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Introduction

The very first approach to the representation theory of finite reductive groups is the construction
of representations via Harish-Chandra (or parabolic) induction. If G is a connected reductive group
over [ = [F_'p with an [Fg-structure associated to a Frobenius endomorphism F : G— G, and P is an
F-stable parabolic subgroup with an F-stable Levi complement L, one can define, over any ring A,
the following functors

R¢: ALF-mod — AGF-mod

and

*RE : AGF-mod — ALF-mod

called Harish-Chandra induction and restriction functors. One of the main features of these functors
is that they satisfy the so-called Mackey formula: if Q is another F-stable parabolic subgroup with
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F-stable Levi complement M then
“Rfg o RE > Rl 0 *Ryfy 0 ad x

where x runs over an explicit finite set associated to L and M. In addition to being a powerful tool for
studying an induced representation, this formula is also essential for proving that the Harish-Chandra
functors depend on L only and not on the choice of P.

It turns out that not all the representations of Gf can be obtained by Harish-Chandra induction (al-
ready for G = SL,(F), many representations are cuspidal). To resolve this problem Deligne and Lusztig
defined in [6] a generalised induction in the case where P is no longer F-stable but L still is. They
constructed morphisms between the Grothendieck groups

Rf : Ko(AL"-mod) — Ko(AG"-mod)
and
*Rf : Ko(AGF -mod) — Ko(AL"-mod)

still satisfying the Mackey formula. These morphisms come from a virtual character given by the ¢-
adic cohomology of a quasi-projective variety in, the parabolic Deligne-Lusztig variety associated to
(L, P). Here, A is a finite extension of Q;, Z; or [,.

When A is field of characteristic zero, the category AGf-mod is semisimple, and its Grothendieck
group encodes most of the information. However, in the modular framework, that is when A = Z,
or [y, the Deligne-Lusztig induction and restriction morphisms give only partial information on the
category of modules. To obtain homological properties, one needs to consider the complex RI (X, A)
representing the cohomology of the variety in the derived category DP(AGF-mod). Using this point
of view, Bonnafé and Rouquier defined in [1] triangulated functors

RE_p: D (ALF-mod) — DP(AGF-mod)
and
*RE_p: D (AGF-mod) — DP(ALF-mod).

Unlike the previous functors, these are not expected to satisfy a naive Mackey formula as they highly
depend on the choice of P. However, there is a good evidence that the composition *R&CQO ’Rfd,
should be somehow related to functors associated to smaller Levi subgroups. The purpose of this
paper is to investigate the case where Q is F-stable. If U denotes its unipotent radical, then the

composition *R&CQO ’Rfd, is induced by the cohomology of the quotient variety UF \XL,P-

In the original paper of Deligne and Lusztig [6], the Levi subgroup L is a torus and XL,p corresponds
to some element w of the Weyl group W of G. The motivating example is when (L, P) represents a
Coxeter torus, that is when w is a Coxeter element of W. In that case, the variety Xpp = X]_’p/LF is
contained in the maximal Schubert cell and its quotient by UF has been computed by Lusztig in [15].
In the case where A = @, it is given by the following quasi-isomorphism of MF-modules:

RI:(UF\XLp, Q) ~ R (Keompom Qo) @ RIG((FX), @)

where d is the semisimple [Fg-index of M in G. Surprisingly, this isomorphism does not come from an
MFN-equivariant isomorphism of varieties, and we will see that it is more natural to study the quotient
of Xpp instead of Xt p.

In general, the variety Xpp is not contained in only one Schubert cell. The strategy towards the
determination of the cohomology of UF\Xy p will consist in the following steps:
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e decompose the variety )N(L,p into pieces ’)V(x coming from the decomposition of G/P into Q-orbits
(see Section 2);

e in some well-identified cases, express the cohomology of UF\)?X in terms of parabolic Deligne-
Lusztig varieties associated to Levi subgroups of M (see Section 3).

The second step is undoubtedly the most difficult. We are able to provide a satisfactory solution to
this problem in presumably very specific situations, namely when the pair (LN *M, P N*M) is close
to (L, P) (see Theorem 3.11 for more details). However, it turns out that our main result is general
enough to cover most of the Deligne-Lusztig varieties associated with unipotent ®,4-blocks with cyclic
defect group. This should give many new results on the geometric version of Broué’s abelian defect
group conjecture. To illustrate this phenomenon, we compute in Section 3.3 the principal part of the
cohomology of the parabolic variety associated to the principal &,,_,-block for a group of type By
as well as its Alvis-Curtis dual. In subsequent papers this baby example will be supplemented by the
following results:

o for exceptional groups, the determination of the cohomology of varieties associated to principal
@g4-blocks when d is the largest regular number besides the Coxeter number. This should be
enriched with predictions for the corresponding Brauer trees [14];

o for groups of type A;, the determination of the cohomology of varieties associated to any unipo-
tent block from the knowledge of the cohomology of the variety X(w(z)) [13].

1. Parabolic Deligne-Lusztig varieties

Let G be a connected reductive algebraic group, together with an isogeny F, some power of which
is a Frobenius endomorphism. In other words, there exists a positive integer § such that F® defines
a split [ gs-structure on G for a certain power q® of the characteristic p (note that g might not be
an integer). For all F-stable algebraic subgroup H of G, we will denote by H = HF the finite group of
fixed points.

We fix a Borel subgroup B containing a maximal torus T of G such that both B and T are F-stable.
They define a root system @ with basis A, and a set of positive (resp. negative) roots @+ (resp. @ 7).
Note that the corresponding Weyl group W is endowed with an action of F, compatible with the
isomorphism W =~ N¢(T)/T. The set of simple reflections will be denoted by S. We shall also consider
representatives {w | w € W} of W in N¢(T) compatible with the action of F (this is possible by [9,
Proposition 8.21]).

To any subset I C S one can associate a standard parabolic subgroup P; containing B and a
standard Levi subgroup L; containing T. If U; denotes the unipotent radical of P;, the parabolic sub-
group can be written as P; = L;U;. The corresponding root system will be denoted by &;. Let U
(resp. U™) be the unipotent radical of B (resp. the opposite Borel subgroup B™). Each root o de-
fines a one-parameter subgroup Uy, and we will denote by uy : F —> Uy, an isomorphism of
algebraic group. In order to simplify the calculations, we shall choose these isomorphisms so that
Ua(M)Se = tu_g (A" DY (M)ug(—2~1). Note that the groups U, might not be F-stable in general even
though the groups U and U~ are.

Finally, we denote by B‘J,FV (resp By ) the Artin-Tits monoid (resp. Artin-Tits group) of W, and by
S ={sq | @ € A} its generating set. The reduced elements of B*V], form a set W which is in bijection
with W via the canonical projection By — W. We shall also consider the semi-direct product By, x
(F) where F-b=Fb.F.

Let I be a subset of S and denote by Bl+ the submonoid of B*V], generated by L. Following [9], we

will denote by I LA any pair (I, b) with b € B, satisfying the following properties:

e any left divisor of b in Br is trivial;
o PFI =1, that is every s eI satisfies b—'sh € FI.
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Digne and Michel have constructed in [9] a parabolic Deligne-Lusztig variety X(I, bF) associated to
any such pair. Note that when b =w € W and if w denotes its image by the canonical projection
Bw — W, the previous conditions are equivalent to w being I-reduced with V¥ =1I. In that case, the
variety X(I, wF) can be written

X(I,wF)={geG|g 'FgePwip}/P.

As in the case of tori, we can construct a Galois covering of X(I, wF). It is well-defined up to a choice
of a representative n of w in Ng(T):

X(I,nF)={geG|g Fgeumfu}/u,.

The natural projection G/U; — G/P; makes i([,nF) an L’,’F—torsor over X(I, wF). By using an
F-stable Tits homomorphism t : Byy —> Ng(T) extending w € W —— w, Digne and Michel have gen-

. . . . b . . .
eralised in [9] this construction to any element I — FI. The corresponding variety will be denoted

by )N((l, bF). It is an Ls(b)F—torsor over X(I, bF). When b =w € W we shall simply denote t(w) by w.

Remark 1.1. When I is empty, we obtain the usual Deligne-Lusztig varieties X(bF) and X(bF) associ-
ated to any element b of the Braid monoid (as defined in [3] or [1]).

2. Decomposing the quotient of X(I, wF)

Let (I, w) be a pair consisting of an element w of W and a subset I of S such that w is I-reduced
and WFI =1. Let J be another subset of S. If J is F-stable, then so is the corresponding standard
parabolic subgroup P; and its unipotent radical Uj. In this section we are interested in describing the
quotient of the parabolic Deligne-Lusztig variety

X(I,wF)={geG|g FgePwip}/P

by the finite unipotent group U ;. Our main goal is to express this quotient (or at least its cohomology)
in terms of “smaller parabolic varieties” associated to the Levi subgroup Lj.

Throughout this paper, A will be any extension of the ring Z, of £-adic integers. We shall always
assume that ¢ is different from p, so that by cohomology over A we mean the extension of the étale
cohomology of quasi-projective varieties with coefficients in Z,. The properties of RI.(—, A) that we
will use are either classical or can be found in [16].

2.1. A general method
Recall that the partial flag variety G/P; admits a decomposition into P;-orbits G/P; = [ [P xP;

where x runs over any set of representatives of W ;\W /W/. The restriction of this decomposition to
X(I, wF) can be written as

X(owky= [[  {pxPrePyxPy/P;|p~'Fpex(Pwr)FxT}. (2.1)
Xe[W \W /W]

We will denote by Xy = X(I, wF) NP;xP;/P; a piece of this decomposition. It is a locally closed P -

subvariety of X(I, wF). Now, each of these pieces can be lifted up to P;. More precisely, if we define
the variety

Zx={pePy| p Fp ex(leFPl)Fx’]}
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then the canonical projection G — G/P; induces a fibration Zy — Xy with fiber isomorphic to
P; N*P;. Now if we assume that x is J-reduced-I, the intersection P; N*P; can be decomposed
as Py N*P; = (L; N*Py) - (U; N*U). Furthermore, L; N*P; is a standard parabolic subgroup of L; (it
contains L; N B) and hence it can be written L; NPk, with Ky = J N*®;. The cohomology of Xy is
thus given by

RIT(Xx, A) > RIL(Zy /Ly NP, A)[2dimU; N*U]. (2.2)

The advantage of this description is that the quotient of the variety Z, by U is easier to compute.
If we decompose p € P; as p =ul € UjL; then the quotient variety can be written (see for example
[11, Proposition 1.3])

UNZe={(.D) € [(xPrw P Fx ) NP x Ly | ) (p) =1"1F1}

where 7; : P; — L; is the canonical projection.

Our aim is to relate this variety to “smaller” parabolic Deligne-Lusztig varieties. For that purpose,
we need to identify the double cosets in which [~1F] lies, which amounts to decomposing the inter-
section (xP,wFP,Fx‘l) NP; as well as its image under 77;. Let ve W) be a Ky-reduced-f K, element.
We can decompose the double coset Py, vF Py, as follows:

PKxVFPKX =({L;N PKX)U]V(L] N FPKX).

Since Ly NPg, =L; N*P; is a subgroup of *P;, the intersection (xP;wfP;Fx~1) N Pk, vFPg,) is
non-empty if and only if (xP;wFP;Fx~1v=1)N U, is. In this case, the projection 7 : P; — L; in-
duces a fibration (xPywfP;Fx~1) N Pk, vFPk,) — (L; NPk, )v(L; N FPk,) with fiber isomorphic to
xPywfPFx~lv=1)NU;. If we define Z! to be the variety

zy ={(@.h e [(xPw P Fx )N (Pk vFPx, )] x Ly | 7y (p) =171F1}

then we obtain a decomposition of U ;\Z, into locally closed subvarieties together with L j-equivariant
maps

Zy — {leLy [T FleL; nPgvF (L) NPk} (2.3)
with fibers isomorphic to xP;wfP/Fx~Tv=1)nU;.

Remark 2.4. In the case where VFK, = Ky, the quotient by L; NPy, of the variety on the right-hand

side of (2.3) can be identified with the parabolic Deligne-Lusztig variety associated to Ky LN FK,. We
shall, by convenient abuse of notation, denote it by Xy, (K, vF) even when vF does not normalise K.

Finally, we set 3y =Zy/L; N Pk,. The right action of U; N*U on Z, induces an action by F-
conjugation on 3y and let X} = 3}/U; N*U; be the quotient (equivalently, it is the image of Z)
by the morphism U j\Z, — U j\Xy). At this point we have obtained:

e A decomposition of Uj\X(I, wF) into some locally closed L j-varieties X.
e A quasi-isomorphism RI:(X), A) ~RI:(3y, A)[2dimU; N*U] (obtained as in (2.2)).
e An Lj-equivariant morphism 3} — X, (Kx,vF) with fiber isomorphic to (xP;wfP;Fx~Tv=1)nu,.

Therefore, if we want to express the cohomology of U ;\X(I, wF) in terms of the different varieties
Xp; (Kx, vF) that can appear we need to refine the description of the latter morphism. This will be
done in Section 2.3 after discussing the case of parabolic varieties associated to elements of the Braid
monoid.
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Remark 2.5. When “FK, = K, we can actually be more precise: I"1F] can be written uniquely as
1vFl, with I € (Ly NUg,) N VF(L, NUg) and [ € Lj NPg,. Then for z € Pywfp fx vl Ny,
we have (l1zvFlp, 1) e Z; and all the elements are obtained that way. In other words, we have the
following isomorphism of varieties

zy = [(xPw P Fx v nuy ] x {leLy [T Fle Ly NP vF Ly NPk}

Through this isomorphism the group L; (resp. L; NPk, ) acts on [ € L; by left (resp. right) multipli-
cation. However, it is more difficult to describe the action of Ly NPk, on (xPywfP/Fx"lv=1)nuj.
In particular, 3} is in general not isomorphic to [(xP;wFP;Fx~'v=1) NU; ] x Xy, (Ky, vF). We shall
nevertheless give many examples where the cohomology of these two varieties coincide.

2.2. Elements of the Braid monoid

By [9, Section 6] any element 125 FI can be decomposed as =) -5 I, 2% ... Y 4 =]
where w; € W. Using this property one can easily generalise the previous constructions to X(I, bF):
to each tuple X = (x1, ..., X;) with x; a J-reduced-I; element of W one can associate varieties Xx and
Zx such that

-1 -1
pi ' pir1 € xiPLwiPy XY ]
1

Zx=1(p1,....pr) € (P)) T
{ p;yFp1 e xPLw, FP FX]

and

RI(Xy, A) ~ ch(zx/ []L NP, . A) [2 Y dimu; n "fU]

with Ky, = J NX@y,.

By looking at the intersections of x;P;, w;Py, +1Xi:-]1 with double cosets of the form PKX,- ViPKxiH one
can decompose U j\Zx into locally closed subvarieties Z| together with L -equivariant maps
-1
I iy € Ly NPg, ) Vi(Ly mPKXI.H)} (2.6)

Zv—> (l],...,l)E(LJ)r
* [ ' [7'F11 € (L NPk, )veF (L NPy,

with fibers isomorphic to

r—1
U,n (XrPIrWrFPh FXI_1 Vr_l) X HU] N (XiPIiWiPIini_J,-]lvi_])’

i=1

In the case where "iKy,, = Ky and "fFKx] = Ky,, the quotient by [[L; N Pk, of the vari-
ety on the right-hand side of (2.6) can be identified with the parabolic Deligne-Lusztig variety
XL] (Ky,, V1 ---VrF).

2.3. A further decomposition

We now study the intersection (xP;wfP;Fx~1v=1)NU; in order to obtain information on the
fibration 3; — X1, (Kx, vF) defined at the end of Section 2.1. This will be achieved using the Curtis-
Deodhar decomposition.

Let x, w, w’ be elements of W, and fix a reduced expression w = sq---s, of w. Recall that a
subexpression of w (with respect to the decomposition w = sq---s;) is an element of I" = {1, 51} x



0. Dudas / Journal of Algebra 381 (2013) 1-20 7

-+ x {1,s;}. Such a subexpression y = (y1,...,Yr) is said to be x-distinguished if y; = s; whenever
XY1 -+ Vi-1Si > XY1--- Vi—1. The main result in [7] and [5] gives a decomposition of the double Schu-
bert cell BwB N (B)*w'B C G/B in terms of certain x-distinguished subexpressions of w, as well as an
explicit parametrisation of each piece (see [12, Section 2.2] for more details).

Theorem 2.7 (Deodhar, Curtis). Let w, w’, x be elements of the Weyl group and w = s1 - - - s; be a reduced
expression of w. There exists a decomposition of BwB N (B)*w’B into locally closed subvarieties

BwBN BwB= [[ 2,wB
)/EFW/

where y runs over the set Iy, of subexpression of w whose product is w’. Furthermore, the decomposition has
the following properties:

@
(ii
(iii
(iv

Each cell 2, w'B is stable by multiplication by U N U%;

2, C U* and the restriction of the map B* — (B)*w'B/B to £2, is injective;
£2, is non-empty if and only if y is x-distinguished,

If $2,, is non-empty, then it is isomorphic to A, x (Gm)™ where

o

ny =#{i=1,...,r|xy1---Vi-1Si > xy1--- Vi-1}

and

m,=#{i=1,...,r|yi=1}.

Remark 2.8. For convenience, we will always denote by Gy, the spectrum of the ring F[t,t~!] al-
though we will not necessarily use its group structure.

In order to use this result, we first write the fiber of (2.3) as
(xPIWFPIFx’]v’l) NnU; = (xBWIWBFx’lv’l) nu;.

Let y € Wy, and let y be an x-distinguished subexpression of yw whose product is w’ = x"1vFx.
Then the map (z,7') € £2, x U*N WU+ zz’w’ € BwBN (U)*w’ is well-defined and it is injective by
Theorem 2.7(ii). By taking the union over such subexpressions, we obtain the following decomposition

UnxBywB(vix) " = || (*2y) (Un""v).

J/EI:(il VFX

Note that we do not need to fix a reduced expression of y: indeed, since x is reduced-I, the subex-
pression y will start with any reduced expression of y.

Furthermore, by Theorem 2.7(i), each coset ny‘1vaB is stable by left multiplication by U N U*,
and therefore all the varieties occurring in the previous decomposition are stable by the left action of
*UNU. Since x is J-reduced, they are in particular stable by the action of L; N'U. Taking the image
by the projection @ : U —> U; associated to the decomposition U= (UNL;)U; we obtain

U ﬁxBwa(va)_1 = |_| o ("2, - (UN "F"U)) = |_| 7. (2.9)

Vel —1,F, vel,—1,F,
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In many interesting examples, the intersection (xP;wfP;Fx~1v=1)NU; will always consist of at most
one cell 73, which will be isomorphic to (Gp)" x As for some integers r, s. Note that in this case, the
cell is automatically stable by the action of (L; NPg,) N VWL j NPg,) by conjugation. If in addition
one can find an equivariant embedding 7} C A1, then the cohomology of U;\Xy can be obtained
by shifts of the cohomology of X, (Kx, vF). We shall not make this claim more precise as we will
encounter only the cases where r=0 or 1.

Remark 2.10. The decomposition (2.9) gives a combinatorial test for the emptiness of a piece X,: it is
non-empty if and only if there exist y € W; and an x-distinguished subexpression y of yw such that
the product of the elements of y lies in x W Fx.

2.4. Examples

In this section we give examples for which the previous method is effective. Some of them will
nevertheless suggest that one should rather work with the variety X(I, wF) instead of X(I, wF).

2.4.1. Fibers are affine spaces
Let J be an F-stable subset of S. Assume that there exists a J-reduced-I element x such that
xwfx1e W and let v be the corresponding W, -reduced element. Then we have U;\Zy =Z; and

the map

30— X, (Ky, VF)

has affine fibers. In particular, the cohomology of the varieties U j\Xy and Xy, (K, vF) differs only by
a shift.

Let v/ € W . We start by showing that the intersection xP;wfP;Fx~1 NU;v’ is empty if v/ and v
are not in the same Wy, -coset of W . Since wF normalises I, the element xwFx~1F normalises Wk,
and so does vF. Thus we can write

Pwt P fx T nu v =xBwfwiB X nu v = (B)vEXFw Bf X Ny

By multiplying by FxB, we observe that if this set is non-empty, then one of the following double
Bruhat cells

(*B)vFx"w BBV xB

is also non-empty. By Theorem 2.7, this means that there exists an x~!-distinguished subexpression y
of v'Fx such that the product of the elements of y lies in the coset vFxf W/. Since x~! is reduced- J,
this subexpression has to start with a reduced decomposition of v’. The product of its elements is
therefore of the form v/Fx’ with ¥’ < x for the Bruhat order. But then v'fx’ € vFxf W/ so that x is in
the double coset W jxW;. This forces x = x" since x is the minimal element of this coset. Now, since
W, = W N (W))*, the condition v'Fx € vFxF W, implies v/ € vFf W, which, with vF-normalising
Wk, is equivalent to v/ € W, v.

Now, if we assume that v’ is Ky-reduced, we must have v/ = v. In this case, the intersection
xPwfP Fx 1 NU;v is just xBx~'vFxBFx~1 NU;v. The Curtis-Deodhar cell £, associated to the
unique x-distinguished subexpression of x~'vFx giving x~1vFx is contained in UNU¥. Since the prod-
uct *2,, - (UN "F"U) is stable by left multiplication by UN*U, we deduce that

xBxvFxBFx 1y 1 U= (UN*U) - (UN " *U).
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Finally, we can write UN vixg = unL;n "F"U) -Uyn "F"U) and use the fact that UNL; cUN*U to
obtain

wfPFx v nU = (U n*U) - (U; N ).
This proves that the fibers of U j\Zy/(Lj NPk,) — Xi, (Kx, vF) are affine spaces of same dimension.

Remark 2.11. Note that the previous statement remains true if we replace Fx by x' with £(x) = £(x).
More precisely, if [ = I’ and xwx'~! = v € W is such that (Ky)" = Ky then xP;wPyx~'v~1NU; is
empty unless v’ and v are in the same W, -coset and in that case

xP,Wpr’_lv_1 NnUy = (U] ﬂXU) . (U] N VX’U).
The condition £(x) = £(x') is essential, as several W, -cosets of W ; might be involved otherwise.

2.4.2. Coxeter elements for split groups

Let {t1,...,ts} be the set of simple reflections associated to the basis A of the root system. Let
w =ty1---t, be a Coxeter element. We claim that all the pieces of X(w) but one are empty: by
Remark 2.10 applied to | = ¢, the quotient U\Xy is non-empty if and only if there exists an x-
distinguished subexpression of w whose product is trivial. But the only subexpression of w whose
product is trivial is (1,1,..., 1), and it is x-distinguished for x = w¢ only.

Now let ] be a subset of S and let x = w wq be the element of minimal length in W] wo. Let v e
W be such that there exists an x-distinguished subexpression of w whose product is v* € (W j)™°.
Denote by ] ={tj, ..., tj,} the conjugate of J by wo. Then y; =t; forces t; € j furthermore, since y
is x-distinguished then yi =1 forces t; ¢ ] We deduce that such a subexpression is unique and that
v="(tj, ---tj,) is a Coxeter element of W .

For this subexpression, the cell §2, is the ordered product of the groups U; = uy,...);(—a;)(?) Where
?=F is y;#1 and ? = F* otherwise. Note that when i < j, and ¢; ¢ 7 the groups U; and Uj,
commute. Indeed, a positive combination of y1---yi(—a;) =tj, -- t,a( aj) and yq---yj,(—aj,) =
tj, ---tj,_, (ap) is mever a root since a positive combination of —a; € S\ 7J and jorq Ljp_y (ap) € <1>~

never is. Furthermore, UN"*U=L; NUN"U and it is not difficult to show that this group commutes
with the groups *U; whenever t; ¢ J. As a consequence

Yy =w;(*2-un"U) = [] w(F*).
t,‘ES\j

We deduce that the morphism U;j\Zx = U;\X(w) —> Xy, (v) has fibers isomorphic to (Gpm)*I=!JI,
In [15], Lusztig actually constructs an isomorphism between Uj\X(w) and X, (v) x (Gp)"S1=H!, but
which is not compatible with the action of L;. However, he proves that the cohomology groups of
these two varieties are isomorphic as L;-modules [15, Corollary 2.10].

2.4.3. n-throots of  for groups of type Ay

Assume that (G, F) is a split group of type A,. We denote by tq,...,t; the simple reflections of
W with the convention that there exists an isomorphism W ~ &, sending the reflection t; to the
transposition (i,i+ 1). Let J ={t1,...,ty—1} and w =tqty---ty_1tatn—1 be an n-regular element. The
J-reduced elements are of the form x; = tyty—1---t; for i=1,...,n4+ 1. If i # 1,n, then x; < x;t; <
Xit1ty < --- < x;w and therefore the only x;-distinguished subexpression of w is (t1,t2, ..., tn, th—1).
Since w ¢ W, we deduce from Remark 2.10 that the pieces X, are empty.

If i =n, then there are two x,-distinguished subexpressions of w, namely (t1,t2,...,ts, thn—1) and
(t1,t2,...,ty, 1). But only one will give an element of W, since *(t1---t;,) ¢ W; whereas *"w =
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t1ty---ty—1. By Example 2.4.1, the cohomology of U\Xy, is then, up to a shift, isomorphic to the
cohomology of the Coxeter variety Xp, (t1-- - th—1).

If i =1 then x; = wjwo. In that case there are many distinguished subexpressions of w. However,
only one has a product in (W])" = Wy, ..t,}- Indeed, that condition forces y; to be 1 and therefore
y=(1,t2,...,tn, ta_1) is the only x;-distinguished subexpression of w whose product lies in (W j)*.
For that subexpression, the Curtis-Deodhar cell *(£2)) is the product of ug,+...ya,(Gm) with some
affine subspace of Ly NU. Since o1 + --- + a is the longest root, the group L; NU acts trivially on
Uy, 4+ ta, and we obtain 1) =ug;1...1¢,(Cm) = Gn.

As in the Coxeter case, the varieties U;\Xy, and X._] (tty - - th—2tp—_1tn—2) x Gy can be shown to
have the same cohomology (see [8, Proposition 8.17]) but are non-isomorphic as L j-varieties. How-
ever, there is a good evidence that such an isomorphism should hold for some Galois coverings of X
and Gp,. We shall make this statement precise in the next section (see Section 3.3 for an application
to this example).

3. Lifting the decomposition to )’Z(I , WF)

Recall that one can associate to 12 Fp a variety X(I, bF) together with a Galois covering
7y : X(I, bF) — X(I, bF) with Galois group Lf(b)F. Using this map one can pullback the previous con-

structions. More precisely, one can define the varieties Xy = Ty 1(Xx) in order to obtain a partition of

X(I, bF) into locally closed Pj x L;“”F -subvarieties. Furthermore, we can lift the definition of Zx by

considering the following cartesian diagram:

t(b)F
/L

Ly —>> Ix

i i (3.1)
/Ltl(b)F

Xx —>>= Xx
For example, when b =w € W, we can identify P;/U; with L; to construct ix explicitly by
Zy={(p.m) Py x*L; | (pm)~'F(pm) € k(U wFU;) %71}

where the action of L; N*P; is given by (p,m) = (pl,Nl*]m) with the convention that L; N*U; acts
trivially on m. With this description, the map Zy —> X is then given by (p, m) — pmxU,. Unlike
the case of Xy, it is unclear whether there always exists a precise relation between quotients of Xy
and smaller parabolic Deligne-Lusztig varieties. We shall therefore restrict ourselves to the particular
cases that we have already encountered in Section 2.4.

Case1. If v=xwfx~! lies in the parabolic subgroup W then, as in Example 2.4.1, the cohomology
of U \Xy is related to the cohomology of )~(L](KX, VF). In this situation L}f ~ (LN L’j)""’F
is a split Levi subgroup of L}’"F so that one can modify XL] (Kx, VF) in order to obtain an
action of Lf’F by Harish-Chandra restriction.

Case2. If w=sw’ and v =xw'Fx~1 lies in W, one can relate the varieties U]\)N(x and )N(Lj (Kx, VF)
(under some extra conditions on s and x). The presence of s is reflected by a Galois covering
of G;; which explains the geometry of the fiber in Examples 2.4.2 and 2.4.3. This covering
carries actions of L}"’F and L}“’/F giving rise to a natural isomorphism between large quotient
of these groups as in [1] in the case of tori.

It turns out that this two rather specific cases are sufficient to study a large number of interesting
Deligne-Lusztig varieties, namely the ones that are associated in [3] and [9] to principal &4-blocks



0. Dudas / Journal of Algebra 381 (2013) 1-20 11

when 2d is strictly bigger than the Coxeter number. This will be treated in subsequent papers (see [14]
and [13]).

3.1. Case 1 - Fibers are affine spaces

We start under the assumptions of Example 2.4.1. We assume that x and w satisfy xwfx~1 e W .
For simplicity, we shall also assume that this element is W, -reduced, as it will always be the case
in the examples.

Proposition 3.2. Assume that v = xwfxlisa W, -reduced element of W . Let e = dim(U’j nNYunu-).

Then there exists a group isomorphism Lf"F ~ (*L;)"F such that we have the following isomorphism in
DP(ALj x (LF x (F))-Mod):

~ ~ . L .
RIL(U \Ky, A)[2e](—€) = RIE(Xe, (Ky. VF), A)® 4p ot yor ALY

Fy—1

Proof. Since v = xw"x™", one can use Lang’s Theorem to find an element n € Ng(T) such that
v =nwFn~1. Then the conjugation by n induces an isomorphism L}”’F ~ (*L;)"F. Moreover, the map

(p,m) € ’ZX —> (p, mxn—1) induces an isomorphism

Zy~{(p.m) e Py x *L; | (pm)~'F(pm) e n(UwF U )Fn~'}

so that we can work with n instead of x. We shall relate the cohomology of this variety to
the cohomology of XLJ(K VvF). For that purpose, we shall construct a morphism ¥ : 7y —>

XL](K, vF) Xp, (L) TF LY F which will factor through ZX — U]\ZX/L] N*P; and then study its fibers.

Let (p,m) € Zy. Since p~—'Fp lies in xP;wFP;Fx~1 one can proceed as in Example 2.4.1 to show
that it also lies in the double coset Pk, vFP,. If we write p =ul € UjL;, we deduce that I"1fle (L; N
XP,)vF(L] N*P;). Therefore, there exists I’ € Ly =L; N*L;, unique up to multiplication on the right by
LyF such that () ~1F ') e (L; n*UvE(L; N*U)). As a consequence, any element of Zy/L; N*P; can be
written [p; m] where p = ul is such that | yields an element of X, (Kx, VF). For such a representative,
we have

p—le — -1 (u_lFu)(l—lFl) c (L] meI) -U]\?F(LJ ﬂxUl).

We can actually be more precise on the contribution of U; in this decomposition. Indeed, we have
seen in Example 2.4.1 that xP;wfP;Fx~Tv=1nU; = U; N*U) - (U; N v*xu) and hence

_ Fyern .
p'Fpe(Lyn*yy) - (U;n*U)- (U; NV *U)vF (L) N*Y)).
Now, the condition (p, m) € Zx can be written p~1Fp e m"Fm=1(*U;)vF (*U,) and we deduce that
m"Fm=1 e*u; - (U; n*U) - (U; NV )V
We want to show that m"*fm~! e P;. For that purpose, we can decompose the intersection U; N
'}y into (U; N Y¥F@L; NU)) - (U; N *¥FUp) and we observe that U; N Y'*F(L; N U) C *U. Indeed,

x~1vF(x) = w and by assumption wF stabilises L; N U. We deduce that

m"Fm~1 e*y; - (U; n*u) VP,
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Note that *U; - (U; N*U) is contained in *P;. In particular, the contribution of VF"FU, in the decom-
position of m"Fm=1 should also lie in *P;. Since wF normalises L;, the intersection "F"FUI N*P; is
contained in *Uj. Finally, since L; normalises U; we deduce that m'fm1¢ U; N*L;.

Therefore there exists u’ € U; N*L;, unique up to multiplication by U; N (*Ly)"F on the right, such
that w'~'m e (*L;)"F. To summarise, we have shown that to any pair (p,m) € Z, one can associate a
pair (p’,m’) such that

e (p,m) and (p’,m’) are in the same P; N *L;-orbit, that is there exists g € P; N*L; such that
p'=pgand m' =q 'p; 5

o the image of p’ by the composition Pj — P;/U; ~L; —> L;/(L; N*U)) lies in X, (K, VF);

e m’ €*L; is invariant by VF.

Moreover, if (p”,m”) is any other pair satisfying the same conditions, then there exists ¢’ € P; N
(*Lp)VF such that (p”,m”) = (p'q’, ¢ ~'m’) which means that (p’,m’) is well-defined in P Xp,n(L)7F
("L,)"F. Let us define now the morphism ¥ by

v (p,m) eix — [ﬂ](p’)(L] mXUI); m’] I= X(K, VF) Xp L)V (XLJ)\'/F

where the action of P; N (*L;)"F on Xy, (Ky. VF) is just the inflation of the action of L}’<f =L nEL'r.
It is clearly surjective and equivariant for the actions of P; on the left and *Lp)'F on the right.
Furthermore, if (pq,m1) and (p2,my) are in the same orbit under L; N*Py, then (p, m}) and (p}, m})
are in the same orbit under P; N*P;. Let g € P; N*P; be such that (p), m}) = (pq, q‘lm/l) and write
qg=ule (P;N*U;) - (P; N*L;). Then [ = m’lm’z_1 € (*L)’F so that ¥ (p1, my) = ¥ (p2, my). In other
words, ¥ induces a morphism

o~ > . 23
Zy/Ly NP —> X (K, VF) xp oy pir (L)
which, in turn, yields a surjective equivariant morphism
~ > . 23
U\Ze/Ly N*Pp—> Xu; (K, VF) xp neyir (Ly)

To conclude, it remains to study the fibers of this morphism. Since (*L J)"’F acts freely on both
varieties, we can rather look at the fibers of the map induced on the quotient varieties. Using the dia-
gram (3.1), we can check that the latter coincides with the map 3§ = U j\Zx/Lj N*P; —> Xy, (Ky, VF)
which has affine fibers of dimension r + dimU; N*U (see Example 2.4.1). O

3.2. Case 2 - Minimal degenerations

In this section we address the problem of computing the cohomology of the piece Xy of )?(I, WF)
when xwfx~1 is close to be an element of W . Namely, we shall consider the following situation:
w=sw >w wherese S and v=xwfx1e W . Under some assumption on s and w’ we will prove
that the cohomology of Uj\Xx and Gn x Xy, (Kx, VF) coincides. As we have seen in the examples,
these two varieties are non-isomorphic in general. However, at the level of the varieties X we shall
construct a Galois covering Gy, —> Gy, and a quasi-vector bundle

U j\Xs ~ X(Kx, VF) Xp, a7 O

such that GNSm/L}’VF ~ Gp. As a byproduct, we will relate the cohomology of U]\ix and G, x i(l(x, vF)
with coefficients in any unipotent local system.
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Throughout this section, we will assume that [G, G] is simply connected. This is not a strong as-
sumption since it has no effect on the unipotent part of the cohomology of a Deligne-Lusztig variety
(see for example [1, Section 5.3]).

3.2.1. Galois coverings of tori

Let I —b> Fy, decomposed as =14 N I, LN L= F1. Let us consider an element ¢ € Bt
obtained by minimal degenerations of the w§s: we assume that ¢ =z ---z; where z; = y;w; with
yi € SU({1} and £(y;w;) < £(w). We will also assume that each y; commutes with [; so that cF
normalises I. Following [1, Section 4], we set ap ¢ ; = o if yj =54 or apc; =0 if y; =1 and we define
the following algebraic variety

' (Wilip) elmey if1<i<r—1
Sl,b,C: (hy«u,lr)eL[lX-..XLlr b,c,i '

L) elmay

Note that the assumption on y; ensures that the torus Im ozb . is central in Ly;, and therefore Sy p ¢ is
an algebraic group.
Recall that Lt(C)F can be identified with L'"" where L=1L;, x --- x L, and ¢F’: (l1,...,l;) —>

@y, ... B, Zth) The condition l_ Wiliy1) € Imab . is equivalent to l_ Gilip) € lmab . so that
we can replace w; by z;j in the deﬁmtlon of Sypec. In partlcular the varlety Si.b.c defines two Galois

coverings of the torus [TImey . ;, namely mp : [ +—> I~ IbF'} and 7€ : 1 —> (F'I)I-1, with respective
{OF 3nd L[(C)F We will denote by d = £(b) — £(c) the dimension of this torus. Note
that the induced action of Lg(b)F and LE(OF on Sy p ¢ is explicitly given by

Galois groups L;

(m, m/) .l = (ml1m/71, (m\/.vl)lz(m/fl)il’ L (mv'vl.A.wr_l)lr(m/fl)h...ér_l)

t(b)F LOF

formel, and m’ e L;
Let S° ¢ be the 1dent1ty component of Syp¢. Since Sype =T NSyp is a d-dimensional closed
subvariety of Sip.c (it is also a Galois covering of [[Im ozlf c ;) it must contain the identity component

Sfbc This forces the stabiliser N (resp. N’) of Slbc in Lt(b)F (resp. Lt(C)F) to be contained in T. In

particular, we can readily extend the results in [1, Section 44 3] to obtam an explicit description of N
and N’ in terms of sublattices of the group of cocharacters of T. For example one can check that W
acts trivially on these lattices so that N and N’ are normal subgroups of L;.

It turns out that the covering Syp ¢ will naturally appear in the quotient of the parabolic Deligne-

Lusztig varieties that we will consider. The action of Lt(b)F and Lt(c)F yields canonical isomorphisms

t(b)F/N o~ Lt“)F/N’ 2 Spb,c/Syp - Let us write Spp e = L ><N S b The quotient of this variety by
the action of N (by left multiplication) is given by

b)F o
NS =L /N (TTmey ) = Sune/Sipe x ([ Tmesyc)-

On this quotient, L\™* LOF

cated: an element m € L;

/N acts on the first factor only but the action of is more compli-
HOF acts on [TImey . ; by multiplication by (m("1m="), (m*)¥2((m=H#), ...,
(mA - #F-1)Yr ((m~1)%Z-1)). This action can be extended to the connected group L;. Consequently, if

the order of L[(C)F is invertible in A, then the cohomology of N\S; p ¢ can be represented by a complex
with a trivial action of N’ and we have

L
RIZ(N\Spb.c. A) = RI(N\Spp.c/N', A) 2 ASy b c/Spp @RI ((Gm)?, A) (33)

in DP(AL®F /N x L©F /N"-mod).
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3.2.2. The model w = sw’
We start with the case r =1, that is when b=w € W. Let x be a J-reduced-I element of W and
s € S be such that w' =sw < w and v =xswfx~1 € W . Recall from the previous section that if s acts

trivially on @, then there exists normal subgroups N of LWF and N’ of L""’/F together with a canonical
1somorph15m LWF/N ~ LW F/N’ Using these small finite groups one can relate the cohomology of
U]\Xx to the cohomology of XL](Kx, VvF):

Proposition 3.4. Let w be an I-reduced element of W such that WFI = I. Assume that w can be decomposed
into w = sw’ such that

() v=xw'fx=1 e W with £(v) = £(w'),
(ii) s € S acts trivially on @y,
(iii) *(Wys)n Wp=1.

Then there exists a group isomorphism L}""F/N >~ L}""/F/N/ such that, if the order ofL}"”/F is invertible in A, we
have

~ ~ . L -
RIL(Uj\Xe/N, 4) 2RI (G x X (K, VF), A)® 5 p, ey yir ALY T /N

in DP(ALj x (LV'F /N x (F))-mod).

Proof. Let v=xw'fx~1 € W; and let n be a representative of x in Ng(T) such that v =nw'fn~1. As
in the proof of Proposition 3.2, we shall work with n instead of X and identify the variety Z, with

{(p.m) e Py x*L; | (pm)~'F(pm) e n(UwFU;) ).

In order to compute the quotient by Uj, we need a precise condition on u € Uj, I eL; and m for
(ul, m) to belong to this variety. We start by proving the following:

Lemma 3.5. Under the assumptions of Proposition 3.4, if (p, m) belongs to Zy then m"Fm=1 lies in P;.

Proof. Since sw’ is I-reduced, s ¢ I and U;$ C Uy, $U;. Therefore we can write

U[éW/FUI C Uas.§U1V.V/FUl.

Note that this inclusion is actually an equality: indeed, w'~1(as) € @+ since sw’ > w’ and w'~1 () ¢
Fo" otherwise —as = sw'(w'~!(as)) would be in &;" by assumption on sw’.

The double coset U;w’FU; can also be simplified: for a € W we denote N(a) ={a € @+ |a (o) €
@~} If £(ab) = £(a) + £(b) then N(ab) = N(a) LI aN(b). Using assumption (i) we can apply this to
xw’ = vFx in order to obtain

xN(w') = N(xw') ~ N(x) = (N(v) L vN(Fx)) < N(o).
Since v e W and x is J-reduced, the sets N(v) and N(x) are disjoint. Moreover, N(x) and N(Fx) have

the same number of elements and hence xN(w’) = N(v). This proves that Un"'U~ = (UN"U")* C L’j.
Since w'F (like wF by assumption (ii)) normalises I we deduce that

U U = (0 A ((05 1) - (04 (07)Y) - (U 1 U). 69)
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Now let p € P; be an element of mnU;sw'FU;f (mn)~!. There exists Is € Uy$ such that p €
mnlUpw'FUF (mn)~1. Since L; normalises Uy, we have p € (m"ls"Fm=1)nU;w'FU;Fn~=1. Now, by (3.6),
the class nU;w'FU;Fn—1 is contained in P} -P; and therefore m';"Fm=1ep, -P}. We claim that this
forces Is ¢ TS. Otherwise *(L;sL;) =*(L;s) would have a non-trivial intersection with P; ~P], which is

impossible by the Bruhat decomposition since *(W;s) and W are disjoint.

Let Ts; be the image of o). By a simple calculation in G; = (Ug,,U_g,), we deduce that I €
U_g,TsUq,. Since s acts trivially on &y, the group L; normalises Uy, and Ts = Ime;’. Moreover,
XU, C U; and therefore m"fm-1 ¢ P ~P]. If we decompose L; into (Bj, B, )-orbits, we have, as
x is reduced-I

“wn®y-py)= [] *Biv*B] =(LiNP))-(*LiNUY).

v'eWg,
We want to prove that the contribution of U} on m'Fm~1
m € *Ly NPy and m” € *L; N U]. Using (3.6) and the fact that I; € Uy, TsU_q,, we see that there
exists I' € (*U; N L))vF*U; NL)) such that p € *(U_g,Ts)m'm" Uyl F (*U; N U)-(urnup). In
this decomposition, *(U_¢,Ts), m’, I' and F(*U; N U)) lie in P;, whereas m”, Uy, and 'F(*U; N U))
lie in u;. Since P; N u; is trivial, we deduce that m” e 'F*u; n U)) - Uxay)- Finally, since *U; NL;

is trivial. Write m"fm~—1 = m’'m” with

normalises “P; NU; and both m” and Uy are contained in this group, we can conclude if we can
show that (*P; NU;) N YF(*U; NU;) € *U;. But *P; nYF(U) =*(Pr N wFy)) =*U; nWFU)) since
w’F normalises L;. O

Lemma 3.7. Under the assumptions of Proposition 3.4, let m € *L; and | € *U; N L))vF *U; N'L)). For
ue UF,, the element ul lies in mnU;$wFU,F (mn)~1 if and only if there exist » € F*, my € Ly NU; and
uq € " (*Uy NUy) such that

e m'fm=1 =m; - "aY (1),

o u="u_g (1) -m g

Proof. We have already seen in the course of the proof of the previous lemma (see (3.6)) that ul can
be written ul = ("™I5)(m"Fm=")'uauq with Is € ug (F¥)3, I' e U NL)HVF U NL)), uz € F (U, nuy)

and u; € F(U; NUj). By a simple calculation in Gs = (Ugy,,U_y,) we can decompose Is into I; =
U_g (A)asv(kfl)uo,s(—)h) where A € F* is uniquely determined (note that we have chosen specific
ug’s in Section 1). By the previous lemma m’fm~1 = mym; with m; € *L, NU; and my € *L; NLy.
From the expression of ul we obtain

-1
m;! (m”u_as(—k))u’ul_l =M m"(asv(k_1)uas(—k))mzl’l_”uz.
Since L; (resp. L;) normalises U; (resp. Uy, and U_y,) and Uy—y,) C Uy, the left-hand side of this

equality lies in U; whereas the right-hand side lies in P]. Therefore it must be trivial and we obtain

o u=""u_g,(ymi'us;

-1 -1
o ™ M (Y (A~1))myl'I71 =1 and therefore [ =1" and my =™ ™ (aY (1)) ="y (A);
o mlflm”"‘sv(rl)(uas(—A))mzluz =1 and hence u; = lil”’lﬁ]m”(uas(—)»)).

Conversely, one can readily check that if these relations are satisfied then ul € mnU;$wfU;f (mn)~1. O
As a consequence of the lemmas, we can proceed as in the proof of Proposition 3.2 to show that

any element of Z( is in the P; N *L;-orbit of an element (p,m) = (ul,m) satisfying the following
properties:
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. lﬂFle U nLpvF*u NLy),
o m'fm~1 ="aY(n),
o (wFwy = (u_y, ) Muy),

for some A € F* and u; € F(*U; NUj) both uniquely determined. Moreover, the elements of this form
in the class of (p,m) form a single (P; N*L))"F -orbit.

Recall from the previous section that to w and w’ one can associate an algebraic group Sy w,w
above Gy, defined by Sjww ={melL;| m~"WFm eTy). Using the special representatives of Zy/P; N*L;
mentioned above, we can define the following map

Wi [p;m] € Zy/Py N Ly —> [I(L; N*U1); m™ '] € X(Kx, VF) xp gy i "Stww

where the action of P; N (*L;)"F on )~(|_] (Kx, VF) is just the inflation of the action of L;’<f =L;NEL)'r.
It is clearly surjective and equivariant for the actions of P; and ”(L}’”F ). The quotient by U; (which
acts trivially on X, (K, vF)) gives rise to a surjective L x ”(L}”F)-equivariant morphism

U \Zx/P; N*L; —> X(Ky, VF) Xp oL 7 " Slww - (3.8)

Furthermore, any element [U jull’; m] in the fiber of [I(L; N*U;); m~1] is uniquely determined by an
element I' e *U;NL;) and u~'Fu. Since the latter is determined by uy € F(*U;NU;), we deduce that
the fibers are affine spaces of dimension dim(*U; NP;). By comparing the dimensions, we obtain the
following isomorphism in Db(L]—mod—”(L};”F)):

~ ~ . L
RIZ(U j\Xx, 4) = RIC(X(Kx, VF), A)® pp, e,y ir R ("Stwws 4),

and we conclude using (3.3), which gives the cohomology of N\Sjw w with the action of LYVF/N and
LVF/N. o

Remark 3.9. In many cases we will use this lemma under the assumption that either I =¥ or x =
wow . This extra condition makes the previous proof much simpler.

Remark 3.10. When [G, G] is not simply connected, the coroot oy’ might not be injective. In that case,
the fibers of the morphism (3.8) are not necessarily affine spaces. To obtain an analogous statement,
we need to change slightly the definition of Sy w w and consider instead {(m, X) € L; X Gy, | m-1WFn =
ay (M)}

3.2.3. The main result
More generally, one can combine Propositions 3.2 and 3.4 in order to obtain the following result
for elements in the Braid monoid:

Theorem 3.11. Let 1 —b> FI be decomposed as 1 =14 BN I BN Iy1 =fland c=1z; - -z, obtained
by minimal degenerations of the w;’s. More precisely, we assume that z; = y;w; with z; < w; and y; € SU{1}.
Let X = (x1,...,Xr) be an r-tuple of J-reduced-I; elements of W of same length and put X,4+1 = Fxi. We
assume that

e ifyi=1thenv;= x,-w,-xi:fl is a Ky;-reduced element of W j;
e if y; € S then the following properties are satisfied:
(i) v :x,-zixiﬂ1 e Wy and £(vy) = £(z)),
(i) yi acts trivially on @y,
(iii) Xi(W]iS) NW;=1
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Let us denote by

e e=Y dimUY NFUNU7);
ed=#{i=1,...,7r|yi €S} =dimSyp;
° v:vlu-v.-eB"X,J;

s o . rtM®F F
e N (resp. N') the stabiliser ofSLb,C in Lf( ) (resp. Lf(c) ).

Then there exists a natural isomorphism Lg(b)F/N ~ LE(C)F/N/ such that if the order ong(c)F is invertible in A,
the cohomology of the piece Xx of the Deligne-Lusztig variety X(I, bF) satisfies

~ ~ L
RIC(U j\Xx/N, A)[2€](—e) = RI((Gm)? x X, (Kyy, VF))® Lywr ALOT /N

in DP(AL; x (IX™F /N % (F))-mod).

Sketch of proof. Recall that the piece Xx can be lifted up to a variety Zx defined as the set of 2r-tuples
(p.m) =(p1,...,pr.my,...,my) € (Py)" x XLy x --- x*Ly, such that

(pimi) ™' piy1Mis1 € ki(UIiWiUiJrl)ki_Jrll
and

(Prmr)_1 F(lel) € kr(Uer.VrFUI] )F).ﬁ_] .

As in the proofs of Propositions 3.2 and 3.4 (see also Remark 2.11), we can find good representatives
in the [[P; N*Lj,-orbit of (p, m), giving rise to a morphism

W : Zx —> Xu; Ky, VF) X p 11,0 Stb.c

which will factor via the quotient of Zy by U; and []P;N%Ly, into a morphism whose fibers are affine
spaces. Note that one can find ny € Ng(T) such that nit(c)"n;" = t(v). The action of (*'L;)!™F on
Si.b.c is then given by the right action of Lg(c)F = (ML) WFYM on §;p, .. We conclude using (3.3). O
Remark 3.12. By definition, any unipotent character of G appears in the cohomology of some Deligne-
Lusztig variety. If H is a normal subgroup of G contained in T, then H acts trivially on G/B and
therefore any unipotent character of G is trivial on H. This applies in particular to the subgroups N
and N’ of Lg(b)F and Lﬁ(c)F so that they have the same unipotent characters. Now, the group (P;)*' N
L; is a parabolic subgroup of L;, stable by t(c)F, and it has L’? NL = (Lg,, )¥ as a rational Levi
complement. Therefore any unipotent character y of Ls(c)F (or equivalently of L§<b)F ) has a Harish-

Chandra restriction *ka X to L%:')F (after a suitable conjugation). With this notation, we obtain
1 1

~ — U ~ —
RIE(Xx. Q) = RIC((Gm)? x X, (K, VF), Qe).gy, [—2€](e).
X1
In particular, if x is the trivial character then

RI%(Xx, @)Y = R ((Gm)? x Xe, Ky, , VF), Qe)[—2e€](e)

as expected.
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3.3. Examples

We conclude by showing how Proposition 3.4 can solve the problems encountered in Section 2.4.
As a new application, we determine the contribution of the principal series to the cohomology of a
parabolic Deligne-Lusztig variety for a group of type B,. Many other cases will be studied in subse-
quent papers (see [14] and [13]).

3.3.1. n-throots of it for groups of type An

Recall from Section 2.4.3 that for w =tqty - - - thty—1t, one could decompose the variety X(w) into
two pieces Xy, and Xy, with x, =t, and x; =t, ---t1. However, one could not directly express the co-
homology of the latter. Since x(t;w)x™ 1 =t1 - th_atq_1tn_2 € W one can now apply Proposition 3.4
to obtain

RI(Uj\Xyy» Qo) = RIT (G x X (t1 -+ - ta—atn—1tn—2), Q¢)
in D(Q/L; x (F)-mod).

3.3.2. Anew example in type By

Let G be a group of type B,. We denote by t1,...,t, the simple reflections of W, with the con-
vention that t3,...,t; generate a parabolic subgroup of type A,_1. We will restrict our attention to
the principal series of Irr G, which is parametrised by the representations of the Weyl group W. Fol-
lowing [4], we will denote by [A; ;] the unipotent character associated to the bipartition (A, i) of n,
with the convention that Id¢ = [n; —] and Stg =[—; 1"].

For n > 2, we consider w, =ty - - - tat1ty. It is an I-reduced element which normalises I for [ = {t1}.
Then one can use the previous method to determine the principal part of the cohomology of X(I, wy),
with coefficients in the trivial local system @ or in the local system St associated to the Steinberg
representation of L}’V“F:

Proposition 3.13. For n > 2, the contribution of the principal series to the cohomology of X(I, wy) with coef-
ficients in Q, or St, together with the eigenvalues of F, is given by

gflk —1; 21" %11 if1<k<n—1,

HEH (XA, wa), Q) = 1 ¢ 1n; —] fle=n+2,
0 otherwise
and
[—; 1] ifk=1,
HEH (X, w), SE) ) = 1 qF [k — 1, 1): 1] if2<k<n,
0 otherwise.

Proof. We proceed by induction. When n = 2, [9, Corollary 8.27] applied to v = 1 forces
H2(X(I, wa), Qe) and H2(X(I, w3),St) to be G x (F)-submodules of H(X(w>), Q). By [10, Theo-
rem 4.3.4], the latter is multiplicity-free and hence the theorem can be deduced from [9, Corol-
lary 8.41].

Assume that n > 2 and let | ={ty, ..., t;—1}. We want to compute the cohomology of U j\X(I, wp).
We first observe that any J-reduced-I element of W is either x; =t;---t; or yj =tn---tatity---t; for
i>1. We claim that X, and X, are empty if i #2 and j #n. Indeed, if i > 2 then

Xi i—
Wi = Wj/l V= (t1,ta, ... tica, tisatitiog, tig, .o, ta).
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If y is an x;-distinguished subexpression of an element of W;w (that is, either tyw or w) then the
product of y is never in W’]‘i. Otherwise y would contain neither t;_1 nor t; which is impossible
since y is distinguished. The case of y;_q is similar. We deduce that X(I, wy) = Xy, LI X,,. Let us
examine each of these two varieties:

e we have xzwnxz_l =ty_1---t2t;1 € Wy and Ky, = J N*2(®;) = ¥. We can therefore apply Proposi-
tion 3.2 and Remark 3.12 to obtain

RIC(U j\Xxy, Q) =~ RFc(XL, (ta—1-+-t2t1), Q¢)[—1]

and

RIE(U 1 \Xy SO = R (Xe (tn1 - £281), Q) [—1]

since the Harish-Chandra restriction of St;w.r to TWnF is just the trivial character.
1

e yn = Wow/ acts trivially on W; and yn(tnw,«,)yrj1 = Wp_1. We have also K, = JNY"(®)) =1
The assumptions of Proposition 3.4 are clearly satisfied and we obtain

RIT(Uj\Xy,, QZ) = RFC(Gm X XL] I, wn-1), @Z)

and

RI(Uj\Xy,.St) = RI(Gm x Xi, (I, wp_1), St).

The cohomology of X, (tn—1---t2t1) has been computed in [15]. By induction, one can assume that
the cohomology of Xy, (I, wn—1) is given by the theorem (since the unipotent part of the cohomology
depends only on the isogeny class of the group). We observe that a character in the principal se-
ries different from Id or St cannot appear in both HZ (X, (tp—1-- - tat1), Q¢) and H2 (X, (I, wn—1), Qo)
(resp. HZ(Xy, (tn—1 - - - t2t1), Q) and H2 (X, (I, wn—1), St)). Using the long exact sequences given by
the decomposition of U ;\X(I, wy) and [9, Corollary 8.28.(v)], we can deduce explicitly each coho-
mology group of U;\X(I, wy). To conclude, we observe that each of these cohomology groups is the
Harish-Chandra restriction of the groups given in the theorem, corresponding to the characters of the
principal series in the &, »-blocks of Idg and Stg. Finally, we know by [2] that these characters
actually appear in the cohomology of X(I, wy) since they already appear in the alternating sum. O

Remark 3.14. In order to deal with the series corresponding to the cuspidal unipotent character of B;
we need extra information on the degree in which B 14 and B s can appear.
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