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1. Introduction

In the late seventies and eighties, Johnson studied the algebraic structure of the map-

ping class group of a compact, oriented surface ¥ by examining its action on the lower

central series of 71 (X) [13]. He introduced a filtration of the mapping class group, which is
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now called the Johnson filtration, and defined homomorphisms on the terms of this filtra-
tion, called the Johnson homomorphisms. His study was preceded by Andreadakis’ work
on the automorphism group of a free group [1], and further developed by Morita [24].
So far, there have been several studies on variants of the Johnson filtrations and ho-
momorphisms for mapping class groups and other groups, including the works [2,3,6,
14,17,18,20,23,26,28,31,32], where the lower central series are replaced with some other
descending series.

The purpose of this paper is to generalize the Johnson filtrations and homomorphisms
to an arbitrary group acting on another group with a descending series called an extended
N-series. Our constructions do not only give a generalized setting in order to view the
above-mentioned variants from a unified viewpoint, but also provide new variants of the
Johnson filtration and homomorphisms for the mapping class group of a handlebody.

1.1. Eaxtended N-series and extended graded Lie algebras

An N-series K+ = (K;);>1 of a group K, introduced by Lazard [16], is a descending
series

K=K >K >

such that [K;, K;] < K,y; for all ¢,j > 1. The most familiar example of an N-series is
the lower central series I'y K’ = (I'; K');>1 defined inductively by I'' K = K and I'; (1 K =
[K,T;K] for ¢ > 1. It is the smallest N-series of K, i.e., we have I'; K < K for all 4 > 1
and for all N-series (K;);>1 of K.

By a graded Lie algebra we mean a Lie algebra L, = ;- L; over Z such that
[Li, L] C Liy; for i,j > 1. To every N-series K is associated a_graded Lie algebra

gry (Ky) = P Ki/Kisa,

i>1

where the Lie bracket is induced by the commutator operation.
An extended N-series, studied in this paper, is a natural generalization of N-series.
An extended N-series K, = (K;);>0 of a group K is a descending series

K=Ky>K >Ky>-- (1.1)

such that [K;, K;] < K;4, for all 4,5 > 0. Alternatively, a descending series (1.1) is an
extended N-series if the positive part Ky = (K;);>1 is an N-series and if K; is a normal
subgroup of K for all ¢ > 1. Note that an N-series K canonically extends to an extended
N-series by setting Ko = Kj.

An estended graded Lie algebra (abbreviated as eg-Lie algebra) Lo = (L;);>0 is a pair
of a graded Lie algebra L, = @, L; and a group Ly acting on L. To each extended
N-series K,, we associate an eg-Lie algebra gr,(K,) = (gr;(K.))i>o0, consisting of the
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graded Lie algebra gr, (K,) = gr, (K, ) associated to the N-series part K of K., and
the action of gry(K,) = Ko/K; on gr  (K,) induced by conjugation.

1.2. Johnson filtrations and Johnson homomorphisms

To recall Johnson’s approach to mapping class groups, assume that X is a compact,
connected, oriented surface with 9% = S'. Let K = 7 (3, %), where « € 9%, and let G
be the mapping class group of ¥ relative to 9%. The natural action of G on K gives rise
to the Dehn—Nielsen representation

p: G — Aut(K).

Let K. =Ty K be the lower central series of K. The Johnson filtration G, = (Gum)m>0
of G is defined by

G =ker(ppm : G — Aut(K/ K1),

where pp, (9)(kKpmv1) = p(g)(k)Kpmr1. The series G, is an extended N-series. The sub-
group G is known as the Torelli group of 33, and it is well known that ﬂmzo G, ={1}.
For m > 1, the mth Johnson homomorphism

Tm - Gm — Hom(Kl/Kg,Km+1/Km+2),
is defined by
Tm(9)(kK2) = g(k)k 'K, 1o for g € G, k € K.
Thus, 7., measures the extent to which the action of G, on K/K,, o fails to be trivial;
in particular, ker(7,,) = Gupq1. We can identify Hom (K /Ko, Kypt1/Kmt2) with the
group Der,, (gr, (K)) of degree m derivations of gr (K), since the associated graded Lie

algebra gr (K) = @,,>1 Km/Km1 is free on its degree 1 part K;/K,. Thus the 7,,’s
for m > 1 induce homomorphisms

T+ G /Gy — Derp, (gr (K)),
forming an injective morphism of graded Lie algebras
71 : gry(G) — Dery (gry (K)),
where Der (gr (K)) = ,,,>, Dery,(gr (K)) is the Lie algebra of positive-degree deriva-
tions of gr, (K). This morphism of graded Lie algebras, which contains all the Johnson

homomorphisms, was introduced by Morita [24, Theorem 4.8]; we call it the Johnson
morphism. From an algebraic viewpoint, it is important to determine the image of 7,
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which is a Lie subalgebra of Der (gr  (K)). We refer the reader to Satoh’s survey [36]
for further details and references.

We can extend Dery (gr, (K)) to an eg-Lie algebra Der,(gr, (K')), where the group
Derg(gr, (K)) = Aut(gr, (K)) acts on Dery (gr, (K)) by conjugation. Then the map 7
naturally extends to a morphism of eg-Lie algebras

Te : 8y (G) — Derq(gr, (K)), (1.2)
whose degree 0 part
7o : gro(G) = Go/G1 — Derg(gr, (K)) ~ Aut(H,(3;Z))
is given by the natural action of the mapping class group on homology.

1.3. The Johnson morphisms associated to extended N-series actions

We develop a theory of Johnson homomorphisms in the general situation where an
extended N-series G, = (Gn)m>0 of a group G acts on an extended N-series K, =
(Km)m>0 of another group K. This means that a left action

GXK—>K7 (g?k)'—>g(k)7
of G on K satisfies
g(k)k™' € K;1; forallge G;,i>0and k€ K;, j > 0. (1.3)

We say that a group G acts on an extended N-series K, if g(K;) = K; for all j > 0.
In this case, we have an extended N-series FX+(G) of G acting on K, defined by

F(G)={g€G|glk)k™ € Kiy; forall k € K, j > 0}. (1.4)

We call FX+(G) the Johnson filtration of G induced by K..

To each extended graded Lie algebra Lo, we associate the derivation eg-Lie algebra
Derq(Ls) (see Theorem 5.3). The degree 0 part Derg(L,) is the automorphism group
Aut(L,) of L,; the positive part Dery (L,) is the Lie algebra of positive-degree derivations
of Lo. Here, for m > 1, a degree m derivation of Lo consists of a degree m derivation
dy+ of Ly and a 1-cocycle dy : Lo — L,, satisfying certain compatibility condition (see
Definition 5.1).

To each action of an extended N-series G, on an extended N-series K., we associate
a morphism of extended graded Lie algebras

Te : 814 (Gx) — Dere(gr, (K.)), (1.5)

which we call the Johnson morphism, and which generalizes (1.2). The morphism 7, is
injective if and only if G, is the Johnson filtration induced by K. (See Theorem 6.4.)
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1.4. The case of N-series

If K, is the extension of an N-series K} = (K, )m>1, then the previous construc-
tions specialize as follows. The target Der,(gr,(K,)) = Derq(gr, (K4 )) of the Johnson
morphism (1.5) consists of the automorphism group Derg(gr, (K)) = Aut(gr, (K)) of
the graded Lie algebra gr, (K ) and the graded Lie algebra Der (gr, (K)) of positive-
degree derivations of gr, (K ).

These simplifications recover the usual Johnson homomorphisms [13,24] and An-
dreadakis’ constructions [1] since, if K = 'y K is the lower central series of a free
group K, then Der, (gr, (K4)) is isomorphic to the Lie algebra of “truncated deriva-
tions”

Dy (gry(Ky)) := @D Hom(K1/ K, Ky1/Komya).

m>1

We also consider the rational lower central series, and two mod-p versions of the lower
central series for a prime p. When K = 71(X) for a surface X, we recover the “mod-p
Johnson homomorphisms” introduced by Paris [28], Perron [32] and Cooper [6], which
are suitable for the study of the mod-p Torelli group. It is the subgroup of the mapping
class group consisting of elements acting trivially on Hy(X;Z/pZ).

After the first version of this manuscript was released, the authors were informed that
Darné, in his Ph.D. thesis in preparation [7], constructed the same generalization of the
Johnson morphism for an arbitrary N-series acting on another N-series.

1.5. Extended N-series associated to pairs of groups

We introduce two other types of extended N-series K, each associated with a pair
(K,N) of a group K and a normal subgroup N.

First, we associate to (K, N) an extended N-series K, defined by Ky = K and K,,, =
T',,N for m > 1. An important case is where NN is free; this happens in particular when K
is free. In this case, the positive part gr, (Ky) of the associated eg-Lie algebra gr,(K.)
is a free Lie algebra on its degree 1 part K;/Ky = N/I'sN. Unlike the classical case
where Ky = Ki, we have a non-trivial action of Ko/K; = K/N on gr,(Ky). This
situation arises when we consider the action of the mapping class group of a handlebody
Vy of genus g (based with a disk in the boundary) on 71 (Vy). In fact, our study of
generalized Johnson homomorphisms for extended N-series arises from the study of this
action of the handlebody mapping class group. We remark here that our generalized
Johnson homomorphisms determine McNeill’s “higher order Johnson homomorphisms”
[20] on some subgroups of the surface mapping class group, when N is any characteristic
subgroup of the fundamental group K of a surface.

Second, we associate to a pair (K, N) with [K, K] < N the smallest extended N-
series K, such that Kg = K1 = K and K5 = N. An example is the “weight filtration” of
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K = 71(X) for a punctured surface 3; thus, we recover the generalizations of the Johnson
homomorphisms on the mapping class group of ¥ studied by Asada and Nakamura [3].
In a different direction, we obtain a new notion of Johnson homomorphisms on the “La-
grangian” mapping class group of a surface studied from the point of view of finite-type
invariants by Levine, who also proposed a related notion of Johnson homomorphisms
[17,18]. This will be studied in the Ph.D. thesis of Vera in connection with the “tree
reduction” of the LMO functor Z introduced in [5].

1.6. Formality of extended N-series

We show that an action of an N-series G4 of a group G on an extended N-series K,
of a group K has an “infinitesimal” counterpart if K, is formal in the following sense.

The extended N-series K, induces a filtration on the group algebra Q[K]. We say that
K, is formal if the completion of Q[K] with respect to this filtration is isomorphic to the
degree-completion of the associated graded of Q[K] through an isomorphism which is the
identity on the associated graded. By generalizing Quillen’s result for the lower central
series [35], we show that the associated graded of Q[K] is canonically isomorphic to
the “universal enveloping algebra” of the eg-Lie Q-algebra grl(K,) (see Theorem 11.2).
(Here gr2(K,) is given by Ko/K; in degree 0 and by (K,,/Ky+1) ®Q in degree m > 1.)
We can thus characterize the formality of K, in terms of “expansions” of K, generalizing
the Magnus expansions for free groups. Then, we prove that such an expansion 6 induces
a filtration-preserving map

oG — H Derm(gr(g(K*)),

m>1
which induces
72 or, (G D UK
+ - ngr( *) — er+(gro( *))a

the positive part of the rational version 72 of 7, in (1.5) (see Theorem 12.6). Thus, we
may regard the map ¢’ as an “infinitesimal version” of the action

Gy — Aut(K.,),
containing all the generalized Johnson homomorphisms with coefficients in Q.
1.7. Organization of the paper
We organize the rest of the paper as follows. In Section 2, we fix some notations about
groups. Sections 3 and 4 deal with extended N-series and extended graded Lie algebras,

respectively. In Section 5, we introduce the extended graded Lie algebra consisting of
the derivations of an extended graded Lie algebra. In Section 6, we construct and study
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the Johnson morphism induced by an extended N-series action. In Section 7, we consider
truncations of the derivations of an extended graded Lie algebra. In Section 8, we special-
ize our constructions to N-series and, in Section 9, we illustrate these with variants of the
lower central series in order to recover several versions of the Johnson homomorphisms
in the literature. In Section 10, we consider two types of extended N-series defined by
a pair of groups, and we announce some works in progress. Section 11 computes the
associated graded of the filtration of a group algebra induced by an extended N-series.
We consider the case of formal extended N-series in Section 12.

Acknowledgment. The work of K.H. is partly supported by JSPS KAKENHI Grant
Number 15K04873.

2. Preliminaries in group theory

Here we recall a few facts about groups and fix some notations.
2.1. Groups

Let G be a group. By N < G we mean that NN is a subgroup of G, and by N < G that
N is a normal subgroup of G. Given a subset S of G, let (S) denote the subgroup of G
generated by S, and ((S)) = {(S) ¢ the normal subgroup in G generated by S.

For g,h € G, set

l9,h] = ghg'h™",  9h=ghg™',  h%=g 'hg.

We will freely use the following commutator identities:

[a,bc] = [a,b] - ®[a, d], [ab,c] = *[b, ] - [a, ], (2.1)
[a, b7t = [a, b]°, [a= ', 07! = [a,b]°, (2.2)
[[a, b],bc] - [[b, ], “a] - [[e, a], *b] = 1. (2.3)

We will need the well-known three subgroups lemma:

Lemma 2.1. If A,B,C < G, N « G, [A,[B,C]] < N and [B,[C, A]] < N, then we have
[C,[A,B]] < N.

2.2. Group actions

Consider an action of a group G on a group K:

GxK—K, (g,k)— g(k).
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Let K x G denote the semidirect product of G and K, which is the set K x G with
multiplication

(k,9) (K,9") = (kg(K'), 99')-
We naturally regard K and G as subgroups of K x G. Then, for g € G, k € K,
Ik =gkg ' =gk) e K<KxG
and
(9,k] = gkg 'kt =g(k)k™! € K <K xG.

We will use these notations whenever a group G acts on another group K.

For G’ < G and K’ < K, let [G’, K'] denote the subgroup of K generated by the
elements [¢/, k'] for ¢’ € G, k' € K, and let ¥'K’ denote the subgroup of K generated
by the elements 9% for ¢’ € G', k' € K'. For g € G, let [g, K'] denote the set of elements
of K of the form [g, k] for all ¥’ € K'.

3. Extended N-series and the Johnson filtration

In this section, we introduce the notion of extended N-series and the Johnson filtration
for an action of a group on an extended N-series.

3.1. N-series
An N-series [16] of a group G is a descending series
G=G12Gy>-->2G; >+
such that
(G, Gr] < Gy, for myn > 1. (3.1)

Note that (G;);>1 is a central series, i.e., [G,G;] < G4 for ¢ > 1. In particular, we have
G, < Gfori>1.

As mentioned in the introduction, the lower central series of G is the smallest N-series
of G.

3.2. Extended N-series

An extended N-series G = (Gm)m>0 is a descending series

Go>Gr1 =z >G>
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such that
[Gnu Gn] < Gm—i—n for m,n > 0. (32)
For every extended N-series Gy = (Gu,)m>0, the subseries G4 = (Gp)m>1 Is an
N-series. Conversely, every N-series (G, )m>1 extends to an extended N-series by setting
Go = G;.
A morphism f: G, — K, between extended N-series G, and K, is a homomorphism
f:+ Go — Ky such that f(G,,) C K,, for all m > 0. Let eNs denote the category of
extended N-series and morphisms.

In the rest of this section, we adapt several usual constructions for groups to extended
N-series.

3.8. Actions on extended N-series

Let K, be an extended N-series. By an action of an extended N-series G, on K,, we
mean an action of GGy on K such that

(G, K] C Ky for myn > 0. (3.3)
By an action of a group G on K, we mean an action of G on Ky such that
9(K,)=K, forgeG,n>0. (3.4)
Note that if G, acts on K., then Gy acts on K,.
3.4. Johnson filtrations

If a group G acts on an extended N-series K, then we have an extended N-series
FE«(GQ) of G defined by

FE(@)={9€G||g,K,] C Kpin for n >0} (3.5)
for every m > 0, which we call the Johnson filtration of G induced by K..

Proposition 3.1. If a group G acts on an extended N-series K., then the Johnson filtration
FE«(Q) is the largest extended N-series of G acting on K,.

Proof. Set G, = FX+(G). One easily checks that G, is a descending series of G, and
that [Gp, K] C Kpin for m,n > 0. We have [G,,,, Gy] C Gyqn for m,n > 0, since for
>0
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([Gm, Gnl, Ki] C {([Gmy [Gns Ki]] - [Gny [Gm,y Ki]] Wkone  (by Lemma 2.1)
- « [Gm7 Kn+i] ' [Gn>Km+i] >>K0><1G

- << Km—i—n-i—i >>K0><G = Km+n+i~

Hence G, is an extended N-series acting on K. It is clear from the definition of G, that,
if G’ is another extended N-series of G acting on K, then G/, < G,,. O

Remark 3.2. In the proof of Proposition 3.1, we did not use the condition [K,,, K,] <
Kppin, m,n > 0. Therefore, we can generalize Proposition 3.1 to any normal series
K, = (Kmn)m>o0 of a group K.

3.5. Automorphism group of an extended N-series
Let K, be an extended N-series. Define the automorphism group of K, by

which is the largest subgroup of Aut(Kj) acting on K,.. Note that a homomorphism
G — Aut(K,) is equivalent to an action of G on K.

Let Aut,(K,) denote the Johnson filtration FX+(Aut(K,)) of Aut(K,) induced by K.,;
thus,

Aut,, (K,) = {g € Aut(K.) | [¢9, K»] C Kpgn for n > 0} (3.7

for m > 0. Note that a morphism G, — Aut,(K,) of extended N-series is equivalent to
an action of G, on K. The following lemma is easily verified.

Lemma 3.3. Let K, be an extended N -series.

(1) If K, is characteristic in Ko for all m > 1, then Aut(K,) = Aut(Kp).
(2) If K, is characteristic in Ky for all m > 2, then Aut(K,) = Aut(Ky, K1), where
Aut(Ko,Kl) = {g S Aut(Ko) | g<K1> = Kl}

Example 3.4. Let K, be an extended N-series. Then K, acts on itself via the conjugation
K x K — K, (k,k'") — FE'. Thus, we have a morphism of extended N-series

Ad® K, — Aut,(K,),

called the adjoint action of K,. In general, K, does not coincide with the Johnson
filtration ]—'*K*(KO) of Ky induced by its action on K,. For example, if Ky is abelian,
then FX(Ky) = (Ko)n>0, which is different from K, in general. See Remark 10.4 for
an example where we have K, = FX(Kj).
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4. Extended graded Lie algebras

It is well known [16] that to each N-series is associated a graded Lie algebra over Z.
Here we associate to each extended N-series an eg-Lie algebra.

4.1. Graded Lie algebras

Recall that a graded Lie algebra Ly = (L, )m>1 consists of abelian groups L,,, m > 1,
and bilinear maps

[,]: Lim X Ly = Lipin
for m,n > 1 such that

o [z,2]=0forz € L, m>1,
o [z,y]+[y,x]=0forz € L, y€ Ly, mn>1,
o [z, [y, 2] +y, [z, 2] + [z [x,y]] =0 for x € L,,,, y € Ly, 2 € L, m,n,p > 1.

Also, let L denote the direct sum €, ~; L by abuse of notation.

A morphism fi : Ly — L', of graded Lie algebras is a family fr = (fi)i>1 of
homomorphisms f; : Ly — L} such that fiy;([z,y]) = [fi(x), fj(y)] for all x € L,
y € Lj, 4,5 > 1. An automorphism of L is an invertible morphism from L, to itself.
Let Aut(L4) denote the group of automorphisms of L.

An action of a group G on L, is a homomorphism from G to Aut(L4). In other
words, it is a degree-preserving action (g, z) — 92 of G on Ly such that

Iz, y] = [Yz,%] for g € Gand x,y € Ly. (4.1)
4.2. Extended graded Lie algebras

An extended graded Lie algebra (abbreviated as eg-Lie algebra) Ly = (Lyy,)m >0 consists
of

e a group Ly,
o a graded Lie algebra Ly = (Lp)m>1,
o an action (g,z) — 9z of Ly on L.

A morphism fo = (fm : Lm — L},)m>0 : Le — L, between eg-Lie algebras L, and
L, consists of

o a homomorphism fy : Ly — L,
« a graded Lie algebra morphism fi = (fm)m>1 : Ly — L/,
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such that

F("y) = 7@ (i (y))

for all x € Lo, y € L,,, m > 1. Let egL denote the category of eg-Lie algebras and
morphisms.

4.8. From extended N-series to eg-Lie algebras

For each extended N-series K, we define the associated eg-Lie algebra Ko = gr,(K.,)
as follows. Set

Ky = 8t (Ky) = Ko/ K
for all m > 0. The group K is not abelian in general, whereas K,, is abelian for m > 1.
Thus we will use multiplicative notation for the former, and the additive notation for
the latter. The Lie bracket [, -] : Ko x K,y = Ky in K, is given by
[aK i1, b 1] = [a, 0] Ky (4.2)
for m,n > 1, and the action of Ky on K,, is given by
KD (b 1) = (*6) Kt (4.3)
Observe that K is the usual graded Lie algebra associated to the N-series K (see [16,
Theorem 2.1]).
There is a functor gr, : eNs — egL. Indeed, every morphism f : G, — K, in eNs
induces a morphism gr,(f) : gro(G«) — gr,(K.) in egL defined by
gre(f)(9Gm+1) = f(9) Kmi1, (9 € Gm,m =0). (4.4)

5. Derivation eg-Lie algebras of eg-Lie algebras

In this section, we introduce the derivation eg-Lie algebra of an eg-Lie algebra, which
generalizes the derivation Lie algebra of a graded Lie algebra.

5.1. Derivations of an eg-Lie algebra

Let Lo be an eg-Lie algebra.

Definition 5.1. Let m > 1. A derivation d = (d;);>0 of L of degree m is a family of maps
d; : Ly = Ly,4; satisfying the following conditions.
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(1) dy = (di)i>1 is a derivation of the graded Lie algebra L, i.e., the d; for i > 1 are
homomorphisms such that

dij([a,b]) = [di(a),b] + [a, d;(D)]

fOI‘CLGL,’,bELj,i,jZl.
(2) The map dy : Ly — Ly, is a 1-cocycle. In other words, we have

do(ab) = do(a) + “(do(b))

for a,b € Lg.
(3) We have

di(*b) = [do(a), “b] + “(d;(b))
forae Lo, be L;, i > 1.

For m > 1, let Der,, (L, ) be the group of derivations of Lo of degree m. Set Der (Ls) =
(Dery(Le))m>1-

Theorem 5.2. We have a graded Lie algebra structure on Dery(Ls) such that, for
m,n > 1, the Lie bracket

[-,:] : Dery,(Le) x Dery,(Le) — Derpyyn (L)

s given by

[d7 d/]i(a) =

{dn(dB(a)) — din(do(a)) = [do(a), dy(a)) (i =0,a € Lo), (5.1)

dnti(di(a)) = dy, 1 i(di(a)) (iz1,a€L).
We call Der (L, ) the derivation graded Lie algebra of L,.

Proof of Theorem 5.2. For simplicity of notation, set D = Der (L,).

For d € D,,, d € D,, m,n > 1, define [d,d'] = ([d,d']; : Ly = Litm+n)i>0 by (5.1).
We prove [d,d'] € D4y, as follows.

First, [d,d']+ = ([d,d'];)i>1 is a derivation of L since the commutator of two deriva-
tions of a Lie algebra is a derivation.
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Second, we verify that [d,d']g : Lo = Lptn is a 1-cocycle. For a,b € Ly,

[d,d'](ab)
= dd’(ab) d'd(ab) — [d(ab), d (ab)]
= d(d' “(d'(b)) — d'(d(a) +*(d(b))) — [d(a) +“(d(b)),d'(a) + *(d'(b))]
= dd'(a [d (a),"(d'(b)] +*(dd'(b)) - d'd(a) — [d'(a),"(d())] — *(d"d(b))
—[d ( ),d'(a)] = [d(a),(d'(b))] — [*(d()),d'(a)] — [*(d(b)),"(d'(1))]
= dd'(a) + *(dd'(b)) — d'd(a) — “(d'd(b)) — [d(a),d'(a)] — “[d(b),d'(b)]
= [d, d'}(a) +“([d, d'](b))-
Third, for a € Lo, b € L;, 1 > 1, we have
[d, d']("b) = dd'("b) — d'd("D)
= d([d'(a), 0] +*(d'(0))) — ([d(a)yab] +(d(b)))
= [dd'(a),"b] + [d'(a), d(a ¢
—[d'd(a), "] -
= [dd'(a),"b] + [d'(a), [d(a), 0]+ (d(b))] + [d(a), " (d'(b)] + *(dd' (b))
— [d'd(a), 0] — [d(a), [d'(a), *b] + *(d'())] — [d'(a), " (d(b))] — “(d'd(D))
= [dd'(a),b] + [d'(a), [d(a), “b]] + *(dd' (b))
= [d'd(a), "] — [d(a), [d'(a), “b]] — “(d'd(D))
= [dd'(a) — d'd(a) — [d(a),d'(a)],"b] + “(dd'(b) — d'd(b))
= [[d, d'](a), 0] + *([d, d'](b)).
Therefore, [d,d'] is a derivation of L, of degree m + n.
Now we show that the maps [-, -] : Dy, X Dy, = Dypyqyy for m,n > 1 define a graded Lie

algebra structure on D . Clearly, we have [d,d] = 0 and [d,d'|+[d',d] = 0 for d,d' € D,.
Thus it remains to check the Jacobi identity

[d, [d',d"]})(a) + [d", [d, d'])(a) + [d', [d", d]](a) = O (5:2)

for d,d',d” € Dy and a € L; with ¢ > 0. For ¢ > 1, this is the standard fact that
derivations of a Lie algebra form a Lie algebra. For ¢ = 0, we have

[d.[d",d"))(a) = d[d', d"(a) — [d', d")d(a) — [d(a), [d', d"](a)]
= d(d'd"(a) - d"d'(a) - [d'(a),d"(a)]) — (d'd"d(a) — d"d'd(a))
— [d(a),d'd"(a) — d"d'(a) — [d'(a),d"(a)]]
= dd'd"(a) — dd"d'(a) — [dd'(a), d" (a)] — [d'(a),dd"(a)]
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—d'd"d(a) + d"d'd(a)
— [d(a),d'd"(a)] + [d(a),d"d'(a)] + [d(a), [d'(a),d" (a)],

from which (5.2) follows. O
5.2. Derivation eg-Lie algebras

Let Lo be an eg-Lie algebra.

Theorem 5.3. The derivation graded Lie algebra Dery(Le) extends to an eg-Lie algebra
Dere(Ls) by setting Derg(Le) = Aut(Le) and by defining an action

Derg(Ls) x Dery,(Le) — Der,,(Ls), (f,d) — Yd, (5.3)

form >1 by

(fd)z(a) = fmﬂdifi_l(a) (Z >0,a € Ll) (54)
We call Dere(Ls) = (Deryy, (Le))m>0 the derivation eg-Lie algebra of L.

Proof. For simplicity of notation, set Dy = Dere(Ls). For f € Dy, d € D,,, m > 1,
define d = ((fd); : Ly = Liym)i>0 by (5.4). We prove /d € D,, as follows.
First, we check that (/d) is a derivation of L. For a € L;, b€ Lj, i,j > 1,

(Yd)([a,0]) = fdf " ([a,b])
= fd([f~ (), f7(B))
= f(ldf (@), O] + [ (a), df T (B)])
= [fdf = (a), b] + [a, fdf = ()]
= [(Pd)(a),0] + [a, (d)(B)].

Second, we check that (fd)g : Ly — L, is a 1-cocycle. For a,b € Ly,

(Yd)(ab) = fdf " (ab)
= fd(f~"(a)f (1))
= f(dr @)+ (@)
= fdf (@) + “(fdf 7' (b)) = (Pd)(a) +*((Pd)(b)).
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Third, we have for a € Lo, b€ L;, 1 > 1,

() (“b) = fdf~* (D)
= fd(" (1)
= F([ar @, @O o]+ O (@ )
= [fdf~'(a),"0] + *(fdf (b))
= [(Ud)(a),"b] +“((d)(1)).
Therefore, /d is a derivation of the eg-Lie algebra L, of degree m.
It is easy to check that the maps Do x D,, — Dy, (f,d) = fd for m > 1 form an
action of Dy on the graded abelian group D.. Let us verify that this action preserves

the Lie bracket of D,. Let g € Dy, d € D,,, d € D,, with m,n > 1, and let a € L; with
i > 0. For i > 1, we have

(“[d,d))(a) = g[d,d'lg~"(a)
= g(dd' — d'd)g~"(a) = (gdg~'gd'g™" — gd'g gdg~")(a) = [?d,?d'] (a)

and, for ¢ = 0, we have

(“[d, d')(a) = gld,d'lg" " (a)
= gdd'g~"(a) — gd'dg™"(a) — g[dg~"(a),d'g" " (a))]
= gdg~'gd'g"(a) — gd'g" gdg~" (a) — [gdg~"(a),gd'g" " (a)]
= [9d,9d'](a).

Hence D, is an eg-Lie algebra. 0O
Example 5.4. Let L, be an eg-Lie algebra. There is a morphism of eg-Lie algebras
ad = ad’* : L, — Der, (L), (5.5)

called the adjoint action of L. It is defined by

ah fora € Lo, b€ Ly, n >0,
[a,b] fora€ L,,,m>1,b€L,, n>0,

ad(a)(b) = {

where we set [a,b] = a — ba for a € L,,, m > 1 and b € Lg. The proof is straightforward
and left to the reader.
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6. The Johnson homomorphisms of an extended N-series action

In this section, we generalize Johnson homomorphisms for an arbitrary action of
extended N-series G, on K,. These “Johnson homomorphisms” form a “Johnson mor-
phism”

Fu s gra(G.) — Dera (gr, (K.)
with values in the derivation eg-Lie algebra of gr, (K.).
6.1. Generalized Johnson homomorphisms

In this subsection, we consider an extended N-series G, acting on an extended N-series
K., and we set K, = gr,(K.). For every m > 0, we will define a homomorphism

T = Tg*’K* Gy — Derm(I_(.),

which we call the mth (generalized) Johnson homomorphism. We treat the cases m =0
and m > 0 separately.

Proposition 6.1. There is a homomorphism
70 : Gg — Aut(K’.)
which maps each g € Go to 170(g9) = (10(9)i : Ki — K;)i>o defined by
70(9)i (aKit1) = (Ya) Kis1. (6.1)

Proof. Let End(K,) denote the monoid of endomorphisms of the eg-Lie algebra K,. Let
g € Go. We prove that 75(g) € End(K,) is well defined as follows. It is easy to see that
10(9)i : K; — K; is a well-defined homomorphism for i > 0.

Next, (70(g):)i>1 : K+ — K is a graded Lie algebra automorphism since, for a € K;,
be Kj,i,7 > 1, we have

70(9)([aKit1,bKj11]) = 10(9)([a, 0 Kt j1+1) = (U@, b)) Ky j1 = [Ya, 90 Ky
= [(“a)Kiy1, Ob)Kj11] = [10(9)(aKi11),70(9) (DK j41)].

We now check the equivariance property:

70(9) (K (bKi11)) = 10(9) (“D) Kit1) = ((“0)) K1 = (C¥(9D)) Kisa
= COR((90) K1) = @K (7 (g) (0K 41))

for a € Ko, b € K;, i > 1. Thus, we have 79(g) € End(kK,).
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The map 79 : Gy — End(K,) is a monoid homomorphism, i.e., we have 19(gg’) =
T0(g)10(g’) for g, ¢" € Go. Indeed, for a € K;, i > 0, we have

/

70(99) (aKiy1) = ((ggl)a)KiH = (g(g/a»KiH = 70(9)((9 G)Kiﬂ)
= 10(9) (10(9") (aKi41)) = (0(g9)70(9"))(aKi11).

Hence 7y takes values in Aut(K,). O

Proposition 6.2. For m > 1, there is a homomorphism

T+ G — Der,, (K,)

which maps each g € G, t0 T (9) = (Tim(9)i : Ki — Kmyi)i>o defined by

Tm(9)i (aKit1) = [g, al Kpmtivi- (6.2)

Proof. Let g € Gy,,. We show that 7,,,(g) € Dery,(K,) is well defined as follows.

Since G, acts on K, we easily see that the map 7,,,(g); : K; — I_{mﬂ- is well defined
by (6.2) for all ¢ > 0. The map 7.,,(g); : K;i — K4 is a l-cocycle if i = 0 and a
homomorphism if ¢ > 1: indeed, for all a,b € K;, we have

Tm(9) ((aKit1)(bKit1)) = Tm(g)(abKt1)
= [g, ab] Kpptit1
= ([gaa’] ' a[g,b])KeriJrl

_ {Tm<g><a> + @K (7, (g)(b) i i =0,
T (9)(a) + 7 (9)(0) ifi> 1.

Next, we verify that (7,,,(g)i)i>1 is a derivation of K. Fora € K;, b€ K, 4,j > 1,
we have

Tm(9) ([aKit1,bK;11]) = Tm(9) ([0, 0] Kiyj11)

[9: [a, b Kmtitjs

(llg: al, bl Kmtivjr1) + ([a; [g, 0| Ko vt i)

[9, a] K tit1, bKj 1] + [aKit1, [9, 0 K j41]
Tm(9)(aKiy1), 0K 1] + [aKiy1, 7 (9) (0K 11)].

[
[
It remains to check that

T (9) (K (0Ki41)) = [Tm(9)(aK1), KD (0K 41)] + 5 (10(9) (0K i41))  (6.3)
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for a € Ky and b € K;, i > 1. Indeed, since

“[g.b] = [“g, 8] = [[a, glg, ] = [ [g, D] - [[a, g], D]
= [9.°0] - [lg,a] ", 0] = [9,°0] - [[g,a], *b] " (mod Kpyit1),

we obtain
) (7 (9)(0Ki41)) = 5 ([g, Bl Kom 4411
= (a[g»b]) m+i+1
= ([g,°0] - [ 1) mit1
= (g’ab] +l+1) ([[ ] ] m+z+1)
= T (9) ("0)Ki41) = [[9, A K1, (“D) K1)
= Tm(9) (aKl) bKi11)) = [Tm(9)(aKy), 5V (0K 1)),

proving (6.3). Thus, we have 7,,(g) € Der,, (K,).
Finally, we show that the map 7,, : G,, — Der,,(K,) is a homomorphism. Indeed, for
9,9 € G, a € K;, i >0, we have

Tm(99")(aKit1) = (99", a] Komtis
= (%l¢',a] - l9,a]) Kmyis1
= ([9’7“] : [Q»G]>Km+i+1
=9, alKpmrit1 + (9, ] Konsiva
= T (9")(aKi11) + Tim(9)(aKis1) = (Tm(9) + Tm(9')) (K1), D

It is easy to prove the following.
Proposition 6.3. For m > 0, we have
ker(7m) = G N Finz1(Go) = {9 € G | [9, K] C Kppia fori >0}, (6.4)
where FX+(Gy) is the Johnson filtration of Gy induced by K.

Set G,, = gr,,(G.) for each m > 0. By Propositions 6.1 and 6.2, 7, induces a
homomorphism

T @ G — Deryy, (K). (6.5)
By Proposition 6.3, we have

ket(n) = (G N F5 1 (Go))/Grmpa.- (6.6)
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6.2. The Johnson morphism

In this subsection, we show that the family of all generalized Johnson homomorphisms
form a morphism of eg-Lie algebras, which we call the Johnson morphism.

Theorem 6.4. Let an extended N-series G, act on an extended N-series K., and set
Ge = g1,(G.), K¢ = g1 (K.). Then the family T = (Tm)m>0 of all homomorphisms T,
defined by (6.5) is a morphism of eg-Lie algebras

To : Go — Der(K,). (6.7)
Moreover, T, is injective if and only if G is the Johnson filtration FX+(Gy).
Proof. We know that 7,, is a homomorphism for each m > 0. Let us check that (7,)m>1 :

G, — Dery(K,) preserves the Lie bracket. For g € G, ¢ € G, myn > 1, a € K,
1 > 0, we have

Tm+n([gKm+17 g Kn+1])(aKi+1)

= Tmtn((9, 1 K mtnt1)(aKit1)
= [lg,9']. ] mAn4itl

= lg,9', a] Kntitr
= g ] m4n+it1

] [9 [9 a’H)Km-&-n-i-i-i-l

[lg
[lg
([%,
([lg: 9] - [l glg, 19", al]) Kimnsita
([,
(

] [97 [g a]] ’ Hang [glvaH)Km-‘rn-‘rH-l

g/, ] 9.9+ al] - [l9.a] 1v[glaa]])Km+n+z‘+1
= _%n(g Gn+1)(7_'m(9Gm+1)(aKi+1)) + %m(gGm-i-l)(%n(g/Gn-i-l)(aKHl))
— 05,0 [Tm (9Gm41)(aKit1), Tu(g' Gni1) (K it1)]
(

= [fm(gGm—&-l)v Tn (g/Gn+1)] aKit1).

Hence (Tm)m>1 is a morphism of graded Lie algebras.
It remains to verify the equivariance property for 7,. For g € Go, ¢’ € Gy, m > 1,
a € K;, 1> 1, we have

T (99 (9 G i) (aKi41) = T (99') Grat1 ) (aK i11)

=9, a] K+t
—1

=91g,9 a]Kpmyin
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= To(9G1) (fm(gleH)(?0(9G1)_1(GK¢+1))>

= ("W 7 (g Cngr)) (aKi11).
Hence 7, is a morphism of eg-Lie algebras.
The second statement of the theorem says that 7, is injective for all m > 0 if and

only if we have G,, = FX+(Gy) for all m > 0. This equivalence is easily checked by
induction on m > 0 using (6.6). O

As a special case of Theorem 6.4, we obtain the following.

Corollary 6.5. Let K, be an extended N-series. Then we have an injective morphism of
eg-Lie algebras

Te @ 8rq(Aut, (K,)) — Dero(gr, (K.)), (6.8)
where Aut, (K,) is the Johnson filtration of Aut(K,) defined by (3.7).

Example 6.6. Continuing Examples 3.4 and 5.4, let us consider the adjoint actions Ad**
and ad®« 5 The morphism 7, in (6.8) fits into the following commutative diagram:

gro (Ad"*)
gl (K*) - &r, (Aut* (K*)>

7
m J/o

Dera (gra (K.)).
7. Truncation of a derivation eg-Lie algebra

Here we define the “truncation” De(L,) of the derivation eg-Lie algebra Ders(Ls) of
an eg-Lie algebra L,. This structure is useful mainly when the positive part Ly of L, is
a free Lie algebra generated by its degree 1 part.

7.1. Truncation of a derivation eg-Lie algebra

Let Lo be an eg-Lie algebra. Here we define a graded group De(Le) = (D, (Le))m>0,
which we call the truncation of Dere(Ls). Set

Do(L.) = {(do,dl) € Aut(Lo) X Aut(Ll)

(7.1)
| dy(°b) = %@ (d, (b)) for a € Lo, b€ Ly},

which is a subgroup of Aut(Lg) x Aut(Ly). For m > 1, define an abelian group D,,,(Ls)
by
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Dy (Ly) = {(do,d1) € Z' (Lo, L) x Hom (L1, L)

| dy(°b) = [do(a), *b] + *(d1 (b)) for a € Lo, b € Ly}, (72
where Z1(Lyg, L,,) denotes the group of L,,-valued 1-cocycles on Ly:
ZM(Lo, Ly,) = {do : Lo — Ly, | do(ab) = do(a) + “(do(b)) for a,b € Lo}. (7.3)
For every m > 0, there is a homomorphism
tm : Deryy(Le) — Dp(Le), (di)i>0 — (do,dq). (7.4)

Lemma 7.1. If the positive part Ly of an eg-Lie algebra Lo is generated by its degree 1
part Ly, then t,, is injective for each m > 0.

Proof. First, we prove that the kernel of ¢y is trivial. Take d = (d;);>0 such that (do,d;) =
(idp,,idg, ). We prove d; = idy, for all ¢ > 0 by induction on ¢ > 0. Let ¢ > 2. Since Ly
generates L, L; is generated by the elements [z, y] with € Ly, y € L;_1. We have

di([z,y]) = [d1(2), di-1(y)] = [2, Y]

by the induction hypothesis. Hence d; = idy,.

Now we prove that the kernel of ¢,, is trivial for m > 1. Take d = (d;);>o with
(do,dy) = (0,0). We prove d; = 0 for all ¢ > 0 by induction on ¢ > 0. Let ¢ > 2. Since L,
generates L, L; is generated by the elements [z,y] with € Ly, y € L;_;. We have

di([z,y]) = [d1(2), y] + [z, di—1(y)] = 0
by the induction hypothesis. Hence d; = 0. O

Lemma 7.2, Let L, = @121 L; be the graded Lie algebra freely generated by an abelian
group A in degree 1. For m > 1, every homomorphism dy : A = L1 — Ly,11 extends
(uniquely) to a derivation d of Ly of degree m.

This lemma is well known at least for A a free abelian group. (See [34, Lemma 0.7]
for instance.) We give a proof here since we could not find a suitable reference for the
general case.

Proof of Lemma 7.2. Let M = .., M; be the non-unital, non-associative algebra freely
generated by A in degree 1. (Thus we have My = A, Mo = AQ A, Ms = AQ (AQ A) @
(A® A)® A, etc.) Let « : M x M — M denote the multiplication in M. Then the free
Lie algebra L; may be defined as the quotient M /I of M by the ideal I generated by
the elements

bxb, by * (byxb3)+ by x(bg*by)+ bz * (b xbg)

for all b, by,bo,b3 € M.
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Let dy : My — M, 11 be a lift of di to M,,41, i.e., we require that the diagram

dy
M1 E— Mm+1

id{g |

Ll T) Lm+1
1

commutes, where p denotes the projection. The map d; extends uniquely to a degree m
derivation dy = (d; : M; — Min4;)i>1 of M. One easily checks dy (I) C I. Therefore, d
induces a family of homomorphisms di = (d; : Ly = Ly,4)i>1. Clearly, d is a degree
m derivation of L. O

Proposition 7.3. If the positive part Ly of an eg-Lie algebra Lo is freely generated by its
degree 1 part Ly, then t,, is an isomorphism for all m > 0.

Proof. By Lemma 7.1, t,, is injective. Thus it suffices to check that if (dy,dy) € Dy, (L),
then it extends to at least one (d;);>0 € Dery,(La).

First, let m = 0. The automorphism d; of L; extends uniquely to an automorphism
dy = (d; : L; — L;);>1 of the graded Lie algebra L. It suffices to prove the equivariance
property, i.e.,

d;(“b) = (di(b)) (7.5)

for a € Lo, b € L;, i > 1, which is verified by induction on 7 > 1.
Now, let m > 1. By Lemma 7.2, we can extend the homomorphism d; to a derivation
dy = (d; : Lj = Lyyyi)i>1 of Ly of degree m. It suffices to prove that

di("b) = [do(a),“b] + “(di(b)) (7.6)

for a € Lo, b € L;, i > 1. The proof is by induction on ¢ > 1. Let 7 > 2. We may assume
b=1[,b"],b € L, b” € L;_1. Then we have
di("b) = di(["V',“b"])

= [dr(*0"), “b"] + [V, dia (*D")]

= [[do(a),” }+a(d1( )) ab"] [V, [do(a), *b"] + “(di-1(b"))]
= [[do(a), *b'],*b"] + [*(d1 (b)), “b"] + [*V', [do(a), *b"]] + [*V, *(di—1(b"))]
= [do(a), [*0', *b"]] + *[dr (b'),0"] + [, di—1 (b")]

[do(a),“[b',0"]] + “(di([t',0"])) = [do(a), “b] + *(di(b)),

where the third identity is given by the induction hypothesis. O
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7.2. The eg-Lie algebra structure of the truncation

Let Lo be an eg-Lie algebra whose positive part L, is freely generated by Lj.
By Proposition 7.3, De(Ls) is endowed with a unique eg-Lie algebra structure such that

te = (tm)m>0 : Dete(La) — Du(Ls) (7.7)

is an eg-Lie algebra isomorphism. The following is easily derived from the definition of
Derq(Ls) given in Section 5.2.

Proposition 7.4. Let Lo be an eg-Lie algebra such that L. is freely generated by L1 as
a graded Lie algebra. Then the graded group De(Le) has the following eg-Lie algebra
structure.

(1) The Lie bracket [d,d'] € Dyyn(Le) of d = (do,d1) € Dpy(Le) and d' = (dy,d}) €
D, (Ls) with m,n > 1 is defined by

[d, d']Jo(a) = dn(dy(a)) — d},,(do(a)) — [do(a), d(a)]  for a € Lo,

[d, d"]1(b) = dny1(dy (D) — dpppy 1 (di (D)) forbe Ly,
where dy = (d;)i>1 and d, = (d;)jzl are the derivations of L, extending di and
d}, respectively.

(2) The action 'd € Dy, (L) of f = (fo, f1) € Do(Le) on d = (do,d1) € Dy, (Le) with
m > 1 is defined by

(fd)o(a) = fmdofy*(a) fora € Lo,
(Pd)1(b) = frnirdifr 1 (b) forbe Ly,

where f1 = (fi)i>1 s the automorphism of Ly extending fi.
8. Extended N-series associated with N-series

In this section, we illustrate the constructions of the previous sections with the ex-
tended N-series defined by N-series.

8.1. Extended N-series associated with N-series

Let K} = (K,»)m>1 be an N-series of a group K = K;. We consider here the extended
N-series K. = (K,,)m>0 obtained by setting Ky = K1 = K.

By an action of an extended N-series G, on K we mean an action of G, on K,.

Let L; be a graded Lie algebra. Let Derg(Ly) = Aut(L4) be the automorphism
group of L and, for m > 1, let Der,,(L+) denote the group of derivations of L of
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degree m. We call Dery(Ly) = (Dery,(Ly))m>1 the graded Lie algebra of positive-
degree derivations of L. The group Aut(Ly) acts on Dery (Ly) by conjugation. Thus
Dere(Ly) = (Dery,(Ly))m>0 is an eg-Lie algebra.

Theorem 6.4 implies the following.

Corollary 8.1. Let an extended N-series G, act on an N-series K, and let Gy = gr (G.),
K, = gry (K1). Then the family Te = (Tm)m>0 of all homomorphisms T, defined by
(6.5) is a morphism of eg-Lie algebras

To : Go — Derg(K ). (8.1)
Moreover, T, is injective if and only if G, is the Johnson filtration FX+(Gy).

In the rest of this section, we consider N-series with special properties (called Ny-series
and N,-series). We show that if a group G acts on such a special N-series, then the
positive part of the Johnson filtration of G is an N-series of the same kind.

8.2. Ny-series

An Ny-series of a group K is an N-series K such that K/K,, is torsion-free for all
m > 1.

An N-series K, can be transformed into an Ny-series \/K_+ by considering the root
sets of its successive terms. Specifically, we define for all m > 1

VK ={r € K|z € K, for some i > 1}.

See [29, §1V.1.3] or [30, §11, Lemma 1.8] in the case of the lower central series, and [21,
Lemma 4.4] in the general case. Note that /K is the smallest Ny-series of K containing
K, : thus, VK, = K, if and only if K is an N-series.

Example 8.2. The rational lower central series of a group K is the Ng-series /'L K =
(VI'mK)m>1 associated to the lower central series I'y K of K. It is the smallest No-series
of K.

Proposition 8.3. Let a group G act on an Ny-series K. Then the positive part ]-"f* (@)
of the Johnson filtration FX+(G) is an Ny-series.

Proof. Set G, = FX+(G). By Proposition 3.1, G is an N-series of G;. Therefore, it

remains to show that G,,/Gn+1 is torsion-free for m > 1. By Corollary 8.1, the mth
Johnson homomorphism induces an injection

T+ G/ Gny1 — Derp, (K ).

Hence it suffices to check that Der,, (K, ) is torsion-free. This follows since K itself is
torsion-free. 0O
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8.8. Np,-series

Let p be a prime. An N,,-series of a group K is an N-series K such that (K,,)? C Ky,
for all m > 1. By a result of Lazard [16, Corollary 6.8], K = @121 K;/Ki+1 is a
restricted Lie algebra over the field F,, = Z/pZ, whose p-operation

(P K — Ky

is defined by (:EKi+1)[p] = (aPKpt1) for x € K;, i > 1.
Every N-series K4 can be transformed into an Ny-series KE’] defined by

K}ﬁ]: H Kf)j for m > 1.
i>1,j2>0,ipi >m
See [29, §IV.1.22] or [30, §11, Lemma 1.18] in the case of the lower central series, and [21,
Lemma 4.6] in the general case. Note that K _[f] is the smallest N-series of K containing

K : thus, KLZ,)] = K if and only if K, is an N-series.

Example 8.4. The Zassenhaus mod-p lower central series (also called the Zassenhaus
filtration) of a group K [41] is the N)-series FL’_)]K associated to the lower central series
'L K of K:

K = [I @KY fom>1 (8.2)

i>1,5>0,ipi >m

This “mod-p” variant of I' 1 K should not be confused with the Stallings mod-p lower
central series (also called the lower exponent-p central series) F@K [38], which is defined

inductively by T\" K = K and

P K= TPKPKTPK] form> 1. (8.3)

Indeed I’[f]K is the smallest N,-series of K, whereas F@K is the smallest N-series K
of K such that (K,,)? C K11 for m > 1.

Proposition 8.5. Let a group G act on an Np-series K. Then the positive part Ff* (@)
of the Johnson filtration FX+(G) is an N,-series.

Proof. Set G. = FX+(G). Since G is an N-series of G; by Proposition 3.1, it suffices
to check (Gp)? C Gyyp for all m > 1. Let g € G, and = € Kj, j > 1. By Dark’s
commutator formula (see [30, §11, Theorem 1.16]), we have

g7, 2] = Hcl@)’

i=1
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where ¢; is a product of iterated commutators, each with at least i components equal to

g*! and at least one component equal to z*!. It follows that

¢i € Kjtim, fori=1,...p.

Therefore, ¢, € Kj4pm and, for i € {1,...,p — 1}, we have

4
e € (Kjeim)? € Kippimp © Kjimp

?
since p divides (?) and K is an N-series. Hence [¢7, z] € Kjjmp and g¥ € Gppp. O

Remark 8.6. Let a group G act on an N-series K. Since K is a restricted Lie alge-
bra over F,, so is Der, (K) with p-operation defined by the p-th power. Besides, by
Proposition 8.5, gr+.7-"f* (G) is a restricted Lie algebra over F,. One can expect that the
positive part of the Johnson morphism in Corollary 8.1,

7t gr F2(G) — Dery (K,

is a morphism of restricted Lie algebras (i.e., it preserves the p-operations). Furthermore,
it is plausible that 7, takes values in the restricted Lie subalgebra of Der (K ) consisting
of restricted derivations in the sense of Jacobson [11].

In degree 0, it is easily verified that 7y : Fo = (G)/F{ (G) — Aut(K ) takes values in
the subgroup of automorphisms of the restricted Lie algebra K.

Remark 8.7. An exzponent-p N-series of a group K is an N-series K, of K such that
(Km)? < Ky for all m > 1. For instance, the Stallings mod-p lower central series
I‘@K of K satisfies this property. We have the following variant of Proposition 8.5: If
a group G acts on an exponent-p N-series Ky, then the positive part ]-'f*(G) of the
Johnson filtration FX+(G) is an exponent-p N-series. The proof is easy and left to the
reader.

9. The lower central series and its variants

In this section, we consider the lower central series I' K of a group K and its variants:
the rational lower central series /I'y K, the Zassenhaus mod-p lower central series FLI_’]K

and the Stallings mod-p lower central series Fﬁf>K .
9.1. The filtration G

Let Kt be an N-series of a group K, and extend it to an extended N-series K, with
Ky = K. Let a group G act on K,, and let G, = FX+(G) be the Johnson filtration of G
induced by K. Define a descending series GL = (G},)m>0 of G by
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Gl ={9€G|[9, K] C Kpny1} =ker(G = Aut(K/Kpi1)). (9.1)

Clearly, G}n > G,y for m >0, and G(l) =G = Gy.

The filtration G is not an extended N-series in general, but it is so for the lower
central series and its variants. In fact, Andreadakis was the first to study the filtration
G1 in the case of K, = I'y K with G = Aut(K), and he proved the following proposition
in this case [1, Theorem 1.1.(i)]. See also [6, Lemma 3.7] and [28, proof of Theorem 2.4]
for K, = F@K, and see [23, Lemma 2.2.4] for K = FLI_’]K.

Proposition 9.1. If K| is one of T K, /T K, F[_f]K and F@K, then we have G, = G1.
(In particular, GL is an extended N-series.)

Proof. To prove Proposition 9.1, it suffices to check GL < G,, = FE<(G) for m > 1.
Thus, we need to check

Gl K, < Kpyn form>1,n>2. (9.2)
We prove (9.2) in the four cases separately.

Case 1: Ky =TI'} K. Here we repeat Andreadakis’ proof. We verify (9.2) by induction
on n as follows:
(Gros Kl = (G, [K, K]
< (G, K], K] - (|G K], K] )i (by Lemma 2.1)
< [Km+1, Kn—1] - [Km+n-1, K] Y kxe (by the induction hypothesis)
< << Km+n >>K><1G = Km+n' ]

Case 2: K, = /T, K. By induction on n, we will prove that [g,a] € K1, for g € GL,
and a € K,,. We have o' € T',, K for some ¢t > 1. We have

.Haiﬂ[g,a] = lg,a'] € (G, TnK] < (G [K, K],

t =
[97 a] (mod_Kern)

where = follows from
[ai_lv [gva]] € [Kna [G}anH S [KnaKerl} é Km+n+1 é Km+n~

Similarly to Case 1, we obtain [GL | [K, K,,_1]] < Ky,4n using the induction hypothesis.
Therefore, we have [g,a]t € K, 4n, hence [g,a] € Ky, O

Case 3: K = F[fr’}K. By (8.2), it suffices to prove by induction on n that [g, ij] € Kiin
ifgeGl,2el;K,i>1,j>0andip/ >n.
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If j =0, then z e LK < T,K = [K,[',_1 K| < [K, K,,_1]. Then we proceed as in
Case 1 using the induction hypothesis.
Let j > 1. By Dark’s commutator formula (see [30, §11, Theorem 1.16]), we have

g, zp H (pd‘ (9.3)

where ¢4 is a product of iterated commutators, each with at least d components equal to

1 and at least one component equal to g*!. We can assume without loss of generality
that 4 is the least integer greater than or equal to n/p?, so that i < n. By z € I K < K;
and the induction hypothesis, we have [g*!, 21 € K, ;. It follows that

Ccq € Km+di- (9.4)

For each k > 1, let |k|, denote the p-part of k, which is the umque power of p such
that k/|k|, is an integer coprime to p. Then we have ’(P;)‘ > W (see, e.g., the proof
P

of [30, §11, Lemma 1.18]). Therefore,
)
)

Since K is an N,-series, (9.4) implies ¢;*’ € Kp,4p. Hence, by (9.3), we have [g, ij] €
Kpin. O

J J .
(m+di) > %(erdi) z%erpjiZern.
P

Case 4: K| = I‘<p>K By (8.3), it suffices to prove by induction on n that we have
GL,[K,K,-1]] C Kmin and [G}, (K,-1)?] C Kyin. The former is proved simi-
larly to Case 1 by using the induction hypothesis; to prove the latter, we will verify
[g,2P] € Kppin for g € G and z € K,,_;. We have

p 1
[g72,p] = sz [Q,Z] = [g’z];n € [GimKn—l]p S (Km+n—1)p S Km+n7

e (mod Kynin)
where = follows from
(271 19, 2]] € Ko, [Gryy Kna]] < [Kno1s Kisn—1] € Kngon—2 < K-
Hence [g, 2?] € Kptn. O
This completes the proof of Proposition 9.1. O

We now observe that the Johnson filtration G1 = G, can be given a ring-theoretic
description, in the case of the rational (resp. Zassenhaus mod-p) lower central series.
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Corollary 9.2. If K, = /' K, then for m > 0 we have
Gm = Gl = ker(Aut(K) — Aut(Q[K]/I™)),
where I = ker(e : Q[K] — Q) is the augmentation ideal.

Proof. This follows from a classical result of Malcev, Jennings and P. Hall, which com-
putes the “dimension subgroups” with coefficients in Q:

(1—|—ImJrl NK = mc(@ for m > 0.
(See, e.g., [29, §IV.1.5] or [30, §11, Theorem 1.10].) O
Corollary 9.3. If K, = FEf]K, then for m > 0 we have
Gm = Gy, = ker(G — Aut(F,[K]/I™T1)),
where I = ker(e : F,[K] — F,) is the augmentation ideal.

Proof. This follows from a classical result of Jennings and Lazard, which computes the
“dimension subgroups” with coefficients in F,:

(1+I"NK =TF K CF,[K] form>0.
(See, e.g., [29, §IV.2.8] or [30, §11, Theorem 1.20].) O
9.2. Examples and remarks

In the light of Proposition 9.1, we now relate the results and constructions of the
previous sections to those in the literature.

Example 9.4. Andreadakis [1] mainly considered the case where K = I'; K is the lower
central series of a free group K and G = Aut(K). (By Lemma 3.3, G acts on K;.) In
this case, the Johnson filtration Aut,(K,) = G, = Gi is usually called the Andreadakis—
Johnson filtration. Note that K, is the free Lie algebra Lie(K®P) on the abelianization
K® = K/T';K. Hence, by Proposition 7.3, the eg-Lie algebra morphism (7.7)

te : Der.(fﬂ.) — D.(fﬂ.)

is an isomorphism, where Dq(K4) = (D, (K4 ))m>0 is given by

Do(K;) = Aut(K*) and D,,(K) = Hom(K?", Lie,, 11 (K®"))
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and has the eg-Lie algebra structure described in Proposition 7.4. For a finitely generated
free group K, the composition

teTe : 8T (Gx) — Do(K )
has been extensively studied since Andreadakis’ work; we refer to [37] for a survey.

Example 9.5. Let ¥, 1 be a compact, connected, oriented surface of genus g with one
boundary component, and let K = m(X,1,%), where x € 0¥, 1. The mapping class

group
G == MCG(EQJ, 82971)

of ¥4 relative to 93,1 acts on K, = I'y K in the natural way. By Proposition 9.1,
the Johnson filtration G, in our sense coincides with the Johnson filtration G} in the
usual sense, and its first term G; = Gi = ker(G — Aut(H1(X,1;7Z))) is known as
the Torelli group. By Example 9.4, we have an injective morphism of eg-Lie algebras
leTe : e (Gy) — D.(I_('+). The components

tmTm : G — Hom(H, Lie,, 1 (H))

for m > 1, where H = H1(X,1;Z), are the original Johnson homomorphisms introduced
by Johnson [12,13] and Morita [24]. See [36] for a survey.

Remark 9.6. (i) Since the rational lower central series of a free group coincides with the
lower central series, we could replace the latter by the former in Examples 9.4 and 9.5.
Thus, Corollary 9.2 implies that the Johnson filtration of the mapping class group of ¥4 ;
(resp. the Andreadakis—Johnson filtration of the automorphism group of a free group)
can be described using Fox’s free differential calculus [24,31].

(ii) Example 9.5 can be adapted to a closed oriented surface ¥, of genus g. In this
case, additional technicalities arise since K = m1(%,) is not free, and the mapping classes
of 3, act on K as outer automorphisms. The Johnson homomorphisms in this case were
introduced by Morita [25].

Example 9.7. As in Example 9.5, we consider the mapping class group G = MCG(X, 1,
0%41) acting on K = m(Xg41,*). Here, let K| be one of the two versions of the mod-p
lower central series. Note that the associated graded Lie algebra K is defined over F,, in
both cases. If K| = F[f]K (resp. F@K), then the Johnson filtration G, induced by K,
coincides with the “Zassenhaus (resp. Stallings) mod-p Johnson filtration” considered by
Cooper in [6], and its first term Gy = ker(G — Aut(H1(X,,1;Fp))) is the mod-p Torelli
group. Furthermore, the “mth Zassenhaus (resp. Stallings) mod-p Johnson homomor-
phism” for m > 1 defined in [6] coincides with the composition
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tm

G = Deryp, (K4 ) 2 Hom(K7, Kppy1).

According to Proposition 9.1, we have ker(t,,7n) = Gm41- In fact, these constructions
for K, = I‘S@K had been used by Paris [28] to prove that the mod-p Torelli group (of
an arbitrary compact, oriented surface) is residually a p-group.

Now let us focus on the case K = F[f]K . In this case, the graded Lie algebras K,
Der, (K;) and G, are restricted over F,. (See Proposition 8.5 and Remark 8.6.)
Since K is a free group, K, is the free restricted Lie algebra over F » generated by
Ky ~ Hy(%,1;F,) [16, Theorem 6.5]. By Corollary 9.3, we can describe G using Fox’s
free differential calculus, so that G, coincides with Perron’s “modulo p Johnson filtration”
[32]. (See also [6, Theorem 4.7] in this connection.) By Proposition 8.5, this filtration
satisfies (G,)P C Gy for m > 1; this fact does not seem to have been observed be-
fore.

Remark 9.8. It seems plausible that one can adapt the constructions of this paper to
the setting of (extended) N-series of profinite groups and, in particular, pro-p groups.
In fact, the literature offers several such constructions for the lower central series of a
pro p-group, or its variants. For instance, Asada and Kaneko [2] introduced analogues
of the Johnson homomorphisms on the automorphism group of the pro-p completion
of a surface group. More recently, Morishita and Terashima [23] studied the Johnson
homomorphisms for the automorphism group of the Zassenhaus filtration of a finitely
generated pro-p groups, which may be regarded as variants of Cooper’s “Zassenhaus
mod-p Johnson homomorphisms”.

10. Two types of series associated with pairs of groups

In this section, we consider two types of series K, = (K,,)m>0 determined by their
first few terms: the smallest extended N-series with given Ky and K7, and the smallest
N-series with given Ky = K; and Ks.

10.1. Extended N-series determined by Ko and Ky

Let K = Ky be a group, and let K7 < K. Define an extended N-series K, = (K, )m>0
by

K if m =0,
Ky = (10.1)

Note that K, is the smallest extended N-series with these Ky and K;. The eg-Lie algebra
K, = gr,(K,) associated to K, is given by

Ko = Ko/Kl and Rm = FmKl/Fm+1K1 for m Z 1.
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Let a group G act on K in such a way that ¢K, = K;. Since K; = I';K; is charac-
teristic in K for all ¢ > 1, G acts on the extended N-series K, (see Lemma 3.3). Define
three descending series G2, GL and G, of G by

GY ={g€G|[g,Ko) C Kpn} =ker(G — Aut(Ko/K,)),
G, ={9€G |9, K1] C K1} = ker(G — Aut(K1/Koni1)),
Gm = G?n N G}n ={9€G|g, Kol C K, [9,K1] C K1}

The Johnson filtration FX+(G) has the following simpler description.

Proposition 10.1. We have G, = FX+(Q). (Hence G is an estended N-series.) Moreover,
Gl is an extended N-series.

Proof. By Proposition 9.1, we have
Gl ={9€G|[g9,K,] C Kpyn forn>1} (10.2)
for m > 0, and G} is an extended N-series. By (10.2), we have
Gm =G NGL =FE- (@) (10.3)
form>0. O
Since G}, > GY, | for m > 0, the filtrations G, and G? are nested:
G=G)=Gy>GY >G> >GCn12G0>Gp>-. (10.4)
Theorem 10.2. If K7 is a non-abelian free group, then, for each m > 0, we have
Gn=G. <G°.

Proof. Note that G}, < G2 implies G,,, = G,. Hence it suffices to prove by induction
on m > 0 that if g € G, [g, K1] C K41, then [g, Ko] C K,,. The case m = 0 is trivial;
let m > 1. Let y € Kj. By the induction hypothesis, we have [g,y] € [g, Ko] C Kpm—1,
i.e., g(y) = zy for some z € K,,,_1. For each x € K7, we have

Vo = g(Vx) = SWg(x) = 9Wx =V = [2,%] Yo (mod Koupn),

where each = follows from [g, K1] C Ky41. Therefore [z, K1] C Kppy1. By Lemma 10.3
below, we have z € K,,, and hence [g,y] € K,,. O

Lemma 10.3. If F is a non-abelian free group and m > 1, then we have

{a € F|la,F|CTy1F} =T,F.
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Proof. Let L,, = {a € F | [a,F] C I'yy+1F}. We will prove L, = I',, F for m > 1
by induction. Let m > 2. Clearly, I',, FF < L,,. By the induction hypothesis, we have
Ly, < Ly—1 <Ty—1F. The quotient group L., /T, F, regarded as a subgroup of

Ly 1 F/T F ~ Liey,_1(F*®), where F*® = F/T',F,

is the centralizer of Lie;(F?) = F2b in the free Lie algebra Lie(F?P). Since
rank(F2P) > 2, the center of Lie(F2P) is trivial. Hence L,, /T, F is trivial. O

Remark 10.4. Lemma 10.3 can be restated as follows. Let F' be a non-abelian free group,
let F'y = T', F be its lower central series, and extend F; to an extended N-series F, with
Fy = Fi. Then, letting F' act on F, by conjugation, the Johnson filtration of F' induced
by F coincides with F.

In what follows, let K1 be a non-abelian free group. Then I_(+ = (Km/Km+1)m>1 s
the free Lie algebra on K; = KP. By Theorem 6.4 and Proposition 7.4, we obtain an
injective eg-Lie algebra morphism

Go 7 Dery(Ka) > Do(K.),

where Go = (Gp/Gmi1)m>0- By (7.1) and (7.2), the mth Johnson homomorphism
tmTm : Gm — Dy (I,) has two components

T(()) : G() — Aut(Ko/Kl), 7_01 : Go — Aut(K’i’b)
for m = 0, and
70 G — ZY( Ko/ K1, Lie, (Ki?)), 7} : G — Hom(K$P, Liey, 1 (Ki))

for m > 1. Furthermore, these two components are related to each other by

79(9)(@) (71 m—
n(9)(°b) = { (7 (9)®)) ( (1))’ (10.5)

r
[T (9)(a), “b] + (75, (9) (b)) (m >
for g € G, a € K, b € K. Note also that
ker70, =GY 1, ker7h =Gl .1 =Gpnn (m >0).
Proposition 10.5. The homomorphism 1} restricts to

TCHG? : G(l) — Autz[K/Kl](K?b)
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For m > 1, the homomorphism T}, restricts to
Tmlo, .+ G — Homgr s, (KT, Lieg, 41 (K3°)).
Proof. This immediately follows from (10.5). O
Proposition 10.6. Let m > 1. There is a map
700 GO — Z (Ko, Lie,, (Ki))

which is a homomorphism for m > 2 (resp., a 1-cocycle for m = 1) with kernel G%H,
and which makes the following diagram commute:

Qoo  Z(Ky, Lien, (K3®)) (10.6)
G —— s ZV (Ko /Ky, Liey, (K30))

(Here the arrow on the left is the inclusion, and that on the right is induced by the
projection Ko — Ko/K1.)

Proof. For g € GY , themap ¢’ : Ko — K/ K1 ~ Lie,, (KiP) defined by ¢'(z) = [g, 2]
is a 1-cocycle. Thus the map 7, : G% — Z1(Ky, Lie,, (K%P)) defined by 72 (g) = ¢’ makes
the diagram (10.6) commute. For g,h € GY, and = € K, we have

(gh)'(z) = [gh, 2] K41 = ?[h, 2]lg, 2] Kpnia = (W' (2)) + ¢/ (2).

Hence, 70 is a 1-cocycle for m = 1, and a homomorphism for m > 1. Clearly, its kernel

isG% . .. O
We now illustrate the above constructions with a few examples.

Example 10.7. As in Example 9.5, we consider the mapping class group G =
MCG(X4,1,0%,.1) acting on K = m1(Xg1,*). If H := K is a characteristic subgroup
of K, then the filtration (GY,)mm>1 of GY coincides with the “higher order Johnson fil-
tration” defined by McNeill [20], and her “higher order Johnson homomorphism” 7.
coincides with our 7,,,_|go for m > 2. When H = I'; K, the subgroup GY of G is the
Torelli group, and GY is the kernel of the so-called “Magnus representation”: the study

of this case is carried out in [20].

Example 10.8. Let Ko = (z1,...,Zp, Y1, .- .,Yq) be the free group of rank p+¢q, p,q > 0.
Set K1 = {(x1,...,2p)) < Ko. We have Ko/K; ~ F; := (y1,...,Yq). Let K, be the
extended N-series defined by (10.1). We call
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G = Aut(K*) = {f S Aut(Ko) ‘ f(Kl) = Kl}
the fake handlebody group of type (p,q), and
G = ker(G — Aut(F),))

the fake twist group of type (p, q); see Example 10.9 below to clarify this terminology. If
p > 1and (p,q) # (1,0), then K; is a non-abelian free group, and Theorem 10.2 applies.
We will study these groups in more details in [10] using the Johnson homomorphisms
(7} )m>0 and (79),>0 defined on the two nested filtrations (Gin)m>0 and (G2,)m>o,
respectively.

Example 10.9. Let V;; be a handlebody of genus g > 1, fix a disk § C dV, and let
Yg1 =0V, \int(S). Let « € 0¥, 1 and set

Ko = 771(29,17*) and K; = ker(i* : 7T1(2971,*) — Wl(vg,*)),

where %, is induced by the inclusion i : 41 < V. Let MCG(X,,1,0%,1) act on K in
the canonical way. The subgroup

G = {f S MCG(EQJ,aEQJ) | f*(Kl) = Kl}

is usually called the handlebody group, since it is the image of MCG(Vy,S) in
MCG(X,1,0%,,1) by the restriction homomorphism (which is injective). The subgroup

GV = ker(G — Aut(Ko/K,))
~ ker(MCG(Vy, S) — Aut(m1(Vy, %))),

usually called the twist group, is generated by Dehn twists along the boundaries of 2-disks
properly embedded in V;\ S [19]. The present example corresponds to Example 10.8 with
p = ¢ = g, where the basis (z1,...,%g,%1,--.,Yy) of Ko is a system of meridians and
parallels on X, 1, and the automorphisms of Ky are required to fix the homotopy class
of 0%, 1. We will prove in [10] that this boundary condition implies that the two nested
filtrations (10.4) on G agree:

Gm =G

m

for all m > 0.

In this case, the Johnson homomorphisms (7.})m>0 and (79),>0 = (7%)m>0 are in-
terchangeable and correspond to the “tree reduction” of the Kontsevich-type functor Z
introduced in [9]. Moreover, the maps T,ln\ngH given in Proposition 10.5 are trivial.
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10.2. N-series determined by K1 and Ko

Let K = K; be a group, and let Ky <« K with Ky > [K, K]. Let Ky = (K,;,)m>1 be
the smallest N-series of K with these K7 and Ko, i.e., K, is defined by

Ky = [Kp—1, K1] - [Kn—2, K] (10.7)
inductively for m > 3. Note that
mK C Ky, C F[77L/2]K

for m > 1, where [m/2] = min{n € Z | n > m/2}. Extend K. to an extended N-series
K, = (Kpn)m>o with Ky = K.

Let a group G act on K in such a way that “Ky = Ky. Then each g € G satisfies
g(K;) C K; for all j > 3, as can be verified inductively using (10.7). Hence G acts on
K, and we can consider the induced Johnson filtration FX+(G). It has the following

description. Set
Gm={9€G|lg,K1] C K1, |9, K2] C Kppta} for m > 0. (10.8)

Proposition 10.10. We have FE+(G) = G, for all m > 0. Hence G, = (Gm)m>0 is an
extended N-series.

Proof. Obviously, FX+(G) C G, and Gy = G = FI**(Q).

It remains to prove G,,, C FX+(G) for m > 1. It suffices to check that if g € G satisfies
lg, K1] C Kpy1 and [g, K3] C Ky p2, then we have [g, K;] C K,y for all 4 > 1. This is
obvious for ¢ = 1,2. The case ¢ > 3 is proved by an induction using (10.7), similarly to
the proof of Proposition 9.1 in the case K =T'y K. O

By Corollary 8.1, we have an injective morphism of eg-Lie algebras

Te : Go — Dere (K ). (10.9)

In contrast with Section 10.1, the graded Lie algebra K is not generated by its degree 1
part. Thus, Proposition 7.1 does not apply and t, : Dere(K ;) — Do(K,) might not
be injective. Nonetheless, K| is generated by its degree 1 and 2 parts. This observation
motivates the following definitions.

Let L, be a graded Lie algebra, and let A be a subgroup of Lo such that Ly =
[L1,L1] + A. We define a graded group De(L4, A) as follows. For m > 1, consider the
abelian group

D, (Ly,A) =Hom(Ly, Ly11) X Hom(A, L 42)
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and, for m = 0, set
Do(Ly, A) = {(u,v) € Aut(L1) x Hom(A, L)

‘ the map [z1,31] + a — [u(z1), u(y1)] + v(a) }
defines an automorphism of [L1,L1] + A= Lo '

The subgroup
{(dl,dz) S Aut(Ll) X Aut(LQ) |d2([b, C]) = [dl(b),dl(C)] for b,C S Ll}

of Aut(L;) x Aut(Ls) is mapped bijectively onto Do(L4, A) by (d1,ds) — (dy,da|a).
Hence Do(L4, A) inherits from Aut(L;) x Aut(L2) a group structure. For every m > 0,
there is a homomorphism

tm : Dery(Ly) — Dm(Ly, A), (di)i>1 — (d1,d2]a).

Clearly, te = (tm)m>0 is injective if the graded Lie algebra L is generated by its degree
1 and 2 parts (and, so, by Ly & A). Furthermore, t, is bijective if L, is freely generated
by L;1 ® A, where L; and A are in degree 1 and 2, respectively. Hence, in this case,
there is a unique eg-Lie algebra structure on Do (L, A) such that t, is an eg-Lie algebra
isomorphism.

Now, let K, be freely generated by B = K, and a subgroup A of K. Then, the
previous paragraph gives an injective eg-Lie algebra morphism

G =% Derg (K4 ) t? Do(K., A).
The mth Johnson homomorphism t,,7, : G — Dm(K+, A) has two components
70+ Go — Aut(B), 78 : Gy — Hom(A, A’B) x Aut(A)
for m =0, and
7t Gy — Hom(B, Liey,41(B; A)), 72 : Gy — Hom(A, Lie,, 12(B; A))

for m > 1. Here Lie(B; A) denotes the graded Lie algebra freely generated by B & A,
where B and A are in degree 1 and 2, respectively.

We illustrate the above constructions with a few examples. The following lemma is
easily deduced from [15, Proposition 1].

Lemma 10.11. Let K = K1 = (T1,...,%p,Y1,---,Yq) e a free group of rank p + q with
p,q >0, and let

Ky =T9K - (z1,...,2p) = ker(K — (y1,.. .,yq>ab).
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Then the graded Lie algebra K, is freely generated by y1 Ko, . .. ,Yq Ko in degree 1 and
by v1K3, ..., 2, K3 in degree 2.

Example 10.12. This generalizes Example 9.5. Let 25’1 be the surface ¥, with p > 0
punctures, and let i : 3% | — ¥, be the inclusion. Set K = K; = m(X} |, %), where
* € 0%F | = 0%, 1, and

Ky = ker (m(EZ_yl,*) Z—*> 7'('1(2!]71,*) — 7T1(2971,*)ab ~ Hl(ZgJ;Z)).

The smallest N-series Ky = (K, )m>1 with these K7 and K> is known as the weight fil-
tration. It was introduced by Kaneko [14] in the framework of pro-¢ groups following ideas
of Oda, and has been studied by several authors including Nakamura and Tsunogai [26],

and Asada and Nakamura [3].
Set B = Kl/KQ = H1(2g71;Z) and

A= ker(i* : Hl(Egﬂl,Z) — Hl(Egyl;Z)).

We regard A as a subgroup of Ky/K3 as follows. Let x1,...,z, € K be represented by
loops (based at x) around the p punctures. Since A is free abelian with basis [z1], ..., [zp],
there is a unique homomorphism j : A — K3/K3 defined by j([z;]) = z;K3; one easily
checks that j does not depend on the choice of z1, ..., z,. By Lemma 10.11, j is injective
and the graded Lie algebra K is freely generated by B @ j(A), where B and j(A) are
in degree 1 and 2, respectively.

The mapping class group G = MCG(ESJ, 5)25}1) acts on K in the canonical way, and
we have €Ky = K5. The extended N-series G = Gy > Gy > Go > --- coincides with the
filtration

F;[p-&-l} 2 FZ,pH(l) > F;,p+1(2) >

in [3, §2.1]. Furthermore, for m > 1, the Johnson homomorphism t¢,,7,, = (7.}, 72) is
essentially the same as the homomorphism ¢, in [3, §2.2].

There is a short exact sequence
1— Bp(X41) — G — MCG(X,1,0%,1) — 1,

where Bj(%,.1) is the braid group in X, ; on p strands. Thus, the homomorphisms 7,
(for m > 1, ¢ = 1,2) generalize both the “classical” Johnson homomorphisms (p = 0)
and Milnor’s p-invariants (¢ = 0). The former are contained in the “tree reduction”
of the LMO functor [5], while the latter are contained in the “tree reduction” of the
Kontsevich integral [8]. It seems possible to describe diagrammatically the generalized
Johnson homomorphisms 7¢, for any g,p > 0 and to relate them to the “tree reduction”
of the extended LMO functor introduced in [27].
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Example 10.13. As in Example 10.9, consider a handlebody V; of genus g > 1 and a
surface ¥4 1 C 0V} of genus g. Set K = K7 = m(X4,1,%) and

K = ker (m(zg,l,*) ey (Vg %) — 11 (V%)™ ~ Hy (V3 Z)).
The smallest N-series K = (K )m>1 with these K7 and Ko is given by
Ky =T2K-A, K;=TD3K [K,A] etc.,
where A = ker (i : 71 (3g,1,%) — m1(Vy,*)). Let
A =ker (ix : Hi(3g1;Z) — H1(Vy;Z)) and B = Hy(Vy; Z).
Identify B with K, /K>, and let j : A — K5/K3 be the canonical homomorphism

UK -A A A Ko

A - - I
LK T2KNA KAl K

Then, by Lemma 10.11, j is injective and the graded Lie algebra K is freely generated
by B @ j(A), where B and j(A) are in degree 1 and 2, respectively.

The subgroup G of MCG(X,,1,0%,,1) that preserves the Lagrangian subgroup A C
Hi(X4,1;Z) is usually called the Lagrangian mapping class group of ¥4 1. It acts on K
in the canonical way and satisfies GK, = K5. Hence we obtain an extended N-series
G = (Gm)m>0, which is the Johnson filtration induced by K. The generalized Johnson
homomorphisms 72, (for m > 0, i = 1,2) will be studied by Vera [40] in relation with
the “tree reduction” of the LMO functor introduced in [5]. This is also connected to the
“Lagrangian” versions of the Johnson homomorphisms introduced by Levine in [17,18].

11. Filtrations on group rings and their associated graded
In this section, we consider filtrations on group rings induced by extended N-series
and we compute their associated graded. By a ring we mean an associative ring with
unit.
11.1. Filtrations on group rings
A filtered ring J. = (Jm)m>0 is a ring Jy together with a decreasing sequence
JoD LD DI D Jpp1 D

of additive subgroups such that

Imdn C Iman for myn > 0. (11.1)
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Note that J,, is an ideal of Jy for each m > 0. The associated graded of J,,

era (1) = @) -2

J )
>0 TRt

has the obvious graded ring structure.
Let K, be an extended N-series, and Z[Kj] the group ring of Ky. For m > 1, we set

I (K.) = ker (Z[Ko] 8 Z[Ko /K ,0).

where 7, : Ko — Ko/K,, is the projection. We associate to K, the filtered ring

Jo(K) = (I (K))m=0 (11.2)

defined by Jo(K.) = Z[Ko] and by

I (K.) = > Ly (K. - I, (Ky)  for m > 1.

M. my>1, p>1
ma+tmy>m

Note that J,, (K,) is the ideal of Z[Kj] generated by the elements (z1 —1)--- (z, —1) for
all 21 € Kipy oo, 0p € Ky ma + - +my > m, my,...,my > 1, p> 1. For instance,
if K, is the extended N-series defined by the lower central series of the group Ky, then
we have J,,(K,) = I, where I is the augmentation ideal of Z[Kjy].

Now we equip the group ring Z[Ky| with the usual Hopf algebra structure with co-
multiplication A, counit € and antipode S. Since

A(I(K.)) C Iu(K.) ® ZIKo] + ZKo] ® I(K.)

for k > 0, we have

AUn(KD) € Y Jill) ® (K.

i+j=m

Clearly, we have €(J,,(K.)) = 0 and S(J(Ky)) = Jm(K,) for all m > 1. Hence J,(K)
has the structure of a filtered Hopf algebra and, consequently, the associated graded

gre(Ju(Ky)) = m

i>0

has the structure of a graded Hopf algebra.
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11.2. Universal enveloping algebras of eg-Lie algebras

Let Lo be an eg-Lie algebra. Then we have two Hopf algebras Z[Ly] and U (L), the
universal enveloping algebra of L. The action of Ly on L, induces an action of Z[Lg]
on U(Ly). The universal enveloping algebra U(Ls) of Lo is defined to be the crossed
product (or the smash product) U(Ly)$Z[Lg] of U(Ly) and Z[Ly], which is the Hopf
algebra structure on U(L4) ® Z[Lo] with multiplication and comultiplication defined by

(u®g)- (v ®g)=ulu)®gg for u,u’ € U(Ly), g,9" € Lo, (11.3)
Alu®g) = Z(u/ ®g)® (U ®g) for u € U(Ly), g € Lo, (11.4)

where A(u) =Y u' @ u”.
We usually write u® g = u-g in U(L, ), and we regard both U(L) and Z[L] as Hopf
subalgebras of U(L,). By (11.3) we have

g-u-g =% for g € Lo, u € U(Ly).

The grading of Ly makes U(L,) a graded Hopf algebra.
11.3. Taking rational coefficients

Here we carry out some of the previous constructions over Q. First of all, there is
a notion of filtered Q-algebra similar to that of filtered ring in Section 11.1. For each
extended N-series K, there is a filtration J2(K,) of Q[Ky] whose definition is parallel
to that of J,(K,).

We define an eg-Lie Q-algebra Lo in the same way as an eg-Lie algebra in Section 4.2:
here L, is assumed to be a graded Lie algebra over Q. For each extended N-series
K., there is an associated eg-Lie Q-algebra gr2(K,) defined by gr(g)(K*) = Ky/K; and
grQ(K,) = (Kpm/Km+1) ® Q for m > 1.

The contents of Section 5.2 can also be adapted to an eg-Lie Q-algebra L. Thus we
define the derivation eg-Lie Q-algebra Dere(Ls) of Lo, and Theorem 5.3 works over Q
as well.

Finally, the definitions of Section 11.2 work also over Q. The universal enveloping
algebra U(L,) of an eg-Lie Q-algebra L, is the Q-vector space U(Ly) ®g Q[Lg] with
multiplication - defined by (11.3). Note that U(L,) has a graded Hopf Q-algebra struc-
ture. Let U (Le) denote its degree-completion, which is a complete Hopf algebra.

Lemma 11.1. For every eg-Lie Q-algebra L, the group-like part of U(L.) is
{exp(6) - g | £ € Ly g € Lo},

where ﬁJr denotes the degree-completion of L.
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Proof. It is easy to see that exp(f) - g is group-like in U(L,) for £ € L, g € L.
Conversely, let « be a group-like element of U (Lo). We can write

x = Z Zg- 9, (11.5)

g€Lo

where z, € U (L) are uniquely determined by z, and for each m > 0 there are only
finitely many g € Lo such that the degree m part of x4 is non-zero. We have

Az) =D (a,-9) @ (af - 9),

g€Lo

where A(z,) = >z, ® 2. We also have

r@r= Y (v5-9)® (x5 -h).

g,h€Lg

Since A(x) =z ® z, it follows that

A(zy) = x4 ® x4 forall g € Lo,
Tg@xp =0 forall g,h € Lo, g # h.
Since = # 0, there is g € Lo such that x = z, - g and =z, is group-like. Hence ¢ = log(x,)

is primitive in U/ (L, ). Since the primitive part of U(L,) is L, the element ¢ belongs to
the degree-completion of L. O

11.4. Quillen’s description of the associated graded of a group ring

A well-known result of Quillen describes the associated graded of a group ring filtered
by powers of the augmentation ideal [35]. This result is generalized to the filtration of a
group ring induced by any extended N-series, as follows.
Theorem 11.2. Let K, be an extended N-series. There is a (unique) ring homomorphism

T : Ulgre(Ky)) — gre(J+(K.)) (11.6)

defined by Y(gK1) = g+ Ji(K.) for g € Ko and by Y(xK;41) = (x — 1) + Ji1(K,) for
x € K;, i > 1. Furthermore, the rational version of Y

T2 U(erd(K.)) — gro(J2(K.))

is a Q-algebra isomorphism.
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Proof. The N-series K = (K,;)m>1 defined by K, induces a filtration
J(Ky) = (I (K4 ))m>1s (11.7)
where J), (K, ) is the subgroup of Z[K;] spanned by the elements (1 — 1)--- (2, — 1)

forall 21 € Kpnyyoooy2p € Ky, my+ -+ +mp > m, my,...,my > 1, p>1. (It is an
ideal of Z[K;] contained in J,,(K,).) Let

I (K4)
gy (JL(K4) = -7 e
L SB Tin1 (K4)
be the associated graded ring, and let
K,
r. (Ky.)=
g +( +) @ Koot

m>1

be the graded Lie algebra associated to the N-series K. It is easily checked that the
graded abelian group homomorphism

gr (Ky) — gry (JL(KL)), (@Kpmg1) — (2= 1) + T (K4)
preserves the Lie bracket and hence induces a ring homomorphism
T Ulgr, (K1) — gr, (T4 (K4)).

By composing it with the canonical map gr, (J) (Ky)) — gr, (J.(K.)), we obtain a ring
homomorphism

T U(gry(K.) = Ulgri (K1) — gre(Jo(KL)). (11.8)

Besides, the inverse of the canonical isomorphism Z[Ko]/J1(K.) — Z[K,], where Ko =
Ko/ K, defines a ring homomorphism

Y 1 Z[Ro] — gro(Jo(K.)). (11.9)

A straightforward computation shows that (11.8) and (11.9) define together a ring homo-
morphism (11.6) on Ul(gr,(K.)) = Ulgr, (K.)) § Z[Ko).

As a generalization of Quillen’s result mentioned above, it is known that the rational
version Y’ @ of Y’ is an isomorphism [21, Corollary 5.4]. Thus, to conclude that T is an
isomorphism, it suffices to prove that gr (J.(K.)) is isomorphic to gr, (J, (K ))®Z[Ko).
Specifically, we need to prove that the group homomorphism

o (K4)

. Im (K)
T (K4

® Z[Ro] — —Jerl(K*)



K. Habiro, G. Massuyeau / Journal of Algebra 510 (2018) 205-258 249

defined by r((u + J), .1 (K4)) ® (9K1)) = (ug + Jm41(K)) is an isomorphism for each
m > 1. Clearly, r is surjective. To construct a left inverse to r, let 7 : Ky — Ky denote
the canonical projection, and let s : Ky — Ky be a set-theoretic section of 7. Then there
is a unique group homomorphism

defined by ¢(g) = (g9(sm(g9))™') ® n(g) for g € Ko. For any x1 € Kpy,...,2p € Ky,
with mq +---+mp, >m, my,...,mp, > 1, p > 1, and for any y € Ky, we have

a((@ =1 (0 = y) = @1 = 1) (5, = D (y(sn(v)) ™) @ 7).

which shows that ¢(J,(K.)) C J! (K;) ® Z[Ky]. Therefore, q induces a group homo-
morphism

I T (KQ) @ 2Ky T4 (Ky) _
T () I (K) @ Z[K] — T (Ky) ® Z[Ko),

which satisfies gr =id. 0O

Remark 11.3. It is easily verified that T preserves the graded Hopf algebra structures.
Hence Tgq is a graded Hopf Q-algebra isomorphism.

12. Formality of extended N-series

Assuming that an extended N-series K, is “formal” in some sense, we here show that
an action of an extended N-series G, on K, has an “infinitesimal” counterpart containing
all the Johnson homomorphisms. In this section, we work over Q.

12.1. Formality and expansions

Let K, be an extended N-series and consider the completion
Q[K.] =lim Q[Ko] /J2(K.)

it
k

of the group Q-algebra Q[Kj] with respect to the rational version J2(K,) of the filtra-
tion (11.2). The filtered Hopf Q-algebra structure of Q[Kj] extends to a complete Hopf
algebra structure on (@, whose filtration is denoted by ffk@ (K,).

An extended N-series K, is said to be formal if the complete Hopf algebra (@K\*] is
isomorphic to the degree-completion of its associated graded, namely

JE(K)
T (K

b

g (J2K)) =[]

k>0

through an isomorphism whose associated graded is the identity.
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Recall that U (grQ(K.)) denotes the degree-completion of the universal enveloping
algebra of the eg-Lie Q-algebra gr2(K,) associated to the extended N-series K,. An
expansion of an extended N-series K, is a homomorphism

0: Ko — U(grd(K.))

which maps any = € K;, i > 0 to a group-like element of the form

o ):{1+(xKi+1)+(deg>i) if i >0, 12.1)

(xK1) + (deg > 0) if i =0.
Example 12.1. Assume that K, is associated with the lower central series of a free group
Ko = K;. Let Lie(H?) denote the free Lie Q-algebra generated by H? = (K| /K>) ® Q
in degree 1. Then the identity of H? extends uniquely to an isomorphism Lie(H?) ~

grg (K,) of graded Lie Q-algebras, so that we have a canonical isomorphism of graded
Hopf Q-algebras

U(grd(K.)) = U(gr% (K.)) ~ U(Lie(H)) = T(H?),

where T'(HQ) is the tensor algebra generated by H? in degree 1. Hence, in this case, an
expansion of K, is a homomorphism 0 : Ky — T(H?) such that

O(x) = exp ([a:] + (series of Lie elements of degree > 1)) (12.2)

for all z € Ko, where [1] = (zK3) ® 1 € H?. For instance, for each basis b = (b;); of Ko,
there is a unique expansion 6, of K, such that 6;(b;) = exp([b:]).

The following establishes the relationship between formality and expansions.
Proposition 12.2. An extended N-series K, is formal if and only if it has an expansion.

Proof. Consider the diagram

Ko 0 U(gQ(K.,)) (12.3)
Ll 0-2. Z’J/’f@
(QT[I(\*] e gI‘.(J?(K*)),

where ¢ is the canonical map and Y@ is the isomorphism in Theorem 11.2.

Assume that K, is formal. Then there is a complete Hopf algebra isomorphism f
in (12.3) inducing the identity on the associated graded. The complete Hopf algebra
isomorphism 6 := (YQ)~1f satisfies
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O(y) = (YY1 (y + Jgﬂ(K*)) + (deg > m) fory € JE(K,), m >0,

which implies (12.1) for the homomorphism 6 := 0. Since (Kj) is contained in the
group-like part of (@K\*] and 6 preserves the comultiplication, 8(Ky) is contained in the
group-like part of U(grQ(K.,)).

Conversely, assume that K, has an expansion, i.e., a homomorphism 6 in (12.3). Ex-
tend @ by linearity to an algebra homomorphism 6 : Q[Ko] — U(gr2(K.)), which is
filtration-preserving by (12.1). Hence it induces a complete algebra homomorphism 6 in
(12.3). Since ¢(Kp) generates @ as a topological vector space and since § maps t(Kj)
into the group-like part of ﬁ(gr(,@(K*)), it follows that § preserves the comultiplication:
therefore, fisa complete Hopf algebra homomorphism. By (12.1), 6 induces the isomor-
phism (Y@)~! on the associated graded: hence 0 is an isomorphism. Thus, f := 124
tells us that K, is formal. O

Remark 12.3. Let 6 be an expansion of an extended N-series K,. The arguments in the
proof of Proposition 12.2 shows that 6 induces a complete Hopf algebra isomorphism

—

0: QK| — Uerl(K.)),

where @] denotes the completion of Q[K;] with respect to the rational version of the
filtration J', (K ) defined at (11.7).

Remark 12.4. Assume that K, is the extended N-series defined by the lower central
series of a group. Then an expansion of K, in our sense is called a “Taylor expansion”
in [4] and a “group-like expansion” in [22] (in the case of a free group). Note that K,
is formal in our sense if and only if it is “filtered-formal” (over Q) in the sense of [39].
Proposition 12.2 is a generalization of [22; Proposition 2.10] and [39, Theorem 8.5].

12.2. Actions of extended N-series in the formal case

Let a group G act on an extended N-series K. This action induces a homomorphism

o —

p: G — Aut(Q[K,])

with values in the automorphism group of the complete Hopf algebra (@ Here, p
maps each g € G to the unique automorphism p(g) extending the automorphism of K
defined by x — 9x.

Now, assume that K, is formal, and fix an expansion # of K. According to the proof
of Proposition 12.2, 6 extends uniquely to a complete Hopf algebra isomorphism

— —

0:QIK.] — U(KD),
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where U(KQ) is the universal enveloping algebra of the eg-Lie Q-algebra K@ := grQ(K,)
associated to the extended N-series K. Thus 6 induces a homomorphism

A —

P’ G — Aut(U(KQ))
defined by p?(g) = 0p(g)~* for g € G.
Furthermore, we assume that G is equipped with an N-series G4 = (G, )m>1 and that
(the extended N-series corresponding to) G'; acts on K. Recall that Der, (KQ) denotes

the derivation graded Lie algebra of the eg-Lie Q-algebra K2, and let ISe\r+ (I_( ) denote
its degree-completion. Here is the main construction of this section:

Lemma 12.5. Let an N-series G4 of a group G act on a formal extended N-series K,
and let 0 be an expansion of K.. Then, for any g € G,,,m > 1, the series

0 (=D ! A
log(p(9)) = Y ~——("(9) —id)" € Endo(U(KY))
k>1

converges and its restriction to K = Ky/Ky and Kg = K, ® Q defines an element
0°(g) of the degree > m part of Der, (K2).

Proof. Let g € G,,,, m > 1 and let r = p(g). Since
r(@)=z+ (r(x)z"' -z € (z+ JL(K.)) forx € Ko,
we have (r — 1d)(®) c JO(K.); similarly, since
r—1)=(@-1)+ @z~ 1z € (z-1)+J3,,(K.)) forzeK;,i>1,

we have (r — id)(J2(K.)) c J2

n+m

(K,) for all n > 1. Hence

(r —id)P(JUK,)) C T2y (K,) foralln>0,p> 1. (12.4)
Taking n = 0 in (12.4), we see that
—1 k+1
log(r) = Z ( Iz (r —id)*

k>1

is well defined as a linear endomorphism of (@K\*] and, taking p = 1 in (12.4), we see
that log(r) increases the filtration step by m:

log(r)(J2(K4)) C jg+m(K*) for all n > 0.
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Furthermore, since r is an algebra automorphism, log(r) is a derivation of the algebra
(@K\*]. (Tt is well known that the logarithm of an algebra automorphism is a derivation
whenever it is defined; see e.g. [33, Theorem 4], whose combinatorial argument given for
a commutative algebra works in general.)

Of course, the conclusions of the previous paragraph for r apply to 7 := p?(g) as
well. Thus we obtain

(rf —id)P(Usn(K2Q)) C Uspipm(KY) foralln >0,p>1, (12.5)

and log(r?) is a well-defined derivation of the algebra U (KQ) which increases the filtration
step by m.

Now we prove that log(r?) maps (A](I_(g) - x into itself for each 2 € Ko: it suffices to
prove the same property for r?. As a topological vector space, U(f(g) is spanned by its
group-like elements: for instance, this follows from Remark 12.3 since Q/[IZ] is spanned
by the homomorphic image of K; as a topological vector space. Therefore, it suffices
to check r?(u - z) € U(I_{g) -z for any group-like u € Tj(f_(g) Since u - = is group-like,
r%(u - z) is group-like and, by Lemma 11.1, we have

1
r(u-a) =exp(l) y=y+Loy+0y+o

for some ¢ in the degree-completion f{g of I_(E*) and y € K. Property (12.5) with p =1
shows that ¥ induces the identity on the associated graded. Hence r%(u - z) and u - =
have the same degree 0 part, and we deduce that y = z.

Next, we show that log(r?) maps any = € Kj into f(i% - z. By the previous paragraph,
we have log(r?)(z) = tx for some ¢ € U(K’g) Thus we need to show that ¢ is primitive.

0

Since 7% is a coalgebra homomorphism, log(r?) is a coderivation. It follows that

Altz) = (1og(r") ® id+id®1og(r"))A(x)

= (log(r‘g)®id+id®log(r‘9))(ac®x) =tr@®r+rdtr

and we deduce that A(t) =t & 1 + 1 & t. Similarly, we can show that log(r?) maps any
IS R’g to I%ﬂ% indeed, by the previous paragraph, we know that log(r?)(¢) belongs to
U(Kg) and, using that log(r?) is a coderivation, it is easily checked that log(r?)(¢) is
primitive. A

Thus, by the previous paragraph, we can define a map dy : Ko — I_(g and a group
homomorphism dy : f(g — Ig(ﬂ(g by

log(r)(2) = do(w) - = and  log(r?)(£) = d. (0),
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respectively. It remains to show that (dp, dy) is an element of ]Samr(l_(;@), ie., (do,dy) is
an infinite sum of derivations of the eg-Lie Q-algebra KQ. (Those derivations will have
degree > m since we have seen that log(r?) increases the filtration step by m.)

First, d4 consists of derivations (in the usual sense) of the Lie Q-algebra f(i(g since it
is a restriction of the derivation log(r?) of the algebra U(KQ). Next, we check that dq is
a 1-cocycle. For any z,y € K, we have

log(r?)(xy) = x - log(r’)(y) + log(r’)(x) - y
=z -do(y) - y+do(x) z-y = (“do(y) +do(x)) - xy,

which shows that do(zy) = do(x) + “do(y). Finally, for any x € K and £ € f(g, we have

log(r?)(*¢) = log(re)(x 0.7
log(r)(z) - - 27  + 2 - 1og(r®)(0) - 2™ + z - £ - Tog(r?) (z™1)
do(x
do(x

which shows that di(*¢) = [do(z),"¢] + *d,(¢). We conclude that ¢?(g) = (do,d,)
belongs to Der, (K2). O

S rd () —x -0t log(rf)(z) 2t
O+ Tdy (0) — "L - do(z),

)
)
We can now prove the main result of this section.

Theorem 12.6. Let an N-series G4 of a group G act on a formal extended N-series K,
with an expansion 6. Then the filtration-preserving map

oG — f)e\u(ff?)
in Lemma 12.5 induces the rational version of the Johnson morphism:
gr(c") = 72 Gy — Der. (KQ).
Proof. Let g € G,,,, m > 1. Set 7 = p(g) and 7 = p?(g). The leading term of ¢%(g) is a
derivation of degree m of the eg-Lie Q-algebra K@, which is denoted by d = (di)i>o0-

We prove that dy : Ko — K,, ® Q is the rationalization of 7,,,(¢9)o : Ko — K. Let
x € Ky. By definition of dy, we have

log(r?)(z) - 27 = do(2) + (deg > m) € Ii(ﬂ%
Besides, it follows from (12.5) that

log(r’)(z) = (r(x) — ) + (deg > m) € U(KJ);
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hence
do(z) = (degree m part of (r’(z) -2~ —1)).

Let y € Ky be a representative of x: since 0(y) = = + (deg > 1) by (12.1), we have
0~1(z) = 1(y)z, where z € (1 + JY(K,)). Therefore,

é_l(re(x) Tl —1) = r(é‘l(az)) (é_l(x))_l -1
=r(u(y))r(z)z" e(y) T — L.

However, (12.4) shows that r(z)—z € jg+1(K*), which implies that r(z)z~! is congruent
to 1 modulo J2 | (K.). It follows that

07 (@) -2t = 1) =r(y)y) Tt =1 (mod Jg 4 (KL)).

We deduce that

do(x) = (degree m part of (0(]g,9]) — 1)) "Z" ((g, Y| Kns1) = Tn(9)o ().

> 1. Now we prove that d; : K; @ Q — f(Hm ® Q is the rationalization of
T (9)i : Ki — Kiym. Let £ € K;. By definition of d;, we have

log(r?)(0) = d;(¢) + (deg > i +m)
Besides, it follows from (12.5) that
log(r?)(0) = (r(0) — £) + (deg > i +m) € U(KQ);
hence
d;(¢) = (degree (i +m) part of (r?(£) — ¢)).

Let y € K; be a representative of £. Then we have 0(y) = 1 + £ + (deg > i) by (12.1),

which implies that §-1(¢) = («(y) —1) (mod jgl(K*)) Using (12.4), we deduce that

07 () —0) = (r—id)(67(0)) = (r —id)(e(y) — 1) (mod J2I., .. (K.))
=7(u(y)) — u(y)
=r(u(y)(y) =1 (mod J2 ., (K.)).

We conclude that

di(¢) = (degree (i +m) part of 0([g, 5] — 1)) "= ([g, Y Ki1ms1) = Tm(9)i(0). O
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Remark 12.7. We can regard the map o/ : G — ISQJF(I_(?’) in Theorem 12.6 as a “lin-
earization” or an “infinitesimal version” of the extended N-series action of G4 on K,.
Let [/)e\rJr (KQ)pcn denote the group whose underlying set is ]SEMF(I_( Q) and whose mul-
tiplication - is defined by the Baker—Campbell-Hausdorff series:

1 1 1 — =
d-e:=d+e+ i[d,e] + E[d’ [d,e]] + E[e, [e,d]] +--- for d,e € Dery (KQ).

(Here [, -] denotes the degree-completion of the Lie bracket defined in Theorem 5.2.)
Then

99 G — 5&'+(R9)BCH

is a group homomorphism, which maps G4 into the N-series of I/)e\rJr (K@)BCH whose
mth term is Ders,, (KQ) for every m > 1.

Remark 12.8. In Theorem 12.6, let K be an Ny-series of K (see Section 8.2). Then the
canonical map K, — K7 is injective. Therefore, one can trade the Johnson morphism
7o with its rational version 72 without loss of information. It follows that the map ¢’ in
Theorem 12.6 determines all the Johnson homomorphisms.

Example 12.9. Assume as in Example 9.5 that K, is the extended N-series associated
with the lower central series of Ky = K; := m1(¥4,1,%), and let G, denote the “clas-
sical” Johnson filtration of Gy := MCG(3,,1,0%,,1). Then, by Proposition 8.3, G4 is
an No-series of G := G'1, namely the Torelli group of X, ;. Since Ky is a free group,
Example 12.1 applies: an expansion of K, is a homomorphism

0: Ky — T(HY), where HY = H\(3;Q)

satisfying (12.2). According to Remark 12.8, the map ¢? in Theorem 12.6 contains all
the “classical” Johnson homomorphisms. It is shown in [22] that, for an appropriate
expansion 6, the map ¢ can be identified with the “tree reduction” of the LMO functor
introduced in [5].
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