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1. Introduction

Hilbert functions play an important role in commutative algebra and algebraic ge-
ometry for the reason that they capture many useful numerical invariants which reflect
various algebraic and geometric properties of an ideal of a projective variety or a Noethe-
rian local ring. Besides the application in intersection theory and singularity theory, these
invariants are also used in the study of the arithmetical properties, like the depth, of the
blowup algebras such as the associated graded rings (see for instance, [27,25,21]).

The classical Hilbert functions are only defined for ideals that are primary to the
maximal ideal. It is well-known that the Hilbert multiplicity (i.e., the normalized leading
coefficient of the Hilbert polynomial obtained from the Hilbert function) is an impor-
tant invariant that is used to describe proper intersections and isolated singularities. In
order to study improper intersections and non-isolated singularities, in 1993, R. Achilles
and M. Manaresi introduced the concept of the j-multiplicity as a generalization of the
Hilbert multiplicity [1] and, in 1997, they also defined a generalized (bivariate) Hilbert
function using the bigraded ring of the associated graded ring with respect to the max-
imal ideal [2]. In 1999, H. Flenner, L. O’ Carroll and W. Vogel defined the generalized
Hilbert function using the 0-th local cohomology functor [9, Definition 6.1.5]. Later in
2003, C. Ciuperca [5] introduced the generalized (bivariate) Hilbert coefficients via the
approach of R. Achilles and M. Manaresi in [2]. In 2012, C. Polini and Y. Xie defined
the concepts of the generalized Hilbert polynomial and the generalized Hilbert coeffi-
cients following the approach of H. Flenner, L. O’ Carroll and W. Vogel in [9], and they
proved that the generalized Hilbert coefficients as defined using the 0-th local cohomol-
ogy functor can also be obtained from the generalized (bivariate) Hilbert function of the
bigraded ring of the associated graded ring with respect to a suitable ideal [26]. One of
the fundamental properties proved by C. Polini and Y. Xie illustrates the behavior of the
generalized Hilbert function under a hyperplane section [26]. Indeed, they proved that
the first d — 1 generalized Hilbert coefficients jo(I),...,j4—2(I), where I is an ideal in
a Noetherian local ring of dimension d, are preserved after modding a general element.
This nice property allows us to study the generalized Hilbert coefficients by reduction
to the lower dimensional case.

The generalized Hilbert coefficients are important invariants of an ideal I in a Noethe-
rian local ring (R, m). It is well-known that the normalized leading coefficient jo(I) (i.e.,
the j-multiplicity of I) was used to prove the refined Bezout’s theorem [9], to detect
integral dependence of non-m-primary ideals (extension of the fundamental theorem of
Rees) [8], and to study the depth of the associated graded rings of arbitrary ideals (see
[25] and [21]). The next normalized coefficient j1(I) is called the generalized first Hilbert
coefficient of I. If I is m-primary, j1(I) = e1(I) is called the first Hilbert coefficient. It
is also called the Chern number by W. V. Vasconcelos for its tracking position in distin-
guishing Noetherian filtrations with the same Hilbert multiplicity [31]. The first Hilbert
coefficient e;(Q), where @ is a parameter ideal, was used to characterize the Cohen—
Macaulay property for large classes of rings [10]. Moreover, G. Colomé-Nin, C. Polini,
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B. Ulrich and Y. Xie used the generalized first Hilbert coefficient j1(I) to bound the
number of steps in a process of normalization of ideals of maximal analytic spread [6].
Therefore it is very important to establish properties such as the positivity for the gen-
eralized Hilbert coefficients.

In the case of m-primary ideals, there are a number of formulas to compute the
Hilbert coefficients (see for instance, [17] and [15]). In 1987, C. Huneke provided a formula
relating the length \(I"*1/JI™) to the difference P;(n)— H;(n), where I is an m-primary
ideal in a 2-dimensional Cohen-Macaulay local ring, J is a minimal reduction of I,
Pr(n) and Hi(n) are respectively the usual Hilbert—Samuel polynomial and the usual
Hilbert—Samuel function of I [17]. This formula was extended later by S. Huckaba to
m-primary ideals in Cohen-Macaulay local rings of arbitrary dimension [15]. S. Huckaba
also established some formulas to compute the Hilbert coefficients of m-primary ideals I,
and provided conditions in terms of the first Hilbert coefficient e;(I) for the associated
graded ring of I to be almost Cohen—Macaulay [15].

If I is an m-primary ideal in a Cohen—Macaulay local ring R, the positivity of e;(I)
can be observed from the well-known Northcott’s inequality

er(l) = eo(I) = MR/T) = MR/ J) = X(R/I) = A(1/J),

where J is a minimal reduction of I. By this inequality, one has that e;(I) = 0 if and
only if I is a complete intersection. Furthermore, when equality holds, the ideal I enjoys
nice properties. Indeed, it was shown that ey (I) = A(I/J) if and only if the reduction
number of [ is at most 1, and when this is the case, the associated graded ring of I is
Cohen-Macaulay (see [17] and [24]).

This paper generalizes the above classical results to ideals of maximal analytic spread.
In Section 2, we fix the notation and recall some basic concepts and facts that will be
used throughout the paper. For an ideal I in a d-dimensional Noetherian local ring
that has maximal analytic spread ¢(I) = d and satisfies the G4 condition, we establish
a formula to compute e;(I), where I is a 1-dimensional reduction of I (see Section 2
for the definition of I). We then give a condition in terms of e;(I) for the associated
graded ring of I to be almost Cohen—Macaulay. This result generalizes [15, Theorem 3.1].
In Section 3, we provide a generalized version of [15, Theorem 2.4] relating the length
A(I™L/JI™) to the difference Pr(n) — Hy(n), where I is an ideal in a d-dimensional
Cohen-Macaulay local ring that satisfies /(I) = d, the G4 condition and the AN, ,,
J is a general minimal reduction of I, Pr(n) and Hy(n) are respectively the generalized
Hilbert—Samuel polynomial and the generalized Hilbert—Samuel function of I. As an
application, we establish some formulas to compute the generalized Hilbert coefficients.
In the last section, we apply our formula to prove a generalized version of Northcott’s
inequality, and recover the work of G. Colomé-Nin, C. Polini, B. Ulrich and Y. Xie on
the positivity of the generalized first Hilbert coefficient ji (I). At the same time, we prove
that, if equality holds in the generalized Northcott’s inequality, the reduction number
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of I is at most one and the associated graded ring of I is Cohen—Macaulay. This result
generalizes the classical results of [17] and [24].

2. Formula for e; (I)

In this paper, we always assume that (R, m, k) is a Noetherian local ring of dimension
d with maximal ideal m and infinite residue field & (one can always enlarge the residue
field to be infinite by replacing R by R(z) = R[z]mps), Where z is a variable over R).
Let I be an R-ideal. We recall the concept of the generalized Hilbert—Samuel function
of I. Let G = gr;(R) = @52 oI" /1" be the associated graded ring of I. As the homo-
geneous components of G may not have finite length, one considers the G-submodule
of elements supported on m: W = {¢ € G|3t > 0 suchthat £ - m! = 0} = H2(G) =
@ HY (I™/I™*1). Since W is a finite graded module over gr;(R) ®z R/m® for some
a > 0, its Hilbert-Samuel function Hy (n) = 377, A(Hg, (I7 /1)) is well defined. The
generalized Hilbert-Samuel function of I is defined to be: Hr(n) = Hy(n) for every
n > 0.

The definition of generalized Hilbert—Samuel function was introduced by H. Flenner,
L. O’ Carroll and W. Vogel in 1999 [9, Definition 6.1.5], and studied later by C. Polini
and Y. Xie [26] as well as G. Colomé Nin, C. Polini, B. Ulrich and Y. Xie [6]. Since
dimg W < dim R = d, H;(n) is eventually a polynomial of degree at most d

P =S (" 5,

=0

C. Polini and Y. Xie defined Pr(n) to be the generalized Hilbert—Samuel polynomial of T
and j;(I), 0 < i < d, the generalized Hilbert coefficients of I [26]. The normalized leading
coefficient jo(I) is called the j-multiplicity of I (see [1,22], or [26]). The next normalized
coefficient j1(I) is called the generalized first Hilbert coefficient.

Recall the Krull dimension of the special fiber ring G/m(G is called the analytic spread
of I and is denoted by ¢(I). In general, dimg W < ¢(I) < d and equalities hold if and
only if £(I) = d. Therefore jo(I) # 0 if and only if ¢(I) = d (see [2] or [22]).

If I is m-primary, each homogeneous component of G has finite length, thus W = G
and the generalized Hilbert—Samuel function coincides with the usual Hilbert—Samuel
function; in particular, the generalized Hilbert coefficients j;(I), 0 < i < d, coincide with
the usual Hilbert coefficients e; ().

The definition of generalized Hilbert coefficients is different from the one given by
C. Ciuperca [5] where he used the bigraded ring gr,,(G). Polini and Xie proved that
the generalized Hilbert coefficients as defined above can also be obtained from the gen-
eralized (bivariate) Hilbert-Samuel function of the bigraded ring gr,(G), where ¢ is a
suitable m-primary ideal, and that the generalized Hilbert coefficients jo(I), ..., ja—2(I)
are preserved under a general hyperplane section [26].
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We are going to use the tool of general elements to study the generalized Hilbert—

Samuel function. Let I = (aq,...,a;) and write z; = 22:1 Aija; for 1 < ¢ < s and
(Xij) € R*. The elements x1,...,xs form a sequence of general elements in I (equiv-
alently x1,..., 2, are general in I) if there exists a Zariski dense open subset U of k5t

such that the image (\;;) € U. When s = 1, x = z; is said to be general in I.

Recall an ideal J C I is called a reduction of I if JI"™ = I™t! for some non-
negative integer r. The least such r is denoted by r;(I). A reduction is minimal if
it is minimal with respect to inclusion. The reduction number r(I) of I is defined as
min{r;(I)|J is a minimal reduction of I}. Since R has infinite residue field, the min-
imal number of generators pu(J) of any minimal reduction J of I equals the analytic
spread ¢(I). Furthermore, general ¢(I) elements in I form a minimal reduction J whose
ry(I) coincides with the reduction number r(I) (see [28, 2.2] or [18, 8.6.6]). One says
that J is a general minimal reduction of I if it is generated by ¢(I) general elements in I.

The ideal I is said to satisfy the G411 condition if for every p € V/(I) withhtp =i < s,
the ideal I,, is generated by i elements, i.e., I, = (21,...,%;), for some 1,...,z; in I.

From now on, we will assume I has ¢(I) = d and satisfies the G4 condition. Let
J = (x1,...,24), where x1,...,x4 are general elements in I, i.e., J is a general minimal
reduction of I. For i < d—1, set J; = (x1,...,x;) (with the convention J; = (0) if i < 0),
R=R/J;_1: 1, where Jg_1 : I® = {a € R|3t > 0 suchthat a-I* C J;_1}, and use —
to denote images in the quotient ring R. Then R is a 1-dimensional Cohen-Macaulay local
ring and 7 is Mm-primary. Hence the generalized Hilbert—Samuel function H7(n) and the
generalized Hilbert—Samuel polynomial Pr(n) are respectively the usual Hilbert—Samuel
function and the usual Hilbert-Samuel polynomial of I. Note Hz(I) and hence Pyr(n)
do not depend on choices of general elements 1, ...,24-1 in I, and Pr(n) = eo(I)(n +
1) — e1(I), where eo(I) = AM(R/(Tq)) = jo(I) (see [26]). If R is Cohen-Macaulay and I
is m-primary, then e (I) = e;(I) (see for instance [27, Proposition 1.2]). But they are in
general not the same.

We will show in Theorem 2.3 that e;(I) (like ey (1), see [15, Theorem 3.1]) character-
izes the depth of the associated graded ring G. For depth(G), we mean the depth of the
local ring Gy, where M =m/I @ [/1? & 1?/I3 & ... denotes the maximal homogeneous
ideal of G. Since depth(G) < dimG = dim R = d, G is said to be Cohen—-Macaulay
if depth(G) = d and almost Cohen—Macaulay if depth(G) = d — 1. The condition
depth(G) > d — 1 is a useful one, especially when one considers questions about the
behavior of I". It reduces greatly the computation of the generalized Hilbert coefficients
(see Corollary 3.4 in Section 3).

Theorem 2.3 is achieved from a formula computing e (I) (see Lemma 2.2 in the follow-
ing). Since we do not have the finite length on R/I, to compare the length A\(I"*1/JI™)
(this length is finite by the G4 condition) with A(T”H

reduction of I, we need the following lemma.

JJI"), where J is a general minimal
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Lemma 2.1. Let D C B C A and D C C C A be finite modules over R such that A/B and
C/D have finite lengths (while the lengths of B/D and A/C are not necessarily finite).
Then

AMA/B)+ A(BNC/D)=\C/D)+ MNA/(B+C(C)).
Proof. By the exact sequences

0—-BNC/D—B/D™ (B +C)/C—0,

0—(B+C)/C S AJC—A/(B + C)—0
0—C/D—A/D 3 A/C—0,
0—»B/D 3 A/D—A/B—0,

we have the following long exact sequences

0—B N C/D—H(B/D)—H((B + C)/C)—0—H.(B/D) ™ H:((B + C)/C)—0,
0—H((B + C)/C)—HC (A/C)—A/(B +C) = HL((B + C)/C) i gl L(A/0)—0,
0—C/D—H (A/D)—~H® (A/C)—0—HL(A/D) 3 HL(A/C)—

0—H%(B/D)—H2(A/D)—A/B A¢ H}(B/D) 3 H,lI(A/D)—>O

and the commutative diagram

0 — TIm(As) — HAB/D) 3 HLA/D) — 0
Jid 17z

0 — Ker(iyom) — HL(B/D) "' HL(A/C) — 0

with exact rows and isomorphic vertical maps id and 75, hence Tm(A,) = Ker(i; o 77).
Since Ker(i; o m1) = Ker(i1) = Im(A;), we have Im(As) = Im(A;). Now by the above
exact sequences

MA/B) + AM(BNC/D) = AIm(Ay)) + MHL(A/D)) — N(H2(B/D)) + A(BN C/D)

A(Im(A1)) + A(Hp(A/D)) = MHy(B/D)) +MNBNC/D)

AMA/(B+C)) + AHp (B +C)/C)) = AHp(A/0))

+ A(HS(A/D)) — AM(HS(B/D)) + \(BN C/D)

=AA/(B+C))+ ANH2(B/D)) — AX(BNC/D) + \(C/D)
—~ ANHY(B/D))+X(BNC/D)

=XC/D)+XA/(B+C)). O
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Applying Lemma 2.1, we obtain the following proposition. Recall if f : Z — Z is a
function then A is the first difference function defined by A[f(n)] = f(n) — f(n — 1),
and A is defined as AY[f(n)] = A" 1[Af(n)]. By convention, A°[f(n)] = f(n).

Proposition 2.2. Let I be an R-ideal with £(I) = d and that satisfies the G4 condition.
For general elements x1,...,2q in I, set J = (x1,...2q), Ja—1 = (1,...,24-1), and
R=R/J;_1:I® as above. Then for every n >0, one has

(@) AUI™HLLTI™) = X[(Jay = IV O I/ (Jay - 1) A T = A[Py(n) — Hy(n)).
(b) %o NI /TI) = A[(Jaoy - 1) A T/ (Jay 2 1) N TT7)] = ey (T).

n=0

Proof. (a) For every n > 0, we have

TEERED PR L (A

{ {
JI" 4+ Jy g I° = JI"

with (1" 4 Jg_y 1 1°°) / (JI™ + Jg—q : I®°) and 1" /JI™ all having finite lengths by
the G4 condition. By Lemma 2.1,

ANI"HLITY) = XN (I Jama 2 1) [ (JI A+ Jaa 2 1))
AT+ Jay s 1) 0TI,

Since (JI™ + Jg_1 : I®) NI/ JIM =2 (Jg_q : I®) NI/ (Jgq : I°) N JI™, we have

AT = N[(Jaoy = 1) N I (Jgoy - 1) J 1] = AT /T
= (A(Pr — Hy)) (n),

where the latter equality follows from [15, Theorem 2.4]. Now (b) follows by (a) and
[15, Corollary 2.10]. O

We recall some residual intersection properties. Let J; = (z1, ..., ;) (by convention,
Ji = (0) if ¢ <0), where z1,...,x; are elements in I. Define J; : I = {a € R|a-I C J;}.
One says that J; : I is an i-residual intersection of I if I, = (x1,...,x;), for every

p € Spec(R) with dim R, < i — 1. An i-residual intersection J; : I is called a geometric
i-residual intersection of I if, in addition, I, = (z1,...,2;), for every p € V(I) with
dim R, < 1. It was shown that if I satisfies the G54 condition, then for general elements
T1,...,Ts41 in I and each 0 <7 < s, the ideal J; : I is a geometric ¢-residual intersection
of I, and Jgy; : I is an (s + 1)-residual intersection of I (see [29] or [25, Lemma 3.1]).
Assume R is Cohen—-Macaulay. The ideal I is s-weakly residually (S2) (respectively,
has the weak Artin-Nagata property AN ) if for every geometric i-residual intersection
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Ji o I, 0 <14 < s, the quotient ring R/J; : I satisfies Serre’s condition (Ss) (respectively,
is Cohen-Macaulay).

The notion of residual intersections was introduced by Artin and Nagata as a gen-
eralization of the concept of linkage to the case where the two “linked” ideals do not
necessarily have the same height [3]. The issue on the Cohen-Macaulayness of residual
intersections has been addressed in a series of results (for instance, [16,14,19,29]), which
require either depth conditions on all of the Koszul homology modules of I such as the
“strong Cohen—Macaulayness”, or weaker “sliding depth condition”, or depth conditions
on sufficiently many powers of I.

The following theorem generalizes [15, Theorem 3.1] to ideals that are not necessarily
m-primary. Notice if R is Cohen-Macaulay and [ is m-primary, then ey (I) = e;(I)
[27, Proposition 1.2], and I automatically satisfies ¢(I) = d, the G4 condition, the
(d — 2)-weakly residually (Sz) as well as the weak Artin-Nagata property AN, .

Theorem 2.3. Assume R is Cohen—-Macaulay. Let I be an R-ideal which satisfies £(1) = d,
the G4 condition and the AN,_,,. Then for a general minimal reduction J = (x1,...,2q)
of I, the following statements are equivalent:

(a) oo NI/ JIM) = ex(D).

(b) For everyn >0, Jg_1 NI" = Jy 11", where Jg_1 = (x1,...,24-1) is defined as
before.

(¢) depth(G) >d—1.

Proof. Since I satisfies ¢(I) = d and the G4 condition, one has that J; : I is a geometric
i-residual intersection of I, where J; = (z1,...,%;), 0 < i < d — 1 [25]. By the weak
Artin-Nagata property AN, ,, one has that J; : I*® = J; : [ = J; : 2441 and (J; :
I*YNI =(J;: )Nl = J; for 0 <i<d—1[29]. In particular, (Jg_1 : I®) NI =
(Jg_1 : I)NI = Jy_1. Therefore for n > 0, (Jg_q1 : I®)NI" = J; ;NI and
(Jg—q : I®)NJI™ = Jg N JI™

Assume (b) is true. Then for n > 0,

M Jgey  I7°)N T (Jgey 1) NI = X [Jgor NI gy 0 JT]
=\ [Jd_lfn/Jd_l N an} =0.

And (a) follows by Proposition 2.2 (b).
Now assume (a). By Proposition 2.2 (b), one has that for every n > 0,

AM(Jaor 1) NI/ (Jgy 1 1°°) N JI] =0
Hence

Ja NI = (Jgq : I°)N T = (Jg_q 1) JI™ = Jg N JI™.
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We use induction on n to prove that for every n > 0, Jy_1 NI"*T! = Jy;_1I". This is clear
if n =0. Assume n > 1 and Jy_; N I" = Jy_11""*. Then (b) follows by the following
equalities:

Jg NIt =g, nJgrm
= Ja_1 N (Jg_ i I™ + 24I™)
=JagI" + Jg_1 Nxgl"”
=Ja 11"+ xq[(Jg—1 : zq) N 1"
= Jo 1 I" + zg[Jg_1 017"
= Jy I+ xgdg_ I
= Jg_ 1"

Finally we show (b) is equivalent to (c). Set 6(I) = d — g, where height I = g. We
use the induction on ¢. If § = 0, the assertion follows because (b) is equivalent to that
xf,...,x}_, form a regular sequence on G (see [30, Proposition 2.6]), and the latter is
equivalent to that depth(G) > d—1. Thus we may assume §() > 1 and the theorem holds
for smaller values of §(I). In particular, d > g+1. Since 27, .. ., zj, form a regular sequence
on G, we may factor out x1,...,z, to assume g =0. Now d = () > 1. Set S=R/0: .
Then S is Cohen-Macaulay since I satisfies the AN, ,. Note dim S = dimR = d,
grade (1S) > 1, IS still satisfies £(IS) = ¢(I) = d, the G4 condition and the AN, _, (see
for instance [29]). We claim that (b) is equivalent to Jy_1SNI"TLS = J; 11"S for every
n > 0. Indeed, if (b) holds, then clearly Jy_1S N IS = J; 11™S for every n > 0. On
the other hand, if Jy_15NI"1S = J;_1I™S for every n > 0, then

Joa NI C gy 1"+ (0: NI = g, 17,
by the fact that (0:I) NI =0 (see [29]).
By the exact sequence 0 -+ 0: I — R — R/0: I — 0, one has that depth(0: I) > d.
Since (0: I) NI =0, there is a graded exact sequence

0—-0:1—G—grq(S)—0.

Hence one has that depth(G) > d — 1 < depth(gr;s(S)) > d — 1. We are done by
induction hypothesis since §(1.S) = d — grade (IS) <d=4§(I). O

3. Formulas for j;(I),1 <1< d
In this section we will provide a formula relating the length A\(I"*1/JI™) to the

difference Py(n)— Hy(n), where I is an ideal with £(I) = d, and satisfies the G4 condition
and the AN, ,, J is a general minimal reduction of I, Pr(n) and H(n) are respectively
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the generalized Hilbert—Samuel polynomial and the generalized Hilbert—Samuel function
of I (see Theorem 3.2). This formula generalizes [15, Theorem 2.4]. Before we state this
result, we first prove the following lemma. Recall that for any two integers n and ¢, ¢ > 1,
the binomial coefficients are defined by () = M ,and () = 1.

Lemma 3.1. Let H : Z — 7Z be a polynomial function with H(n) = 0 for all n < 0. Let
P(n) = Efzo(—l)iel (”er Z) be the polynomial of H. Then eg = AY[P(n)] and

o0

=Y (ifl)Ad[P(n)—H(n)] for 1<i<d.

n=t—1

Proof. Let h(t) = >~ , H(n)t"™ be the generating function of H. Then h(t) = Q)

= oo
where Q(t) = ag + a1t + ... +anty € Z[t], Q(1) # 0. By [4, Proposition 4.1.9], one has

; N
QW) m ,
e = i = E; ; a, for 0<1i<d.

Set a,, =0 if m < 0 or m > N. By computation, for n € Z,
AYP(n)] = ey = Z am and AYH(n)] = Z U, -
m=0 m=0
Hence
AYP(n) - Hn) = > am
m=n+1

and

S (D)t -an= 3 (1) 5

o n=t m=n+1
ii( ) §<?>amei for 1<i<d. O

Theorem 3.2. Assume R is Cohen-Macaulay. Let I be an R-ideal which satisfies £(I) = d,
the G4 condition and the AN,_,. Then for a general minimal reduction J = (x1,...,q)
of I, one has that for alln > 0,

NI TI™) + wy (1, 1) = A% Pr(n) — Hr(n)],

where wo(J, 1) = XN(R/(Jg—1 : I + 1)) = AN[HL(R/I)], and for n > 1,
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d—2
Wn(Jyf):ZAdfl Z :L 1 —|—ZAd 2— z z —/\(L;)+)\(NTZL)]
=0
5 d—1
‘ZWN”“/@W”MmI”“)]—(—n”( .)e

i=1

and for 0 <i <d— 2 and any integer n (here by convention I = R if n <0),

Koy =1""a/ (00 T+ 17,

z; =Ji+1 N In/[JZ NI"+ Jit1 N It + $i+11n71},

Ly =((J; : )N I"+ 1" g, onar m/[(Ji )N I"

+ (Jigr D) NI [((J DN+ ) e m™]

Ny =((Jigr : DI+ I e m™® )/ [(Jigr D) NI+ (S DO T+ I e m™
B = NHw(R/T)] = A [Hy (R/(0: T +1))] .

Proof. Recall for each 0 < ¢ < d—1, J; : I is a geometric i-residual intersection of I,
where J; = (z1,...,2;) (by convention, J; = (0) if i < 0). Moreover, for 0 <i < d — 1,
Ji : I° = Jz I = Jz DTG4 and (Jl : Ioo)ﬂf = (Jl : I)ﬂ] = Jz (see [29”
Set R® = R/J; : I and G* = gr;p:(RY). Then one has [G%y = R/(0 : I + I) and
(G, = [G], = I"/I""! for every n > 1. (Here [G]; denotes the i-th homogeneous
component of the graded ring G.) Hence

A[H;(0)] = A[HY(R/T)]
A [HS (R)0: T+ 1)) + [NHS(R/D)] - A [HS (R/(0: 1+ 1))
= A[H po(0)] + 8,

with 3 defined above, and A[H;(n)] = A[Hpo(n)] = A[H2 (I"/I™"1)] for n > 1. There-
fore we have that for n > 0,

A1) = A g )]+ (-1 (1) )

with the binomial coefficient (dgl) =0ifn >d.
We use induction on d to prove the theorem. First assume d = 1. If n = 0, one has

NI /) +wo(J, T)
MIR®/JRY) + A (R/(0: 1+ 1)) — A[H2(R/T))

A[Prro(0) = Hrpo(0)] + A (R/(0: T+ 1)) = AMHy (R/T)]
A[Prro(0)] = A(R/(0: T+ 1))+ A(R/(0: I+ 1)) = A[H%(R/T)]
A[Pr(0)] = Al (R/1)] = A[Pr(0) = Hi(0)],
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where the second equality follows from [15, Theorem 2.4] since R® is a 1-dimensional
Cohen-Macaulay local ring and TR® is mR°-primary, and the fourth equality follows by
A[Prgo(0)] = A[P;(0)] = jo(I) by Lemma 3.1. If n > 1, then w,(J,I) = 0, and one has
A" ITY) + wn (1) = AI™H' R/ JI"RY)
= A[PIRU (TL) — H[RO(TL)} = A[P[(’I’L) — H[(’I'L)},

where the second equality again follows from [15, Theorem 2.4] and the third equality
follows by Lemma 3.1 and the fact that A[Hygo(n)] = A[H;(n)] for n > 1.

Now assume d > 2 and the assertion holds for d — 1. Notice A[P;gra-1(n)] =
A4Pr(n)] = jo(I) by Lemma 3.1. Furthermore, by Proposition 2.2 (a) and (Jq_1 :
I°yNI = J4_1, one has

AT/ T = ATy 0 I gy 0TI
= A[Prga-i(n) = Hypas (n)] = AY[Pr(n)] — A[H pa (n))]. (2)
If n = 0, one has
AJaaNI/Jg1NJ) = ANJa1/Ja_1) =0,

and therefore by equation (2),

AI/J) + wolJ, 1)
= A[P(0)] = A[H pa-1(0)] + MR/ (Ja—1 : T + 1)) = A[Hp (R/T)]
= AYP0)] = AN(R/(Ja—r : T+ 1) + A(R/(Ja—r : I+ 1)) = A[Hy (R/T)]
= AY[P(0)] = A[HQ (R/T)]
= AY[P(0) — H;(0)).

Assume n > 1. Then we have the following exact sequences for any integer n

0 K9y — HY([G 1) 2 HO((G ) = HQ(G])/ei HY(1G%u-1) — 0,
0= Ly — Hy([G%)n) /21 Hy([G°n-1) = Hy([G']n) = Ny =0,

where

K =[((0:D)NI"+ 1" tpues 2]
N[O :D)NI" I i m®]/((0: D) NIPTH 417,
LY=(0:DnI"+ 1" i.nam m™/[0: )N+ (Jy: I)n 1™t
+ 2 [((0: ) NI+ 1) 11 m™]],
N =((Ji:D)NI"+ 1" cpe m™/[(Jy DO T+ ((0: 1) NI+ 1Y) e m®™).
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Note ((0: I) N I"™ + I™1) ipn—y 21/((0: I) N I"~1 4 I™) has finite length because G is
Cohen—Macaulay on the punctured spectrum by [20, Theorem 3.1]. Hence

KO =(0:D)NI"+ 1Y) tpus 2y /((0: T) N I 4+ 1),

Therefore
AH o (n)] = A2 AHQ ([GO)n)] = AHR([G%)n-1)]]
= A2 A[Hp ([GO)n) /2T Hay ([GOn-1)] = MK )]
= A2 IAHR([G)]] + ATINEY)] = AT 2N = AP y)]
= A" Higi (n)] + A2 A(L)) — AN, = MK )] (3)

Observe for every n > 0, one has the following diagram

AR Y S s

+ +
JI"+ JyI° = JI™

By Lemma 2.1, the induction hypothesis, and equation (3), one has

NI g
MI"PRY/JIMRY) + Ay NI /g 0 JI™
= A Prgi(n) — Higi(n)] — wa(JRY, IRY) + AJy 0 I /g 0 JT7
= A?[Prpo(n)] = A[Hypo (n)] + A2 [MLY) = AN;) — MK _y))]
— wWa(JRYIRY) 4 Ay NI g N JIm
= A?[Prpo(n) — Hpo(n)]
— [wn(JRYIRY) + AT 2N(Kp )] + AT2[=A(LY) + A(V,))]
— AL NI g 0 JIM). (4)

Again by (0: I)NI™ =0 for n > 1, one has

AEp_) = A[(0: DN T+ 1Y) iy /(0 D)0 I+ 1) ]
=A[((0:D)NT"+ T tppa 2 +0: 1) /(I" 40 1)]
=A[:DNI*+ 1" cay /(1" +0:1)]

A DN+ 1Y ray (O D) NI+ I a2y + 02 1) ]
=AM a /(M0 )] = AL vy ) (I e 2+ 02 T) |
= ANE_ DI+ A" s /I 0 D] = A iy + 1) /(0: T+ 1771
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ANES_ D]+ A" 2y /(I g + 1071
ANKL_ )]+ A[(@1) N I/ (1) 0 I 4 1071
A7

MK )] + ML)

Now by the definition of w,,

wn(JRY, TRY) + A2 INKS_ )] 4 A2 N(L2) + NN = A0 I/ J 0 JT7
= wn(JRY, TRY) + AT MK )] + A2 MES) = ML) + AN,))]
— AN It g N JIm
= wn(JRY, IR"). (5)
Therefore by equations (4), (5) and (1), we have for n > 1,
AT/ JI™) = A4 Prro(n) — Hygo(n)] — wn(JR, TRY)
= APr(n) — Hi(n)] — [wa(JR®, IR") — (—-1)" (d ; 1) A]

:Ad[PI(n)*HI(n)}*wn(‘]a[)' u

By Theorem 3.2 and Lemma 3.1, we obtain formulas to compute the generalized
Hilbert coefficients.

Corollary 3.3. Assume R is Cohen—Macaulay. Let I be an R-ideal which satisfies ¢(I) = d,
the Gg condition and the AN, . Then for a general minimal reduction J = (x1,...,xq)
of I, one has

S (1) I 4 (D] = D) 1 << d

n=i—

where w, (J,I) is defined as in Theorem 3.2. In particular, if d = 1,

JuI) = SN LI £ A (R0 1+ 1)) — AHO(R/D),

n=0
and if d > 2,
J1(1) = SO I SN (R (T T+ 1)) = \HS (R/(0: 1+ D))
n=0
d—3 ‘ ]
+ ) [MZo) = ANg)]

.
Il
<
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=3 N[BT (0TI T 0T

Proof. If d = 1, by Theorem 3.2, one has wo(J, 1) = AN (R/(0: I + 1)) — A[H2(R/I)] and
wn(J,I) =0 for n > 1. Hence

M

G1(1) NI/ JIT™) + wi ()]

3
Il
<

AT/ T + XN (R/(0: T+ 1)) — A[H2(R/T)).

M

Il
=]

n

Assume d > 2. Observe for 0 < i < d — 2, since I?il = 0 and ZB = 0, one has
Yoot JAINKL )] = 0and Yoo AJ[A(LE)] = 0 for j > 1. Since for 0 < i < d — 3,

L'} =0and N'; =0, one has Y oo | AJ[A(L)] = —Lf and Y00 | AVA(NE)] = —N§
for j > 1. Hence by Theorem 3.2,

<
=

I
NE

NI /T 4 wi (4, 1)]

3
i
=]

AI"FLIT) + XN (R (Jam = 1+ 1)) = N[Hy (R/T)]

Il
T M

+
ing

s
Il
<

[MZH) = ANG)]

[\

+
NE
~
=
[sH

) = ALE™?) + AW?)]

3
I
—

T
L

M

A[J NI 0 JIY + Jim NI

_:(_1)n <d; 1)

which is equal to the desired result since 30—t (—1)"(*~!) = 0 and

n

3
Il
_
©
I
—

+ 5,

I
=®
-1
IS8

n

B=AHYNR/I)] —A[HY (R/(0: 1+1))]. O

With some depth conditions, we can greatly reduce the computation of the generalized
Hilbert coefficients.
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Corollary 3.4. Assume R is Cohen—Macaulay of dimension d > 2. Let I be an R-ideal
which satisfies £(I) = d, the Gq condition and the AN, ,. If depth(G) > d — 1 and
depth (R/I) > min{dim R/I, 1}, then for a general minimal reduction J = (x1,...,xq)
of I, one has

() = fj AT /I + XN(R(Jay : T+ 1)) = X [HG (R/(0: I +1))]

n=0

A NI (T D" 4 (Jao " T e m™)]

n=1

Proof. First notice if I is m-primary, then ji(I) = e;(I) = Yo" AI"T!/JI™) by
[15, Theorem 3.1]. Since grade I = d and A(I"/I"*1) < oo for every n > 0,

ANR/(Jg—1 : I +1)) = X[HY (R/(0: T +1))]

+ Z A [In/ (Jd—ljnil + (Jd_21n71 + In+1) n moo)]

n=1

= MR/I) - N(R/I) + i A" (Jaa D"+ )] =0

n=1

and the result holds.

Now we assume I is not m-primary. Hence depth (R/I) > 1. We use induction on i to
prove depth (R/(J; : I +1)) > 1 for 0 <i <d— 2, where J; = (21,...,2;) is defined as
before. If ¢« = 0, by the exact sequence

0=20:T—>R/I—-R/0:T+1)—0,
and depth(0 : I) = d > 2 (see [29]), we have depth (R/(0: 1+ I)) > min{depth(0 :

I)—1,depth(R/I)} > 1. Let 1 < i < d—2 and assume depth (R/(J;—1 : I + 1)) > 1. By
the exact sequence

OHLLI/((L_1I+($z))*>R/(J7_1I+($1))*>R/J1]*>O,

one hasdepth (J; : I/ (J;—1 : I + (2;))) > min{depth (R/ (Ji—1 : I + (z;))),depth(R/J; :
I+ 1} =min{d —4,d—i+ 1} =d—i > 2. Since

we have the following exact sequence

O—)JII/(JZ_lI—F(l‘l))—)R/(Jl_lI—i—[)—}R/(JZI—f—I)—)O,
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and therefore depth (R/(J; : I + I)) > min{depth (J; : I/ (J;—1 : I + (x;)))—1, depth(R/
(Jic1: T+ 1))} >min{2 -1, 1} = 1. Hence we have (J; : I + 1) :g m®> = J; : I + I for
0<i<d—2.

For 1 <i <d— 3, one has

=S I+1) g m™/[Ji i I+ Jig1 + @i [(Ji : T + R) :g m™]]
=[((Ji : I+ 1) :gm®) N (Jigr 2 D] /(Ji o T+ Jiga)
— (i T+ D)0 (Jisr : D/ (i T+ Jir)
=i I+ IN(Jiga : D/ (Ji T+ Jiga) = (Ji : L+ Jig1) /(Ji s T+ Jiga) =0
Ny = (Jig1 : IT+1) g m™/[Jig1 : T+ (J; : T+ 1) :g m™]
— (Jiga T4 D)/ (Jipr : I+ i T+ 1) =0.

Since depth(G) > d—1, forn > 1 and 1 <i < d—1, by a similar proof as in Theorem 2.3,

L0 (L0 I+ Ji NIV = LI (L0 T+ Jo NI =0,
L2 = Jy 0T [Jgea NI+ Jg g NIV g I
= JaaI" ) (Ja2I" H Jaa I + a1V = Jg o IV Jg IV =0,
LI = (Jyo NI+ 1" 2y, e m™ ) [Jy—o NI + Jgoq NI
+xga[((Jamz : D) NI T) s m™]]
= (JagoI" P+ T iy i m /[ Ja—ad™™ Yy Jga I
+ zao1[((Ja—z : NI I7) tpnes m™]]
= (Ja—oI" N TV 1y e m [ Jgo T
+ 241 [(Ja—z : D) NI+ 1) tpns m™]] =0,

since

(Jg_oI™ 1 4 17H1) a1 M
= [(Ja—oI" P+ 1) s m™] N (Jg2 I+ 2g 1Y)
=JgoI" N4 [(Jgo I+ I g m® Nago g I
=Jago "t agy [[(Jaod" TN+ T g m™] e 2]
=JaoI" Nt wa [(Ja—od "N H IV s mgom™]
= JaoI" "t wgy [[(Ja—2I" N+ I ig 2go1] e m™)

= dezln_l + Tg—1 [((dez : I) NIt 4+ In) ipn—1 m°°] .
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Finally since for n > 1, A\(I"/Jg—1 N I"™ + I"*1) < oo, one has

N2 = (Jgoa NI+ 1) e m™ ) [Jgoy O I+ (Jgma N I™ + 17T 1pn m™]
=1") [Jg-r I" "+ (JamoI" P+ I o m™]

and by Corollary 3.3,

Gi(I) = i M"Y IIY) 4+ N(R)(Jaer : T+ 1)) = N[HY (R/(0: T+ 1))] + i A(NI=2)

n=0 n=1

= i NI I+ XN (R/(Jgeq : T4 1)) = M[HS (R/(0: I +1))]
n=0

Y NI (Jaa I (Jao I T e m™)] L O
n=1

4. Generalized Northcott’s inequality

In 1959, D. G. Northcott proved a basic lower bound for the first Hilbert coefficient
e1(I), which can be restated as e;(I) > A(I/J), where I is an m-primary ideal in a
Cohen—Macaulay local ring R, J is a minimal reduction of I [23]. By this inequality, he
obtained that, in order that I is generalized by a system of parameters, it is necessary
and sufficient that the first Hilbert coefficient eq(I) vanishes [23]. J. P. Fillmore extended
Northcott’s result to Cohen-Macaulay modules (see [7]). Later, C. Huneke (see [17])
and A. Ooishi (see [24]) proved that equality holds (i.e., e;(I) = A(I/J)) if and only
if the reduction number of I is at most 1 (i.e., I? = JI). When this is the case, by
Valabrega—Valla criterion, the associated graded ring of I is Cohen—Macaulay and the
Hilbert function Hy(n) is easily described (see for instance [27]). This result has been
extended to the ideal filtrations of Cohen-Macaulay rings by Guerrieri and Rossi in [13].
Goto and Nishida in [11] generalized the inequality, with suitable correction terms, to
any local ring not necessarily Cohen—Macaulay and they studied the equality in the
Buchsbaum case. All of their results are based on the condition that the ideal filtrations
must have finite colength (like the m-primary case), a condition that is required to define
the classical Hilbert function.

As an application of Corollary 3.3, we generalize Northcott’s inequality to ideals that
are not necessarily m-primary.

Theorem 4.1. Assume R is Cohen—Macaulay. Let I be an R-ideal which satisfies £(I) = d,
the Gq condition and the weakly (d — 2)-residually (S2). Then for a general minimal
reduction J = (x1,...,24) of I, one has the following generalized Northcott’s inequality:

) 2 MI/T)+ AR/ (Ja—1 :r I+ (Ja—2 :r T + 1) :r m™)].
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In particular, if I is m-primary, then the above residual conditions are automatically
satisfied, the length AR/ (Jg—1 :r I + (Ja—2 :r I+ 1) :g m*>)] = 0, and the above in-
equality becomes the original Northcott’s inequality j1(I) > A(I/J).

Proof. Set S = R/Jyq_o: I, where Jy_o = (21,...,24-2). Then S is Cohen-Macaulay of
dimension 2 since R is weakly (d — 2)-residually (S3). Furthermore, j1(I) = j1(I5), IS
satisfies £(1S) = 2, the G5 condition and the AN (see [26] and [29]). By Corollary 3.3,
we have

i) = j1(19)

= i AI"TES)IT™S) + A (S/(a—1S 15 IS + 1S)) — A[HY(S/1S)]
n=0

* i {M(@a—18) N IS/ ((xa-1S) N IS + g 1 1771S)]

n=1

— A[I"S 0y 1 sig1s)nrms M) (@a=1S 15 IS) N IS + 24 1 (IS tpn-15 m™))] }
+ i AM((za—18:5 IS)NI™S + I"M18) tpng m™ /(2418 15 IS) N IS
LIS g )]
- i AMza_1SNIMS g1 SN JI™S]
n=1
>AI/T)+ AR/ (Ja—1 i I+ (Ja—2 :r L+ 1) :rg m™)].
The reason is in the following. First by Lemma 2.1 and the diagram

s - xdflsOInJrlS

+ +
JI"S = xzq1SNJI"S,

one has A(I™1S/JI"S) = A@a_1S N I"1S/zg_1S N JI'S) + A(I"F1S/(JIMS +
Tg—1SN I”“S)). Therefore

S OMIMS/ITS) = Y Awa 1SN IS 24 1S 0 ITS]
n=0 n=1

o0

MNIS/JS) + Z INI"HAS/TI™S) — A[wa—1 SN IS /2418 N JI™S]]

= \I/J) + Z A[IMTES) (JIMS + 2418 N IS

n=1

AL/ ). (6)
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Next, since (x4—15 :5 IS) N IS = 2415, one has

A(S/(za-1S :s IS + IS))

= A(S/(za_15 :5 IS + JS)) — A((z4_1S :5 IS + IS)/(x4_1S :5 IS + JS))

= A(S/(2a15 :5 IS + JS)) — N(IS/ ((x4_1S :5 IS) N IS + JS))

= A(S/(za_15 :5 IS + JS)) — A(IS/JS). (7)

By the fact that \(1S/JS) < oo, one also has

A[HQ(S/IS)] = A[IS :5 m*>/IS] = A[JS :s m™/IS] = A[JS :5 m*>/JS] — A(1S/JS).
(8)
Moreover, since depth(S/z4-15) > 1 (see [29]), for every p € Ass(S/x4—1S), one has

that p is not maximal and IS, = (zq—1)S, = J, if p € V(I), or otherwise I, = R,.
Hence

[(l‘dfls s IS) N (JS s moo)] = xd,lsp

p

for every p € Ass(S/xq-195), which yields that (x4-15 :g IS) N (JS :g m™>®) = x4 5.
Therefore

(£4—1S:s IS+ JS)N(JS :;gm™®) = JS + (24-15 :5 IS)N(JS :g m™) =JS. (9)
Now by equations (7), (8), (9), Lemma 2.1 and the diagram

S — JS:SmOO

A 1
xd,lS:S IS+JS — JS,

/(215 :5 IS+ I8)) — A[HL(S/19)]

= [N(S/ (2415 :5 IS + JS)) — N(IS/JS)] — [\ (JS :5 m™/JS) — N(IS/JS)]
(S/(24-18 :5 IS + JS)) = A(JS 15 m*/.JS)

(S/(24-1S :5 IS + JS 15 m™®)) — A ((za_1S :5 IS + JS) N (JS :5 m™)/JS)
(S/(24-1S 5 IS + JS :5 m™®)) — A(JS/JS)

[R) (Juer :r I+ (Jues i I+ 1) : m™))].

Finally for n > 1,
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A [2a-1S N I"S/ (@1 S N TS + 211" S)]
= A" i sisrs)nims M/ ((Ra—1S 15 IS) N IS + 241 (IS tpn-15 m™))]
=\ 24 1SN IS/ (2a 1SN TS + 24 1 T1S)]

—A[I"MS sy sams M/ (a1 S OIS + 2q 1 (IMS ipn1g m™))]
>0

b

since there is a map
IS s sams m™ = ag 1 SNIMS/(xg 1 SNIT"TIS 424 1 I"7LS)
with kernel

[InJrlS 2y 1SNINS m°°] n [Id_ls NnImtls 4+ xd_J”*lS]
=2q 1 SNI"S + [I"S y, sams m™] Nag_1 "8
=x4_15N s+ [l’d_lfns ‘g1 SNInS m°°] N zd_1[n715

=x4-15N s+ xd_l(I"S [n-1g m°°),
where the second equality holds because A\(I"*1S/xy 11"S) < co. O

The following theorem shows that the ideal I enjoys nice properties when equality
holds. It generalizes the classical result of [17] and [24].

Theorem 4.2. Assume R is Cohen—Macaulay. Let I be an R-ideal which satisfies
((I) = d, the G4 condition, the AN, , and depth(R/I) > min{l,dim R/I}. Then
for a general minimal reduction J = (x1,...,24) of I, one has that j1(I) = \(I/J) +
AR/ (Jg—1 g I+ (Ja—2:r I+ 1) :g m®>)] if and only if r(I) < 1. When this is the case,

the associated graded ring of I is Cohen—Macaulay.

Proof. By Eq. (6) (see p. 195), if j1(I) = A(I/J) + A[R/(Ja—1 :r I + (Ja—2 :r T+ I) iR
m>)] then for every n > 1, the length X [I"*1S/ (JI"S + (2415 :5 IS) N I"T1S)] = 0.
Hence

PPCJI+ (Jg1: g NI?=JI

since (Jg_1 :g 1) N I? = Jg_1I by [25, Lemma 3.2]. Now the desired result follows from
[20, Theorem 3.1]. O

In the following example, we provide an ideal with equality holds in the generalized
Northcott’s inequality. Therefore by Theorem 4.2, the reduction number of the ideal is
1 and the associated graded ring is Cohen—Macaulay. This example is taken from [21].
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Example 4.3. Let R = C[x,y, 2]/(z,y) N (22, 2) = C[z,y, 2]/ (2%, 22,y2) and I = (z,y).
Then R is a 1-dimensional Cohen—Macaulay local ring and I is a Cohen—Macaulay ideal of
height 0 which satisfies £() = 1, the G; condition, and the AN_,. By computations, the
generalized Hilbert—Samuel polynomial is Pr(n) = 2(n+1) — 2. Hence jo(I) = j1(1) = 2.
For a general minimal reduction J = (&) of I, one has

MI/T)+ AR/ (Ja—1 :r T+ (Jy—2 :r T+ I) :g m™)]
= M(@,9)/(©)] + A[Cl,y, 2]/ (w,y,2)] =1+ 1= j1(]).

Therefore by Theorem 4.2, the reduction number r(I) = 1 and the associated graded
ring gr;(R) is Cohen—Macaulay (indeed, by computations, JI = I? and gr;(R) =
Clz,y, 2, t,u]/(z,y, zu, t2, 2t)).

As an application of Theorem 4.2, we obtain the following corollary.

Corollary 4.4. Assume R is Cohen—Macaulay. Let I be an R-ideal which satisfies ¢(I) = d,
the Gq condition and the weakly (d — 2) residually (S2). Then for a general minimal
reduction J = (x1,...,24) of I, one has

(a) ja(I) = 0.

(b) j1(I) = A[R/ (Jy—1 :r I+ (Ja—2 :r I + 1) :g m®™)] if and only if I = J is a minimal
reduction.

(c) Assume R is excellent. Then j1(I) = X(I/J) if and only if I is m-primary.

(d) Assume R is excellent. Then j1(I) =0 if and only if I is a complete intersection.

Proof. (a) and (b) are clear. To prove (c), assume R is excellent. Then
/\[R/ (Jd—l I+ (Jd_g ‘R I—I—I) ‘R m°°)] =0

implies Jg—1 :g I + (Jg—2 :g I +I) :g m* = R. Since ¢(I) = d, one has J;_1 :g [ # R.
Hence (Jg—2 :g I+ 1) :g m*> = R, i.e., height (Jy_2 :g I + I) = d. Since R is excellent,
by [6], height(Jg—o :g I + I) = max{height I,d — 1} = d, which yields height I = d, i.e.,
I is m-primary. The assertion (d) follows by (b) and (¢). O

We remark that (a) and (d) recover the work on the positivity of ji(I) by G. Colomé-
Nin, C. Polini, B. Ulrich and Y. Xie [6].

We will finish the paper by an example from [6] that shows if residual properties do
not satisfy then the generalized Northcott’s inequality fails to hold. The Macaulay?2 code
for computing this example can be found in [6] which will appear later.

Example 4.5. Let R = k[z,y]/(2® — 2%y) and J = (zy*) for any ¢ > 0. Notice that R is a
one-dimensional Cohen—-Macaulay local ring and ¢(J) = 1. However, J does not satisfy
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the G1. By Macaulay2 [12], one sees that jo(J) =t + 1, j1(J) = 2 — t, which is strictly
less than 0 if ¢t > 2.
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