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1. Introduction

The Heisenberg algebra plays a fundamental role in many areas of mathematics and
physics. The universal enveloping algebra of the infinite-dimensional Heisenberg Lie al-
gebra is the associative algebra with generators p*, n € N, and ¢, and relations

PEDE = DR PuDm = Pubn s DpPm = Pl OnmC, pye=cpy, n.m e Ny
(See Section 4.1 for a more detailed treatment.) On any irreducible representation, the
central element ¢ acts by a constant. For a positive integer d, the (associative) Heisenberg
algebra by of level d is the quotient of this algebra by the ideal generated by ¢ — d.

In [16], Khovanov introduced a diagrammatic monoidal category H that acts naturally
on categories of modules for symmetric groups. He proved that the Grothendieck ring of
‘H contains the level one Heisenberg algebra h; and conjectured that the two are actually
equal. This work has inspired an active area of research into Heisenberg categorification.
Replacing group algebras of symmetric groups by Hecke algebras of type A led to the
g-deformed categorification of [21], while replacing them by wreath product algebras led
to categorifications of (quantum) lattice Heisenberg algebras in [10,25].

One remarkable feature of Khovanov’s category is that degenerate affine Hecke al-
gebras H,, appear naturally in the endomorphism spaces of certain objects. The group
algebras of symmetric groups are level one cyclotomic quotients of these degenerate affine
Hecke algebras, wherein the polynomial generators of H, are mapped to the Jucys—
Murphy elements. It is thus natural to conjecture that suitably modified versions of
Khovanov’s category should act on categories of modules for more general degener-
ate cyclotomic Hecke algebras. These modified categories should categorify higher level
Heisenberg algebras and should encode much of the representation theory of degenerate
affine Hecke algebras and their cyclotomic quotients.

On the other hand, cyclotomic Hecke algebras and their degenerate versions have
appeared in the context of categorification before. In particular, Ariki’s categorification
theorem ([1,5]) relates the representation theory of these algebras to highest weight irre-
ducible representations of affine Lie algebras of type A. In addition, Brundan—Kleshchev
([3,4]) and Rouquier ([24]) have related cyclotomic Hecke algebras to the quiver Hecke
algebras appearing in the Khovanov—Lauda—Rouquier categorification of quantum sl,
([17,24]).

In the current paper we define a family of diagrammatic k-linear monoidal categories
H* depending on a dominant integral weight A of sl,, (when k is of characteristic zero)
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or sl, (when k is of characteristic p > 0). When A is a fundamental weight (i.e. is of level
one), the category H* reduces to Khovanov’s Heisenberg category H (see Remark 2.10).
One of our main results is Theorem 4.4, which states that, if k is a field of characteristic
zero, then we have an injective ring homomorphism

ha — Ko(H),

where Ko(H*) denotes the Grothendieck ring of H*. We conjecture that this homomor-
phism is also surjective. In level one, this reduces to Khovanov’s conjecture [16, Conj. 1].

Our next main result is Theorem 6.7, which states that the category H* acts natu-
rally on categories of modules for the degenerate cyclotomic Hecke algebras H), n € N,
corresponding to X. The action arises from a collection of functors from H* to categories
of bimodules over the H). If k is a field of characteristic zero, we prove in Theorem 7.6
that these functors are full. Thus, the categories H* give a graphical calculus for bi-
modules over degenerate cyclotomic Hecke algebras. As an application of the resulting
computational tool, we prove in Corollary 7.7 that the centralizer of H) in H, fL‘  under
the natural inclusion of algebras H) @ Hj, — Hfl‘ 1 18 generated by Hy and the center
of H. This result, which seems to be new, is a generalization of a result of Olshanski
on centralizers for group algebras of symmetric groups.

The constructions of the current paper suggest a number of applications and further
research directions. For example, we expect truncations of the H* to be related to cat-
egorified quantum groups. There should also exist g-deformations of the categories H™.
In addition, it would be interesting to examine the traces of the H* and use them to
construct diagrammatic pairings on spaces related to symmetric functions. We expand
on these ideas for further research in Section 8.

We note that higher level Heisenberg algebras are also categorified by the categories
Hp of [25] for suitable choices of the Frobenius algebra B on which these categories
depend. The approach of the current paper is quite different, but there are relations
between the two. First, there is a natural filtration on the categories H* introduced
here. The associated graded category is closely related to some special cases of the
categories of [25]. See Proposition 3.4. In addition, we expect that the approaches of
[25] and the current paper can be unified, as we explain in Section 8.2. One aspect of
the categories introduced in the current paper that differs substantially from previous
Heisenberg categories is the introduction of dual dots in planar diagrams. These dots,
which correspond algebraically to the duals of the elements x; of degenerate cyclotomic
Hecke algebras under the natural trace form on those algebras, behave quite differently
than the usual dots do. This makes some computations substantially more difficult,
requiring new techniques relying on a filtration on the category. See Remark 2.1.

The paper is organized as follows. In Section 2 we introduce our main object of study,
the diagrammatic categories H*, and study their morphism spaces in detail. In Section 3
we define a filtration on these morphism spaces. This filtration is used in Section 4 to
show that the higher level Heisenberg algebra maps to the Grothendieck ring of H™.
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In Section 5 we recall the definition of the degenerate cyclotomic Hecke algebras and
prove various results concerning them. We use these results in Section 6 to define the
action of the category H* on the category of modules for these algebras and use the
action to prove injectivity of the map by — Ko(H?). Then, in Section 7, we prove some
properties of the action. In particular, we prove that the functors involved are full in the
characteristic zero case, allowing us to deduce new facts about centralizers of degenerate
cyclotomic Hecke algebras. Finally, in Section 8 we discuss some further directions of
research naturally suggested by the current paper.

Notation and conventions. Throughout the paper, k will denote a commutative ring.
In some places, we will assume that k is a field of characteristic zero. For the benefit
of the reader, we will specify the assumptions on k at the beginning of each section.
We let I denote the image of Z in k under the natural ring homomorphism n +— n - 1.
We identify I with Z/pZ, where p > 0 is the characteristic of k. We let N denote the set
of nonnegative integers, and let Ny denote the set of positive integers.

Acknowledgments. We would like to thank A. Licata for helpful conversations and for
sharing his preliminary notes on the topic of the current paper. We would also like to
thank J. Brundan for useful discussions concerning degenerate affine Hecke algebras. The
second author was supported by a Discovery Grant RGPIN-2017-03854 from the Natural
Sciences and Engineering Research Council of Canada.

Hidden details. For the interested reader, the tex file of the arXiv version of this paper
includes hidden details of some straightforward computations and arguments that are
omitted in the pdf file. These details can be displayed by switching the details toggle
to true in the tex file and recompiling.

2. The diagrammatic category

Throughout this section, k is an arbitrary commutative ring. Let g = 5A[p if the charac-
teristic p of k is greater than zero, and let g = sl if p = 0. Recall that I = Z/pZ is the
canonical image of Z in k. For i € I, let w; denote the i-th fundamental weight of g, and
let Py = @,.; Nw; denote the dominant weight lattice of g. Fix A = 37, \iw; € Py,
A#0,and set d =) \;.

i€l

2.1. Definition

Let H* be the additive k-linear strict monoidal category defined as follows. The set
of objects is generated by two objects Q4 and Q_. Thus each object is a formal direct
sum of objects of the form Q. := Q, - - - Qe,, where € = (€1, ..., €x) is a sequence whose
entries are either + or — and we denote the tensor product by juxtaposition. We denote
the unit object by 1 := Qg.
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The space of morphisms between two objects Q. and Q. is the k-algebra generated
by suitable planar diagrams modulo local relations. The diagrams consist of oriented
compact one-manifolds immersed into the plane strip R x [0, 1], modulo isotopies fixing
the boundary, and modulo certain local relations. Strands are allowed to carry dots. Only
double intersections are allowed and the dots do not lie on them. The dots are allowed
to move freely along the strands of the diagram as long as they do not cross double
points. The endpoints of the diagrams are considered to be located at {1,...,m} x {0}
and {1,...,k} x {1}, where m and k are the lengths of € and € respectively. (This is for
the purposes of composition—we will not always draw our diagrams with these positions
apparent.) The orientation of the one-manifold at the endpoints must agree with the

Ol

is an element of Hom g (Q— 4444, Qy—44)-
Composition of morphisms is given by vertical stacking of diagrams (followed by rescal-

signs in € and €. For example

ing of the vertical axis). The monoidal structure on morphisms is given by horizontal
juxtaposition of diagrams.
An endomorphism of 1 is a diagram with no endpoints. A dot labeled j € N will
denote a strand with j dots:
je = } j dots

Define ¢y = 1 and, for any 1 < s < d, let

cs = (—1)° det ( d+j—i©)ij:1 R (2.1)

Then, for j € {0,...,d — 1}, define the dual dots

d—1
jv+ = Z i—j{ Cd—1—i- (22)

i=j

(The reason for this definition of the dual dots will become apparent in Lemma 2.5
below.)
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The local relations are as follows:

E§< ) >§ 23) E{ ﬂ [ (24)
><_><:H:><‘>< (25)
l F Ei +dz jv;\jj (26) E{ % l (2.1

0 ifj<d—1,

jQ: 1 ifj=d—1, (28) (){: (2.9)

Sierihi ifj=d.

We allow the dots to move freely along strands, in particular over cups and caps. (Note
that the second equality of (2.5) follows from the first, together with (2.4). However, we
include it for ease of reference.)

Remark 2.1. Note that the dual dots do not satisfy relation (2.5) in general. In fact,
the formulas for sliding a dual dot through a crossing are rather complicated. This
introduces a computational difficulty into the graphical calculus. We will handle this
difficulty by using a natural filtration on the morphism spaces of H* and performing
some computations in the associated graded category. See Section 3.

We let H* be the idempotent completion (sometimes called the Karoubi envelope)
of #*. Thus, the objects of H* are direct sums of pairs (Q., e), where e: Q. — Q. is an
iderflpotent morphism. Morphisms (Q.,€) — (Qe,€') in H* are morphisms a: Q. — Qe
in H* such that fe = f = ¢’ f. Equivalently,

Homyx ((Qe, €), (Qer, €")) = ¢ Homga (Qe, Qer)e.

The composition and monoidal structure of H* are induced by those of H*. Identifying
Q. with (Q,idq, ), we view H* as a full subcategory of H*.

2.2. Morphism spaces

We now investigate the morphism spaces of H* in some detail.
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Lemma 2.2. We have

EAR KOG e

In (2.10), and throughout the paper, the notation ), ,_, , means that we sum over
all a,b € N satisfying the condition a + b =1t — 1.

Proof. The equations in (2.10) are obtained by applying the ones in (2.5) ¢ times. O
Lemma 2.3. Suppose ay, k € Z, are elements of a commutative ring such that
a_1=1, and ap=0 fork<-—1.

Then, for m > 1, we have

m

Z(*l)sam—l—s det(aj—i)ij=1,..,s = 0.
s=0

Proof. If we compute the determinant det(a;_;); j=1,....m by repeatedly expanding along
the first column, we get

ar a2 -+ Gm-1

1 ag - am—3
det(a;—i)ij=1,....m = ao det(aj—i)i j=1,..,m-1 — det

0o 0 --- ag

ap det(a]‘,i)i’j:Lm’m,l —ay dEt(ajfi)i,jzl,...,me +-
-1

(=)™ a1 det(a;—;)ij=1,..,s-

3

@
I
o

The result follows. 0O

Lemma 2.4. For m € N, we have

ict Q = .- (2.11)

t=0 d—14+m—t

Proof. The case m = 0 follows immediately from (2.8). The case m > 0 follows from

Lemma 2.3 with
ap = Q . O
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Lemma 2.5. For any i,j € {0,...,d — 1}, we have

Proof. We have
¢ d—1
5V k=j k+i—j

If ¢ < j, the result follows immediately from (2.8). Therefore, assume i > j. Setting
m=1—j and t =d — 1 — k in the above sum, it remains to prove that

d—1—j

Y o Q =0. (2.12)

1—
t=0 d—1+m—t

By (2.8), the terms in (2.12) with ¢ > m are equal to zero. Since ¢ < d — 1, we have
m < d—1— j. Therefore, the result follows from Lemma 2.4. 0O

Lemma 2.6. The equality (2.6) is a decomposition of the identity morphism of Q_Q4
into d + 1 orthogonal idempotents. More precisely, the morphisms

Eg and Uj, 7=0,....,d—1,
A

are orthogonal idempotents.

Proof. By (2.7),

Ei (2.13)

is an idempotent. It also follows immediately from Lemma 2.5 that the

) j:Oa"'7d_1; 2.14
e (214)
are orthogonal idempotents. Finally, since, by (2.6), we have that (2.13) is equal to the

identity minus the sum of the elements in (2.14), it follows that (2.13) is orthogonal to
each of the idempotents in (2.14). O
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Corollary 2.7. In H*, we have an isomorphism

T
DX ¢, i =0,,d=1] :QQy=Q,Q ®1°7,
Proof. This follows immediately from Lemma 2.6. O

Corollary 2.8. Every object of H* is isomorphic to a direct sum of objects of the form
QrQ™, n,m e N.

Proof. By definition, objects of #* are sums of products of Q4 and Q_. The result then
follows from Corollary 2.7 by induction. O

We now deduce some other consequences of the local relations in H*.

Lemma 2.9. We have

0
¢ = T (2.15)
z;_;g@ {t‘d‘“ ift>d,
d—1
d+ = }Q -> ]* Caj. (2.16)
=0

Proof. By (2.10) and (2.9), we have

t—1
o Z t—1-b
t = .
b=0

Then (2.15) follows from (2.8).

Now, to all terms in (2.6), add an upward pointing strand to the left, then a right
cap joining the tops of the two leftmost strands, and a right cup with d dots joining the
bottoms of the two rightmost strands. This gives

d—1 J 15) d—1 d—1
ie = —1-2 y = +Z J ZCdflfi
Jj=0 G =0 i=j dti—j
j\/
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Q
T
=

—1—

I
N
T
-
I
S
o~
-
I
<

where, in the third equality, we have made the substitution ¢t = d — 1 — i, and the last
equality follows from Lemma 2.4 with m=d—j. O

Remark 2.10. If A\ = w; is a fundamental weight, (2.16) implies that

t=fo-fe=o 1O o]

Thus, all dots can be eliminated. In particular, the category H“° reduces to the category
H' defined by Khovanov in [16]. By Proposition 2.17 below, it then follows that H“ is
isomorphic to Khovanov’s category for all ¢ € I.

In the sequel we will use the term bubble for clockwise or counterclockwise circles with
or without dots.

Lemma 2.11 (Bubble reduction). Any clockwise bubble is equal to a linear combination of
counterclockwise bubbles.

Proof. For any ¢t € N, we have

20000000

(2.16)

]=0 t"rj

Now, for s € N, take t = d + s. By (2.8), the above allows us to write a clockwise bubble
with s dots in terms of counterclockwise bubbles and clockwise bubbles with fewer than
s dots. The result then follows by induction. O

Lemma 2.12 (Bubble slide). Fort > 0, we have
t—2
RORESEEIGRIe]
d—1+t d—1+t b=0 d—1+b

(When t < 1, we interpret the sum as being empty.)
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Proof. We have

(2.4) d—2+t d—2+t—a 4o d—2+t—a
2.7),(2.10 2.15
GRS O3>
d—1+t d—1+t a=0 a d—1+t  a=0 a
8}0% t—2t—2—a t—2
(g y Q| Qe (g 1
d—1+t a=0 b=0 d—1+b d—1+t  b=0 d—1+b

where the last equality follows by counting, in the penultimate expression, how many
times we get the term corresponding to a fixed b. The term with b = 0 appears once for
alla=0,...,t — 2, the term with b =1 appears once for all a =0,...,t — 3, etc. O

Let II := k[y1,¥y2,¥s, ...} be a polynomial algebra in countably many variables and
consider the homomorphism of algebras

to: II = Endga (1), yi+— Q . (2.17)
d+k

Proposition 2.13. The homomorphism g is an isomorphism.

Proof. It is clear from the above results, that any closed diagram can be converted into a
linear combination of non-nested dotted counterclockwise bubbles. Thus g is surjective.
We will prove it is injective in Proposition 7.3. O

Let H,, be the degenerate affine Hecke algebra of rank m (see Definition 5.1). By
(2.3), (2.4), and (2.5), there exists a well-defined homomorphism

H,, — End, (Q7) (2.18)

determined by sending s; to the diagram with only one crossing, between the i-th and
(¢4 1)-st strand, and z; to a dot on the j-th strand of the identity endomorphism. It is
important to note that here we number strands from right to left. By placing bubbles in
the far right region of a diagram, we obtain a homomorphism of algebras

U : Hyy @ 11— End 7 (QT). (2.19)
Proposition 2.14. The homomorphism ., is an isomorphism.

Proof. Just asin [16, Prop. 4], it is straightforward to show that v, is surjective, because
any diagram in Endj;;, (Q7') is equal to a linear combination of permutation diagrams
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with dots at the top and dotted counterclockwise bubbles in the far right region. We
use (2.16) to eliminate right curls (the dots of Khovanov’s Heisenberg category). We will
prove v, is injective in Proposition 7.4. O

Following [16, Prop. 5], we can give an explicit basis of the hom-spaces in H.

Definition 2.15. For two sign sequences €, €', let B(e, €') be the set of planar diagrams
obtained in the following manner:

o We write the sequence € at the bottom of the plan strip R x [0, 1], and we write the
sequence € at the top of this strip.

e We match the elements of € and € by oriented segments embedded in the strip.
The orientation of the endpoints of each segment must agree with the sign (i.e. be
oriented up at a + sign and down at a — sign). No two segments can intersect more
than once, and no self-intersection or triple intersections are allowed.

o We place some number (possibly zero) of dots on each segment near its out endpoint
(i.e. between its out endpoint and any intersections with other intervals).

e In the rightmost region of the diagram, we draw a finite number of counterclockwise
disjoint nonnested circles with at least d + 1 dots each.

The diagrams in B(e, €') are parameterized by k! possible matchings of the 2k oriented
endpoints, a sequence of k£ nonnegative integers determining the number of dots on each
interval, and by a finite sequence of nonnegative integers determining the number of
counterclockwise circles with various numbers of dots.

Below is an example of an element of B(— ++ — —,+ — — + — + —).
w/
) d+7
O
e

Proposition 2.16. For any sign sequences ¢,€, the set B(e€') is a k-basis of
HOme,\ (QE, Qel).

Proof. The proof is almost identical to that of [16, Prop. 5] and so will be omitted. (See
also [21, Prop. 3.11].) O

Proposition 2.17. Fiz j € I and define p =), piw; € Py by iy = N\i—j fori € I. Then
the categories H* and H" are isomorphic.
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Proof. We claim that there is a functor ¥: H* — H* given by

B

and leaving all caps, cups and crossings unchanged. It is clear that ¥ is invertible and
so it is enough to show that it is well-defined by proving that it preserves the local
relations. It preserves (2.3), (2.4), (2.7), and (2.9), because those relations do not involve
dots (or dual dots). Furthermore, it is straightforward to check that relation (2.5) is also
preserved.

As for relation (2.8), note that

% Hi % (—1)t= <z)jt (2.21)

s=0

Therefore, we have

0 ift<d-—1,

t
tQ . ZO SQ(QH(DJ'” =<1 ift=d—1,

e ihi ift=d,

where the case t = d follows from

Zw,—]d:Zz/\l_J —]Z/\l :Z(’L-‘r])/\z—]Z/\l:ZZ/\l

i€l icl iel iel icl icl

(The other cases are immediate.) This shows that (2.8) is preserved by .

It remains to prove that (2.6) is preserved. Let V' be the free II-module spanned by
upwards pointing strands with at most d — 1 dots. The II-action is via placing bubbles
to the right of the strand. We have a Il-bilinear pairing V' x V' — II given by the usual
vertical composition in our category (i.e. stacking diagrams), followed by closing off to
the left. If we choose the IlI-basis

then the matrix for the pairing is unitriangular. By Lemma 2.5, the dual dots are uniquely
obtained by inverting this matrix. Since the pairing only involves (2.8), which we have
already shown is invariant under the functor, it follows that the sum in (2.6) is preserved.
Hence (2.6) is preserved under ¥. 0O

In light of Proposition 2.17, it is natural to ask if the categories H» and H* are
isomorphic more generally for A and p both of level d. We do not currently know the
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answer to this question. The explicit dependence on A\ appears only in the j = d case
of (2.8).!

3. A filtration and the associated graded category

In Section 3.1 we let k be an arbitrary commutative ring, while in Section 3.2 we
assume that k is a field of characteristic zero.

3.1. Definition

We define a filtration on the hom-spaces of H* as follows. We define

degm =1-d, degU =d-1, deg+ —degf =1.

Right cups/caps and crossings are assigned degree zero. This determines the degree of
any planar diagram. Then, for x,y € ObH* and k € Z, we define Hom;{x( X,Yy) to be the
span of the diagrams of degree less than or equal to k. This yields a filtration

<k-1 <k <k+1
- € Homz ™" (x,y) € Homz (x,y) € Homq—_p+ (x,y) C
of Homy;x (x,y). This filtration of the hom-spaces clearly respects composition:

HomHA (y,z) x Hom%i (x,y) — Hom;_/i“(x,z), x,y,z € ObH .

We thus have the associated graded category ﬁé\r defined by Ob 7—~lé\r = ObH?*, and
Homﬂgr (x,y) = grHomy (x,y), forall x,y € Ob ng,

where gr Homg (x,y) denotes the associated graded space. The composition in 7—~lé\r is
induced from the one in H*. We will use the symbol = to denote equality of morphisms
in 7—2{;. The morphism spaces of ﬁé\r are of course graded:

HomHA X, Y) @Hom Hom (x y) := Hom " (x, y)/Hom<k Y(x,y).
keZ

Lemma 3.1. Ifd > 1, then
Endz% (Q1Q™) =0 fork <0, and (3.1)

End:) (Q}Q™) 2 kS, @ kS, (3.2)

1 After the current paper appeared, Brundan defined a Heisenberg category in [6] that omits the j = d
case of (2.8) and therefore depends only on the level d.
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Proof. This follows immediately from Proposition 2.16. O

Lemma 3.2. We have the following equalities in ’H;‘r:

Q=] sen w3

J J
o J .
>< = , jeN, (3.4)
J
>< i3 >< . 0<j<d-1. (3.5)
J

Proof. For j < d, (3.3) follows immediately from (2.8). For j > d, it follows from
Lemma 2.12 after noting that the terms in the sum there have degree ¢t — 2, while a

counterclockwise circle with d — 1 4+ ¢ dots has degree ¢.
The relation (3.4) follows from (2.10). Then (3.5) follows from (3.3) and (3.4). O

3.2. Symmetrizer relations

Through this subsection, we assume k is a field of characteristic zero.
For n € Ny and p a partition of n, we have the corresponding minimal idempotent
e, € kS, € Hy,. In particular,

1
e(n) = ﬁ Z w
wESn

is the complete symmetrizer. Via the homomorphism v, of (2.19), we view e, as an
element of Endyx (Q’}) and, via adjunction, as an element of Endyx (Q™). In the case
@ = (n), we denote these idempotents by a white box labeled n across n strands. We
sometimes use a dashed strand to denote multiple strands, when the number of strands
is clear from the diagram.

Symmetrizers absorb crossings:
L1r 1L bl
T T T

|
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It also follows from (2.3) that symmetrizers pass through crossings (for either orientation

of the solid strand):

Corresponding to the idempotent e, for p a partition of n, we have the object

Qt == (Q%,e,) € ObH .

By convention, we set Qi =1.
If b= (by,ba,...,b) € {0,1,...,d— 1}, we define

* )
> = 0@ - ®b @b, bYe = bY@ --- @by &by,

Sp ={w € Sy | by(;y = b; for all 1 <4 < £},

For ¢ € Ny, let

By = {(b1,b2,...,b¢) [0< by < by <---bp <d—1}.

Note that
(3.7)

be{0,1,...,d—1}¢ - beB,
For b = (by,...,b) € {0,1,...,d — 1}*, define
by = e QW e » Q" e
S SN

/
1

and
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By = Il QM0 Q™ el™. (39

’mfﬁ‘ ’nfé‘

Lemma 3.3. Suppose 0 < k,£ < min{m,n}. Then, in ng, we have

Sbl(n — k)l(m — )!

nlm!

v 0 B = 0c b ingfn—k)Q(;nfk) for all b € By, ¢ € Bg.

Proof. Using Lemma 2.5, the proof is almost identical to the analogous argument in the
proof of [25, Th. 9.2] and so will be omitted. O

Proposition 3.4. The category obtained from 7—2;} by imposing the extra local relation that
d dots is equal to zero is isomorphic to the Heisenberg category H'y of [25, §6] with
B =Kk[z]/(z?) and trace map trg: B — k given by tr(z?) = §; 4_1.

Proof. Let C be the category obtained from ?:Lgr by imposing the extra relation that d
dots is equal to zero. It follows from (2.1) that ¢; = 0 in C for all s > 1. Thus, (2.2) gives

Therefore, the local relations in C become precisely the defining local relations of H'g
(see [25, (6.9)—(6.16)]), where the dot in C corresponds to a dot labeled z in H3. O

4. The Grothendieck ring
Throughout this section we assume that k is a field of characteristic zero.

4.1. The Heisenberg algebra

Recall that d = ),
the Hopf algebra of symmetric functions over Q. Consider the Hopf pairing

i is a positive integer. Let Syma and Symg be two copies of

<_7 _>d: Sym(@ X Sym6 — Qa <p;:p;;>d = ndén,my

where p% denotes the n-th power sum in Symi. (The Hopf pairing is uniquely determined
by its values on these elements.) One can show that the pairing of two complete sym-
metric functions is an integer. (This follows, for example, by comparing the coefficients
appearing in [28, Th. 5.3] to [28, (2.2)].) Thus we can restrict to obtain a bilinear form
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Sym,, X Symz — Z, where Syrn:Zt are copies of the Hopf algebra of symmetric functions
over Z.

The level d Heisenberg algebra is the Heisenberg double by := Sym%‘ # Sym,, . One
can obtain a presentation by choosing any sets of generators of Sym%. Choosing the
complete symmetric functions hff, n € N, we obtain that hy is the unital associative

Z-algebra generated by hif, n € N, subject to the relations hj = hy = 1 and

hiht =hiht, hoho =hoh

m-'n>o m'‘n>
min{m,n}
-1
hobfi= > <d+ " )h;rhnw n,m € N. (4.1)
r
r=0

See [28, Th. 5.3] and [20, Prop. A.1]. (Readers not familiar with the Heisenberg double
construction may take the presentation (4.1) as the definition of b,.)

4.2. Decomposition of the identity
Fix m,n € N and define S, as in (3.9).
Lemma 4.1. There exist
p: Q™ 2Q - QI M Q"™ beBy, 0<k<min{m,n},
such that
e 0 Bb = 0c,b iderm_mQ(j_k) for allb € By, c € By, 0 <k, <min{m,n}. (4.2)

Proof. For all b € By, define

nlm!
% = [5ultn = W(m — &)

'Oébv.

By Lemma 3.3, we have

0.0 B — b idgn-nger- € Endsi® =it (U P )

It follows from Lemma 3.1 that 6,08y = dc.b idQ<m_k)Q(n_k> if degb < degc. The desired
N o

0. then exist by the usual the usual process of inverting a unitriangular matrix. 0O

Proposition 4.2. In H*, we have

min{m,n}

Qi = Z Z B o Op. (4.3)

k=0 beBy

id
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L»n 1 [Lm,
| 7‘1 | | T | \\\\\ N be //,’
e e ) ]

T P
‘:/‘/,/"“~\\\\\ v///// ) “\\\\\\\ v/'/‘/""\‘\\\‘
L1 I [ R |
j ' j ' L '
. Im | Lol [m] [ n | [ m |
(a) (b) (c)

Fig. 1. Diagrams involved in the proof of Proposition 4.2.
Furthermore,
fbobp, beBg 1<k<min{m,n},
are orthogonal idempotents in Endqx (an)Qim)).

Proof. Starting with
! I
| L

we repeatedly use (2.6) to pull the upward strands left through the downward strands.
This yields a linear combination of diagrams of the form depicted in Fig. 1(a), where

ldQ(_n)Q(Jn) =

o the black boxes represent some linear combinations of diagrams involving crossings
and dots, with dots only appearing on the strands involved in the cups, and

o where the gray boxes represent some linear combinations of diagrams involving cross-
ings and dual dots.

Then, using (2.5) and the fact that crossings can be absorbed into symmetrizers, we can
assume that the black boxes do not involve any crossings and the total number of dots on
the cups weakly increases as we move down. Thus, we see that idQ(_m Q(m can be written as
a linear combination of diagrams of the form depicted in Fig. 1(b), where b € By, for some
0 < k < min{m,n}, and the gray boxes represent some linear combinations of diagrams
involving crossings and dual dots. Then, using the fact that smaller symmetrizers can
be absorbed into larger ones, and that symmetrizers slide through crossings, we see that
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idQ(m QU™ can be written as a linear combination of diagrams of the form depicted in
-y

Fig. 1(c), where 0 < k < min{m,n}, b € By, and the gray boxes represent some linear
combinations of diagrams involving crossings and dual dots.
The above shows that we can write

min{m,n}

idQ@QT) = Z Z P o b,

= beBy,

for some 6} € HomHA(QSn)Q Q(n k)Q(fnfk)), b € B, 0 < k < min{m,n}. Compos-
ing on the left with 6. and using Lemma 4.1 then yields that 6, = 6}, for all b. The final
statement about orthogonal idempotents follows immediately from (4.2). O

4.3. Categorification of the higher level Heisenberg algebra

Proposition 4.3. Suppose n,m € N. In H*, we have

(n) ~(m) mintmon (m—t) m(n—t)\ (TR
QMM 3 (Q Q ) : (4.5)

k=0
where, by convention, QSS) =1.

Proof. Using the fact that symmetrizers slide through crossings, it is straightforward to
verify that the morphisms

A A A A
\ 7 \ 7/

and

/// \\\ /// \\\

are mutually inverse, giving the first isomorphism in (4.4). The second is similar, simply
reversing orientations of strands.

The isomorphism (4.5) follows immediately from Proposition 4.2, after noting that
|Bj| is the dimension of the k-th symmetric power of a vector space of dimension d, and
is therefore equal to (d"'],:_l). ]

Let Ko(H?*) be the split Grothendieck group of 7*. The monoidal structure on H*
endows Ko(H?*) with the structure of a ring.

Theorem 4.4. We have an injective ring homomorphism

by — Ko(H), sf — Ql, w a partition, (4.6)
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where sff denotes the Schur function in Symi corresponding to the partition . In par-

ticular, this ring homomorphism maps hff to Q(in) forn e N,.

Proof. Recall that s(in) = hi*. Comparing (4.1) and Proposition 4.3, we see that

ba — Ko(HY), hf QP neN,

is a well-defined ring homomorphism. We will show in Proposition 6.8 that it is injective.
An argument analogous to the one in the proof of [20, Th. 4.5], based on the fact that the
expression for QY as a linear combination of products of Qg ) is given by the Giambelli
rules in the ring of symmetric functions for expressing the Schur functions in terms
of the complete homogeneous symmetric functions, then shows that (4.6) holds for all
partitions p. O

Conjecture 4.5. The map (4.6) is an isomorphism.

If d = 1, Conjecture 4.5 reduces to [16, Conj. 1]. In [25, Th. 10.5], it is possible to
prove the analogue of Conjecture 4.5 because of the presence of a nontrivial grading
coming from a Frobenius algebra. This is also the case in [10, Th. 1]. The difficulty in
the setting of the current paper is that we only have a filtration, and not a grading.

5. Degenerate cyclotomic Hecke algebras

Our next goal is to define an action of the category H* on categories of modules for
degenerate cyclotomic Hecke algebras. In this section, we recall these algebras and prove
some results concerning them that we will need to show our action is well defined. The
action will then be defined in Section 6.

Throughout this section, k is an arbitrary commutative ring. We will cite [19] for
various basic results. Even though that reference works over a field of characteristic
zero, one can check that, for all of the results we cite, the proofs go through in the more
general setting of an arbitrary commutative ring.

5.1. Definitions

Definition 5.1 (Degenerate affine Hecke algebra H, ). Let n € N. The degenerate affine
Hecke algebra H,, is the k-algebra generated by the elements s1,...,s,-1 and x1,...,x,,
subject to the relations

s?=1, (5.1)

8iSj = 884, |Z —j| > 1, (52)

8i8i4+15; = Si+18iSi+1, (5.3)
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8T =385, 1#£4,5+1, (5.4)
SiL; = Tj4+1S; — 1, (55)
Tilj = T5jT;. (56)

By convention, Hy =k and Hy = k[z4].

Any result for H,, in the rest of the paper is understood to hold for all n € N unless
explicitly stated otherwise.
Note that in H,, we also have, for 1 <i <nand t > 1:

SiTiy1 = xiS; + 1, (57)
t t a, b
SiT; =Ty 18 — E xiw], g, (5.8)
a+b=t—1
¢ t b
8i%iq = TS + E xiw] . (5.9)
at+b=t—1

Recall the weight A\ as defined at the beginning of Section 2.

Definition 5.2 (Cyclotomic quotient H'). Let I. be the cyclotomic ideal of H,, which is
the ideal generated by [[,c;(x1 — i)*. The cyclotomic quotient of H,, corresponding to
A is defined to be

H):=H, /I

By convention, I3 = {0} and so Hy = Hy.

One can define a cyclotomic quotient H; for any monic polynomial f € k[x1,...,z,]
by replacing Iﬁb‘ in Definition 5.2 with the ideal generated by f. However, as explained in
[19, §7.1], it is sufficient to consider the cases where f = [],;(z1 —i)* for some A € Pj.
For this reason, we focus on such quotients in the current paper.

Note that H,, C H,, 1, for any n € N. Composing with the projection onto Hr)z\+1 gives
a homomorphism of algebras H,, — H,)L‘ 11, whose kernel is exactly I). Therefore, we get
an embedding of H into H) 1 1. Via this embedding, we will view H) as a subalgebra
of H} , from now on.

Lemma 5.3 (/19, Lem. 7.6.1(i)]). We have that H; is a free left H;,-module with basis
{8n~-~ij?\0§a<d,1§j§n—|—1}, (5.10)
and a free right H,'-module with basis

{zfsj-sn|0<a<d, 1<j<n+1} (5.11)
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3 a a a y
By convention, s, ---s;z5 and x§s; - s, are equal to x4 when j =n + 1.

Lemma 5.4 ([19, Lem. 7.6.1(ii,iii)]). As (H), H))-bimodules, we have

d—1
H)\, = HysoH)y & @ Hyal (5.12)

j=0
H)s,H) = H) Qmx_| H), us,v—u®u, (5.13)
Hpa® 2 Hy, wuzl,, —u, 0<a<d (5.14)

5.2. The trace map

Lemma 5.5 (19, Lem. 7.7.2]). The algebra H),, is a Frobenius extension of H,, with

n’
the nondegenerate trace

. A A
trn+1 . HTL+1 — Hn

being defined by composing the projection onto H;}a:f;ll in (5.12) with the isomorphism

H)ad 1= H) in (5.14).

At the end of this section we will show that the trace is not symmetric. Diagram-
matically, the map tr,1 corresponds to the operation of taking a diagram on n upward
strands and closing off the leftmost strand to the left:

INREIAN @WW

e Ut

Lemma 5.6. We have

trpg1(Tnt12) = trpg1(22n41) forall z € HT)L‘H.

Proof. Fix z € H; ;. By (5.12), we have

L d—1
2 : I " E : k
7=0 k=0

for some hj, h'f, hy, € H), ¢ € N. Then, since x,,; commutes with H., we have

trnt1 (Tne12) — g1 (22n41) = trppr (Tna12 — 2T041)
¢ (5.f
(5.

i "
=trpp1 § hj(anrlSn - Snanrl)hj =
=0

~ Ut

) 1
) tr 1 Z Wi ($nTn — 2nsn)h | =0,
=0
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where the last equality follows from the fact that h}(snxn — xnsn)hz’ C H)s,H) for
allj. O

As noted in [19, Cor. 7.7.4], we can use Lemma 5.5 recursively to see that H,,, is
a Frobenius algebra over k, with nondegenerate trace being defined by composing the
projection onto kx‘f_l = :L‘Zfl with the isomorphism of vector spaces kx‘f‘l . xz:_i =~ k.
However, we will not need this fact here.

The trace induces an H;)-valued bilinear form on H,, ;, defined by

(U, V)1 = trpp (uv). (5.15)

Our next goal is to find a basis for H),; as an H,-module that is left dual to the basis
(5.10) with respect to the form (5.15). For n € Ny and k € {0,...,d — 1}, define

d—1

Ynk 1= Z(_l)dilitxslik det (tr’n(x7d1+j7i))i’jzl’_”’dflfp (516)
t=k

where we take the determinant above to be equal to one when t = d — 1. Under the
action to be defined in Section 6, the elements ¥, ; will correspond to the dual dots in
the category H*.

Lemma 5.7. The set
{sn-siyirli=1...,n+1, k=0,...,d—1} (5.17)

s a basis of H;I\_H as a left H)-module. Here we adopt the convention that, fori =n-+1,
the notation s, - - - s;y; x means Yny15 for k=0,...,d—1.

Proof. This follows from the fact that the transition matrix between the basis (5.10)
and the set

{8n~--siyi,d_1_k "L':l,...,n—l—l, kZO,...,d—l}
is triangular unipotent by (5.16). O

Lemma 5.8. We have

d—1
trnt1(98n) = trnt1(sng) =0 forall g€ @ Hyapt .

m=0

Proof. Let g = Zi_:lo amy’ 1, for some a,, € H). We prove tr,,11(s,g) = 0, the proof of

trp41(gsn) = 0 being similar. Note that z,1 commutes with the a,,, m € {0,...,m—1},
because the latter all belong to H,' by assumption. So we have
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d—1 d—1 d—
(5.9 m a,b
Sng = E SplmTyyq = g STy 10m >.9) g Ty SnOm + E Ty Ty 10m

m=0 m=0 m=0 a+b=m—1

d—1 d—2

b A
= Ty Snlm + E T Am Ty € H)s, H) @EBH” Tpyq-
m=0 at+b=m—1 7=0

Therefore the projection onto H;)xfllfl is zero and the result follows. O
Lemma 5.9. We have

spH) (sp_1H) |5, C H)s,H), and

spH) 288, C H)s, H) @ @ Hyab ., 0<a<d-1.
0<b<a

Proof. Since s, commutes with H,_;, the first inclusion follows from the braid rela-

tion (5.3). The second inclusion follows from the fact that H) ,2%s, = x%s,H) ;, and
that

a _ pa u v u+s t
SnTpSn = Tpy1 — Ty, anrlsn =y, n+1l TpSnTy + Tp Tpia

utv=a—1 utv=a—1 s+t=v—1
by using (5.8) twice. O

Corollary 5.10. For any y € H; we have

trp+1(Snysn) = tra(y).

Proof. If tr,(y) =0, then y € H) |5, 1H) | @ @d > H) |23 Therefore, Lemma 5.9
implies

d—2

A A A,.b
SnYsn € Hsp H) @ @ann_H,
=0

S0 trp41(Spysn) = 0.
The only remaining case to prove is when y = 3/z%=1 for some y' € H) ;. In this
case we have

d—1_ (59
SnYSn = Sny Ty Sn = y l‘ § y SnT n+1
a+b=d—2

(5.9) ; d—1 /b a+s t
= YThp — § Y@, STy, + § y'as, Lnt1
at+b=d—2 s+t=b—1
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Therefore,
tro(y) =y = trpr1(spysn). O
Proposition 5.11. The basis
{$n " Si¥iali=1,....,n+1, a=0,...,d—1}
is left dual to the basis (5.11) with respect to (—, —)n+1. More precisely,
(Sn " Si¥ia, @085 Sn)nt1 = 0ij0an, 43 €{l,...,n+1}, a,be{0,...,d—1}.

Proof. We first show that

(Yn+1,a: 70 1 )ns1 = 0ap foralln €N, a,b€ {0,...,d—1}. (5.18)
We have
d—1
11— d i
Ut hst = 3151 12 (28870) det (s G25) e
t=a

If b < a, then try4q1(x f#’l “) =0 unless a = band t = d — 1, and so (5.18) follows
immediately. Now suppose b > a. Setting m =b—a and s =d — 1 —t in the above sum,

it suffices to prove that

d—1—a

1—
> 1t 1) et (), =0
s=0

By (5.12) and the definition of the trace in Lemma 5.5, the terms with s > m are equal
to zero. Since b < d — 1, we have m < d — 1 — a. Therefore, it is enough to prove

m

D (1) g (g o) det (tragn (2355 7)), L, = 0. (5.19)

1,
s=0

But (5.19) follows from Lemma 2.3 with ap = trnH(xiff), considered as elements of
the center of H. This completes the proof of (5.18).

The proof of the proposition will now proceed by induction with respect to n € N.
The n = 0 case follows immediately from (5.18). Now suppose that {s,_1---Si¥iq | i =
1,...,m, a=0,...,d — 1} is left dual to {a¢s;---sp,—1 |i=1,...,n, a=0,...,d — 1}
with respect to (—, —)n, and consider the bases {sp---Sy;q | 41 =1,...,n+ 1, a =
0,....,d—1} and {z¢s; - sp |i=1,...,n+1, a=0,...,d —1}.

By Corollary 5.10 we have

b b
(8n " 8iliarTj85  Sn)nt1 = (Sn—1 " 8i¥Yias T18j ** Sn—1)n;
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for 1 < 4,5 < n. By induction the latter is equal to 0; ;4. It remains to show the
equalities

b
(yn+17a,xj5j “ Sp)nt1 =0 and

<Sn"'sjyj,a7$l'r)1,+1>n+1:07 1§]§n,0§a,b§d—1
The first one follows from

<yn+1,a7 $?$j ce 5n>n+1 = trn+1(yn+1,ax§?5j ce Sn) =0,

where the last equality holds by Lemma 5.8, with g = yn+17ax§’-sj -+ Sp—1. Similarly, we
have

b b
(Sn " Si¥ja Tpp1)nt1 = trng1(Sn - 85¥5,aTnp1) =0,
where the last equality holds by Lemma 5.8, with g = 55,1 - -~ sjyjﬁaxl;“. O

Lemma 5.12. For n > 1, we have

tr, (z4) = Z ;.

icl
Proof. We prove the result by induction on n. For n = 1, note that the equation
[L(z1 — i)? = 0 allows us to erte x¢ as a polynomial in z; of degree at most d— 1. Then

try(x¢) is the coefficient of 29! in this polynomial. This coefficient is clearly D icr i
Now, for n > 1, by Corollary 5.10 and (5.8), we have

trn(mﬁ) = trn+1(snxisn)

d—1—
= trpy1 (a:n E xn 2+13n>
:tl"n+1 (xn § l'd l1—a (Snit + E xa 1-b I;H»l))

d—1a—

1
—1—a d b—2_0b
—trn+1 n+1 E trn-i-l trn-i-l xn+1)
a=0 b=0

d
= trp41 (xnﬂ) .
This completes the proof of the inductive step. O

Note that the trace is not symmetric in general. For example, by (5.8), (5.9), and the
fact that the trace is an (H., H)))-bimodule map, we get
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trp41 (sn ﬁ_lsn 1 (xn + Zz)\ >

el
and
trpnt1 (xiillsn,lsn) =trp41 (sn,lx‘flflsn) = Sn_1 (xn + ZZ)"> .
iel
But
(mn +’j{:iAi> snflf#:snfl <1H1+‘§E:iAi>
i€l el

because .81 = Sp-1Tn—1+ 1 # Sp_12pn. f 12,1 + 1 = 8,12, were true, multi-
plying all terms by s,_; would give z,_1 + $,—1 = x,, which contradicts (5.12). Note
that the full trace map

tryotrgo---otr,: Hf{ — k
is symmetric. See [2, Th. A.2].
5.8. Biadjointness of induction and restriction

We use the notation in [16,21] for bimodules, so ,,(n + 1) denotes H; ;, viewed as an
(H,, H),,)-bimodule, and (n + 1),, denotes H,, viewed as an (H,,,, H,)-bimodule.
We use Juxtaposition to denote the tensor product, so that, for example, (n + 1),(n + 1)
is the (H;,, H,,,)-bimodule H}}, |, ® y» H;y,

Proposition 5.13. The maps

rR:(n+1),(n+1) = (n+1), er(a®b)=ab, ac(n+1),, be,(n+1),
Mr: (n) = n(n+ 1)y, nr(a)=a, ac(n),
L = trng1: n(n+ Do — (n),
nu: (n41) = (n+1n(n+1),

m(a)=a Y s Sn 150 @ spSuo1- sk, @€ (n+1),

are bimodule homomorphisms and satisfy the relations

(er ®id) o (id@nr) =id, (id®eR) o (nr ®id) = id, (5.20)
(e, ®id) o (id@ny) =id, (id®ey)o (n ®id) =1id. (5.21)
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In particular, (n + 1), is both left and right adjoint to ,(n 4+ 1) in the 2-category of
bimodules over rings.

Proof. The map eg is multiplication and 7 is the inclusion H;} < H,) 1. Thus, both are
clearly bimodule homomorphisms. The relations (5.20) are standard. They are the usual
unit-counit equations making induction left adjoint to restriction. Similarly, that the
maps ¢1, and 7y, are bimodule homomorphisms and satisfy equations (5.21) follows from
the standard proof that induction is right adjoint to restriction for Frobenius extensions.
See, for example, [14, §1.3]. O

6. Action on categories of modules for degenerate cyclotomic Hecke algebras

In this section, k is an arbitrary commutative ring until Section 6.4, where we assume
it is a field of characteristic zero.

6.1. Definition of the action functors

Definition 6.1 (The bimodule categories BB, ). For n € N, we let 3)) be the category defined
as follows. The objects of B) are direct sums of direct summands of bimodules of the
form

(nk)mk (nkfl)mk—l T ma (nl)ml (n) (61)

with k € Nand {m;,m;—1} = {n;—1,n;_1—1} foralli = 1,..., k+1, where we adopt the
convention thats ng = mg = n and my41 = ng. (When the ng do not agree, direct sums
of bimodules are formal.) Morphisms in B are bimodule homomorphisms (where the
only morphism between bimodules of the form (6.1) for distinct ny, is the zero morphism).

For each n € N, we will define a functor F,, : H — B). We define the functor F,, on
objects as follows. The object Q. is sent to the bimodule (k + 1), and the object Q_
is sent to the bimodule y(k + 1), where k is uniquely determined by the fact that our
functor should respect the tensor product and be a functor to the category B (i.e. the
right action should be by H?). For example,

Fr(Qir—s——4) = (n+ Da(n)n-1(n)n(n)n-1(n)n(n + Dnt1(n + 1)n

We define the F,, to be zero on any object for which the indices k become negative. For
example, F1(Q__) = 0.

We now define the functor on morphisms. Consider a morphism in H* consisting of
a single planar diagram. We label the rightmost region of the diagram by n. Then, we
label all other regions of the diagram by integers such that, as we move from right to
left across the diagram, labels increase by one when we cross upward pointing strands
and decrease by one when we cross downward pointing strands. It is clear that there is
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a unique way to label the regions of the diagram in this way. For instance, the following

Ok

Each diagram is a composition of dots, crossings, cups and caps. Thus, we define the
functors F,,, n € N, on such atoms. Since, on these pieces, the functor F,, will be
independent of n, we will drop the index and describe the functor F = @, . Fr

We define F on cups and caps by

N e, (6.2) \_J" eom, (6.3)

diagram is labeled as indicated.

m n L, (6.4) U ntl L, (6.5)

where g, 1R, €L, and 7, are the bimodule homomorphisms of Proposition 5.13.
We define F on dots by

n

+ = T, (6.6) f = i, (6.7)
n

where, for a € H) a1y @ and ‘a denote the maps of right and left multiplication by a:

. A A
"a: H, | — Hy .y, b ba,

‘ar Hp y — Hp,y, brsab.

We define F on crossings as follows:

>< = "Spat, (6.8) ><n = s, (6.9)
>< _1(n) = wn+1)p, a®ad — asna’), (6.10)

><n H nn+1n—>(n)n,1(n), Sp > 1y @ 1, xfl+1n—>0,j:0,...,d—1).

(6.11)

In the remainder of this section, we prove that the functors F,, are well-defined.
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6.2. Cyclicity
We first prove some results that imply that the functors F,, respect isotopy invariance.

Lemma 6.2. Under the functor F, we have
jv{ — ryn+1’j7 (6.12) }jv — Zyn+1’j7 (613)

forje{0,...,d—1}.

Proof. To prove (6.12), we compute

2.2) i
P(o,) S

(2.1) I B 16)
- Sl (Tx:”rjl) det (41 (23 a))a,bzl,wd—l—i "Y1,

i=j
The proof of (6.13) is analogous. O

Lemma 6.3. The images of the diagrams

n
, , and
n n

under the functor F are equal.

Proof. The image under F of the leftmost diagram is the map

w(n+1) = )n(n+1) 22 (4 1) (n+1)

"Tp41®id
s

an(n+1)p(n+1) R, n(n+1),

a1, a1, 11 Qa0 Tpi1 Qars Ty = anﬂ(a).
The image under F of the second diagram is the map

"Tn+1®id eL®id

n(n+1) SN an(n+1n(n+1) an+1)p(n+1) —— (n)p(n+1) = ,(n+1),



M. Mackaay, A. Savage / Journal of Algebra 505 (2018) 150-193 181

k
a— E T;Si " Sn—15n @ SpSn—1-""SiYi kG
k
— :L'i Sit Spn—15nTn+1 ® SnSn—1""" Siyi,ka

k
— E trn1 (27 S5+ Sn—15nTnt1)SnSn—1 - 8ilYika

i=1,..n+1
k=0,...,d—1

k l
= E t 1 (T 10785 - 8p—1850)SnSn—1 " 8iYi k0 = Tnp10 = Tpy1(a),

i=1,...,n+1
k=0,...,d—1

where we have used Lemma 5.6 in the first equality, and Proposition 5.11 in the second
equality. 0O

Lemma 6.4. The images of the diagrams

under the functor F are equal.

Proof. The proof of this lemma is completely analogous to that of [25, Lem. 7.1] and is
therefore omitted. 0O

Lemma 6.5. The images of the diagrams

under the functor F are equal.

Proof. This follows from a straightforward computation, which will be omitted. (See also
[25, Lem. 7.2].) O

Lemma 6.6. The images of the diagrams

under the functor F are equal.
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Proof. By Lemma 5.4, ,,(n+1),, is generated, as an (H;), H;))-bimodule, by s,, and mflﬂ,
7 =0,...,d— 1. Thus, it suffices to compute the images of these elements. The image
under F of the first diagram is the composition

w0415 2 () (1) 2% (1), 3 (041)0 22 (1), (1) 2222 (n), 1 (n),

For j € {0,...,d — 1}, we have

J k J
Tpyq E TySi  Sn—25n—1Q Sp—15n—2" " Si¥Yi kTp 41
i=1,...,n
k=0,...,d—1

k j
— E TiSit Sn—25n—1 & SnSn—15n—2 """ Si¥i,kTpy1 > 0,
1=1,..

PRy L]

k=0, d—1
and
k
Sp T;S; Sp—28n—1 & Sp—18p—2 " Si¥Yi,kSn
i=1,...,n
k=0, .d—1
k
— E T8 Sn—25n-1® SpSn_18n—2 " 8i¥i kSn > 1n @ 1y,
i=1,...,n

k=0,...,d—1

where we used Proposition 5.11 in the last map.
The image under F of the second diagram is the composition

WD) 2 (041 (n) 225 (1)1 (n) —22Y (01 o1 (n) 22D (), (n).

For j ={0,...,d — 1}, we have

J J k
Tpa1 7 Ty E T;Si Sp—28n—1 & Sp—18p—2 " Silik

j k
= T g ;8 Sp—25n—15n @ Sp_15p—2 - Si¥Yik 0,

i=1,...,n
k=0,...,d—1

and

§ : k
Sp F> Sp T;Si Sp—25n—1 & Sp—18n—2" " SiYik

i=1,...,n
k=0,...,d—1

k
S E T8 Sn—25n—15n @ Sp_18p—2 - Silik — 1n @ 1y,
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where, in the last map, we used the fact that

trp1 (SnFsi Sn_28n_18n) =ty (TF8i+ Sp_28n_1)

by Corollary 5.10, and that

k
> try (2Fsic sno08n1) @y Sno1Sn_2- - Silik

k
=1, ®H;}71 E try, (CCZ Sqc 5n—25n—1) Sn—1Sn—2"*Si%ik = ln ®H;}71 1n

i=1,...,n
k=0,...,d—1

by Proposition 5.11. 0O
6.3. The action functors are well-defined

We now prove one of our main results: that the functors F,, are well defined. We
assume some knowledge of cyclic biadjointness and its relation to planar diagrammatics
for bimodules. We refer the reader to [15] for an overview of this topic.

Theorem 6.7. The above maps give a well-defined additive functor
F,: " — B)

for each n € N and hence define an action of H* on @ H)-mod.

neN
Proof. The action comes from the standard action of bimodules on categories of modules,
via the tensor product. See, for example, [25, (7.1)].

By definition, the category ;) is idempotent complete for all n € N. Thus, any functor
from H* to B} naturally induces a functor H* — B*. Therefore, it suffices to consider
the category H>.

By Proposition 5.13, the images (n+1),, and ,,(n+1) of the objects Q4 and Q_ under
F are biadjoint. Thus, the zigzag identities

U ey

are preserved by F. The fact that F preserves invariance under local isotopies then follows
from Lemmas 6.3, 6.4, 6.5, and 6.6.
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It remains to show that F preserves the relations (2.3)—(2.9). The fact that F pre-
serves relations (2.3), (2.4), and (2.5) follows immediately from (5.3), (5.1), and (5.5),
respectively.

If the rightmost region is labeled n, then the image under F of the left side of (2.9) is
the map

T
Sn+1

(n+1), RILIN nt1(n+2), — pp1(n+2), L (n+1)n,

ar— a—aspyr — 0.

Thus, F preserves (2.9).
If the outside region is labeled n, then the image under F of the left side of (2.8) is
the map

[ m‘zl
(n) . n(n+ 1), @) n(n+ 1)y, s (n),
0 ifj<d-—1,

j o e
Qv T, 10=0aT, 1 = S a itj=d-1,
ay eride if j=d,

where the last case follows from Lemma 5.12. Thus, F preserves (2.8).
Now, if the rightmost region is labeled n, then the image under F of the first term on
the right side of (2.6) (i.e. the double crossing) is the map

(6.11) (6.10)

aln+ 1), (n)p—1(n) —= n(n+ 1),

This map is uniquely determined by the images of s, and xﬁﬂ, k=0,....,d -1
We compute

Sp—= 1, ®1, — s, and xﬁﬂb—)O.

On the other hand, the image under F of the sum in (2.6) of diagrams over j, is (us-
ing (6.13))

d—1
J ¢
"1 O TR OEL O Ynt1,j-
j=0
This acts as
d—1 d—1
E : i _ k k ik
Sp trp41 (yn+17j8n)xn+l =0, Tpy1 = E :tr"+1 (y"+1xjxn+1) Tnt1l = Tntls
=0 =0

where the equalities follow from Proposition 5.11. It follows that F preserves (2.6).
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Finally, if the rightmost region is labeled n, then the image under F of the left side
of (2.7) is the map

()no1(n) 205 4 1), O

a®@br— as,br—a®b.

(n)n—1(n),

Thus, F preserves (2.7). O
6.4. Categorification of Fock space

We assume in this subsection that k is a field of characteristic zero. For n € N, let
Ko(H)-pmod) be the split Grothendieck group of the category H-pmod of finitely-
generated projective H-modules. By Theorems 4.4 and 6.7, we have ring homomor-
phisms

Ko(F,
bha — Ko(H) Onen FolFn), pg <EB Ko(Hg-pmod)> ,
neN

nen Ko(H-pmod). (Note that we do not use the injectivity
statement in Theorem 4.4, which we have yet to prove.)

yielding an action of 4 on

If ko denotes the trivial one-dimensional H3-module, then, for any partition p, we
have

Fo([QY]) - [ko] =0, Fo([Q4]) - (ko] = [H,ey)-

It follows from the Stone—von Neumann Theorem that the submodule of @),y Ko(H) -
pmod) generated by [ko] is the Fock space representation of hg. (See [29, Th. 2.11(c)]
for a version of the Stone—von Neumann Theorem in the general setting of Heisenberg
doubles.)

Proposition 6.8. The ring homomorphism by — Ko(H>) of Theorem /.J is injective.

Proof. This follows from the above discussion and the fact that the Fock space repre-
sentation is faithful. (See, for example, [29, Th. 2.11(d)] for this statement in the setting
of Heisenberg doubles.) 0O

The action of i-induction and é-restriction on @,y Ko(H;-pmod) realizes the irre-
ducible highest weight module V(\) of g of highest weight A. (See, for example, [19,
Ch. 9].) In general, the hg-module @, . Ko(H;-pmod) is a direct sum of Fock space
representations. This corresponds to the fact that the restriction of V(\) to the principal
Heisenberg subalgebra of g is a direct sum of Fock spaces. If A is of level one, then V' (\)
remains irreducible as a module over the Heisenberg algebra, and we are in the setting
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of [23]. See Section 8.1 for further comments in this direction. In general, the projective
modules H,)L‘e# are not indecomposable. An explicit description of the indecomposable
projective H-modules is not currently known for arbitrary level. (See [8] for the level
two case.)

7. Properties of the action functors

In this section, k is an arbitrary commutative ring until after Proposition 7.1. At that
point, we assume k is a field of characteristic zero for the remainder of the section.

Note that F,, maps closed diagrams, which are endomorphisms of the identity ob-
ject 1, to Endpa(n), the algebra of bimodule endomorphisms of (n). We have a natural
isomorphism of algebras

Z(H)) = Endgx(n), aw~ ta,

where we recall that ‘a denotes left multiplication by a. In what follows, we will often
identify Z(H)) and Endga (n) via this isomorphism.

Proposition 7.1. For alln € N and t > 3, we have
F, :m§_2+x§_2+~--+:Efl_2+l.o.t.,
d_1+t

where “l.o.t.” is polynomial in x1,...,x, of degree less than or equal to t — 3. In other
words, F,, maps a counterclockwise circle with d — 1+t dots, t > 3, to the (t — 2)-nd
power sum in the generators x1,...,x,, up to terms of lower degree.

Proof. It follows from Lemma 2.12 that, for ¢t > 3,

t—3
= + o2 + > ke,
d—1+t d—1+t k=0
where ay € Endy (1), k € {0,...,t — 3}, is a linear combination of counterclockwise
circles with at most d — 1 + ¢ — 2 dots. It follows that
= ¢t—2 |-+ |+ |@t—2 |- |-+ |-+ | t—2 F+Lot., (7.1)

d—1+t

where “l.o.t.” denotes a linear combination of lower order terms—diagrams consisting of
upwards pointing strands carrying fewer than ¢t — 2 total dots, with a closed diagram in
the rightmost region.
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Now, consider the commutative diagram

Fr
Endy» 1 ——— Endga(n)

| I

F
EndeA Qi HO' EndBG\ (n)o

where the leftmost vertical arrow is given by horizontal composition on the right by the
identity morphism of Q}, and ¢ is the natural inclusion. (Diagrammatically, the leftmost
vertical arrow takes a closed diagram and places n upwards pointing arrows to its right.)
It follows from (7.1) that

toFy, =22 422 ai? 4 Lo,
d=1+t

where “l.o.t.” is polynomial in x1,...,x, of degree less than or equal to t —3. O
For the remainder of the section, we assume that k is a field of characteristic zero.

Corollary 7.2. For all n € N, the functor ¥,, induces a surjective homomorphism of
algebras Endyx 1 — Endpa (n) = Z(H)).

Proof. Since the power sums generate the ring of symmetric polynomials over a field of
characteristic zero, the result follows from Proposition 7.1 and [7, Th. 1], which states
that Z(H))) consists of all symmetric polynomials in the zy,...,z,. O

Proposition 7.3. The homomorphism 1y of (2.17) is injective.

Proof. Define a grading on II by setting degy; = i for all i € N,. Suppose f € Il is a
nonzero element of top degree a (i.e. f is a sum of a nonzero element of degree a and
elements of lower degree). Then F,,(vo(f)) € Z(H))) and so, by [7, Th. 1], F,,(¢o(f)) is a
symmetric polynomial in z1, ..., x,. By Proposition 7.1, the top degree of the monomials
appearing in F,(¢o(f)) is a. Then, by [7, Th. 3.2], F,,(¢o(f)) is nonzero for sufficiently
large n. It follows that ¥o(f) #0. O

Consider the k-algebra

3>

(H) )™ :={a€ H),, | ha=ah for all h € H,}.

This algebra is canonically isomorphic to the endomorphism ring of the bimodule
n(n+ k), and, therefore, to the endomorphism ring of the restriction functor, via the
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map that assigns to a € (H;} +k)HvAL the endomorphism ‘a. Likewise, the opposite alge-
bra of (H), )" is canonically isomorphic to the endomorphism ring of the bimodule
(n + k), and, therefore, to that of the induction functor, via the map that assigns to
a € (H), )" the endomorphism "a.

Proposition 7.4. The homomorphism 1y, of (2.19) is injective.

Proof. Fix j € I such that \; # 0. Define p = 3, ; piw; € Py by p; = A for i € I.
Thus 9 # 0. We have an isomorphism of algebras H, = H/ that fixes s1,..., 5,1
and maps x; to x; — j for i € {1,2,...,n}. We also have a surjective homomorphism of
algebras HY — kS, given by mapping x; to the i-th Jucys-Murphy element.

For n € N, consider the composition of algebra homomorphisms

H, @ TT 2 Endy (Q7) £ Bnd(m +n),, — (H)

m—+n

)" = (1

m—+n

) e ( )

This composition is precisely the homomorphism 1y, ,, of [16, §4]. It is shown there that
these maps are asymptotically injective, in the sense that if z is some nonzero element
of H,, ®I1, then 1;, ,,(2) # 0 for sufficiently large n. It follows that 1, is injective. O

Proposition 7.5. For all n,k € N, the functor ¥,, induces a surjective homomorphism of
algebras

Endys Qf — Endga (n + k)p.
Proof. We proceed by induction on k. For k = 0, the result is Corollary 7.2.
Let m = n + k. Assume that the result holds for some m > n. We must prove that

"a is in the image of F,, for all a € (H;)Hl)H?». Now, it follows from the bimodule
decomposition (5.12) that

X NH) _ (A A Ha A
(Hm+l) = (HmsmHm) D (H

<.
Il
o

A ; .
Therefore, it suffices to consider the cases where a € (H,))" 27, ., for some j € {0,...,

H)\
d—1}and a € (Hp s, Hpy) .

First suppose that a = a’xf,H_1 = a:ZnHa’ for some a’ € (H,),‘l)HrAL and j € {0,...,d—1}.

By the inductive hypothesis, there exists a D € Endy» Q™" such that F,(D) = a'.
Then
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A
Now suppose a € (Hf,‘lsme,‘L)H By (5.13), a is the image under the map
(M)m—1(m) = m(m+1)pm, ©v®v = uspyv,

of some element a’ € (m),,_1(m) satisfying ba’ = a’b for all b € H;'. Consider the
bimodule homomorphism
L1 __r 1

a'="d":(n) = n(M)m_1(m)n.

By adjunction and the induction hypothesis, we have an element of Homy (1,
QT T"Q+Q-_QT™™), which we will depict as

NSRRI o M Mo L
(where the dashed line represents m — n lines) such that
F, < A j;) ey

It follows that

This completes the proof. O
Theorem 7.6. For all n € N, the functor ¥, is full.

Proof. It follows from Corollary 2.7 that every object of H?* is a direct sum of objects
of the form Q¥ Qﬁ_ for some k, ¢ € N. By adjunction, we have

Homy (QFQ%, Q%QY%) = Homyr (Q4, Q5 Q2QY).

Thus, it suffices to consider hom-spaces with domain Qﬁ, £ € N. Again, by adjunction,
we have

Homyx (Q, Q2 Q%) = Homy (Q5, QY).

Since this hom-space is zero unless {+a = b, the theorem follows from Proposition 7.5. O
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It follows from Theorem 7.6 that the category H* yields a graphical calculus for the
representation theory of the H, n € N. In the remainder of this section, we use this fact
to deduce algebraic properties of these algebras.

There is an natural inclusion of algebras H,, ® Hy < H, 1. This induces an inclusion
of algebras

H) ® Hy < H).,, (7.2)

Corollary 7.7. Under the inclusion (7.2), the centralizer of H,\ in HfL‘Jrk is generated by
Hj, and the center of H)).

Proof. The opposite algebra of the centralizer of H,) in H>‘+k is precisely End ((nJr k)n )
Thus, by Theorem 7.6 and Proposition 2.14, the centralizer of H,' in H) ik is generated
by F,.(¢¥x(Hy @ II)). Since F,, (¢ (I)) is the center of H,' and F,, (¢ (Hy)) is the image
of Hy in H,, under the inclusion (7.2), the result follows. O

The level one case of Corollary 7.7, describing centralizers for group algebras of sym-
metric groups was proved by Olshanski (see [22], or [13, Th. 3.2.6]). Corollary 7.7, which
is a generalization of Olshanski’s result, seems to be new. The analogue for the degenerate
affine Hecke algebra (before taking cyclotomic quotients) is mentioned in [9, p. 577].

Corollary 7.8. The four bimodule maps ER: MR EL; and nL of Proposition 5.13 turn the

77.+1 1

induction and restriction functors Ind and ReSH’”+ into a cyclic biadjoint pair.

Proof. This follows immediately from the isotopy invariance in #* and Theorem 7.6. O
8. Further directions

The results of the current paper suggest some natural interesting directions of future
research. In this final section, we briefly outline some of these directions.

8.1. Truncations and categorified quantum groups

In [23], it is shown that a certain truncation of a 2-category version of Khovanov’s
Heisenberg category is equivalent to a truncation of the Khovanov—Lauda categorified
quantum group of type A, introduced in [18]. (See also the related work [24].) This
equivalence is a categorification of the principal realization of the basic representation
(i.e. the irreducible representation of highest weight wy) of sl,. It yields an explicit
action of categorified quantum groups on categories of modules for symmetric groups.

Replacing Khovanov’s Heisenberg category by the more general categories H* of the
current paper should yield a generalization of the results of [23]. The 2-category version
> of H* has objects labeled by integers. For k,¢ € Z, the category Mor . (k, £) of
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morphisms from k to ¢ is the full subcategory of H* on direct sums of summands of
objects QT'Q" with £ —k = m — n. The horizontal composition in 2 comes from
the monoidal structure of H*. One can truncate /> by killing all morphisms factoring
through negative integers. Then taking the idempotent completion as defined in [23,
Def. 5.1] yields a 2-category #**. We expect that the 2-category £ is equivalent
to the truncation of the Khovanov—Lauda categorified quantum group obtained by killing
all morphisms factoring through weights not appearing in the irreducible highest weight
representation of g of highest weight A. This would yield actions of categorified quantum
groups on categories of modules for degenerate cyclotomic Hecke algebras as in [4].

8.2. Wreath product algebras

In [25], a general Heisenberg category Hp was introduced that depends on a graded
Frobenius superalgebra B. When B is the ground field, this category reduces to the
Heisenberg category of Khovanov. The inspiration behind the definition of the categories
‘Hp is the passage from the group algebra of the symmetric group to the wreath product
algebras B®" % S,,. Just as the degenerate affine Hecke algebra appears naturally in
the endomorphism algebra of Q' in Khovanov’s category, the endomorphism algebra
of Q% in Hp contains an algebra denoted D,, in [25, Def. 8.12]. These algebras have
been studied in [26], where they are called affine wreath product algebras, and denoted
A, (B). In particular, cyclotomic quotients AS (B) of these algebras are defined [26, §6],
and it is shown that level one cyclotomic quotients are isomorphic to B®™ x S,, (see
[26, Cor. 6.13]). On the other hand, taking B = k yields H,)

n?

where A\ depends on the
quotient parameter C.

AS(B)
ly W&()ne
H)\

B®" x S,

n
leve& /B/—?
kS,

We expect that examination of the representation theory of the algebras A, (B), to-
gether with their cyclotomic quotients, should lead to even more general Heisenberg
categories ’Hg that specialize to both the categories H* of the current paper and the
categories Hp of [25].? One of the advantages of the presence of the graded Frobenius
superalgebra B is that, provided it is not concentrated in degree zero, it allows one to
use grading arguments to prove the analogue of Conjecture 4.5.

2 Since the writing of the current paper, these categories have been defined in [27].
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8.3. Deformations

A g-deformed version of Khovanov’s Heisenberg algebra was introduced in [21]. This
deformation corresponds to replacing group algebras of symmetric groups with Iwahori—
Hecke algebras of type A. We expect that the results of the current paper can also be
g-deformed by replacing cyclotomic degenerate Hecke algebras by cyclotomic Hecke al-
gebras (otherwise known as Ariki-Koike algebras). This would lead to a higher level
generalization of the results of [21].

8.4. Traces and diagrammatic pairings

In [12,11], the traces of Khovanov’s Heisenberg category and the g-deformed version
introduced in [21] have been related to W-algebras and the elliptic Hall algebra. The
trace decategorification has also been used in [20] to categorify the Jack inner pairing
on symmetric functions. We expect that these results have higher level versions based
on the categories H* of the current paper or the more general categories H7 mentioned
above.
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