3, X}) [ v € mVa, f € (WW)'} C H AL

As qu(’fnC(%)ln) C ’;C(ﬁ&”); ®@ BC(Z)L, the ’fnC(%)ln form a partial coalge-
bra with respect to A and e. Moreover, for each k,l the I x I-graded vector space
ko) =@,k C(f%”)il is refd, and the inclusion above shows that it supports a

m,n m

regular corepresentation in the sense of Example 2.3.2.

Lemma 2.17. Let (V, Z7) be an rcfd corepresentation of a partial bialgebra, and let [ €
(£Vi)*. Then the family of maps

TV = B () w s ([d@wsay,)(EXL) = (def) (kXL (1 @ w)),

n’

is @ morphism from 2 to the regular corepresentation on kC(ﬁt”)l.

Proof. Denote by % the regular corepresentation on @k C(2 )il Then for all v €

m,n m
mVn,
LY@ T (0) = (A @ wro) (X)) = (d@id @ f)((3Xg)as(hXD3(1® 1@ v))
=1, ) Xi1ev). O
As before, we denote by V* the dual of a vector space V.

Lemma 2.18. Let </ be a partial Hopf algebra. Then for any a € &y, % Al the family of

m n’
subspaces

pVa® = {(d@f)(Apg(a): f € (5, 4%)7)

supports a reqular corepresentation such that a € mVéa), If further (W, %) is an ir-
reducible regular corepresentation, then W; = le(a) for all k,l and any non-zero
a € Wy
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Proof. Assume that a and V(® are as above. Taking f = ¢, one finds a € mVn(a).
Next, write Ayg(a) = 2,05, ® ¢, with linearly independent (cl,);. Then qu(a) =
span{b?,, : i}, and Ars(qu(a)) c,Vvi9g P Ay as D0 Avg(bly) @ g = 30, b1, @ Apy(cly)
by coassociativity.

If now W is an irreducible regular corepresentation and a € ,,W,, non-zero, then
qu(a) is included in ,W,. As a € , ,Ea), it follows by irreducibility and Lemma 2.12
that V. = ,W,. O

Proposition 2.19. Let o/ be a partial Hopf algebra with invariant integral. Then the total
algebra A is the sum of the matriz coefficients of irreducible rcfd corepresentations.
Proof. Let a € ¥ AL, define ,V,* as in Lemma 2.18 and let 2" be the regular corep-
resentation on V(). Then a = (id ®€)(AY(a)) = (idoe) (b, XL(1® a)) € kc(2)..
Decomposing (V(®), 2°) by Corollary 2.15, we find that a is contained in the sum of
matrix coefficients of irreducible rcfd corepresentations. O

Proposition 2.20. Let o7 be a partial Hopf algebra with invariant integral ¢, and let
(V. Z) and (W, %) be inequivalent irreducible rcfd corepresentations. Then for all a €
C(X),beC(Y),

¢(S(b)a) = ¢(bS(a)) = 0.

Proof. Since ¢ vanishes on S(k AL )2A% and on PALS(k Al) unless (p,q,7,5) =
(m,n, k,1), it suffices to prove the assertion for elements of the form a = (id ®wy,, ) (¥, X!)
and b = (id ®wg ) (71Y;") where f € (yV))*,v € ,»,V,, and g € (,»,Wy)",w € 1 W;. Ap-
plying Lemma 2.11 to the map T V; — W, with T'(u) = f(u)w yields morphisms T, 7'
from (V, 2°) to (W, %) which are necessarily 0. Inserting the definition of 7", we find

(S(b)a) = ¢((S ® wg,w)(};nyln) - (id ®Wf,v)($nX7lz))
= (08 wy) (LY@ T)5XL) = wpu(mlh) = 0.

A similar calculation involving 7' shows that ¢(bS(a)) =0. O
Corollary 2.21. Let o/ be a partial Hopf algebra with invariant integral ¢. Then ¢ = ¢oS.

Proof. Assume that a € A lies in an irreducible regular corepresentation which is not a
direct summand of the trivial corepresentation. Then ¢(a) = ¢(S(a)) = 0 by Proposi-
tion 2.20. As such a together with the 1 ( 7’; ) linearly span A, this proves the corollary. 0O

For the following theorem, recall from the beginning of the proof of Lemma 2.12 that
any rcfd corepresentation (V, 2") can be decomposed into a direct sum V = & ,V;.
Hence if V' is irreducible, we have V' = ,Vj3 for unique o, 3 in the hyperobject set .7.
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We will call « the left and S the right hyperobject support of V. Recall further that z
denotes the dual left corepresentation of an rcfd corepresentation 2 .

Theorem 2.22. Let o/ be a partial Hopf algebra with invariant integral ¢. Let (V, Z")
be an irreducible rcfd corepresentation of o/ with left hyperobject support o and right

hyperobject support B. Then there exists an isomorphism G from (V,Z) to (V, Z).
Moreover, with F' denoting the inverse of G, the following hold.

(1) Forl e B and m € «, the numbers dg := ), Tr(1Gi) and dp := ), Tr(,,F,) are
non-zero and do not depend on the choice of I or m.
(2) Forallk,m € « and l,n € B,

(¢ ®id)( Z(Xfl)fn KX =dg Te(xGy)id vy,
(¢@id)(5 XL LX) = dp! Tr(wFa)id v -

(3) Denote by Zgimn the flip map Vi Q@ Vi — Ve ® £ Vi. Then

(¢ @id@id)((L(X )0 )15 X)) = dgt(d v, @ kG1) © Skimn,

(¢ ©id @id)((5,X1)13(L(XT)0)12) = ' (mFo @ id ,11) © Shimn.

Proof. We prove the assertions and equations involving dg in (1), (2) and (3) simulta-
neously; the assertions involving dg follow similarly.
Consider the following endomorphism Fj,nk; of ,V, ® £V,

Fountt = (6 @ id@1id) (LX) 1205 X0)13) © i

= (p ®id®id) ((%,L(Xil)fn)mzklkl,%(%XL)H) :

By applying Lemma 2.11 with respect to the flip map Y, we see that the family
(Frnkl)m,n is an endomorphism of (V ® Vi, Z12) and hence Fippp = id v, ® xRy with
some pR; € Endc (V) not depending on m,n.

On the other hand, since ¢ = ¢ o S by Corollary 2.21,

Frnir = (¢ ®id @1d)((S @ id) (" X[")12( 5, X})13) © Sk
= (¢ ®id®id) (S @ id)( 5, X))s((S? @1d) (' X/*))12) © Emnke
= (¢@id®id) ((F(X™))13Smmmn)2s (X)) 13 ) -
Hence we can again apply Lemma 2.11 and find that the family (Fiunk)r, is a mor-

phism from (,;, Vo ®V, 2 13) t0 (mVa®V, 213). Now 2 is also irreducible, since otherwise
its double right dual 2" would split. Hence the space Mor(Z2", z ) is linearly spanned by
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a single element G. Therefore Foonp = mTn ® G with some ,,,T,, € Endc(,,V;,) not
depending on k, .

We conclude from the above calculations that ,,T, ® G; = mid, ® ,R; for all indices.
This implies that for all m,n with ,,,V,, # 0, there exists A\, € C with Ry = Ay Gy
for all k,1. As however pR; does not depend on m,n, we see A\, = A € C. In the end,
we deduce Fiunp = A(id |, v, ® £G)).

m

Choose now dual bases (v;); for ,V; and (f;); for (xV;)*. Then

ATr(1G)id v = Y (1[d @wy, v,) (Fonikr) = (¢ @id)((HX 1)) kXD,

%

By Lemma 2.13, we can choose for each [ some m € « with ,,V; # 0. Then sum-
ming the previous relation over k, the relations ), ( %(X’l)fn) kX =1( ;) ®id, v, and
o(1( ﬁ )) =1give A-3_, Tr(xGy) = 1. It follows at once that G is not the zero morphism,

and hence 2 is isomorphic to 2. Now all assertions in (1)~(3) concerning dg follow. O

Corollary 2.23. Let <7 be a partial Hopf algebra with invariant integral ¢, let (V, Z) be

an irreducible corepresentation of &, let F' be an isomorphism from (V, Z) to (V, 33)
and G = F~1, and let a = (id®@wy,,) (% X!) and b = (1d @wy) (7 X)) for f € (£V1)*,
€ mVi, g€ (mVn)*, we V. Then

ZTr = (glv)(f|Gw), ZTr = (9| Fo)(f|w).

Proof. Apply wg . ® wy,, to the formulas in Theorem 2.22.(c). O

Corollary 2.24. Let &/ be a partial Hopf algebra with invariant integral, and let
(V®), 2))wer be a mazimal family of mutually non-isomorphic irreducible rcfd corep-
resentations of </ . Denote the regular corepresentation on *C(Z, ) by *Z!. Then there
exists a linear isomorphism

(V)" — Mor(25, *)

assigning to each [ € (kV;(x))* the morphism T of Lemma 2.17, and with inverse the
map T — € o T;. Furthermore, the map

D D (W) e V@)= A fow- T (w)

z€T k,l,m,n

s a linear isomorphism.

Proof. The injectivity of the first map follows from Corollary 2.23. Its surjectivity follows
immediately by checking that the map T+ e o ;7T; is an inverse.
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The injectivity of the second map follows again from Corollary 2.23, and its surjectivity
from Proposition 2.19. O

In particular, it follows from the previous two corollaries that an invariant integral ¢
is faithful, i.e. ¢(ab) = 0 or ¢(ba) = 0 for all b implies @ = 0. This can also be proven
more directly along the lines of [44, Proposition 3.4].

The following corollary generalizes [25, Theorem 3.3] and [14, Corollary 3.6].

Corollary 2.25. Let </ be a partial Hopf algebra with invariant integral ¢. Then <f is
regular.

Proof. Injectivity of S follows from Corollary 2.23. As further 2~ = Z for any irreducible
corepresentation 2, it follows that S2(%,C(2)!) C k. C(2)!, hence S is surjective by

Proposition 2.19 and finite dimensionality of each * C(2).. O

n

2.5. Unitary corepresentations of partial compact quantum groups

Let us write B(H,G) for the space of bounded morphisms between Hilbert spaces H
and G.

Definition 2.26. Let ¢ be a partial compact quantum group. A corepresentation 2~

of Z(¥) on a rcfd collection of Hilbert spaces ,H; is called unitary if %(Xq); =

(LXE)* as elements inside f?nP(%)il ® B(1Hk, nHm). We also refer to 2" as a unitary
representation of 4.

For example, viewing C) as a direct sum of the trivial Hilbert spaces C, the trivial
corepresentation % on C) is unitary.

It is easily seen that the tensor product of corepresentations lifts to a tensor prod-
uct of unitary corepresentations. We hence obtain a tensor C*-category Rep,, ,.¢q(¥) =
Corep,, ,cfa(P(¥)) of unitary corepresentations, where intertwiners are bounded bigraded
maps T:H — K commuting with the corepresentations. Our aim is to show that, in case
the hyperobject set .# is finite, it is a semisimple rigid tensor C*-category.

In the following, we use the physicist convention that inner products on Hilbert spaces
are anti-linear in their first argument.

Lemma 2.27. Let o/ define a partial compact quantum group with positive invariant
integral ¢, and let ,V, C @, k Al define a regular corepresentation & . Then with
respect to the inner product given by (alb) := ¢(a*b) each 1V, is a Hilbert space and 2
unitary.

Proof. Let a € ,,Vy, b € ,, Vi and define wy, o: Home (1 Vi, m Vi) = C by T +— (b|Ta).
Then



K. De Commer, T. Timmermann / Journal of Algebra 438 (2015) 285-32/ 305

S (id @) ((5XL)" 5 X)) = 3 (d@6) (AR () A (a))

k k

- Z(¢ ® id) (A (b*)Ari(a))
K

= (¢ @id)(Au(b*a)) = o(b"a)1(} ) = 6w ul(, ) @ (Bla).

Hence >, (kX! )*k X! = 6n’n/1(i) ®id, v,, and 2 is unitary by definition of the

m Vn

generalized inverse of a corepresentation. O

Proposition 2.28. Let <7 define a partial compact quantum group. Then every rcfd corep-
resentation of </ is isomorphic to a unitary corepresentation.

Proof. By Theorem 2.14 and Corollary 2.24, every corepresentation is isomorphic to a
direct sum of irreducible regular corepresentations, which are unitary by Lemma 2.27. O

From Theorem 2.14, we deduce the following corollary.

Corollary 2.29. Let ¢4 be a partial compact quantum group with finite hyperobject set & .
Then Rep,, 1eta(¥) is a semisimple rigid tensor C*-category with hyperobject set .&.

Proof. Write & = Z(¥¢). We can immediately derive the corollary from Theorem 2.14
once we know that the forgetful functor F': Corep,, ,.q(#7) — Corep, tq(#/) is an equiv-
alence of categories.

Clearly F is faithful, and by Proposition 2.28 it is essentially surjective. To see that
it is full, it is sufficient to show that F(X) = F(Y) for irreducibles X, Y iff X =Y. But
if T: F(X) — F(Y) is an isomorphism, it follows from the unitarity of X and Y that
also the component-wise adjoint T*: F(Y) — F(X) is an isomorphism, and then also
|T| = (T*T)"/? is an isomorphism from F(X) to F(X). It follows that if T = U|T|, then
U is a unitary intertwiner from F(X) to F(Y'), hence U is an intertwiner from X to Y
in Corep,, o (). O

2.6. Schur orthogonality for partial compact quantum groups

Proposition 2.30. Let 4 be a partial compact quantum group and let (H, Z") be an ir-
reducible unitary rcfd representation of &. Then one can find an isomorphism F in

Rep,tq(9) between (H, Z) and (H, Z') such that each F} is positive.

Proof. By Proposition 2.28, there exists an isomorphism 7: Z = ¥ for some unitary
corepresentation % on #*, so that in total form (18 T)X =Y (1®T). We apply S @ —'*
and —*®@—* " respectively to find )2((1®T“) = (1®T™)Y and (1QT* )X = YV (1QT* ).

Combining both equations, we find )%(1 @ TYT*") = (1 @ T™T*')X. Thus, we can
take F := T"T*%" O
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The Schur orthogonality relations in Corollary 2.23 can be rewritten using the invo-
lution. If v €  Hy, v/ € pHy and wy o (T) = (v|T0'), then

)
= (id ®wv’,v)(7chln)*-

S((ld ®Wv,v’)( ’]::nX’fz))

(id ®Wv,v’>( ?(Xil);n
= (ld ®@wy,o ) (7" X7")")

This equation and Corollary 2.23 imply the following corollary.

Corollary 2.31. Let & be a partial compact quantum group with associated partial Hopf
*-algebra o/ and positive invariant integral ¢. Let (H,Z") be an irreducible unitary
refd representation of 4, let F be a positive isomorphism from (H,Z") to (H, 3&}) n
Corep,q(#) and G = F~1, and let a = (id ®w, ) (E, XL) and b = (id Qw0 ) (F,X1),
where v,w € yH; and v',w' € ,,H,. Then

) (]G o (w P )
)= Smiay TS wLE)

Remark 2.32. In fact, Proposition 2.30 and Corollary 2.31 show the following. Let </
be a partial Hopf *-algebra admitting an invariant integral ¢, which a priori we do not
assume to be positive. Suppose however that each irreducible corepresentation of .o is
equivalent to a unitary corepresentation. Then ¢ is necessarily positive.

3. Tannaka—Krein—Woronowicz duality for partial compact quantum groups

In the previous section, we showed how any partial compact quantum group with finite
hyperobject set .# gave rise to a semisimple rigid tensor C*-category with hyperobject
set .# and a faithful morphism into the tensor C*-category of rcfd Hilbert spaces. In
this section we reverse this construction, and show that the two structures are in duality
with each other. We first deal with the purely algebraic setting without C*-structures.

Fix a (strict) semisimple tensor category C with (necessarily finite) hyperobject set
#, and fix a faithful tensor functor F:C — Vect' i1 with product and unit constraints ¢
and p. Then F(1,) = 1?(I,) for some non-empty subset I, C I, and {I,} is a partition
of I. We write k' = « if k € I,. We write Fj(X) = F(X), for k,l € I and X € C, so
that each Fy; is a C-linear functor from C into the category Vecteq of finite-dimensional
vector spaces.

For X,Y € C, we write the inclusion maps associated to ¢ as

S Fa(X) © Fin (V) < @0 Fir(X) © Frn(Y)
= W(F(X) 01 F(Y)),, 5% Fn(X ©Y),

and we write the associated projection maps as

TN Fan (X @ Y) = Fiu(X) ® Fin(Y).
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We choose a set Z parametrizing a maximal family of mutually inequivalent irreducible
objects {ug aez in C. We assume that the u, include the unit objects 1, for a € #, so
that we may identify .# C 7. For a € Z, there exist unique A4, po € & with u, € Cy,p, -
For o, f € . fixed, we write Z,g for the set of all a € Z with A\, = a and p, = /5. Note
that ug @ up = 0 if p, # Ap. When a, b, ¢ € Z, we write ¢ < a-b if Mor(u., u, @uyp) # {0}.
Note that with a,b fixed, there is only a finite set of ¢ with ¢ < a -b. We also use this
notation for multiple products.

Recall that we write V* for the dual of a (finite-dimensional) vector space V.

Definition 3.1. For a € 7 and k,l, m,n € I, define vector spaces
']ri:nAiz(a) = Hom(C(an(ua)a Fkl(ua))*a
and write anln = Daez ’I::nA'ln(a)7 A(a) = rmn anln(a), A=®kimn ﬁlAZn

Note that k¥ Al (a) = 0 unless ¥ = m’ = X\, and I’ = n’ = p,. We further write
o ={k AL |k, l,m,n}.

Definition 3.2. For r, s € I, we define A,.4: ¥ AL — ¥AL @ " A% as the direct sum over a

s m*in

of the duals of the composition

Homgc (Frs(ua), Fri(uq)) ® Home (Fonn (ta), Frs(ta)) = Home (Frn (ua), Fri(uag)),
sending  ® y to z o y.
Lemma 3.3. The couple (o7, A) is an I x I-partial coalgebra with counit map €: ¥Al(a) —

C sending [ to f(idp,, (u,))- Moreover, for each fized f € ¥ Al (a), the matriz (Ars(f))
is rcf.

s

Proof. Coassociativity and counitality are immediate by duality, as the
Home (Fn (Ua), Fri(ue)) form a partial algebra with units idp,,(,,) for each fixed a.
The rcf condition follows from the fact that the total F(ug) is refd. O

In the next step, we define a partial algebra structure on /. First note that we can
identify

Nat(Fpnn, Fii) = | [ Home (Fun (ua), Fra(ua)),

a

where Nat(F,,,, Fx;) denotes the space of natural transformations from F,, to Fj;.
Similarly, we can identify

Nat(an & quaFk:l oy Frs) = HHOHI(C(an(Ub) & qu(uc)7 Fkl(ub) & F’I‘S(U/C))7
b,c
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where Fi; ® Fr5:C x C — Vectgg sends (X,Y) to F(X) ® Frs(Y). As such, there is a
natural pairing of these Nat-spaces with resp. ¥ Al and * Al ® »Ag. For example koAl

rm n

can be identified with the subspace of functionals on Nat(Fy,,,, Fk;) of finite support with
respect to Z.

Definition 3.4. We define a product map
M:FA @ LAP S EAR, (- g)@) = (f@ g)(AL@)  for & € Nat(Fr, Fin),
where Al (z) is the natural transformation

AL(2): Fry ® Fog = Fy ® Fiy,  Al(2)xy = w%“f;") 0 Txgy O ngsf,) for X,Y €C.

)

Note that indeed f - g has finite support as a functional on Nat(Fy.;, Fpm): if f is
supported at b € Z and g at ¢ € Z, then f - g has support in the finite set of a € Z with
a < b-c, since if z is a natural transformation with support outside this set, one has
Zuyou, = 0, and hence any of the (Als (z)) =0.

Up,Uc
Lemma 3.5. The above product maps turn (<, M) into an I x I-partial algebra.
Proof. We can extend the map (Ag ®id) on Nat(Ft, Fm) @ Nat(Fry, Frpn) to a map
(Al @ id): Nat(Fys @ Fru, Fim ® Frp) — Nat(Fr ® Fst ® Fro, Fit @ Fin © Fiun),
with
(Al @id)(2)x.yz = (wﬁff;") ® idan(Z)) TXQY,Z (ngsxt/) ® idFtu(Z)) -
By finite support, we then have that

((f-9) W) = (f @ g @ h)(A{ @ id) A} (),
Vf € FAL g€ AT h e ["AL x € Nat(Fry, Fin).
Similarly, ((f - g) - h)(z) = (f ® g @ h)((id ®A)AL (z)). The associativity then follows

from the 2-cocycle condition for the «- and m-maps.

By a similar argument, one sees that the units are given by 1(’;) € FAk(1,), which

for « = k' =1’ correspond to 1 in the canonical identifications
FAf () = Home(Fiy(La), Frr(1a))* 2 Home(C,C)* 2 C,
and which are zero otherwise. O

Proposition 3.6. The partial algebra and coalgebra structures on </ define a partial bial-
gebra structure on < .
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Proof. We only show multiplicativity, which means showing that for each z €
Nat(Fyuw, Frm) and y € Nat(Fq, Fl,), one has pointwise that Al(z oy) = > Al(z)o
Av(y). This follows from the fact that > L%ﬁlﬂ)wgzg,w) 2 id, (p(x)2; F(Y)).s Where we
again note that the left hand side sum is in fact finite. O

Ak (a) with a #
=~ C on the unit

Lemma 3.7. Define ¢: A — C as the functional which is zero on ¥,
1x, and which coincides with the canonical identification * AF (1)
component for k' = m'. Then the functional ¢ is an invariant integral.

Proof. The normalization condition qﬁ(l(z )) = 1 is immediate by construction. Let rj;ﬁl
be the natural transformation from F,,,, to Fji which has support on direct sums of 1

~

with itself, and with (¢F,)s,, = 1 for ¥ = m’ and 0 otherwise. Then for f € ¥ A*  we

have ¢(f) = f (q@’fn) The invariance of ¢ then follows from the easy verification that for
x € Nat(F,.., Fy;) one has for example x o g?):n = 5kll(’;)(x)cf>’fn O

Let us further impose for the rest of this section that C also admits left (and hence
right) duality. The following lemma just writes out how the tensor functor F' preserves
duality.

Lemma 3.8. For all k,l and X € C, the maps
coevhl := wﬁfl)lz) 0 Fyp(coevy):C — Fiu(X) ® Fip(X),

evil o= Fy(evx) o (") Fn(X) ® Fu(X) — C
define a duality between Fiy(X) and Fy,(X).

Proposition 3.9. The partial bialgebra <7 is a reqular partial Hopf algebra with Z as its
hyperobject set.

Proof. The statement concerning the hyperobject set .# is clear by construction of the
units 1(’;) By Corollary 2.25, it is now sufficient to prove that < is a partial Hopf
algebra.

For any x € Nat(Fy,n, Fri), let us define S’(gc) € Nat(F, Fum) by

S(x)x = (id@evl) o (id @z ¢ ®id) o (coevy™ @id).

Then the assignment S dualizes to maps S: ¥ Al — "A™ by S(f)(z) = f(S(z)). We
claim that S is an antipode for <.

Let us check for example the formula 7 fir1)S(finr2) = 5k,me(f)1(7]z) for
fe ang By duality, this is equivalent to the pointwise identity of natural transfor-
mations ) M (id©S)AL(z) = 5k’m1(§)(x) idp,, for € Nat(Fpp,, Fim), where M?
and (id ®95) are dual to respectively A, and id ®S.
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Let us fix X € C. Then for any = € Nat(F,,, Fy;), y € Nat(Fyp, Fi;n), we have
(Mf(id ®8)(z ® y))X = (id@eviy!) (zx ® ygx ®id ) (coevy ®id).
For any x € Nat(F,,,,, Fxm), we therefore have

(Mf(ld@g)ﬁlr(x)))( = (id®@evig!)(m %l;)xx(gx ﬁ?r;(n) ®id ) (coevy ®id).

We sum over r, use naturality of z, and obtain

Z (Mf(ld@g)ﬁi(x))x = (id@evigh)(m %l;)xX@XFm(coevx) ®id)

= 5k,m1(i)(1’)(id ® ev%l ) (wg(mﬁzm)me(coeVX) ® id)
= 5k’m1(:)(x)(id®ev§l ) (coeviy! ®id )
:5k7m1(s)(x)idsz(X)' O

Assume now that C is a semisimple rigid tensor C*-category, and F' a *-functor from
C to {Hilbgg}rxs. Let us show that &, as constructed above, becomes a partial Hopf
*-algebra with positive invariant integral. In the following definition, we borrow the
notation used in the proof of Proposition 3.9, and we write the (left and right) dual of
an object X as X.

Definition 3.10. We define *: ¥ AL — ! Ak by the formula f*(z) = f(S(z)*) for z €
Nat(an,Flk).

Lemma 3.11. The operation * is an anti-linear, anti-multiplicative, comultiplicative in-
volution.

Proof. Anti-linearity is clear. Comultiplicativity follows from the fact that (zy)* = y*z*
and S(zy) = S(y)S(x) for natural transformations. To see anti-multiplicativity of *,
note first that, since S is anti-multiplicative for .27, the map S is anti-comultiplicative

on natural transformations. Now as (Lglgl;n )) = W%C}l;n ) by assumption, we also have

Ai(x)* = Af (z*), which proves anti-multiplicativity of * on . Finally, involutivity
follows from the involutivity of @ — S(z)*, which is a consequence of the fact that one
KL ( Uk

M = (coevi)* and coevi = (evi)*. O

can choose ev e

Proposition 3.12. With the above *-structure, (o, A) defines a partial compact quantum
group.

Proof. The only thing which is left to prove is that our invariant integral ¢ is a positive.
We will use the notation from the proof of Lemma 3.7. Now it is easily seen from the
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definition of ¢ that the ¥ Al (a) are all mutually orthogonal. It is furthermore clear that
o(f*) = o(f), since S(¢F,) = (¢F,)* = ¢ Hence it suffices to prove that the hermitian
form (f|g) = ¢(f*g) on k Al (a) is positive-definite.
Let us write f(z) = f(z*). By definition, ¢(f*g) = (f ® ¢)((S @ id) Ak (4])).
Assume that f(z) = (V'|xgv) and g(z) = (W'|z,w) for v,w € Fpyp(ug) and v/, w' €
Fri(ug). Then f(x) = (v|z4v’), and using the expression for $ as in Proposition 3.9 we
find that

B(f*g) = (v @ w'|(evh)a3(AX (¢})a.0)24(coevi™) 12 (v @ w)).

However, up to a positive non-zero scalar, which we may assume to be 1 by proper
rescaling, we have Ak (¢!)a.. = (ev¥))* (evk!). Hence

o(f*g) = (V@ w'|(evi)as((evi)* (evh"))2a(coevy™ )12 (v @ w))
= (v@w'|(evh)as(evil)sy(w @ "))
= (v|w)(evi' [v/)2)(evh! [w')2)",

where evk! |2)y denotes the map y — evk!(y ® z). This clearly defines a positive definite
inner product on ¥ Al (a) = F,., (ua) @ Fri(ug)*. O

For & an I-partial compact quantum group with finite hyperobject set .#, let us write
Fyg for the forgetful functor Rep,, ,.qa(¥) — Hilb%1.

Theorem 3.13. Fiz a set I and a finite set 9. Then the assignment¥ — (Rep,, ,.a(9), Fg)
is (up to isomorphism/equivalence) a one-to-one correspondence between I-partial com-
pact quantum groups with hyperobject set ¢ and semisimple rigid tensor C*-categories

C with hyperobject set & and faithful tensor x-functor into Hllbrlcxfé

Proof. By Corollary 2.29, Rep,, ,.tq(¥) is a semisimple rigid tensor C*-category with
hyperobject set .#, and Fiy a faithful tensor *-functor into Hilb!}l. Conversely, the
results of this section assign to any semisimple rigid tensor C*-category with hyperobject
set 7 and faithful tensor #-functor into Hilb!! an I-partial compact quantum group
with finite hyperobject set .#. Let us now show that these two maps are inverses of each
other, up to isomorphism/equivalence.

Fix now &/ = P(¥), and let & be the partial Hopf *-algebra with invariant integral
constructed from Corep,, ,.fq(=/) with its natural forgetful functor. Then we have a map
% — o/ which piecewise goes from ¥ B! (a) = Hom( mVéa), le(a))* to k Al (a) sending
f to (id®f)(X,), where the (V(®) 2,) run over a maximal family of non-equivalent
irreducible unitary corepresentations of «7. It is easy to check from the definition of %

that this map is a morphism of partial Hopf *-algebras. By Corollary 2.24, it is bijective.
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Conversely, let C be a semisimple rigid tensor C*-category with hyperobject set .# and
faithful tensor *-functor F' into Hilbfcxfé . Let &7 be the associated partial Hopf *-algebra.

For each irreducible u, € C, let V() = F(u,), and

F(Xa), = e ®e; € kAL @Home(Fon (ua), Fii(ua)),

where e; is a basis of Home (Fiun (te), Fri(uq)) and ef a dual basis. From the definition
of o it easily follows that each 2, is a unitary corepresentation for 7. Clearly, 2, is
irreducible. As the matrix coefficients of the 2, span &, it follows that the 2, form
a maximal class of non-isomorphic unitary corepresentations of 7. Hence we can find
a unique equivalence C — Corep,.sy,(#/) sending X to (F(X), Zx) and such that
Uy — Z4. From the definitions of the coproduct and product in &7, it is readily verified
that the natural morphisms Lgl(cf;,n):Fkl(X) ® Fim(Y) = Fe (X ® Y) turn it into a

monoidal equivalence. O
4. Examples
4.1. Hayashi’s canonical partial compact quantum groups

Let C be a semisimple rigid tensor C*-category. A semisimple module C*-category
D consists of a semisimple C*-category D and a bifunctor C x D — D with natural
coherence maps such that the obvious module axioms are satisfied [33,28].

Choose a labeling 7 for a distinguished maximal set {u,} of mutually non-isomorphic
irreducible objects of D. Then for a,b € Z, we can define

F(X) = @a,bFab(X)v Fab(X) = Hom(ua,X X ub), X e C,

where F,,(X) is a Hilbert space (possibly zero) for the inner product (f|g) = f*g. It is
easy to check that one obtains in a natural way a tensor *-functor F' from C to Hilbfc?dI ,
where the rcfd condition follows from Hom(u,, X ®up) = Hom (X ®ug, up), by Frobenius
reciprocity. It is not necessarily faithful, as some 1, may act as the zero functor, but using
duality one sees that the tensor functor will be faithful on the full tensor C*-subcategory
of all X with X ® 1, = 1, ® X = 0 whenever F(1,) = 0. The associated partial Hopf
*-algebra /(¢ py will be called the canonical partial compact quantum group associated
with (C, D).

For example, given a faithful tensor *-functor F: ¢ — Hilbfcxfé and defining D = Hilbfd
as the category of I-graded finite-dimensional Hilbert spaces V = @y 1V with

F(X®V)=@Fu(X)®,V, X ecC,V cHilbj,

we get back the reconstruction obtained in the previous section.
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If C is a semisimple rigid tensor C*-category, one can take D = C endowed with
the module structure coming from the tensor product of C. The associated partial Hopf
*-algebra 7 coincides with Hayashi’s construction [16] in case C has only finitely many
irreducible object classes.

As an example coming from compact quantum group theory, let G be a compact
quantum group with ergodic action on a unital C*-algebra C'(X). Then the collection
of finitely generated G-equivariant C'(X)-Hilbert modules forms a semisimple module
C*-category over Rep, (G), cf. [9].

4.2. Morita equivalence

Definition 4.1. Two partial compact quantum groups ¢ and # with finite hyperobject set
are said to be Morita equivalent if there exists a monoidal *-equivalence Rep,, ,tq(¥) —
Repu,rcfd<%)'

In particular, if ¢ and J# are Morita equivalent they have the same hyperobject set,
but they need not share the same object set.

Definition 4.2. A linking partial compact quantum group consists of a partial compact
quantum group ¥ defined by a partial Hopf *-algebra <7 over a set I with a distinguished
partition I = I; U I such that the idempotents 1(;) = Zkeli,lelj 1(’;) € M(A) are
central, and such that for each r € I;, there exists s € I;;1 such that 1(:) # 0 (with

the indices ¢ considered modulo 2).

If o/ defines a linking partial compact quantum group ¥, we can split the total
algebra A into four component algebras A; = Al(; ) = 1(; )A. It is readily verified that
for equal indices, the A} together with all A,; with r,s € I; define themselves partial
compact quantum groups ¥%;, called the corner partial compact quantum groups of ¢. It
is clear from the conditions on a linking partial compact quantum group that the partial

compact quantum groups ¢,%; and % all share the same hyperobject set.

Proposition 4.3. Two partial compact quantum groups with finite hyperobject set are
Morita equivalent iff they arise as the corners of a linking partial compact quantum

group.

Proof. Suppose first that ¢4 and % are Morita equivalent partial compact quantum
groups with associated partial Hopf *-algebras 7 and % over respective sets I; and I.
Then we may identify their corepresentation categories with the same abstract tensor
C*-category C based over their common hyperobject set .#. This C comes endowed with
two forgetful functors F; to Hilbféffi]i corresponding to the respective 7.

With I = I; U I>, we can combine the F; into a global (faithful) tensor *-functor
F:C — Hilb!}], with F(X) = Fy(X) @ F5(X). Let .« be the associated partial Hopf

*-algebra constructed from the Tannaka—Krein—-Woronowicz reconstruction procedure.
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From the precise form of this reconstruction, it follows immediately that ¥ A!, = 0
if either k,1 or m,n do not lie in the same I;. Hence the 1(;) = Zkeli,lelj 1(’;) are
central.

Moreover, fix k € I; and any I € I;4q with &' = I’. Then Nat(Fy, Frr) # {0}. It
follows that l(llc ) # 0. Hence &7 defines a linking partial compact quantum group. It is
clear that @ and 2% are the corners of 7.

Conversely, suppose that o) and % arise from the corners of a linking partial compact
quantum group defined by &/ with invariant integral ¢. We will show that the associated
partial compact quantum groups ¢ and ¢ are Morita equivalent. Then by symmetry ¢
and ¥, are Morita equivalent, and hence also ¢4, and %.

For (V, 2") € Rep,, ,ca(9), let F(V, Z) = (W, %) be the pair obtained from (V, 2")
by restricting all indices to those belonging to I7. It is immediate that (W, %) is a unitary
corepresentation of <71, and that the functor I is a tensor *-functor from Rep,, ,.¢q(%) to
Rep,, vera(%1). What remains to show is that I is an equivalence of categories, i.e. that
F is faithful, full and essentially surjective.

By assumption, the hyperobject set of a linking partial compact group coincides with
the hyperobject sets of its corners. Hence, using the assumed rigidity, we obtain that F’
is faithful since End(1) & End(F(1)).

To complete the proof, it is sufficient to show that F induces a bijection between
isomorphism classes of irreducible unitary corepresentations of & and of 7. Note that
by Theorem 2.14 and Lemma 2.17, each such class can be represented by a restriction
of the regular corepresentation of &7 or 47, respectively.

So, let (W, %) be an irreducible restriction of the regular corepresentation of 7.
Pick a non-zero a € ,,W,,, define qu(a) - EB,CJ IlfAfl as in (2.18) and form the regular
corepresentation (V(®), 2°) of «/. Then qu(a) = qu(a) for all p,q € I; by Lemma 2.18
2. and hence F(V, 2") = (W, %/). Since F is faithful, (V, Z") must be irreducible.

Conversely, let (V, Z") be an irreducible restriction of the regular corepresentation of
/. Since F' is faithful, there exist k,l € I; such that V; # 0. Applying Corollary 2.24,
we may assume that ,V, C ’;Aé for some k,l € I and all p,q € I. But then F(V, %)
is a restriction of the regular corepresentation of . If F/(V, Z") would decompose into
a direct sum of several irreducible corepresentations, then the same would be true for
(V, Z) by the argument above. Thus, F(V, Z) is irreducible.

Finally, assume that (V, Z") and (W, %) are inequivalent irreducible unitary corep-
resentations of «/. Then ¢(C(V, Z7)*C(W, %)) = 0 by Corollary 2.31. Since ¢ is faithful
by Corollary 2.24, C(V, Z) N C(W, %) = 0, and hence C(F(V, 2")) NC(F(W,%)) = 0.
So F(V,Z") and F(W,%/) are inequivalent. O

If ¢, and % are Morita equivalent compact quantum groups, the total partial compact
quantum group coincides with the co-groupoid ¢ constructed in [1].
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4.3. Weak Morita equivalence

Definition 4.4. A semisimple rigid linking tensor C*-category consists of a semisimple
rigid tensor C*-category C with a distinguished partition .# = % U %, of its hyperobject
set such that for each o € 4, there exists 5 € # with C,3 # {0}.

The corners C; of C are the full semisimple rigid tensor C*-subcategories of objects X
with X =2 1; ® X ® 1;, where 1; = @pe.z, 1a.

The following notion is essentially the same as the one by M. Miiger [27].

Definition 4.5. Two semisimple rigid tensor C*-categories C; and Cs over respective sets
S and S are called Morita equivalent if there exists a semisimple rigid linking tensor
C*-category C over the set & = # Ll ¥, whose corners are isomorphic to C; and Cs.

We say two partial compact quantum groups ¢4 and % with finite hyperobject set
are weakly Morita equivalent if their representation categories Rep,, ,.tq(%i) are Morita
equivalent.

One can prove directly that this is indeed an equivalence relation, but it will follow
indirectly from the discussion below.
The following notion is dual to that of linking partial compact quantum group.

Definition 4.6. A co-linking partial compact quantum group consists of a partial compact
quantum group ¢ defined by a partial Hopf *-algebra &7 over an index set I, together
with a distinguished partition I = Iy U Iy such that 1(’;) = 0 whenever k € I; and
| € I;11, and such that for each k € I;, there exists [ € I;11 with FAL #£ 0.

It is again easy to see that if we restrict all indices of a co-linking partial compact
quantum group to one of the distinguished sets I;, we obtain a partial compact quantum
group .«7; which we will call a corner. If we write e; = Zk,leli 1(’;), we can decompose
the total algebra A into components A;; = e; Ae;, and correspondingly write A in matrix

. Ay A >
notation A = , where A;; = A;.
<A21 Az

Lemma 4.7. If & is a co-linking partial compact quantum group, then A;; A, = Asp.

Proof. It suffices to show Aj2As; = Aq1. Take k € I, and pick | € I, with ’,jAf # {0}.
Then in particular, we can find an a € ZA% with €(a) = 1. Hence for any m € I, we
have 1(:;) = 1(:; )a(l)S(a(2)) € A12A21. Hence this latter space contains all local units
of Ay1. As it is a right Aj;-module, it follows that it is in fact equal to A1;. O

It follows that A;; and Ass are Morita equivalent algebras, where for non-unital
algebras one can define Morita equivalence by asking for the existence of a (non-unital)
linking algebra satisfying the conclusion of the previous lemma.
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Definition 4.8. We call two partial compact quantum groups co-Morita equivalent if there
exists a co-linking partial compact quantum group having these partial compact quantum
groups as its corners.

Lemma 4.9. Co-Morita equivalence is an equivalence relation.

Proof. The idea is standard, and consists in concretely building the appropriate co-
linking partial compact quantum groups. Let us illustrate this for transitivity. In the
proof, we write ~ for the relation of co-Morita equivalence.

Let % ,% and 93 be three partial compact quantum groups with 4 ~ % and % ~ %;.

A A Ags
Then we can build a 3 by 3 matrix algebra Ag; 23y = | A21 A2z Az | having
Az Azp Asz

in the upper left and lower right 2 by 2 corners the two co-linking partial compact
quantum groups between resp. the partial compact quantum groups 4 and %, and %
and ¥;. For example, A3 is constructed as Aio ®4,, Ao2s. It is straightforward to define
a regular weak multiplier Hopf *-algebra structure on Ay; 5 3y satisfying the conditions
of Proposition 1.6 and restricting to the given structures on the 2 by 2 corners.

Let now ¢ be the functional which is zero on the off-diagonal entries A;; and which
coincides with the invariant positive integrals on the A;;. Then it is readily checked that
¢ is invariant. To show that ¢ is positive, we invoke Remark 2.32. Indeed, any irreducible
corepresentation of Ay; 5 3y has coefficients in a single A;;. For those i, j with [i —j| <1,
we know that the corepresentation is unitarizable by restricting to a corner 2 x 2-block.
If however the corepresentation 2 has coefficients living in (say) Ais, it follows from
the identity A15A53 = A3 that the corepresentation is a direct summand of a product
% T Z of corepresentations with coefficients in respectively Ajo and Ass. This proves
unitarizability of 2°. It follows from Remark 2.32 that ¢ is positive, and hence 7, 5 3}
defines a partial compact quantum group.

We claim that the subspace .7 33 (in the obvious notation) defines a co-linking
compact quantum group between ¢ and ¥5. In fact, it is clear that the 7, and /33
are corners of <7; 31, and that 1(’;) = 0 for k,l not both in I; and I3. To finish the
proof, it is sufficient to show now that for each k € I, there exists | € I3 with ZA; #0,
as the other case follows by symmetry using the antipode. But there exists m € I with
FA™M £ {0}, and | € I3 with ™Al # {0}. As in the discussion following Definition 4.6,
this implies that there exists a € FA™ and b € TA! with €(a) = €(b) = 1. Hence
e(ab) = 1, showing FAl £ {0}. O

Proposition 4.10. Assume that two partial compact quantum groups % and %> with finite
hyperobject set are co-Morita equivalent. Then they are weakly Morita equivalent.

Proof. Consider the corepresentation category C of a co-linking partial compact quantum
group & over I = I; U I5. Let p: I — & be the partition of I along the hyperobject set.
Then by the defining property of a co-linking partial compact quantum group, also . =
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S U S with & = ¢(1;) is a partition. In particular, writing again 1; = ®ac.z,1a, we
have that 1; @C®1; = Rep,, ,c;a(%:), since any (irreducible) unitary rcfd corepresentation
of 47 is automatically also a(n irreducible) corepresentation of <.

Fix now a € .#; and k € . As &/ is co-linking, there exists | € I with ¥ Al £ {0}. By
Lemma 2.18 there exists a non-zero regular unitary corepresentation supported inside
Dmn k AL If then [ € Ig with 8 € %, it follows that Cos # 0. By symmetry, we also
have that for each o € %, there exists 8 € .#; with Co3 # {0}. This proves that the C
forms a linking partial tensor C*-category over .& = .4 U .%,. O

Proposition 4.11. Let C be a semisimple rigid linking tensor C*-category over & = %1 U
Is. Let T be a set parametrizing a mazimal family of non-equivalent irreducible unitary
refd corepresentations C, and let T = Ty U Zy be the partition of T corresponding to the
one of Z. Then the associated canonical partial compact quantum group is a co-linking
partial compact quantum group over T =17 UZ,.

To be clear, to a € Z one assigns the unique a € . such that 1, ® u, = ug,, and this
provides the corresponding partition of 7 = 7; UZs = Upe s Zy -

Proof. Let @/ = @/ define the canonical partial compact quantum group with object set
Z. A fortiori, 1(‘;) =0 if a and b are not both in Z; or Zs.

Fix now a € Z,, for some a € .%;. Pick 8 € ;11 with Cop # {0}, and let (V, Z") be
a non-zero irreducible unitary rcfd corepresentation inside Cog. Applying Lemma 2.13
with respect to the identity morphism, we get that there exists b € Zg with ,V;, # {0}.
As (e®id)¢X}P =id,y,, we find that 2AY = 0. This proves that < defines a co-linking
partial compact quantum group. O

Note that the corners of the canonical partial compact quantum group associated with
the semisimple rigid linking tensor C*-category are mot the canonical partial compact
quantum groups associated to the corners of the linking tensor C*-category, the reason
being that the canonical construction is based only on left tensor multiplication and does
not ‘cut down on the right’. Rather, the two corner constructions will be related by a
Morita equivalence.

Theorem 4.12. Two partial compact quantum groups 4 and % with finite hyperobject
set are weakly Morita equivalent if and only if they are connected by a string of Morita
and co-Morita equivalences.

Proof. Clearly if two partial compact quantum groups are Morita equivalent, they are
weakly Morita equivalent. By Proposition 4.10, the same is true for co-Morita equiva-
lence. This proves one direction of the theorem.

Conversely, assume ¢4 and % are weakly Morita equivalent. Let C be a semisimple
rigid linking tensor C*-category between Rep,, ,tq(%1) and Rep,, ,.fq(%42). Then the ¥
are Morita equivalent with the corners of the canonical partial compact quantum group
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associated to C. But Proposition 4.11 shows that these corners are co-Morita equiva-
lent. O

5. Partial compact quantum groups from reciprocal random walks
5.1. Reciprocal random walks and the Temperley—Lieb category

In this section, we investigate a special class of partial compact quantum groups con-
structed from t-reciprocal random walks [9]. We first recall this notion, slightly changing
the terminology for the sake of convenience.

Definition 5.1. Let t € Rg. A t-reciprocal random walk consists of a quadruple (', w, sgn, i)
where I' = (1"(0)71"(1), s,t) is a graph with source and target maps s and ¢, where w is
a weight function w:T(") — R} and sgn a sign function sgn: M — {+1}, and where i
is an involution e — & on I'M interchanging source and target, satisfying for all e the
weight reciprocality w(e)w(€) = 1, the sign reciprocality sgn(e) sgn(é) = sgn(t), and the
random walk property 32 )_, |1—|w(e) =1 for all v € T,

By [9, Proposition 3.1], there is a uniform bound on the number of edges leaving from
any given vertex v, i.e. I' has a finite degree. For examples of ¢-reciprocal random walks,
we refer to [9].

Let now 0 < |g| < 1, and let T, be the Temperley—Lieb C*-tensor category, which is
the universal tensor C*-category with irreducible unit and duality, generated by a single
self-adjoint object X and duality morphism R:1 — X ® X satisfying

R*R=|q| +|q|™", (R* ®@idx)(idx ®R) = —sgn(q)idx .

Then if I' = (T',w,sgn, ) is a —(q + ¢~ *)-reciprocal random walk, we have a *functor
Fr from 7, into Hilbfcxfi with I = T'©), by sending X to the bigraded Hilbert space
HY = lQ(F(l))7 where the I'9-bigrading is given by 4, € S(E)Hrt(e), and R to the
morphism

Rp:P(T) = M ®@po) HY,  Rré, = Y sgn(e)y/w(e)d, @ bz

e,s(e)=v

Note that H' is rcfd as T' has finite degree. Up to equivalence, Fi only depends upon
the isomorphism class of (I',w), and is independent of the chosen involution or sign
structure. Conversely, every tensor *-functor from 7, into Hilbfcxfj for some set I arises

in this way [8].
5.2. Partial compact quantum groups from reciprocal random walks

Let I' = (I',w,sgn, ) be a —(q+ ¢~ !)-reciprocal random walk. Let us denote by .o7(I")
the [-partial compact quantum group associated to the functor Fr by the Tannaka—
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Krein—Woronowicz reconstruction result. Our aim is to give a direct representation of
the associated algebra A(T') by generators and relations. We will write T',,, € I'") for
the set of edges with source v and target w.

Theorem 5.2. The *-algebra A(T") is the universal *-algebra generated by self-adjoint
orthogonal idempotents 1(5)) forv,w € TO) and elements (Ue,f)e, fery where the ue y €

‘:E;))A(F)EE?) satisfy u? ; = sgn(e) sgn(f) Mué’f and

w(e)

Z u;’eugj = 6E)f1(tzl;)), Yw € F(O), e, f € F(l), (5.1)
t(g)=w

Z Ue gUG g = 5e,fl(5(ve)) Vo e T e, f e ™, (5.2)
s(g)=v

The partial Hopf *-algebra structure is given by Dyw(te,r) = D s(g)=v Ue,g @ Ug,f,

t(g)=w
€(te,f) = be,f and S(ue,f) = ujf .

Note that the sums in (5.1) and (5.2) are in fact finite, as I" has finite degree.

Proof. Let (H,V) be the generating unitary corepresentation of A(I') on H = 12(T(M).
Then V' decomposes into parts V! = 35, ;ve,f @ Ee f € 5 AL, @ B(imHn, tHi), where
the E. ; are the natural matrix units and with the sum over all e with s(e) = k,t(e) =1
and all f with s(f) = m,¢(f) = n. By construction V defines a unitary corepresentation
of A(T"), hence the relations (5.1) and (5.2) are satisfied for the v, s. Now as Rr is an
intertwiner between the trivial representation on cr?) = BperC and V Drwo V, we
have for all v € T'(©) that

Z Ve, fUg,h & ((E@f ® Eg,h)dev) = Z l(l:j) ® Rro,, (5.3)
e,f,g,her® w
t(f)=s(h),t(e)=5(g)

hence

Z sgn(k)v/w(k) (ve’kvg’;C ® b @ b)
e,g,k
H(e)=s(g),s(k)=v

= > smk)Vu®) (1(7) @ 6 o 5).
w,k
s(k)=w

Soift(e) = s(g) = 2z, wehave >3y _;y_, sgn(k)\/w(k)vexvy = de g sgn(e)\/w(e)l(s(:)).
Multiplying to the left with v} ; and summing over all e with (e) = 2, we see from (5.1)
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that also v} , = sgn(e) sgn(f) %vé’f holds. Hence the v, ; satisfy the universal re-
lations in the statement of the theorem. The formulas for comultiplication, counit and
antipode then follow immediately from the fact that V is a unitary corepresentation.

Let us now a priori denote by B(T') the *-algebra determined by the relations
(5.1), (5.2) and the relation for the adjoint as above, and write Z(T") for the associ-
ated T(© x I'O_partial *-algebra induced by the local units 1(2). Write A(1(,)) =
Yero1(Y) @ 1(7) and A(uey) = > ger@ Ueg @ Ug ¢, which makes sense in
M(B(I') ® B(T')) as the degree of I" is finite. Then an easy computation shows that
Dot(g)—w Dluge) Alug, ) = 6e,fA(1(t(u;))). Similarly, the analogue of (5.2) holds for
A(ue,f). As also the relation for the adjoint holds trivially for A(ue,y), it follows that
we can define a *-algebra homomorphism A: B(T') — M(B(I') ® B(T")) sending ue, ¢
to A(ue,r) and 1() to A(1(.)). Cutting down, we obtain maps A,: {B(I)] —
"B(T)! ® ¢yB(I')Y which are easily seen to satisfy Definition 1.5. Moreover, the A,,, are
coassociative as they are coassociative on generators.

Let now E,, ,, be the matrix units for {2(T'(?)). Then one verifies again directly from the
defining relations of B(I") that one can define a *-homomorphism ¢ B(T') — B(1>(I'(®)))
sending 1( Z;) 0 Oy €v,v aNd Ue,§ 10 Oe, f €4(e) 1(e)- We can hence define a map e: B(I') —
C such that €(x) = €(x)ey ., for all z € YB(T),., and which is zero elsewhere. Clearly it
defines a morphism on the partial algebra Z(T"). As e satisfies the counit condition on
generators, it follows by partial multiplicativity that it satisfies the counit condition on
the whole of B(T'), i.e. B(T") is a partial *-bialgebra.

It is clear now that the u. s define a unitary corepresentation U of B(I') on H'. More-
over, from (5.1) and the formula for uy  we can deduce that Rr: Cro — H' ®po) HF
is a morphism from cT”) to U@rwo U in Corep, ,q(#A(I)), cf. (5.3). From the
universal property of T, it then follows that we have a tensor *-functor G':7, —
Corep,, ,eta(A(T')) with G'(X) = U. On the other hand, as we have a A-preserving
*-homomorphism B(T') — A(T') by the universal property of #(T"), we have a strongly
monoidal *-functor H': Corep,q.,,(#(I')) — Corep,, (#/(I')) = T, which is inverse to
G"'. Since the commutation relations of <7 (I") are completely determined by the mor-
phism spaces of 7g, it follows that we have a *-homomorphism &/ (I') — A(I") sending
Ve,f t0 e, ¢. This proves the theorem. O

We remark that for finite graphs with their canonical weights coming from the Perron—
Frobenius eigenvalues ([8, Section 3.1]), these partial compact quantum groups were
considered in [14, Section 6].

5.8. Partial compact quantum groups from homogeneous reciprocal random walks

Let us now consider a particular class of ‘homogeneous’ —(q+ ¢~!)-reciprocal random

)

walks. Namely, assume that there exists a finite set 7' partitioning I'V) = uarff such

that for each a € T and v € I'(¥)| there exists a unique e, (v) € (Y with source v. Write

av for the range of eq(v). Assume moreover that 7" has an involution a +— a such that
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ea(v) = eg(av). Then for each a, the map v — av is a bijection on T'®) with inverse
v — av. In particular, also for each w € T'®) there exists a unique fwla) € I‘t(ll) with
target w.

Let us further denote w,(v) = w(ey(v)) and sgn,(v) = sgn(eq(v)). Let again A(T) be
the total *-algebra of the associated partial compact quantum group. Using Theorem 5.2,
we have the following presentation of A(T): it is generated by self-adjoint mutually
orthogonal idempotents 1(;}1) and elements (U p)v,w = Ue,(v),e,(v) fOr a,b € T and

v,w € I'® with defining relations (ua,b);w = % V:‘ij((f))(ua,g)a%bw and

Z(ua,b)?wyw(ua,c)av,z = 6w,z5b,cl( bi;))7 Z(ub,a)w,v (uc,a);v = 6b,c(;w,z1(’z))'

a€T a€T
The element (uq,p)v,w lives inside the component % A(T)y .
Let us now consider M(A(T)), the multiplier algebra of A(T"). For a function f on
I x 1O write f(\,p) = Do f(v,w)1() € M(A(T)). Similarly, for a function f

on T we write f(\) =Y, ,, f(v)1(,,) and f(p) =, ,, f(w)1(,,). We then write for
example f(al, p) for the element corresponding to the function (v,w) — f(av,w).
We can further form in M(A(T")) the elements u,, = Zv,w (Ua,b)v,w- Then uw = (uqp)

is a unitary m x m matrix for m = #T. Moreover,

* gl
i = a5 (5.4

where v4(v) = sgn, (v)\/wq(v). We then have the following commutation relations be-
tween functions on I'® x T'®©) and the entries of u:

f()‘7 p)ua,b = ua,bf(a‘)‘v EP), (55)

where f (@), bp) is given by (v, w) — f(av,bw). Further, A(uqp) = A(1) Y (tUa,c @ Uep)-
Note that the *-algebra generated by the uqp is no longer a weak Hopf *-algebra when
I'® is infinite, but rather one can turn it into a Hopf *-algebroid.

Remark 5.3. The weak multiplier Hopf algebra A(T') is related to the free orthogonal
dynamical quantum groups introduced in [41] as follows. Denote by G the free group
generated by the elements of T subject to the relation @ = a~! for all @ € T. By
assumption on I', the formula (af)(v) := f(av) defines a left action of G on Fun(T'(®).
Denote by C C Fun(F(O)) the unital subalgebra generated by all v, and their inverses
and translates under G, write the elements of T C G as a tuple in the form V =
(a1,01,...,an, an), and define a V x V matrix F with values in C by F,p = 0p,37Va-
Then the free orthogonal dynamical quantum group AS(V, F, F) introduced in [41] is
the universal unital x-algebra generated by a copy of C'® C' and the entries of a unitary
V x V-matrix v = (v,p) satisfying
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Vab(f ® g) = (af @ bg)va,p, (aFua® 1)7}275 =vap(1® Fb,E)

for all f,g € C and a,b € V. The second equation can be rewritten as v7 ; = vap(7, 1 ®
). Comparing with (5.4) and (5.5), we see that there exists a *-homomorphism

AC(V.F.F)  MA(T). {f®g = f(Ng(p),
Va,b — Ug g
The two quantum groupoids are related by an analogue of the unital base changes con-
sidered for dynamical quantum groups in [41, Proposition 2.1.12]. Indeed, Theorem 5.2
shows that A(T) is the image of AS(V, F, F) under a non-unital base change from C' to
Fun;(T'®) along the natural map C' — M (Fun(T'©)).

5.4. Dynamical quantum SU(2) as a partial compact quantum group

As a particular example, take 0 < |¢| < 1 and & > 0, and consider the graph with
rd = z|q|? and ) = {(y,2) | y/2 € {lql,|g|~*}}. Endow I" with the involution (y, z)

(2,y), the weight w(y, z) = ;iz:i and the sign sgn(y, z) = 0, if y/z = |q|**, where 0. = 1
and o_ = —sgn(q). Consider further the set T = {+, —} with the non-trivial involution,

: : ol : — |,—1laly+lg Tyt
and label the edges (y, z) with p if y/z = |q|**. Write F(y) = |q , and put

y+y~!
_ F'Y(p-1) _ 1
a = gy U-— ad B = manoy

to the commutation relations

u—4. Then our relations for the uc, are equivalent

af =qF(p—1)Ba  af" =qF(\) (

ad* + FNB B =1, a*at+q ?Flp—1)"'8"6=1, (
Flp—1)"laa + 8" = F(A—1)"1, F(\)a*a+q *BB* = F(p), (
fNglp)a=af(A+1)glp+1),  f(Ng(p)B=Bf(A+1)g(p—1). (

These are precisely the commutation relations for the dynamical quantum SU(2)-group
as in [24, Definition 2.6], except that the precise value of F' has been changed by a shift
in the parameter domain. The (total) coproduct on A, also agrees with the one on the
dynamical quantum SU(2)-group. Note that the case of ¢ a root of unity case was con-
sidered in [20, Section 5], see also [18,10] for generalizations to higher rank (in resp. the
unitary and non-unitary case).
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