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1. Introduction

Let A be a graded Artinian algebra over an infinite field k. We assume that A has a
single maximal ideal m and that A/m = k. The Jordan type P, = Py 4 of a linear form
¢ of A; is the partition determining the Jordan block decomposition for the (nilpotent)
multiplication map my by £ on A. Such a partition must have diagonal lengths the Hilbert
function H(A) (Lemma 2.2A). The diagonal lengths of a partition refer to the lengths
of diagonals of slope 1 in the Ferrers diagram of the partition (see Fig. 1).

We denote the set of all partitions having diagonal lengths T' by P(T"). The Sperner
number Sp(7T') of a Hilbert function sequence T is its height Sp(7) = max;(T;). We say
that a pair (A,£) with A a graded Artinian algebra and ¢ € A; a linear element of A,
has the weak Lefschetz property if the partition Py has Sp(7T') parts, where T' = H(A).
This is the smallest possible number of parts possible given T ([8, Proposition 3.64]). We
will term such a partition P of diagonal lengths T having Sp(T) parts a weak Lefschetz
partition for 7. The pair (A,¢) is termed strong Lefschetz (SL) if P, = TV where T =
H(A). Here TV = [T]V the conjugate partition (switch rows and columns in the Ferrers
graph) to [T], the set of values of T.

There have been many studies of graded Artinian algebras satisfying the strong or
weak Lefschetz property for a generic element ¢ € A; (see [8] and the references cited
there). Recently, there have been studies of more general questions about the Jordan type
of pairs (A, ¢) (see [4,5,8,11,17] and references cited). We study in this paper which Jordan

Fig. 1. Ferrers diagrams of partitions P = (4%) and Q = (6,22, 1?) with diagonal lengths (1,2, 3,3,2,1).
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types Py can occur for arbitrary, usually non-generic elements of A1, when A is a graded
Gorenstein quotient of the polynomial ring R = k[z,y]. By a result of F.H.S. Macaulay
[14, §14] the Artinian Gorenstein algebras of height two (codimension two) are complete
intersections (CI).!

Definition 1.1. We say that a partition P of diagonal lengths T is a complete intersection
Jordan type (CIJT) if it can occur as a partition Py 4 for a graded complete intersection
quotient A = R/I, R = k[z,y] and some linear form ¢ € A;.

It is well known (see [15, §58]) that the Hilbert function of a standard-graded CI
quotient A of R satisfies H(A) = T, a symmetric sequence of the form

T=(10,21,...,(d—=1)a—2,dg—1,...,dayr—2,(d = 1)agrp—1,-..,25-1,15). (1.1)

Here k is the multiplicity in 7" of the height d, and the subscripts indicate degree. In order
to simplify results we will assume that char k is zero, or is greater than j, the socle degree
of A — except that in discussing Hessians, we will assume char k is zero. It is well known
that for these characteristics, for a fixed codimension two Artinian algebra A = R/I,
and a generic linear form ¢ € Aj, the pair (A, /) is strong Lefschetz.” Here £ € A; = k? is
generic for A if it is not — up to constant multiple — one of a finite number of exceptional
linear forms. In this paper, we are interested primarily in the Jordan types possible for
the exceptional linear forms. We first determine all CIJT partitions of diagonal lengths
T (Theorems 2.15 and 2.17). As a consequence we give, surprisingly, a criterion for P to
be CIJT using just the number of parts of P (Theorem 2.21):

Theorem 1. A partition P having diagonal lengths T satisfying Equation (1.1) is CIJT
if and only if its number of parts is d (weak Lefschetz case) or d+k — 1.

By another result of F.H.S. Macaulay the graded Artinian CI quotients A = R/I
of socle degree j satisfy I = Ann F' where F', the Macaulay dual generator of A, is a
degree-j element of & = k[X, Y], the dual to R, and

I={feR|foF =0} (1.2)

where R acts on & by differentiation: z'y? o XY = u; - v; X* 'YV~ if u > i and v > j,
where u; = u(u — 1)---(u + 1 — i); otherwise 2'y7 o XYV = 0, and this is extended
bilinearly.

T. Maeno and J. Watanabe in 2009 introduced a method of using higher Hessians of
the Macaulay dual generator F' to determine the strong Lefschetz property of a graded

! F.H.S. Macaulay refers to this also in [15, §71]; a homological version of this result was given by F.P. Serre
[18, Proposition 3], see also C. Huneke’s survey [9, §4].

2 See [2], and discussion in [11, Lemma 2.14]; this result depends on a standard basis argument of J. Bri-
ancgon and has been reproved many times.
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Artinian algebra [17]; this was further developed and used by T. Maeno and Y. Numata
[16] and by R. Gondim and colleagues [4,5,3]. In particular, R. Gondim and G. Zappala
developed mixed Hessians to study the weak Lefschetz property [5], and B. Costa and
R. Gondim showed that the ranks of the mixed Hessian matrices, evaluated at a point
pe corresponding to the linear form ¢ € A;, determine the Jordan type P, 4 of a graded
Artinian Gorenstein algebra A [3, Theorem 4.10]. Given a graded Gorenstein algebra
A = R/I of Hilbert function T and a linear form ¢ € Ry, the Hessian h)(F) is the
determinant of the homomorphism my;-2: : A; — A;_; given by the multiplication map
by ¢##=2" (Definition 3.1). When T satisfies Equation (1.1) and & > 2 there are d active
Hessians; when k& > 1 there are d — 1. We show concerning Hessians (see Theorem 3.8)

Theorem 2. Let T satisfy (1.1) for an integer d > 2 and assume that char k = 0. Then
there is a 1-1 correspondence between the CIJT partitions Py, having diagonal lengths T,
and the 2% (when k > 1), or 2971 (when k = 1) subsets of the active Hessians for T' that
vanish at ¢ in R;.

Example 1.2. Let T = (1,2,2,1). The active Hessians are h°, the determinant of mul-
tiplication by mys : Ag — As, and h', from multiplication by m, : A; — As. Thus,
there are four subsets of these Hessians. When no Hessian is zero, the Jordan type Py is
(4,2), the conjugate of T, and ¢ is strong Lefschetz. For the CI algebra R/(z2,y?), the
multiplication m,, has partition P, = (3, 3), and only A" is zero; the multiplication m,
has partition P, = (2,2,2) and both h°, h! are zero, while m,_, has partition (4, 2). For
the CI algebra R/(xy, z® 4+ y*) the multiplication m, (or m,) has partition (4,1,1), and
only h! is zero. There are two more partitions of diagonal lengths T', namely (3,1,1,1),
which occurs for m,, in the non-CI algebra R/(xy, 23, y*) and (2,2, 1, 1) which occurs for
m, in R/(2%,zy?,y*). Note that m, in the latter, non-CI algebra has partition (4,2):
that is, certain CIJT partitions may occur also for a non-CI algebra. See Example 4.6
and Fig. 17 for further detail when 7' = (1,2, 2,1).

We also determine the CIJT partitions in other, combinatorial ways, involving the
attaching of branches to a basic triangle of a partition (Section 2). Our proofs involve
a careful combinatorial study of this process of attaching branches, in the spirit of [12],
and we adapt results from [13]. The paper is self-contained.

Outline of results. In Lemmas 2.4 and Lemma 2.5 of Section 2, we state and prove a
necessary criterion for a partition having diagonal lengths T satisfying Equation (1.1) to
occur as the Jordan type of a linear form of some Artinian complete intersection algebra.
This is very restrictive: there are only 2¢ partitions satisfying the criterion when k > 1
and 2971 when k = 1. We adapt from [12] the method of adding branches to a basic
triangle of T' to determine the partition P; we introduce a branch label (Definition 2.7)
to describe this. We first exhibit in Lemma 2.10 (for multiplicity & > 2) and Lemma 2.12
(for multiplicity k& = 1), all possible partitions that have diagonal lengths T satisfying
Equation (1.1) above: each of these may occur as a Jordan type for an algebra quotient
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A of R having Hilbert function T, that is not necessarily a complete intersection. This is
less restrictive than CIJT and we show there are 2-3?~! such partitions when k£ > 1 and
39=1 when k = 1 (Corollary 2.14): these numbers agree with the more general formulas
for all T of [12, Theorem 3.30, (3.35)]. In the main results of Section 2, Theorem 2.15
and Theorem 2.17, we determine via their branch labels, all the partitions that can occur
as the Jordan type partitions of a linear form for some Artinian complete intersection
algebra with the Hilbert function T', that is, all the CIJT partitions having diagonal
lengths T'. Theorem 2.19 and Corollary 2.20 confirm that all the partitions P satisfying
the criterion of Lemmas 2.4 and 2.5 actually do occur as CIJT partitions. We show
Theorem 1, the CIJT criterion using just the number of parts of P and the diagonal
lengths T' in Theorem 2.21.

The first author with M. Boij had previously determined the Jordan types for complete
intersection algebras A = R/AnnF, for a form F € &;, when just a single Hessian
could vanish (Theorem 3.3 in Section 3.1). In Section 3.2, Theorem 3.6, we determine
the numerical condition on a CIJT partition P, of diagonal lengths T for a specific
higher Hessian h} to be non-vanishing. In Theorem 3.8, we specify and show the 1-1
correspondence between the sets of vanishing higher Hessians of F' at p, with the CIJT
partitions P, for A = R/ Ann F; this is a more precise version of Theorem 2 above. We
also provide the possible rank sequences for Hessian matrices at py of a CIJT partition
in Proposition 3.12.

We report geometric consequences in Section 3.3. First, our results imply that there is
a lattice structure on the set of CIJT’s having given diagonal lengths 7'. In Theorem 3.15
we show that this structure coincides with the usual dominance order on these partitions
(Definition 3.14). In Theorem 3.19 we show that the Zariski closure in the family CIr
(all CT ideals of diagonal lengths T') of the cell V(Ep) of algebras having a given CIJT
in a direction £ is the union of smaller or equal CIJT cells in the dominance order. The
analogous frontier property is not shared by non-CIJT cells, by an example of J. Yaméogo
(Remark 3.20). In Section 3.4 we show a result characterizing simply the CIJT partitions
having d parts, and their relation to those having d + k — 1 parts (Theorem 3.23). We
end this section with tables of the CIJT partitions for d < 5.

In Section 4 we make the connection with the hook codes of [12]. In Section 4.1,
we explain the hook code as well as illustrate it in some examples, and in Section 4.2
Proposition 4.7 we relate the branch labels and the hook codes for all partitions of
diagonal lengths 7', and in Corollary 4.8. We apply this to CIJT partitions. Then in
Section 4.3 we prove the correspondence of vanishing Hessians of a complete intersection
Jordan type with its hook code (Proposition 4.9).

We include throughout diagrams and examples to illustrate the results.

2. Jordan type for complete intersection Artinian algebras in two variables

This section contains our main results concerning the characterization of partitions of
diagonal lengths T' satisfying Equation (1.1), and on characterizing the partitions that
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are CIJT — that occur as the Jordan type P, of multiplication by a linear form ¢ in
a graded Artinian complete intersection algebra A = k[z,y|/I. We first in Section 2.1
study ideals I having a given initial monomial ideal determined by a partition @, that
is, the ideals I € V(Eq). By Lemma 2.2, the diagonal lengths of a CIJT partition is a
Hilbert function satisfying Equation (1.1), and the algebras A = R/I have Jordan type
Pra=Q.

The Ferrers diagram of a partition P of diagonal lengths T'= (1,2,...,d—1,d,t4,...)
with t4 < d has a filled basic triangle A(P) = Aq4 consisting of all monomials of degrees
less than or equal to d — 1. We regard P as having branches glued to the basic triangle:
some branches are horizontal, some may be vertical. We associate to each such partition
a branch label, a sequence of integers corresponding to the lengths of these glued branches
(Definition 2.7). Beginning in Section 2.2, we characterize labels associated with parti-
tions having diagonal lengths T satisfying (1.1). In Section 2.3 we characterize all the
partitions having diagonal lengths T'. In addition to a complete numerical description of
all such partitions, we also use the labels to count the number of such partitions hav-
ing given diagonal lengths T". In Section 2.4 we characterize the CIJT partitions having
diagonal lengths T'.

2.1. The cell V(Eg) and Jordan type

Recall that R = k[z,y] is the polynomial ring over an infinite field of characteristic
zero or characteristic p > j where j is the socle degree of the Artinian algebras we
consider. By [15, §58] the sequence T occurs as the Hilbert function 7' = T'(d, k) of a
graded complete intersection (CI) quotient A = R/I of height d, where d occurs k times
in T. The ideal generator degrees are (d,d + k — 1) and we have (subscripts indicate
degree; this is also Equation (1.1))

T(d, k) = (10, 21, ey (d — 1)d,2, d/dfh ey derk,Q, (d — 1)d+k717 ceey 2]‘,1, 1j). (2.1)

Here the socle degree j = 2d + k — 3; the sequence T'(d, k) is symmetric about j/2 and
is the Hilbert function of the monomial complete intersection R/(z?,y%+*=1), of vector
space dimension ), T'(d,k); =d(d+k—1) =d(j + 2 —d).

More generally, a sequence T occurs as the Hilbert function 7' = H(A) of some
graded Artinian quotient A = R/I of R = k[z,y] having order d (I C m%, I ¢ m?~1) and
maximal socle degree j (I 2 m7, I D m/T!) if and only if

T = (10,217...,dd,17td7td+1,...,tj,0) where d >ty > --- > tj > 0. (22)

We will initially consider such general Hilbert functions T for our definitions and
Lemma 2.2 just below, which concerns the cell V(Eg) parametrizing ideals with initial
monomial ideal Fq for partitions @ of diagonal lengths T'. Then beginning in Section 2.2
we will restrict to the graded complete intersection sequences T of (2.1). We will denote
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by G the smooth projective variety parametrizing graded quotients A = R/I of Hilbert
function T [6,10,12].

Definition 2.1 (The cell V(Eq) of the family Gr). The Ferrers diagram of the partition
Q = (q1,92,---,9s),q1 = G2 > ... > qs is an array of length ¢; in the i-th row from
the top. We denote by Cq the filling of the Ferrers diagram by monomials, with i-th
row {y"~h oyl .y} — see Fig. 15. We denote by (Cg); the degree-i subset
of Cg. We denote by Eg the monomials in z,y not in Cg, and by (Eg) the ideal they
generate. The diagonal lengths T = T'(Q) are the Hilbert function ' = H(R/Eq), and
are the lengths of the lower-left to upper-right diagonals of the Ferrers graph of @: that
is, t; = dimk(Cq);. The cell V(Eq) determined by @Q is all ideals of R having (Eg)
as initial ideal in reverse degree-lex order, using (y,x) as ordered basis for Ry; the cell
V(Eq,) is the analogous cell using (¢, z) as ordered basis.

A finite-length simple k[x] module M must satisfy M 2 k[z]/(z¥). When such a
module occurs as a direct summand in a decomposition of an A— module M under
multiplication by m,,a € m4 we term the simple module a length-k string of M.

Evidently, for £ = z the ideal (Eg) = (Eg,») has generating set,

(Eg) = (x®,yx®, ...,y ta% ..y la% y®), i€ [l,s] (2.3)

We have

I e V(EQ) s 1= (fl,...,fi,.. ~7fsafs+1) with
fi =x%g;, where g; =y~ "+ hi, h; € (x) N Ri_y
=y '2% mod (%) NR;. (2.4)

We show a key preparatory result.”

Lemma 2.2. [12] A. Let A = k[x,y]/I be a graded Artinian quotient of R = k[z,y], and
let £ € Ay be a linear form. The Jordan type partition Py a has diagonal lengths the
Hilbert function T = H(A) of A, which satisfies (2.2).

B. Let { = z, and I € V(Eq), define g; as in Equation (2.4) and denote by g; the
class of g; in A = R/I. Then we have the following decomposition of A as a direct sum
of simple k[x]-modules (strings):

A=a{(g;,zg;...,257g,),i € [1,s]}. (2.5)

The Jordan type Py a4 = Q.

3 Although [12, Proposition 3.6] does not use the language of Jordan type, the Lemma 2.2 here may be
regarded as a consequence of the discussion there. Theorem 3.12 of [12] determines the dimension of V(Ep)
in terms of the hook code (our Theorem 4.3). The Equation (2.4) follows from the standard basis results of
either [2] or [10]: see the historical note following Theorem 3.12 of [12].
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Proof. Recall the rev-lex ordering y* > 3~ 'z > -.- > 2' on degree-i monomials of
R. For I € V(Eg) the degree-i component I; has initial monomials Eq(i), highest
in the order; they span a vector space complementary in R; to the span of C(Q);:
R; = ((Cgq)i) @ (Eq);. Thus, the total number of elements in the putative basis for A
given in Equation (2.5) is the dimension n = dimy A, as the number of elements of degree
i is just H(A);. Note that it follows from last statement f; = y*~'2% mod (z%+1) N R;
of Equation (2.5) that

T=Kallfi, o fo) + () (2.6)

Suppose by way of contradiction that there is a relation among these elements

Zai,kxkgi =0in A, with a5 € k. (2.7)

Then

Zaivkxkgi € (f1,...,[s) where i € [1,s] and k in a:kgi satisfies 0 < k < ¢; — 1,

and by Equation (2.6) we have

> aikztg € klzl(fr,. o L)+ (W) (2.8)

This implies that the sum on the left is in the k[z] submodule of R generated by fi, ..., fs.
Collecting by y-degree, we have for each i, >, a; krfg; € K[z]f: since f; = 2%g;, and
each k is less than ¢;, each such summand is zero, and each «;j; = 0. We have shown
that Equation (2.5) gives a basis of A. Noting that x%¢g, = f; € I, so %g,_; = 0 in A,
we may conclude from (2.5) that A is the direct sum of strings of lengths ¢1, g, . . ., gs;
hence, the Jordan partition determined by multiplication by z is indeed P, 4 = Q. This
completes the proof of the Lemma. O

Remark 2.3. Note that while for algebras A in the cell V(Eg), the Jordan partition P, 4
is @, we will also consider the Jordan partition P, in other directions ¢: these may be
different from Q. For example, when @ = (3, 1), the monomial ideal Eqg = (y?, zy, 2%):
for A = R/E¢ the Jordan type P, = @, but Py, 4 = (2,1,1). This occurs more generally:
for A= R/(zl,yl,x3) with £ = y + ax we have A € V(Eg) but Pr 4 = (2,1,1). This is
why we have used @ in place of P here in defining the cell V(Eg). Of course, for an open
dense set of A = R/I € V(Eg) the homogeneous component does not have a common
factor: there is no ¢ € Ry such that Io = (¢) N Ry: for such A the Jordan type Py 4 = Q
for all ¥/ € R;y.
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2.2. Complete intersection Jordan type criterion

In this section, we provide necessary and sufficient numerical conditions for a partition
P of diagonal lengths T satisfying (2.1) (same as (1.1)) to have CIJT. We will henceforth
write the partition P in power form

P = (p!",p5?,...py") with p1 > py > -+ > py, (2.9)
as it will be useful in determining the minimal generators of an ideal I € V(Ep).

Lemma 2.4. Let T be a sequence satisfying (1.1) and assume that P as in (2.9) is a
partition of diagonal lengths T. If P has CLJT then for each i € [2,t], we have

Di—1 = Nj—1 + 1y + p;. (210)

Proof. Let E = (Ep) be the monomial ideal corresponding to a partition P. It is evident
from Lemma 2.2 and Equation (2.9) that we may write the minimal generators of the
monomial ideal E (a basis Bg for E/mE) as

i
Bp = (aPr,aP2y® L aPry®-1 y%) where for each i € [1,t],a; = an. (2.11)
=1

All but the first and last generators are the monomials corresponding to the inside
corners of the Ferrers diagram Fp corresponding to P; we include the highest y power
and highest xz-power, the outside corners.

By assumption P occurs as the Jordan type of multiplication by a linear element in
some graded Artinian complete intersection quotient A = R/I. Thus for i € [2,t], the
unique elements f;11, f; of I having initial monomials p;11 = xP*+1y% and p; = Piy®i-1,
respectively, must generate f;_; (with initial monomial y;_1 = zPi-ty*-2). They can do
so only if the relation

gPiPin) g gaimain) (2.12)

between the initial forms p; 1 and p;, when applied to the two generators kicks out f;_1
(after further reduction by multiples of p;1). This is only possible if the degree of f;_; is
at least that of the terms in (2.12). This implies that p;_1 + a;—2 > p; + a;. By definition
of a;’s, this implies the desired inequality p;—1 > n;—1 +n; +p;. O

We will later show that there must be equality in (2.10) for P a CIJT partition
(Corollary 2.19, Equation (2.25)). Thus, using this later result, the hypothesis of the
following Lemma can be weakened to Equation (2.10).

In the proof of the following Lemma, we construct a particular complete intersection
ideal such that multiplication m, by the element x on A = R/I has a given partition
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P satisfying Equation (2.10). Such an ideal I is in the cell V(Ep) (Definition 2.1). The
dimension of the family of all such CI ideals is the dimension of the cell V(Ep), which
we give in Proposition 4.7 and Corollary 4.8 below.

Lemma 2.5 (CIJT criterion). Let T satisfy Equation (1.1) and let P = (p{*,...p}") with
p1 > -+ > p be a partition of diagonal lengths T. If for each i € [2,t], the following
equality holds, then P can occur as the Jordan type of a linear form for some graded
complete intersection algebra A = R/I, of Hilbert function H(A) =T.

Pi—1 =ni—1 +n; +pi (2.13)
Furthermore P occurs as the Jordan type of multiplication by € on A = R/T if and only if
Ep is the monomial initial ideal of I in the £ direction (that is with (y,£) as distinguished

coordinates for R).

Proof. We inductively define ¢t + 1 polynomials f1,..., fi4+1 in R such that

1) For ¢ € [1,t+ 1], f; is a homogeneous polynomial with leading term xPiy® -1, where
( ) ; g poly g Y,

K2
a; = E ;.
Jj=1

(2) For i € [2,t], fi_1 = [x(m—m+1) fi+1] — [fs y™i].

Let
ai
fi=2P* and fo = 2P2y** + ZAM g (P20 g (ar=0)
=1
where Aa1,...,A24, € k are arbitrary parameters. Then f; and f, satisfy condition (1)

above. Now assume that ¢ € [2,¢] and that fi,..., f; are defined in a way that they
satisfy conditions (1) and (2). Suppose that

aj—2
fio1 = aPiryti-2 4 Z Ni—1¢ 2 Pi-1+0) y(ai—Q—e) and
(=1
a;—1
fi = gPiy®i-1 4 Z )\i,é x(pri—f) y(ai,l—l).
(=1

In order for f;y1 to satisfy (1) and (2) we find A\j41,1,...,Ait1,4; € k such that

;g
fi-‘rl = ﬂfpi“y“i + Z )\i+17g $(pi+1+e) «y(ai*z) and
(=1

ficr =[PP fin] = [fiy™].
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We have

[x(pi—pi+1) fiJrl] _ [fz ym] — [wpi Yy + Z >\i+1,l .,L.(pz:-i-e) y(ai—@
=1

ai—1 T
_ [xpi Yy + Z )\i,é x(m-‘r@) y(ai—é)
=1

ai—1

(=1

a;
+ Z /\i+1,€ x(Pr‘rf) y(ai—ﬁ).
l=a;_1+1

By construction, the degree of the polynomial ([:c(pﬁpi“) fix1] = [fiy™]) is (pi+a;). On
the other hand, by assumption, we also have p; _1 = p;+n;+n;_1. This implies that p; 1+
a;_1 = p; + a; and therefore the degree of the polynomial ([;U(pi’pi“) fi+1] —[fi y”])
is the same as the degree of f;_;. Finally, setting ([x(pi_pi“) fiv1] = [fiy™]) =
fi—1, we uniquely determine the coefficients Aj111,...,Ait1,4;, of fit1 in terms of
)\2;1,17 ey )\ifl,ai,2 and )\i,h ey )\LQFI. In fact, if we let Al = <)\i,17 ey )\i,ai—l)7 then
for i € [2,t], we have

Ai-’rl :(A1a0770)+( 0)"'70 717Ai—1)'
—— ——

n; n;—1+n;—1
Therefore, for i =1,...,t+ 1, we have constructed polynomials
a;—1
fi = aPiy®-t 4 Z A ex(:DiJrK) y(ai,lfé)
=1

satisfying conditions (1) and (2) above.

Now consider the ideal I of R generated by polynomials fq,..., fi41 constructed
above. Condition (2) implies that I is in fact generated by f; and f;41. Thus A = R/I
is complete intersection. Furthermore, by construction of I, multiplication by = in A has
Jordan type P, = P, and the Hilbert function of H(A) is the diagonal lengths of P (see
Definition 2.1, also [12, Definition 3.3 and Lemma 3.4], concerning the cell V(E)). O

Example 2.6. Consider the partition P = (6,2,2,2) satisfying Equation (2.10) from
Lemma 2.5 above. The diagonal lengths of P are T = (1,2,3,3,2,1) which is of the
form in Equation (1.1). Following the proof of the Lemma, we construct a complete
intersection Artinian algebra A = k[z,y]/I in which multiplication by z has Jordan
type P.
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We have p1 =6, n1 =1, ps =2,n3 =3. Thusa; =1 and as =1+ 3 = 4. We set
fi =aPr =af,
fo = aPry® 4 ax®tD) yla=1) = 329 4 g and
as
fs =y 4+ Beaty =yt + oy’ + Bor®y’ + Bax’y + Paa’
=1
Here « € k is an arbitrary parameter and (81, 2, 83, B4) = (2, 0,0,0) + (0,0,0,1). Thus
f3 = y* + axy® + 2.
Then for each o € k,

L Ky K. ]

(2, f3)  (2%(y + ax), y* + z(ay® + %))

is the desired complete intersection Artinian algebra.
W, we can easily

Looking at one such algebra with @ = 0, namely A = 7 k[z.y]
coy?,y3, wy3} for A s in

see that multiplication by x in the basis {1,z,...,2% y,zy,y
Jordan form with Jordan type P = (6,2,2,2).

2.8. Partitions of diagonal lengths T, a combinatorial characterization

In this section, we provide a complete combinatorial characterization of partitions of
diagonal lengths T, where T is a Hilbert function satisfying Equation (2.1) (and (1.1)).

Labeling. Let T = (10, 21, ceey (d — 1)d—27dd—1, ey dd+k—2, (d — 1)d+k—1a ey 2j_1, 1]‘).
Let P be a partition having diagonal lengths 7. In [13, §3.1], A. Iarrobino and J. Yaméogo
show that the Ferrers diagram of P is obtained from A, by attaching d 4+ 1 “branches”
of lengths 0,k —1,k,...,d+k—2.* We note that when k = 1, this sequence contains two
0’s. Attaching a branch of length zero at a position in Ay represents leaving a gap at the
corresponding position of Ag. If £ > 1 then in the Ferrers diagram of a partition having
diagonal lengths T there is only one gap, a position with no new branch attachment,
while for £ = 1 there are two gaps.

Convention. We count the columns of a Ferrers diagram from left to right and its rows
from top to bottom. Its boxes correspond to the monomials in z,y (see Example 4.2 and
Fig. 15).

4 The result in [13] is rather more general, for T satisfying (2.2); the special case for T satisfying Equa-
tion (1.1) can be readily shown.
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Partition: - ulm _
: mm

Diagonal Lengths: (1,2,3,4,3,2,1) | (1,2,3,4%,3,2,1) (1,2,3,43,3,2,1)

9 243
3 2+ 4
4 0]
Attachment Lengths: 1 o
0 2 2
3 1 2 + +
1 2
Branch Label: (3,0,1,0,2) (1,2,0,3,4) (1,2,0,3,4)

Fig. 2. An illustration of the correspondence between a partition of given diagonal lengths satisfying Equa-
tion (2.1) and its branch label. The branches below the highest gap which is indicated by the boxed 0’s,
are attached vertically and are listed in the label from left to right, while the branches above the gap are
attached horizontally and are listed in the label from top to bottom.

We next define the branch label associated to a partition P of diagonal lengths T
satisfying Equation (1.1). Although related to the concepts of [13] this label, an ordered
sequence of non-negative integers giving the branch lengths, is new here.

Definition 2.7 (Branch label). Let T = (1,2,...,(d —1),d*,(d —1),...,2,1) as in Equa-
tion (2.1). We label a partition P of diagonal lengths T by a (d 4 1)-tuple b, as follows.
Recall that the Ferrers diagram of P is formed by attaching branches to the d 4+ 1 at-
tachment places of the basic triangle Ag. If £ > 2 then there is only one “gap” in the
Ferrers diagram of P, while there are two gaps when k& = 1. The branches below the
highest gap are attached to A4 vertically, while the branches above the gap are attached
horizontally. The branch label b keeps track of the lengths of these attachments by listing
the lengths of the vertical attachments listed from left to right, followed by a 0 indicating
the gap, and then the lengths of the horizontal attachments listed from top to bottom.
When k > 2, each branch is in fact “thickened” by an extra k — 2 boxes which we do
not count in measuring each branch in the label. See Fig. 2 for an illustration of the
correspondence between a partition and its branch label.

Let s = max{0,k — 2}. Then the branch label b for a partition P of diagonal lengths
T is obtained by reordering (0,k — 1 — s,k —s,...,k +d — 2 — s) described below. If
k =1 then the branch label b is a reordering of the sequence 0,0,1,...,d — 1, while for
k > 2, the branch label b is a reordering of 0,1,...,d. Let b = (b(0),b(1),...,b(d)). We
first locate the entry of b that corresponds to the gap where the switch between vertical
and horizontal attachments occurs, as follows.

e = max{i | there is a gap at the position corresponding to 'y?~%}.
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Then

0 1=e
b(i) = < [Length of the (i + 1)-st column of P] — (d — i) — s i<e (2.14)
[Length of the (i — e)-th row of P] — (d—i+e+1) —s i>e.

Conversely, assume that b = (bg,...,bq) is a reordering of (0,0,1,...,d — 1) when
k =1, and a permutation of {0,1,2,...,d} for k > 1. The Ferrers diagram assigned to
b is obtained from Ay through the following attachment process.

Let e = max{i|b; = 0}. For 0 < i < e a vertical branch of length b; + s is attached
at the end of the (i 4+ 1)-st column of Ag;

while for e < ¢ < d a horizontal branch of length b; + s is attached

at the end of the (i — e)-th row of Ag. (2.15)

Example 2.8. Consider the partition P, = (6,32, 1%) illustrated in Fig. 2 on the left.
Then the diagonal lengths of P; are given by Ty = (1,2,3,4,3,2,1). Using the same
notations as in Definition 2.7, for P; we have d = 4 k = 1. Thus the branch label of P;
will be a 5-tuple, say (bo, b1, b2, b3, bs), with entries 0,0,1,2,3. As we see in the figure,
the Ferrers diagram of P; consists of the basic triangle Ay, shown in white, and three
branch attachments, shown in dark gray. There are two “gaps” in the Ferrers diagram,
one corresponds to the monomial zy® and the other one corresponds to z3y. Thus e = 3,
representing the gap at 23y. As the diagram illustrates, in the Ferrers diagram of Pj, the
branches to the left of this gap are attached to A, vertically while the ones above the gap
are attached horizontally. Since e = 0, by definition we have b3 = 0. Moreover, the entries
of the branch label to the left of b, list the length of the branch (vertical) attachments
from left to right, giving us the sequence 3,0, 1, and the entries of the branch label to
the right of b3 will list the lengths of attachments from top to bottom, for P; there is
only one horizontal attachment of length 2. Thus the branch label of P is (3,0,1,0,2).

Next we consider P, = (72,23) illustrated in Fig. 2 in the middle. Here the diagonal
lengths are given by Th = (1,2,3,42,3,2,1). We have d = 4 and k = 2. We also see that
in the Ferrers diagram of P, is obtained from A4 by attaching four branches of lengths
1,2,3,4. We also note that the (only) gap corresponds to z2y?. Thus in the branch label
of P, which will be a 5-tuple (bg,...,bs), we have by = 0. Listing the lengths of the
vertical branches from left to right, we see that the vertical portion of the label consists
of 1,2, while the horizontal part, listed from top to bottom will be 3,4. Thus the branch
label of Py is b= (1,2,0,3,4).

Finally, consider P3 = (92, 25) illustrated in Fig. 2 on the right. The diagonal lengths
of P3 are given by T3 = (1,2,3,4%,3,2,1). In this case, the actual lengths of the branch
attachments to Ay are 3,4,5,6. However, using the notation introduced in the Defini-
tion 2.7, here we have s = max{0,4 — 2} = 2 and therefore we label the partition P;
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Diagonal Lengths | Branch Label Attachment Lengths Partition
5+ 3

(1,2,3,47,3,2,1) | (2,0,3,4,1) L,m

Fig. 3. Constructing the partition with diagonal lengths T' = (1,2, 3,47, 3,2, 1) and branch label (2,0, 3,4, 1).
See Example 2.8.

with 0,3 — 2,4 — 2,5 — 2,6 — 2. Following the same rules as before, the branch label for
P;is (1,2,0,3,4).

Example 2.9. Conversely, given a branch label and a sequence satisfying Equation (1.1)
as the diagonal lengths, we can uniquely determine the corresponding partition. For
example, the unique partition @) with diagonal lengths (1,2,3,47,3,2,1) and branch
label (2,0,3,4,1) is obtained by attaching branches to the basic triangle Ay as follows.
The entry O corresponds to a gap at the bottom of the second column of A,4. Each
non-zero entry in the branch label corresponds to a branch attachment to Ay. Since
in the diagonal lengths sequence we have s = max{0,7 — 2} = 5, the actual length of
each attached branch is the corresponding entry in the label plus 5. Thus the partition
Q@ is obtained from Ay by attaching a vertical branch of length 7 to the first column
and attaching horizontal branches of lengths 8, 9 and 6 to rows one, two and three,
respectively. Thus Q = (4 4+ 8,3 +9,2+6,1,17) = (122,8,1%). See Fig. 3.

For an illustration of all partitions of diagonal lengths 7' = (1,2%,1) for k = 4 and
k =1, and their corresponding labels for branches attached to Ay, see Fig. 4.

The following lemma provides a characterization of branch labels associated with
partitions of diagonal lengths T when k > 1.

Lemma 2.10 (Branch labels when k > 1). Assume that T = (1,2,...,d",...,2,1), satis-
fying Equation (1.1) with k > 1. If P is a partition having diagonal lengths T, then it
can be labeled by a sequence b of the form b = (vg...,0¢,0,0c41...,5.) where the v;’s
and B;’s are distinct subintervals of {1,...,d} such that

(Ugb) U (U 1b;) ={1,...,d},
min(vbg) > min(vy) > --- > min(v.) and (2.16)

max(hey1) > max(heyo) > - -+ > max(h,).
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TR | (e 0
1 1
i : - I - L]
l ~ : — — : <—k1—>
o oR i 6=(0,0,1)
1 1
¥ l ! l— ! b=(0,2,1)  |F-=mm—————-
ﬁz(ll 2,0) : b=(1, 0, 2) :
----------- TRt SRTERER
| T_l- |_>l | k1> 6=(0, 1, 0)
o N N 5 A
~ 1 | 1
B g EE »
~ IRV S 1
1 1 |
l: ' l: ' b=(0, 1, 2) L
6=(2,1,00 | b=(2,0,1) ' b=(1,0,0)
not CIJT ! not CUJT ! not CIJT
T=(1,2% 1) T=(1,2, 1)
with k=4

Fig. 4. Jordan Types and their associated branch labels for T = (1, 2%, 1), with k € {1,4}.

Conversely, the Ferrers diagram associated as in (2.14) to a branch label of the above
form (2.16) represents a partition Py of diagonal lengths T.

Note. Because the intervals are non-overlapping, we may replace max by min or vice
versa in either chain of inequalities in (2.16).

Proof. Let b = (bg,...,bs) be a permutation of {0,...,d} and let P be the sequence
of numbers counting the lengths of rows of the Ferrers diagram associated with b as
constructed in (2.14) above. Then P is a partition if and only if going from left to right
no column is followed by a longer column and going from top to bottom no row is
followed by a longer row. By construction of the diagram, we only need to check the first
e columns and the first d — e rows of the Ferrers diagram, where e is such that b, = 0.
Thus P is a partition if and only if for 0 < i < e,

bivi+d—(+1)+k—-2<b+d—i+k-2,
and for e <7 < d,
biyi+d—(e—i)+k—-2<b+d—(e—i—1)+k—2.
Thus P is a partition if and only if for all ¢ # e
bit1 <b; + 1. (2.17)

This in particular means that in b, going from each entry to the next, avoiding b, = 0,
the value either goes up by exactly 1 or it drops. In fact if P is a partition then the
corresponding b is the concatenation of intervals of the form (b, b+1,...,b+=x )
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To prove the statement of the Lemma, we first assume that P is a partition of diagonal
lengths T" and that b is its corresponding branch label. We will show that b has the form
described in the Lemma. Let e = b=1(0).

We define D, = {i|1 < i < e and b; < b;_1}. The elements of D, correspond to the
positions in “the vertical part” of sequence b where there is a descent — the entries drop.
In other words, if a and o’ are two consecutive elements in D,, and if a < 7 < d/, we
have ¢ ¢ D,, and therefore by (2.17), b; = b;—1 + 1. Thus

(bas -+ bar—1) = (basba + 1,... ba + [d' —a—1]).

We also note that by the definition of D, the integer b,/ is strictly smaller than its
previous entry, which, as seen above, is equal to b, +a’ —a — 1. Since the entries of b are
distinet and b, ...,b, + (o’ —a — 1) are already in b, we can conclude that when a < o’
in D,, we have b/, < b,.

Next, we make a similar analysis of the “horizontal part” of b. Let Dy = {i|e < i <
d and b;11 < b; }. Assume that a and o’ are two consecutive elements in Dy. If a < i < o
then i ¢ Dy, and by (2.17), biy1 = b; + 1. Thus

(bat1s---ybar) = (bar — (@' —a—1),...,ba —1,by).

We also note that by the definition of Dy, b, is strictly greater than the next entry in
b, namely b, — (¢’ — a — 1). Again, using the fact that the entries of b are distinct and
that by — (¢’ —a —1),...,by are already in b, we conclude that if @ < o’ in Dy, then
b, < bg.

Therefore, if P is a partition having diagonal lengths T, then it can be labeled by a
sequence b satisfying the conditions (2.16) of the Lemma, as desired.

To prove the converse, assume that b satisfies Equation (2.16). We will show that the
corresponding sequence Py, formed by the lengths of rows of the Ferrers diagram defined
in (2.15) is a partition having diagonal lengths T

Let b = (bg...,06,0,beq1...,h.) and assume that for 0 < ¢ < €, min(v;) = m; and
|o;| = a;, and for € < i < ¢, max(h;) = M; and |h;| = a;. Then by assumption

Ui={mi,mi+17...7mi+ai—1},

mo > - > me,

h; :{Mi—ai+17...7Mi}, (218)
M1 >---> M., and

b(e)=0fore=ag+ -+ a.

Now assume that ¢ # e and compare b(i) = b; and b(i + 1) = b;y1. If there exists j
such that both b; and b;11 belong to v; or b;, then we obviously have b;11 = b; + 1. If b;
and b;41 are in different subintervals of b, then by the assumption about b, one of the
following occurs:
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(a) There exists 0 < j < e such that b; = max(v;) and b;; = min(v;41);
(b) b; = max(v.) and ;11 = 0;
(c) There exists € +1 < j < ¢ such that b; = max(h;) and b;y1 = min(h,11).

Using the assumptions (2.18) about b, we have that for 0 < j < e,
max(v;) =mj +a; —1>m; > mj1 = min(v,4q),
and fore+1<j<c
max(h;) = M > Mjp1 > Mjy1 —a; + 1 =min(h;1).

Therefore, the inequality b;11 < b; + 1 holds for all ¢ # e. Thus by (2.17) P is a
partition of diagonal lengths T'; as claimed. O

Example 2.11. We revisit the partition P = (192,113,5%,3%) with diagonal lengths
Tp =(1,2,...,9,10%,9,...,2,1) and branch label bp = (6,7,8,1,2,0,9,10,3,4,5) from
Example 2.8. In light of Lemma 2.10, we can partition the label of P into increasing
vertical and horizontal subintervals as follows.

bp = ({6,7,8},{1,2},0,{9,10},{3,4,5}).

Here e = 5, the vertical subintervals are vy = {6,7,8}, vy = {1,2}, and the horizontal
subintervals are ), = {9,10} and bh; = {3,4,5}. We also note that, as indicated in the
inequalities (2.16), the minima (equivalently maxima) of the vertical subintervals are
decreasing as we move from one subinterval to the next. Similar inequalities also hold in
the horizontal part of the label, while there is no such requirement on how the minima
of a vertical subinterval and of a horizontal subinterval compare.

Next we prove a similar Lemma for the case T'= (1,...,d — 1,d*d—1,..., 1) with
k=1.

We note that in this case, the Ferrers diagram of a partition P having diagonal lengths
T is obtained from Ay by attaching d — 1 branches of lengths 1,...,d — 1 and leaving
two gaps. We also note that since P is a partition, the space between the two gaps
in its Ferrers diagram must be “filled up”. In other words, if P has gaps at positions
corresponding to the monomials z%y?~" and zy9~" with v < h, then for 1 < i <
h —wv — 1, a vertical branch of length ¢ is attached to column v + i + 1 (equivalently, a
horizontal branch of length 7 is attached to row (d —h+i+1)). Now each partition P of
diagonal lengths T is obtained by attaching branches of lengths h —v,...,d — 1 to the
remaining attachment places where the attachments to columns 1,...,v are all vertical
and attachments to rows 1,...,d — h are all horizontal. In fact, each such P is labeled
by a (d + 1)-tuple b defined as follows.



242 N. Altafi et al. / Journal of Algebra 557 (2020) 224—277

0 i=uv, h
, v+i+1 v<i<h
b(z) = 2.19
(3) [Length of the (i 4+ 1)-st column of P] — (d — i) i<wv (2.19)

[Length of the (i — h)-th row of P] — (d —i+ h + 1) i>h

Using the same arguments as in the proof of Lemma 2.10 we can show the following
Lemma for this case, that the multiplicity of d in T is one.

Lemma 2.12 (Branch labels when k = 1). Assume that T = (1,2,...,d — 1,d,d —
1,...,2,1). If P is a partition having diagonal lengths T, then it can be labeled by a
sequence b of the form b = (vg...,0,0,1,...,9—1,0,bc11...,b.) where 0 < g < d,
and the v;’s and b;’s are distinct non-overlapping subintervals of {g,...,d—1} such that

(Ugui) U (Ug—‘rlbl) = {97 e 7d - 1}7
min(vg) > min(vy) > - > min(v,) and (2.20)
max(hetr1) > max(hepo) > -+ > max(h,).

Conversely, the Ferrers diagram associated to a branch label of the form described above
represents a partition of diagonal lengths T.

Example 2.13. Applying Lemma 2.12 to a partition Q = (192,113, 5%, 3%) with diagonal
lengths T = (1,2,...,9,10,9,...,2,1) and branch label bg = (7, 8,6,0,1,2,0,9, 3,4, 5),
we can write the branch label as

bo = ({7,8},{6},0,1,2,0,{9},{3,4,5}).

Here g = 3, the vertical part of the label consists of two subintervals vy = {7,8} and
v; = {6}, the horizontal part consists of subintervals h2 = {9} and b3 = {3,4, 5}.

2.8.1. Counting partitions having diagonal lengths T = (1,...,d —1,d*,d —1,...,1)
We give a direct proof of the special case of [12, Theorem 3.30, Equation 3.35] for
sequences T satisfying Equation (1.1).

Corollary 2.14. Let T satisfy Equation (1.1). Then when k > 1 there are 2-34~1 partitions
having diagonal lengths T'; when k = 1 there are 391 such partitions. These are exactly
the partitions that can occur as the Jordan types of linear forms in an algebra having
Hilbert function T .

Proof. In light of Lemma 2.10, to count the number of partitions having diagonal lengths
T with k > 1, it is enough to count the number of branch labels of the form given in the
Lemma. Each such label is uniquely determined by first, partitioning the set {1,...,d}
into subintervals, then breaking that set up into two subsets, one subset for the vertical
part of the label and one subset for the horizontal part of the label. When this designation
is made, there is a unique way to arrange the subintervals for each part of the label, with
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decreasing minima for the vertical part and decreasing maxima for the horizontal part.

j) ways to divide the interval {1,...,d} into

x subintervals, we simply need to choose z — 1 “cutting positions” from the d — 1 spaces

For each x between 1 and d, there are (g

between elements of {1,...,d}. Once we divide up the interval into  subintervals, there
are 2% ways of designating the vertical and horizontal roles to them. So the total number
of valid labels for a partition having diagonal lengths 7', so the total number of partitions
of diagonal lengths T is

Zd: (i B D 2% =2.341 (2.21)

z=1

Similarly, for £ = 1, using Lemma 2.12 to generate labels that correspond to partitions
of diagonal lengths T, we first need to choose a non-negative integer g € {1,...,d} to
represent the distance between the two gaps. For g = d there is only one label, namely
(0,1,...,d—1,0). For 0 < g < d, making a valid label is in fact equivalent to partitioning
{g,...,d — 1} into subintervals, and then dividing up the subintervals into two groups,
one for the vertical part and one for the horizontal part of the label. The order in which
these intervals appear is forced by the conditions on their maxima and minima. Thus,
for 0 < g < d, we can produce

d—g
> =91 g _g. g0
: rz—1

=1

distinct branch labels. Therefore, the total number of partitions having diagonal lengths
T when k=11is

d
22-39—1“:3‘1—1. 0

g=1

2.4. Partitions having complete intersection Jordan type

In this section we present some of our main results. Using the branch labels defined
and studied in Section 2.3, we characterize CLJT partitions having given diagonal lengths.
Recall that we say a partition P of diagonal lengths T satisfying Equation (1.1) has CIJT
(complete intersection Jordan type) if it can occur as the Jordan type of a linear form
£ € A; for some graded CI algebra of Hilbert function T'.

Theorem 2.15 (Branches of CLJT partitions, k > 1). Let T = (1,2,...,d*,...,2,1) as
in Equation (2.1) with d > 2 and k > 1. A partition P of diagonal lengths T has CIJT if
and only if there exist an integer 0 < e < d, and an increasing sequence 0 = ag < a1 <
-+ < a. = d— e such that the branch label of P satisfies b = (U,O, bi,... hc), where v
is the (possibly empty) ordered interval {x|0 < x < e}, and fori =1,...c, b; is the
ordered interval {z|d —a; <z <d—a;_1}.
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| ”al
a;
as l
—>
e
Fig. 5. Illustration for Theorem 2.15 of a CIJT partition with diagonal lengths T = (1,2,...,9, 102,

9,...,2,1) and branch label b = ({1, 2, 3},0, {9,10}, {7,8},{4,5,6}).

Proof. “<” First assume that P is a partition with a branch label b as described above.
We will argue that P is a CIJT partition. Given the form of b, the associated partition
Pis

P= (U (20 (@i +a)+k-1)" (e)“’“l) : (2.22)
For 1 <i<eg,
(2d — (ai,g + ai,l) + k— 1) = (ai,1 — ai,z) + (G.Z' — ai,l) + (2d — (ai,1 + ai) + k— 1) .
This shows that the “horizontal” part of P satisfies the criterion (2.10) of Lemma 2.5

(Fig. 5).

On the other hand, since by assumption a. = d — e, we also have
2d — (ae—1 +ac) +k—1=(e+k—1)+ (ac —ac—1) +e.
Thus, by Lemma 2.5, the partition P is indeed a CIJT partition, as desired.

“=" Now assume that P is a CIJT partition and let b be its corresponding branch
label in the form given by Lemma 2.10.

We first show that the “vertical part” of b is either empty or is the single interval
{1,...,e} for a positive integer 1 < e < d.

By way of contradiction, first assume that the vertical part of b consists of at least two
distinct subintervals. This in particular implies that there exists an integer j, 1 <j <e
such that b(j) < b(j — 1) (the transition from one subinterval to the next occurs when
the entries of the branch label stop increasing by one and drop instead). Since columns
j — 1 and j of the partition have, respectively, the lengths b(j — 1) +d —j7+1+k—2
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and b(j)+d—j+k—2, the assumption b(j) < b(j — 1) implies that there is a drop of at
least 2 from column j — 1 to column j in P. Therefore, in this case P fails the criterion
from Lemma 2.4 and is not a CIJT partition. Thus the assumption that P has CIJT,
implies that the “vertical” part of b consists of at most one interval. There is nothing to
prove if e = 0, when the vertical part of b is empty, or if e = d, when the vertical part
of b is the whole set {1,...,d}. Now assume that 0 < e < d: we will show that in this
case the vertical part of b is {1,...,e}. We showed that the vertical part of b is a single
interval, say of the form v = {x |m < z < m+ e}, for an integer m € {1,...,d}. We will
next show that m = 1.

By way of contradiction assume that m > 1. Then 1 is not in v and therefore it has to
be in the horizontal part of b. Let i = b=1(1). Then by (2.17), starting in row i — e and
going down through the horizontal part of b, since the entries can not go down they have
to go up by one. Indeed, for i < j < d, b(j) =j — i+ 1, and these entries all correspond
to rows of length 1 +d — i+ e+ k — 1 in P. Furthermore, since m € v, d—i+1 < m.
Thus 1+d—i+e+k—-1<m+e+k—1.

On the other hand, using the assumption v = {m,...,m + e — 1} again, we see
that the smallest part of P, which is generated by the vertical part of b, has size e
and multiplicity m + e + k — 2, which add up to m + 2e + k — 2. Since by assumption
e>1,m+2e+k—2>m+e+ k—1. Thus in this case P fails the “criterion” which
contradicts the assumption that P is a CIJT partition. Thus in this case m = 1, as
desired. This completes the proof of the claim that the vertical part of b is in fact of the
form v = {z|1 < x < e} for an integer 0 < e < d.

Using Lemma 2.10 we write b = (v,0,b1,...,b.), where h; = {M; —z; +1,..., M;}
for a decreasing sequence M7 > --- > M,.. Since the intervals h; partition the interval
{z]e < x < d}, and their maxima are arranged in a decreasing order, setting

we see that for 1 < ¢ < ¢, his have the desired form. This completes the proof of the
theorem. 0O

We note that Theorem 2.15 also establishes a one-to-one correspondence between the
set of CIJT partitions and the set of all increasing sequences 0 = ag < - -+ < a. < d, for
¢=0,...,d. (We always have e = d — a..) Each such increasing sequence (a;) can also
be uniquely determined by its differences (n; = a; — a;—1); which is an ordered partition
of n (a partition of n in which the order of parts matter) for n € {0,1,...,d}. Thus
by Theorem 2.15 and (2.22) we get the following corollary which characterizes all CIJT
partitions for a given Hilbert function.

Corollary 2.16 (CLJT partitions, k > 1). Let T = (1,2,...,d*,...,2,1) with d > 2 and
k > 1. A partition P can occur as the Jordan type of a linear form for some complete
intersection algebra of Hilbert function T satisfying (1.1) if and only if there exists an
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Fig. 6. Illustration of Theorem 2.17 for a CIJT partition with diagonal lengths T" = (1,...,9,10,9,...,1)

and branch label b = (0, {1,2},0,{9},{6,7,8}, {3,4,5}).

integer n € [0,d] and an ordered partition n = ny+---+n. (empty partition whenn =0)
such that

P=(pi, ... ple, (d—n)t—mthl), (2.23)

wherepizk—1+2d—ni—22nj,for1§i§c.
j<i

We note that in Corollary 2.16, if n = d then the partition in (2.23) is in fact
(p’fl, .. ,pZC), which has d parts.

Using arguments similar to the ones used in the proof of Theorem 2.15, we show the
following theorem, which characterizes branch labels associated with CLJT partitions of
diagonal lengths T'= (1,...,d — 1,d,d—1,...,1) (Fig. 6). An entirely similar argument
to that used for Corollary 2.16 also yields Corollary 2.18.

Theorem 2.17 (Branches of CIJT partitions, k = 1). Assume that T = (1,2,...,d — 1,
d,d—1,...,2,1) with d > 2. A partition P of diagonal lengths T has CIJT if and only
if there exists an integer 1 < v < d — 1, and an increasing sequence 0 = ag < a1 <
coo < a. =d—v such that b = (O7 v,0,b1,... hc), where v is the (possibly empty) interval
{z|1 <z < v} and fori =1,...c, each b; is the ordered interval {x|d —a; < z <
d— ai_l}.

Corollary 2.18 (CIJT partitions, k =1). Let T = (1,2,...,d —1,d,d—1,...,2,1) with
d > 2. A partition P can occur as the Jordan type of a linear form for some complete
intersection algebra of Hilbert function T if and only if there exists an integer n € [0,d—1]
and an ordered partition n = ny + - -+ + n. (empty partition when n = 0) such that P
has d parts of the form

P = (p’fl, sy phe (d— n)dfn), (2.24)

where p; = 2d — n; — Qan, for1<i<ec.
j<i
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We now show that a CIJT partition must satisfy equality in Equation (2.10).

Theorem 2.19 (Combinatorial criterion for CIJT). Let T = (1,2,...,d*,...,2,1) with
d > 2. A partition P of diagonal lengths T can occur as the Jordan type of a linear
form for some complete intersection algebra of Hilbert function T if and only if P =
(p1*, ..., py) such that for each i € [2,t],

Di—1 = Ni—1 + Ni + P;. (2.25)

Proof. The statement is an immediate consequence of Lemma 2.5 and Corollaries 2.16
and 2.18. 0O

2.4.1. Counting CLIT partitions having diagonal lengths T = (1,...,d*,... 1)

Corollary 2.20. Assume that the sequence T satisfies Equation (2.1). Then there are 2¢
CILJT partitions having diagonal lengths T if k > 1, and 29~ if k = 1.

Proof. First assume that £ > 1. Then by Corollary 2.16, the number of CIJT partitions
having diagonal lengths T is the total number of ordered partitions of n for 0 < n < d.
If 1 < n < d, then there are 247! ordered partitions of n, and for n = 0, there is the
empty partition by our convention. So the total number is

d
doortpr=24 (2.26)

n=1

Here is a direct way of counting: Each CIJT branch label is uniquely determined by
first choosing an integer e € [0, d], the size of the vertical part, and then choosing an
ordered partition of d — e whose partial sums give the increasing sequence a; < --- < a.
(the sequence is empty when e = d). For each e € [0,d), the interval {x|e <z < d} =
{e+1,...,d} can be divided into subintervals by choosing the cutting points from the
d — e — 1 spaces between the elements of the set. Thus for each such e, we get 2¢—¢~!
labels. There is also one more label for the case e = d (all branches attached vertically).
So the total number is Zg;é 2d=e=1 4 1 =24,

In Theorem 3.8 we will give a 1-1 correspondence between CIJT partitions of diagonal
lengths T" and subsets of the non-vanishing Hessians from the d active Hessians. This
will give another way to verify the count of 2¢ CIJT partitions, which is the number of
such subsets.

Now assume that &k = 1. A similar argument, using Corollary 2.18 in place of Corol-
lary 2.16, implies that the total number of CIJT partitions having diagonal lengths T
is the same as the total number of ordered partitions of n for 0 < n < d — 1, which is
2¢=1 o
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Theorem 2.21. Let T = (1,2,..., dr, ..., 2, 1) with d > 2. Assume that P is a partition
having diagonal lengths T. Then P can occur as the Jordan type of a linear form for
some complete intersection algebra of Hilbert function T if and only if P has either d
parts (is weak Lefschetz) or P has d + k — 1 parts.

We note that if Kk = 1 then d + k — 1 = d. Thus for the case of kK = 1, a partition P
having diagonal lengths T" has CIJT if and only if it has d parts (is weak Lefschetz).

Proof. “=" This is immediate from Corollaries 2.16 and 2.18.

“«” Assume that P is a partition having diagonal lengths T" with either d or d+k—1
parts.

If £k = 1 then, since P is a partition having diagonal lengths 7', by Lemma 2.12 its
corresponding branch label has the form b = (vg,...,0.,0,1,...,9—1,0,bcq1,...,hc)
for an integer 0 < g < d. By assumption, P has exactly d parts. This in particular implies
that no vertical branch is attached to the first column of P. Thus the branch label of P
has no vertical part and by Theorem 2.17, P is a CIJT partition.

Now assume that & > 1. Then by Lemma 2.10, the branch label of P has the following
form.

b:(UO7"',Uéao,heJrlv"'ahC)

where v;s and b;s are distinct subintervals of {1,...,d} such that

(U§vs) U (US4bs) ={1,...,d},
min(vp) > min(vy) > --- > min(v,) and
max(hetr1) > max(hespo) > -+ - > max(h,).

If P has d parts then there is no vertical branch attachment in P, which implies that
the vertical part of b is empty. On the other hand, if P has d + k — 1 parts then in P
a branch of length k& — 1 is vertically attached at the bottom of the first column of Ay.
This simply means min(vg) = 1. Since the minima of v,;’s form a decreasing sequence,
the vertical part of b includes only one vertical subinterval of the form {1,... e}. As we
saw in the proof of Theorem 2.15 when the horizontal part of b, with the given condition
on the maxima, partitions {e+1,...,d}, then b has the form described in Theorem 2.15,
hence, by the Theorem, P is a CIJT partition. 0O

When k > 2 we describe the relation between the CIJT partitions with d parts and
with d + k — 1 parts precisely in Theorem 3.23.

3. Vanishing of Hessians and CIJT partitions

In this section, we find all possible Jordan types which occur for Artinian CI algebra
in R = k[z, 3], using the vanishing of Hessians. After defining Hessians we first report in
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Section 3.1 a special case, those Jordan types where only one Hessian vanishes (Theo-
rem 3.3 of N. Altafi and M. Boij). In Section 3.2 we show our main results, Theorem 3.6
and Theorem 3.8 characterizing the CIJT partitions in terms of the vanishing of Hes-
sians. In Section 3.3 we show that dominance of CIJT partitions arises from the subsets
of Hessians that vanish (Theorem 3.15) and that the closures of the cells V(Ep) satisfy
a frontier property (Theorem 3.19).

In Section 3.4 we give a further combinatorial description of the CIJT partitions, and
we show a one-to-one correspondence between those with d parts and those with d+k—1
parts when k& > 2 (Theorem 3.23).

Assume that A is a graded Artinian CI algebra with the Hilbert function T =
(1,2,...,d* ...,2, 1;), with & > 1, socle degree j, and Macaulay dual generator
F € & =k[X,Y];. Recall that R acts on & by differentiation (Equation (1.2)). Through-
out Section 3, we will assume char k = 0 for statements involving the Hessian; however,
if these are rephrased using the rank of multiplication maps, they are valid also in char-
acteristic p > j, the socle degree of A. For example Theorem 3.6 may be so rephrased,
as there we use the combinatorial properties of Jordan type, and then using Lemma 3.2,
rephrase in terms of the vanishing of Hessians.

Definition 3.1 (i-th Hessian). [17], [8, Def. 3.75]. Let A = R/ Ann(F), where F € &; be
a standard graded Artinian Gorenstein k-algebra of char k = 0. Let B; = (a1,..., ) be
a k-linear basis of A4;. Let ¢ € [0,d — 1]. Then ¢; = (i + 1). The ¢; X t; matrix

Hess'(F) := [aff)agf) o F] (3.1)

is called the i-th Hessian matrix of F with respect to the basis B;. We denote by h'(F)
the Hessian determinant h'(F) = det (Hess'(F)), which is a bihomogeneous form in
the coeflicients of F' and in X, Y, respectively having bidegree (¢;,¢; - (j — 2t;)). Up to
a non-zero constant multiple h*(F) is independent of the basis B;: thus we may regard
it as an element of the projective space P7 x P(#)G=2ti)=1  Ap “active Hessian” of A
from Hilbert function T of Equation (2.1) is one of hO(F), h*(F),..., h4=2(F), as well

as h1"Y(F) if k > 2.

We note that when i = 1 the form Hess'(F) coincides with the usual Hessian. See
Example 3.5. For ¢ = az + by we denote by h}, = hl('a p) the Hessian evaluated at the
point p; = (a,b).

Lemma 3.2. [17, Theorem 3.2, [8, Proof of Theorem 3.36]. Let A = R/AnnF be an
Artinian Gorenstein quotient of R, let £ = ax + by be a linear form, pick bases BB; and
Bj_i for A;, Aj_;, respectively. Consider the linear multiplication map, myi—2:

Mypj—2i @ A — Aj—i, h— #3720, (32)
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There is a non-zero constant c¢; o such that the determinant of the multiplication map
satisfies

det(mgj—2i> = Ci’Ahi(F)(avb). (3.3)

Furthermore, for a fized T, for a general enough dual generator F we have that each
hi(F) has (i + 1)(j — 2i) distinct roots (no multiple roots).

Proof. The first statement is straightforward. The simplicity of the roots for a general
enough F' may be concluded from Theorem 3.3 below, or as follows. The Equation (3.3)
leads to an equality between the Hessian h*(F) for i < d and a certain Wronskian deter-
minant W (I;_o;) where I = Ann(F).° By Proposition [12, 4.9], an argument involving
Schubert calculus, and in a more general setting, we may conclude that W (I;_2;) has
distinct roots for a general enough F. O

Since we are primarily interested in the vanishing or non-vanishing of h}, the value of
the nonzero constant in Equation (3.2) is not important for us.

3.1. CI Jordan type for a “general enough” dual generator F

The following previously found result provides the list of all Jordan types and their
loci for linear forms of an Artinian CI algebra, A = R/ Ann F, for a general enough
degree j form, F € € = k[X,Y]. Given (A,¢ € A;) we denote by f/ = hi".

Theorem 3.3 (N. Altafi and M. Boij). Let R = k[z,y] over a field k of characteristic zero
and A = R/ Ann(F) of Hilbert function H(A) = (1,2,...,d*,...,2,1), be a CI algebra
where ' € &; is a sufficiently general homogeneous polynomial for an integer j > 2, in
the following sense: we assume that F' is outside the union of all sets of forms F' € &;
such that for some linear form £ € R, two or more of the active Hessians

RY(F),0<i<d—2, and also f if k>2, (3.4)

have simultaneous roots pg. We also assume that F' is general enough so that the Hessian
hi(F) that has zeroes has no multiple roots.® Then:

5 To define the Wronskian determinant for a vector space of homogeneous forms goes beyond the scope
of the paper, but see [12, §2].

6 The Hessian matrices have as entries forms in the coefficients of F', so each resultant of two of them or
discriminant of one is a homogeneous polynomial in the coefficients of F': each such polynomial determines
a codimension one subvariety of zeroes in P4 = P(&;), so the “general” F is any F in the complement of
a union of these resultant subvarieties of codimension one in PJ; thus, a “general” F here is one belonging
to a specific open Zariski-dense subset of P7.
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(a) If k =1, there are exactly d different Jordan types for linear forms of A: here d — 1
of them correspond to each choice of i satisfying 0 < i < d—2 where h',(F) =0 (see
Equation (3.5)), and there is one Jordan type for a strong Lefschetz element.

(b) Ifk > 2, there are exactly d+1 different Jordan types for linear forms of A: here d—1
of them correspond to each choice of i satisfying 0 < i < d—2 where h,(F) =0 (see
FEquation (3.5)), there is one Jordan type for the roots of fy (see Equation (3.6)),
and there is one Jordan type for a strong Lefschetz element.

The Jordan type Py of a linear form £ where, for some integer i € [0,d—2] the Hessian
hi(F) = 0 has an order one zero, and no other active Hessian is zero, is the mazimum
consecutive subsequence (with d elements) of

(o j— 24T, j—2i+5,j—2i+3,j—2i,j—2,j—2—3,j—2—5,j—2—7,...), (3.5)

for which every entry is greater than or equal to k and less than or equal to j + 1.
Moreover, for each i € [0,d — 2] there are exactly (i + 1)(j — 2¢) distinct linear forms,
corresponding to the roots p, of hi(F) = 0, which all have the same Jordan type given
in Equation (3.5).

If k > 2, the Jordan type of linear forms where f\ = 0, and all other Hessians are
non-zero, is

G+1,j—1,j—3,...,j+1—=2(d—2),1%), (3.6)

with d + k — 1 parts. Moreover, there are exactly d distinct linear forms, corresponding
to the roots of fy = 0, with the same Jordan type of Fquation (3.6). All the other linear
forms have the strong Lefschetz Jordan type, H(A)Y.

Remark 3.4. We can use Theorem 3.3 to determine the weak Lefschetz loci for an Ar-
tinian CI algebra A = R/AnnF, where F' € &; is a sufficiently general form (in the
sense of Theorem 3.3). Assume that H(A) = (1, 2,...,d—1,d*d—1,...,2, 1) is the
Hilbert function of A. If k = 1, every linear form is a weak Lefschetz element for A, and
corresponds to the Jordan type partition of Equation (3.5). But if & > 2, the linear form
¢ = az+ by is a weak Lefschetz element for A (for a general F') if and only if f)(pg) # 0,
and this is equivalent under the hypothesis of F' sufficiently general, to P, not being the
Jordan type partition of Equation (3.6).

Example 3.5.

(i) Let A = R/AnnF be a complete intersection algebra where F' = (X + Y)* +
(X —Y) 4+ (X +2Y)* € &,. Here F is a sufficiently general form according to the
assumption of Theorem 3.3. The Hilbert function H(A) = (1,2,3,2,1),d =3,k =1
and hY(F), h}(F) are the only active Hessians. By the Theorem there are exactly
3 different Jordan types for £ € A;: H(A)Y = (5,3,1), (5,2,2) (for linear forms ¢,
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2 3 2
1 [z xy _ 2Y 6XY
Hess (F)7<xy y2>OF7<6XY2 6X2Y
x4 z3y x2y2 0 0 12
Hess?(F) = | 2%y 2%y? zy® |oF = 0 12y 12X |.

z2y?  xy® oyt 12Y 12X 0

Fig. 7. Hessian matrices for F = X2Y 3, see Example 3.5(iii).

where hj(F) = 0) and (4,4,1) (for linear forms ¢, where h)(F) = 0); they each
have 3 parts so they are weak Lefschetz Jordan types.

(ii) Let A = R/Ann F be a complete intersection algebra where F = (X +Y)% + (X —
Y)5 + (X + 2Y)5 € &; this is a sufficiently general form. The Hilbert function
H(A) = (1,2,3,3,2,1),d = 3,k = 2 and hY(F),h}(F) and hZ(F) are the active
Hessians. Therefore, there are exactly four different Jordan types: H(A)Y = (6,4, 2)
(for the general linear form), (6,3,3) (for linear forms ¢ satisfying h}(F) = 0),
(5,5,2) (for linear forms ¢ satisfying h(F) = 0), and (6,4,1,1) (for linear forms
satisfying hZ(F) = 0). The first three Jordan types are weak Lefschetz Jordan types
but the last one, which corresponds to the roots of h%(F) (or fy’) does not have
weak Lefschetz Jordan type.

(iii) Let F = X?Y3. Then AnnF = (23,y*), H(R/Anmn F) = (1,2,3,3,2,1). From
Fig. 7 using standard monomial bases B; = (z,y), B2 = (2%, xy,4?) we have the
Hessian determinants h°(F) = F,h'(F) = —24X2Y* h%(F) = —123Y3, with com-
mon root p; = (1,0),¢ = z. Thus F is not sufficiently general in the sense of
Theorem 3.3. But for ¢ # x,y up to scalar, P, = (6,4, 2) is strong-Lefschetz. It is
readily seen that P, 4 = (3*), and P, 4 = (43).

3.2. CI Jordan types for an arbitrary dual generator F

This section contains our main results showing that the CIJT partitions P = P, of
diagonal lengths 1" correspond 1-1 to the sets of Hessians hz(F) that can vanish for a
linear form ¢ in a complete intersection A of Hilbert function 7.

For an Artinian CI algebra A = R/ AnnF where the form F € &; is not general
enough in the above sense of Theorem 3.3, then several different active Hessians may
have simultaneous roots ¢, so there are more possible Jordan types. We first determine
the set of CIJT partitions having a particular non-vanishing Hessian (Theorem 3.6). We
apply this in Theorem 3.8 to show the 1-1 correspondence between CIJT partitions and
the 2¢ (when k > 2), or 297! (when k = 1) subsets of the active Hessians: this count
agrees with the number of different complete intersection Jordan types we showed in
Corollary 2.20. In Proposition 3.12 we show that the rank of all the multiplication maps
Hess};(F ) by different powers of £ when Py is a CIJT partition are determined by which
Hessians vanish.

Let T = (1, 2,...,d"k ....2, 1) as in Equation (2.1) and consider the conjugate parti-
tion TV = (2d + k — 2,2d+ k —4,...,k + 2,k), the strong Lefschetz partition. For a CI
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Artinian algebra A that is strong Lefschetz” a generic linear form £ has Jordan type TV.
Then the higher Hessians are all non-zero at the point py,. We now show that the ¢-th Hes-
sian h} = h'(F),, is non-zero for an integer i € [0,d— 1] if and only if the sum of the first
i+1 parts of the Jordan type partition P, is equal to the sum of the first i+1 parts of TV,
which is the sum in Equation (3.7). We will write Py = (p1,p2,...) with p1 > py > ---.
Recall that the socle degree j = (2d+k —3) and |P|=|T|=>.T; =d(j + 2 — d).

Theorem 3.6 (When is a Hessian non-zero?). Let Py = (p1,p2,...,Dd,---) be the Jordan
type partition for a linear form ¢ of an Artinian CI algebra A = R/ Ann(F') of Hilbert
function H(A) = (1,2,...,d*,...,2,1), for an integer k > 1. Then for each i € [0,d — 1]
we have

i+1
Wy (F)#0 <= Y pi=(i+1)Q2d+k-i-2)=({+1)(G+1-4). (3.7

j=1
In particular, Py has d parts unless k > 2 and hg71 =0.

Proof. “=" Suppose that for some integer i € [0,d — 1] we have h}(F) # 0; then
the multiplication map myj-2 : A; — A;_; is an isomorphism and has the maximal
rank, that is ¢ + 1. Therefore, p,, > j+ 1 —2i = 2d — 2i + k — 2, for every n € [0,1],
which correspond to all the basis elements of A,,’s, for m € [i,2d + k — ¢ — 3]. Since the

multiplication map myi—- : A, — A;, for every r € [0,4 — 1], has trivially maximal rank,
the first ¢ + 1 parts of P, contain z(’%l) boxes (i.e. sum to @), corresponding to the
basis elements of A,., for every r € [0,i — 1].

We claim that there are w more boxes in the first i+ 1 parts P. Since, dimy(A4;) =
dimy(A;—;) =i+ 1, and hi(F) # 0, all i + 1 boxes corresponding to basis elements of
Aj_; are contained in the first i+1 parts in P,. Therefore, the # boxes corresponding

to basis elements of A,’s, for r € [j + 1 — i, j], are also contained in the first ¢ + 1 parts
of Py. Summing the number of boxes, we have

i+1 .

ij:Z(i;rl)+(¢+1)(2d+k—2¢—2)+i(i+1)

2

=@+ +1-1).

“<” The multiplication map myi-~ : A, — A;, for every r € [0,i — 1], has trivially
maximal rank, so the first ¢ + 1 parts of P, contain w boxes, corresponding to basis
elements of A, for every r € 0,4 — 1]. Now assume by way of contradiction that for some
i € [0,d—1], h}(F) = 0; then the rank of the multiplication map mg;—2: : A; — A;_; is at
most ¢, for simplicity we may assume it is exactly ¢. This implies that there are j+1— 2
more boxes in ¢ parts among pg, p1, - .-, P;, and there are at most j — 2¢ more boxes in
the remaining part among pg, p1,...,p;- On the other hand, similarly to the previous

7 Every quotient of R = k[x,y] when char k = 0 or char k > j is strong Lefschetz by [2].
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case, there are at most @ more boxes in the first ¢ + 1 parts of P, corresponding to

the basis elements of A,’s, for r € [j + 1 — 4, j|. Therefore,

141 L. )

1 i+ 1
ij<”; () (2d 4 k=2 —2)+ (2d+ k- 2i — )+ LD
=1

2

<(@E+D0@+1-19),
contradicting our assumption. We have shown <. 0O
The following example illustrates Theorem 3.6.

Example 3.7. Let A = R/ Ann(F') be an Artinian CI algebra with the Hilbert function
H(A) = (1,2,...,9,10%,9,...,2,1) where d = 10,k = 2,5 = 19. Let the partition
Py = (192,152,102, 3%) be the Jordan type for a linear form ¢, see the Ferrers diagram in
Fig. 8. Each box of the Ferrers diagram represents a basis element of A;, for ¢ € [0, 19]
and we label the boxes by the degree of the elements. The boxes with labels 5,6, 13
and 14 are indicated in the Fig. 8. Integers 0,1,2,...,9, written in the left of the rows
indicate the order i of the Hessian h}(F) for that row.

Using the equivalence in Equation (3.7), we can determine the set of vanishing Hessians
for A and ¢ from the partition P;.

First, since p; = 19, Equation (3.7) implies that 2 (F) = 0. In fact, p; represents the
power of £ which is zero: in other words, we have /' = 0 which implies that mgs : Ag —
Ajg is not an isomorphism and therefore h9(F) = 0.

We see that h(F) # 0 by showing that myr : Ag — A3 has maximum rank, that is,
7. By looking at the partition and boxes with labels 6 and 13 we see that they are all in
the first 7 rows of the partition. Moreover, every box with label less than 6 has to be on
the left of the boxes with label 6, and every box with label greater than 13 has to be to
the right of the boxes with label 13. Therefore the number of boxes in the first 7 rows
of Py is exactly 21 + 56 + 21 = 98 = 7(14) as in Equation (3.7) for i = 6.

Now we look at the boxes labeled with 5 and 14 to determine if the map myo :
As — Ajs has maximal rank. We see in the Ferrers diagram that one box with label
14 is moved to the rows below the those labeled with 5. This shows that ¢? has rank
5, that is, one less than the maximal rank, and therefore hiB(F ) = 0. The number of
boxes in the first 6 rows is equal to 88 which is less than 90 = 6(15), as shown by
Theorem 3.6.

Similarly, we see that h}(F) # 0 and h3(F) # 0 and that all the other Hessians are
Zero.

In Section 2, we provided the list of possible complete intersection Jordan types having
diagonal lengths T = (1,2,...,d*,...,2,1), for d > 2 and k > 1. In Corollaries 2.16 and
2.18, we specified all such partitions explicitly. Now, using Theorem 3.6, we determine
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Fig. 8. Vanishing Hessians for CIJT partition P = (192,152,102, 3%) of diagonal lengths T = (1,2,...,
10%,...,2,1). See Example 3.7.

the set of Hessians which vanish for each possible CIJT partition. An ordered partition
of zero is the empty partition.

Theorem 3.8 (Hessians and partitions). Assume that T = (1,2,37 codR 08,2, 1),
satisfies Equation (1.1) for d > 2 and k > 2 (k = 1, respectively) and assume that
char k = 0. Then there is a 1-1 correspondence between the CIJT partitions Py of diagonal
lengths T, and the 2¢ (when k > 1), or 2971 (when k = 1) subsets of the active Hessians
for T that vanish at £ in R;.

In particular, let P be a partition of diagonal lengths T. The following are equivalent.

i. P = Py A for a linear form £ € R and an Artinian complete intersection algebra
A= R/Ann F, and there is an ordered partition n = ny + --- + n. of an integer n
satisfying 0 <n < d (or 0 <n <d -1, respectively) such that h2l1+"'+”"_1(F) #£0,
for each i € [1,c], and the remaining Hessians are zero;

1. P satisfies

P=(pi", ... ple, (d—n)?mrhl), (3.8)
where p; =k —14+2d—n; —2(n1 +---+mn;-1), for 1 <i<ec.

Proof. First we observe that the number of subsets of active Hessians for a complete
intersection algebra A having the Hilbert function T is 2¢ when k > 2 and 2%~ when
k = 1, which agrees with the number of complete intersection Jordan types having
diagonal lengths 7" from Corollary 2.20. Thus, to prove the statement we show that for
each partition P in (ii) above, the set of Hessians which vanish is given in (i).

Suppose that for an integer n € [0, d] and for an ordered partition n =ny + - - + n.,
we have a partition P satisfying Equation (3.8). By Corollary 2.16 or Corollary 2.18 the
partition P occurs as a CIJT partition. For every i € [1, |, we have that
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ni+-+n; ni ni+nz ni+-ng
Z pj:ij+ Z pjt- T+ Z Dj
Jj=1 j=1 Jj=ni1+1 j=nit-ni_1+1
=n1(2d+k—1—n1)+
n2(2d+ k—1—ni— 2TL1)+

: +

ni(2d—|—k—1—ni—2(n1+--~+m,1))
=(n1 4 4n)2d+k—1) —ni —na(na +2n1) — - — ni(ni +2(n1 + - -ni_1))
=i+ +n)2d+k—1—(n1+n2+ -+ n)).

Using Theorem 3.6, we conclude that h}**t " ~'(F) # 0. Now we show that for every
integer 1 <t < n; — 1 and for every i € [1, |, we have h21+”'+ni’171+t(F) =0 (here we
set ng := 0). By Theorem 3.6, we may write

nit-+n; 1+t ni+-+n;—1 ni+-+n; 1+t
>, pi= ) pj+ > pj
J=1 j=1 j=nittnioi+1

:(n1++nl_1)(2d+k717(n1+n2++nl_1))
+t(2d+k—1—n; —2(ni + -+ +ni—1))
<(mi+--+nig+t)2d+Ek—1—(ny+---+ni_1 +1));

the last inequality holds since 1 < ¢t < n; — 1. Thus P satisfies (i). This completes the
proof. 0O

Remark 3.9. Let d, k > 2 and set T = (1, 2,...,d*F ....2, 1). Consider a branch label b =
(0,0,b1,...,bc), where v is the (possibly empty) ordered interval {z |0 <z < d—e—1},
for some e € [—1,d — 1], and for an increasing sequence ag < a1 < -+ < a. = e and each
i € [0, c], the interval b; is the ordered interval {z |d—a; < © < d—a;_1}, where ap := —1.
Suppose that P is the Jordan type partition with diagonal lengths T" and branch label
b, for linear form ¢ € R of an Artinian complete intersection algebra A = R/ Ann F.
Theorem 3.8, implies that for every i € [1,¢], the Hessian hy* # 0 and the remaining
Hessians are zero.

In fact, each n;, for i € [1,¢] in the ordered partition of 0 < n < d in Theorem 3.8 is
equal to a; — a;_1.

A similar correspondence holds for k = 1.

In the following example, we use Theorem 3.8 to show how to determine all Jordan
type partitions possible for a linear form of an Artinian CI algebra having a certain given
Hilbert function and having given sets of vanishing Hessians.

Example 3.10. Let T' = (1,2, 3,3,2,1). The active Hessians for an Artinian CI algebra
A = R/ Ann F with the Hilbert function T' are h°, h' and h%. Thus, there are 23 = 8
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complete intersection Jordan types with diagonal lengths T'. As discussed in Remark 3.4,
such CIJT partitions have either three or four parts depending on whether the top
Hessian vanishes or not. For example for £ and F where we have h)(F) # 0, h}(F) # 0
and h2(F) # 0, we have ny = ny = nz = 1, and therefore P, = (6,4,2), is the strong
Lefschetz Jordan type. But for ¢ and F where we have h9(F) # 0, h}(F) # 0 and
h?(F) =0, we have n; = ny = 1, and the partition is P = (6,4,1,1). A complete list of
CIJT partitions with diagonal lengths (1,2, 3,3,2,1) and the ranks of the corresponding
Hessians is included in Fig. 19. For each CIJT partition, the active Hessians that are
zero are indicated in bold with .

R. Gondim and G. Zappala in [5] introduced mixed Hessians, which can be used to
compute the ranks of multiplication maps by powers of linear forms.

Definition 3.11. Assume that k is a field of characteristic zero. Let By = (aq,...,q;) be
a k-linear basis of Ay and B; = (B1,...,0s) be a k-linear basis of A;. The matrix

Hess®) (F) := {agk)ﬂj(.l) o F]

is the mixed Hessian matrix of F' of mixed order (k,) with respect to the bases Bj and
B;. Denote by h*D(F) the determinant h(*!)(F) := det (Hess““’”(F)), which we term

the “mixed Hessian” of order (k,1).

We observe that the mixed Hessian of F' of order (k, k), Hess"*) (F), coincides with
the k-th Hessian of F, Hess"(F).

We notice that an immediate consequence of Theorem 3.8 is that for an Artinian
complete intersection algebra with a given Hilbert function and a linear form for which
a set of higher Hessians vanish there is exactly one CIJT partition. This implies — as we
will show — that there is only one collection of ranks of higher and mixed Hessians for
vanishing Hessians that occurs for a pair (4, ¢) where A is any Artinian CI algebra, but
the Jordan type Py is fixed.

Proposition 3.12 (Ranks of mized and higher Hessians). Let A = R/ Ann F be an Ar-
tinian complete intersection algebra over a field of characteristic zero. Assume that the
Hilbert function of A is T = (1,2,...,dk,...,2,1), for d > 2 and k > 1. Denote the
socle degree of A by j = 2d + k — 3. Assume further that for a linear form € € R, and a
non-negative integer m, we have

Ry (F) = h) ™Y (F) = - = h"™(F) = 0, and if m # 0, then hJ" ' (F) # 0.
Then

(i) If m4n<d—2 and b7 (F) #0, (recall h{™" #0), then for every i € [0,n] we
have
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miys ) max{j+i—(n+s),m} if s€[j—(m+n)j—(m+i),
rk Hess, (F)_{m—I-i—l-l if seld,j—(m+n+1)].

In particular
vk Hess)"""(F) = m, vk Hess," " ""(F) = m+n—2i, for every i € [O, Lg” . (3.9)

(1) If k > 2, and m +n = d — 1, then for every i € [O,n—i— L%J — 1] and every s €
[d,j — (m+1)] we have

rk Hess)"™*(F) = max{2m +n + i+ 1 — s, m}.

Proof. First we show (). Note that the assumption in (¢) implies by Theorem 3.6 that
the Jordan type partition P, = (p1,p2,...,pq) has exactly d parts (¢ is weak Lefschetz).
By Theorem 3.8, we have that

Pm+1l = Pmt2 = = Dmint2 = J — (2m +n). (3.10)

For each i € [0,n] and s € [j — (m + n),j — (m + )], the rank of Hess]"*"*(F) is equal
to the number of rows in the Ferrers diagram of P, between p; and p.,,+:4+1 containing
all the boxes between the diagonals of degree m + i and degree s. Suppose m > 0 then
hznfl(F) # 0 implies that the first m parts of P, contain all the boxes between the
diagonals of degree m — 1 and degree j — (m — 1) and so they contain all the boxes
between the diagonals of degree m + ¢ and degree s. On the other hand, the number of
rows of Py between p;,+1 and p,, 441 containing all the boxes between the diagonals of
degree m + i and degree s is equal to the number of those rows with size larger than
s — (m +14). By Equation (3.10), it is equal to

max{j — (2m+n) — (s — (m +1)),0} = max{j +i— (m+n+s),0}.
We conclude that for ¢ € [0,n] and s € [j — (m +n),j — (m + )],
rk Hess)"™*(F) = m 4+ max{j +i — (m +n +s),0}.

If m = 0 then the number of rows between p; to p;+1 with size larger than s — i is equal

to max{j —n — (s —i),0} and so the rk Hess?“”"s(F) =max{j +i— (n+s),0}.
Now the assumption A" T(F) = hzn+n+1’J7(m+n+l)(F) # 0 implies that

Myj—20mtn+1) © Amint1 — Aj_(mins1) has maximal rank. Notice that since m +n+1 <
d — 1, the multiplication map mgn+1-i : Ay = Apynyr trivially has maximal rank for
all i € [0,n]. Therefore, my;—n+i+1) : Amgi = Aj_(mint1), for i € [0,n] has maximal
rank which means that h™+%J=(m+n+1) £ (. Consequently, h™+% £ 0, for all i € [0,7)]
and s € [d,j — (m + n + 1)], which means that vk Hess,"™*(F) = m + i + 1.
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To show (i7) we first notice that the assumption in (#) implies that for all i €
[0,n+ L%J -1], h;"“(F) = 0. Using Theorem 3.8 we get that

Pm+1l =Pm+42 =+ = Pd+k—1 =N+ 1.

Similar to the proof of (i), for i € [0,n+ |%4] —1] and s € [d,j — (d — r + )] the rank
of Hess?+z’s(F) is equal to m plus the number of rows between p,,+1 and pgy,_1 with
size larger than s — (m + 4). In other words,

rk Hess" 5% =m+max{n+1—(s— (m+1)),
k Hess,"™*(F 1 0
=max{2m+n+i+1—s,m}. O

Remark 3.13 (Uniqueness of ranks of Hessian matrices). Lemma 2.5, Theorem 3.8, and
Proposition 3.12 determine the sets of possible ranks of higher and mixed Hessian ma-
trices for a partition P having CIJT: Lemma 2.5 is the criterion for P to have CIJT,
Theorem 3.8 determines which Hessians vanish for such P. Thus, there is no Artinian
CI algebra A such that the ranks of the active Hessian matrices are different from the
ones given in Proposition 3.12.

3.8. Lattice structure on the CI Jordan types, and dominance of partitions

Let T = (1,...,d*,...,1) and P be a CLJT partition of diagonal lengths 7. Given
a linear form ¢ € Ry, of Jordan type P in an Artinian CI algebra A = R/ Ann(F') we
define the set Hpy = Hpo(F) to be the set of all integers i such that hj(F) # 0.

Definition 3.14. Let P = (p1,...,pt),p1 = - > pr and Q = (q1,q2, .-, Q) q1 > -+ >
g be partitions of the integer n. The dominance partial order is
i i
Q<Ps qu < ij for all i < min{¢,t'}. (3.11)
j=0 Jj=0

Theorem 3.15 (Dominance and closure). Let T = (1,...,d*,... 1) satisfy Equation (2.1)
and assume that P = Py = (po,p1,...) and Q = Qv = (g0, q1,-..) are CIJT partitions
having diagonal lengths T'. Then Q < P, in the dominance order if and only if Hg.o C
/HP,Z'

Proof. First assume that @ < P in the dominance order. If i ¢ H p, then by Theorem 3.6,
S opi<(i+1)(G+1-1).
j=0

Since @ < P, we also have E;:o q; < Z;:O p;. Therefore
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Y g <(i+1)G+1-1i).
j=0

Thus by Theorem 3.6, i ¢ H¢. This shows that Hp C He.

Conversely, to prove that Hp C Hqg implies @ < P, it is enough to prove that if
Hp \ Ho has only one element, say «, then @ < P. We write the elements of Hg
in increasing order as a; < --- < a., and we assume that ¢ € [1,c + 1] is such that
ai—1 < a < a; (here ag = —1 and a1 = d).

By Theorem 3.6 for each a;, since a; is in both Hp and Hg, we get

D= pi=mi+1)[+1—n).
=0 =0

Thus, in order to prove P < @, it is enough to prove that for all a;_1 < i < ay,

Z a4 < Z Dy-

Jj=a¢+1 Jj=a¢+1

Case 1. Assume that ¢ < ¢. Then « < a. and therefore in this case for all a;_1 < i < a4
we are in the horizontal part of P and Q. In fact, the branch labels of P and @Q are
the same except for one of the horizontal intervals of @) that is now divided into two
subintervals for P through the introduction of the new “cut”, corresponding to the new
added element «. For simplicity, assume that the horizontal interval in @ consists of
{a,a+1,...,a+h} that are attached to the rows of Ay with lengths u, (u—1),..., (u—nh).
Thus the corresponding subpartition of @ has the form ((a + u)hH).

On the other hand, the addition of the new element o to H¢ to obtain H p is equivalent
to breaking up the horizontal interval [a, a+h] in the branch label of @ into two horizontal
subintervals, say [a,a + h] and [a + h + 1,a + h] for an integer h such that 0 < h <
h. Then in P, branches of lengths a +h + 1,...,a + h are added to rows of lengths
U,...,u—h+h+1 of Ay, and branches of lengths a,...,a + h are added to rows of
lengths w — h + h,...,u — h of Ag. The corresponding subpartition of P has the form
((a+u+h+1)"" (a+u—h+h)).

Since h >0, a+u+h>a+u. Additionally, if 1 <14 < h+ 1 then

(a+u+h+1)(h—h)+(a+u—h+h)i =(a+u)(h—h+i)
+(h+1)(h—h)— (h—h)i
=(a+u)(h—h+i)+(h—h)(h+1—1i)
> (a+u)(h— h+1i).

Thus ((a +u)"*) < ((a+u+ h)"~", (a4 u+h — 1)*). This shows that in this case,
Q < P, as desired.
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Case 2. Now assume that a. < «. This in particular implies that a. < d — 1 and
therefore the branch label of @) has a vertical part, say of the form [1,v] for a positive
integer v. We note that v = d — a. — 2. The branch label of P is obtained from the
branch label of Q by keeping all the horizontal parts of @ and breaking up its vertical
part into two subintervals, say [1,0 — 1] and [0, v] for some v € [1,v — 1], where the first
subinterval (which may be empty) will be the vertical part of the branch label of P and
the second subinterval will be added to the last horizontal part of the label as a new last
interval.

For 0 <i < ac, p; = ¢;- Thus, in order to show that @ < P, it is enough to show that
the desired inequalities for the partial sums of P and @ hold beyond a.

Case 2.1. First assume that k¥ = 1. Then in order to compare P and @, it is enough
to compare the subpartition ((v + 1)”“‘1) of @ with the subpartition ((d —a.— 1+
0)V " (0)7) = ((v+ 0+ 1)L, (0)?) of P.

Since v > 1, v+ v+ 1> v+ 1. Additionally, if 1 <+¢ < v then

w+o+Dw—-—v+1)+0i= (v+1)(v—v+1)+0(v—0v+1)
+v+1i—(v—v+1)i
Dw—0+1+i)+ (@ —i)(v—0v+1)
Dw—v+1+1).
Thus ((v+ 1)**) < ((v+ v+ 1)*=",(9)?). This shows that in this case, Q@ < P, as
desired.

Case 2.2. Now we assume that k£ > 2. In this case, we need to compare the subpartition
(v”*’“’l) of @) with the following subpartition of P.
(d—ac—1+0+k=2)"""" (5 - 1)"PF ) = (v+0+k— 1) (v — 1)"FF 1)

We obviously have v + v+ k — 1 > v + 1. Additionally, if 1 <i < v+ k — 1 then

(v+v4+k—1Dwv—-0v+1)+@—-1)i= vw—-0v+1)+@W+k—-1(v—-0+1)
tvi— (v—o+1)i

v —v4+1+i) 4+ (0+k—1—i)v—0+1)
v(v—v+141).

AV

Thus (v***=1) < ((v+0+k—1)"""F! (5 — 1)""*=1). This completes the proof of the
Proposition. 0O

Example 3.16. In the first row of Fig. 9, we start with a complete intersection Jordan
type partition Q = (172,10°,4,1%) having diagonal lengths T' = (1,...,8,9%,8,...,1).
By Theorem 3.6, the set of non-zero Hessians associated with Q is Hg = {1,6,7}. We
then form Hp = {1, 3,6, 7} by adding an extra non-vanishing condition for the Hessians.
This, as illustrated in the figure, leads to the CIJT partition P = (172,122,83,4,12),
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F i

Q = (17%,10%,4,1?) P =(17%,122,8% 4,1%)
bo = ({1},0,{8,9},{3,4,5,6,7},{2}) bp = ({1},0,{8,9},{6,7},{3,4,5},{2})
Ho = {1,6,7} Hp =1{1,3,6,7}

Q= (14%,6%) P = (142,102, 4%)
bo = (0,{1,2,3,4,5},0,{6,7}) bp = (0,{1,2,3},0,{6,7},{4,5})
Ho = {1,7} Hp = {1,3,7}

Fig. 9. An illustration for Example 3.16 showing the effect of adding an extra non-vanishing condition for
Hessians on the partition and on its branch label.

which clearly dominates ). In the second row of Fig. 9 we illustrate a similar relation
between the CIJT partitions @ = (142,6%) and P = (142,10%,4%) of diagonal lengths
T=(1,...,7,8,7,...,1).

3.8.1. Geometric consequence

Recall that for a Hilbert function 7' that occurs for an Artinian quotient of R =
k[z,y] the projective variety G parametrizes graded algebra quotients A = R/I of R
having Hilbert function T it is smooth of known dimension [10,12]. For T satisfying
Equation (2.1) this dimension is (1 + 2(d — 1)) when k& > 2 and 2(d — 1) when k = 1.
Recall that, given a partition P of n having diagonal lengths T', we denote by V(Ep,)
the affine cell of G parametrizing algebras A = R/I such that I has initial monomial
ideal Epy in the direction ¢ (Definition 2.1). For simplicity we may write V(Ep) for
V(Epy).

Corollary 3.17 (Proper intersection of CIJT cells of Gr). Let T satisfy Equation (2.1),
and let P,Q be CIJT partitions of diagonal lengths T, and P N Q their intersection in
the poset of partitions. Then, fixing £, we have

V(Ep)NV(Eq) = V(Epng) and

V(Ep) = |J V(ER). (3.12)
pP<pP
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Furthermore, the codimension of the cell V(Ep,) in G is the number of Hessians that
vanish at pg.® The cells V(Ep) and V (Eq) intersect properly.

Proof. The second part of Lemma 2.5 shows that we may replace “P, = P” by “the initial
ideal of I in the (y,¢) direction is Ep”: that is, the decomposition of G into affine cells
corresponding to the initial ideals E'p is the same as that according to the Jordan types
P = P;. The decomposition of G into affine cells is a result of [10,12], which for our CI
Jordan types we show in Lemma 2.5. The rest follows from Theorem 3.15. O

Remark 3.18. The conclusion of Corollary 3.17 is in contrast to an example of J. Yaméogo
where the intersection is not dimensionally proper for the two non-CIJT partitions
P = (52,1,1) and Q = (4,2,1,1,1) having diagonal lengths T = (1,2,3,2,1) (see
[20, Example 4.1] and [13, Example 1.24]).

We will denote by ClIp the open dense subvariety of Gp parametrizing complete
intersections. We now show that the cells of C'Ip satisfy a frontier property, the closure
of a cell is the union of cells.

Theorem 3.19 (Closure of V(Ep)). Assume that T satisfies Equation (2.1). Then the
complete intersection Jordan types (CIJT’s) having diagonal lengths T correspond one to
one with the subsets of the active Hessians, according to the maps given in Theorem 3.8.
The Zariski closure in CIr of the locus V(Ep) of Artinian algebras whose Jordan type
is a CIJT partition P € P(T), is the union V(Ep) = Upi~p V(Ep) where the union is
over complete intersection partitions P’. -

Proof. Immediate from Theorem 3.8 and Corollary 3.17. O

Remark 3.20. The analogous frontier property is not shared by cells corresponding to
non-CIJT partitions, even when T satisfies Equation (2.1): J. Yaméogo showed that the
cell C corresponding to the non-CIJT partition P(C) = (5,2,1,1) of diagonal lengths
T = (1,2,3,2,1) has closure that is not the union of cells ([19], see also [12, Example 3.28,
and §3F(E)]).

3.4. Pattern of CIJT partitions

Recall that we denote by P(T') the set of partitions having diagonal lengths T. We
first state a symmetry condition satisfied by the strings for Jordan decompositions of
graded Gorenstein Artinian algebras, then we state and prove a result about the tables
of CIJT partitions having a given diagonal lengths 7.

8 Later in Corollary 4.8C we will see that this codimension is the difference between the number of
difference-one hooks in the conjugate TV and the number of difference-one hooks of P.
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3.4.1. Symmetry of Jordan strings for an Artinian Gorenstein algebra

T. Harima and J. Watanabe [7] defined “central simple modules” of a Gorenstein
Artinian algebra A. From their paper, or from an alternative approach using symmetric
decomposition of the algebra with respect to powers of a principle ideal (¢) of a linear
element, one can show that the strings of the Jordan type of A with respect to £ satisfy the
symmetry condition below in Lemma 3.22. This statement can be found also in B. Costa
and R. Gondim [3, Lemma 4.6] who use the result of T. Harima and J. Watanabe (see
also [11, §2.6]).

Recall from Definition 2.1 that A can be written as the direct sum of simple k|x]
modules for the k[z] action on A defined by the multiplication map my: recall that we
term these the strings of my. We denote by V; s the vector space span of generators for
the simple modules of length s whose generators lie in degree ¢, and by W, s the space
0571V, 5. Let j be the socle degree of A. We have, as A is a finite-length module over the
principal ideal domain k|z],

Lemma 3.21. Let A be a graded Artinian algebra, let £ € Ay. Then, as a module over k|x]
with © acting as mg, we have
The following symmetry result is a consequence of [7]; see [3, Lemma 4.6] and [11,

Theorem 2.34] for proofs. In [11, Definition 2.23] and in [3, Definition 4.7] the property
is that £ has symmetric Jordan degree type.

Lemma 3.22 (Symmetry of strings for a Gorenstein Artinian algebra A). Assume that
A = S/I is a standard-graded Gorenstein Artinian algebra of socle degree j that is a
k[x]-module under the map multiplication by { € Ry. Let ¢ : A; — k and denote by (-, )
the ezact pairing A x A — k, {(a,b)y = ¢(ab). Then

i. for each pair (i, s) we have an (i',s) such that Wi, = V;Y,, the dual of V (i, s) under
<'a '>¢'
ii. For each pair (i,s) we have dimy V; ¢ = dimy Vjy1_s—; .

We will say that a partition P € P(T), for T satisfying equation (1.1) is symmetric
if it has symmetric Jordan degree type in the sense above: the parts can be arranged
symmetrically about j/2 so as to sum to 7.

3.4.2. List of height two CIJT partitions

Assume that T satisfies equation (2.1) with the maximum value d occurring k times.
We give in Figs. 10, 11, and 12 tables of CIJT partitions for T" of heights d = 3,4, 5,
respectively. To tabulate these we have used Theorem 2.21: if the sequence T is a possible
Hilbert function for a CI partition, so satisfies equation (2.1) then the CIJT partitions of



Fig. 10. CIJT partitions for T' = (1, 2, 3k 2, 1),k > 1. When k£ = 1 the two columns are the same.
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P with 3 parts || «(P) with k + 2 parts

Atk 2+kk)

(4+k,24+K,1F)

44+ k,14+k,14+k) (4 + k,2FTT)
(B+k,3+kk) (3+k,3+k,1%)
(k+2,k+2,k+2) (3FF2)

P with 4 parts

|| «(P) with k 4+ 3 parts

(6+Fk,44k 24k k)

(6 +k, 44k, 2+k,1F)

(6+k Atk 1tk 1tk

(6 +k, 4+ K, 2FTT)

(6+k,3+k,3+k,k)

(6 +k,34+k 3+k,1F)

(6+k24+k24+k2+k)

(6 + k,3FT%)

54k, 5+k,2+k, k)

(5+k,5+k,2+k,1F)

(5+k5+k1+k1+k)

(5+k,5+ k,2FTT)

(A+k, A+ k, 4+ k, k)

(44K, 44k 4+k,1F)

(3+k,3+k,3+k,3+k)

@)

265

Fig. 11. CIJT partitions for T = (1,2,3,4’“,3,2, 1),k > 1. When k = 1 the two columns are the same.
The map from P to ¢(P) is by conjugating the rectangular subpartition determined by the smallest part

(Theorem 3.23).

Fig. 12. CLJT partitions for T = (1,2,3,4,5%,4,3,2,1),k > 1. When k = 1 «(P) = P.

P with d = 5 parts I

L(P) with k + 4 parts

8+ k,6+k, 4+ k,2+ k, k)

(8+k,6+Fk,4+k,2+k,1F)

(8+k,6+kd+k 1+k1+k)

(84K, 64k, 4+ k,2FFT)

(8+Fk,6+k,3+Fk 3+k k)

(8+k,6+k3+k3+Fk 17)

8+k,6+k,24+k,2+k,2+k)

(8 +k,6+k,3°T2)

(8+Fk,5+k5+k2+kk)

(84 k,5+Fk,5+k,2+k,17)

(8+k,5+k5+k1+k1+k)

8+ k,5+kb5+k 1+k2°70)

B+ k, 4+ k, 4+ k,4+k, k)

(8+k, 44k, 4+ k,4+k,1F)

(8+k,3+k,3+k,3+k,3+k)

(8 + k,4FT3)

(T+k,7T+k, A+ k, 2+ k, k)

(T+Ek,7+Fk4+k,2+k,1F)

Tk T+kAtk 1tk 1tk

(T+Ek, 74k, 4+ k,2FFT)

(T+k,T+k3+Fk3+k k)

(T+k,74+k3+k3+Fk 1)

(T+k,7+k,24+k,24+k,2+k)

(7T+k,7+k, 3572

(6+Fk,64+k 6+k2+kk)

(64+k,6+Fk,6+Fk,2+k,17)

(6+k,6+k6+k1+k1+k)

(6 +k,6+k,6+ k,2°FT)

(5+Fk,b5+Fkb+kobthkk)

(5+k,54+k5+k,5+k, 1)

(A+kA+kAtkAthath)

(5" 1)

diagonal lengths T are exactly those in P(T) (having diagonal lengths T') that have either
d or d+k —1 parts. Let P be a CIJT partition of diagonal lengths 7" and having d parts.
Then we denote by ¢(P) the partition obtained by flipping the smallest width rectangle
in the Ferrers diagram of P. For example, for P = (6,3,3) in P(T),T = (1,2,3,3,2,1)

we have ((P) =

(6,2,2,2) (see Fig. 10).

Theorem 3.23. Assume T satisfies Equation (2.1), of height d that occurs k times. Then
the set of CIJT partitions of diagonal lengths T satisfy:

a. Let P be a CIJT partition having diagonal lengths T and d parts. Then the rectangular
block of smallest parts has the form (a + k)**! for some a € [0,d — 1], and «(P) is a
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d| k k+1 k+2 k+3 k+4 k+5
3| 2 1 1

4| 4 2 1 1

5| 8 4 2 1 1

6 | 16 8 4 2 1 1

Fig. 13. Number of CIJT partitions in P(T) with d parts, and given smallest part. See Theorem 3.23 (c).

CIJT partition having diagonal lengths T and d + k — 1 parts. The map P — +(P) is
1-1 onto from the set of CIJT partitions of diagonal lengths T and having d parts, to
those having d + k — 1 parts.

Suppose k > 2 and that P is a CIJT partition with d parts. Then the vanishing
Hessians for «(P) are H,py = Hp UhI1.

b. There are 29~ CIJT partitions P with d parts and having diagonal lengths T, and as

well 21 partitions having d + k — 1 parts and diagonal lengths T.

c. Let d > 2. The number of CIJT partitions P of diagonal lengths T, having d parts
and smallest part a +k for 0 < a < d— 2 is 29727%; there is a single partition whose
smallest part is d + k — 1, with multiplicity d. (See Fig. 13.)

d. For P a CLJT partition of diagonal lengths T and with d parts P = (p1,p2,.-.,Pd)
the i-th string, of length p; begins in degree i —1: that is the space V; s of Lemma 5.22
is 0 unless s = pj1, and dimy Vi1 p, = 1.

The analogous statement is true for CILJT partitions with d + k — 1 parts.

Proof of (a). When k& = 1 the map ¢ is the identity map, and, by Corollary 2.18 the
smallest block of P is (d —n)?~": letting @ = d —n — 1, we have the smallest block of P
is the square block (a + 1)®T! as stated in part (a). Here the integer a € [0,d — 1].

When k£ > 1 and n = d in Corollary 2.16, then P = (p}*,...,p’*) in Equation (2.23)
where p. = k — 1 + n.: letting a = n, — 1 we have

P = (Plv (a + k)a+1) where Pl = (plnl7 . 7p671’ﬂc—1).

Letting n’ = 22;11 n; we have a = d—n’ — 1. Then, from Equation (2.23) again, the last

d—n'+k—1

rectangle is (d — n') , we have

U(P) = (P',(a+1)"*F).

This shows the formula of part (a), and evidently from Corollary 2.16 the map ¢ is 1-1
onto. Note that P’, comprised of the largest parts of P, is also a CIJT partition.

Proof of (b). There are by Theorem 2 of the introduction (Theorem 3.8) when k > 1
exactly 2¢ partitions of diagonal lengths 7', and when k = 1 there are 2¢~!. The statement
follows.

Proof of (c). We show this by complete induction on d. If d = 1 there is a single partition
P = (d). When d = 2, then the two CIJT partitions with 2 parts are (k + 2,k) (here
a =0) and (k+1)? (here a = 1), satisfying the formula of (b) (see Fig. 18). Now suppose
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that the count in part (b) is known for heights of T less than d, let T have height d with
multiplicity k. We know that the last part p?c of P has the form (a + k)*T!. Removing
this rectangle, we have a partition P’ of diagonal lengths 7" obtained by removing the
top (a + 1) rows from the bar graph of T. Here T” has height h = d — (a + 1), and the
multiplicity of h in T" is k +2(a + 1). The number of such partitions P’ is 2"~1 (half the
total number of CIJT partitions, by (b) above). Thus there are at most

d—1
Z 2d7(a+2) — 2d71
a=0

partitions P having d parts of diagonal lengths T, if we count all potential P’. By (b)
this is the number of partitions with d parts and diagonal lengths T, so all potential P’
occur. This proves (c).

Proof of (d). We show the first claim for CIJT partitions with d parts, also by complete
induction on d, parallel to the proof of (c). When d = 1 there is a single such CIJT
partition of diagonal lengths T, and when d = 2 the two partitions (k + 2,k) and
(k+ 1,k 4+ 1), each satisfying the statement about strings. Suppose the assertion is
correct for heights less than d. Adding to the strings of P’ the strings corresponding
to (a + k)%*1, can be done in a symmetric way, in the sense of Lemma 3.22, only by
following the prescription of (d). Similarly, adding to the P’ strings a block (a 4 1)2**
in a symmetric way follows the prescription. 0O

4. CI Jordan types and their hook codes

Hook codes for partitions P of arbitrary diagonal lengths T' were introduced in [12];
they naturally give the dimension of cells V(Ep) of the variety Gr parametrizing Ar-
tinian algebras of Hilbert function H(A) = T. We first in Section 4.1 define the hook
codes for partitions of arbitrary diagonal lengths T satisfying Equation (2.2). We then
in Section 4.2 restrict to Hilbert functions satisfying Equation (2.1) and determine the
possible Jordan types. In Section 4.3 we connect the hook codes for CIJT partitions with
the vanishing of Hessians.

4.1. Hooks and the affine cells V(Ep) of Gr

We first describe the difference-one hooks of a partition P - related to standard bases
for graded ideals in R = k[z,y]. This is relevant for us as the variety G parametrizing
graded Artinian quotients of R having Hilbert function H(A) = T has for each linear form
¢ € A a decomposition into affine cells V(Eq ) where @ runs through the partitions
of diagonal lengths T'. Recall from Section 2.1 that the cell V(Ep,) for the pair (y,¥)
is the set of Artinian algebras whose generic linear form ¢ has Jordan type P, it is also
determined by A = R/I where the ideal I has initial forms Eg in the £ direction.
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cl [
f

Fig. 14. Difference-one hook with hand h, foot f, corner c.

z | 22 28

1
y |yx |y’ | ya®
y

Fig. 15. Difference-one hook in the Ferrers diagram of partition (4,4, 1).

4.1.1. Difference-one hooks and the cell V(Ep)

For simplicity we take £ = x in describing initial form and monomials.

Recall from Definition 2.1 that, given a partition P = (p1,p2,...,p:) of n. = > p;
where p; > pa > - -+ > pq, of diagonal lengths T" we let C'p be the set of n monomials that
fill the Ferrers diagram of P as follows: for ¢ € [1,¢] the i—th row counting from the top
-1 i—1

is filled by the monomials y*~ !, '~ 1z, ...,y 1zPi~1. We let Ep be the complementary

set of monomials to C(P) and denote by (Ep) the ideal they generate.

Definition 4.1. A hook of a partition P is a subset of Cp consisting of a corner monomial
¢, an arm (c,xc,...,v=1z""1c) and a leg (c,yc, ..., u =y~ Lc), such that xv € Ep and
yu € Ep (Fig. 14). The arm length is u and the leg length is v; the hook has arm-leg
difference u — v. We term the monomial v € Cp the hand, and the monomial u € Cp
the foot of the hook.

Example 4.2. Let P = (4,4,1). The hook with corner z in the Ferrers diagram Cp
has arm length 3, foot length 2, hand 23, foot yx, so has (arm — leg) difference one
(Fig. 15). Here T(P) = (1,2,3,2,1), A(P) = A3 and the degree-3-diagonal of Cp has
the two spaces corresponding to the monomials y%x and y3>.

For the following result, see [12, §3-B, Theorem 3.12, and §3-F]. Recall that we denote
by P(T) the set of all partitions of n = |T'| having diagonal lengths T'.

Theorem 4.3. The cell V(Epy) is an affine space of dimension the total number of
difference-one hooks in Cp.

Fiz £ € Ry. The variety G parametrizing oll graded quotients A = R/I of Hilbert
function T is a projective variety with a finite decomposition into affine cells,

Gr= [J V(Ep. (4.1)
PeP(T)
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4.2. The hook codes for partitions having diagonal lengths T

We first define hook codes for partitions P of diagonal lengths T satisfying Equa-
tion (2.1) (that can occur for a graded complete intersection) and specify our notation for
them. We then determine all the hook codes that can occur for partitions of such diagonal
lengths T' (Proposition 4.7), and those that can occur for CIJT partitions (Corollary 4.8).

Notations for the hook code. Our notation h(P) is based on the branch label b for P
of Definition 2.7, which specifies the lengths of the branches. Thus, our notation b is
different than that of [13], which we will denote here by $(P).

Definition 4.4 (Hook code). In this section, working with branch labels we replace a 0
entry by E to indicate it is an omitted attachment point. The entries of a branch label b
are a permutation of {E, 1,...,d}. Two such E’s occur if the height of T' occurs exactly
once (k = 1), otherwise there is only one E. We write the hook code h as b subscripted:
for the entry i, with ¢ > 0 the subscript a is the number of difference-one hooks of P
having as hand the endpoint of the branch of length i + k — 2 in degree d+i+ k — 3. It
is an integer between 0 and 2, except that for i = 1 the highest possible subscript value
is 1. An entry F does not have a subscript, as F is not a hand of a hook.

The traditional hook code of [12, Definition 3.26] for T satisfying (2.1), is H(P) =
H(P)a,....H(P);) where H(P); € [0,2] is the number of difference-one hooks having
the unique possible hand in degree 7. (When k > 2 then we have also H(P)g+r—2 € [0,1].)

Examples of hook code. Consider T' = (1,2,3,3,2,1), P = (6,4,2) and P’ = (5,5,1,1).
Corners of difference-one hooks are indicated in Fig. 16 by c. Here 24 in the hook code
H(P) = (13,24, 25) indicates that P has 2 hooks with a degree 4 hand.

Lemma 4.5. Let P be the partition TV for T a CI Hilbert function satisfying Equa-
tion (2.1), and denote by H(P) = (ag,...,ar) its hook code. Then each sequence
a' = (al), azl_H, ..., ap) satisfying 0 < a < a; occurs as the traditional hook code $(Py/)
of difference-one hooks for a unique partition P, having diagonal lengths T'. The corre-
spondence between partitions and hook codes is 1-1 and takes the conjugate partition P
to the complementary hook code $HY(a') = a — a’ with respect to Hp = a.

Thus, the partition (4,2,2,2) = (5,5,1,1)" of diagonal lengths T = (1,2,3,3,2,1)
has hook code $ = (1,0,1) = (1,2,2) — (0,2,1) (the hook code for HY = (6,4, 2) minus
that for (5,5,1,1)).

The complement of a CIJT partition P in TV is often not a CLJT partition.

Example 4.6. I. We consider partitions having diagonal lengths 7' = (1,2,1),(1,2,2,1)
or (1,2,3,2,1) in Fig. 17: we give the partition along with usual hook code $(P) where a
subscripted integer a; means there are a hooks (between zero and 2) with hand in degree
i. We next give the ranks of the Hessian matrices, followed by Y /N according to whether
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‘ C

CC‘

Fig. 16. Hook codes (13,24, 25) for P = (6,4, 2) and (03,24, 15) for P = (5,5, 1,1). Grading is by the degree
of the hand monomial of the hook.

P || 5(P) | rkHess® Y,N|CIJT | Labelh |

T=(1,2,1): 3,1 (22) 1 Y Y (E,E,15)
T (2,2) (12) 0% Y Y (E,11,E)
(2,1,1) (02) — N N (10, E, E)
P || $(P) |rkHess® rkHess' Y,N |CIJT | Labelh |
(4,2) (12,23) 1 2 Y Y (E,22,11)
(4,1,1) (02,23) 1 1% Y Y (1o, E, 22)
T=1(1,2,2,1): (3,3) (12, 13) 0% 2 Y Y (E,11,21)
(2,2,2) (02, 13) 0% 1% Y Y (10,21, F)
(3,1,1,1) (12,03) — — N N (20, F,11)
(2,2,1,1) || (02,03) - - Y N (20, 10, E)
P || $(P) |rkHess® rkHess' Y,N | CIJT | Labelb
(5,31 [(25,29] 1 2 Y [ Y [(EE2,1s)
(4,4,1) (23, 14) 0 2 Y Y (E,E, 12,21)
(5,2,2) (13,24) 1 L Y Y (E, 11, E,29)
T=(1,2321): (4,2,1%) T (23,04) — — N N [(20,E,E, 1,)
(3,3,3) (13, 14) 0+ 1+ Y Y (E, 11,21, E)
(5,2,1,1) || (03,24) - — N N (1o, B, E,22)
(3,3,1%) [ (15,04) = — Y N [(0,E E 1)
(3,2%) (03, 14) - - N N (10,21, E,E)
(3,2,2,1°) [ (05,04) [ — - N N [ (10,20, E, E)

Fig. 17. Jordan type tables. See Example 4.6.

the partition could correspond to a symmetric decomposition (Lemma 3.22)" of H, then
Y/N for a CIJT partition, and finally we give the (new) hook code — the branch label
subscripted by the new hook lengths, which we term b.

I1. We consider the partitions having diagonal lengths T' = (1,2,2,2, 1), where d =
2,k = 3. First, for the partition P = (5,3) we have h = (F,25,1;), the maximum values
possible. The traditional hook code for P is $(P) = (13,24) (see Fig. 18): the boxes
are 1 x 1 in degree three and 1 x 2 in degree four. Any other traditional hook code
for T is a pair of subpartitions of these boxes, so here corresponds to a pair of integers
(as,by) with 0 < a3z < 1,0 < by < 2. There are six such pairs. We consider the rest. For
P = (4,4), we have h = (E,1,,2;) and $H(P) = (13,14); for P = (5,1%),h = (19, E,25)
and H(P) = (03,24); and for P = (2,2,2,2), h = (10,21, F) and H(P) = (03, 14).

9 At one time we wondered if the possibility of symmetric decomposition of the partition could correspond
to whether it is CIJT. These tables show that the answer is “No”.
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P | $(P) |rkHess® | rkHess' | Y,N | CIJT | Labell |
(k + 2, k) (Tx, 2h11) 1 2 Y Y (E,25,17)
(k+2,1%) Ok, 2511) 1 1% Y Y (10, E, 25)
(k+1,k+1) (Tr, Thy1) 0 2 Y Y (E,11,27)
(2Fth (Og, 1p41) 0 0 Y Y (10,21, E)
(k4 1,1FTh) (1#,0511) - — N N | (20,E, 1)
(2%,1,1), k even || (0x,0x41) — — Y N (20,10, E)
(2F,1,1),k odd || (Ok,0k41) — — N N | (20,10, E)

Fig. 18. Jordan types, and ranks of Hessian matrices, T = (1,2*, 1), for k > 2. See Example 4.6 II.

The proof we give of the following Proposition depends on Lemma 2.10.

Proposition 4.7 (Hook code and branch label). A. Let b be the branch label for a partition
P of diagonal lengths T of Equation (2.1) for which the multiplicity k of the height d is
at least two. The hook code by is as follows.

i. For the increasing subsequences of b before E (so vertical branches), the first sub-
script is 0 (hooks), the subsequent subscripts are 1 (hook).

it. For increasing subsequences of b after (above) E the first subscript is the mazimum
possible (so 2 hooks unless the entry of b is i = 1, in which case the mazimum is 1
hook). The subsequent subscripts are 1 (hook).

B. Let b be the branch label for a partition P of diagonal lengths T of Equation (2.1) for
which the multiplicity k of the height d is exactly one. There are two E’s in the branch
label (zero-length branches). Then (i) above applies to increasing sequences of b before the
lower E (so vertical branches), (ii) above applies to increasing sequences of b after the
higher E (so horizontal branches), and the branches between the two E’s are a sequence
(1,...,9) from higher to lower (the only hooks there are coming from the square portion

of P cut out by horizontals and verticals through the E’s.'0

Proof of (A). By induction on d. For d = 2, T = (1,2*,1) the six codes (see Fig. 17 for
T = (1,2,2,1) and Fig. 18 for T = (1,2* 1)) are

P (4,2) (4,1,1) (3,3) (2,2,2) (3,1,1,1) | (2,2,1,1) (4.2)
b ||l (F,22,11) | (10,F,22) | (F,11,21) | (10,21, FE) | (20, F,11) | (20,10, F) '

and they satisfy the conditions (i), (ii) of the Proposition.

Assume that the Proposition is true for some d = b — 1 where b > 3: we will show it
for d = b. For simplicity we assume k = 2. Let P have diagonal lengths T with d = b
and bp = b, let b’ be b with the entry b removed, and let P’ = Py of diagonal lengths
T = (1,2,...,(b—1)2,...,2,1) obtained by glueing the branch lengths b’ to the basic

10 Put more simply (i) applies to all increasing sequences below the higher E, and (ii) to all increasing
sequences above the higher E.
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triangle Ap_1. We need to add a branch of length b, to Ay, and a branch of length b to b’
to form P, b, respectively. We follow the style of the argument after Equation (2.10) in
the proof of Lemma 2.4 — however, here the branch label is that of Lemma 2.10, which
is more general. There are three cases.

a. Assume first that the branch is added in the vertical section of b’. Then it is the largest
element in an increasing interval (a,...,b) in the vertical section. Vertical branches
of length k can only affect the hook length for horizontal branches of length &k + 1,
so adding b vertically changes no hook number of a horizontal (after F) element of b.
Also, the endpoint monomial v of a row of the vertical section of b’ has no hook count
change from the addition of b — which is too long if b occurs before p and does not
affect the number of difference-one hooks if added after p. If the branch b is isolated
(the interval (a,b) is just (b)) then there are evidently zero difference-one hooks and
the entry of b is bg. If b is immediately preceded by b — 1 (so a < b) then there is
a new difference-one hook whose hand v is the foot monomial of the branch b and
whose foot is v : z, the foot monomial of the branch b — 1.

b. Assume that the branch b—1 is horizontal, that is b’ = (S”, F,S’) with b—1 € S/, and
the branch b is added adjacent to b—1. If b is added just above b—1, then the endpoint
v of the branch b has two difference-one hooks, the first with foot v : x and the second
with foot p : y just above the next lower generator p of Ep (next inside corner). If b
is added below the branch b — 1, then by Equation (2.16), b = (..., E,[a,b],...): the
interval [a,b] is the first (top) interval of the horizontal part. Inspection shows that
the hook count for branches {a,a+1,...,b— 1} is unchanged from b’ to b. No other
difference-one hooks from Py, are affected. The new branch b will have only one hook,
with hand p and foot p : x.

c. Suppose that b is added at the top, with hand p, and not just above b— 1. First, if also

b — 1 is vertical, then there are two difference-one hooks for the top branch, one with
foot v : x and one with foot the foot monomial v of the vertical b — 1 labeled branch.
Two hooks is the maximum possible, by theory (see [13, Theorem 1.17]).'! No other
hook counts are affected when adding the longest branch horizontally at top.
If instead b — 1 is a horizontal branch, and the next branch after b is a, then b =
(...,E,bya,a+1,...,b,...) as by Lemma 2.10 the next interval of b is [a,b — 1];
inspection shows that besides p : « as before, there is a single further hook with foot
the hand of the branch labeled (b — 1). No other hook count is affected as b has been
added to the top.

This completes the induction step and the proof of (A) of the Proposition.
The proof of (B) is entirely similar, one makes use of the fact that between the two E’s,
the hook lengths are (0,1, ...,s) with no gaps, and all other branches are longer. Those

11 This maximum of two is also straightforward to verify directly from the construction of b and a combi-
natorial argument.
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below the lower F are vertical, so, since they are greater than s there are no difference-
one hooks with hand in the diagonal between the two E’s, and foot in the portion of P
below the lower E. So all hooks with hands in the middle portion come from the square
cut out by the two E’s, yielding the statement that they are (0,1,1,...,1). O

Applying Proposition 4.7 we determine the hook codes of CIJT partitions having
diagonal lengths T'.

Corollary 4.8 (Hooks and branch labels of CIJT partitions). A. Let b be the branch label
for a CLJT partition P of diagonal lengths T of Equation (2.1) where the multiplicity k
of the height d is at least two. The hook code by is as follows.

i. If there is a vertical portion of P, then b = (1¢,21,...,a1, E,...): here b begins with
an interval [1,a): the first subscript is O (hooks), the subsequent vertical subscripts
are 1.

it. For increasing subsequences of b after (above) E the first subscript is the mazximum
possible (so 2 hooks unless the entry of b isi =1, in which case the mazimum is 1).
The subsequent subscripts are 1 (hook).

B. Let b be the branch label for a CIJT partition P of diagonal lengths T
of Equation (2.1) where the multiplicity k of the height d is one. Then B =

(E,10,21,...,91, E,...): here the portion above the second E follows (ii) above.
C. The dimension of the cell V(Ep) is the number of difference-one hooks of P.

Proof. Parts (A) and (B) are immediate from Theorem 2.15 and Proposition 4.7. Part
(C) follows from Theorem 4.3. O

4.8. Vanishing of Hessians and hook codes

Proposition 4.7 and Corollary 4.8 determined the hook code corresponding to the
branch label b of a partition P having diagonal lengths T" = (1, 2,...,d", ...,2, 1), for
k > 1. On the other hand, Theorem 3.8 determined the vanishing and non-vanishing
Hessians of a linear form of a CI algebra having Jordan type P. Conversely, we may
also read the information of vanishing and non-vanishing Hessians from the hook code
of a partition. For a CI algebra A with the Hilbert function 7" and a linear form ¢, there
are d active Hessians h'(F) when k > 1, or d — 1, respectively, when k = 1. These each
correspond to a multiplication map my;—2i : A; = A;_;, for i € [0,d — 1] (ori € [0,d — 2]
when k = 1); their vanishing and non-vanishing completely determine the corresponding
Jordan type partition P;.

In the branch label b of P, there are d difference-one hooks, one with hand in degree
j — 1, for each 4. For a general linear form ¢ with the strong Lefschetz partition T,
all the Hessians are non-zero, and the corresponding branch label with the hook indices
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is hsr = (F,da,d — 1a,...,11) by Corollary 4.8. The traditional hook code is $g;, =
(1d+k—272d+k—17---a2j) if kK > 2 and $Hg; = (2d+k—17---72j) if &k = 1. That is, for
P =TV the number of difference-one hooks with hand in degree j —i is 2 for i < d — 2,
and, if k > 11is 1 for i = d — 1. Any CIJT partition P, where the number of hooks with
hands in degree j — i is less than the corresponding one of TV is a partition P, for a CI
algebra A where h} = 0. We show this next using Theorem 3.8.

We will denote the traditional hook code H(Py) for a CIJT partition P, by $,; and
the number of hooks with hands in degree j — i by (£¢);, for each i € [0,d — 1].

Proposition 4.9. Let T = (1, 2,...,d" ...,2, 1), for k > 1. Assume that Py is the com-
plete intersection Jordan type partition of a linear form £ having diagonal lengths T and
that the traditional hook code is $y. We have the following,

(i) If k > 2, then

B 1 ifi=1,
i :Oﬁ(m)”<{2 ZZZe[Qd].

(15) If k =1, then for each i € [1,d — 1], we have that
RETITE =0 & (90); < 2.

Proof. First, we prove the statement for k£ > 2. Using Proposition 4.7, we get that the
hook code for TV is hiax = (F,d2,d — 12,...,1;), and all the Hessians are non-zero. We
show that for any partition P, having diagonal lengths 7', the zero Hessians are those
that correspond to the hook codes strictly less than the one for TV. Suppose that there
is a vertical part of Py, then we have that b, = (19,21,...,a1,E,...), where 1 < a < d.
By Theorem 3.8 we get that h} = 0, for every i € [d — a — 1,d — 1]. On the other hand, if
a > 1 we have that ($7)g—1 =0 < 1and ($)qg—; =1 < 2,foreveryi € [d—a—1,d —2].

Let {b,b+1,...,b+m} be an increasing sequence after E, where b > 1 and b+m < d.
Corollary 4.8 implies that ($,), = 1, if b =1 and ($),), = 2 otherwise. By Theorem 3.8
we have that h‘;*b # 0, for every b > 1.

For other elements in this increasing sequence we have that ($,)p1: = 1 < 2, for every
t € [1,m]. Theorem 3.8 implies that the Hessians corresponding to these elements are
zero, in other word we have that h?_b_t = 0, for every t € [1,m]. This completes the
proof when k > 2.

Now assume that k = 1, Proposition 4.7 implies that hyax = (E, E,da,d — 1a,...,13);
and all the Hessians are non-zero. If there is a vertical part in P, then h, =
(E,11,21,...,a1, F,...), where 1 < a < d — 1 and Theorem 3.8 implies that hg_2 =
hng = . = hgf"*l = 0. If there is an increasing sequence after the second F,
{b,b+1,....,b+m}, where 1 <b<d—1and b+m < d—1, Corollary 4.8, implies that
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P | oM@ | b | rk Hess® rkHess' rkHess® Y,N | CIJT |
(6,4, 2) [(s,24,25) [ (E,3,2,1) | 1 2 3 Y [ Y |
(5,5,2) (13,24,15) | (E,2,3,1) 05 2 3 Y Y
(6,3,3) (13, 14,25) | (E,3,1,2) 1 1 3 Y Y
(6,4,1,1) (03,24,25) | (1, E, 3,2) 1 2 2 Y Y
(4,4,4) (13,14,15) | (E,1,2,3) 0% 1x 3 Y Y
(5,5,1,1) (03,24,15) | (1, E, 2,3) i 2 2% Y Y
(6,2,2,2) (03,14,25) | (1,2, E, 3) 1 1 2 Y Y

(6,3,1,1,1) || (13,04,25) | (2, E,3,1) = — - N N
(5,3,17) (13,24,05) | (3, E,2,1) — — — N N
(6,2,2,1,1) || (03,04,25) | (2,1, E, 3) - - - Y N
(5,2,2,1%) (03,24,05) | (3,1, E,2) — — — N N
(4,4,17%) (13,14,05) | (3, E,1,2) - — — Y N
(4,2,2,2,2) || (13,04,15) | (2,3, E,1) — — — Y N
(3,3,3,3) (03, 14,15) | (1,2,3,E) 0% 0% 2 Y Y
(4,2%,1%) (13,04,05) | (3,2, E,1) — — — Y N
(3,3,3,1%) (03,14,05) | (3,1,2, F) — — — N N
(3,3,2%) (03,04,15) | (2,3,1,E) — — — Y N
(3,3,2,2,1,1) [[ (03,04,05) [ (3,2, 1, E) | — — — Y [ N |

Fig. 19. Jordan types, hook code $(P), branch label b, and ranks of Hessian matrices for T = (1,2, 3,3,2,1).
Also Y/N for symmetry condition, Y/N for CIJT. Conjugate partitions are located symmetrically about
the center line and have complementary hook codes in (13, 24,25) as well as reverse branch labels. Note
that there are 8 that are CIJT, and they each correspond to a vanishing subset of the Hessians (indicated
in bold with x). The branch labels for non CIJT are in red. See Example 4.10. (For interpretation of the
colors in the figure, the reader is referred to the web version of this article.)

($¢)p = 2 and (he)pe = 1 < 2, for every ¢t € [1,m]. On the other hand Theorem 3.8
implies that (hg)g—p—1 # 0 and (H¢)g—p—t—1 = 0 for every t € [1,m]. O

The next example with Fig. 19 illustrates the results in Sections 2, 3 and 4. We list all
possible Jordan types for an Artinian algebra with the Hilbert function (1,2,3,3,2,1)
together with their hook codes and branch labels and subset of Hessians which vanish
and the ranks of the Hessian matrices.

Here d is the maximum value of the Hilbert function from Equation (2.1).

Example 4.10 (T = (1,2,3,3,2,1)). There are 18 = 2 - 39! partitions having diagonal
lengths T, (2.21); There are 2% = 8 complete intersection partitions, by Theorem 2.15.
There are also 2% = 8 different subsets of Hessians corresponding to complete intersection
partitions, by Theorem 3.8. The number of rank sequences possible for the Hessian triple
(Hess’, Hess', Hess?), satisfying Equation (3.9) is equal to 23 = 8.

The maximum hook code is for the strong Lefschetz partition, TV = (6,4,2), and
it is equal to hmax = (E,32,29,11), by Proposition 4.7. Other complete intersection
partitions with different hook codes correspond to the vanishing of some of the Hessians
(Proposition 4.9). Some partitions, as P = (6,22,12) or P = (4,4,1*) have symmetric
Jordan type diagrams in the sense of Lemma 3.22 (indicated by Y in next to last column
of Fig. 19) but are not CI Jordan types. By Corollary 3.17 the set of loci where k active
Hessians vanish meet properly: that is, their codimensions add.



276 N. Altafi et al. / Journal of Algebra 557 (2020) 224—277

Example 4.11 (T = (1,2,3,4,3,2,1)). There are 33 = 27 partitions of diagonal lengths
T, and 14 rank sequences possible for the Hessian triple (Hesso, Hess?, Hess2). The nine
partitions of diagonal lengths T having first part (7) behave exactly like their remainders,
a partition of diagonal lengths T = (1,2,3,2,1) so there are 4 Y and 5 N for CI. For
example, (7,5,2,12) is not symmetric in the sense of Lemma 3.22, since (5,2, 1?) is not.
There are 18 more partitions to consider.

Remark 4.12. The Hessians for codimension two Artinian complete intersections A =
R/I correspond to certain Wronskian determinants associated to the homogeneous com-
ponents I; of the ideal. Thus, in codimension two, we may regard the Wronskians, which
are defined for all graded ideals, as extensions of the Hessians to non-CI algebras. We can
then use Wronskians to study Jordan types occurring in non-CI algebras with Hilbert
functions that satisfy the more general Equation (2.2).

For example, by the D. Hilbert-L. Burch theorem, the graded Artinian quotients
A = R/I of k|z, y] having socle dimension ¢, are defined by ideals I having ¢t+1 generators.
The Hilbert functions T' corresponding to such graded Artinian algebras A can have
descents t;—1 — t; at most ¢t (well-known, see, say [14]). There is a formula giving the
minimal number of generators x(T") possible for I given that H(A) = T (see [10, Theorem
4.3, Lemma 4.5] and [1, §3.1]). The following question generalizes to ¢ > 1 that answered
here for t = 1, the complete intersection case.

Problem. Let T be a sequence satisfying Equation (2.2), and let x(T") be the least number
of generators for a homogeneous ideal I for which the Artinian algebra A = R/T satisfies
H(A) = T. Determine all partitions P = P, 4 having diagonal lengths T', which are
possible for such A where I has k(T') generators.

Some of the combinatorial and geometric aspects of this problem had been studied
tangentially in [12,13] where a connection is made between the cells V(Ep) and Wron-
skians. The goal of [1] is to answer this Problem.
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