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1. Introduction

Homological methods provide important information about the structure of algebras,
revealing sometimes hidden connections amongst them. In this work, our main task is
to compute the Hochschild homology and cohomology of the super Jordan plane A,
as well as the cup product in cohomology, and the Lie structure of H' (A, A) with the
Gerstenhaber bracket, and describe higher cohomology spaces as Hl(A, A)-Lie modules.
We also describe the Yoneda algebra E(A) and the Yoneda algebra of the bosonization
A#KZ, proving that both of them are finitely generated as algebras. Roughly speaking,
besides the explicit information about cohomology, we obtain three main results:

Theorem A. The Gerstenhaber structure endows H'(A, A) with a Lie algebra structure
such that it is isomorphic to the Cartan subalgebra plus the positive part of the Virasoro
algebra. We identify intermediate series modules within the representation H" (A, A).

Theorem B. The Yoneda algebra E(A) is generated as an algebra overk by three elements:
two in degree one and one in degree two, subject to relations that we make explicit. As
a consequence A is Ks.

Theorem C. The Yoneda algebra E(A#KZ) is generated as an algebra over k by three
elements: one in degree one, one in degree two and one in degree three, subject to relations
that we make explicit. As a consequence A#KZ is not Ko.

As a corollary of this last result, the cohomology algebra H*(H, k), where H is a Hopf
algebra whose associated graded algebra with respect to the coradical filtration is A#KZ
—see [2] — is also finitely generated. Even if this Hopf algebra is not finite dimensional, its
Gelfand—Kirillov dimension is finite, and our result is in line with [13,15,20], all of them
related to a conjecture by Etingof and Ostrik [9]. Notice that in our case the braiding
group is infinite and the braiding is not diagonal.

We now describe in more detail the objects involved, and the contents of this article.
The super Jordan plane is the k-algebra generated by two elements x and y, subject to
two relations, one monomial quadratic and one cubic:

B(V(-1,2)) = k(z,y)/(@* y°z — ay® — aya).

As pointed in [1], the second relation is equivalent to the quantum Serre relation
(ad.y)?z — z(ad. y)z. Our main motivation to study this algebra comes from the fact
that it is a Nichols algebra of finite Gelfand—Kirillov dimension appearing in the clas-
sification of pointed Hopf algebras, see [1]. One of the main tools used is the notion
of braided vector space. There are still many open problems when the braiding is
not of diagonal type. This is the case of the super Jordan plane, where the vector
space V(=1,2) = ka @ ky is a Yetter—Drinfeld module over kZ with braiding ¢ as
follows
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cz@r)=—r®z, cRy)=rzr—yu,
clyr)=-r0y, cyQy =r0y-yey.

The Gelfand-Kirillov dimension of the super Jordan plane is 2, the set {z%(yz)’y¢ |
a € {0,1},b,¢c € Ny} is a PBW basis, and clearly it is not a domain, see [1].
This algebra is a test case for Nichols algebras corresponding to non-diagonal braid-
ings: here the described braiding corresponds to a 2 x 2 Jordan block with eigen-
value —1.

On the other hand, the Virasoro algebra, that we will denote Vir, is a very important
Lie algebra both in mathematics and in physics, for example in string theory and con-
formal field theory and its representations have been extensively — but not completely —
studied ([10], [21], [16]). It is the unique — up to isomorphisms — one dimensional central
extension of the Witt algebra, and it is generated by a family {L,}, ., together with
a central charge C', subject to the relations

m3

—_mC, for all n,m € Z.

Lm7Ln: - Lmn 6m—n
[Lons L) = (2 = 1) L + b,

Let us write the triangular decomposition as Vir = Virt @h @ Vir~.

We compute Hochschild homology and cohomology of A using the minimal resolution
obtained with methods from [8]. Our results are explicit enough to afford computations
necessary to describe H*(A, A) as a graded commutative algebra. The most interesting
result is, in our opinion, the characterization of the Lie algebra Hl(A7 A) — with the Ger-
stenhaber bracket — as a subalgebra of the Virasoro algebra. Since we also compute the
Gerstenhaber brackets [H1 (A, A),H"(A, A)] for all n > 2, we obtain induced represen-
tations of the Virasoro algebra. We are also very explicit concerning the computations
of Hochschild homology because it will be useful for a description of the cap product.

Next, we compute the Yoneda algebra of A and as a consequence we prove that, even
if A is not N-Koszul, it is K5 [5]. Finally, we compute the Yoneda algebra of A#kZ, and
we conclude the finite generation of the aforementioned Hopf algebra H.

We do not know yet if there is an intrinsic relation between the Virasoro algebra and
the super Jordan plane, but we hope to make this clear in subsequent work.

The contents of the article are as follows. In Section 2 we construct the minimal
projective resolution of A as bimodule over itself, using an adequate reduction system.
This resolution can be nicely organized as a total complex of a bicomplex, emphasizing
the role played by the monomial relation, which is responsible for the infinity of the
global dimension of A.

In Section 3 we compute the Hochschild cohomology of A. The very detailed and
exhaustive description is useful for studying the cup product and the Gerstenhaber
bracket. Our method includes computing the spectral sequence associated to filtering
the bicomplex by columns. In Theorem 3.12 we exhibit infinite bases for each space
Hi(A, A), with ¢ > 0, and prove that the center of A is k.
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In Section 4, we use similar methods to describe the Hochschild homology of A, see
Theorem 4.12.

Section 5 is devoted to the description of the graded commutative algebra H®(A4, A),
with the cup product. This description will also be important for the Gerstenhaber
bracket, which is a graded derivation with respect to the cup product in both variables.
We proceed by constructing — sometimes partially — comparison maps between the bar
resolution and ours. The results are summarized in Theorem 5.11. We prove in particular
that this algebra is not finitely generated, not even modulo nilpotents. Moreover, there
is an element u of H> (A, A) such that the cup product with w is an isomorphism be-
tween H??(A, A) and H2<p+1)(A, A), for all p > 1, and similarly for the odd cohomology
spaces.

The main part of the article is contained in Sections 6, 7, 8 and 9. In Section 6 we
achieve the description of Hl(A7 A) as Lie algebra — see Theorem 6.3 — while Section 7
is dedicated to the detailed description of the Lie module structure of H" (A, A), for all
n > 2, and to identify some irreducible submodules. The main purpose of Sections 8
and 9 is to describe the Yoneda algebras of A and A#KZ, respectively. In the former
we prove that E(A) is finitely generated and Ko, while in the latter we study E(A#KZ).
In both cases we find generators and relations to present this algebra.

In this article k will be an algebraically closed field of characteristic zero. This last
hypothesis is necessary for our computations, whereas the first one is not, but it comes
from the context of Hopf algebra classification.

We would like to thank Mariano Sudrez-Alvarez for discussions about this work, in
particular about the last section. We also thank Nicolds Andruskiewitsch for interesting
comments about this subject, Ivin Angiono and Leandro Vendramin for a careful reading
of Sebastidn Reca’s degree thesis, and the referee for his/her remarks.

2. Projective resolution

From now on A will denote the super Jordan plane, that is, the algebra k(z,y)/
(2%, y?x — zy* — xyx). It appears as the Nichols algebra B (V (-1, 2)), where (V(—1,2),¢)
is a braided k-vector space of dimension 2 not of diagonal type. Here the braiding group
isZand c: V®V =V ®V is defined by:

o
—
&
®
8
~
I

—rQz, c(zRy) =rr—yQux,
clyz)=-r0y, cyy =r0y—yey.

The super Jordan plane has been studied in [1], [3]. It is graded with deg(x) = deg(y) =1
and it has a Poincaré-Birkhoff-Witt basis B = {z%(yz)’y¢ | a € {0,1},b,c € No}.
It is a noetherian algebra of Gelfand—Kirillov dimension 2, whose global dimension is
infinite. There are lots of open questions concerning Nichols algebras appearing in the
classification of Hopf algebras.
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Since our aim is to describe completely the Hochschild cohomology of A as an
associative algebra with the cup product and as a graded Lie algebra with the Ger-
stenhaber bracket, we will start by constructing its minimal resolution as bimodule over
itself.

Our first lemma describes the commutation rules in A. The proof is inductive and,
since no difficulty arises, we will not include it. It is written in detail in [17].

Lemma 2.1. For alln € Ny and b € N, the following equalities hold,

n
n n. n—1, 2%
yre=)  ralyn) Ty (2.1)
i=0
n n 4 .
y2n+1x — F(yx)n—1+1y21) (2.2)
i=0
n .
on b n\(b+n—i-1) brn—i, 2i
_ ) 2.3
= 32 (1) e (23)
n+1 .
" n+1\ (b+n—1)! nei. %
v (yr) = ( : )7( 2 ;> a(ya) iy (2.4)
par i (b—1)!

We will use the methods and terminology of [8] to construct the minimal resolution.
For this, we will consider an order in the set of words in x and y such that y > z, compati-
ble with concatenation, and the induced reduction system R = {(z2,0), (y%x, zy*+xyx)}.
It is clear that for all (s, f) € R, f is irreducible. Although we already know that the
ambiguities can be solved, since it is proved in [1] that B is a PBW basis of A, we will
verify it anyway because the process will provide some of the differentials appearing in
the resolution as well as the comparison maps that will be needed afterwards. The set
of ambiguities is As = {z?,y*x?}. Since 2*
nothing to prove for it. For 3222, the possible two paths are the following.

comes from a monomial relation, there is

y2r)r — (zy? + zyr)

vy?r + rvyr? —— x(zy? + vyx)

/\,
/

y? (2?) ——— %0 0

The set of n-ambiguities for n > 3 is A, = {z"!,y22"}. Let Ao, A; denote the sets
{z,y}, {%,y*x}, respectively. The associated monomial algebra, taking into account
the order in the set of words, is Apon = k(z,y)/ (2%, y*z). For a monomial algebra,
the minimal resolution as bimodule over itself is Bardzell’s resolution [4], that we will
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denote (P]™°™, d,). Note that the successive modules appearing in this resolution are
Amon @KAT" @ Appon, but A" = A, for all n, because the n-ambiguities depend on
the leading terms of the relations. Moreover, each ¢, can be extended to A @ kA, ® A
as a map of A-bimodules. Also, the order defined previously induces an order in the
monomials of A, which in turn defines an order in the monomials of A ® kA,, ® A for
each n. The bimodules A ®kA,, ® A are free, hence projective. We consider the following
sequence of A°-modules:

PoA: e 2 AokAy 9 A2 AgkA © A AckAy®A 2> A A —0
(2.5)

where the morphisms between the A°-bimodules are given by

hlezel)=21-1Qu«,

d(leyel)=ye1-1y,

dlerel)=z0r1+10ze,
d(1ey’re1) =201 +tyylr+10yyx
—(ry@yel+reyey+1loaey?)

—(zyrRl+ryR@r+1Qryx),

d(1@z" ) =202"01+ (-1)"" 22"z,

dn(l ®y2xn ® 1) — y2 ®an ® 1 4 (_1)n+1 ®y2xn71 ®$

~ (2" ' @l+tayRa"@1+102" @y’ + 1@ 2" @ yx)

for each n > 2.
According to [8, Thm. 4.1], to prove that (Ps A, de) is a projective resolution of A as
A¢-bimodule we only have to verify that

o (PsA,d,) is a complex such that pudg = 0, where 1 : A® A — A is the multiplication
of A.

o Forall g ekA,, (d, —3,)(1®¢®1)is a sum of terms in A @ kA,_; ® A that are
smaller than 1 ® ¢ ® 1.

Both items can be checked by straightforward computations. Note that the resolution is
minimal since the image of d,, is contained in rad (A ® kA,,_1 ® A), for all n € N.

A careful look at this resolution shows that it is the total complex of a double complex
Xe,o with A® A at (0,0), two more columns and infinite rows. The rows correspond to
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the commutation relation and the columns correspond to the relation 22 = 0, which is
responsible of the global dimension being infinite. The double complex is

| |
l'o \8/ (26)
Y d \

Ak{r'} ® A =——— Axk{y?z*}® A

é 8’

Aok{z @A 1 Ack{y?s®l® A

17} o'

Ak{z?} ® A ~2% 4w k{y*z?} @ A

) 5’

d di
ARA <" Aok{z,y} ® A <—— Ak{y’z}® A

where, dy and d; have already been defined,

d1®9y?1" 1) = 1" 1 —ryer"®1-101"Qy* - 102" Qyzr, n>2,

(2.7)
(ler"®l)=z@s" 'el+loz" e, (2.8)
FY1ey’2"®1) = (0’2" 'ol+1ey’z" o), n>2, (2.9)
(lez"@l) =" 'el-1s" '®u, (2.10)
d1®y*2"e1)=—-(2y*z" 'el-1ey*2" '®z), n>3. (2.11)

Note that the rows are finite since the cubic relation generates no self ambiguity.

The differentials in the first column correspond to the minimal projective resolution
of k [x] /(2?), while those of the second column differ in a factor y? appearing on the
left, that can be thought as “indexing” the column, and a factor —1, so that we obtain a
bicomplex. At this stage, we can already deduce just looking at the resolution that both
H*®(A, A) and H(A, A) will be periodic of period 2, starting at H*(A, A) and Hg (A, A),
respectively.

3. Hochschild cohomology

Applying the functor Hom4e(—, A) to the double complex (X, ) we obtain the fol-
lowing bicomplex such that the homology of its total complex is H*(A, A):
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with differentials

do(a):([zva]v[yaa]), 5(0,6)7$a+a50
d'(a,b) = [y?, a) + [yb + by, 2] — (zya + ayx) — xba, 6(a) = za + azx,
d(a) = [y?, a] — (zya + ayz), d(a) = [z, a).

We will use a spectral sequence argument coming from the filtration by columns to
compute the homology of the total complex. We need to compute the values of 6 and 9
on elements of B. Given z = x%(yz)by°® € B,

§(z) = 2% (ya) y x + = (ya)y°.
There are four cases to consider.

° G,ZO,C:2]€Z

8(2) = (yo)'y**x + 2(ya)'y** = (ya)° <Z l;.—!!x(yw)’“ ‘ 21) + z(ya)y*"

=0

k k'
—_ E ,L' k zy21 +I(yﬂj)by2k.
k k! k—i 21
— Ifb=0, then §(2) =>_,_, 'x(yx) + xy?k

— If b > 1, then §(2) = Y1 & (ya)b~ (yw) (yw)’“ 2+ a(yx)by?t = x(yx)y?h.
e a=0,c=2k+1:
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k k"
Z Z' b+k i+1 2’—|—x(yx)by2k+1.
i=0

o = 1, C = 2]13
§5(z) = x(yx)'y™x + 2% (y2)’y° = 2(yx)’y*Fa
b g k—i_ 20 g k—i, 2i
=a(yz)’ | Y rln) Ty | = Salyr) a(yn) Ty =0,

i=0 i=0

e a=1,¢c=2k+1:

k k
k' k!
5(x) = x(yx)"y*" o = a(yx) <E o)kt 22) E: ok 20

z! z! y
(2

Summarizing, the image of § is generated by the set
= k! k—i, 2i b+1, 2k a7 Jorh—i+ly 2 b, 2k+1
> yrn) T ay® a(ya) D S () +2(yz)’y
j ) i=0

kgt _ _

S Salye) b,kzO}.

Lemma 3.1. The subset {:c(yx)b 2k Zk

y o 5 (y$)b+k 1+1,,24
a basis of Imd.

y¥ + o(yz) Py bk > O}

Proof. Let us fix some notation for the generators of Im ¢:

k
k' 1 1
e = § (yw)’“ 'y 4y
1=0

ach — {E(yx)bJrlka
k K k k!
Mok = Z F(yx)bwc i+1y2% 4 x(yx)by%-f-l’ Lo = Z Z_ b+k i+12
i=0 i=0

Since

= k! k—1i 21 — k! 2k

Mk = Z Fﬂv(ym) + 2zy** Z Fek—i—l i +2xy
i=0 =0

and chark = 0, the element zy?* belongs to Im d, for all k£ > 0. Also note that

k!
bl = Z 79b+k 40

=0
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SO {Hb’k, xy?k, vk @ bk > 0} generates Im d. Moreover, it is a basis, since the terms
appearing in each generator are different elements of the basis B. O

Next we compute the values of 9 on elements of B. Given z = z%(yx)’y° € B,

0z) = 2 (y) e — (g
Again, there are four cases to consider.
e a=0,c="2k0(z) = a(yr)'y* — (y2)'y*z = w(yr)'y* =31 B (ye) w(ya) iy
k —i 2 k—1 i,,21
- Ifb=0,0(z) =ay** =37, %x(ya:)k y==>" ]f,'x(ya:)k SR

— If b > 1, then 9(z2) = z(yx)’y?*.
° a:O,C:2k+1Z

k

a(z) _ (E(ym)by2k+l o (yx)bka—i-lx _ 1’(y1’)by2k+l . Z b+k—i+1 2z

—(yx) y

e a=1,c=2k 9(z) = 22 (yzx)’y?** — z(yz)by*x = 0.
e a=1,c=2k+1,0(z) = & (ya)’y?* — a(ya)'yPe = — S, Halye) oty

The following lemma can be proved similarly to the previous one.

Lemma 3.2. The set {z(yx)"*1y?*, Zf o B (ym)brh—itly2 _ p(yx)by? L bk > 0} is a
basis of Im 0.

We are now able to compute the first page E}'* of the spectral sequence. The next
propositions will provide a description of each space E

101‘

Proposition 3.3. The set X = {m(yw)by%“‘l — K ()bl 2i by 2k |
k> 0} is a basis of the k-vector space Ker .

Proof. The elements of X are homogeneous. Given z € Ker§ we may suppose without
loss of generality that z is homogeneous and consider two cases.

o deg(z) = 2n,

n
Z:Zal(ymn l 2I+Z/le yl,n - 1y21+1
=0

=0

Since z € Kerd,
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1
Zal yl’ n l 2l +nZﬂl )n—l—ly2l+1>
=0

l
n!
(al_l_anl)xyxnlﬂ_’_ZZﬁl 'xyxn 121

1=0 i=0

1n—1
n! e
(al_i_anl)xyxnl2l+ZZBl'xyxn121

=0 =1

Il
M I I

a + an + Z ﬁg i (yx)" 'yl
l

Il
=]

All the monomials appearing in the sum are k-linearly independent, so

n—1
a, =0and oy = Zﬁj',foralllo<l<n

7=l
We can now write z as a linear combination of elements of X as follows

n—1 [n—1

Z Zﬁ]l' yxn l 2I+ZBZ$ y:cn - 1y2l+1

1=0 \ j=! 1=0
iy J jl o
=-2_5 <Z 7 ()" "y +$(ym)”_’_1y2j“> :
7=0 =0
o deg(z) =2n+1,
c= 3 aulye) P Y Bralya)
1=0

=0

Then

Zal(s ymn l 21+1 +Zﬂl§ n l 2l)

l

Xn:za y:c n+1 i 22+Zal1, yﬂf n ly2l+1

=0 =0 =0

Hence g =0 for all [, 0 < I < n and we can write z =Y _," Bz (yz)" 2.

We have already proved that X generates Kerd and it is easy to see that it is linearly
independent. O
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By definition there are isomorphisms E1 ZHl o Ker 0/Imé = E2 7+ forall i > 0
and E}'* = Ker§/Imd = E>* for all i > 1. Form now on, we will denote by [z] the

class in E}7 of an element z € Ey’ and we will write ([a],[b]) instead of [(a,b)] for
(a,b) € Ey°.

Proposition 3.4. The set {[myQ”] [n > O} is a basis of the vector spaces Ell’% and Ef’%
foralli > 1.

Proof. The proof follows from Proposition 3.3 and Lemma 3.2. O

Proposition 3.5. The set {5, 7—,' [(yz)"~'y*] : n >0} is a basis of the vector spaces
EPPTY and EP* for alli > 1.

Proof. Again, given z € Ker 9 we may suppose that it is homogeneous, and consider two
cases.

o deg(z) = 2n,

n
:Zal(y n l 2I+Z/61 yxn zy21 1
=0 i=1

By Lemma 3.1, we know that z(yz)"iy?~! + ZZ ! (zj,l) (yx)"Jy% € Im § for all

i, 1 <i < n. Hence, we may assume that z = leo al(yx)” Iyl Since z € Ker 0,

n—1
O—Zalﬁ (yx)" 1y Zala (yz)" "'y + a,0(y*")
1=0
= n—1, 21 &l n—1L, 21 = n! n—1, 21
= aua(y)" 'y —an Y Jralyn)" Ty =) (on — amgp)a(ya) "y
=0 =0 1=0 ’

o deg(z) =2n+1,

By Lemma 3.1, z(yz)" 'y? € Imé for all [, 0 < [ < n. Therefore, we may assume

that 2 = Y, au(yz)"~'y**1. Since z € Ker 9,
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n n l '
0=> ad(y2)""y¥*"*) = « (‘ 2 l*;(yx)" 20y x(yx)"lﬂ“)

=0 =0

n 1
I
:_Zzali_'(yx n i+1 2Z+Zal$ yl,)n ly2l+1

1=0 i=0 ’ 1=0

from which we obtain that a; =0 for all [, 0 <[ < n.

So the set in the statement of the lemma generates Kerd/Imd and it is clear that is
linearly independent. O

The description of the first page of the spectral sequence ends by observing that
EY? = A, while B/ = Ker§ ® A and E?° = Kerd. We summarize this information in
the following diagram of E}’*

I

I

I
(i 3 [ 52]) " (S % [ ')

I I
I
I

([ey™])

(Sl 3 L)1)~ (S50 3 ) ™))
1 1
| 1 |

Ker(6)® A o Ker(9)

d)

where d?l), d%l) and d(qy are the maps induced by d°, d' and d respectively.

Next we compute the second page of the spectral sequence, which will be the last one
since, due to the shape of our complex, F3'* = E%°*. For this, we describe in a series of
lemmas the images of the maps d(1) d(1) and dy.

Lemma 3.6. The map dy) : Eil’%“ — E12’2H'1 is null for all i > 0.

Proof. Let [w] be an element of the basis of £yt

" !
ZQ nl2l
l

=0

. By Proposition 3.5, we may choose

o If n =0, then d(w) = d(1) = [y* 1] — zy — yz = —zy — yx. Thus d(w) belongs to

Imd and d(l)([ ]) 0.
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e If n > 1, we may assume that n = m + 1, where m > 0 and write

m—+1
1)!
w— Z (m+1) (yz)™ 12 = (m 4+ 1)y 22,

!
1=0

Applying d, we obtain that d(w) = (m+1)d (y*"'z) +d (y*™2). Next we compute
each term separately
d (7 1x) = [y, 52 g — ay?H2p — 2y,
= 2 2 ] — 2 gy
= g2mHl (yzx —ay? — xya:) =0,
d (y7m2) = [y2, 52 — gy sy

m+1
(m+1)! —1, 2
_ xy2m+3 _ Z 0 (yx)m+2 y2 )
1=0
Since ay?mt3 — ln:gl W(yx)m”*ly% belongs to the image of 4,

Lemma 3.7. The map dy) : Ell’% — Ef’% is null for all i > 1.

Proof. Let [zy?"] be an element of the basis of B, Since

d(l,an) — [y27xy2n] _ xyxy2" _ xy2"+1a:
n

n! _

— nyy2n o xy2n+2 o xnyQn . § ﬁm(ym)n l+1y2l

n!
2n+2 + Z,yxyZn o xy2n+2 - LL‘y.’,Uy2n o Z ﬁx(yx)nflJrlyZl

and z(yz)y° belongs to Im d for all b > 1 and for all ¢ > 0, we get that d(l)([xy2”]) =0
foralln>0. O

We compute now the values of d° on elements of the basis of E(l)’0 = A. By definition,

d’(z) = ([z,2], [y, z]) for all z € A. Since [z, 2] = d(2), we only need to know the values

of [y, 2] for all z = z%(yx)’y° € B. There are three cases to consider:
ca=1: [g]= ()t alyn)yet,
e a=0,b=0: [y’z]:().
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e a=0,b>1: [y, 2] = x(yx)> "ty 2 + ba(ya) y — (yo)by~Tt.

Putting together these computations and the ones we made to obtain the image of 9, we
get that if z = 2%(yx)by® € B, then

e a=0,c=2k:

~if b =0, then dy () = (= S50 & [o(ua)*—19?],0),
— if b > 1, then

d((Jl)([Z]) — ([x(yx)bka} , [x(yx)b71y2k+2] +b [x(yl,)bka} _ [(yx)by2k+1]) )

e a=0,c=2k+1:

— if b =0, then d((’l)([z}) = ( f o [(ym)k-‘rl—lle] + oy ] 70)7
— if b > 1, then

k
d?l)([z]) = <_ Zk_' [(ya) 012 4 [a(yar) by

[x(yw>b—1y2k+3] +b [w(ym)bka—i-l] _ [(yx)by2k+2] )

c a=1,c=2k d,([z]) = (0, [(y2)"+1y2F] — [w(y)Py? 1)),
e a=1,c=2k+1:

k
kv
d(l) < ﬁ k+1+b ly2l] [(yx)b+1y2k+1] _ [Jf(y$)by2k+2] )
1=

kilk! k—1, 2l
P = Z“ [z(y2) 'y 0],

Goe = ([2(y2)" ], [2(yz) y* 2] + (0 + 1) [2(ya)" ] = [(ya)* Ty 1)),

0
k
Tok = _ Z _' [(yx)k+2+bfly21] + [$(y$)b+1y2k+l] ,(b—|— 1) [x(yx)b+1y2k+1] )7
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fo—
k!
&bk = <_ Z T [ (yx)k+1+b l 21] (b+1) [ (y )b+1y2k] )7
. . O
s a basis of Im d(1)'
Proof. First, notice that
T T—

-8

=0

o

l

o~

|
k+2+b l 2l+x(y$)b+l 2k+1 (b+1) ( )b+1y2k+1>
and
k— k!
dO (I(yx)by2k+1+(yx)b+1y2k) _ (Z' (ym)k+1+b 1,2l (bJrl) ( )b+1y2k>.

This implies that Y generates Im d(()l) Let us prove that it is linearly independent. For
this, suppose that w is a null linear combination of elements of Y. We may suppose,
without loss of generality, that w is homogeneous. If deg(w) = 2k + 1, we have

k-1 k-1 k-1
O=w=oapp+ Y BiChoi-ri+t P Yilkoi-1i=0pr+ P Vilh—i-1.
i=0 =0 i=0

k—1
Y8 ( [e(ya) ] [y~ 2] 4 (k = ) [a(ya)*~y? ]

_ [(ym>k—iy2i+1] ) )

Since terms of type (yz)*~‘y**! do not appear in &, ., neither in p., we conclude that

B; =0 for all 4, 0 < i < k — 1. Consequently,

k—1
0=apr+ Y Yilk—i-vi
=0
' . .
= apy + Z'}%( Z [ (ym)kflym] ,(k _ ’L) [x(yl’)kily%] )
I= 0

The fact that the second coordinate of py, is null implies that v; = 0 for all 4,0 <1 < k—1,
and thus o = 0. The case deg(z) = 2k is analogous. O
Now, we want to compute a basis of Im d%l). In fact we know that Im d%l) =Im %,

Ker 5 A
0
Im d<1)

where % : — Ker 4 is the induced map. Given z € Kerd @ A, we will thus
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reduce it modulo Im d(()1 Using the notations and the proof of the previous lemma, we
already know that the elements ( 1, 0% and 73 are in the image of d(l) for all b,k > 0,
which allows us to suppose that z = (zyzk, O) or z = (0, 2% (yx)y ) The first possibility
is easier, since

k

k! o

d'(2) = [v°, 2y™] — a(yr)y™ —ay? Mo = =y —raya) Ty
=0

For z = (O7 z® (yx)byc), we study several cases. Suppose first that a = 0, then
d'(2) = [y(y2)"y" + (y2)'y“*, 2] — 2 (ya)’y a

o If b =0, then d'(z) =2 [y*™, 2| — zy’e =2 (y* o — 2y°!) — zya.
— If ¢ = 2k, then d'(z) = 2 (y*" "'z — ay?*+1) =2 (Zf:o L (ya)ki=iy2 — J;y%H)
— If ¢ =2k + 1, then

d(z) =2 (y2k+2m _ xy2k+2) ~ oyl

k k Kl
k:+1 7 22 k+1 1,21
ﬁ Y

=0 1=0

k Kl
2k+1 ZW k+1 zy21
i=0

« Ifb> 1, then

d'(z) = [z(yx)" 'yt + ba(ya)’y + (y2)yt 2] — 2(y2)ye
= z(yx)" 'y P + ba(yx)’ya + (yx)y
— 2(yz)’y“ T — z(yz)’y

= z(y2)" 'y P + (b — Da(yz) 'y e + (yo)'y“ o — a(yz) y .

— Ife= 2k7 then dl (Z) — Zif: ?C' (ysc)k+b+1_iy2i _ x(ym)bka-‘rl.

~ e = 2K+ 1, then d'(2) = S04 & (k + D)a(ya) 511y
For a =1,

d'(z) = [(y=)" yx + a(yx)yt, 2]

= (y2)" " yr — a(y2)" Tyt + 2 (ya)y e
o If ¢ = 2k, then d'(z2) = Z 01 ]f_u (ya)ktbri=ig2i,
o If c =2k +1, then d'(z) = Eic: k'( ) FHbT2ig 20 g ()L 2



S. Reca, A. Solotar / Journal of Algebra 507 (2018) 120—-185 137

Since ZZ o B 2 (ya)k =iy and Zi:ol [2(yz)* o1~y belong to Imd%l), the
same is true for their difference. In other words, [a:(yx)b“ 21] belongs to Im d(1) for
all b, > 0. The proof of the following lemma is now clear.

Lemma 3.9. The set

=0

k
k! Py ,
{Z = ()M = a(ya) P w(y) bk > 0}
. . 1
s a basis of Im d(1)'
We are now ready to describe the second page of the spectral sequence. We will denote

by z the class in E57 of an element z € Eé’j and again we will write (@,b) instead of
(a,b) for (a,b) € Ey°.

Proposition 3.10.

(i) The set {Z?:O’;—!!(yx)"—lymm > 0} is a basis of the vector spaces Ey* ' and
Eg’ziﬂ, for all i > 0.

(ii) The set {zy2”|n > 0} is a basis of the vector spaces Ey°, Ey* and E2*, for all
1> 1.

Proof. It is a direct consequence of Lemmas 3.6, 3.7 and 3.9. O

Let us now describe E;°. We claim that the set {(O,E) , ((2k + 1)xy?*, 2’€+1> | k> O}

is a basis of Eé’o. In order to prove the claim we may suppose, as always, that each
coordinate of [z] = ([z1], [22]) € Ker d(1) is homogeneous, both of the same degree and
we can also reduce modulo boundaries to write [z] as a linear combination of elements
in the set

{([gcyQ”] O) , (O7 [xa(ya:)byc]) |n>0,a€{0,1},b,c> 0} .

In case deg(z) = 2k, we write z = (O,ZLO ai(yx)F iy 4 SR B ()i 1y2’+1)
and looking at the term (yz)y?* in the equality d'(z) = 0, we obtain that az = 0, and
now the equality is:

k-1 /k—1 b1
0=2 (Z ;: (i + 50) ()12 =3 (g + By a(ya) Ty

=0 \i=l =0

We deduce that a; = —f; for all 7, 0 < ¢ < k — 1, so that
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Zal k zy21] _ [x(ya:)kfi*lyzwl]),

but each term is zero because [(yz)*~'y*] — [z(yz)"*~"~1y**+1] belongs to Im d(1 for all
L0<i<k-—L.
In case deg(z) = 2k + 1, we write

k
Z_Zaz k zy21+1)_’_Zﬂi (O,x(yx)k i 2’)—1—7(963/%,0)
i=0
Thus,
k-1 i i Eoi-1 .
1) : YhH1=ty 2 ) EH1 =l 21
d'(z) = aiﬂlm(yw + +Z ﬁl +
i=0 1=0 i=0 1=0

kg L
-F(ak(2k4-1)—-7):£:-7 w(ya) Ty

which is zero since [z] € Ker d(l) Looking at the term z(yz)y** we conclude that v =
ai(2k + 1). Consequently,

k-1 i koi-1 .
0= Zall‘k‘x(yf Lankl 2l+z ﬂz—x (yar)F+1-ty2
i=0 1=0 i=0 1=0
Bl kel
_ K Yeri=ty2l 4 )2,
=3 (D)ot (3 ettt
1=0 \ i=l 1=0 \i=l+1
From this, we get Z - a”,k = —Zf:lﬂ B = —E — ' Biva (H'l) forall, 0 <1 <
k — 1. Let us denote ¢ = Zl:_l o1k + /Berl(i +1). Of course ¢, = 0, and 0 = ¢; —
cip1 = oqllk + BT+ 1)) so By = O‘ll+1 for all I, 0 <1 < k — 2. Moreover, since

0= cp—1 = ax_1k! + Brk!, we conclude that B, = all+1 forall[,0<I<k-—1. We
are now able to write

k—1
5= Zai (07 (yx k i 27,+1 Za’ 1 O a: ya:)k 4 22) + ay, ((Qk—l— l)xy%,yszrl)
i=0

+ Bo (0, 2(ya)®)
k—1

i 2% k —1-i, 2
=3 (00 = () ) e (ke D)
=0

+ Bo (0, z(yz)¥),
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proving that E% 0 g generated by the set

S T S P
b+1,,2k+1 __ b,y 2k+2
{ (07 (yz)btly 1 r(yz)by ) ,

(O,W) , ((Zk; +1)zy2k, 2k+1) | kb > o}

Using the notation of Lemma 3.8, there are equalities

(0, [w) 1)) = o
1
(0, [(yz)y®" ] = [y *2]) = —Co + Co + PERETLaRE
b+k+1
(O, [(yl,)bJrlkaJrl] - [x(yx)bkaJrZ]) = —Cpk + &bk — i 1&)_1,k+1

for all b > 1, k > 0. Therefore, the set {(O,E), ((ij + Dxy?k, 2’“"‘1) | k> O} generates

E;’O. To prove that it is linearly independent, pick a linear homogeneous combination
of these generators and suppose that it equals zero. Suppose first that w is a linear
combination of elements of degree n, so that for n =1, 0 = w = a(0,%) + B(%,7) for
some «, 8 € k. No monomial of degree 1 appears as second coordinate of the generators
of Imdf,), so @ = 8 =0. For n =2k + 1 > 1, we have that w = ((Qk + 1)zy2k y2k+1).
As before, [y%“] does not appear as a second coordinate of any element in Im d?l), SO
that the coefficient must be zero.

The only space of the second page of the spectral sequence left to describe is ES7O.
We do it in the next proposition.

Proposition 3.11. The vector space ES’O is isomorphic to k.

Proof. By definition, Eg’ = Ker d?l) Given [z] € Ker d(l), we shall consider two cases,
accordingly to the parity of deg(z). First, suppose that deg(z) = 2n and write

n n—1
= > ey + Y Bralya) P € Kerdly,
=0 =0

that is, it commutes with y and z. Using the commutation formulas, we obtain:

0=y, z Zaz v, (y)" 'y +Zﬂz y, w(yx)" Ty
=0 =0

n—1
_ Z a (l,(yx)nflfly2l+2 + (n o l)x(yx)”*lym - (ym)nfly2l+1)
=0
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n—1
+ ZBZ ((yx)n—lyQH-l _ J,'(y:[,')n_l_1y2l+2)
=0
n—1 n—2
=Y (B —a) (yo)" 'y + Z apr(n =1 = D)a(ya) "1y
=0 I=—1
n—1
+ Z (al _ Bl) m(ym)n—l—1y2l+2.
=0

Notice that terms appearing in the first sum will never cancel with terms appearing in
the last two sums, so oy = §; for all [, 0 <[ < n — 1, and the equality

n—2
N g (n — L - Da(ye)" "2 = 0,
I=-1

implies that a; = 0 for all I, 0 <1 < n — 1. We deduce that z = a,,xy?>". The equation
[x, 2] = 0 implies that «,, = 0 or n = 0, in which case z belongs to k.

Suppose now that deg(z) = 2n + 1, so that z = Y a,(yz)" Yy +
Yo Biz(yz)" ! The equality [y, z] = 0 leads to the following system of equations

Bo =0, (3.1)
B —a;_1 =0, forall[,1 <1 <mn, (3.2)
agn — By =0, (3.3)
a1+ a(n—=10)—p =0, forall ,1 <l <n-—1. (3.4)

From (3.2) and (3.4), we have oy = 0, for all [, 1 <[ < n—1, while ap = 0 is a consequence

of (3.1) and (3.3). Finally, (3.1) and (3.2) imply that 5; = 0, for all [, 0 <1 < n, so that

Int1 The equation [z, z] = 0 has just one solution of this type, that is 2 = 0. O

Z=apy
The particular shape of our double complex, provides isomorphisms
H°(A, A) = EY° and H'(4,A) = EL°.
Moreover, for each p > 1, there is a short exact sequence

0 —— E2P7! > HPH(A4,4) 1= By ——0

a+————> (0,a); (a,b) —— b.

Extending the basis of ¢ (Eg’p _1) by a set of linear independent elements such that

their images by 7 form a basis of E,”, we get a basis of HP™' (A, A). In this way we have
proved the following theorem.
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Theorem 3.12. There are isomorphisms

H°(A, A
H' (4,

H2p ) <t2p u?® in > 0> for all p > 0,

n n

) =
) =

(¢, 80, :n>0),

H?4H(A) = (0P w2t o0 > 0), for allp >0,

where
¢ = (0,7), 50 = ((2n+ Dy, 7757
!
tip — (0,:L-y2n) 7u72%1) — (Z’:‘ (yx)n zy2z _y2n+l> :
i=0
L S
Uip+1 — 072 _'(yx)n igy2i 7wip+1 — (nyn,nyn—&-l) )
i=0
Remark 3.13.

(1) The element sy € H'(A, A) is the class of the eulerian derivation associated to the
grading such that deg(z) = 1 = deg(y).

(2) Given p,q € N, H*P(A, A) is isomorphic to H*(A, A). The isomorphism is induced
by an isomorphism between the A®-modules P>, A and Py A, namely,

P,A PA
1271102221, 1y?2? el 10y% 229 tel.
The situation for the odd cohomology spaces is similar.
In Section 5 we will describe the multiplicative structure of H* (4, A) = @,>0 H" (4, A)

and we will prove that, as it happens for k[z]/ (mz), the above isomorphisms are given
by the cup product with a basis element of H*(A4, A).

4. Hochschild homology

Now we compute the Hochschild homology of the super Jordan plane. Applying the
functor A ® 4« — to the resolution (2.5) and using the canonical isomorphisms of vector
spaces A@pe (AW @ A) =2 A® W, we get the following double complex
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d -
A< 4

) —d
A< 4

o —0
A<L 4

5 -6

with differentials

dola,b) = [a,2] + b,3], 5(a) = (az + a,0)
di(a) = ([a,y°] — (azy + yza), [z, dly + y [z, a] — zaz) d(a) = ax + za,
d(a) = [a,°] — (azy + ywa), 9(a) = [a, 2]

As we have done for cohomology, we shall use the spectral sequence obtained by filtering
by columns in order to compute the homology. We omit the proof of the next proposition,
since it is similar to what we have already proved in the cohomological case.

Proposition 4.1. The following sets are bases of Im ¢, Im & and Im 9, respectively:

. {Zf o B (yx)bHhmitly 2 4 g (ya) byt bk > 0}
: {(x(yx)by%’ 0). (Zf—o B (ya)r ey w(yz)byz’““ﬁ) tb,k > 0},
. {x(yx)bﬂy% Zf 0T kL (ya)bth—it192i _ g (yaz)oy? 41 . bk > ()}

We are now ready to describe Ef ;. We use again brackets to denote the class in E!
of an element in E°.

A@A

- has a basis

Proposition 4.2. The vector space E1170 =

{[((yx)byc,O)} i be> 0} U {[(Om“(yx)byc)] :ae{0,1} y b,c > 0} )

Proof. The description of Im § given in Proposition 4.1 tells us that

k

[(@(y2)"y™,0)] =0 and [(—a(ya)?y?+,0)] = 3 5 [(gayr-+142,0)]

z!
=0

so the given set generates E11,07 and it is easy to see that it is linearly independent. O
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From now on, we will identify £ A@é with 25 @ A and we will write ([a], [b]) instead
of [(a,b)] for (a,b) € EY,,.

Proposition 4.3. The set {[(yx)byc} s be> O} is a basis of E2170 = ﬁ,

Proof. It is similar to the proof of the previous proposition. 0O

We will next describe completely E.ln for n > 0. There are, as before, two different
cases, namely n odd and n even. We will deal with each of them in the following two
propositions.

Proposition 4.4. The set {[zy®"] : n >0} is a basis of B 5,1 = E} ;,4, for alli > 0.

Proof. Fix i > 0. The isomorphism Ej 5, = Ej,;,, is a consequence of the following
facts:

o the kernel and the image of J : E(1),2i 11— E?,% are isomorphic, respectively, to the
kernel and the image of —6 : ES 5, — E3,;,

e the same happens for 0 and —0,

« Kerd = Kerd.

Let us now describe Kerd. Given z € Ker d, we suppose without loss of generality that
z is homogeneous. Two cases arise, according to the parity of deg(z).

Ist case: deg(z) = 2n. We have z = > au(yz)"ly? + 30, Biw(yz)"~iy*~1. We
get rid of the second sum since, by Proposition 4.1, we know that x(yx)" ‘y*~1 —

Z; B (1]1) (yz)"~Iy* belongs to Imd for i such that 1 < i < n. Now,

— —5<Zo¢1ym"l2l> Zal6 yxnl2l)

n—1
=> " ad((yz)"'y*) + and(y™)
=0

n
n!

= Zazx(yx b, S 2 a) 4 anay™
=0

= Z o + an Vo (yz)" 4 20,2y
Looking at the monomial zy", we obtain that a,, = 0 and so 7' ayz(yz)" y? = 0.

But the monomials appearing in the sum are linearly independent, so a; = 0, for all [,
that is z = 0.
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2nd case: deg(z) = 2n + 1. We have z = Y, au(yx)"~ly2+ + Y0 Bz (yz)~ly?.
Proposition 4.1 allows us to suppose that in fact, z = 27:0 ay(yz)" "y + Bay?n.
Now,

D=3 ad(() ) + B3y
=0

.

l

l! _

al( _'(ym)nJrl zy2z+$(y$)n ly2l+1>
=0

l

I o

b +1—1 21 n—I 2l+1
E al'y:c +E az(yz)" 'y
=0 =0

M- 104

N
I
o

From the second sum we obtain that a; = 0 for 0 < [ < n and z = Bzy?". The only

thing left to prove is that the set {[:cyzn] :n > 0} is linearly independent. Suppose that

[w] € el is a linear combination of these elements and that [w] = 0, in other words

w € Im 9. We may suppose that w is homogeneous, that is w = Azy?" for some A € k,
n > 0. The description of Im 9 implies A =0. O

Proposition 4.5. For all i > 1, the vector spaces Ej o; and Ej o, are isomorphic with basis

(S5 i n20)

=0

Proof. The proof of the isomorphism Eim = E2172i is similar to the previous one. As
before, given z € Ker 0, we may assume that it is homogeneous and split the proof in
two cases.

Ist case: deg(z) = 2n. Reducing modulo boundaries we may write z = >_;" oy (yz)" 'y,
the condition z € Ker 0 gives

n n—1
0= Zazﬁ((yx)” l 2l Zala yx)n l 21) +ay, a( Zn)
=0 =0
n—1 n—1 | n—1 '
= > au(—alyn)" ) +an Y ala) ! = Y (g )a(ye) Ty,
=0 =0 =0

and we conclude that oy = ap, J; Yforall I, 0 <1 < n so that

n n n
Z:Zal(yznlm: ZT )Ly,
1=0 1=0
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2nd case: deg(z) = 2n+1. The description of Im § in Proposition 4.1 allows us to suppose
that z = >" ay(yx)"ly?+1 and since z € Ker 9, we have

0= Zala yJC n l 2l+1 Zal (Z )n7i+1y2i _ x(yx)nly2l+1>

=0 =0
n
_ Z Zal i ym n z+1y2z _ Zalx(yx)nflyZIJrl.
=0 i=0 ’ 1=0

The first and the last sum should be zero separately, so oy = 0 for all [, 0 <1 < n. The
set

{Z 7,' [(ya)"'y*] > 0}

=0

generates E1172i = E%% Suppose now that [w] is a null linear combination of these

elements. The degree of w is even. If w € Im 4, then w should be a linear combination

of elements of type Zf o kl(ya)bth—itly2i slc(yﬂc)byzl‘“‘*‘1 but this is impossible. O

Of course E(%’O = A, so the first page of our spectral sequence may be pictured as

follows, where d\", d{" and d" are the morphisms induced by do, di and d.

ISl

d(l)

A< (] 0) @ 4

1
a®

Again, the second page will be the last one. We will next compute it, starting by
describing the images of dgl), dgl) and d'. Knowing the images, we will provide bases of
EZ, for all n > 1. Finally, we will describe E7 for i = 0,1,2. We will write @ for the
class in E7, of an element [a] € E, ,.

Proposition 4.6. For all n > 1, the map d%) : E} | — E{ , is zero.
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Proof. We shall consider separately the cases n odd and n even.

Ist case: n odd. Given a basis element [zy?"] of EizkJr17

"l
d (y®) = [2y®" 2] =y oy = [2y? y?] — 2y a(ya)Ty?H
=0

= [z %] = [, 9?] v + 2 [y*" 7] = [207] ™"

2n 2n

= (2y? — y?2) y*" = (—aya)y>.

This last element belongs to Im @ and so d*) ([my2"]) =0.

2nd case: n even. Fix w = ;" ®(yz)"~'y? such that [w] belongs to the basis of

Ej g3, It n = 0, then d(w) = d(1) = [1,9%] — (zy + yz) = —zy — yx and d(w) € Imé.
Suppose now that n > 0 and write n = m + 1 with m > 0. Using the commutation
rules we write w = (m + 1)y?™ e + 22, So, d(w) = d((m + 1)y?" 1z 4 y?m+2) =
(m + 1)d(y*™H1x) + d(y*™*2). Computing each term separately we get d(y*"*lz) =

= ST (m =+ 2) B (ya) ™I 2y and d(y?2) = = Yt U g (ya)me ity 2
2m—+2
yxy . Therefore,
m
) m+ 1)! S )
a® () == Y~ + 2 [y
Jj=0 ’
m—+1
m -+ 1)! I m
_ Z ( . ) [x(yac) l+1y2l+1] -~ [ymyQ +2]
1=0
m—+1
. m+1)! s -
==> (m—j+ 2)(3-4,) [(ya)™ =942y
Jj=0 '
m+1

_ Z M [$<y$)m_l+1y21+1] .

Since Zf:o B (yx)bth=itly2 4 g(ya)by?*+1 € Im 6§ for all b,k > 0, we choose k = [ and
b=m —1+ 1 and we obtain that — [z(yz)™~T1y?+1] equals Zé‘:o % [(ya)m—I+2y%7],
and using this equality we conclude that dV([w]) =0. O

Next we apply dgl) to the elements in the basis of Ezl,o. For this, let us denote by f and
g the compositions of dy with the first and second canonical projections, respectively, so
that

di(a) = ([a,y*] — (azy + yza), [z, a]y + y [z, a] — zaz) = (f(a),g(a)), for all a € A.

We will also denote by f and g the induced maps in homology. Given b,¢ > 0 and
z = (ya)"y",
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y2)"y,y?] = ((y2)"y zy + ya(yx)y°)
ya)’,y? ]y = (y2) (yoe)y — (ya)"+ 1y
)yt — P (ya)y© — (ya) (yoo)y — (yao)*y°
)’y T2 = ((y2)"y” + b(ya)" 1 )y" — (y2)* (y°a)y — (yo)* Ty
+

D)(yx)"* 1y — (y2)" (y°a)y.
There are two cases: ¢ even and ¢ odd. If ¢ = 2k, then

1o (k= 1+ D)5 [(ya)s 1] if b =0,

fl2) =
—(b+1) [(yx)" Tty ifb>1.

If ¢ =2k + 1, then f([z]) = —(b+2) [(ya)* T y? ] — S B [(ya)krb—itly2it],
For b, c and z as before, we compute now the image of g, obtaining that

=Yy Ma(ya)F Ty = Y B (ya) Py if ¢ = 2k,b = 0,
» z(yx) y** T+ (ya) Ty if ¢ = 2k,b> 1,
g(z) = o L
DAL (77 L Tt SN Ue = LA (T Lt ek ife=2k+1,b>0,
— R B () bRyl ok OB ERR R 20 G = 2k 1,5 > 1.

We introduce some notation

O = —(b+1) [(yx)"Ty],
O; ik = [z(y2)"y*" ] + [(ya)" Ty,

k—1
!
)‘11>,k _ (b+ 1) [( )bka—H} + k_' [( )k+b zy2z+1]
i=0
2 g bik—i 21+1 : (k + bJF Dk btk—i, 2i
Aok = Z W [(yfc) + Z [17(3117) Y ] .
i=0 i=0

Proposition 4.7. The set {(Oé’k,ﬁg’k) , ()\l%,k, )\i’k) | k>0,b> 1} is a basis of Im d(ll).

Proof. Given k > 0, consider the elements

k—1

!
_ Z i+ 1)% [(yx)k—l—l-ly?l] 7
1=0
z: k— 1]%' k: i 21+1 kzll;' k+1 zy22] )

i= 1=0



148 S. Reca, A. Solotar / Journal of Algebra 507 (2018) 120-185

We already know that {(9;,k, 957,6) , ()\ak, )‘127716) , (ni,nz) |k >0,b> 1} generates
Imdgl). Notice that 7} = 0 = 13 and that (77,%,77,%) = l o (Qé llﬁk ll) for k > 1.
Moreover, it is easy to see that the set {(Hg,k, 05’,6) , ()\;’k, )\g’k) | k>0,b> 1} is linearly

independent and we obtain the result. O

Our next step will be to compute a basis of Im dgl). We recall that Eio is generated
by the set {([(y:c)byc] ,O) : (O, [x“(yx)byc}) ca€{0,1},b,¢ > O}. For z = ((yx)’y¢,0) €
Ad A,

S Ba(ya)k-iy? if c=2k and b= 0,
do(2) = 0(2) = { —x(yx)by?* ifc=2kand b>1,
Zf .- (yx)k+b+1—iy2i _ x(yx)by2k+1 if ¢ =2k + 1.
while for z = (0, 2%(yz)"y*), we know that do(z) = do((0,2%(yz)’y%)) = a(yz) y°+* —
yr®(yx)by®, consequently
(ya)y et — (yo)*Hhye ifa=1,
do(z) =40 ifa=0=b,
(yx)Pyett — o(yz)P~1y*t2 — ba(yx)’y¢ ifa=0and b> 1.

In this way we have obtained a set of generators of Im d(()l), from which we extract a
basis.

Proposition 4.8. The set {[z(yz)"™y°], [(y2)" 2y°], [2y“™ — (y2)y°] | b,c > 0} is a
basis of Im dé ).

Proof. Let us write

k—1 k"
_ 5 k—i, 2
= —ralyr)" Ty,

=0
eb,k _ x(,yx)b-i-ly2k7
N — G k! ktb+l—i, 20 b, 2k+1
bk = ; () y* — z(yx) y?
T l’(yl’)byc+1 o (ym)b-l-lyc7
Ve = (yz)" 1yt — 2(ya) 'yt — (b+ 1)z (yx)"Hye.

Notice that iy c1+vpe = —(b+1)x(yz) 1y for all b, ¢ > 0, implying that z(yx)’ 1y €

b+2 c () 0

Im d(()l) and that z(yx) "1yt — 11 ., that equals (yz) , also belongs to Im d;
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We are now ready to describe the second page of the spectral sequence. The proof of
the following proposition is a direct consequence of Propositions 4.6 and 4.8.

Proposition 4.9.
(i) For alli >0, the set {xy2" Dn > 0} is a basis of B 5,1 = B3 5;1;.

(i) For alli> 0, the set {27:0 yx)ly? s on > 0} is a basis of B y; = E3 ;.
(iii) The set {zy™,y™ : n >0} is a basis of Ej .

We will now complete the description of EE,- by exhibiting bases of E12,0 and Egyo.
Proposition 4.10. The set { o ¥ ol (y)n=ly2l ;o > 0} is a basis of E%,o'

Proof. Given [z] € Ker dgl), we may suppose that z is homogeneous of degree r and then
treat separately the cases r even and r odd. Computations similar to those in the proof
of Proposition 4.5 prove that the set we proposed generates E2270 and they are clearly
linearly independent, taking into account their degrees. O

Proposition 4.11. The set

{Z 7,' ((yx)” fy? 0) (—(ym)zn,xy%“ + (yx)yzn) ,(0,9™),

=0
n' n—|—1 n 7’7, ——
2n+1 l - —1,,214+1
<” Zl'nJrl zlyz)" Zl ;(yz)"ty >,n20},

is a basis of E3 .

Proof. Given ([z], [w]) € Ker dgl), we can still suppose w and z homogeneous of the same
degree. Again, we treat separately the even and odd cases.

o Suppose deg(z) = deg(w) = 2n,

n—1 n
— (Z a ya? n l 2l Zﬂl n l—1y2l+l} + Z'yl |:<yx)n—ly2l}>

=0

SO

|
—_

n

0= df([2), ) = 0 Y0 0 [y Zaz e
l

+ i B ([I(yx)n—lﬂyzurz] _ [(yz)nflyQH»l})

Il
=]
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+ Z,yl n l 2l+1] [ <yx)n—l—1y2l+2] _ (n _ l) [w(yx)n—ly%])

3\
=
3\
—

_ (71 _ Bl) [(yx)nfly2l+1] + Z(Bl _ ,_yl) [x(yx)nfl71y2l+2}

N
Il
=
-
|
=

n-l n! n—1, 21
+ ; (ani —a;—(n— l)’Yl) [J;(yx) Y ]

from which we know that 3; = v, and o; = an’;—!l —(n=Dy forall,0 < <n-—1.
We can now rewrite ([z], [w]) as follows, using that

(=(n =) [wo)" "'y, [2yz)" 2] + [(y2)"'y?]) € Tmdf?

forall [, 0 <1 <n — 2, and therefore

) = an 32 ([ 0) + 3 (0 7))
+ -t (= [(2)y® 2] [y 7 + [yay™ %))

o Suppose deg(z) = deg(w) = 2n + 1,

D= <Z ar [(y2)" "y LY B fe(ya)" T+ Y [(yaf)’L‘ly”“]) :
=0 =0

=0

reducing modulo boundaries

0= df" (2], [w]) = df” (an 211,57 B felya) '] + [(ym"-lyﬂ“])

=0 1=0
ain_' n+1 l 2l] a [SL‘ 2n+1]
ll )

=0
+ 2B ([ly2)" 'y = [y)" 1))

=0

n—1
+ 3 ()™ 'y 42] = [a(ya) 12 5] = (= 1) [o(ya)" 2 ])

=0

n

= (an! — Bo) [(yz)"*'] + Z <TZL"Q Bt 1) ()" 1=y

=1
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n—1

+ (Bo — von) [z(yz)"y] + Z (Br = vi—1 — n(n = 1)) [z(yz)"'y* ]

=0
+ (Bn — -1 — @) [zy®" ] .

The linear independence of the monomials appearing in the expression gives:

Bo = nla,
|

61:7'a+’yg 1 foralll,1 < <n,

Bir=v-1+mn—=10foralll,1<n<n-—1,

1
Yo = —Po,
n
Yn—1 = ﬂn -

We deduce that v; = a’;—!!ﬁ forall [, 0 <1 <n—1and that g; = a%’n’iﬂ_l for all

[, 0 <1l <mn. As a consequence,

([z], [w]) = ( 2n+1 ZTZL_ ijil (yl,n l 21 7;__ )= 1y21+1]>

(0.1,

So our set generates Eio and it is clearly linearly independent. O

In the homological case we also have a short exact sequence

L

0 E12,p HP+1<A’A) - E22,p71 — 0,

from which we can deduce the proof of the next theorem. Notice that all the homology
spaces are infinite dimensional and that starting from degree 3, they are periodic of

period 2.

Theorem 4.12. There are isomorphisms:

£

B

=
I

= (zy™y" | n=0),

7! n+l —m8 — 1
2n+1 - n—1i,,21 n—1i,,21+1 >
<<y ’E, f (n_(i_l)fc(yw) Y2+ ()" Ty )) |n0>
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Ha(4, 4) = <(W 0), <o7 > i'@:c)y) n> o> ,

1=0

Hape1 (4, 4) = < (Z O, o) (G 2 o = o> :

=0

— L L R —
Hypio(A, A) = <(wy2”,0> : (Z oy )y, > i,(w)”%ﬂ’) |n > O> :
0o i=0

5. The ring structure of Hochschild cohomology

We aim to describe the structure of the Hochschild cohomology of the super Jordan
plane as associative graded algebra. By the general theory we already know that it is
graded commutative, and since H’(A4, A) = k and H'(A, A) is infinite dimensional we
also know that this algebra cannot be finitely generated.

The description obtained in this section will be also useful to compute in Section 7
the Gerstenhaber structure of H*(A, A), using the fact that the Gerstenhaber bracket
is a graded derivation with respect to the cup product. Of course, since we have ob-
tained H®(A, A) using the minimal resolution of A, we need to do some work before
actually computing the cup product. We shall thus construct comparison maps between
the minimal resolution P, A and the bar resolution Be A, that is, morphisms of complexes
fo : PoA — B4 A and go : BeA — P, A such that they lift the identity PyA <= BgA. As
usual, the map f, is easier to describe since P, A is “smaller”.

Proposition 5.1. Let fo = (fn)n>0, fn : PaA — By A be the following sequence of mor-
phisms of A®-modules:

e forA®A—A®A, fo=idaga,
o f1:AQk{z,y} A= ARARA, filevel)=10v®1, forvek{z,y},
o form>2, fr, Ak{z" yPa" 1} @ A= AR AP @ A,

floz"@1)=102%" o1,

fleya" ' el =yeyes® ' 9l+10yeyrea® el
—zRyYeyez® il -10r0y° s 211
—20ye2®"'el-10r0yres®" ?®1

n—3
+ Z(_l)z (1 ® w®2+i ® y2 ® m@n—?)—i R1I+1® x®2+i R Yz ® m@n—?)—i ® 1) ,
=0

where we interpret the last sum as 0 when n = 2.

The map fo is a morphism of complexes, lifting the identity.
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Proof. We only have to prove that for all n > 0, b, fr,+1 = fndy, where by and d, are the
differentials of the bar resolution and of the minimal resolution, respectively. The proof
is recursive and it consists of a straightforward computation that we omit. O

Notice that the formulas of the components f, of f, come from the terms appear-
ing when applying the rewriting rules to the elements of A,, replacing products by
tensors.

We will not provide the complete description of the maps g,, such that g, : BeA — P, A
is a morphism of complexes of A°-modules lifting the identity, since we do not need them.
We will just describe in detail those expressions which we need for the cup product and
the Gerstenhaber bracket. Notice that since B, A is a free resolution of A as a A°-module,
if we define g,, on a linearly independent subset B,, C A ® A®™ ® A in such a way that
dpgn+1 = gnby for all z € B, 1 — a necessary condition is that b, (Bp4+1) C By, —, then it
is possible to extend each g, to A® A®" ® A as a map of A°-modules in such a way that
we get a morphism of complexes. The following proposition provides the maps we need.
Notice that the idea for g, is that we make the product of the intermediate tensors and
we look for elements in A,,, before and after rewriting.

Proposition 5.2. There is a morphism of complexes ge : BeA — Py A such that:

e go=tidaga,
o forallae€ {0,1},b,c €Ny,

b—1
g1 (2z°(y2)"y%) =a @2 ® (yx)'y° + Y a"(yx)' @y @ (yx)’ ™y
=0
b—1 c—1
+Y )y @ (yo) T Y+ et (ya)y ey eyt T,
=0 =0

e foralln > 2,
- (l®yez®1®l) =0,
- (1®yeyree®2?el)=1y%2" ' o1,
- m(loyoyea®281) =0,
—m(lex®el)=12"®1,
- g (1®y2®x®n71®1) = 1 ®y2zn 181,
W (1®2® Ry e 1P ®1) =0, foralli, 1 <i<n-—1,
n(l@yx@a:”_l@l):y@x”@l,
(
(
(
(
(

[ .
Q@ @

n(1@2% @yr@a® 17 @ 1) =0, foralli, 1 <i<n-—1,

- Gn 1®my2®x®"_1®1):x®y2x"_1®1+1®x"®y2+1®$"®y:ﬂ,

- g (1®2% @y @ 2% 17 @ 1) = 102" Qy? +1Qa2"Qyz, foralli, 1 <i < n-2,
- g (1®2®" oy el) =10a"®y?,

- g (1®zyz@a®" 1 @l) =ay®s"®1,
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~ 0, (1®@2% @ayr®a® 171 ®1) =0, foralli, 1 <i<n-—2,
-, (12" T @ayz 1) =1®2" ®yz.

Proof. The proof is, as before, straightforward. 0O
The induced morphisms in cohomology, f® and ¢°®, are thus inverse isomorphisms,

so the cup product may be computed as follows: given ¢ € Homye (P, A4, A) and ¢ €
Hom e (P,, A, A), the cup product of their cohomology classes % and ¢ is:

P~ ¢ = (Sogn ~ d)gm) fner'

From now on we omit the bar in the notation of cohomology classes, since we will always
work in cohomology. The differential in Hom 4e (P, A, A) will be denoted as usual by d°.

Of course, if A € HO(A,A) and p € H"(A, A), then ¢ — X\ = XA — ¢ = A\p. Suppose
now that n,m > 1 and that ¢ € H"(A, A) and ¢ € H" (A, A). Their cup product ¢ — ¢
belongs to H"™™(A, A), and since the cup product is graded commutative, we know
that ¢ — ¢ = (=1)""¢ — . In order to write these elements in terms of a basis of
H"""(A, A) we need to know their value on 1 ® z"t™ @ 1 and on 1 ® y?z" ™! ® 1.
In each case we will use either ¢ — @ of ¢ — ¢, according to our convenience.

Let us start by describing the product of ¢ € H' (A4, A) with all the other generators.

2

The graded commutativity implies ¢ = 0, we will see that in fact all the products

involving c are zero.
We define a family of cochains that we will use in several of the proofs of the following
T .+ € Homae(P.A, A) be defined by

propositions. For r > 1 let oy, _, ;

ap_i;(1@a"@1) =0, ap_;; (1" 1) = —(ya)" 'y
Proposition 5.3. The product of ¢ with any other generator of H*(A, A) is zero.

Proof. We will denote with the same symbol the cohomology class and its representa-
tives.

1)c — syt

c— Sy, (1 R ® 1) = (cg1 — $ng1) f2 (1 R ® 1) = (cg1 — sng1) (1 @ 1% ® 1)
=c(l®r®1)s,(1®z®1)=02n+ 1)zy* =0,
c— s (10y°z®1) = (cg1 — sagn) f2 (1@ Y 2@ 1)

2(091vsng1)(y®y®x®1+l®y®y:c®l—w®y®y®1

—1®x®y2®1—x®y®x®1—1®x®yw®l)
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=yc(l1®y®1)s,(10201)+c(10y@ s, (yRzR1+10y Q)
—2c(1@y®1)s,(12y21) —c(1r21)s,(yRyR1+ 10y Q1Y)
—zc(1®y®1)s,(10201) —c(l1®2x1)s,(yR2r@1+1QyRx)

= yr(2n + V)zy* 4+ z (y(?n + 1):ry + y2"+1x) x2y?ntt
_ O (y2n+2 + y2n+2) (277/ + 0 <y 2n + 1 :L,y2n + y2n+1x)

n S n! n+1—i, 27
= (2n + 1)zyzy®" + Z ?x(yx) Ly 20
i=0
We will see that reducing modulo coboundaries, this last expression is zero. Defining the
1-cochains 1 and v such that
nler®l)=—zy*", nleyel) =0,
r(lerze®1) =0, v(ley®1) =y*" ™ — (2n + Day®”

we obtain that (¢ — s, —d'(n) —d*(v)) (1®y*z ®1) = 0, and the computation for
1 ® 22 ® 1 remains valid, since neither d'(n) nor d*(v) touches 1 ® 22 ® 1.

2)t2P — ¢
P — (1 el)=t?(1es?®1)c(lez®1) =0
while

ti = 1@y’ a™ @ 1) = (5792 — co1) (faps1 (1@ y*2)) =0,
since c(1®2®1)=0=12 (1®s? ®1).

3)u2P — c: here we compute directly that w2’ — ¢ = 37" = d% ( - “)

4)v2PFT1 — ¢ it is straightforward to verify that it is zero both on 1® 22’2 ® 1 and
on 1® y?z?Ptl @ 1.

5)10727{7+1 — c

W e(1ea 1) = utt (lorr o) dlere]) =0,
wirth —e(leoye™ el) =wlt 1oy 2" o l)(lorel)
WP (10?1 @1)cyeyel+10yQy)
w1z el)(yerel+10y Q)
LAY ym i 2
:—xyz (yx + xy) = Z 1 y2.

7
=0
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Notice that w2 — ¢ ="/ T"d2p+1 ( 35111 i z) U

Now we are going to prove that the product of two different elements of the infinite
family of generators of H'(A4, A) is a scalar multiple of a generator of H?(A, A).

Proposition 5.4. For all n,m € Ny, $;, — s, =4(n —m)t2 ., ;.
Proof. Since s, € H'(A4, A), we know that s,, — s, = 0. Suppose m # n,

Sm =S (102°®1) = ($mg1 — 5091) fo (1@ 2% ® 1) = ($mg1 — sng1) (1@ 2% ®1)
=sm(1@2x®1)s,(1@z®1) = (2m + Dzy*™(2n + 1)zy®" = 0. (5.1)

On the other hand,

m+1

1)! o
sm—sn(10yPr@1) = (4n+2) Y Mx(yx)mﬂ—zyz(wm)
- i!
m+n+1
1 s
i Z m + n + ) (yl,)m+n+1fzy2z o (4m + 3)xy2(m+n+1)

T (m+ 1) o
—(2m+2)(2n+1) Z Tx(yx)mw%fzy (i+n)

1=0
min ! .
o (2m + 1) Z (m : n)"r(ym)'rn—&-n—i-l—zy%.
=0 ’

Even if this expression is not zero, while trying to write s,, — s, in terms of the basis,
we notice that the same v of the previous proof allows us to get rid of terms of type
x(yx)y?® in this last expression by subtracting d'(v) to s, — s, without changing the
value on 1 ® z2 ® 1. We still need to deal with the terms of type z(yz)*+'y?, without

touching (5.1). Let v; € Homye (A @ k{z,y} ® A, A) be such that

1 X
—— (ya)*y? T — 2 (ya) 'y,

Wi(l@z®l)=0and 1,(12y®1) = T

so () (1®2?2®@1) = 0and d* (1) (1®y*z®1) = x(yz)"y*. Finally, sub-
tracting d! (,:) for convenient values from b and i to s, — s, we obtain that

Smo— Sp=4(n—m)t2, . O

The previous proposition proves that all the generators ¢2 of H> (A, A), except t3 and
2 may be obtained from products of generators of Hl(A, A). Before continuing with the
cup product we prove a technical lemma.

Lemma 5.5. For alln,m >0, > /" (”Zi)! = (:"‘(‘2111))'
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Proof. Dividing by n! on both sides, we see that the equality is equivalent to
™o (") = (MY which can be proved without difficulty by induction on m. O
=0 % m

We now compute the products of a generator s,, with all generators in degree 2p and
2p + 1.

Proposition 5.6. Given n,m >0 and p > 1:

(i) 2P — s, =0, (iii) w2t — s, = (2n 4 1)2812)
(i) w2 — s, = (2n + Dw?i! + (iv) w2t — s, = —2t712
2U2P+1
n+m+1 7

Proof. (i) It is straightforward:

P — s, (1@ @l) =t (12" 01)s,(loz®1) =0,
2 — s, (1ey?r?el) =t (1eoy*a? '®1)s,(1ez®1)
+t (1027 e1)s,(yeyel+1eyey)
+t2(1@2?*®1)s,(y®201+10y @)

= zy*™(2n + )ay*" = 0.

(ii) The first part is quite direct, since
u — s, (1@ @1) =u2? (1®z2p®1)5n(1®x®1)

m

™ m) . .
§ :yx m i 21 2TL+1) — (2’1’L+1) _‘ (yx)m—1y2(1+n)’
i=0 i—o "

and setting 1; € Homye (Pap A, A) for 4, 0 < i < m, such that
n(lez? 1) = (yz)™ 1y +) and g (ley’2*"'®1) =0,

it turns out that d*(n;) (1® 2™ @ 1) = x(yax)™iy2Hn) g0

m—1

m)!

(uff — Sy — Z (2n + 1)7d2p(m)> (1o el)=02n+ 1)zy?ntm)
i=0 )

_ (2n + 1)w2p+1 (1 ® x2p+l ® 1) .

n+m
Notice that

i+n .
. m—i i+n Z+TL' m~4n+1—
() (1972 © 1) = (m — i)(ya) "~y =3 R iy
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and so this reduction will also have an effect on 1 ® y22?? ® 1. Let us now compute

the value on this element. We will write \; instead of (yx)m+nH1=ly2l

u? — s, 1y’ @l) =u? (1ey* 2 '01)s,(1or®1)
+u? (10?7 R1)s,(yeyel+1yy)
+u? (1027 21)s,(yRze1+1010 1Y)

m n - m! m—i, 2i, 2n
= —y*" 20+ Dy +2) ()"

=0
+Z—,(yw)m WP ((2n+ Dyay® +y*" )
1=0
:22 T._(ym)m i, 2lin+1) | Z nt ()™ =iy 2+ gy
i=0 i=0 !

m+n+1 m+n—1
m! 2n+ 1)ml(m+n—1)
=92 — A A
D TNt 2 (—n) !
l=n+1 l=n
Doml (&N (i + asg (i 4n))
(S S (3 ),
=0 =0 l=n+1 i=l—n

By Lemma 5.5, we have that

"l (&N (i +n! Y| " (i+n!
ZT(Z( i )>Al+ 2 T(,_l_ : i )>Al

1=0 i=0 l=n+1
ol (n+m+1)! &l I
:ZT' ml(n+1) M=) W\ (I=n-Dln+1) A
=0 ’ I=n+1
o)
m—+n—+1
9 9 9 n+m+ 1
l=n+1
m+n m—4n m'
(2 A . A
(2n+1 ; Wi = l;_l(l—n—l)!(n+1) b

and reducing modulo coboundaries, we obtain
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u? — s, (1@y*s? ®1) = <uff — Sy — Z (271—’;4!)de( )) (1®y*z*? 1)

=0
m-+n—+1 n+m
(n+m+1)!
=2 >\
Z l—n )! Z+Z Nn+1)
l=n+1
m-+n m—1 'ern
_ Z m
—n — 1l
= n+1 l n 1 ( +1) =0 v =0
m+n—+1 n+m m+n
n+m+1
=9 )\ A
> e S i e
l=n+1
m i+n m—+n
(m +n)!
+(2n+1) ZZ Z‘ ' (2n+1)ZT>\l
=0 =0 =0
m—+n—+1 n+m
(n+m+1)!
=2 )\ 2 2) 7)\
l;-l e ; n+1) ™

m—+n m—+n

—(2n+2) Y (l_n_T;L;!(n+1))\l—(2n+1) > M/\l

l=n+1 =0
iy (n+m)!
=2 \ntm+1 + (2m + 1) Z T)\l
=0
n+m-+1 n+m n+m
(n+m+1)! (n+m+1)! (n 4+ m)!
:2< S lmtm Dl SR G )y
=0 =0 =0

n+m+1 m
1 !
5 Z n+m+ )Al—(2n+1>§jmn

=0

Choosing 5 € Hom e (P3,A, A) such that
Bloas*®1)=0and B (1®@y* a1 @ 1) = —y2FmHL

we have

|
(B (107 91) = 0 and d?(B)1oy'e@1) = Y CH e

and using that viﬁﬁ (1®2*T ®1) =0, we obtain

2n+1
s sy = 5 D o 1y
i=0 '

2p+1 2p+1
= QUnﬁ_mH + (2n+ Dwy i,
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(iii) Clearly v2P*1 — s, (1 ® 2?72 ® 1) = 0. We compute

vt — s, (1o e e 1) = o™ 1oy’ s 1) sy(1ezel)
2 (127 @ 1) s, (y@yR1+10y®yY)
2t (1®x2p+1®1)sn(y®x®1+1®y®x)

- m! m i 22 _ - m! m—1, 2(l+n)
Zz_' yx) (2n+ 1zy 7(2n+1)zl—' z(yx)" 'y ,
=0 =0
and we get
m—1 ml
9 1 9 1 2 1 2p+1 2 +2
UWI;’JF VSnZ’Un‘er —(2n+1) 27 P+ (,:“_;,_n) (2n Jrl)nz-)i-m'
=0

(iv) The first part is straightforward, since

wPt — s, (12 e1) =wd (1o el)s,(1ezrel)
= 2y*™(2n + Day®" = 0.

On the other hand,

wPt — s, 1@y el) =w? T 10y’ 2 ©1)s,(1®z®1)
w12 @1)s,(yeyel+1loyy)
w12 el)s,(yorel+10y )
Z‘y2m+1(2ﬂ+ 1)xy2 _ Qnym 2n+2 y2m ((2n+ 1)yxy2n +y2n+1x)

2xy2m 2n+2 —zy (n+m)+1x
n+m
|
_ 2(m+n+1 (n+m)! mAnt1—i, 2i
= —2zy*( = g x(yz) v
i=0 '
Using again the cochains afffil ;j» We can remove the sum from the last expression.
Thus,
2p+1 2p+2
wPtt — s, =200 O

We have already proved in Proposition 5.6 (i) that the product t2? — s,, is zero for all
m,n >0, p > 1. In fact, the product of t2P with almost all other generators annihilates,
except for one case, where we obtain another generator 2".
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Proposition 5.7. For all m,n >0, p,q > 1 we have:

(i) t2r — 29 =0, (iii) 2Pt — 20l =,
(if) w2 — 20 = t,ffj,ﬂ), (iv) 2P+ — a1 = (.

Proof. (i) The equality follows from:

20— 21 (12 @l) =t2 (1o 1)t (1o s* 1) =0,
20— 2 (1y’ a0l el) =t 1oy’ a? 'e1) 2 (1o ®1)
+t? (1o 1)t (1o y’s* ' ®1)
+tP(loz?e1)t2! (yo2*®1) =0.

(ii) Clearly u?? — 21 (1 ® 2?7727 @ 1) = 0, while

m—1 '
(ufjj — 12 Z %dQ(erq)fl ( %ﬁﬁ;)) (1 ® 2201 g 1) — gyt
=0

(iii) The computations are straightforward:

20— 2T (1@ 2?21 g 1) =2 (1@ @ 1) vt (12 ® 1) =0,
2P g2atl 1oy 222 g 1) = t2p (1® vl ® 1) p2att (1w 2t 1)
+t? (1@ @1) v (1o y*2* ®1)
+t? (1@ar?®1) v (ye 221 @ 1) =0.

(iv) Again, it is clear that:

20— w2t (12?1 @1) =2 (1@ s? @ 1) w2 (1™ ©1) =0,
2P — w2 (1@ y?2? 1@ 1) =2 (1@ y* 2 ' 1) vl (1e 22 9 1)
+t? (1@ @ 1) w2 (1 y*2* ® 1)
+ 2P (1 Rzr?P® 1) w2t (y Q22 ® 1) =y ey’ =0. O
Notice that the only case where the product is non-zero in the previous proposition
is the product with u2?, which gives another generator of type t. In fact, the elements of

type u2P act on other families of generators, as we shall see. Before proving this we need
another technical lemma.

Lemma 5.8. For all m,n > 0, there is an equality

— m! —i, 2 — n! n—j, 2j & (m+n)! “k, 2k
Z 7(yx)m zy 4 Z (yx) Jy J |l — Z T(yxyn-i-n y2k.

1l
i=0 j=0 J: k=0
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Proof. Using the commutation rules the product on the left equals

S ([ ] m
n_l_]+’l" m'n' m —(7 ; m' . .
Z Z (Z ( r )) —'<y33) 1+n (]+l)y2(l+]) + Z 7(yx)m Zyz(“r").

|
j= r=0 it i=0

It follows from Lemma 5.5 that for all m, n and j, there is an equality Z:,”:_Ol (") =
(=G4

n—j

), whence the previous expression is

ii( )( >(n—|—m (G + D) (ya)mHn=(+0,2045) (5.2)

7j=0Il=

The formula we want to prove is symmetric in m and n, so we may suppose that n > m
and write m = n +t, with ¢ > 0. Setting k = j 4+ [ and A\, = (yz)™ " Fy?* in (5.2), we
get

5 (1 RTINS i (R R

=0j= k=n+1 j=0

+ Zit Z <Z+§><]>(2 - k).

k=n+t+1 j=k—(n+t)

Now, the only things left to finish the proof are the equalities:

k
Z(n+t>< )= <2nk+t>, for all k,0 < k <,

j=0

n+t- n _(* ,forall k,n+1<k<n+t,
— k—3)\J k

Jj=

. t o2n +t
SO (M) = (), forall konrt 1< k< 2+t
k—3/)\yJ k

J=h—(n-+t)

The term on the right counts the numbers of subsets of k£ elements that can be obtained
from a set of 2n + ¢ elements. This number can be computed splitting our set in two
subsets: one with n elements and one with n + ¢ elements, and then choosing j from the
first subset and k£ — j from the second one for all possible values of j. O

We are now ready to prove our claim.

Proposition 5.9. Given m > 0 and p > 1, the element u?l € H2p(A A) acts, via the cup
product, on the families of generators {ufﬂ}, {vfﬂ“‘l} and {wfﬂ“} as follows. For all

n>0andq>1,
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2
. u2p — u2 uﬂgzﬁlq)’
o w2 p2atl = vngi—;qH )
2 1
. u?f; ~— ’u},'%q—"_l = ,m(ﬁ:;q)+ .

. . . . . m+n (m+n
The previous lemma implies that this expression equals » |, (m+n)!

Also,

Proof. (i) u? — w2(1@ st @1) = (X", T—!!(ym)m_iyzi) (Z? 0 %(ym)” Jy? )
(y

U —u2(1@y? 2 @) =u? (12?9 1)u2 (1022 @ 1)
+u? (loz?e1)ud (1oy’z* 1)
u%f(l@xzp@l)uiq(y@x%@l)

n m
n! 2m+1 )= 1 2l m! n—1, 21, 2n+1
Zl— y —Zl,(yw) Yy
1=0 =0
m l 2l+1 n 7 21
+Z ™ () Z

_ _y2(m+n)+ )

We have thus proved that u2? — 429 = u%]r;q).

(ii) The result follows without difficulty, since

V20 2P (1 @ 2?12 @ 1) = 0, while

vt (1@ y?2* P e 1) =02 1oy @ 1) ulf (12 ©1)
— 2 (1@ 2 @ 1) u? (1@ Y’z @ 1)

— T (1M @) u? (Yo © 1)

_ (zﬁm) y) 32 iy
i=0 j=0 J:
m4+n (m+n)

and we know that u2P — v29t1 = 9291 _ 42,

(iii) Again, it is easy to prove that

T oml
ﬁ m—l 2(l+n)
I v
=0

uw — w2 (12?1t g 1)

The computation for v — w24t (1 ® y?2?PT27 @ 1) is more involved:

163

)m+n7k 2k.

Y
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ol
ﬂ m—l 2(14+n)+1
Il Y

=0

2 2g+1 2 2p+42
u? — wit (1@ y?2”P 21 @ 1)

= m'(m - l) m+1—1, 2(l+n)
+ Q) — () Y :

=0

Reducing modulo coboundaries without modifying the other coordinate, we obtain

that
ugn 2q+1 (1 ®y 2;D+2q ® 1) Ty 2(m+n)+1
—11l+n m—1
m!(l +n) i % ml(m —1{ el n
Z il x)m+n+1 3/2 + —( )(yﬂf) i ly2(l+ ).
1=0 i= 1=0

Defining v; € Hom ge (Papy244, A), for | such that 0 <1 < m — 1, by the formulas
v(lea?®?i@1) = (yx)™ 2" and v, (1®y*a® 11 @ 1) =0,
like in Proposition 5.6 (ii) we get

d2p+2q(yl) (1 ® x2p+2q+1 ® 1) — x(yx)mflyQ(lJrn)’
d2p+2q( ) (1 ®y2 2p+2q—1 ® 1) _ (m _ l)(yx>m+1—ly2(l+n)

n
l+n)!
( Z‘n) (yx)m+n+1—ly2l.

=0
Finally,
m—1
2p 2q+1 2p 2g+1 2p+2q _ ..2pt+2q+1
url — =ul — Wl — E l'd (m) =w,i0 . O
=0

The last cup products of generators that we have to describe are those amongst the
generators in odd degrees greater than 1. Most of them are zero except for some cases
where we also obtain some of the t generators. We finish the description of the cup
product with the following proposition.

Proposition 5.10. For all m,n > 0, p,q > 1, there are equalities:

(i) vip™ — voprtt =0,

(i) w2Ptl — w2atl =,

i) 2Pl gp2atl — 2(p+q+1)
(iii) 2P DT =t

Proof. The proof of (i) is straightforward and we omit it.
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For (i), w2+t — w2it! (1 ® 22P+2+) @ 1) is zero, but the other coordinate needs
a reduction modulo coboundaries. The cochain we will use is, as usual, ai(,f o+l o
Hom 4 (PQ(erq)HA, A) defined by

ag§£+q)+1 (1 ® 2P+l g 1) =0 and a2(p+q)+1 (1 ® y’z 2(r+4) 1) = —(yz)by?t.

Subtracting d>P+9+1 (q 1) for convenient values of b and k from w??*! — w2i+! we
obtain that the cup product between both generators is zero.
To prove (iii) notice that

W2PH 204 (1@ 220 g 1) = o (10 2P @ 1) w2 (1022 @ 1) = 0,
while

vﬁf"’l 2q+1 (1 ® y2a?r 2l g 1) _ vf,f“ (1 © y2e? © 1) wiq (1 @ 29t g 1)
7254»1 (1 ® :L,2p+1 ® 1) 2q+1 (1 ® y2m2q ® 1)
vf,f“ (1 @zt @ 1) w,zlq'*'1 (y ® 2t @ 1)

m ' m

E ﬁ m % 22 § ﬁ mfl 2(l4+n)
2' il Y ’

=0 =0

Reducing modulo coboundaries, we obtain the result. O
We shall summarize all these propositions in the following table.

Theorem 5.11. The cup product endows H* (A, A) with an associative graded commutative
algebra structure. The next table describes the products amongst generators

c Sn tiq “iq viq+1 wiq+1
c 0 0 0 0 0 0
Sm 0 4(n — m)ti+m+1 0 2U721+t711,+1 —(2n + l)ti?:ﬁ Qtiﬁrnzwl
+ (2n + Dw2ih)
2P 0 0 0 tortRa 0 0
uyy 0 20 i tn EaSehl w
+ (2n + l)wi’:ﬁi
AP0 eneneg? o gz 0 prpae
wprtt 0 26 0 wir —tr it 0

Corollary 5.12. The graded algebra H*(A, A) is generated by the set {1, ¢, 3,42, s, u2,v3 :
n > 0}.
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Notice that, as we have mentioned before, the cohomology spaces H (A, A) are periodic
of period 2 for ¢ > 2 and that this periodicity comes from multiplication by uO We state
this fact more precisely in the next corollary.

Corollary 5.13. For all p,q > 1, there are isomorphisms

H?1(A, A) = HX9HP) (A A) and H?>7TH (A, A) = H>WTPHL(AA), given by
o€ H* (A A) — ¢ — ull € HX P (A, A),
0 € H* T (A A) s o — ulP € H24HP) (4 A).

6. H'(A, A) as a Lie algebra

Given an algebra A, the Gerstenhaber bracket endows H'(A, A) with a Lie algebra
structure. The aim of this section is to describe it when A is the super Jordan plane. We
already have the necessary comparison maps between the bar resolution and ours.

Proposition 6.1. The generator c is central.

Proof. We must prove that [c,s,] = 0 for all n € Ny. Straightforward computations
using Lemma 5.5 lead us to the equalities:

cosp(l®@x®l)=(2n+1 Zl' yx)"ly?,

n—1 nl

. (n+1)! n—i 1 n—u 7
cosn(1®y®l):zi'( x(yx)" iy +Zm(yx) 2t

— m—i+1)
snoc(l®x®l) =0,
spoc(l®@y®1) = (2n + 1)ay>"

so that

[c,sn](1®@2z®1)=(2n+1) Z %x(yw)"‘@%
1=0 "

n! n—1, 21+1 2n
_— — (2 1
2 i W) T — @t Day

We will make use of the elements (y—;—1,1, En—i1—1,15 pn, With 0 <1 < n — 1, of Proposi-
tion 3.8. They belong to Im d°. It is long but not difficult to verify that
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2(n+1)!
¢, Sn +Zl' Cn -1, — Zl' R Z)§n7171,z=2(n+1)9n7

which proves that [c, s,] is zero in H'(4, 4). O

The bracket [s,,,s,] does not annihilate for n # m. The following computation is
easier and we omit it. For details, see [17, p. 95]

Proposition 6.2. Given n,m >€ Ny, we have [Sm, sp] = 2(n — M) Sptm.

Recall that the Virasoro algebra, denoted Vir, is the only central extension of the Witt
algebra and it is the Lie algebra with basis {C'} U{L,, : n € Z}, subject to the relations

[Lmv C] =0,
L, Lp] = (n—m)Lpgn + Oy —n——=—C.

The triangular decomposition of Vir is the following;:

Vir = Virt @ h @ Vir~, where Vir™ = ékLn, h=kC ®kLy, Vir = ékL_n.
n=1
The Lie algebra H'(A, A) can be identified to a Lie subalgebra of Vir.
Theorem 6.3. There exists an isomorphism of Lie algebras
H'(A4,A) = Virt @h.

Proof. We define the map H'(A, A) — Virt @h:

c— C,

Sm — 2MTLL, . for all n € Ny.

Vir and H'(A, A) being Lie algebras yields the fact that the map is well-defined. Tt is
clearly an isomorphism of vector spaces, and consequently it is an isomorphism of Lie
algebras. O

Remark 6.4. Any Lie module M over Vir"™ @h provides, by induction, a Lie module over
Vir. Given n € N, the vector space H"(A, A) is a representation of H' (4, A). Using the
previous theorem, it induces a representation of the Virasoro algebra. The next section
will be devoted to the description of these representations.
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7. Hochschild cohomology spaces as H! (A, A)-Lie modules

From now on k = C. In this section we will compute the Gerstenhaber brackets
[H'(A, A),H"(A, A)] for n > 1. These brackets describe the structure of H'(A, A)-Lie
module of each space H"(A, A) and thus, their induced structure as Vir-modules.

Representation theory of the Virasoro algebra is a very active subject of research since
this algebra is important both in mathematics and in physics, in particular in conformal
field theory and string theory. Recall that a weight-module M is a Vir-module such that
the Cartan subalgebra h of Vir acts diagonally on M. If, additionally, all the weight
spaces of a weight module are finite dimensional, then M is called a Harish-Chandra
module.

Intermediate series modules are modules V, ;, with basis {vy, }nez, a,b € k and action
given by Ls - v, = (n 4+ as + b)vp4s and ¢ - v, = 0. The Vir-module V,; is simple if
a # 0,1 or when b € C\ Z. Notice that according to Mathieu [14], in case V,; is not
simple, the unique simple quotient of V, 4 is called an intermediate series module.

There are two classical families of simple modules: highest (lowest) weight modules and
intermediate series modules, and every simple weight Harish-Chandra module belongs
to one of these families [14]. In [7] all V,; are called intermediate series modules. Even
if the algebra considered is W+ := Vir™ @b, the corresponding modules Vap are called
intermediate series modules. We will use this terminology.

We will now start the description of the action of H' (A, A) on H"(A4, A).

Proposition 7.1. For all n > 2, the element ¢ € H'(A, A) acts trivially on H"(A, A).
Proof. We will prove that for all n > 0 and p > 1,
[c, tip] = [c, uip] = [c, v2p+1} = [c, w2p+1] =0.

The element c is the class of the derivation in A sending = to 0 a y to x. We will use
Suérez-Alvarez’s method [18] to compute the brackets, so we need liftings of ¢ as in the
following diagram.

d2 d1 d m
s Aok{a?, 2} 9 A ——> AQk{z, )} ®A —> AQA—>A—>0

d2 d1 d m
s Aok{a?, 2} 9 A ——> AQk{z, )} ®A —> AQA—> A —>0

Let us briefly recall some facts about this approach: given a derivation § of an algebra
B, ¢ =d®id+id ® J is a derivation of B ® B°. For any B-bimodule X, a k-linear
map f: X — X is a 6%operator if f((a®b)-m)=(a®Db)- f(m)+ §°(a®b)-m for all
a,b € B and x € X. Here, we need the maps ¢; to be c®-operators such that the squares
are commutative. In this situation, it is enough to determine the values of each ¢, in
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elements of type 1@ v ® 1 € P, A. It is not difficult to verify that the maps {c,}n>0
defined as

Co(l@l) =0,
ca(l®zr®l) =0, a(leyel)=1ye1,
cn(l®z"®1) =0, 1@y 1 ®1)

=yRz"1l+(-1)""er"®y-—2r2"® 1,

satisfy all the required conditions.
Let us compute [c,t2]. By Proposition 5.4, we know that sy — s, = 4nt2_; and due
to the Poisson identity, we get that

1 1
[c, ti_H} = [c, 80 — 8] = n ([e, s0] ~ $n + S0 — [c, sn]) =0,
for all n > 1. It only remains to prove that [c, 3] = [¢,#}] = 0. On the one hand,
[e.f] l@a®®@1) =c(tf (1@ ®1)) —t5 (2 (1®2*®1)) =0,
[c,t(z)] (1®y2z®1) =c(z)-tg(ye2*@1+(-1)""'wr*el-z@s°®1) =0.
On the other hand
] (le?@l)=c(ti(1®’®1)) - (e (1®2*®1)) =0,
[C, tf] (1 QYT ® 1) =c (ny) = xyzT.

Reducing modulo coboundaries in the same way we did while computing s,, — s,, we
obtain that [c,¢3] and [c,t]] are zero in H'(A, A), and so the bracket [, 2] is null for
all n.

We now turn our attention to [c U ] Straightforward computations and the usual
reductions modulo coboundaries show that

n—1 N
'n,' n—l—r or n' 1 o o
e S AR W1 1) [
I(n—r—1
;2] (1@ Pz ®1) = —2nzy™ + Z % g2y

For each r, 0 <r < n, let v, € Hom4e (A @k {z,y} ® A, A) be defined by

rlozel)=(yz)" y¥* and y(1eye1)=0.

It is not difficult to check the equality >."'_
zero in cohomology.

d* (v+) = [c,u2], so the bracket is

rOr'nr
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Once we have proved that [c, ti] =0= [c, ui] for all n > 0, the identity t2 — ugq =

#2749 and the fact that [e,—]: H*(A, A) — H*(A, A) is a derivation with respect to the
cup product allow us to conclude that [c,t2P] = 0 for all n > 0, p > 1. Using a similar
argument and the equality u?? — ugq = u%(p +q), we prove that [c, u%”] =0foralln >0,
p=1l

The equalities [07 U,%p“‘l] =0= [c, wﬁp"’l] can be obtained through analogous meth-

ods. O

Our next step will be to describe the action of H'(A, A) on the even cohomology
spaces. For this, we need to lift the derivations sg,s; and sy as we have done for c.
The equalities [y, $n] = 2(n — M)Sm4n, assure that these liftings will be enough. The
liftings of sg, s; and so will be provided by the morphisms of complexes a,, S and 7,
respectively. They are defined by the following formulas:

ap(1®1) =F(l®l) =1(1®1)=0,
alezel)=1@zlandy(1@y®1)=1y®1,
a(l®z"®1l)=n®z"®1, foralln > 2,

(1

a,(1@y?s" P el)=nh+1)@y* 2"t ®1, forall n > 2.

The formulas for the higher 8’s and +’s are more complicated and because of the peri-
odicity of the cohomology we will only need the liftings up to degree 3:

Bo(l®1) =
ﬁ1(1®x®1)_3(azy®y®1+x®y®y+1®x®y)
floyel) = yol+y0yoy+1oyey’,
B(ler?*®l)=3r2y*r1+622>®y° +3 2> @y,
B(loy?201) =22y r@1+5094%20y° +2@y*r@yr — 22y @y’ @ 1,
B(1@2*®1)=3209y°2° 1+ 922> ®9y° + 6 ® 2® @ yz,
[33(1®y21:2®1)*2y Ry 2 14+80 %22 @12 +5 0y’ @ yr — 2zy @ y22? @1,
YW(1®l) =
71(1®m®1)—5(9cy RYU1+2° YRy +ryRyR Y +20yy° + 1oz @y,
11leyel)=y'eyel+y’yey+yr oy +y0yey’ + 1oy ey’
1ler?®1) =102 @ y* + 5y’ @ v’z ® 1+ 5z @ ¥’z ® >
+hr@y’r@yr+10® 2? @ yry? + 10 ® 22 @ (yx)?,
rloyrzeol) =2y’ r01+ 2 @ y’r ey + 20 ©9y°z @ yx
+7R Yz 0y +4@ s @yry’ +4© ¥’z ® (yz)°
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— 4z @yPr @1 — 22y ® y’r @ y? — 22y @ vz @ yx,
ler?®l) =153 ®y* + 52y’ @ y°2? @ 14 5z @ y?2® @ y°
5r @yl @ yr + 20 ® 2° @ yay? + 20 @ 23 @ (yx)?,

nloye?ol) =2yt @ y22? @1+ 2y° © y22? © o
+ 2y2 ® y2x2 Rur+12® y2x2 ® y4 +14® y2x2 ®yxy2
+ 14 @y @ (yz)? — 4oy’ @ y*2? @ 1 — 20y @ y?2? @ o>

— 22y ® y?2? @ yu.
We will omit the verifications, since they are direct, long and tedious.
Theorem 7.2. For allp > 1 and m,n >0

(i) [e 2] =0 = [e,u],
(i) [sm,t2P] = 2(n —(2p—1m— p) torm

(iii) [sm,uZP] = 2((n — 2pm — p)uiﬂm +pm(2m + l)ti]im).

Before proceeding to the proof of Theorem 7.2 we need a technical lemma. We will
not prove it since the computations needed are not complicated but long.

Lemma 7.3. For alln # 0,

" nl Wl (2nd+n2 —n+5(12—1
5 (Z %(yx)n—ly%) -y n! (2n® +n “n +5 ( )) (y2) 22 4 g
1=0 1=0

Proof of Theorem 7.2. The equalities in (i) have already been proved.
(ii) We will prove it by induction on p. Fix p = 1. Using now induction on m we will
show that [s;,,t2] =2(n —m —1)t2, .. Suppose first that m = 0:

[so,t2] (l®@a®®@1) =50 (trn (1®2*®1)) — 17 (2 (1@ 2*® 1)) =0,
[s0.t2] 1@ y*z®1) = so (2y®") — 12 (3@ y*z ®1) =2(n — D)zy™.

Thus [so,t2] = 2(n — 1)t2. Supposing now that m = 1, we have
[sl,ti] (1®x2®1) = —ti(3x®y2x®1+6®$2®y2+3®x2®ym) =0,
[s1, 2] 1@y’ z®1) =s1 (zy™") — 2, (2y2 ®yPr®1

+5®y2x®y2+2®y2x®yx—2xy®y2x®1>
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2n—1

_3xy2n+2+ Z xyz 3 2n 1—1i 2y2xy2n —5$y2n+2—2$ 2n+1x+2xyxy
=0

o ( 2(n+1) 22 —l‘ y.T n+17jy2j.

Reducing modulo coboundaries we can omit the terms of type z(yz)™1=7y% from the
second coordinate, so we obtain that [sl,ti] =2(n 2)152Jrl Finally, suppose m = 2.
Just like before, we get

[s2,5] (L@ 2”@ 1) =0,

while

[32, n] (1®y T ® )282 (9692") —ti(2y4®y2x®1+292®y2x®yz+2y2®y2m®ym‘
+7 v eyt +40y?r @y’ + 4@y @ (yo)? —4rP @ y*2r @ 1

— 22y @y @y? — 20y @yl @ yx)

2n—+4 2n+4 2n—+2 2n+1 2n-+4

—2y2xy T — Ty

2n+2

_ 2y4xy2n _ 2y21’y
2n+1

= bzy + 2nzy

2n+1xy2 2n+1x.

—4dzy —4zy zyx + dzyPry®™ + 2xyzy + 2zyxy
Again, reducing modulo coboundaries we conclude that [ss, 2] = 2(n — 3)t2 ,.

Given m > 2, the Jacobi identity reads:

([s1,5m] s 60 = [s1, [sms t2]] = [sm, 51, 2]

and using the inductive hypothesis and the equality [s1, $m] = 2(m — 1) 8,41 We get the
desired result.
Assume now that [s,,, t2] = Q(n —2p—-1)m— p)

ntm- We will compute:

(s 2040] = [, uf] — 22 40— [, 2]
=2 ((—2m — Dud, + m(2m + 1)t2,) — t22 + 2uf — (n— (2p — L)m — p) 7
_ 2(p+1)
- 2(n —(2p+ )m— (p+ 1>tnfm .
We now turn our attention to the brackets [s,,,u2F]. Again, the equahty [$1,8m] =

2(m —1)8m+1 reduces the computations to those of the brackets [sl, ] with ¢ =0,1, 2.
We proceed by induction on p. Set p=1,i=0and n > 0:

n

[so, ] (1 R ® 1) (Z ;L;(yx)nlym> _ UEL (2 222 ® 1)

=0
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n

n
n! _ n! e
= %Z o) Ty =2 o () Ty

1=0
— nl )= 1,2l
’rL* 1 ZF 2
1=0
Also,
[so,u2] (1@ y*z®@1) = s (—y*" M) —ul (3@ y’r®1) = —2(n — 1)y*" 1.

Calculating [sl,ui] for ¢ = 1,2 is considerably longer. The idea is to compute the
values of these elements of H'(4,A) on 1 ® 22 ® 1 and 1 ® y?z ® 1 and then reduce
modulo coboundaries. We will just indicate which coboundaries can be used, since the
procedure does not differ from what we have already done in other cases.

Fori=1,

" nl(2n? —4n —3
[31, ](1@1‘ ®1 :Z ( )(y )7L+1 l 2l+2( 3)y2(n+1)+3xy2n+17

(7.1)

[si,up] (1@ y’z®1) = —2(n—3)y*" ™ +2 Z (+ D! er' 1)!x(yx)"+1*iy2i. (7.2)
1=0 '

Taking v = (y?"1,0) € Homa. (A @ k{z,y} ® A, A), gives

2 nl _
dl(’}/) (1 ® .’L'2 ® 1) _ xy2n+1 + Z F(yx)n-‘rl lyQZ7
1=0
1 2 2n+2 — (n+1)! n+1-1, 21
d'(v)(1eyz®l) =2y — Z I z(yx) Y.
1=0 ’

With this coboundary we delete the term 3zy?"*! from (7.1) and after removing the
terms of shape z(yx)*1y? from the second coordinate, we get that

[81, Ui] = [Slﬂbrﬂ - 3d1(’Y> =2 ((” - 3)UTZL+1 + 3ti+1) .

To obtain the value of sp o u?

u? (12(1 ® 22 ® 1)), and after some direct computations the result is

on 1® 22 ® 1 we use Lemma 7.3. The other term is

n+2 |
n! -
uZ (2(1®2®®1)) = —102y*" ™ +5 Z o (n2 +3n+2+ 12 — 1) (ya)"+2 1y,
1=0

Combining both results,
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"il n!(2n® — 4n? — 16n — 10)

0 ( )n+2 l 2l+2( 5)y2n+4

[s9,u2] (l®2?®1) =

=0
+ 10zy*" T3,

Moreover

= 89 (—y2“+1) —u? (2y4 RyPr 14+ 20? @ y*r @ y? + 2  y*r Q yx
+701*z@y' +4@ 2 r @ yry® 40 yr ® (yx)?
—dryP @yPr®1 - 21y @ y’r @ y? f2xy®y2:r®y:c)
7(2TL+ 1)y2n+5 +2y2’ﬂ+5 + 2y2n+5 + 2y2n+4x+ 7y2n+5 +4y2n+2xy2
+ 4y2n+3xyx _ 4xy2n+4 _ 2xy2n+4 _ 237y2n+33?.
The commutation rules and the elimination of the terms x(yx)?T'y? lead to the equality
[s2, n] (1® Yrel) =-2(n—5)y*"*o.

Setting now v = (y2"*3,0) € Homa. (A @k {z,y} ® A, A), we get

[s0,u2] (1®2? ®1) = ([s2,uz] —10d" (7)) (1®2* @ 1)

+
n+ 2)! o
—2n-5)3 i L (yayra-yn,

1=

[\

(=)

after deleting again terms of type z(yz)**1y? of the second coordinate, the result is:

[s2,u2] (1@ v’z @ 1) = ([s2,u2] —10d' (7)) (1@ y*z @ 1)
=2(—(n—5)y*" "5 + 10zy***)

and the equality [s2,u2] =2 ((n —5)u2 ., + 10t%+2) is thus proved.
The formula [sp,,u2] =2 ((n—2m — u?,,, +m(2m+ 1)t ) is obtained recur-
sively on m, as follows. Let m > 3 and n > 2, using the Jacobi identity we get that

[[s1, 5m], ur]
= [s1, [sm ] = [sm, [s1,ua]]
=2[s1,(n—2m—1)uZ,,, +m@m+1)tr ] —2[sm, (n—3)ud,, +3t2 ]
=4(n—2m—1) ((n+m—3)ul i1 + 32 imi1)
+4m2m+ 1) (n+m —2)t2 .14
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—4(n = 3) ((n = 2m)ug 4y +m2m+ 1t )
—12(n — m)t72z+m+1
= 4(m - 1)(” —2m — 3) n+m+l + 4( )(m + 1)(2m + 3) n+m4+1-
On the other hand, we have [[s1,sm,],u2] =2(m — 1) [sy41,u2], so

[sm+17 ] - 2(” —2m — 3) Untm+1 + 2(m + 1)<2m + 3) n+m+1-

Now, using once more the facts that for all ¢ € H*(A, A), the bracket [, —] is a derivation
with respect to the cup product and that u3 — u?\ = ui(pﬂ) for all p > 1, we are ready

to prove by induction on p that
The case p = 1 has already been proved, we suppose now p > 2:

[Sm,uip] B I:Smau(%] N ui(lﬂ—l) +U(2) - [Sm; 2(p— 1):|
=2((—2m - Du2, + m(2m + 1)t2,) — u2(P=1)
+2u5 — 2(<” ~2(p—m — (- 1>>ui<f;3> + (- Dm(zm+ DETY)

The only brackets missing are those corresponding to the action of H*(A, A) on the
odd degree Hochschild cohomology spaces.

Proposition 7.4. For all p > 1 and m,n > 0, H' (A, A) acts on H**T(A, A) as follows:

(i) [Sm, 2p+1} - <n —2p+1)m—(1 —i—p))vi’j:i —4m(2m + l)wi{f;i_l,

(ii) [Sm,w2PH] = (n — 2pm — p)wi’r;i.

Proof. For p = 1, we will not prove the corresponding formulas, since the verifications
follow the same lines of previous computations, while for p > 1, the periodicity isomor-
phisms given by the cup product with u2, and the fact that [s,,, —] is a derivation with
respect to the cup product give the result. 0O

We change the bases of the Hochschild cohomology spaces to make the description
of the representations clearer. From now on we will use the following notations: L,, =
2L 20 = 2020, 20— 20 [ 20— 204 n 2040 20t

Given p > 1, let Iy, be the ideal generated by {72P},>0. We recall some facts about
intermediate series modules. As we have already mentioned, it is an important class
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amongst the simple Harish-Chandra modules of Vir [14]. Given a, b € C, the intermediate
series Vir-module V; is generated by a family {v,},, ., and action

C-v,=0and Lg - v, = (n+ as+ b)v,ts.

Since W := Vir" @b is a Lie subalgebra of Vir, we have that Vo is also a WT-module
containing a submodule V+ generated by {vy}n>0. The ideal Iy, is isomorphic, as
H'(A, A)-Lie module, to the intermediate series representation V7 Zop—1),—p*

We know that if b ¢ Z or a # 0,1, then V,;, is simple [14]. This is not true for Vj’b
because the subspace generated by {v,}n>k is a submodule of Va y, for all k € N.

Proposition 7.5. For a,b € N, the W -module Vj‘aﬁb 1s indecomposable.

Proof. We claim that given v € V] b, v # 0, and kg > 0, there exists m > 0 such that
L,, - v belongs to (vn)n>k, and Ly, - v # 0. For this, we write v as a sum of elements in
the basis with non-zero coefficients: v = Zle ViV (i), SO that

Ly -v= Z'Vz m *Vp(i) = Z Yi(p(i) — am — b)vgo(i)—i-m'

The integer m can be chosen big enough to ensure that ¢(i)—am—b # 0 and ¢(i)+m > kg
for all 7, and our assertion is proved.

Let S be a non-trivial submodule of V_Jray_b. We have to prove that S is not a direct
summand of Vja,_b. The previous claim shows that it is sufficient to prove that there
exists kg € N such that v, € S, for all n > ky. Choosing a non-zero element v of S and
writing v = Zle ViVy(i) as before, we aim to show that there exists jo € N such that
vj, € S. If k =1, then we are done. Suppose now that £ > 1 and that the result holds
for elements that are linear combinations of less than k elements of the basis {vy, }rn>0.
Suppose first that there exists m > 0 such that ¢(i) —am —b =0 for some 4, 1 <i < k.
In this case

k k
Ly v =Y %Lm vy = 3, %) —am—bvy)im
=1 =L

and we use the inductive hypothesis for L, - v € S. In case ¢(i) — am — b # 0 for all 4,
we “shift” v, acting by L for some s so as to return to the previous situation:

Ly - Ly v—Z% 3) = am = b)((j) + 5 — am — b)ve(j) 4stm-

Since a,b € N, the equation ¢(j) + s = am + b has solutions j, m, s. Finally, since there
exists jo € N such that v;, € S and Ly, - vj, = (jo — am — b)vj,4m, it follows that there
exists ko € N such that (v,,)n>k, is a subspace of S. The proposition is thus proved. O
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Our next result concerns isomorphisms between two of such modules.

Proposition 7.6. Given a,b,a,8 € N, if V_J:L_b is isomorphic to V_Jr%_ﬂ as W+ —
modules, then a = .

Proof. We shall denote {v,, } and {w,} the generators of Vfaﬁb and Vfa’f 5, respectively.
Let f: Vfaﬁb — Vfa’fﬁ be an isomorphism of W*-modules. Since b € N, v, € Vfa’fb

and we write f(vp) = Z?:l YjWe(j)- Notice that Lo, = 0, which implies

k k
0=f(Lm-v) =Lo- f(vs) = > _vLo - ey = > 7i(#(d) = Bweiysm
j=1 j=1

We conclude from this that there exists jo, with 1 < jg < k such that ¢(jo) = 8 and
v; = 0 for all j # jo, so f(vp) = ywg. As a consequence,

J (L - v) = Lo - f(vp) = —aymwgim

for all m > 0. On the other hand,

f (L - vp) = f(=amupym) = —amf(vp1m).

This means that there exists d € C* such that f(vytm,) = dwgsm. If we choose m =1,
then f(vp+1) = dwpyq. This implies that, for all s > 0,

J(Ls - vp41) = Ls - dwpr = d(1 — as)wg 4.
Also f(Ls - vpt1) = (1 — as)dwpyi14s and we conclude that a =a. O
We have already mentioned that the H! (A, A)-module I, is isomorphic to V_+(2p_1) L
Let us now introduce for p > 1 the family of H' (4, A)-modules I, = (w2*') _ . Note
that o, 1 is an ideal of H***'(A, A) and it is isomorphic to Vi, _pas H'(A, A)-modules.
The previous proposition allows us to prove that the representations we have obtained
are pairwise non-isomorphic.

Corollary 7.7. Given p,q > 1,

o the H'(A, A)-modules Iy, and Izq are isomorphic if and only if p = g,
o The H'(A, A)-modules H* (A, A) /Iy, = V_‘Bp’_p and H* (A, A) /I, = Vg q are
isomorphic if and only if p = q,

o I, is never isomorphic to H*(A, A)/Iy,,

and similarly for Iopyq.
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8. Yoneda algebra

The augmentation map A — k sending x and y to 0 makes k an A-bimodule. We will
now compute the Hochschild cohomology of A with coefficients in k, together with its cup
product. Since Ext%. (4, k) is isomorphic as algebra to Ext% (k,k) [19], we will obtain the
Yoneda algebra E(A) of A. For this, we are going to use again the projective resolution
P, A of A as A-bimodule, to which we will apply the functor Hom se (—, k). Since P, A is
the minimal resolution of the connected graded algebra A, the differentials obtained in
Hom 4¢ (P, A, k) are all zero and hence H" (A4, k) is isomorphic to Hom 4¢ (P, A, k) for all
n > 0 and we obtain the following description of the cohomology spaces.

Proposition 8.1.

o The space H(A, k) is isomorphic to k with basis {e :1®1 — 1}.
o H'(A,K) is 2-dimensional with basis {n*,w'} defined by

nlezel)=1, n(leyel)=0,
wilerel)=0, w'(leyel)=1.

o For alln > 2, the space H" (A, k) is 2-dimensional with basis {n™,w™} defined by:

N"lea"el)=1, "(1ey* " 'el)=0,
W(l®z"®1)=0, Ww'(loy?z" 'el) =1

The Hilbert series of @0 H'(4,k) is h(t) = 1+23,., ' = HL. We are interested
in the cup product of E(A). We will use again the comparison morphisms in order to
compute it. Of course e € HO(A, k) is the unit of the cohomology algebra. We will prove
that, denoting n° := e, the subalgebra @;>0kn® is a polynomial algebra in one variable

and that the products amongst the w®’s are zero. More precisely:

Theorem 8.2. Using the notations of the previous proposition, we describe as follows the
products amongst the generators of H*(A,Kk):

o P =l =0, forallp,q>1,

o WP —wi=0, forall p,q>1,

e W nl=0=n7—w!, forallqg>1,

o WP —nl=wPtl=(=1)In?— WP, forallp>2 and q > 1.

As a consequence, the algebra H®(A,k) is generated by {e,r]l,wl,oﬂ}. Moreover,
H*(A,k) is isomorphic to the graded algebra

k(nl,wl,w2>/ ((w1)2 , (w2)2,wle,wal,wlnl,nlwl,w%l +7llw2)-
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Proof. We shall consider four cases and within each case we will compute the product
of two generic elements.

1st case: H' (A, k) — H' (A, k). Let ,¢ € H' (A, k),

p— P (1ea®®1) =pg — v (f2(1©2°21)) =g — g (1©2%* @ 1)
=pg1(1@z1)an(1erzel)=p(1lze1)P(lre1),
‘qu/’(l‘g’y%@l):Sﬁglv7/191(f2(1®y2$®1)):<p91\/1/)gl(y®y®:r®1
+10y0uel-10yQyR1-10201°R1—10y0zr®1
—1®x®yx®1>
=y-p(loye)W(leorel)+e(ley® 1)hg(l®yr 1)
—z-p(leyel)p(leyel) —plero)pn(ley’ ®1)
—z-p(1y)W(lezel)—p(leze 1)Yvgn(1Qyr® 1)
=p(1eye ) (y-v(1erzol)+p(1yx®1) 1)
—p(lezel)(y-Yv1eyel)+¥(leoydl) y)
—p(l@ze)(y-v(1loze)+y(leoyel) x).

If we look at the generators, we obtain that n' — n' = 1% and all other products are
zero.

2nd case: H' (A, k) — HP(A, k), with p > 2. Suppose that ¢ € H'(A4,k) and ¢ € HP(A4, k),

p— v (1o @1) = pg — gy (fr (1027 1))
= og1 — Pg, (1@ 2% ©1)
=010z )Yy, (1027 ®1)=p(l®ze )Y (1@’ @ 1),
cpvw(1®y2xp®1)

:@91V¢9p<1®y®yx®x®p‘1®1—1®x®y2®m®1’—1®1

p—2
71®x®yx®x®p1®1+z 292 @2 @2 i g1
=0

p—2

+Y () @2 @y e 1)

=0

=o(1®ye 1)y, (10yr @z ' 01) —p(lor @ 1)y, (10y° @2* '@ 1)
— P10z 1)Pg(l@yr@a®" 1)
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T
[ M)

+) (-Dip(leze )y (122®M e y? @22 1)

ing

©
I
o O

) (-Dp(lezel)g (1@2®'M@yr@2® 2" 1)
=

=p(leye )y (yez?®1)
—p(lezel)y (1ey’ s’ 'el) —p(leze )y’ @ 1)

S

[}

p—2 p—2
+) (Dl ez )e(0) + > (-1)'p(l ®z @ 1)3(0)
i=0 i=0
=—o(l®ze)yp(ley’a’ a1).
We conclude that nt — nP = pPtl nl — wP = —wPT and w! — P = w! — WP =0.

3rd case: Given ¢ € HP(A,k) with p > 2 and ¢ € H'(4, k),

v—op(lea!'el)=y(1le?®1)p(lezrel),
v—p(loy’a?el) =y 1oy’ 'el)¢(lezr®l)
+ e @) (va (19?0 1) +vg (18w e1))
=y (loy’2? ' ol)¢(lez1l).

1

As a consequence, 7P — nt = nPT WP — pl =wPtland P — w! = wP — W' =0.

4th case: Given ¢ € HY(A, k) and ¢ € HP(A,k) with p,q > 2,

p—p (1o el)=p(ler'e )y (10’ 1),
¢v¢(1®y2xq+pfl®1):(p(1®y2xq71®1)¢(1®x’”®1)
+ (1)1’ )y (1ey* s ©1).

Thus, we obtain the equalities n? — nP = pPT9, WP — 1 = WPTT = (=1)In? — WP,
w? — wP = 0. Therefore, there is a well defined injective morphism of k-algebras from
the algebra in the statement of the theorem to E(A). Since they have the same Hilbert
series, the last assertion is now clear. O

Notice that (H*(4,k),—) is not a graded commutative algebra and in particular,
(H*(A,k),—) is not a subalgebra of (H*(A, A),—). It is proved in [11, Theorem 1.8]
that if (B, A, e, u,n) is a Hopf k-algebra, then H*(B, k) is isomorphic to a subalgebra of
H*(B, B) and as a consequence H*(B, k) is graded commutative. For a Nichols algebra
the proof fails since the procedure to obtain a cocycle in C'*(B, B) from a cocycle in
C*(B,k) does not provide an actual cocycle if
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A W) # 3 by @ b))

The algebra A is not N-Koszul. This can be deduced from the minimal projective
resolution of k as A-module. There is a generalization of the notion of N-Koszul algebra:
the notion of KCs-algebra, see [5].

Corollary 8.3. The algebra A is Ks.

Proof. The algebra H®(A, k) is generated over H(A, k) in degrees 1 and 2. O
9. The Yoneda algebra of A#kZ

In this section we will describe the Yoneda algebra of the bosonization A#kZ of the
super Jordan plane. We recall that A is a kZ-module algebra, where the action of kZ
on A corresponds to the braiding ¢ of V(—1,2). Identifying kZ with the k-algebra of
Laurent polynomials k [¢,¢7!]. The action is defined by

t-x=-z; t-y=-y+u=z

Our main tool is Grothendieck’s spectral sequence of the derived functors of the compo-
sition of two functors [12] in Stefan’s version [19], which is multiplicative, see for example
[13]. The spectral sequence is

EYY =HP (Z,HY(A k) = HPT(A#KZ, k).

The action of kZ on H*(A,k) is defined at the complex level as follows, given ¢ €
Hom 4¢ (A®", k),

(t-@)(a1®...Qa,) =to(t ra1 ®...0t tay,),
where kZ acts on k via the counit map ¢ : kZ — k.
It is well known that the complex
1—t e
0 k7 k7 k 0 (9.1)

provides a projective kZ-resolution of k, and that for any kZ module M

H® (Z,M) =M%, H'(Z,M)=M/(m—t-m:me M) = Mg,
H" (Z,M) =0, forn>2.

The filtration we are using to compute the spectral sequence is the second filtration, see
[6, Chapter XV, p. 332], so the shape of the second page is
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i | 0

| | |
Hl(Z,H‘O(A,]k)) -—- Hl(Z,H‘l(A,k)) -—- Hl(Z,H‘z(A,k)) -—-

1 1 1
HO(Z,H‘O(A,k)) -—- HO(Z,H‘l(A,k)) -—- HO(Z7H‘2(A,]1<)) -—-

We have thus, in this first quadrant spectral sequence, only two non-trivial rows, and the
differential dy : EZY — E?~"9%* can only be non-trivial when p = 1. Moreover, there is
a five term exact sequence

do

0 — EJ' — > H'(A#KZ, k) Ey° Ey? — = H*(A#KZ, k).

(9.2)

Due to the shape of the spectral sequence, it will collapse at E3°.

We need to describe H* (A4, k)% and H'(A, k) for all i > 0. Our computation of H* (4, k)
has been obtained using the minimal resolution P, A of A as A-bimodule, so we need
to use again the comparison maps f, and g, of Section 5, more precisely, given ¢ €
Hom 4 (P A, k), the action of t on @ is t - ¢ = (t - pgq) fq- It is straightforward to verify
that the action is

t-e=e,
t-n'=-n', t-w=-n'-uw

ton? = (-1, t-wl= (-1l
As a consequence, we deduce that:
0,0 1,0
By =(e), Ey" ={e),
Eyt =0, Ey'=0,
EY?F = (%) BV = <nﬁ> for all k > 1,

B2 = () By = (W) forall k> 1.

Since there are only two non-trivial rows, the multiplicative structure of H*(Z, H* (A, k))
is induced by the cup product in E(A4). More precisely, the product, that we will denote -,
is just the restriction to the Z-invariants on the 0-th row, and it is the action of H®* (A, k)
on the coinvariants when one of the elements is in the 0-th row and the other one belongs
to the first row, and it is null — by degree arguments — when both of them belong to
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the first row. We need the products amongst the generators of each space. They are as
follows:

- =g for all p € H*(Z,H*(A,k)),
~p=1p, forall p e E(A)? ande-p = 0, for all p € E(A)z,
2k . an’ — nz(k+k’)

2k _w2k’+1 — w2(k+k’)+1 — ka’—H ‘7721@

.
IS I 0 @

)
’
2k+1 . 2K+ —
2k T _ N _ 2K’
2R = 2k k) = 2k 2k

2k 2K+ = 2k C 2R AL = 2(kHR) T — 2K+ o2k = w2k +1 2k,

.
=

.
3

~era— - ’
W2k L 2K+ — 0 = w2k+1. w2k 1

e p-p=0forall p,¢ € E(A)z.

The exact sequence (9.2) is

do

0 —> 0 —> HY(A#KZ, k) E}° EY? H? (A#KZ, k).

Since both E21’O and Eg 2 are one dimensional, ds is either zero or an isomorphism, and
this will depend on whether Hl(A#lkZ, k) is zero or not. We will compute this last space
directly, using that it is isomorphic to Exth#kz(k, k), that is, the space of classes of
isomorphisms of 1-extensions of k by k. As vector spaces, every extension will be as
follows:

0— >k —>k®Ok >k —>0

1 +—— (1,0)

The algebra A#KZ is graded with generators x,y and ¢, with z and y in degree 1 and
t in degree 0, so x and y act trivially on (1,0) and (0,1), while the action of ¢ sends
(1,0) — (1,7) for some 7 and (0,1) — (0,1). Suppose that s : k = k @ k is a splitting
of j, that is s(1) = (a,1), and ¢ - (a,1) = (a,ar + 1). All the relations are respected
and we have thus nontrivial extensions, indexed by the non-zero elements of k. As a
consequence Hl(A#]kZ7 k) =2 k and the map Hl(A#kZ, k) — Ezl’O is a monomorphism.
We already know that dimy E5° = 1; therefore dy : Ey° — E3? is zero. The spectral
sequence being multiplicative and the description of E21’j , for 7 > 2, allow to conclude

that dy : Ey7 — E37%% is zero for all j, hence E3® = E%°.
Theorem 9.1.

1. The Hochschild cohomology of A#KZ with coefficients in k is as follows:
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(e), ifi=0,
(@, ifi=1,
H (A#KZ, k) = { (7°) ifi=2,

<n2k w2k+1> ifi=2k+1,k>0

<n2k,w2k—1>, ifi =2 k> 1.

2. The Yoneda algebra E(AH#KZ) = @50 H (A#KZ, k) is the k-algebra generated by
e,n% w?, where deg(e) = 1, deg(n?) = 2, deg(w®) = 3. It is graded commutative,
summarizing

E(A#kZ) = k [n°] ® A(w®,@).
In particular, it is finitely generated.

Proof. It follows from the description of the spectral sequence and the fact that it is
multiplicative. O

Corollary 9.2. The algebra A#KZ is not K.

Remark 9.3. A#KkZ is isomorphic as a graded algebra to gr H, where H is the Hopf
algebra described in [2] and the filtration considered is the coradical filtration. Adapting
the methods of [15, Theorem 6.3], it is possible to prove that the Yoneda algebra of H
is also finitely generated.
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