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1. Introduction
1.1. Interpolation of categories

The representation theory of the classical groups yields families of semisimple symmetric tensor
categories Rep®™d(S,), Rep®™(GLy), etc. These categories, which depend on the parameter n called the
rank, have a rich and well-studied structure, e.g., parametrizations of the simple objects and ten-
sor product formulas. It turns out, however, that many of these parametrizations can be described
polynomially in n. As a result of this, Deligne [4,5] constructed interpolations of the categories of rep-
resentations of classical groups to complex rank. These form families of symmetric tensor categories
that when specialized to positive integral parameters, reduce modulo a tensor ideal to the classical
representation-theoretic categories. These constructions, together with Deligne’s proof of semisimplic-
ity, have been extended in [12,13] to the representation categories of other families of groups such as
the semidirect products S, x G" for finite groups G and GL,(Fg).

Many families of algebraic objects of interest in representation theory (e.g. affine Hecke algebras,
Cherednik algebras, etc.) are built out of the classical groups, and thus depend on a rank n € Zxy.
In many cases, the additional generators and relations of such objects can be stated in a uniform
“category-friendly” framework independent of n. This allowed Etingof to use Deligne’s categories
to define non-semisimple categories of representations of algebraic objects in complex rank. In [6]
and [7], a general program has been proposed to study non-semisimple Deligne categories that inter-
polate the categories of representations of algebraic objects derived from these groups. It is of interest
to study the structure of these categories for their own sake; one might also hope that the theory of
categorification will find in them a convenient setting.

In this paper, we begin investigating the categories of Etingof’s program and show, loosely speak-
ing, that the categories are generically similar to the classical categories. The paper is structured as
follows. Section 2 surveys the work of Deligne and Etingof. In Section 3, we build a method, typified
by Theorem 3.9 and Proposition 3.7, of deducing such properties based on a framework of categories
parametrized by schemes. In Section 4, we apply this method to the categories of representations
of the degenerate affine Hecke algebra in complex rank. Section 5 studies the category of representa-
tions of semidirect products S, x A®" for n complex and A an associative algebra; we obtain a generic
classification of simple objects. In addition, we introduce tensor structures on these categories for A
a Hopf algebra. In Section 6, we demonstrate that these categories are generically tensor equivalent to
Knop’s categories of wreath product representations. We expect that these techniques will be useful
in the study of the other categories introduced in [6,7], which we plan to investigate in the future.

We remark that the use of the language of schemes is largely for convenience, and that none of
the results depend upon it. The essential idea is the observation that many elementary categorical
properties can be described using first-order logic. When one has an “algebraically varying” family
of categories C;, t € C, the locus of such a property is described using the first-order logic of one’s
ground field. It is known that the sets definable in affine space C? using first-order logic are precisely
the constructible sets. In particular, the locus of the parameter t such that a certain categorical prop-
erty of C; holds will often be constructible, which implies that if it contains N, it must contain all
transcendental numbers.

2. Preliminaries
2.1. Deligne’s construction

We now quickly review Deligne’s construction, which begins with a combinatorial parametrization
of certain representations of the symmetric group. Define a recollement of a family of sets {U;, i € A}
as a family of injections u; : U; — C such that C = [J;u;(U;). Two recollements C,D of {U;} are
equivalent if there is a bijection C — D commuting with the maps U; — C, U; — D.

Now fix n € Z3o and define I ={1,2,...,n}. For a finite set U, let Inj(U,I) be the permuta-
tion representation on the Sp-set Inj(U,I) of injections U — I. It is easy to see that every Sj-
representation is a direct factor of a direct sum of representations of this form. Given an injection
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of finite sets U — V, there is an S,-morphism Res : Inj(V,I) — Inj(U, I) from restriction and an ad-
joint Res* : Inj(U, I) — Inj(V, I) with respect to the natural bilinear forms on Inj(U, I), Inj(V, I), i.e.,
the ones making the standard bases {ef, f eInj(U,I)} and {eg, g € Inj(V, I)} orthonormal.

Let Rec(U, V) denote the set of equivalence classes of recollements of U, V. For C € Rec(U, V)
with representative maps u:U — C, v:V — C, define (C) =Res, oRes} € Homs, (Inj(U, I), Inj(V, I)).
Another way to think of (C) is as the Sp-invariant element of Inj(U, I) ® Inj(V, I) consisting of the
sum of all basis elements ey ® eg for f, g inducing the recollement C of U, V. Hence, there is a
map from C([Rec(U, V)]) to Homs,(Inj(U, I), Inj(V, I)), where for a finite set S, we let C(S) be the
free vector space on the basis S. By Proposition 2.9 of [5], this map is always surjective and, for n >
U]+ |V], an isomorphism. It turns out that composition can be described via polynomials in n and
recollements. More precisely, for finite sets U, V, W and recollements C € Rec(U, V), D € Rec(V, W),
E € Rec(U, W), there exists PE’D(T) € Z[T] such that

(D)o (C) = Z P& p()(E) € Homg, (Inj(U, 1), Inj(W, 1)) VD, C,n. (1)
EeRec(U,W)

Deligne thus defined a Z[T]-linear category Rep’(St) as follows: Rep’(St) contains objects [U]
for finite sets U, Hom([U], [V]) is Z[T]-free on Rec(U, V), and composition is Z[T]-linear with (D) o
O)=>¢ PE’D(T)(E). For aring R and t € R, specializing T — t gives categories Rep’(S¢, R). One then
takes the pseudo-abelian envelope (see 3.3 below for more details) to obtain the category Rep(S;, R),
abbreviated Rep(S;) when the context is clear and R is a field.

Rep(S¢, R) can be made into a symmetric R-linear monoidal category. The monoidal structure
comes from [U]® [V] = @CGREC(U!V)[C], which extends to the pseudo-abelian envelope; it can be
checked that this interpolates the usual structure. The monoidal structure on morphisms is given in
an analogous manner. See [5], Proposition 2.8. In this category, in fact, each object is self-dual.

In stating the next result, it will be convenient to introduce subcategories Rep(S;, R)™) defined in
the same way, but with the sets U used restricted to have cardinality at most N.

Theorem 2.1. (See Deligne [5], Proposition 5.1 and Theorem 6.2.) Let R be a field of characteristic zero.

1. When t ¢ {0,1,...,2N — 2}, Rep(S¢, R)™) is semisimple, and the simple objects are indexed by the
partitions of integers < N.

2. Ift € Zso with t > 2N, then Rep(S¢, R)") is a full subcategory of the ordinary category Rep® (S, R) of
finite-dimensional R-linear representations of S¢ (via (U] — Inj(U, I)).

3. If t € Zxo, and N is the tensor ideal of negligible morphisms in Rep(S¢, R), then Rep®™d(S;, R) ~
Rep(S;, R)/N as symmetric tensor categories.

One can think of this phenomenon as follows. Consider a Young diagram of size M:

|

(2)

One can think of the simple object in Rep(S;, R)™ indexed by it as corresponding to the “Young
diagram” of “size t” obtained by adjoining a very long line of “length” t — M at the top:

(3)

More precisely, in case (2) of the theorem, the functor sends the simple object associated to (2) to
the Specht module over S; associated to the (actual) Young diagram (3). In particular, Rep(S;, R)™)
is equivalent to the subcategory Rep®d(S;, R)™) of Rep®d(S;, R) generated by the Specht modules
associated to Young diagrams with at most N squares below the first row.
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2.2. The dAHA

The degenerate affine Hecke algebra (dAHA) of type A is the associative unital algebra .74, over
C generated by variables s; corresponding to the transpositions (i i + 1) € S; for 1 <i <n, and
commuting variables x1, ..., xp, with relations s;s; = sjs; if |[i — j| > 2; (sis,-+1)3 =1;s2=1; SjXi = XiSj
if j#i—1,i; and s;x; — Xj+15; = 1. Another presentation of the dAHA can be given via generators
o €Sy and y1, ..., yn with the relations

_ 1 .. s e
oyio T =Yoi, o E€Sp and lyiyjl=7 Y k) — ik ifiz . (4)
k£, j

The two presentations can be shown equivalent via the transformation s; — (i i + 1), x; = y;i —
(1/2) Z?:] sgn(i —I)(i 1), where sgn x =x/|x| if x# 0 and zero otherwise. See [11].

2.3. The categories Rep(.74)

The definition of an .%;-module can be rewritten in terms of S,-modules, the permutation rep-
resentation h = Inj(One, I) for a fixed one-element set One, and the central Jucys-Murphy element
2= ij(i j) € CentC[Sy]. There is a corresponding endomorphism 2 of the functor ldRepord(sn).

Fix M € Rep®™(Sp). On h ® h ® M € Rep®™(Sy), let P1, =0y ® Idy where 05 5:h®@bh—> h®h
is the permutation morphism. Define the endomorphisms of h ® h ® M: 223 =1d ® 2ygu and
213 =Py 3080223 0Py, Also, let By : h ® h — 1 be the evaluation map. Then:

Proposition 2.2. (See Etingof [6,7].) To give a module over .74, is equivalent to giving an Sy-representation M
with an Sp-morphism y : h ® M — M satisfying

yo(ld®y)o(d—P12) =By ®Id)o[2"3, 223]:h@ho@M —> M. (5)
A morphism between .7¢;,-modules is an S,-morphism commuting with the y-maps.

The terms P12, By, 213, £2%3 in (5) can be interpolated to t ¢ Z>o because Deligne’s categories
are symmetric monoidal categories, and each object is self-dual. The object § is defined as [One]. The
interpolation of the Jucys-Murphy endomorphism is due to [3] and will be discussed below.

Note that where [7] uses Rep(S¢), we use Rep(S;); our definitions are thus slightly different, but
they coincide outside of Zx¢. Our convention will be more convenient for the method developed in
this paper.

Definition 2.3. (See Etingof [6,7].) For t € C, objects in Rep(J#) are objects M in Deligne’s category
Rep(S;) equipped with Rep(S¢)-morphisms y : h ® M — M satisfying (5). Morphisms in Rep(7#) are
morphisms in Rep(S;) commuting with the y maps.

Remark. The definition in [6,7] actually used ind-objects. This suggests further research, as we only
study the finite-dimensional theory.

3. Categories depending on a parameter
3.1. Definitions

First, we review some relevant algebro-geometric facts. Let Sch_s denote the category of noethe-
rian schemes. For X € Sch 4, let Const(X) denote the collection of its constructible subsets. If

f:X — Y is a morphism, then there exists f~!: Const(Y) — Const(X) sending C — f~1(C); this
makes Const a contravariant functor Sch_s- — Bool, where Bool is the category of Boolean algebras.
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Similarly, by a special case of Chevalley’s theorem, if S € Sch_4 and (Sch/S); denotes the category
of S-schemes of finite type, we can make Const a covariant functor (Sch/S)s — Poset, for Poset the
category of posets, where f : X — Y defines the map f, : Const(X) — Const(Y), D — f(D); by abuse
of notation, we often write f for f.

Let X,Y, T be S-schemes and Xt =X xs T, Yr =Y xs T. The diagram

X —2X . x

W

yr — 2y

is cartesian, so for any C C X, we have p;1(f(C)) = fr (p;(](C)) by [10], 1.3.4.5.

Given an S-scheme X, G C X, and a point s € S, we define G; = fg’_l(G) C X;, where f;:
Speck(s) — S is the canonical morphism and fg/ : Xs = X xs Speck(s) — X is the base extension
to X. Here k(s) is an algebraic closure of k(s); when used, the choice of k(s) will be irrelevant.

Definition 3.1. A category over S is a category internal to the category Sch/S of S-schemes and S-
morphisms. There is a notion of a functor over S, or even a natural transformation over S, so we may
consider the 2-category Cats of categories over S.

A category over S is thus a four-tuple (Ob, Mor, Comp, Id), where Ob is an S-scheme correspond-
ing to the objects; Mor is an S-scheme with an S-morphism Mor — Ob xs Ob, whose first and
second projections are denoted dom and cod respectively; Comp is an S-morphism Mor x g, Mor —
Mor; and Id : Ob — Mor is an S-morphism. There are certain conditions on these that need to be
satisfied, cf. [14]. A category over S is said to be of finite type when the morphisms Ob — S, Mor — S
are of finite type, or if it is internal to (Sch/S)y.

Given a category € over S, one may construct a category C by the Yoneda process. The objects
are the S-sections S — Ob; the morphisms from a:S — Ob, b: S — Ob are defined as the S-maps
h:S — Mor such that domoh = a, codoh = b. Composition of appropriate h: S — Mor, g: S — Mor
is defined as Compo (h xs g). There is thus a 2-functor %5 : Cats — Cat, where Cat is the 2-category
of categories, which we often abbreviate by Z.

Next, since the functor Sch/S — Sch/T defined by X — X xs T preserves finite limits, we can
perform base extension of S-categories; hence, given T — S, there is a 2-functor Bg : Cats — Catr.
We abbreviate €7 = BL(€), Cr = %1 (BL(@)).

3.2. Constructibility of categorical properties

For an S-scheme Y, by abuse of notation denote by Ay C Y xsY the locally closed subscheme that
is the image of the diagonal map Ay : Y — Y xsY. Let € = (Ob, Mor, Comp, Id) be a category of finite
type over the noetherian scheme S. Consider the S-scheme C = (Mor xgpxs0b Mor) xop Mor, where
the map (Mor xgpxsob Mor) — Ob comes from cod, and Mor — Ob is dom. There is a map f:C —
Mor xopxs0b Mor obtained by composition on each factor: f = (Comp o (p3, p1), Comp o (p3, p2)),
where p1, p2, p3 are the projections on the respective factors of C. Now consider f~'(Aaqor) —
(A por Xop Mor) C C; this is a constructible set X. Set Mon = Mor — p3(X) C Mor. The forma-
tion of Mon commutes with base extension, and Mon is constructible by Chevalley’s theorem. Finally,
when S = Speck for k an algebraically closed field, then the closed (i.e., k-valued) points of Mon cor-
respond precisely to monomorphisms in the category Cy = Cspeck. This discussion and its dual imply
the following result.

Proposition 3.2. Suppose the scheme S is noetherian and € is of finite type. Then there is a constructible set
Mon C Mor (resp. Epi C Mor) such that for each s € S, Mong C Mor; (resp. Epi; C Mors) has closed points
corresponding to the monic (resp. epic) maps in C; = Ck(—s).
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Next, we study additive structures on S-categories.

Definition 3.3. An Ab-category over S is an S-category together with the structure of an Ob x5 Ob
group scheme on Mor, with an addition add : Mor xgpxon Mor — Mor that commutes with com-
position. An additive functor over S is one which commutes with the group structures. There is thus
a 2-category AbCats of Ab-categories over S, additive functors, and natural transformations. Base ex-
tension preserves additivity.

The 2-functor & : Cats — Cat defined earlier induces a 2-functor from AbCats to AbCat for AbCat
the 2-category of Ab-categories, additive functors, and natural transformations.

If A is an object in an ordinary Ab-category C, say that A is simple if every map A — B is either
zero or monic, or equivalently if any map C — A is either zero or epic, i.e., if for all B,C € C and
nonzero f:C — A and g: A — B, the composition go f is nonzero.

Proposition 3.4. Suppose S is noetherian and € is an Ab-category of finite type over S. Then there is a
constructible set Sim C Ob such that for each s € S, Sims C Ob; has closed points corresponding precisely to
the simple objects in Cs.

Proof. Let z: Ob x5 Ob — Mor be the section corresponding to the zero morphism. Consider the
constructible set R = Mor — Mon — z(Ob xs Ob) C Mor; R loosely speaking parametrizes nonzero
non-monomorphic morphisms. Set Sim = Ob — dom(R), and one may argue as in the discussion pre-
ceding Proposition 3.2. O

A simple example of this phenomenon is as follows. Fix a finitely generated but not necessarily
commutative k-algebra A for k an algebraically closed field and a cut-off N € Z3q. Then the cate-
gory of k-valued matrix representations of A of dimension at most N and intertwining maps can be
obtained by applying % to a category of finite type over Speck. These propositions then reduce to
well-known facts, e.g., that injective (or surjective) homomorphisms are described by a constructible
set. Indeed, the set of injective homomorphisms is even open by linear algebra, because it can be
described by the nonvanishing of certain minors. One can also apply these results to the categories
of finite-dimensional representations of algebras depending on a parameter, such as quantum sl, or
affine or finite Hecke algebras; these form categories over open subsets of A}C.

Given a scheme X, let cl(X) denote the subspace of closed points. The following lemma is elemen-
tary.

Lemma 3.5. Let f : X — Y be an S-morphism for X, Y of finite type over the noetherian scheme S. Then the
set of s € S with the map cl(fs) : cl(X5) — cl(Ys) bijective is constructible.

Proposition 3.6. Let € = (Ob, Mor, Comp, Id) be an S-category of finite type, with S noetherian. There is a
constructible set In C Ob (resp. Fi C Ob) such that, for s € S, the closed points in In; (resp. Fiz) correspond to
the initial (resp. final) objects in Cs.

Proof. We treat the initial case. An object A in a category C is initial if and only if for all B € C,
the diagonal map Hom¢ (A, B) — Hom¢ (A, B) x Home (A, B) is bijective. Hence, consider A aqor :
Mor — Mor xgpxsob Mor. Let T C Ob x5 Ob denote the constructible set of t € Ob x5 Ob such
that (A aor); = A Mor; is bijective. Then let In = Ob — p;(Ob x5 Ob — T), where pq : Ob x5 Ob — Ob
is projection on the first factor. O

Given an S-category ¢ and a finite (ordinary) category Z, we can consider the functor cate-
gory ¢Z, whose object scheme E is constructed so as to parametrize Z-diagrams of morphisms,
and whose morphism scheme is constructed to parametrize morphisms of diagrams. Specifically, E is
constructed from the scheme [];.4_, 4 4 acz Mor via a suitable intersection of equalizers corre-
sponding to composability and the relations defining Z, for instance. Finally, we can consider the
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comma category ¢om as a category over E; indeed, there is a functor over S from Com to €<, Let
F be the object scheme. Then, since the universal objects in a comma category consist of diagram
schemes and their limits, Proposition 3.6 implies the following corollary. It can also be dualized for
colimits.

Corollary 3.7. Notation as above, if € is of finite type and S noetherian, there is a constructible subset L C F
such that for each s € S, Ls has closed points corresponding to pairs of C; valued Z-diagram schemes with
limits in Cs, and those limits.

3.3. Envelopes of categories

Recall that the Karoubi envelope of a category is formed by adding formal images of idempotent
elements. The construction, presented, e.g., in [2], is as follows. Given C, an object in Kar(C) is a
pair (A, e) where A € C and e € Hom¢ (A, A) is idempotent. A morphism between (A, e) and (B, f)
is a C-morphism h: A — B with h=hoe = f oh. Note incidentally that the identity endomorphism
of (A,e) is given by h =e. The Karoubi envelope of an Ab-category is an Ab-category too. An Ab-
category equivalent to its Karoubi envelope, or equivalently such that every idempotent has an image,
is called Karoubian. Next, the additive envelope of an Ab-category A has objects consisting of formal
direct sums @_; A; with A; € A, with morphisms between @;i_; A, @'[_; B; defined as appropriate
m-by-n matrices, and composition as matrix multiplication. Finally, the pseudo-abelian envelope is the
Karoubi envelope of the additive envelope. A pseudo-abelian category is an additive category where
every idempotent endomorphism is a projection, or alternatively one equivalent to its pseudo-abelian
envelope.

Proposition 3.8. There is a 2-functor Kar : AbCats — AbCats preserving the property of finite type such that
Z(Kar(€)) is equivalent to the Karoubi envelope of %(<). There are similar 2-functors Add, Ps : AbCats —
AbCats, though these do not necessarily preserve the property of finite type. Kar, Add, Ps all commute with
base extension.

As the proof will show, this is true for internal categories in a category with arbitrary fibered
products. Even so, we cannot find this result in a reference.

Proof. All these categories are constructed to parametrize suitable diagrams. Given ¢ = (Ob, Mor,
Comp, Id), we take for the object scheme Obyg of Kar(€) the intersection of the equalizer of
Ob x5 Mor under the three maps {p1,dom o p,,cod o p»} and the equalizer of the maps {Comp o
A Mor © P2, P2}, Where pq, p2 are projections on the first and second factor. The morphism scheme is
taken to be the intersection of the equalizers of Obg x s Obg x s Mor under {p;0q1, domogqs}, {p10q2,
cod o g3}, {Comp o (g3, p2 o q1), Comp o (p2 o q2,q3),q3}, where q1,q2,q3 are the projections from
Obg xs Obg xs Mor onto the first, second, and third factors. Then the first part of the result fol-
lows from the definitions, since base extension commutes with S-products. The proof for Add is
similar, though because of the infinite coproduct involved over direct sums of larger sizes, Add does
not preserve the property of finite type. Then Ps = Karo Add. O

3.4. Semisimplicity

We shall now demonstrate a method of proving generic semisimplicity of a family of categories.
Theorem 3.9. Let € be a finite type Ab-category over S for S a noetherian scheme. Suppose Z C S is a Zariski
dense subset such that for s € Z we have Ps(C;) semisimple abelian with endomorphism rings either zero or

infinite. Then, for & in a dense open subset of S, PS(C";) is semisimple abelian.

Proof. Without loss of generality, assume C; Karoubian for s € Z. Recall that Sim c Ob is con-
structible, for Ob the object scheme of €. By Propositions 3.4 and 3.7, there are constructible subsets
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sim!, Sim?, ... c Ob with (Sim™); having closed points corresponding to objects in C; which are the
direct sum of at most n simple objects, for each s, n.

Let M = supyeopx sob dim(Mory) = Supxeobxsop dim(Morz). We show that for s € Z, any object in
C; is a direct summand of at most ~/M simple objects. Indeed, if X € C; is nonzero and simple, then
dim Morm > 1 since Hom(X, X) is infinite. If Y = X7 & --- & X;; for X; nonzero and simple in Cs,
then m? < dim/\/lorm—y) < M, since from projection, inclusion, and Comp, there is an isomorphism

of schemes Morv; ~[1; ; 5 Morz x;- In particular, we see that (Ob — simM; =¢ if N> M

and s € Z. Hence Obg = (SimN)g for £ e U for U C S open and dense. By shrinking U if necessary
and using Proposition 3.7, we may assume Cg admits kernels and cokernels for & € U. The additive
envelope of Cg for £ € U is thus semisimple abelian and consequently is equivalent to the pseudo-
abelian envelope. 0O

3.5. Deligne’s categories as Al.-categories

We now incorporate Deligne’s construction into the above framework. It follows that there is a
category 9ep’(St) over A! with Z(9ep’(St)) ~ Rep’(St); the object scheme is an infinite coprod-
uct ]_[j6220 A" while Mor =]]; A" x ARec(k) “where Rec(j, k) denotes the number of equivalence
classes of recollements of a set with j elements and one with k elements.

Let SRep”(St) = Ps(Mep/(St)); this admits a bifunctor over A! corresponding to the tensor product.
By base extension of fRep”(St) via Z[T]— R, T — t, we find:

Proposition 3.10. There is a Spec R-category ERep(S)f with %(%ep(S)f) ~ Rep(S;, R).

It is clear that the tensor structure on SRep(S)f is a bifunctor T over SpecR. Moreover, if D is
the “diagonal functor” Rep(S)R — Rep(S)R x g Nep(S)E, then there are natural transformations over
SpecR, Id - B(D), B(D) — Id from the self-duality in Rep(S¢, R), which satisfy the appropriate ax-
ioms for evaluations and coevaluations.

We let Rep(S) = S‘iep(S)?[T]; this is a category over A}C. For t € AL, let Rep(S); be the fiber
of Mep(S) at t. There is a similar situation for the Dep(S)™, which correspond to the categories
Rep(S:)N) defined in 4.1 of [5]; these are pseudo-abelian envelopes of A(}:—categories of finite type.
Finally, we let 9%ep(S)-N) correspond to the category Rep(S;)™-M), which we define as the Karoubi
envelope of the category obtained by formal direct sums with at most M elements of objects in
Rep’(Se)™; then Mep(S)M-N) is an approximation to Rep(S)™) and, most importantly, is of finite
type.

There is a similar situation for the interpolations of Rep®9(GLy,), Rep®™(0;), and Rep®™(Sp,,), in
view of their definitions in [4,5]. We omit the details. We thus obtain a new proof of the following
result.

Theorem 3.11. (See Deligne [5], contained in Theorem 2.18.) Let F be an algebraically closed field of character-
istic zero. Then Rep(S;, F)(N) is semisimple abelian for all but finitely many t € F, which are algebraic over Q.
Rep(S;, F) is semisimple abelian for transcendental t. Similarly for the other Deligne categories associated to
the general linear, orthogonal, and symplectic groups.

Proof. The statement about Rep(S;, F)™ follows from Theorem 3.9 applied to (Rep(S)5")(:N) and
Maschke’s theorem. The statement about algebraicity follows because all the schemes in question are
actually defined over Q. This implies the rest of the corollary for Rep(S;, F) since Rep(S;, F)) ¢
Rep(St, F) is a full subcategory and Rep(S;, F) = |y Rep(St, F)(N). The other cases are handled simi-
larly. O

Unfortunately, this method does not address the rationality questions that arise when F is not
algebraically closed. For a different method that yields the generic result using the specific properties
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of the partition algebra, see [3]. For results on the generic semisimplicity of tensor categories obtained
using the calculus of relations on regular categories, cf. [13]; this method uses the specific properties
of degree functions.

By base extension, there is a specialization functor

(M.N)

Sp; : Rep(St., C[T1) = 9,1 (Rep($) M) — Rep(sp™MN

for t € C. In simple terms, this corresponds to substituting a value in for a polynomial. When n € Z 3,
we may also define Sp : Rep(St, C[T]) — Rep®4(S,).

For a given object or morphism a in Rep(St, C(T)), we can define almost all specializations Sp;a.
Indeed, if Y is either the object or morphism scheme, then the map SpecC(T) — Y factors into a
map of the form Spec C(T) — SpecC[T]1p(ry — Y, where P(T) is a suitable polynomial.

For almost all t, specialization sends the simple objects X, in Deligne’s category Rep(St, C(T))™)
indexed by the partition 7 : I, 4+13+- - -+ =1 to those of Rep(S;)™) similarly indexed, by the proofs
in [5], §5. Deligne constructs the relevant objects by using certain “Young projectors” on objects [U].

Finally, for n > 2N + 1, the simple object X; of Rep(S,)™, which is a full subcategory of
Rep°™(S,), corresponds to the classical Specht module associated to the partition n=n—1+1, +
-+++ 1, in view of 6.4 in [5].

4. The dAHA categories

We shall now apply the methods of the previous section to the Etingof categories associated to
the dAHA.

4.1. Rep(J%) in the present framework

It is not immediate that the Etingof categories form an instance of “categories depending on a
parameter.” This follows from the next result, essentially due to Comes and Ostrik.

Proposition 4.1. (See Comes and Ostrik [3].) On the A(}:—category Rep(S), there exists an endomorphism 2
of the identity functor Idgeps) interpolating the action of the Jucys—-Murphy element in the integer case.

Consequently, there is an A}c-category Rep(°) with Z(Rep(H);) ~ Rep(s#). There is a similar

situation for Rep(2) ™ and Rep(#)™M-N) which correspond to the categories where the underlying
object in Rep(S;) belongs to Rep(S;)™ (resp. Rep(S;)M-N)),

4.2. The classical dAHA representation theory

We state the classification of simple .7;-modules. Given a € C, there exists an evaluation homomor-
phism 4, — C[Sy] (see [1], Lemma 1.5.3) that is the identity on C[S,] and sends x; — a + Zj<i(i J).
Alternatively, the homomorphism sends y; — a + % > i (i j). There is a corresponding evalua-
tion functor Ev, : Rep®™d S, — Rep®™ .5%,. Next, there is a homomorphism %, ® & — Hpin in-
ducing the canonical maps C[S;] ® C[Sp] = C[Sm4n] and C[x1,...,xn] ® ClXmt1,s ...\ Xmtn] —
CI[X1, ..., Xm4n]. They lead to induction functors Rep®™ 5%, x Rep®d 7% — Rep®d 7, sending A, B
to Hmin ® 1,02, (A B), which can be iterated. Cf. [11].

Fix an unordered partition 7 :n=1j + --- + ly. Let ¢ = C¥, spanned by a basis €,...,€/; this
corresponds to the abelian Lie subalgebra of gl consisting of diagonal matrices. Let t; be its dual,
and €1, ..., €t be the dual basis to €7, ..., €. Set p = %ij(e,- —¢€j). Let

Dy={rety: A +p)(€ —€])¢ZN(=00,0), 1<i<j<k}
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Fix u=73"; ui€; € t. Define

,,,,,

If w+1lie1 + ey +--- +Ig€; € Dy, then M" ()5 is called a standard module.

Theorem 4.2. (See Zelevinsky [16].)

1. Each standard module M™ ()5 has a unique simple quotient L" (i1) . Every simple representation of 2,
is isomorphic to some L™ (14) .
2. L"()5 contains as an Sp-submodule the irreducible S,-representation corresponding to the partition .

Zelevinsky proved this in [16] in the language of p-adic groups. The statement above is from
Theorems 2.3.1 and 2.3.3 of [15]. We will interpolate the standard modules to complex rank.

4.3. Interpolation of Ev,

The evaluation homomorphisms themselves do not make sense in complex rank, but the next
result shows that the associated functors do.

2
Proposition 4.3. There is a functor over A, Ev : Bii (MRep(S)) — Rep(s) inducing by fibers for a € C,
functors Evg : Rep(S) — Rep() that interpolate the evaluation functors defined above.

For finite sets Uy, ..., Un, the space @);Inj(U;, ) has a C[S,]-basis indexed naturally by recolle-
ments C of Uq,...,Uy such that |C| < n. This is a generalization of Proposition 2.8 of [5] and is
proved precisely the same way. We shall use this in the proof.

Proof. In the sequel, we shall abuse notation and occasionally blur the distinction between [U] and
Inj(U, I). Consider the integral case. Let I = {1,2,...,n}. From the Ev, functor, we have an Sj-
morphism [One] ® [U] — [U], which corresponds to an element e € [One] ® [U] ® [U]. Let y;,i €l
denote the canonical basis for [One]. Then

e= > y,@f@(af—k%Z(ij)Of)-

iel, felnj(U,I) J#i

We compute the coefficients of e in terms of the canonical basis y; ® f® g, i€, f,gelnjU,]I.
Fix i, f, g. Then y; ® f ® g will occur in e precisely if f = g or if f, g differ by a transposition starting
at i, which corresponds to the image of One in the recollement induced by i, f, g.

If f +# g, then the coefficient of y; ® f® g is 1. If f =g, and i ¢ Im(f), the coefficient is a +
Cardl — CardU — 1; if f =g and i € Im(f), the coefficient is a. Otherwise, it is zero.

Thus, translating the basis elements into recollements as in Proposition 4.1, we can describe
[One] ® [U] — [U] by the sum ZDeRec(One,U,U) QP®,a)(D) (which by itself is a map [#] —
[One] ® [U] ® [U], but one can apply self-duality), where the QP are polynomials. In general, in
Rep’(St, C[T]), the morphism h ® M — M for M = [U] is defined through Y, Qp(T,a)(D). We can
check that the dAHA identity (5) holds by specializing T — n for n large, and similarly for functorial-
ity. The functors then extend to the pseudo-abelian envelope, and one then applies base extension to
SpecC[T]. O
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4.4. Interpolation of induction functors

We now construct the induction functors necessary to interpolate the standard modules.

Lemma 44. Let I, ] be finite sets, and let S;,S; be the corresponding permutation groups. Then

lndﬁjuxfsj (Inj(V, D ®Inj(J, ) ~Inj(V u J, I U J), where L denotes the disjoint union of sets.

Proof. We have an S; x S;-morphism Inj(V,I) ® Inj(J, J) — Resﬁj“xfs] Inj(V u J,1u J) that sends

ef®ey for f:V -1 and o: ] — ] to ef,,. By Frobenius reciprocity, we get an S j-map

lndgzuxfsj (Inj(V,I) @mj(J, J)) — Inj(V u J,Iu J), which is seen to be surjective as follows. When
|V| < |I], the image contains at least one basis element ej, for some h:V U J — I U J gluing together
some f:V — I,Id: ] — ], and the span of the corresponding Sy; orbit is seen to be the full space.

Since the dimensions of the two vector spaces are easily checked to be equal, the map is bijective. O

Proposition 4.5. Fix N, n. Then for all t, there is a functor

Ind : Rep(S)™ x Rep®™(Sn) — Rep(Seam) N+

such that if A € Rep(St,C(T)),B € Rep"rd(Sn), then for almost all t, we have Ind(Sp;(A), B) ~
Sp:(Ind(A, B)) € Rep(S¢yn) and for almost all m € Zxo, lndgz*;”sn(Spm(A),B) =~ Sp,,(Ind(A, B)) €
Rep®™(Sm-n).

This could have been stated more closely in line with the framework developed in the previous
section, but we thought it would only obscure the meaning.

Proof. We first describe the functoriality of induction via recollements. As usual, we start with the
integral case. Assume |J| =n and |I| =m. Given C € Rec(V,U) and D € Rec(/J, J) with |D| =n, then

lndﬁjuxfsj((C), (D)) =(CuD):mj(VuJ,Iu])—IjUuj,I1u]),

i.e, (CuD)eRec(Vu]J,Uu]J) is induced by (C), (D). Note that such (C), (D) form a basis for the
relative Hom-spaces if m is large enough (and always span them). In view of this, we now construct
the interpolated Ind on the full subcategory of Rep(S:) x Rep®™d(S,) consisting of objects of the form
([V1,[JD, by sending ([V],[J]) — [V u J] and morphisms (C), (D) to (C u D); functoriality is a poly-
nomial condition in terms of recollements and holds everywhere by testing at large integers. The
functor extends by additivity to the Karoubi envelope of this full subcategory, which up to equiva-
lence contains as a full subcategory Rep(S;) x Rep®™(S,). The specialization assertion follows from
Lemma 4.4. O

Remark. It does not seem possible to make more than one parameter non-integral in the above
functor, because induction from S;; x S; — Sp4n multiplies the dimension by (%Tn’?!, which is not a
polynomial in n, m; if, however, one variable is fixed, then the expression becomes a polynomial in
the other. Nevertheless, it is possible to define restriction functors Rep(S¢+y) — Rep(S¢) X Rep(Sy),
by sending h - h ® 1 1® b and extending tensorially. Consequently one may define consequently
a left adjoint (at least generically, when the categories are semisimple) from Rep(S;) X Rep(S,) into
the ind-completion of Rep(S¢4,). When one parameter is in Zxo and we use the ordinary category,
we do not need ind-objects.

In the next result, we do not obtain an everywhere defined induction functor. It is an open ques-
tion to determine “degeneracy phenomena” where it cannot be defined.
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Proposition 4.6. Fix n, N € N. Then for transcendental t, there is a functor

Ind : Rep(4) ™) x Rep®™(#5) — Rep(Hyn) N7

such that A € Rep(J#), B € Rep®d(J%,) imply that for almost all m € Zxo, lndﬁzgﬂgn (Sp,,(A), B) ~

Sp,,(Ind(A, B)) € Rep™ (4.
Here T is an indeterminate, and the category Rep(.77, C(T)) is defined in the analogous way.

Proof. The Poincaré-Birkhoff-Witt basis theorem for the dAHA (cf. [11]) implies that for A €
Rep®4(5%,), B € Rep®d(.5%,), we have

Resg™" Ind 7" . (A, B) ~ Indg™!’s (Resg’™(A), Res{/" (B)).
By Proposition 4.5, we need only describe the y-morphism.

First, we describe the functors appropriately in the integral case, as usual. Let [ ={1,2,...,m},
J={m+1,...,m+n}. Consider A € Rep®4(%,), B € Rep®4(2%). By adding a direct summand
with dAHA-action coming from Ev if necessary, we may assume that as an Sp (resp. S;) mod-

ule, A = @P,5[Us] € Rep®d(s%,), B = DByes )] € Rep®™(#) for some finite sets U, S, S’. Now
Indg™ s (BslUsl. D [J1) = D5 [Us + J1.

For simplicity, we assume S and S’ consist of one element; the general case is handled similarly.
The y-map [U]®[One] — [U] is described by some element ny,-‘g C? er®ei®eg € [U]®[One]®[U].

Similarly, the map [J] ® [One] — [J] is described by Zh,j,lD;l,jeh ®ejQ®e, and the map [U + J]1®

[One] — [U + J] can be described by some Y, , EZ ep ® ek ® eq. Given Cf . DL j» we need to

compute EZ «- Given the action of y; (i € I) on [U], to get an action of y; (i € I) on [U + J] we must
add —% times the action of the cycles (i j') for j' € [m +1,n+ m]. We similarly get the action of y;
(jeJ)on [U+ J] using the action of y; (j € J) on [U] and additional 2-cycles, by the definition of
the homomorphism 4, ® 7 — n+n, Which preserves the x; generators.

Given k € I 4+ ] corresponding to the image of One, p e Inj(U + J, I+ J),qeInjlU + J,I+ ]), we
compute Ez,k. By Sij-invariance, assume p comes from pasting p’: U — I, p” =1Id;: ] — J. Sup-

pose first k ¢ Im(p”) = J C I + J. Then E;k —cilv if qly =1dj. If q|; varies from the identity by a

p’.k
transposition starting at k, then Ez’k = —%, and otherwise E;’)!k = 0. Now suppose k € Im(p”) = J.
Then E;’Lk = chld’k if qly = plu, Eg,k = % if qly, ply differ by a transposition starting at k and

ql; =1d;, and Ei,k = 0 otherwise. Thus, we have described the induced y-morphism in terms of
recollements, and interpolation can proceed.

Finally, the dAHA identity (5) on each factor describes closed subschemes V1, V5 of some coprod-
uct of affine spaces over C[T], and induction is a morphism f into some coproduct of affine spaces,
which has a closed subscheme V3 from (5) too. Now, (f (V1 x V3)); C (V3); for r € Z3q large, so we
can apply the usual constructibility argument to see that the induced y-morphism satisfies (5) for all
but possibly finitely many algebraic t. O

This functor can be iterated to multiple factors, a fact that we shall use below. We shall keep the
same notation.

4.5. Simple objects in Rep(747)
Fix N. Let 7w : [ + --- + I, be an unordered partition of I < N. Then for a = (a1,...,a) € t, set

M@y = ]“dg—l,lz....,lk (EVa, 401, ..., Evg1p, 1) € Rep(J%), where 1= [#]. This initially appears to be
defined for t transcendental, but in general we may define
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M' @)z =Sp(Indf_;;, | BVayp1,..., By p, 1) € Rep(4).

By the construction of Proposition 4.6, there is a morphism s : Agj XC A{é — Ob, where Ob is the
object scheme of %ep(jf)(M’N) for M, N large, such that s(t,aq,...,a) =M, ..., a)x.

Theorem 4.7.

1. For all transcendental t, every simple object in Rep(%) is a quotient of some Mt (a)y.
2. Given an unordered partition 7t and t transcendental, the set of a € C¥ with M!(a),, not simple is con-
tained in a finite union of hypersurfaces.

Proof. We shall prove this in steps. The first part will follow from the next lemma.

Lemma 4.8. If N € Z3, then outside a finite set Sy C C of algebraic numbers, any simple object in
Rep(4, C)N-N) is q quotient of some Mt (a); with || < N.

Proof. It is enough to prove this for each N. Let Sim be the constructible subset of the object scheme
Ob of fep(s#)N-N) as in Proposition 3.4, and let Ind C Ob be the constructible set parametrizing
the images of M‘(a); for |[T|< N, ae t, te A}C. Using Proposition 3.2, we see that there is a con-
structible Q C Ob with Q; consisting of quotients of objects in Ind;. Now Q; D Sim; for s € Zxo
sufficiently large by parts (1) and (2) of Theorem 4.2, so the statement holds generically. Thus it
holds at least one transcendental t, so in view of the action of the Galois group Gal(C/Q), at all
transcendental t. O

For the next part, we prove:

Lemma 4.9. Let v be an unordered partition of N < n. Then the set of a € C¥ with M"(a); € Rep"“jl (74, not
simple is contained in a finite union of hyperplanes.

First, we review some known results. Fix n. Given A € t{, there is an Arakawa-Suzuki functor, con-
structed in [1] for O(sly) and described slightly more conveniently for us in [15], F; : O(gl) —
Repord(jfn), where O(gly) is the BGG category associated to the Lie algebra glj. This is defined sim-
ilarly to the category O associated to a semisimple Lie algebra, cf,, e.g., [9]. In detail, let t;,n; be
the subalgebras of upper-triangular and diagonal matrices, respectively. An object X € O(gly) is a
representation of gl which is finitely generated over the enveloping algebra of gl;, semisimple as a
representation of t;, and locally finite under the action of ny.

For a1 € ¢, let V(1) € O(gl) be the Verma module and W (1) its unique simple quotient. If
A=p+ (n—1De; + ey + -+ Ige; is dominant, then by Theorems 3.2.1 and 3.2.2 of [15] we have
F,(V(u)) =M" () and F, (W (u)) = L"()x or 0. Recall that L" () is the unique simple quotient,
as in Theorem 4.2.

Proof of Lemma 4.9. Consider the set of a such that a+ (n — I3, ...,l;) is dominant and a is an-
tidominant. The set of such a is a countable union of hyperplanes in Aﬂé = ;. For such a, the Verma
module V() is irreducible (cf. [9]) and W (@) ~ V (a), so it follows that

Fatm—ty,.. 10 (W @) = Farn—ihy,...1 (V@) =~ M" (@) #0.

Hence M"(a); >~ L"(a);;, which is simple. Thus the set of such a is contained in a countable union of
hyperplanes. However, in view of Proposition 3.4, the set of such a is constructible and thus contained
in a finite such union. O
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We now finish the proof of Theorem 4.7. Given 7, there is a constructible set Const C A}C XC A{é
such that the fiber over t € C corresponds to a € CK with M{(a); € Rep(&)N-N) simple; this is a
consequence of Proposition 3.4. Then dim(Const,) < k — 1 when n is a large integer by the previous
lemma. The fibers of Const have constant dimension on an open dense subset of AL, so it follows
that Const; is contained in a subvariety of proper codimension for almost all t. In particular, this
must include one transcendental ¢, and we can use the same Galois group argument as before. 0O

In the above proof, the second part of Theorem 4.2 was crucial, because it gave a classifi-
cation of the irreducibles in the truncated categories Rep®™d (%)™ consisting of modules whose
Sp-restrictions contain irreducibles associated to Young diagrams with at most N squares below the
first row.

5. Wreath product categories
5.1. Definition of Rep(A¢)

Let A be a unital associative algebra over an algebraically closed field k of characteristic zero. Let
r:h— bh®h be the dual to the algebra bilinear form p : h ® h — h, where § is the permutation
representation of S,. We shall abbreviate S, x A®" to A, for ease of notation.

Consider the definition of a module M over A;: M is a representation of S;, together with linear
maps yi :A®M — M for1<i<nthatsenda®@mto (1®1®---Qa®---® 1)m, where the a is in
the i-th place. If a € A, write y; , € Homc(M, M) for the map m — y;i(a @ m).

Then by definition, ay,-,aa” = Yo(i),a for o € Sy and yiq 0 yip = Yiap- Also, yi1 =1dy. Finally,
[Via, ¥jpl =0 if i # j and [yiq, ¥ip] = Vi [ap)- Conversely, a system of maps y;q for 1<i<n,acA
satisfying the above conditions on an S,-representation M yields an action of A,. The next result now
follows.

Proposition 5.1. To give an A,-module M is equivalent to giving an S,-representation M together with maps
Ya:HB®M — M fora € A such that the association a — y, is k-linear, y1 = s®Idy for s : h — 1 the standard
morphism, and such that y satisfies the following two further conditions:

Yao(dy ®yp)or=yap:h@M — M, (6)
Yao(dy ® yp) —ypo(ldy ® Ya) o P12 =Yjapo (0 ®ldp) :H@HOM — M. (7)

All this is in a category-friendly stage, and it is now clear how to make the following definition:

Definition 5.2. (P. Etingof, personal communication.) The category Rep(A;) is defined as follows. Ob-
jects in Rep(A;) are objects M € Rep(S;) endowed with a morphism y: A® h ® M — M, where A is
viewed as a vector space, such that the induced morphisms y,: h ® M — M satisfy (6) and (7) above,
and y1 = s ® Idy. Morphisms in Rep(A;) are morphisms in Rep(S;) commuting with the y maps.

Again, it is enough to specify y, for a generating A.

Proposition 5.3. If A is finitely generated, there is a category over Al, Rep(A), whose fiber at each t € k is
Rep(A;) as defined above. If R, S € Z>o, there are subcategories Rep(A) RS of finite type.

Proof. The result is now evident from the remark preceding the proposition when A is finitely pre-
sented. However, when M is of fixed size, e.g., is an object of Rep(S;)®-%), then the y-morphism is
described by certain parameters in k depending on recollements whose number is bounded in terms
of R and S. The relations imposed on y are simply polynomial relations in these parameters, and
by the noetherian property of a polynomial ring, it is clear that we need only impose finitely many
relations on y (where finite depends on R and S). O
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We now carry out the interpolation of certain important structures.
5.2. Vy functors

Fix n € Z>g. Let A be a finitely generated (hence finitely presented) commutative algebra over k.
In this case, we can get the simple objects in Rep®™(A,) by a certain process of parabolic induction,
which begins with an analog of the evaluation homomorphism for 77;,.

Let Char(A) be the collection of characters of A, i.e., algebra-homomorphisms A — k. For x €
Char(A), we define the functor V, : Rep®(S,) — Rep®9(Ay) as follows. Choose M € Rep®™(S,). De-
fine V, (M) to be M as an Sp,-module, and forac A, let 1® - ®a®---®1¢ A®" act on M via
scalar multiplication by x(a). If f: M — N is an Sy-homomorphism, then V, (f):V, (M) — V,(N)
is set-theoretically the same function f.

There is a scheme of finite type over k, which by abuse of notation we denote by Char(A),
parametrizing the characters of A.

Proposition 5.4. There is a functor over A}, V : Char(A) x; Rep(S) — Rep(A), that interpolates the previous
functors V. at natural number points and x € Char(A).

Proof. We start by working in the category Rep’(Ar, k[T]) defined in an obvious way. Let aq, ..., a, be
a generating set for A. Let s: h — 1 be the standard map. Then if M € Rep’(St), define yq :H ® M —
M by x(a;)(s ® Id). We claim that this defines a functor Rep’(St) — Rep/(Ar). Indeed, the fact that
(6) and (7) hold can be checked by specialization T — n for n large, since it is easy to see that the
following definition of yg, is just a category-friendly version of the usual one for the V, functor. It is
similarly checked that for a morphism (C) : [U] — [V], the diagram

Yoy
h[U] —— [U]

\leh®(C) l(c)
y

a

hR[V] — [V]

commutes for each i, so functoriality follows. Then we can specialize the functor appropriately, T — t,
and extend to the pseudo-abelian envelope. O

5.3. Induction functors

We momentarily drop the hypothesis that A be commutative. Now fix ny,ns,...,n € Zxo. Let

N = Z Nns.
Proposition 5.5. Fix a cutoff R. For transcendental t, there is a functor

l
Ind : Rep(Ar—n)® x [ [ Rep®™(An,) — Rep(A) R+
s=2

interpolating the usual functors.

Proof. We handle the case | = 2, because the general case can be obtained by iteration. Fix a € A.
Let t € Zxo. Assume for simplicity that the two objects restrict as S¢-objects to [U] € Repord(st_N),
[J] € Rep®™(Sy), where |J| = N. Then there are maps y : [One] ® [U] — [U],y’: [One] ® [J] — [J]
that describe the action of a; we have dropped the subscript for convenience. Let y be described
by Zf!i!g Cf’ief ®eiQeg € [U]®[One] ® [U]. Similarly, the map y":[J]1® [One] — []] is described
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by Zh,j,d wa.eh ® ej ® eq. Finally, the map [U 4 J] ® [One] — [U + J] can be described by some
Zp’m,q E?,’melﬁ7 ® em ® eq. Given C?,i’ Dfl‘j, we need to compute Eg,m.

Given m € I 4+ ] corresponding to the image of One, p € Inj(U + J,I + J),q € Inj(U + J, I+ J),
we compute Eg,m. By S;ij-invariance, assume p comes from pasting p': U — I, p" =1d;: ] — J.
Suppose first k ¢ Im(p”) = J C I+ J. Then Ej} ,, = clv

p'\m

if g|; =1d;. Otherwise E} ,, =0.

We do a similar procedure when m € Im(p”). Then, E?,,m = D?d‘i’m if q(J) € J and p|y =q|u, and

E?,,m =0 otherwise.

Using this, we can express the functor in terms of recollements (recall that E%,m becomes the
coefficient for the recollement defined by p,q,m), and argue as in the proof of induction for the
dAHA (Proposition 4.6). O

5.4. Some combinatorics

We start by describing the construction of simple objects in the standard case. Fix n € Zxq.

Theorem 5.6 (Classical). Suppose A is commutative and finitely generated. Every simple object in Rep®™(A;)
can be obtained from a partition n =nq + - - - + ny, characters x1, ..., x;, objects M € Repord(S,,j) for1 <

j <1 via Ind:” - @hy (Vy, (M1), ..., Vy (M) where the M € Rep(Sy;) are simple, and x j € Char(A).
nl 1,

For a proof when A is the group algebra of a finite group, cf. [8]. We shall derive a similar classifi-
cation in transcendental rank. In order to apply the machinery developed, we will need corresponding
results on the filtration of these categories.

Corollary 5.7. Suppose n > 2N. Then every simple object in Rep®(A,)™ is of the form Ind(V 4, (M1), ...,
V(M) forny +--- +n < N and My € Rep®9(Sp, )™ (all M; simple).

The corollary is a consequence of Theorem 5.6 and the next lemma.

Lemma 5.8. Let n > 2N. Suppose  :nq +ny + --- +n; =n is an ordered partition ofn, V;j € Repord(sj) is
nonzero, and Indgz1 XX Sy Q®Vjye Rep®d(S)™ . Thenny +---+n < Nand Vq € Repord(sn] U

Proof. Without loss of generality, we may assume each V; simple. Recall what it means for an irre-
ducible object in Rep°™(S,), parametrized by a Young diagram, to belong to Rep°™(S,)™. It means
that below the first row, there are at most N squares. In particular, if A, & are Young diagrams and
A > u in the lexicographical order, then A € Rep®4(S,)™ if € Rep®d(S,)™.

Now, by the following lemma, the lowest simple object in the Sj,-representation

lrldgﬁ1 XSy XX Sy (V1 ®---® V)), with respect to the lexicographical order, has a top row in the asso-
ciated Young diagram of length at most ny. In particular, the rows below it have total length at least
ny +---+mny, so this is at most N. Using similar reasoning, the number of boxes in the Young diagram

of V1 below the first row can be at most N. O

Lemma5.9.letn=n1+---+n,let Vy, € Rep‘“d(sni) be the irreducible object associated to the partition A;
ofnj, andlet V = Ind?:1 XX Sy (& V;X_). Then for some Cp, V =V, ® €D, ;4= CpuVyu where ) is the parti-

tion of n obtained by splicing together all the A; (and possibly reordering) and V;, € Rep®4(S,) the associated
simple representation.

This is essentially the branching rule for the symmetric group.
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5.5. Generic classification of simple objects

Using the machinery developed, we can now extend this result to complex rank generically:

Theorem 5.10. For t transcendental, every simple object in Rep(Ay) is of the form Ind(V y, (M1), V4, (M3),
..oy Vy (M))) where My € Rep(S¢_n) is simple, Mj e Repord(Snj) is simple for j > 1, n >n3 > ---,
N= le nj, and each x; € Char(A). Moreover, different choices yield non-isomorphic objects.

In other words, the simple objects are indexed by families of Young diagrams of arbitrary size,
together with the assignment of a character to each diagram. To the top one, one can append a “very
long line” as usual.

The result follows from the next proposition, since the difference between objects associated to
different Young diagrams or character arrangements is implied by the classification at the integers.

Proposition 5.11. If W is fixed, then for all but finitely many t the simple objects in Rep(Ar)W'W) are
of the form Ind(V (M), Vy,(M2), ..., V4, (Mk)) with M1 € Rep(Se—n)N), Mj € Repord(Sn}.) simple, and
N<W.

The object Ind(V x (M1), Vy,(M2), ..., Vy, (M) may be defined by choosing M} € Rep(Ar_n, C(T))
specializing to M1, applying the functor of Proposition 5.5, and specializing.

Proof. The images of such objects form a constructible subset T of Ob, the object scheme of
Rep(A)W'W) in view of Proposition 3.4. Applying Proposition 3.4 again to Rep(A)™W-W) we see
that T; D Sim; for all but finitely many ¢, since this is true for the (Zariski dense) subset of sufficiently
large integers by Corollary 5.7. O

5.6. The case of A noncommutative

We shall briefly indicate the changes necessary when A is noncommutative. For n € Zxo, it is
known that the finite-dimensional representations of A, can be obtained via a similar process of
parabolic induction, but where characters x are replaced with irreducible representations of A. If x
is an irreducible representation of A, define the functor V : Rep®d(S,) — Rep®™(A,) by sending M €
Rep‘"d(Sn) to M® x®", where S, permutes the factors of x ®". Every finite-dimensional irreducible A,
representation can be obtained from a partition n =nq +- - - +ny, irreducible representations x1,..., xi
of A, irreducible Sn; representations M; for 1< j <1, via Indﬁ’;@‘“@/\n’ (Vi (M1), ..., Vy (Mp)).

Now take n > N. It follows that the simple A, representations that restrict to the truncation
Rep®(S;)™-N) are obtained via such a procedure with ny + .- +n < N, M; € Rep®4(S;, )™ sim-
ple, the dimensions of the x;, 1 < j <[, bounded by some bound depending on N, and x; a
one-dimensional representation (i.e., a character). Indeed, the bound on ny + --- 4+ n; and the fact
that M4 € Repord(snl)“\’) follow from Lemma 5.8. It follows that x; is one-dimensional, or otherwise
V4, (M1) would be too large because of the tensor power and the induced object would not belong
to Rep®d(S,)™-N)_ Similarly, the dimensions of the x;, 2 < j <[, must be bounded in terms of N for
n sufficiently large.

Thus, in the same way, a version of Proposition 5.11 holds for A noncommutative (but with x;
required to be one-dimensional), because the yx; can all be parametrized by suitable schemes, since
their dimensions are bounded depending only on N. It follows that:

Theorem 5.12. For t transcendental, the simple objects in Rep(A¢) for A finitely generated are obtained via
Ind(Vy, (My), ..., Vy,(M))) for each M; simple and x1 one-dimensional.

Curiously, if A has no one-dimensional representations (e.g., is a simple algebra), then Rep(A) is
empty for t transcendental; this is an immediate corollary of Theorem 5.12. The author is indebted to
Etingof for pointing out this generalization.
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5.7. Tensor structure for A a Hopf algebra

We now prove:

Theorem 5.13. If A is a Hopf algebra, then Rep(A;) can be made into a tensor category, in a manner inter-
polating the usual tensor structure (using the Hopf algebra structure on Ay for n € Zxq). Indeed, the tensor
structure becomes a bifunctor over A}{.

For any object M € Rep(S;), set Q1(M) = Hom(h ® M, M), and Q2(M) = Hom(h ® h @ M, M).
Both these can be made into associative rings in view of the map r: h ® h — h and its dual p:
h— h®bh When t € Z is very large, we can think of Q{(M) as parametrizing families of maps
fi:M— M, 1<i<n,suchthat o fioc~' = foq) for o € Sy. The ring structure comes from composing
these families of maps. Similarly, Q2(M) parametrizes families of maps fij: M — M, 1<i,j<n
such that o fijo =" = fs(e(j)- To check that the ring is associative in general, one reduces to the
case M = [S] for S a finite set. Then associativity is a polynomial condition in t, and its holding
at sufficiently large natural numbers implies it at all t. Similarly, it can be checked that there are
algebra-homomorphisms Q1(X) ®, Q1(Y) > Q1(X®Y), Q2(X) ®, Q2(Y) > Q2(X®Y) for all X,Y.

Suppose given a y-map A — Q1(M) for M € Rep(S;). In order that it define a structure of Rep(Ay),
there are certain conditions it must satisfy. We shall first introduce some notation.

Define a k-linear map 6 : Q1(M) ®, Q1 (M) — Q2(M) as follows. Given f,g:h® M — M, define
0(f®g:heheM—> M by

0(f®g=fo(ldy®g —go(dy ® f)oP1,2.

Define y,y’: Q1(M) ® Q1 (M) — Q2(M) by

yf®g=Ffoldy®g, Y (f®=g00dy® f)oP1y.

Note that 6 =y — y’. In the integer case, 6 sends {fi} ® {g;} to fig; — gjfi, and there are similar
computations for y, y’. Define ¢ : Q1 (M) — Q2(M) by setting ¢(f):h@h® M — M to be ¢(f) =
fo(p®Idy). It is easy to check that ¢ is a ring-homomorphism, by reduction to the integral case.

Finally, we may state the two conditions for when y : A — Q1(M) defines on M € Rep(S;) the
structure of an object in Rep(A;). First, y must be a (unital) ring-homomorphism. Second, the follow-
ing diagram must commute:

yoy 6
AR A —— Q1(U) ® Q1(U) —— Q2(U)

e
¢

A——m Qi)

Here, of course, [-,-]: A ®¢ A — A is the commutator map.
As a result, the following is immediate:

Proposition 5.14. An algebra homomorphism A — B induces a functor Rep(B;) — Rep(Ay).

We shall now derive certain commutation relations in Rep(S;) necessary to the proof of Theo-
rem 5.13.
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Lemma 5.15. The following diagram is commutative for all X, Y:

OxQyy +yx by
Q1(X) ® Q1(Y) ® Q1(X) ® Q1(Y) Q2(X) ®k Q2(Y)
l l (9)
Oxoy
QUXRY)® Q1(X®Y) Q2X®Y)

Proof. The result may be seen by reducing to the integral case, since a nonzero 1-variable polynomial
has finitely many roots; this argument will recur. Fix X, Y € Rep®94(S,) and families f;, fjf X — X,

gi, g;. :Y — Y corresponding to elements f, f’, g, g’ of Q1(X), Q1(Y). Then going down and right in
the diagram yields the family of maps

hij=(fi®gno(fi®g;) - (fi®g))o(fi®e)
=(fifj— fifi) ® gigj— fifi ® (gjgi — gig))
=x(fef)ow(Eed)+r(fof)et(geg). O

Lemma 5.16. For any X, Y, the following diagram is commutative:

yx®Ild ld®¢y
Q1(X) ® Q1(X) ® Q1(Y) ——= Q2(X) ® Q1(Y) —— Q2(X) & Q2(Y)

J/’”le@ld l (10)

dxey
QX)) Rk Q1Y) ————— QU1(XQY) ———— QW2(X®Y)

Here mq, (x) denotes the multiplication map.

Proof. As usual, we need only consider the integral case. Consider f, f € Q1(X), g € Q1(Y)
parametrized by maps {f;}, {f/}, {gi}. Then going down and right yields the family of maps h;; =
fif{ ® g and h;j =0 if i # j. Going one step to the right from the top-left square yields {fl-fjf} ®ge
Q2(X) ® Q1(Y), where the first {f,-fj(} is interpreted as a family of maps (hence is in Q3(X)). Then,
going right again and down yields the same h;;, as is easily checked. O

Proposition 5.17. Let C = A ®y, B. There is a tensor product bifunctor Rep(A;) x Rep(B;) — Rep(C;) sending
X,Y > X®Y suchthatif A— Q1(X),y: B — Q1(Y) are the appropriate homomorphisms, then one takes
Y:A®B—> Q1(X)® Q1(Y) > Qi1 (X®Y).

Proof. It is clear that A®; B — Q1(X ® Y) is a ring-homomorphism. We must show that the second
condition is satisfied. All homomorphisms A — Q1(X),B — Q1(Y),A®¢ B — Q1(X ® Y) will be
denoted by y; this abuse of notation should cause no confusion. Fix a®b,a’ ® b’ € A ® B. Then, since
[a®b,d @b'1=[a,d]®bb’ +da®[b,b],

¢ (Viaob,aeb1) =P Via,a1 ® Yo + Yaa ® Yib,b11)- (11)

Here we use y[q¢) ® ypp to refer to the image of it in Q1(X ® Y), by abuse of notation.
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Next, by (9), (10) and its analog for y’, and (11),

0(Yagh ® Yawb) =0x(Ya ® Yar) ® Yy (b ® Yiy) + Vx(Va ® Ya) @ Oy (b ® Yir)
=dxViaa) @ Yy (Vb ® ¥i) + Vx(Va ® Yar) @ ¢y (Vb.b'))
= dxey Via,a1 ® Ybb' + Yaa ® Yib,b'])
= dxey (Viagb,aob1) = ¢ (Vaebhaob)-

It follows that the homomorphism y: A ®; B — Q1(X ® Y) satisfies (8).

Suppose given homomorphisms f: X — X/, g:Y — Y’ where X,Y € Rep(A;), X', Y’ € Rep(By).
Then, we can consider f ® g as a morphism in Rep(S;) from X ® Y — X’ ® Y’. It must, however, be
checked that the commutation with the y-maps is preserved. This is an easy calculation. We have
commutative diagrams:

(’)®XL—X h®YLY
lldh®f lf lldh(@g lg (12)
heX — = X/ h®Y Y

Consider the diagram:

p®Id [d®y,®Id P1,20(yp®Id)oP; 3
hRIXQRY ——————— = hRHhRIXQRY ——————— = hHRIXQY ———— = XQY

l 1d® feld J/ feld

, , ld®y,®1d , P1,20(yp®ld)oP3 3 ,
hRIX @Y — > hehX Y ————— > hHeX Y —— X'QY

J/ 1d® feld l 1d® feld

l l[dRIld®g l [deIld®g \L Id®g

y , pRId , , ld®y.eld , JP120(p@Id)oPr3
hIX QY ——— = hRHRIX' QY ——— = hHX' QY ——— X

J/ l[dRldeg

Y/

It is easy to see that each small square is commutative from (12), so the whole square is commutative.
This implies that f ® g commutes with the y-maps on X ® Y. Thus, we have a functor indeed. O

Proof of Theorem 5.13. When A is a Hopf algebra, the comultiplication homomorphism A : A —
A ®y A yields a functor Rep((A ® A);) — Rep(A;) by Proposition 5.14, and consequently induces a
monoidal structure on Rep(A;) in view of Proposition 5.17. The associativity property of this functor
follows from the associativity of the comultiplication, (A ® Idg) o A = (Id4 ® A) o A, and the pentagon
axiom follows since it is true in Rep(S;).

Next, we construct the unital object. We take 1 € Rep(S;) with the homomorphism A — Q(1)
from A — k — Q1(1), where A — k is the counit and k — Q1(1) the unit; this is an object of Rep(A;)
because Q1(1), Q2(1) are commutative. The unital axioms now follow from those of the Hopf algebra,
so that Rep(A;) is indeed a monoidal category.

We now show that Rep(A;) admits duals, which will complete the proof of the theorem. First, for
all M € Rep(S;), the k-algebra Q1(M) has an anti-involution t obtained as follows: if M = [U], then
the recollement (C) of One, U, U is sent to the one of One, U, U reversing the order of the U’s. This is
to be thought of in the following manner. If |I| =¢, Inj(U, I) has an S;-invariant bilinear form. Given
a family {f;} € Q1(M), T sends this to the family {f,Y} : M — M. There is a similar anti-involution
on Qz(M).
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Given My € Rep(A;) now, we define the right dual M} as follows: as an object of Rep(S;), it is
the same, which we will denote M to emphasize that M itself has no A-action. If y: A — Q1(M)
is the morphism defining the A-structure on My, then consider the homomorphism y’: A Sy A—
Q1(M) 5 Q1(M) as defining the A-structure on MY, where S: A — A is the antipode map. We now
check that the diagram (7) is commutative. Note that (t f ® T7g) = —10(f ® g) and ¢ (T f) = 1o (f),
as are easily checked by reducing to the integral case. Now,

0(¥a® ) =0(Tya ® TYp) = —T0(Ya ® ¥b)
= —T¢(Y[a,b]) = ¢(y/[a,b])’

so M) € Rep(A;) indeed. Define the evaluation and coevaluation maps M; ® M4 — 1, 1— My ® My
in Rep(A;) as simply the usual maps in Rep(S;); it needs only to be checked that they commute with
the y, y’-actions. We will do this for the coevaluation.

Let u € Q1 (M) ® Q1(M). There is a map w: h — M ® M obtained by b hOM®
M m) M®M. Here (Id®t)u € Q1(M)®i Q1(M), which is regarded as an element of Q{(M® M).
Here coev:Id - M ® M is the coevaluation map in the tensor category Rep(S;).

(Id®coev)
e

Lemma 5.18. Themap w : h — M ® M is dual to mq, vy (1) € Q1(M).

Proof. We need only prove this in the integral case. Suppose that u = f ® g € Q1 (M) ®, Q1(M). Then
this can be represented as two families {f;}, {g;} of maps M — M. The map h - M ® M corresponds
to a family of maps {h; : M — M}, which is seen to be figi. O

Recall that for a Hopf algebra A, the following diagram is commutative:

1d®S
A A>'A®I<AH'® A®I<AH'm A
\\\:;\\\\\& ’//////,////”/g//’////////ér
k

There is a homomorphism A — Q1(M ® M) from the action on Ms ® MX. This is given by the
composition

(Id®S)oA y®y Id®t
A—— AQA —— QM) ®r Q1 (M) —— Q1 (M) ® Q1(M).

Finally, we must show that the following diagram commutes:

Id®coev
h—=HeMeM

l n(a) \L (1d®7)o(y®y)((1d®S)oA(a))

coev

1—— MM

The map obtained by going right and then down is equivalent to the map h ® M — M from
m((y ® y)Id ® S) o A(a)) = Yen(ay)- Since y is a unital homomorphism, this is equivalent to 7(a)(s ®
Idy) : h ® M — M. The map h — 1 is, by definition, n(a) times s:h — 1, so the map h > M @ M
obtained by going down and then right is equivalent to n(a)(s ® Idy) : h ® M — M. The same is done
to show that My ® M4 — 1 is a morphism in Rep(A;). Similarly, the existence of left duals can be
shown. O
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6. Wreath products with finite groups

Fix a finite group G. We recall the definition of the Knop categories Rep(S; x G!) in non-integral
rank.

First suppose n € Z>o. Let U be a finite G-set, i.e., one where the stabilizer of each element is triv-
ial, or equivalently one isomorphic to a coproduct of copies of G. To it, we associate a representation
Inj; (U, [[,6) € Rep®d(S, x G") by considering the permutation representation of S, x G" on the set
Injc (U, [ 1, G) of G-equivariant injections U — | [, G. Note that

lan<U,]F[G>®lnjc<V,];[G): P Ian(C,]_[G)

CeRecg(U,V) n

where C ranges over the set Recg(U, V) of “G-recollements” of U, V, where a G-recollement is de-
fined as an equivariant analog of the usual notion: one has equivariant injections U — C, V — C
whose images cover C. Next, when n is large relative to U, V, the space Homs, w¢r(Injg(U, ], G),
Inj (V, [, G)) has a basis of (C)¢, C € Recg(U, V), where (C)¢ is defined in a similar manner as it
was in Deligne’s case. Finally, one can find polynomials QCE,D(T) for C e Recg(U, V), D € Recg(V, W),
E € Recg (U, W) such that

OcoDc= Y  Qfpm(E. (13)

EeRecg (U, W)

Therefore, one may define a Z[T]-linear category Rep’(St x GT) whose objects are symbols [U]g
for finite free G-sets U and Hom([U]¢, [V ]¢) is the free module on symbols (C)¢ for C € Recg (U, V).
Composition is defined as in (13) with T replacing n. For R a ring and t € R, one specializes to obtain
R-linear categories Rep’(S; x G!, R) and takes the pseudo-abelian envelope to obtain Rep(S; x G, R).
Henceforth, we take R =k for k an algebraically closed field of characteristic zero unless indicated
otherwise.

It is now clear that Knop’s categories fit into the framework developed above. In particular, there
is an A,l-category Mep(S x G) whose fibers at t € k yield Rep(S; x G*). Moreover, there are full sub-
categories SRep(S x G)M-N) of finite type that filter iep(S x G), as before.

We shall investigate the relationship between Knop’s categories and Etingof’s categories of semidi-
rect products. In detail, fix a finite group G, and let A =k[G] be the group algebra.

Proposition 6.1. There is a functor F of A,l-monoidal categories SRep(S x G) — Rep(S x A®) interpolating
the usual ones.

Proof. We shall first associate to each object [U]c € Rep/(St x GT,k[T]) an object of Add(Rep’(S1))
and appropriate y-morphisms. Indeed, choose a set u C U of representatives of the orbits of G in U,
and note that for any n, Inj;(U, | [, G) =~ @ Inj(u, I). So we define a map AddRep’(St x G¢hH >
AddRep’(St) by sending [U]c — @Gu [u]. The y-morphism can be described combinatorially. Given
geG and g, g €GY and a recollement C of u, u, One, we must associate a coefficient in such a man-
ner that it describes the homomorphism yg : h  @culu] — Pculul. Suppose C is given by a: u — C,
b:u— C, and c € C corresponding to the image of One. Then (C) occurs with coefficient 1 if a =b,
and g, g’ differ at one point corresponding to c, by the value g. Otherwise, (C) occurs with coeffi-
cient zero. The functoriality of this map can be described combinatorially in terms of recollements
in a similar way, and we omit the details. The fact that this is a tensor functor can be checked by
specialization. Indeed, it can be checked that the functor just defined actually interpolates the usual
tensor functors. O

Our aim is to prove:
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Theorem 6.2. For t € k transcendental, the categories Rep(S; x G') and Rep(S; x A®") for A = k[G] are
tensor equivalent.

Lemma 6.3. Let S be a noetherian scheme. Let R, R’, T, T’ be schemes of finite type over S. Suppose given a
commutative diagram

R— R

L

T —— T’

Then there is a constructible subset C C T consisting of the t € T such that R; — R is bijective (wheret’ € T’
is the image of t).

Proof. There is a map f:R— T x1 R’ of T-schemes. Now, for t € T,

(T x7 R'); ~ Speck(t) x1 R’ ~ Speck(t') x1 R~ (R);.

Then the set C consists of t € T with f; bijective. Therefore, we can apply Lemma 3.5 to the map f
and get constructibility. Note that k(t’) >~ k(t) by the finite type hypotheses. O

Lemma 6.4. If € is a finite-type S-category for S noetherian and C C Ob is constructible, there is a con-
structible set D C Ob such that if s € S, then the closed points of D; corresponds precisely to the objects of Cs
isomorphic to objects in C;.

Proof. There is a constructible subset Iso C Mor such that (Iso); consists precisely of the isomor-
phisms in C;. This is easy to see because Comp is a morphism and the identities form a constructible
subset. Then, the lemma becomes clear. O

Proposition 6.5. Let ¢, D be finite-type S-categories for S a noetherian scheme and F : € — ® a functor
over S. Then the set of s € S with Fs : C; — Ds fully faithful (resp. essentially surjective) is constructible.

Proof. Let Obc, Morc, Obp, Morp be the object and morphism schemes of €, ®. Denote the induced
morphisms of schemes Ob¢c — Obp, Mor¢c — Morp by Fop, FAqor, Tespectively. Let T C Obc be the
set of points t such that Faqer : (Morc); — (MOTD)m is bijective. Let S; C S be defined as S =
S — f(Ob¢c —T), if f:0bc — S is the projection. Then S is constructible and corresponds to the set
of s € S such that F; : C; — D; is fully faithful.

Consider Uy = Fop(Obc). Let U be constructed from U; as in the previous lemma. Let S, =S —
f(©bp — U). Then S, corresponds to points s with F; essentially surjective. O

Proof of Theorem 6.2. The internal functor F as defined previously induces tensor functors F; :
Rep(S; x G') — Rep(A;). Then the induced functor Rep(S; x GH)M — Rep(A;)™) is an equivalence
when t € N and t > N. More precisely, we can see that the functor is faithful, and is full when
considered as a functor from a subcategory of Rep(S; x GH)N-N) s Rep(A)) NN where N” > N’
depends only on N’, N. This last fact is thus true generically. The theorem follows. O
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