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1. Introduction

Let F be a free group of rank n > 1 on a free generating set X = {z1,...,2,}, R a

normal subgroup of F', and

let G = F/R. Consider the quotient

F/IR, F] (1.1)

where R’ is the commutator subgroup of R. This group is a free central extension of

F/R'"

1— R'/[R,F]— F/[R,F| = F/R — 1.
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While the quotient F//R' is always torsion-free [3], elements of finite order may occur
in the central subgroup R'/[R’, F|. The perhaps most prominent instance where torsion
is present is the free centre-by-metabelian group F/[F”, F], that is (1.1) with R = F".
C.K. Gupta [1] discovered in 1973 that, if n > 4, then the quotient F"/[F", F] con-
tains an elementary abelian 2-group of rank (Z), an unexpected result at that time.
Three years later Yu.V. Kuz'min [5] published an alternative proof using homological
methods. Due to the intriguing phenomenon of torsion in such central extensions, and
to the connection with homology of groups, in subsequent years quotients of the form
(1.1) were studied in a number of papers, see [6-9,11-14,2]. Kuz’min [6] proved that, for
any R, the central quotient R'/[R’, F] is isomorphic to a direct sum of a free abelian
group and an abelian group of exponent dividing four. Moreover, he exhibited an ex-
ample where the torsion subgroup contains an element of order precisely 4. Thus the
bound of 4 on the exponent of the torsion subgroup is the best possible in general.
However, in many cases the torsion subgroup of F/[R’, F] is actually an elementary
abelian 2-group or trivial. In fact, a comprehensive description of the torsion subgroup
was given under the condition that the group G has no elements of order 2. It was
proved by the second author [12] that in this case the torsion subgroup ¢(R'/[R', F])
is isomorphic to the homology group H4(G,Zs). An easy proof of this result and of
Kuz’min’s general bound on the exponent of the torsion subgroup can be found in [13].
The remaining challenge is still the case where the group G does contain elements of
order 2. Very little is known. There are various characterizations of the torsion subgroup
in terms of exact sequences (see [9,13,2]), and there are some conditional results, for
example, it was shown in [6] that if the integral homology group H4(G) has no elements
of order 2 then the torsion subgroup ¢(R'/[R’, F]) has no elements of order 4. How-
ever, the only instance of an explicit element of order 4 in a group of the form (1.1)
known up to now is the example given by Kuz’'min in 1982. He showed [6, Section 4]
that if F has rank 2, and R is the normal closure of 2%, 3 and [z1,22], i.e. G = F/R
is a Klein four group, then the elements [IE%, [xl,:ng]} and [x%, [xg,zcl]] have order 4
in (1.1).

In this paper we study free central extensions of the form (1.1) in the case where
R = F?, the subgroup generated by all squares in F. Thus G is an elementary abelian
2-group of rank n, and (1.1) is the free centre-by-(abelian-by-exponent 2) group. Our
main result is a complete description of the central subgroup R'/[R’, F]. We prove that
if R = F?, then

RJ/IR,F1272¢  0L374&® 0Ly DL ® - OZo

a b c

where

-1 1
az(n )2”+(n—1), b:2<n; )7 c:n2"—g(n2+n+2)
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with the convention that (?) = 0 for i > n. Moreover, we exhibit a generating set for
R'/[R’, F] such that this group is the direct product of the cyclic subgroups generated
by the elements of that generating set. The generators of order 4 are the elements

[x227 [xi’x]”’ [l?’ [xj’xi]]

with 1 < ¢ < j < n, that were already discovered by Kuz’'min [6], plus the elements

['7312’ ['rjvxk]] [[xi"rk]a [xia m]H [1‘3, [xivxk]] [[xja xk]? [xj)xi]]

and

[JE?, [Ikvxiu ijv'ri]v [xj7ka [x27 [xj"riu [[Z‘k, x’i]’ [xkvxj]]

with 1 <7 < j < k < n. The complete result is stated in Section 11.

In the next section we introduce some more notation and our main tools, the iso-
morphism (2.1) and the six-term exact sequence (2.4), both of them valid in general,
that is, for an arbitrary normal subgroup R. At the end of this section we turn to the
case where R = 2, and give a brief outline of our strategy. This is then carried out in
the remaining Sections 3-11. Basic results on homology of groups will be used without
special references being given. These, however, can easily be found in [4].

2. The 6-term exact sequence

In this section F' is the free group with free generating set X = {x1,...,z,} forn > 1,
R is a normal subgroup of F, and G = F/R. The relation module of G = F/R is the
free abelian group M = R/R’ with right G-action induced by conjugation in F. For an
arbitrary G-module A, the trivialization of A is Ag = A ®¢g Z, the largest quotient of
A upon which G acts trivially. The exterior and symmetric squares of A will be denoted
by AA A and Ao A, respectively, and both of them as well as the tensor square A ® A
will be regarded as G-modules with diagonal action. It will be convenient to introduce
some special notation for the trivialization of these modules, and also of arbitrary tensor
products. We will denote the canonical image of an element a; A as with aj,a0 € A
under the trivialization homomorphism A A A — (A A A)g by a1 As as. Similarly, we
write aq o, ag for the canonical image of a; 0as € Ao Ain (Ao A)g, and, if B is another
G-module, a € A and b € B, we write a ®, b for the image of a @ b € A ® B in the
trivialization (A ® B)g. The ring of integers Z will be regarded as a trivial G-module
and we set Zo = Z/2Z. The quotient R/[R’, R] is a free nilpotent group of class 2. For
its commutator subgroup there is an isomorphism of G-modules

R'/[R,R|=R/R' ANR/R =M AM
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where the G-action on R'/[R’, R] is induced by conjugation in F', and the G-action on
M A M is the diagonal action. In view of the canonical isomorphism (R'/[R’, R])q &
R'/[R', F), trivializing the action on both sides yields an isomorphism

R'J[R,F] = (M A M)g. (2.1)
Explicitly, the isomorphism (2.1) acts as follows. For rq,r € R,
[r1,m2][R', F] <> r1R A moR.

Throughout this paper we will examine the group on the right hand side of (2.1), and only
in the final section we will use the isomorphism to restate our findings in the language
of group theory.

The relation module M fits into a short exact sequence

0—+M*5 P25 IG—0 (2.2)

where P = IF ®p ZG is a free G-module of rank n with free generators e; = (z; —1)®1
(1 £ i < n), IG is the augmentation ideal of ZG, and the maps are given by rR’ —
(r—=1)®1 (r € R) and e; — x;R—1, see [4, Section VI.6]. The injection p is usually called
the Magnus embedding. The augmentation ideal IG fits into the short exact sequence

0—-IG—>PSZ—0 (2.3)

where ¢ is the inclusion map and € is the augmentation map. The short exact sequences
(2.2) and (2.3) yield a 6-term exact sequence of G-modules

0>MAM s PAP 23 PRIG 25 ZGoZG 257G S5 7y — 0 (2.4)

see [12, Section 7.1] or [10, Lemma 5.1]. The maps in (2.4) are as follows. The map on the
right, € : ZG — Zo, is the canonical epimorphism defined by aé = ae+2Z for a € ZG. The
kernel of this map is the ideal IG generated by all elements g + h € ZG where g, h € G.
The next map «; is the composite of the embedding ZG o ZG — ZG ® ZG defined by
aj; o as — a1 ® as + az ® a1 and the epimorphism e ® 1 : ZG ® ZG — Z Q ZG(= ZG),
thus

(a1 0 ag)ay = (ar€)as + (aze)a; for ay,as € ZG.
The map as is the composite of c®1: P® IG — IG ® IG, the canonical projection

IGRIG — IGoIG, and the canonical injection map IGoIG — ZGoZG, so (pRq)ag =
poogqforpe P, qe lG.
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The map ag is the composite of the embedding P A P — P ® P that is given by
PL AP =P ®ps —pa @pp and the map 1 Qo : PR P — P® IG, thus

(p1 Ap2)as =p1 @ peo —pa @ pro for pi,pe € P.

Finally, the map a4 is the map u A p for the Magnus embedding u : M — P, so
(m1 Amg)ay = mip A map for my, mg € M.

Next we record some easy facts about the modules in the sequence (2.4). For simplicity
we now assume that G is an elementary abelian 2-group. Part (ii) of the following lemma
is well-known (see, for example, [4, Chapter VI.11]), for Parts (i) and (iii) we refer to
[13, Lemmas 4.1 and 6.1].

Lemma 2.1. If G = F/R is an elementary abelian 2-group, then

(i) the exterior square P AP is a direct sum of a free G-module that is freely generated
by the elements e; AN ejg with 1 < i < j < n and g € G, and a direct sum of the
cyclic G-modules generated by the elements e; N e;g with 1 < i < n and g € G,
g # 1. Each of the latter is isomorphic to the ideal (g — 1)ZG.

(ii) The tensor product PQIG is a free G-module that is freely generated by the elements
ei®(g—1) withl<i<nandge G, g# 1.

(iii) The symmetric square P o P is a direct sum of a free G-module that is freely gen-
erated by the elements e; o ejg with 1 < i < j < n and g € G, and the elements
e; oe; with 1 < i < n, and a direct sum of the cyclic G-modules generated by the
elements e; oe;g with 1 < i <n and g € G, g # 1. Each of the latter is isomorphic
to the ideal (g + 1)ZG.

This yields the following for the respective trivializations.

Corollary 2.2. (i) If G = F/R is an elementary abelian 2-group, then

(i) the trivialization (P A\ P)g is a direct sum of a free abelian group that is freely
generated by the elements e; Avejg with 1 < i < j < n and g € G, and a direct sum
of the cyclic groups of order 2 generated by the elements e; Ax ;9 with 1 < i< n
and g € G, g #1;

(ii) the group (P ® IG)q is a free abelian group that is freely generated by the elements
e R (g—1N withl<i<nandg€eG, g#1;

(iii) the trivialization (ZG o ZG)q is a free abelian group that is freely generated by the
elements 1 o, g with g € G.

We conclude this section with a brief outline of our approach. Recall that our aim is
to determine the structure of the abelian group (M A M)g in the case where R = F?,
and hence G = F/R is an elementary abelian 2-group. To this end we consider the
homomorphism
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(M/\M)G—>(P/\P)G

that is induced by the homomorphism ay in (2.4). Clearly, our group (M A M)¢g is an
extension of the kernel of this homomorphism by its image in (P A P)g. In view of
Corollary 2.2(i), this image is a direct sum of a free abelian group and an elementary
abelian 2-group. We shall exploit the six-term exact sequence (2.4) to determine the
kernel of this homomorphism. It turns out that the kernel is a homomorphic image
of the homology group H4(G,Zs3), an elementary abelian 2-group. Consequently, the
kernel belongs to the torsion subgroup T of (M A M)g. Moreover, as we will see in the
penultimate Section 10, the kernel actually coincides with 27

3. The relation module of G = F/F?

For the rest of this paper R = F?, the subgroup of the free group F that is generated
by all squares, and hence G = F/R is an elementary abelian 2-group of rank n. For
x; € X weset y, = ;R € G = F/R. Thus G is the direct product of the cyclic
subgroups of order 2 that are generated by the elements y;,

G = (y1) X (y2) X -+ X (Yn)-

The relation module M = R/R’ will be written additively with the right G-action
denoted by “-”. Thus, for r € R and 1 < ¢ < n we have rR - y; = x;lr:riR’. The normal
subgroup R is generated by all squares in F. Alternatively, R is the normal closure in
F of the squares 27 (1 < i < n) and the commutators [z;,z;] (1 < j < i < n). Hence
M = R/R' is as a G-module generated by the elements 2R’ (1 < i < n) and the
commutators [z;,z;]R’ (1 < j < i< n). Note that the following holds in M for all r € R
and 1 <i<n

rR - (yi — 1) = [r, ] R
Indeed, bearing in mind that the module M is written additively, we have
rR - (y; —1) = x; 'rae;R —rR = r~'a; lray R = [r, xR

This identity will be used throughout without reference. In what follows we will abuse
notation by suppressing the R’ when working in the relation module. For example, the
above identity will be written as

re(yi — 1) = [,z

One easily calculates that the images of the generators of M under the embedding u are
as follows:

ip=ei(yi +1), [z, x5l = ei(y; — 1) —e;(yi — 1). (3.1)
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Our next aim is to find a free generating set for M as a Z-module. The following relations
will be useful.

Lemma 3.1. In the relation module M we have, for 1 <1i,j,k < n,

(i) 7 -yi = a7
(i) [wi, 2] (v +1) =27 (y; — 1)
(i) [zs, 25 (e — 1) + [zj, 2k) - (vs — 1) + [25, 23] - (y; — 1) = 0 (Jacobi identity).

Proof. Part (i) is obvious, and the relations (ii) and (iii) can easily be verified by using
the embedding p. For example,

([wis2s] - (yi + 1)) = [2s, 2] plyi + 1)
=(ei(y; — 1) —ej(yi — 1))y + 1)
=ei(yi + 1)(y; — 1)
= aipuly; — 1)
= (z}- (y; — D)n,

which proves (ii). O
Now we derive a generating set for M as a Z-module. First observe that the set
B={(yi — VWi, = 1) (yi, —1); 1<i1 <izg<--<ig<n, 1<s<nfU{l}
is a Z-basis of the additive group of the group ring ZG. Since M as a G-module is
generated by the elements 22 (1 < k < n) and [xg, 2] (1 <1 < k < n), it follows that
the elements
[xg,x1) - b 1<i<k<n, beB (3.2)
together with the elements
r3-b  1<k<n,beB (3.3)
form a generating set for M as a Z-module. In view of Lemma 3.1 (ii), the elements (3.2)

where b involves either y;—1 or y; —1 are redundant. Indeed, if, for example, b = (y; —1)¥’
where b’ € B and b’ does not involve the factor y, — 1, then, using Lemma 3.1 (ii),

[k, 2] - b= @, 2] - (ye — 1)V = [, ] - (=2 + (y + 1))
= —2[$k,l‘l] b+ in . (xl — l)b/
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where [z, 2] - b is of the form (3.2) with b’ not involving y, — 1, and 2% - (z; — 1)b’ can
be written as a linear combination of the elements of the form (3.3). Moreover, of the
remaining elements of the form (3.2) the ones where b = (y;, —1) -+ - (y;, — 1) with 41 <
are redundant. Indeed, write b = (y;; — 1)’ where b’ € B does not involve y;, — 1 and
y; — 1, then, by using Lemma 3.1 (iii) we have

[z, @] - (yi, — DY = —[x, 24, - (yp — DV + [2g, 24,] - (g — DY,

where the terms on the right hand side are (up to sign) of the form (3.2) with b =
(yi, = 1) (y;, = 1), I < iy and k,l # 41,...,i. Finally, in view of Lemma 3.1(i), the
generators of the form (3.3) where b involves the factor y; — 1 are zero. Consequently,
M is generated by the elements

l’z(yhfl)(qufl):[l‘%,l’“,,x“]
With 1 Sk <, 1<iy < <ig<ny kit i, 0<s<n—1  (34)

together with the elements

[xlmxl] : (y’Ll - 1) e (ylg - 1) = [xkvxlax’ilﬂ .. 7:171'5]

with1<l<k<n 1<I<iy<-<ig<n, k#i,... 05, 0<s<n—2. (3.5)

We claim that this generating set is linearly independent over Z. To verify the claim
we count the number of elements in it. The number of elements of the form (3.5) is

i(?)“”i(?)sni<2)+l+nn2”12”+1,

s=2 s=1 s=0

and the number of elements of the form (3.4) is

So altogether we have (n — 1)2"™ 4 1 elements in this generating set. But this is precisely
the rank of M = R/R’ as a free abelian group. Indeed, this rank is equal to the rank of
the free subgroup group R of F, and the latter is (n — 1)2™ + 1 by Schreier’s formula. It
follows that this generating set is a Z-basis. We summarize our discussion as follows.

Lemma 3.2. The relation module M is a free Z-module of rank (n — 1)2"™ + 1, and the
elements (3.4) together with the elements (3.5) form a Z-basis for it.
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4. A generating set for (M A M)¢a

Let M denote the Z-basis of the relation module M given in Lemma 3.2. Then the
exterior square M A M is, as a Z-module generated by the elements m; A msy with
my,mg € M, and so is its quotient (M A M)¢. In fact, if < is a linear order on M, then
the elements mq Ams with mq, ms € M and m; < ms form a Z-basis of M A M. In order
to get the trivialization (M A M)g from M A M, we need to factor out the subgroup
generated by the elements

(m1 Ame)(g—1)  (my1,my € M, g€ G\{1}).

In other words, in (M A M)g we have the relations (mq A m2)(g —1) = 0, and these are
equivalent to the relations my - g Ax mo = mq Ax mo - g, which, in turn, are equivalent to

M1 TN Mg =M1 A Mo - T (m1,me € M, r € ZG). (4.1)
An obvious consequence of these relations is
M1 AxeMo T = —Mg N Mq T (m1,me € M, r € ZG), (4.2)
which will often be used in what follows. Using (4.1), the generating set of (M A M)¢
consisting of the elements mj; A, me with my,my € M can obviously be reduced to
consist of the elements
2 Aem (1<i<n, me M\ {z?}) (4.3)
and
[xi, ;] A m (1<j<i<n, meM\{|z;z;]}). (4.4)

Our aim is to further reduce this generating set. First of all, if m in (4.3) is of the form
(3.4) with k # i, we may assume that ¢ > k as by (4.2) we have

o} Ay (i = 1) (i, — 1) = —2g Avaf - (g, — 1) (yi, — 1).

We also may assume that i # i1,...,is as if y; = y; for some 1 < r < s (using (4.1) and
Lemma 3.1(i))

i Avxy (Y, — 1) (i, — 1)
=a7 (i —DAcan- (Wi — 1) Wiy — DWiry — 1) (yi, — 1)
—0.
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If m in (4.3) is of the form (3.4) with k =4 and s > 1 then using Lemma 3.1(ii) and (i)
and the relation (4.1) we get:

o} Aea? - (i — 1) (yi, — 1)
=2} A [z ] - (i + D (yi, — 1) - (yi, — 1)
=2 (yi + 1) Ax [0, ] (i = 1) - (i, — 1)
=227 A (i, @i, iy — 1) -+ (g, — 1).

Hence these elements are redundant in our generating set. To summarize, of the elements
of the form (4.3) with m of the form (3.4) we keep the elements

$ Ax (yll 1)(y15—1):1'3 Nx [x‘??xin"'?xis]

2
Zj
withl<j<i<n, 1<i;<---<ig<m, 4, #i1,...,05, 0<s<n—2. (4.5)

Next consider the elements (4.3) where m is of the form (3.5). Suppose that k& = i in
(3.5) (and 80 @ # 41,...,1s). For 1 <4,l,q < n, and r € ZG, we have

xf As [Ty @] - (yg — D)r = —x? As [T, 2] - (yi — D)r — x? As [Tg, 2] - (yi — D)7

—x? Ay — 1) As [z, xg) o+ x? As [Ty 2q) - (it — D7

wF A [, wq) - (g — 1)1

In other words, the relation
x? Ay [0, 2] - (yq —Dr = 2 A, [, xq] - (g — )1

holds for all z;,2;,24 € X and r € ZG. In view of this relation, each element (4.3) where
m is of the form (3.5) with £ = ¢ is (up to sign) equal to an element of the form

:L'? Ax [‘ri’xil] : (yi2 - 1) e (yzs - 1) = xz2 A [xi;xi17$i2; . "‘ris]
withl<i<n, 1<i;<---<is<n, iF#41,...,05, 1 <s<n—1 (4.6)

If we have an element of the form (4.3) where m is of the form (3.5) with [ = ¢, anti-
commutativity allows us to interchange [ with k£ and turn it into an element of the form
(4.6) (possibly with a minus sign) using the same relation. To summarize, of the elements
(4.3) where m is of the form (3.5) with k = or | = i we keep the elements (4.6).

Consider the elements (4.3) with m of the form (3.5) and ¢ # k, . Clearly, these are
zero if one of the subscripts i1,...,1s is equal to 4. Thus it remains to deal with those
elements where i # k,[,i1,...,is. None of these are redundant, we keep them all in our
generating set. In other words, we keep all the elements
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x? N« [miuxiz] : (yis _1>"'(yis _1) :x? N« [mi17xi27xi37"~7xis]
with 1 <7< n, i1,...,1s 6{1,...,n}\{i}, 11 > 0o < i3...<lg,
i Az is, 2<s<n—1 (4.7)

in our generating set.

Consider now the elements of the form (4.4). If m is of the form (3.4) the relation
(4.2) converts these elements to elements of the form (4.3) (with a minus sign) with m
of the form (3.5) which have been discussed above.

Thus we turn to the elements of the form (4.4) where m is of the form (3.5). Firstly
we are concerned with a more general set of elements which contains the elements we
are interested in. More precisely we examine the elements of the form

[xjumjz] N [xj37xj4] ' (yjs - 1) e (yjs - 1)7 Jis-eyJs € {17 . .,’I’L}, s =4, (4'8)

where we do not impose any conditions on the subscripts ji,...,js.- We require the
following lemma.

Lemma 4.1. Any element of the form (4.8) such that two of the subscripts j1,...,js are
equal to some i with 1 < i < n belongs to the span of the elements

[xhxiJ AW [ziywiz] ! (y13 - 1) e (yls - 1)5 Z.1 < 7:27 Epp 2 (49)
involving the same subscripts (counting multiplicities).

Proof. The arguments used in [10, Section 3, Lemmas 3.1-3.3] are easily adapted to the
current situation. 0O

In order to further reduce the set (4.9) we need the following result.

Lemma 4.2. For all 1 <1i,j,k,q <n and all v € ZG we have

iy 5] As [is wx] - (yg = Dr = i, 23] As [wi, 2] - (ye = D
= 2[zi, x;] As g, ] - 7
+af A g, wx] - (y; — D
Proof. By using the Jacobi identity, Lemma 3.1 (ii) and (4.1) we obtain
[wi, 5] A [, 2p] - (yg — D)r
= [xiaxj] N [‘:Cia mq} : (yk - 1)T + [xia xj} N« [l'q,.’[k] ’ (yl - 1)T

= [2s, 23] Au [, 2] - (Yo — D) — 22, 5] A [2g, 20] - 7

+ (@i, 5] (yi + 1) As (g, 8] - 7
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= (i, @3] Au [, @] - (i — V) — 2[wi, a5] Ax [mg, @] - 7
+af - (yy — 1) As g, ] -7
= [@i, 23] As [T, 2] - (Y — V)7 = 2[@g, 25] As [2g, 78] - 7

+xf A [g, 2x] - (y; — Dr
as required. O

The next result will enable us to further reduce the elements of the form (4.8) in our
generating set.

Lemma 4.3. Any element of the form (4.8) such that two of the subscripts ji,...,js are
equal to some i with 1 < i < n belongs to the span of the elements (4.9) satisfying the
additional condition that i1 < i2 < -+ < 15, elements of the form (4.3) with m of the
form (3.4) and (3.5) and elements of the form (4.8) in which all the subscripts j1, ..., js
are distinct.

Proof. We use finite induction on s. The claim is clearly true for s = 4. Now consider
an element (4.8) with s > 4. By Lemma 4.1 we may assume that the element is actually
of the form (4.9) with s > 2. By applying Lemma 4.2 and possibly (4.2) repeatedly,
we get that our element is (up to sign) equal to an element of the form (4.9) with
i1 < iz < -+ < i, plus elements of the form (4.3) with m of the form (3.4) and (3.5)
(using Lemma 3.1(ii)) and elements of the form (4.8) with smaller s. If the latter involves
two equal subscripts, induction applies, and if not, then all subscripts are distinct as
required. O

Lemma 4.4. Any element of the form

[Ti, 4, ] As [0, iy - (Yiy — 1) - (wi, — 1), s2=2

in which two of the subscripts i1, . ..,is are equal or one of them is equal to i belongs to
the span of elements of the form (4.6) and elements of the form (4.9) in which all the
subscripts i1, ...,is are distinct and not equal to 1.

Proof. If iy = i or i5 = i, the element is clearly zero. If one of i3,...is is equal to ¢ we
may assume that 73 = ¢, and then apply Lemma 4.2 with j = i1, k = i, ¢ = i3 = 1,
and r = (y;, — 1)+ (y;, — 1). The lemma then gives that our element is equal to a sum
of three elements, the first of which is zero, the second of which is of the same form
with fewer of the i; being equal to i (so induction applies), and the third of the form
2?2 Ay [0, 24,] - (yi, — 1)r which is in the span of the elements of the form (4.6) (by (4.1)
and Lemma 3.1(ii)) as required. If two of the subscripts i1,...,4s are equal to j, say, we
use Lemma 4.2 and (4.2) to write the element as
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[mi?xj] N [.’Ez‘,ij} : (yil - 1) T (yzs - 1)

plus elements with fewer of the i; being equal between then and elements of the form
2?2 Ay [T, i, - (yi; — 1)7. It turns out that the last displayed element is zero. Once this
will be established, the proof of the lemma will be complete. So, to finish the lemma off,
consider the element 2[x;, z;] Ay [, x| - (yi; — 1)+ (y;, —1). We have

2[wy, 5] A [z, k) - (Y, — 1) - (i, — 1)
= [z, 23] (Wi, — 1) As [is@i] - (Yi, = 1) -+ (3, — 1)

7[*%13 L] N« [mkaxil]'(yiil)(yh -1

] A )
= [ws, 5] A [, @il - (e — D (e, — 1) -+
= [z 2] (g = D) As (o m] - (wi, = 1) - (wi, — 1)

= [wiy, @il - (Y — V) A [ ] - (i, = 1) (yi, — 1)
= [,z A [z, i ] - (i + (i, — 1)+ (yi, — 1)
+ 2[2i, 5] A [z, 2] - (Wi, — 1) (95, — 1)
+ g e - (g = 1) As @iy, @] - (yi, — 1) -+ (33, — 1)
+ ok ] - (Y5 — 1) As [iy, @] - (i, — 1)+ (yi, — 1)
= —[zj, @i, (yi + 1) A [@i, k] - (Yi, —1) -+ (s, — 1)
+ 2[zj, @i ) A [z o] - (Yi, — 1) - (3, — 1)
=i (y; = 1) Ao,z ] (v, — 1) (g, — 1)
+ 2[@, ) As [T, i) - (i, — 1) - (33, — 1)
+ g, an] - (v + 1) As [, @] - (i, = 1) -+ (9, — 1)
= 2[zy, wp] As [y, @] - (Y, — 1) - (95, — 1)
= —af - (ys — 1) As iy, 5] - (i, = 1) -+ (i, — 1)
+ 2k, il A [zg, 2] - (Y, — 1) (yi, — 1)
=i (yy =) Ao 2] - (i — 1) (g, — 1)
+ 2[zi, z5] As [, @iy ] - (Wi, — 1) - (yi, — 1)
a7 (i, — 1) A fzgoan] - (g, — 1)+ (g, — 1)
+ 2[zj, o) A [z i) (Yi, — 1) - (3, — 1)
=22 Aw [os o] (o — Dlwia = 1)+ (s, = 1)
+ (@i 5] As [ns @] - (i, = 1)+ (93, — 1)
+ (g, 2] As (i 2] - (Yo, — 1)+ (95, — 1)
(

o [ons @l As [0, @] - (i = 1)+ (s, = 1)) (4.10)
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We now return to the elements of the form [z;, z;] Ay [, ;] - (ys, — 1) -+ (yi,, — 1). We
have

[ws, @3] As @6, 25] - (i, — 1)+ (i, — 1)
= —[zs, a5] Av (g @0, ] - (g = D(yi, = 1)+ (g5, — 1)

= [wiy 5] Av iy, @] - (g5 = Dy, = 1) -+ (. — 1)
= —lzi, 5] (g + ) Al ] - (i, = 1) - (3, — 1)

+ 2w, m5] Ax gy i - (i, — 1) - (yi, — 1)

= [zi, 2] (v + 1) A iy, @] - (i, — 1)+ (3, — 1)

+ 20w, m5] A iy, @] - (i, — 1)+ (3, — 1)
= —zf-(y; — D) Ax[zj,20] - (i, = 1) - (yi. — 1)

+ 2z, 5] A g, 0] - (Wi, — 1) -+ (g3, — 1)

+ a2 (yi — 1) As (o, i) - (i, — 1)+ (i, — 1)

+ 2z, 5] A iy, @] - (i, — 1)+ (s, — 1)
= —ai Ay, @] (g + Dyi, — 1) (i, — 1)

+ 207 Al wi ] (Y, = 1) (i, — 1)

+ 2z, m5] Av gy i - (i, — 1) - (mi, — 1)

+ 27 A i, i - (i + D (Wi, — 1) -+ (g, — 1)

= 20% Ao i mi) - (i, — 1)+ (93, — 1)

+ 20w, m5] A iy, @] - (yi, = 1)+ (3, — 1)
=—2; A (v, — Dy, — 1) (yi, — 1)

+ 207 A [, w0, (i — 1) - (i, — 1)

+ 20j, ] Ax [z, 2] - (Wi, = 1) -+ (w5, — 1)

— @i Al (g — Dy — 1) (i, = 1)

+ 225 Ay [z, 20, ) - (i, — 1) -+ (ys, — 1)

+ 20wi, wi | As (625 - (i, — 1)+ (wi, — 1)
=2 A gy i] (e = 1) (i, — 1)

+ (2o @i ) A i 2] (Ya, — 1) -+ (i, — 1)

+ 25 A (i w, ] - (i, — 1)+ (s, — 1)

[ @] A fog il (g = 1)+ (0, = 1)
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Using (4.10) we get

2(@2 Al i) (s = D) (i, = 1)
+ [@i, zin] A (i 2] (yi, = 1) - (33, — 1)
+af A [ wa]- (yi, — 1) - (g, — 1)
+ [z, @] A [zg, @i - (i, = 1) (v, — 1))
=2 A o] (i = D)+ (i, — 1)
+2f A iy, 2] (g, — 1) - (i, — 1)
+ @i, i, ] A [, @i - (Yi, — 1)+ (wi, — 1)
+ i, 2] As (i @] (Yiy — 1)+ (yi, — 1)
+ (g, mi) A (@i, @in] - (i, — 1) -+ (wi, — 1)
+af A [ wa]- (yi, = 1) - (g, — 1)
+2f A i, - (Y, — 1) - (g, — 1)
+ [z, @i | A [@is @] - (Yig — 1)+ (yi, — 1)
+ (@i, @] A [, @] - (Yis — 1)+ (wi, — 1)
+ (i, 5] As [y, @35 ] - (Yig — 1) -+ (Wi, — 1))
= 0.

This completes the proof of the lemma. 0O

This lemma together with Lemma 4.3 tells us that all elements of the form (4.8) with
two of the subscripts equal between them are redundant in our generating set, except
the elements of the form (4.9) with the additional conditions that i # iy,...,4s and
i1 < 1y < --- < iz. In other words, the elements we keep are

[xivxil] Ax [xiaxiz] : (yis - 1) T (yis - 1) = [mivxil] N« [l‘i71‘i2,$i37 s 7xis]

with 1 <i<n, 1<ip <ig <+ <ig<nm, i#in,... 05, 2<s<n—1.  (4.11)

Finally, we are left with reducing the set of elements (4.8) in which all subscripts are
distinct.

Lemma 4.5. Any element of the form (4.8) such that the subscripts ji,...,js are mutually
distinct is in the span of the elements

(4.12)

N
VA
N
3

[Tiys Tiy ] As [Tigs Tiy] - (Yiy — 1)+ (i, — 1), 4
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such that {il,...JS} = {jl,...,js} with i1 > 19, 13 > 14, 11 > i3, G > ig, 19 < i5 <
- < g, and the element

[Tk Tho] As [Thss Thy | - (Yhs — 1) -+ (Yg, — 1) (4.13)
where {j1,...,7s} = {k1,.. . ks} with k1 < ko < -+ < ks.

Proof. We refer to the proof of Lemma 3.3 in [10]. The arguments used there in the
context of Lie rings are easily adapted to the group commutators in the present paper. O

Following [10], we call elements of the form (4.12) Kuz’min elements. We summarize
the result of our discussion so far as follows. The group (M A M)¢ is generated by the
elements (4.5), (4.6), (4.7), (4.11), and, for all subsets {j1,...,7s}, 4 < s < n of mutually
distinct elements in {1,2,...,n}, the Kuz’'min elements (4.12) and the elements (4.13)
as specified in Lemma 4.5.

We conclude this section by making some further modifications to this generating set.
Consider the elements (4.11) with s = 2, that is elements of the form

[:ri,xil] AW [ZL’i7£E7;2] with 1 <i < n, 1<y <ig<n, i 75 11, 1%2.

For each triple 4, 7, k with 1 < i < j < k < n, the following elements of type (4.11) with
s = 2 are in the generating set of (M A M)q:

(@, T3] As [Tr, 5], [0y 2] Ax [, Tr], [25, 23] Ax (25, Tk
We keep the first of those, and replace the second and third by
x? A [, k] + [0y 2k] A [0, 25] + x? N @iy or) + (25, 2] As (25, 23]
and
23 Ao [, @] + [, ) A g, ok] + 23 As (25, 23] + [z, 23] As [0, 25),

respectively.
Now consider the generators (4.11) with s > 3, that is generators of the form

[zi,:zrj] N [ziyze] - (yiy — 1) (yi, — 1), (4.14)

with 1 <i<n, 1<j<k<iy < <ig<n ik ir,... 05, 1<s<n—3
We replace (4.14) by the following element
wF A [z ag] - (i = 1) (yi, — 1) + g 2] A fwgaw] - (i — 1)+ (i, — 1)
+ [in,l‘il] Ax ['rijk] ' (ylz - 1) e (yu - 1)
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+ @iy, 2] A [Ty 2] - (i, — 1) (yi, — 1)
+ @i, 23] As (@i ox] - (Yi, = 1) -+ (i, — 1).

It is clear that the resulting set is again a generating set for (M A M)g. Now we are able
to state the main result of this section.

Proposition 4.1. The group (M A M)¢g is generated by the following elements.

(i) The elements
2 A, [m?,xil, e 24,

withl1 <j<i<n, 1<ii<--<ig<n, i,] £i1,...,05 0<s<n—2,
(ii) the elements

2
5 N [Tiy Tiy s Tigy o ooy T,

withl <i<n, 1<y <+ <ig<n, i Fd1,...,05, 1 <s<n—1,
(iii) the elements

2
IE,L- /\* [I)Eil,ilfiml’ig, .. .,.’L’is]

with 1 < i< ny d1,...,0s € {1,...,n}\{i}, i1 > iz <i3...<dis,
i1 F i3y .,0s, 2<8<n—1,
(iv) the elements
(a) [xk,xz] A [2p, ] with 1 <1< j<k<
(b) 7 A [, 2a] 4 [0, p] A [, 25] + 25 A [xi,xk] + (@), i) Ay (25, 23] and
T3 N [, 23] 4 [, 23] As (25, 2] + 3 A (25, ] + [0, 23] As [0, 75]
withl <i<j<k<n
(€) @2 Aw [k, g, @iy ooy i)+ [T, 5] A [T, Thy Tiy s+ ooy 24,
+ (@i, @iy ] A (@, Tk, Tig -+, @i ]+ [Ty, 5] As (24, Ty Tigy -0, 4,
+ [, 5] As (@i, Ty Tigy - - - Ti |
withl <i<n, 1< ]<k<21< c<ig <N, i # ki, .05, 1 <s<n-3,
(v) for all subsets {ji,...,Js}, 4 < s < n, of mutually distinct elements in {1,2,...,n},
the Kuz’min elements

[xiﬂxiz]/\* [xigaxi47xi57'--a'ris]7 4<S<TL,

with {Zl,.. ZS} = {jl,...,js} and i1 > to, 13 > G4, 11 > 13, Il > 14, l2 <
i5,... < 1is, and the element

[xk37xk2] N [l’]m,xkl,l‘]%, D 7xk5]

where {j1,...,5s} ={k1,. .. ks} with k1 < ko < -+ < ks.



208 M. Alexandrou, R. Stéhr / Journal of Algebra 430 (2015) 191-237

5. Homology of elementary abelian 2-groups
In this section we exhibit a free resolution for the trivial G-module Z, and record some

facts about the homology of the group G. Recall that G = G; X --- X G,, is a direct
product of cyclic groups of order 2. For each G; = (y; | y? = 1), the complex

v

Pl — 032G, 2N viZG, TN ViZG; AN v/er <750
with
i g vi_ 1 (yi — 1), forodd j > 1;
j_

1(y; +1), forevenj>2

is a periodic free resolution for the trivial G;-module Z. Then the tensor product V =
Pl ® - --- @ P" is a free resolution of the trivial G-module Z. The terms V,, of this
resolution are free G-modules with free generators

1 n
U(s1,.y8n) = Usy K- ® Vs,

with s1,...,8, > 0 and s1 + --- + s, = m, and the differentials 9,, : V,, — V,,_1 are
given by

n

U(sh.‘.,sn)a = Z(_1)51+M+Sk71U(S1,~..,(Sk71)>~~-78n)rk
k=1

where r, € ZG is defined as

1;

yr — 1, for odd s >
T =
k yr + 1, for even s > 2.

Here we use the convention that v, . s,y = 0 if one of the subscripts is negative, and
that s + -+ 4+ sg_1 = 0 for £k = 1. The rank of the free G-module V,, is equal to the
number of degree m monomials in n commuting variables, that is rk V,,, = (m-};:z—l)' The
homology groups H.,,(G,Z2) can instantly be obtained from the resolution V. They are
the homology groups of the complex Zs ®g V. All the differentials in this complex are
zero maps, and this gives the following result.

Lemma 5.1. The homology groups Hp, (G, Z2) for m > 1 are elementary abelian 2-groups
of rank (m+£—1>' As homology groups of the complex Zo @ V they are generated by the

cycles 1 @ v, .. s,) With 81+ -+ + 55, = m.

We also need to know the homology of G with coefficients in the exterior and symmet-
ric squares of free G-modules. By Lemma 2.1, this amounts to determining the homology
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of G with coefficients in the cyclic modules (1 o ¢)ZG and (1 A ¢)ZG. 1t is easily seen
that the complex

P,: L5 e2G 2 7.6 475 G — (10 9)ZG, (5.1)

is a free resolution of the cyclic module (1 o g)ZG. Hence the homology groups
H,,(G, (1 0g)ZG) can be obtained as the homology of the complex P, ®¢ Z. The terms
of this complex are infinite cyclic groups, and the differentials are zero maps in odd
dimensions, and multiplication by 2 in even dimensions. This yields the following result
for H, (G, (10g)ZG), and the corresponding result for H,(G, (1A g)ZG) can be obtained
similarly.

Lemma 5.2. Let g € G, g # 1. Then

Zo, for odd m > 1;

Hm (G, (1o g)2G) = { 0, for even m > 2.

0 for odd m > 1,
H,, (G, (1ANg)ZG) =<} !
(G, (1A 9)ZG) { Zo, for even m = 2.
As cycles in the complex P ;®cZ the nontrivial elements of H.(G, (1og)ZG) are generated
by the cycles f ® 1.

Of course, the groups H,,(G, (10¢g)ZG) can also be obtained as the homology groups
of the complex (10 ¢)ZG ®¢ V. One of the technically most challenging tasks in this
paper will be to determine the homology groups H,,(G, (1 0 g)ZG) in terms of cycles in
that complex. This will be carried out in Section 9.

By combining Lemma 5.2 with Corollary 2.2 we get the following.

Corollary 5.3. We have

(i) Hn(G,PAP)=0 for all odd m > 1,
(ii) Hpn(G,ZG o ZG) =0 for all even m > 2.

6. The kernel of the homomorphism (M A M)g — (P A P)g

In this section we explore the six-term exact sequence (2.4) to obtain information
about the kernel of the homomorphism (M A M)g — (P A P)¢. For brevity, we denote
this kernel by T5, and we also suppress the group G in the standard notation for homology,
i.e. we write H,,(A) rather than H,,(G, A) for the m-th homology group with coefficients
in a G-module A. First of all, we break up (2.4) into four short exact sequences as follows.
Firstly, we have
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0-MAM—-PAP—-Q—0 (6.1)

where @ = ker ag, then we have

0-Q—=>P®IG—IGolG —0, (6.2)

furthermore we have
0= IGoIG — ZGoZG — IG — 0, (6.3)

and finally we have
0— IG = ZG — 7y — 0. (6.4)

Consider the long exact homology sequence stemming from (6.1)
co» > Hi(PAP)—> Hi(Q)—» (MAM)g — (PANP)g — Qg — 0.
Since Hy(P A P) = 0 by Corollary 5.3, this yields an isomorphism

Ty =2 H1(Q).

Dimension shifting using the short exact sequence (6.2) whose middle term is a free
G-module gives H1(Q) = H2(IG o IG), and hence we have an isomorphism

T2 = HQ(IGOIG) (65)
The long exact homology sequence stemming from (6.3) yields an exact sequence
oo = H3(ZG 0 ZG) — H3(IG) — Hy(IG o IG) — 0, (6.6)
where the zero on the right is actually Ho(ZGoZG) which is zero by Corollary 5.3. Finally,
dimension shifting using (6.4) gives an isomorphism Hs(IG) = Hy(Z,). By combining
this with (6.5) and (6.6) we get the following.
Lemma 6.1. There is an exact sequence

e — Hg(ZG o ZG) — H4(ZQ) —T5 — 0.

In particular, Ty is an elementary abelian 2-group, a quotient of the homology group
Hy(Zs).
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7. Torsion elements in the generating set

In this section we examine the images in (P A P)g of some of the elements in the
generating set of (M A M)q in Proposition 4.1.

Lemma 7.1. The images in (P A P)g of the elements (ii), (iv.b) and (iv.c) in Proposi-
tion 4.1 are of order 2, and, moreover, they are linearly independent over Zs.

Proof. We know from Corollary 2.2 (i) that (P A P)¢ is a direct sum of a free abelian
group and its torsion subgroup t((P A P)g), an elementary abelian 2-group. The latter
is (as a Zgp-module) freely generated by the elements e; A. e;g with 1 < 4 < n and
g € G\ {1}. Tt is easily seen that the elements

ei Neei(yi, — 1) (yi, — 1) (7.1)

with 1 <7< n 1<4 <+ <ig<nandl < s < n also form a Zs-basis of
t((P A P)g). Now, the images of the module generators z? and [z;,;] of M under
the Magnus embedding i have been recorded in (3.1). Using this, one calculates that
the images of the elements (ii), (iv.b) and (iv.c) in Proposition 4.1 in (P A P)g are,
respectively, as follows:
(11)" e Axeilyi — )iy — D(Yi, — 1) -+ (g, — 1),
(iv.b)" ei A eiy; — 1)(yk — 1) + 5 Awej(yi — 1) (v — 1),
ej Nwej(yi — D) (yx — 1) +ex Awex(yi — 1)(y; — 1),
(iv.e)” ei Aveiy; — D(yw — D(yi, — 1)~ (i, — 1).

We observe that the images of all those elements are in t((P A P)g). The elements (ii)’
and (iv.c)” are distinct basis elements of the form (7.1): the former involve both e; and y;
but the latter don’t. Moreover, for each triple ¢, 7, k with 1 < i < j7 < k < n, the images
(iv.b)’ involving the subscripts 4, j, k span a 2-dimensional subspace in the 3-dimensional
subspace of t((P A P)¢) that is spanned by the basis elements

ei Nwei(y; — D(yk — 1), ej Avej(yi — D(ye — 1), e Awer(yi — 1)(y; — 1).

These elements are not of type (i)’ (since those elements involve both e; and y;) and
they are not of type (iv.c)’ (since for those elements s > 1). Hence all these 2-dimensional
subspaces (for distinct triples 7, j, k) and the span of the elements (ii)’ and (iv.c)’ generate
their direct sum in ¢((P A P)g). It follows that the elements (ii)’, (iv.b)’, and (iv.c)’ are
linearly independent over Zy and, consequently, the elements (ii), (iv.b) and (iv.c) with
a range of subscripts as in Proposition 4.1 are also linearly independent over Z,. O

Lemma 7.1 tells us that, modulo Ty, the elements (ii), (iv.b) and (iv.c) in Proposi-
tion 4.1 have order 2, and since 75 is an elementary abelian 2-group, these elements have
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order 2 or order 4 in (M A M)q. We conclude this section by showing that some of these
elements are actually of order 2.

Lemma 7.2. Of the elements in the generating set for (M AN M)q as given in Proposi-
tion 4.1, the elements (ii) with s > 1 and the elements (iv.c) have order 2.

Proof. Consider the element z? A, [z;,z4,] - (yi, — 1)+ (yi, — 1) with s > 1. We have

o} A (i) (i — 1) - (yi, — 1)

=2} (i, — V) A [ws, 2] (i — 1)+ (i, = 1) by (4.1)

= [xiwiy] - (Ui + 1) Ax [Tis @] - Wiy — 1) -+ (v, — 1) by Lemma 3.1 (ii)
= @i, i) Av (i, @i, (g + D (Ys, — 1) -+ (ya, — 1) by (4.1)

= [xi, Tiy) Aw 22 (yi, — D(yiy — 1) -+ (s, — 1) by Lemma 3.1 (ii)

=2 A @iy, @] - (i, — D(yig — 1)+ (yi, — 1)

Hence we can write

2%12 Nx [$i7xil] : (yiz - 1) T (yis - 1)
= a7 A ([0 i) - Wiy = D(yis = 1) i, = 1) + [wo,20,] - (i, — 1) -+ (i, — 1))
= —2 Ay ([2i, 20,) - (Y — D (wiy — 1)+ (yi, — 1)) by the Jacobi identity

=0.

This shows that the element 27 A, [z, %] - (yi, — 1)+ (s, — 1) has order 2. For the
elements (iv.c) we have

2(w2 A [ono 5] (g — 1)+ (s, — 1)

+ (@i 5] As (@i, an] - (yi, — 1) - (i, — 1)
)
)

+ [xi"ril] A [xﬁxk] . (yzz - ) -1
1
_ 1))
-1

1 Yi
+ [@ir, 5] As (i o] - (Y3, — 1) -+ (v,
+ [i, 5] A (2o, k] - (yi, — 1) ;
= 2(2F As [on 5] - (yiy = 1) -+ (i, — 1

+ [, 4, ) A [z, 28] - (Y3, — 1)

o
.
(i,
- 1)
e (yi, — 1))

= [z ] A ([ ] - (i = 1) + [z, @] (g — 1)) (Wi, = 1) - (v, — 1)
+ (i 5] - (i, — 1) Aw (@i, o] - (yi, = 1) -+ (wi, — 1)
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+ 2[xi1,xj] /\* [mzvxk] : yis - 1)

g = 1)

= 2[zi, ) A [k, @y | (Y, — 1)+ (v

=2(2? Au [z, 5] (ys, — 1)+ (s, — 1
(

+ [xivxil] A [xj7xk]

(
(

Yi, — 1)+ (i, — 1))
+ [z, 2] - (yi + 1) As iy, zn) - (i, — 1) -+ (i, — 1)
+ (i, 5] - (e = 1) As @i, @iy ] (Wi, — 1) -+ (33, — 1)
= (lwg ] (i = 1) + [, i) (g5 — 1) A i an] - (9, — 1) (9, — 1)
= 2[zj, zi ] As [T mr] - (Yi, — 1)+ (yi, — 1)
= 2(aF As fzn, 2] - (i, = 1) - (i, — 1)
(Yiz = 1) (yi, = 1))
+af (Y — D) A i, me) - (g, — 1) (i, — 1)
+ ([ ] - (yy = 1) + [z, 23] - (e = 1) A s 2] - (9, = 1) - (i, — 1)
+ (@i, o] - (v + 1) A [2g, i) (Wi, — 1) - (g3, — 1)
=2(2} Ax [zr, 2] - (g, — 1) (3, — 1)
+ [z, i) A g, 0] - (Wi, — 1) -+ (wi, — 1))
=27 (i, — 1) (i, — 1) As ([owo 23] - (9, — 1) + [z, 20,] - (e — 1))
— [z ] (i — D) A [z @i - (Yi, — 1)+ (yi, — 1)
+af (e — D) A g ma] - (4, — 1) (yi, — 1)
= (¢ (i, = D) = [wi ] (yi + 1) As few, 2] (i, — 1) -+ (i, — 1)
=0.

+ [‘T“xll] Ax [xmmk]

This shows that these elements have order 2. O

The remaining torsion elements in our generating set, that is the elements (ii) with
s = 1 and the elements (iv.b) have order 4. This will be shown in Section 10. But first
we turn to the free abelian part of (M A M)¢

8. The free abelian part of (M A M)¢a

In this section we deal with the elements of our generating set from Proposition 4.1
that have not been discussed in Section 7. We will show that these elements freely
generate a free abelian group. In order to prove this, we first determine the number of
these elements, and then we exploit the exact sequence (2.4) to show that this number
is precisely the rank of the free part of (M A M)g

When counting the various sets of elements, we will use the identities
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S0 SEE)-() w50 e

The number of elements of type (i) is

n—2
n n—2 _ (M\on—2 _ _20n-3 n—3
(2>Z(m)_<2>2 =n22" 73 —pan—3,
m=0

As to type (iii), for a fixed set of distinct free generators {z;,,...,x;,} the number of
elements of the form [;,, ©i,, Tig, - . ., s, ] With i3 > i9 < i3... < i, is s—1. Consequently,
the number of elements of type (iii) is

H”Z; (n;1>(81)n§<n;1)8n§<n;1>
=n2"2(n—1)—nn—1)—n2" ' +n+n(n-1)

n22n72 _ n2n72 _ n2n71 4+n

The number of elements of type (iv.a) is clearly (). The number of Kuz'min elements
with distinct entries {z;,,...,2;,}, 4 < s <nis $s(s—3) (see [10, Lemma 7.1(ii)] where
this is proved for s > 5, and the case s = 4 is easily verified directly). Hence the total

number of Ku'min elements of type (v) is

PSRNV DB

m=4 m= m=4
(n +n?)2n2 % —%<2>4 ;(g)g
‘;’ 2"+ n +3 < ) ( )
=n2""% 4 p?2" % 4 () 3n2" 2.
Also, for each set of distinct entries {z;,,...,z; }, 4 < s < n we have precisely one extra

element of type (v), i.e. we altogether have

()= -(3)-0)

such elements. Hence the total number of elements of types (i), (iii), (iv.a) and (v) is
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3

+ (278 40227 4 (;) —3n272) 4 (2" =1 -n - (’;) - (g))

=n?2" "t —p2nl _pon gy 2" 4 —1
=nn—-1)2""1—(n-1)2"+ (n—-1)

_ [( ) (”_1)]2"+(n—1)
= (";1>2n+(n1).

We record the result as follows.

(n22n73 _ n2n73) 4 (n22n72 _pon2 _pon—l n) + (n)

Lemma 8.1. The total number of elements of types (i), (iii), (iv.a) and (v) in the gener-
ating set for (M N M)¢g in Proposition 4.1 is

(";1>2"+(n—1).

Now we work out the rank of the free abelian part of (M A M)g. It is plain that this
rank coincides with the dimension of (M A M) ® Q). Tensoring the six-term exact
sequence (2.4) with Q gives an exact sequence

0->MAM)2Q— (PAP)Q— (PRIG)®Q
= (ZGoZG)®Q — ZG ® Q — 0,

which remains exact upon trivializing the G-action:

0= (MAM)®Q)e = (PAP)®Q)e — (P®IG)® Q)
— ((ZG o ZG) ® Q)¢ — (ZG ® Q)¢ — 0.

This exact sequence yields

dim((M A M) ® Q)¢ = dim((P A P) ® Q)¢ — dim((P ® IG) ® Q)
+dim((ZG 0 ZG) ® Q)¢ — dim(ZG ® Q)g.  (8.1)

In view of Corollary 2.2, the free part of (P A P)¢ is a vector space with basis e; Ay e;g
with 1 <7< j <nandgé€ G. Hence

dim((P A P) ® Q)g = (g‘) on.
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The tensor product (P ® IG)¢ is free on e; ®. (¢ — 1) with 1 <i < n and g € G\{1}, so
dim((P ® IG) ® Q)g = n(2" — 1),
(ZG o ZG) ¢ is free abelian on 1o, g for g € G, so
dim((ZG 0o ZG) ® Q) = 2"
and, finally, (ZG ® Q) = QG, so
dim(ZG ® Q)¢ = 1.
Substituting into (8.1) we get

n
2

- (n21)2"—|—(n—1).

Since this number is equal to the rank of the free abelian part of (M A M), we can now

dim((MAM)® Q)¢ = ( )2"n(2”1)+2"1

state the following.

Lemma 8.2. The rank of the free abelian part of the tensor product (MAM )¢ is (";1)2"4—
(n—1).

Lemmas 8.1 and 8.2 together imply the final result of this section:

Proposition 8.1. The elements of types (i), (iii), (iv.a) and (v) in the generating set for
(MAM)g in Proposition 4.1 freely generate a free abelian group of rank (";1)2"—&—(71—1).

Let us summarize what we have got so far. Modulo Ty, the tensor product (M A M)¢
is a direct sum of a free abelian group, freely generated by the elements specified in
Proposition 8.1, and an elementary abelian 2-group, say 77, generated by the elements
specified in Lemma 7.1. Moreover, by Lemma 7.2 some of the generators of 77 have
actually order 2 in (M A M)¢ itself (rather than modulo T3). By Lemma 6.1, the kernel
T5 is also an elementary abelian 2-group. In other words, (M A M)¢ is a direct sum of a
free abelian group and a torsion subgroup 7', and the latter is an extension of T by T7.
In the next two sections we work out the nature of this extension. This requires a closer
examination of the kernel T5. Note that all the generators of T have non-zero images in
T1 so none of them belongs to Ts. If & € T' we can only have that 2a = 0 or 0 # 2« € Ts.
In the latter case 2(2«) = 0 which implies that o has order 4 in 7. Thus the rank of T
is the number of the linearly independent generators of T' of order 4.
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9. The homomorphism H3(G,ZG o ZG) — H4(G,Z2)

By Lemma 6.1, T is a homomorphic image of the homology group H4(Zs), more
precisely, it is isomorphic to the quotient of Hy(Zs) by the image of H3(ZG o ZG). In
this section we work out that image. The discussion in Section 6 shows that this image
can be obtained as follows. First we need to work out the image of the homomorphism

H3(ZG o ZG) — Hs(IG) (9.1)

in (6.6) that is induced by the epimorphism ZG o ZG — IG in (6.3), and then we need
to apply the inverse of the isomorphism

Hy(Zy) — Hs(IG), (9.2)

which is a connecting homomorphism stemming from the short exact sequence (6.4), to
the result. The group H3(ZG o ZG) is direct sum of the groups H3((1 0 ¢)ZG) where g €
G\ {1}. Each of those is isomorphic to Zy and generated by the cycle f®1 in the complex
P, ®c Z. As mentioned at the end of Section 5, in order to compute the homomorphism
(9.1), we need to find a cycle that generates this group in (10 ¢)ZG ®¢ V. This can be
done via the double complex P, ®c V. We start with the cycle f ® 1 € fZG ®g Vp, and
then alternating with applying differentials and taking inverse images along the following
staircase diagram until we get a cycle in (1 0 ¢)ZG ® V.

f2G ®c Vo

l

elZG g Vi —— eZG ®cg V)

l

fLG ®@g Vo —— fLG ®g V1

l

2GR Vs — G ®Rg Vs

l

(109)ZG ®¢ V3

It is plainly sufficient to perform this calculation for group elements of the form g =
y1y2 - -y with 1 < r < n. The result for an arbitrary group element ¢ = vy;,¥i, - - - Vi,
with 1 <41 < --- <4, < n can be obtained from the former by a suitable substitution.

Note that we write v(; .y for v(1 ... 0) € V1 and similarly for any other element in the

yeen

modules Vi, Vs, ..., the dot will imply that the remaining entries in the index vector of
v are zero.
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So, let g = y1y2 - - -y with 1 < r < n and consider the cycle f ® 1 in fZG ®¢ Vo. This
element is mapped to e(g — 1) ® 1, and by using the identity

viy2-- Yy — 1= —Dyo...yp + (2 —Dyz...yr +---+ (g — 1),

this can be rewritten as

eWryz- - yr—1)®a 1= eyir1...yr Qg (yi — 1).
i=1

An inverse image of this element in eZG ®¢g V7 is

T
Z €Yit+1 - - - Yr QG V(0,...,0,1;,")
i=1

where 1; indicates that 1 occurs in the ith position of the subscript vector. This element
is mapped to the element

T
Zf(yl Y+ DYiv1 - Y ©G V(0,015
i=1

= Zf(yl c i T Yig1 e Yr) G V(0,...,0,1,0)
i=1

+ Wi+ Dyr--via

+ Z (Ys = Dy1+ - Yio1Yss1 - - -yr) ®G (0,...,0,1;,)
s=i+1

= nyl e Yie1 G V(0,..,0,1,,) (ys + 1)
i=1

_ Z fyl...yi_lyj+1...yr ®G
1<i<j<r

[v(0,....0,1,,) (Wi = 1) = v,...0,1,,) (¥ — 1)]

in fZG ®¢ V1. An inverse image of this element in fZG Q¢ V> is

I
§ fyr- - ¥ic1 ®a v,...0,2,,) — § fyr- Yic1¥iv1 - Yr Oc V(0,...,0,14,0,...,0,1;,-) -
i=1 1<i<j<r
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This element is mapped to the following element in eZG g V3

T
Z e yr — Dy1...¥i1 ®c V(0,...,0,2:,)
i=1
- Z e(yr...yr — Dy1 .. Yi-1Yj41 - - Yr G V(0,...,0,15,0,...,0,1;,)
1<i<j<r
T

e(Yi--Yr —Y1---Yi-1) @G V(0,....0,2;,)

=1
- Z e(Yi- - Yj = Y1+ Yi1Yj41 - Yr) DG V(0,...,0,1,,0,...,0,1;,")
1<i<j<r
r 1—1
=e (Z(ye —Dys...yic1+ (Wi — Dyigr - yr
i=1 s=1
T
+ Z (Ys — D)yss1 ..yr) ®a v(o,...,0,2;,)
s=i+1
1—1
te Z (— (Ys = VYs - Yi1Yjr1 - Yr + (Ui + DYjr1-- - Yr
1<i<jsr s=1
j—1
+ Z (Ys = Dyi - Ys—1Yjr1---Yr — (Y5 + Dy Y1
s=i+1
s
- Z (Ys = Dyi - Yj—1Yst1 - - ~yr) ®a v(0,...,0,15,0,...,0,1;,)
s=j+1

T
= eit1- Y BG V0,02, (Ui — 1)
i=1

+ Z eYj+1 - - Yr c [V(0,...,0,15,0,...,0,1,,) (¥ + 1) +v(0,....0,2,,) (5 — 1)]
1<i<j<r

+ Z eyi---Yj—1 ®c [v(o,....0.2,,) (Wi — 1) = V(0,...,0,1,,0,....0,1,,) (5 + 1)]
1<i<j<r

— Z eYi - Yj—1Yk+1 - Yr Dc [V(0,...,0,1,,0,...,0,1,,) (i — 1)
1<i<j<r

= V(0,...,0,11,0,....0,1,) (U5 — 1) +v(0,....0,1,,0,...,0,1;,) (Y — 1)].

An inverse image of this element in eZG ®¢g V3 is

T
Z eYi+1 - Yr QG V(0,...,0,3;,")
i=1
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+ E €Yj+1---Yr @G V(0,...,0,2,,0,...,0,1;,-)
1<i<j<r

+ E , €Yi---Yj—1 QG V(0,...,0,1;,0,...,0,2, )

1<i<j<r

- E €Yi - - Yj—1Yk+1 - - - Yr ®G V(0,...,0,1,,0,...,0,1;,0,...,0,1,") -
1<i<j<r

Finally, this element is mapped to the following element in (1 0 ¢)ZG Q¢ V3

T

Z(l °Y1.. 'yr)yiJrl < Yr BG V(0,...,0,34,)
i=1

+ Y Loy Y)Y - Yr O V(0,...0.2,0,.0,1,.)
1<i<j<r

+ Z Loyt yr)¥i---Yj—1 ®G V(0,...,0,1,,0,...,0,2;,")
1<i<j<r

- Z (Loyi - yr)¥i- - Yj—1Yk+1 - - Yr ®G V(0,...,0,1,,0,...,0,1;,0,....0,1x")
1<i<jgr

= Z Yi+1Yi+2 - - Yr OY1Y2 . .. Yi @G V(0,...,0,3;,")

+ E Yi+1¥Yj42 - - Yr O Y1Y2 - - - Y5 DG (0, ...,0,2;,0...,0,1;,)
1<i<j<r

=+ Z Yilit1---Yj—1 9 Y1Y2 - - Yi—1YYj+1 - - - Yr QG
1<i<j<r

(0,...,0,1;,0...,0,2; ")

- Z YilYit1 - - Yj—1Yk+1Yk+2 - - - Yr O Y1Y2 - - - Yi-1Y;Yj+1 - - - Yk OG
1<i<j<k<r

Y(o,...,0,1;,0...,0,1;0,...,0,1),-) -

Lemma 9.1. The cyclic group H3((1 0 g)ZG) with g = y1y2+--yr with 1 <r < n is, as a
homology group in the complex (10 g)ZG ®¢ V, generated by the cycle

Z Yit1Yi+2 - --Yr O Y1Y2 - - - Y; Q@ V(0,...,0,3;,")

+ Z Yi+1Yj+2 - - Yr O Y1Y2 ... Y5 @G V(0,...,0,2,0...,0,1;,)
1<i<j<r

+ Z YiYi+1 - —10Y1Y2 - Yi—1YjYj+1 - - - Yr Qg
1<i<j<r

V(0,...,0,1;,0...,0,2;,-)
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- Z YiYitl - Yj—1Yk+1Yk+2 - - - Yr O Y1Y2 - - - Yi—1YjYj+1 - - - Yk QG
1<i<j<k<r
V(o,...,0,1;,0...,0,1,0,...,0,1%,-) - (93)
Next we calculate the image of (9.3) under the homomorphism (9.1). We get the
following cycle in IG ®@¢ Vs

T

Z(Z/lyz Y Ytz - Yr) ®G V(0,...,0,3;,0)
i=1

+ Z (iy2 - Y5 + Yjr1Yit2 - Yr) ®a V(0,...,0,2;,0...,0,1;,-)
1<i<j<r

+ Z (Y1Y2 - Vi1 YYi41 - - Yr T Yilit1 - Yj—1) DG V(0,...,0,14,0.. 0,25,
1<i<ji<r

- Z (V1Y2 - Vi 1YjYia1 - - Yk F Yiliv1 - Yj—1Ykr1Ykt2 - - - Yr) B
1<i<j<k<r

Y(o,...,0,1;,0...,0,1,0,...,0,1,-)

i—1
= Z ((Z(ya = Dyst1-- Y+ (Wi + Dyiv1 - yr
I<i<j<k<r \  s=1
T
+ Z (ys = Dyr ... ys) ®a v(0,...,0,3;,-)
s=i+1

i—1
+ (Z(Zl/s = DYst1-Yi-1Yiv1---Y — Wi — Dyr ... y;

s=1

- Z D)Yis1 - Ys—1Yj+1---Yr

s=i+1
+ (5 + Dyivr - yj + Z = 1)Yit1 - Yj—1Ys+1 - -~yr> ®ac
s=j+1

Y(0,...,0,2;,0...,0,1;,°)

i—1
+ (Z(y — DYstr i1y Y+ @i+ Dyirr 951

s=1

- Z DYit1--Ys—1Yj---Yr

s=i+1
T
— (= Dy ¥ — > s — Dyir1 - Y1541 - --ys) ®c
s=j+1

Y(o,...,0,1;,0...,0,2;,-)
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i—1
+ ( Dyst1---Yi-1Yj - Yk — Wi + DYit1 - Yj—1Yk41- - Yr
s=1
-1
+ Z (ys — 1)yi+1 e ysflyj e Yk — (yj + 1)yi+1 e yjflijrl Yk
s=i+1
k—1
= > W= Vi1 Yio1¥s Uk + W+ DY YUY
s=j+1

+ Z (Ys = D)Yig1 - Yj—1Yk - - -ys) ®a U(oy...,0,1i,o...,o,ljo,...,o,lk,.))

Z Yo +1) ®c V0,03, ) Ya+1 - - Yr

— Z [(ya — 1) ®¢ v(0,...,0,24.0....0,15,) — Wb — 1) ®c v(0,....0.3.,) |11

1<a<bsr

+ Z [(ya +1) ®c v(0,...,0,14,0...,0,2,")
1<a<bsr

+(p+1) ®a U(o,...,0,2,1,0..4,0,1“)]ya+1 ceYb—1

+ Z [(ya — 1) ®c v(0,....0,3,)

1<a<bsr
—(pp— 1) ®c U(o,.u,0,1a,0“.,0,2b,-)]ya+1 e Yr

- Z [(ya +1) @G V(0,...,0,10,0...,0,15,0...,0,10,-)

1<a<b<ler
+ (g — 1) ®c v(0,...,0,24,0...,0,1.,)

—(ye — 1) ®¢ U(O7...,072a,0,...,0,15,»)]ya+1 cooYb—1Yet1 - Yr

+ Z [(Ya — 1) @6 v(0,....0,20,0....1.,/)

1<a<b<esr
= (1 + 1) ®G V(0,...0,14,0...,0,15,0...,0, 1)
- (ye — 1) ®¢ U(o,...,0,1a,0,“.,0,2b,.)]ya+1 ce e Yb—1Ybt1 - - - Ye

+ Z [(ya —1) ®c v(0,...,0,15,0...,0,2.,) — (Y — 1) @G v(0,...,0,1.,0

+ (ye +1) ®c U(O,...,O,la,O,“.,O,1;,,0,.“,0,1“-)]ya-‘rl e Yb—1Yc - - -

- Yb

01201')

Yr
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- E , [(Ya = 1) ®G V(0,...0,14.0....0,10,0....0,14,")
1<a<b<e<dsr

= (W — 1) ®G v(0,...,0,14,0...,0,1,0...,0,14,")
+ (e = 1) ®G V(0,...,0,14,0,...,0,14,0,...,0,14,")

—(ya — 1) ®c v(0,...,0,14,0,...,0,15,0,.. 10,.)]ya+1 ce e Yo—1Yc - - - Yd-

Now we apply the inverse to the isomorphism (9.2) to this element. In order to compute
the images of the generators of Hy(Zs) under this isomorphism we use the diagram

Ly ®@c Vs

I

7G @ Vi, —— 7ZG Q@a V3

I

IG®a Vs

which is part of the exact sequence of complexes obtained by tensoring the short exact
sequence (6.4) with the resolution V. The image of a generator of Hy(Zs) is obtained
by taking inverse images and applying differentials as indicated in the diagram. For the
five principal types of generators of Hy(Zs) this works as follows:

1 ®c v, = (1 + 1) ®c v,

1®cvsiy = W —1)®cvei) — (12 —1) ®c v,
1®avez2.) = (n+1)@cvag.y+ (y2+1)®c e,
1®aviei1,) = (W+1)@cvai,y+ (2 —1) ®cve0.1,)

—(y3 — 1) ®c v2,1,,)
l@cvaii,y = (1 —1)®cvoi,1,1,) — (42 —1) ®c va01,1,)
+(y3 — 1) ®c va,1,01,) — (W4 — 1) ®c v1,1,1,

Now that we have the images of these five elements we can obtain the image of a general

cycle of the form 1 ®¢ v(y,,....q,) € Z2 ® V4 by a suitable substitution. In order to apply

the inverse isomorphism of (9.2) to the image of the element (9.3), note that this element
is a sum of cycles in IG ®¢ Vi, and for each of them the image in Z; ®¢ Vi can easily
be read of using the calculation above. The image of the element (9.3) in Zs ® Vj is the

cycle

Z 1 ®¢g Vg (94)

q€l,.
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where I. denotes the set of all subscript vectors ¢ = (¢1,q2,...,qn) With g1 +---+¢, =4
and ¢,41 = -+ = ¢, = 0. This allows us to describe the image of the homomorphism
H3(G,ZG o ZG) — H4(G,Z3) as follows.

Lemma 9.2. The image of the homomorphism H3(G,ZGoZG) — H4(G,Zs) is generated
by the elements

(1) 1®c v,

(i) 1®qvs,1,) +1®ava2,) +18®ava,3,
(iii) 1®c¢vei1,)+1®cva21,)+1®c v,
(iV) 1 ®a U(1,1,1,1,")

and all elements that can be obtained from them by a place permutation of the subscript
vectors. In particular, the rank of this image is (7) + (5) + (3) + (})-

Lemma 9.3. T is an elementary abelian 2-group of rank 2(5) + 2(5).

Proof. By Lemma 6.1, Ty is isomorphic to the quotient of Hy(G,Zs) by the image of
the homomorphism Hs(G,ZG o ZG) — Hy(G,Zz). By Lemma 5.1, H4(G,Zs) is an
elementary abelian 2-group of rank

n+3\ (n L3 n 43 n n n
4 ) \1 2 3 4)
Combining this with Lemma 9.2, we get the result. O

10. The homomorphism Hy(G,Z3) — (M A M)g

In order to get T5, it remains to work out the image of the homology group Hy(Zs)
in (M A M)g. In fact, it is sufficient to find the images of the elements 1 ®¢ v(3,1,.) and
1®gv(2,1,1,.) since, by Lemma 9.2, these elements and all elements obtained from them by
a place permutation of the multidegree vectors, generate Hy(G, Z2) modulo the kernel
of Hy(G,Z3) — (M A M)g. The discussion leading up to Lemma 6.1 shows that the
homomorphism Hy(G,Zz2) — (M A M)q is a composite of connecting homomorphisms
stemming from the four short exact sequences obtained from breaking up the six-term
exact sequence (2.4). To work out this homomorphism, we tensor (2.4) with the resolution
V. This results in a double complex, and we can obtain the image in (M A M)g of an
element from Hy(G,Zs) by starting with a cycle in Zs ®¢ V4 (see Lemma 5.1), and then
alternating with taking inverse images and applying differentials along the following

staircase diagram
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Zoy Q¢ Va

I

7G Rq Vi —— ZG ®Rag V3

I

—— PRIG®c WV

I

PAP®qVi —— PAP®cV,

I

(MAM)®cVo

until we get to (M A M) ®@¢ Vo, and then on to (M A M)g. The result of this calculation
for the relevant elements is given in the following lemma.

Lemma 10.1. The connecting homomorphism Hy(G,Zs) — (M A M)¢g has the following
effect on the elements of Hy(G,Zs), represented by cycles in Za ® Vy:

1®c s,y = 222 A, |1, T3]
1®c V@11, — 2(25 Ax [23,21] + [T2, 1] As [0, 73]

+ 23 A [22,21] + [23, 1] As [23, 32])

Proof. First we deal with vz .) € Za ®¢ Vy. A preimage of 1 ®¢ v(3,1,.) € Z2 ®¢ Vi in
ZG ®@¢ Vi is 1 ®g v(3,1,.)- This has the following image in ZG ®¢ V3

1®a e,y —1) —vs (2 — D] = (131 — 1) ®c v,y — (Y2 — 1) ®c v,
A preimage of (y1 — 1) ®¢ v(2,1,.) — (y2 — 1) ®c v(3,.) in ZG 0 ZG ®@¢ V3 is
(loy1 —1o01)®g v,y — 1oy —101) ®¢q v(s,.).
This maps to the following element in ZG o ZG ®¢a Va

(loy1 —101)®¢ [va,1,)(y1 + 1) + vz, (y2 — 1)]

—(loyz—101)®c v(2,(y1 — 1)
=(ol—yioyr+loyr —1ol)®¢guvua,,

+ (y2oy1ya —y20y2 —loyr + 1ol —y1 oy1yo

+yioyr+loyr —101)®c v,

—(y1—=1)o(y1 — 1) ®c v(1,1,.)
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+ {2 = Doy — 1) +yeol+Togun— (1 —1)o (12— 1)
—loys—(y1—1)o(yiye—1) —yrol—loyiya+101
+(y171)o(y171)+1oy17101} ®¢ v,

—(y1 =1 o(y1 — 1) ®c v(11,)

+ [ = Dol =Dy + (e~ 1) = (2= Do (1~ 1)

— (= Doflyz=Dyr+ (11 — D]+ (51 — Do (y1 — 1)| ®c v2,)
—(p1—=Do(n—1)®cvana,

—(y2—1)o(
—(y2—1)o(y2—1)®c v,y + (11 — 1) 0
— (1 —1o(y1 —1)®cve,)+(y1—1)o

o

Y1 — 1) ®cveay2 + (Y2 — 1) o (y2 — 1) ®¢g v(2,,)
y2 — 1) @a v(2, )01

(
(11 — 1) ®c vz,
(1 —1o(y1 —1)®@cgva,,)— (W1 —1)o(y2 — 1) ®c v(2,)¥2

+ (1 —1)o(y2 — 1) ®c v,y
A preimage of this element in P ® IG ®qg Vs is
—e1® (1 — 1) ®c v,y —e2® (Y1 — 1) @g v Y2 +e1 @ (y2 — 1) ®c v(2,) %1

=—e1® (Y1 — 1) ®cva,1, — €22 @ (11 — 1)y2 ®c vz,
+e1y @ (2 — D)y ®a U(2,)-

The image of this element in P ® IG ®¢ V7 is
—e1®(y1 — 1) ®c [vo,1,) (W1 — 1) — v, (y2 — 1)]
(e ® 1~ Do+ 11 @ (12— Vi ) @ v (1 +1)
= (elyl @ —1)+e1®(y1 — 1)) ®a (0,1,
+ <€1y2 ® (1 —Dy2 —e1® (y1 — 1) + 21192 ® (y1 — 1)y2
—ey2® (y1 — Dy2 +e1® (y2 — 1) +e1y1 @ (y2 — 1)2/1) R V(1.
= (€1y1 @ —1)—e® @y — 1)3/1) ®c v(0,1,-)

+ (61y2®y1y2 —e1yp @y —e1®yr +e®1
+ e2y1Y2 ® Y1Y2 — €2y1Y2 @ Y2 — e2y2 Q@ Y1Y2 + e2y2 @ Yo

te1 @y —e1@1l+e1y1 Quiye —e1y1 ® y1) ®c v(1,)
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= (612/1 @y —1)—e1®(y1 — 1)y1) ®c (0,1,

+ <€1y2 @2 —Dy2 —e212®@ (1 — Dy2 —e1y2 @ 1+ eat192 @ (31 — L)y

—e1y2 @ (Y2 — Dy1yz +e1y2 @ y1
+ey2®@ (i —1)—e1 @1 — Dy —e1y2 @y +e1ye ® 1+ e1 @ Y1y
+e1®@ @2 — Dy —eay1 @ (y1 — 1) —e1 @ y1y2 + e2y1 @Y1 — €21 @ 1

+ey1 ® (Y2 — Dy1 —eap1 @ (1 — Dyr +e2y1 @ 1 —eayy ® y1) ®c v(1,.)-

A preimage of this element in P A P Q¢ V; is

e1y1 N e1 ®a vo,1,)

+ (e1y2 A eayz + e2y1y2 A e1yz + e1y2 A e + €1 A eayr + ey A eayr) R v,y

The image of this element in P A P ®¢g Vj is

eiyr Ner @¢ (y2 — 1)
+ (e1y2 A eayz + eay1y2 A erys + e1y2 Aer + €1 Aeayn
ey A €2y1) ®c (y1 — 1)
= (€1y1y2 Ae1yz —e1yr Aer + eryiyz N e2y1y2
+ eay2 A e1y1ya +e1y1y2 Aeryr + ey Aea +e1 Aes
—e1ya Aealya — eayiya Aerys — e1yz Aer — e1 A eayr — ey A eayr) R 1
= (el’yl Aler(yz = 1) —ea(yr — )] — exyr Aerye
+erAler(ya —1) —ea(yr — 1) +e1 Aer(yr + 1)y2
—e1 Newyiyz —e1 Aeryz —eryz Aer(yr + 1)y
—eay1ye Ner(yr + Dy + eaya Aer(yr + Dye + eryrye Aer(yr + 1)

—eyriya ANer +teya Aer(yr + 1) —erya Aeryr — eryz A 61) ®ag 1

= (erlm + 1) A lery2 = 1) = ealys 1)
+le1(y2 — 1) —ea(yr — D]y Aer(yr + D)y2

+ei(yr + Dy2 Aer(yr + 1)) ®q 1.
A preimage of this element in (M A M) ®q Vj is

(x% A1, To) + (1, 0] - Y2 A 2T Yo + 23 Y2 A m%) ®q 1.
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The image of this element in (M A M)¢ is

z} Ay (w1, 2] + [21, 22] - Y2 As 2T - Y2 + 2T - 2 Ay 2T
=af A [1,22) — 27 - yo As [o1, 2] - go + (27 + [0, 22) - (1 + 1) Aw a2}
= —af- (1 + 1) As 1, 2]
= 227 A, 21, 2]
=227 A, [21, 22]
using the fact that 23 A, [x1, 2] belongs to the torsion subgroup of (M A M)g which
has exponent dividing 4.

Now we deal with the element 1®g v 1,1,.) € Z2®¢ Va. A preimage of 1®¢v(2,1,1,.) €
Zo @ Vy in ZG ®c Vi is 1 ®g v(2,1,1,.)- This has the following image in ZG ®¢ V3

1®a [va,1,) W+ 1) +veo1,) (2 — 1) —ve,y(ys — 1)]
= +1)@cvai1,y+ (2 —1) ®c e,y — (3 —1) ®c v@2,1,)-

A preimage of (y1+1)®GU(1,1,1,~)+(92—1)®GU(2,0,1,~) _(93—1)®GU(2,1,~) in ZGoZG®a V3
is

loy1 ®cvann,) +(loya—101)®agvee1,)— (loys—101)®g va1,.)-
This maps to the following element in ZG o ZG ®¢ V>
loy ®c [’0(0,1,1,-)(1/1 —1) = w0192 — 1) +va1,9(ys — 1)]
+ (1 O Y — 1 o ].) ®G [’U(LOJ,')(yl + 1) + ’U(Q,.)(yg — 1)]
—(loys—101)®a [va,,) (W1 +1) + v, (Y2 — 1)]
=(—yoyyz+loypi+yroyya—yroyr+1loya—1ol) g v1,01,,)
+ (ysoyys —loyr —yroyys+yoyr —loys+101) @g v,

4+ (ysoyays —ysoys—loyz+ 1ol —yroysys+y20y2+ loys
—1eol) @6 v,

:(*(yz*1)°(y1y2*1)*10y1y2+(yl*1)O(y1y2*1)+y101
+10y1y2—101—(yl—1)°(y1—1)—10y1+101> ®G V(1,0,1,.)

+((ys—1)O(y1y3—1)+1oy1y3—(y1—1)O(y1y3—1)—y101
*1°yly3+101+(y1*1)0(yl*1)+10y1*101) ®G v(1,1,,)

+((ys—1)O(yzys—1)+ysol+1oy2y3
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—(s—Do(ys—1)—loys+(y2—1)o(y2—1)
+1Oy2—101—(y2—1)o(y2y3—1)—y201—1oy2y3+101) ®a V.,
= (== Do - Dya+ @ — D] + (51— 1) o [(52 = Dy + (31 — 1)]
—(p—1o(y— 1)) ®a V(1,0,1,.)
+ ((ya —Dofly—Dys+ s — D] = (1 —1)o [(ys = Dya + (31 — 1)]
(1 — 1) o (1 — 1)) B v
+ ((ys —Dofly2=Dys+(ys— D] — (ys —1)o(ys — 1)
+(y2—1)o(y2—1) — (y2—1) o [(y3 — Vy2 + (y2 — 1)]) ®c V2,
=1 —1Do(y2—1)@cva01,9y2 = (12 = 1) o (y2 — 1) ®c v(1,0,1,
(W —Do(y2—1) ®c 01,9y — (W1 —1) o (ys — 1) @c v1,1,9¥3

+(ys—1Do(ys—1)@c v,y + (W1 —1)o(ys —1) ®c va,1,)y1
—(y2—1)o(ys — 1) ®c v(2,yy3 + (y2 — 1) o (y3 — 1) ®¢q v(2,.)Y2-

A preimage of this element in P ® IG ®¢g Vs is
e1® (y2 — 1) ®c va,0,1,9Y2 — €2 @ (Y2 — 1) ®c v(1,0,1,.)
—e2® (1 — 1) ®c 01,991 —e1® (Y3 — 1) ®a v(1,1,)¥3

+es® (Y3 — 1) ®g v,y +es® (y1 — 1) ®c v(1,1,)01
—e2®(ys — 1) ®a v(2,9y3 + €3 @ (y2 — 1) ®a v(2,9Y2

= (—ewm @@ - D0 -1 +en 0 -1)) 8 v
+ (€1y3 @(yzs—1) +es®(ys — 1) —e3y1 @ (y1 — 1)) ®c (1,1,
+ (62213 ®(ys — 1) —e3y2 @ (y2 — 1)) QG v(2,)-

The image of this element in P ® IG ®¢g V1 is

(—61y2®(y2—1)—62®(y2—1)+€2y1®(yl —1)) ®c
[U(O,O,l,.)(yl -1)— U(l,.)(yfs —1)]

+ (61y3 ®(ys—1)+e3®(ys — 1) —eapn @ (y1 — 1)) Qa
[vo,1,9) (W1 —1) —va,)(y2 — 1)]

+ (eams @ (g3 — 1) — €92 @ (32 — 1)) @ w1, (31 + 1)
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= (- e1y1y2 @ (Y2 — Dy1 —eay1 @ (Y2 — Dy —e2 @ (y1 — 1)
+e1y2®@(y2 — 1) +e2® (y2 — 1) —eay1 @ (y1 — 1)) ®c (0,0,1,.)

+ (€1y2y3 @ (Y2 — Dys + e2ys @ (Y2 — 1)ys — e2y1y3 @ (y1 — 1)y
—e192® (Y2 — 1) —ea ® (y2 — 1) + €21 ® (y1 — 1)
—e1y2y3 ® (Y3 — 1)y2 — e3y2 @ (Y3 — 1)y2 + e3y1y2 @ (y1 — L)y
terys @ (y3 — 1) +es® (ys — 1) —esy1 ® (y1 — 1)
+e2y1y3 ® (Y3 — Dy1 — e3y1y2 @ (y2 — D

teays ® (y3 — 1) —e3y2 @ (y2 — 1)) ®c v(1,.)
+ (61y1y3 ® (Y3 — Dy1 +e3p1 @ (y3 — Dy1 +e3 @ (y1 — 1)

—e1y3®(ys — 1) —e3 @ (ys — 1) + e3y1 @ (y1 — 1)) ®aG (0,1,
= ( —e1y1Y2 @ Y1Y2 +e191y2 @ Y1 — e2y1 ® y1yY2 + eay1 @ y1
—e@untedlteay @y —eay2@1+e @y
—e2®1—eay1 @Y1+ e2y1 ® 1) @ v(0,0,1,.)

+ (e1y2y3 © Y2ys — €12y @ Y3 + €2y3 @ Yays — €ays @ Y3 — €ay1Y3 @ Y13
tet1ys Qys — €12 QY2+ ey @1 —e2 Q@ ya +e2 ® 1+ eay1 @
—e2y1 @ 1 — e11py3 @ yays + e192y3 © Y2 — e3y2 ® yoy3 + e3y2 @ 2
tesy1y2 @Y1y — €312 @ y2 +€1Ys ®ys —e1y3 @1 + ez @ys —e3 ®@ 1
—e3y1 @Y1 tezyr @1+ eay1ys @ y1ys — €241Y3 @ Y1 — e3y1y2 @ Y1y2
+esy1y2 © Y1 + eays @ ys — e2ys @ 1 — esyo @ Yo + e3y2 @ 1) @ v(1

+ (e1y1ys ® y1ys — e1y1Y3s O Y1 + €3yt @ Y1ys —esy1 O Y1 +e3 @y —es ® 1
—eys®ysteys®1 —e3Qys +e3 @1+ e3y1 @y1
—e3y1 ® 1) g v(o,1,)

= (613/2 @ (y1 — Dy1y2 — e1y1y2 @ (y1 — Dy + €192 @ y1ye
—e1y1y2 @ Y2 +e2 @ (y1 — Dy1yz — e191y2 @ (Y2 — 1) + €2 @ y192
+e1ya ®y2 —e1y1ye @ L+ ey ® (y1 — 1) —e1 @ (y1 — Dy1ye
tey ®1+e1®@y2 —e1 @yiys +e1y2 @ (Y2 — D)y1 — eay1 @ (y1 — 1)ya
—e1Y2 @Y1Y2 +e1y2 @Y1 —eay1 D Y2 +e2 @ (Y2 — D)y1 — eay1 @ (y2 — 1)
—e@uyten®@pteayr®@y—1)—ea® -1y -y

Fea®yuny—a® y2) ®G (0,0,1,)
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+ (63 @ (y1 — Dy2ys — e192y3 @ (y3 — 1) — €3 @ y142y3 + €3 @ Y2ys3
—e1y2ys @ L+ e1yays ® (y2 — 1) — €2 @ (y1 — 1)yays + e1y2y3 @ 1
+e2 @ Y1y2ys — €2 @ yays + e2t1y3 @ (Y3 — 1) —e3 @ (y2 — 1)y1ys
+eay1ys @ 1+ e3 @ y1yays — €3 ® y1ys +e1 @ (Y2 — Dy1ys

—ea1ys @ (y1 — 1) — e1 @ Y1y2y3 + €1 @ Y1y3 — e2y1y3 ® 1

te2 ® (y3 — Dy1yz2 — e3y1y2 @ (y2 — 1) — e2 @ y1y2y3 + €2 @ Y192
—esy1y2 @1 +esyiye ® (1 — 1) —er @ (y3 — Dyayz +esyiye @1
+e1 ® Y1yays — €1 @ Y1y2 + e2y3 @ (y3 — 1)y2 — e3y2 @ (y2 — 1)ys
teays @ y2 —e3y2 @Yz +e2ys ® (Y2 — 1) —e2 @ (y2 — 1)ys — €293 @ 42
tea®yoys —e2®@ys+e2®@ (y1 —D)y2 —e1y2 @ (y2 — 1) — e2 @ y1y2
+e3 @ (ys — Ly — €392 @ (Ys — 1) —e3 @ yoys +e3 @ Y2 + €392 O 3
+e1ys ® (ys —1) —es @ (y1 — L)ys + e3 @ y1ys

teyn @ —1) —ea®@ e — Dy +e1@yiyz —e1 @y

te1®(ys —Dy1 —esy1 @ (y1 — 1) —e1 @ y1ys +e1 @ 1

tez3® (Y2 —1) —ea®@(ys — 1) —e3 @ya + €2 ®y3) ®c v(1,)

+ <€1y1y3 ®@ (y1 — Dys —e1y3 @ (y1 — Dy1ys + e191y3 @ y3 — €193 @ Y13
+eyiys ® (ys — 1) —e3 @ (y1 — D)yiys — e11ys @ ys + e1yiys ® 1
—e3®@uyste1 ® (Y1 — Dy1ys —eyiyz @ (1 — 1) —e1 @ y3

+e1 ®@y1ys —e11ys @ 1+ e3y1 @ (y1 — 1)yz — e1yz @ (y3 — Dy
te3y1 @ys +e1ys ®y1ys —erys @ y1 +e1 @ (y1 — 1)ys

—eays®@ (1 —1) —e1®@y1ys +e1 @Yz +e1ys @Y1

tesy1 @ (Y3 —1) —e3® (y3 — Dy1 —e3y1 @ yz +e3 ® y1y3) @G v(0,1,.)-

A preimage of this element in P A P ®¢g Vi is

(€1y2 ANeryiyz +ea Aeryiys +erynyz Aer +erya A ey

+ex Aeayr +ey2 A 61) ®a V(0,0,1,-)

+ (e3 Aeryays + e1yays Aea + eanys A es + e1 A eayrys + €2 A ezyrye
+e3y1y2 A er + eays A esya + eays A e + e2 A er1ya + €3 A e3y2
+e1ys Aes + eayr Aer +er Aesyr + ez Aez) ®c v,

+ (e1y1y3 A e1ys + e1y1ys A es + €1 A eryiys + esyr A e1ys
+e1 ANerys +esyr A 63) ®a v(0,1,)-
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The image of this element in P A P ®¢ Vj is

(612!2 ANeryiyz +ea Neryiys +eryayz Aer +erya A eayn
+ez Aeayr +e1yz Aer) @ (y3 — 1)
+ (63 A e1Y2ys + e1yays A ez + eay1ys Aes + e A eayiys
+ea A esyiys + esyry2 A e1 + eays A ezys
+eay3 A ea +ea Aejys +e3 Aesys +e1ys Nes
+eayr Aer+e1 Aesyr +e3 Aez) ®a (y1 — 1)
+ (e1y1ys A e1ys + e1y1ys A ez + e1 A eryiys + esyr A erys
+e1 Aerys + esyr Aes) @a (y2 — 1)
= (e1y2ys A e1y1y2ys + e2ys A e1y1y2ys + e1y1y2y3 A €1ys + e1yays A €ay1ys
+ e2ys A eay1ys + e1yeys A erys — e1y2 A eryiyz — e2 A e1yiye
—e1yry2 Ner —erya Neayr —ez2 Aeayr —e1ya A el + esyr A eryiyays
T e1y1y2ys A e2yr + eays A esyr + e1yr A eays + ey A €3y
+es3y2 Aeryr + eay1ys A esyry2 + eay1ys A exyr + exy1 A e1yiy2
+ esyr Aesyi1yz +eryr1ys Aesyr +ex Aeryr + eiyr Aes + esyr A ey
— ez Ae1Yays — e1Y2ys A ea — e2yh1y3 N ez —er A exyi1ys — e2 A eay1y2
—e3y1y2 Aer — eays Aegyz — eays Aex —ex Aeryz —e3 A ezl
—eysNes —exy1 Aer —e1 Aesyr — ez A ex + eryiyays A e1yays
+ e1y1yays N esya + e1ye A ery1y2ys + esyi1yz A eryays + e1y2 A e1yays
+esyiy2 Nesy2 —e1yiys N erys — e1yiys Aes
—e1 Aeryrys — esyr Aeiys —e1 Aerys — esyr Aes) Qg 1
= (611112/2 Aler(yz = 1) —ea(yr — D]+ ery2 Aler(yz — 1) — e2(y1 — 1))
—eiyz Aler(ys — 1) —es(yr — )] —eryz Afer(ys — 1) —ez(y1 — 1)]
—e1yiyays Alei(yz — 1) —ea(yr — 1)] — eryayays Aer + eryiyays A e2
—e1yays Alei(y2 — 1) —e2(y1 — 1)) — e1yays Aer — e1yays A eapn
+e1yiyays Aler(ys — 1) —es(yr — 1] + e1yayays A er — eryayays Aes
+e1yays Aler(ys — 1) —es(yr — 1] + e1yays A er + e1yays A esyn
—e1y1y2ys Alea(ys — 1) —es(y2 — 1)] — eryayays Ae2 + e1yiyays Aes
—e1y2ys A fe2(ys — 1) — e3(y2 — 1)] + e1y2y3 A eays — e1yays A ez
— e1y2y3 A esya + e1yays A ez +e1yays Afea(ys — 1) — ea(y2 — 1)y
+e1yays A eayn — e1yays A ey — esyiyz A fea(ys — 1) — es(y2 — Dy
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—e3yiy2 Aeayr —e1ya Alea(ys — 1) —es(y2 — 1]yr + e1y2 A eayiys
—e1Y2 N eayr — e1y2 A esyiy2 + e1y2 A esyr

+esy2 Alea(ys — 1) —es(y2 — 1)]y1 — esy2 A eay1ys — esy2 A esyn
—eay1ys Alea(ys — 1) —e3(y2 — 1)] — eay1ys A e2 — eay1ys A ey
+eays Alea(ys — 1) —es(y2 — 1)] — eays Aes

+e1y2ys Alea(ys — 1) —es(y2 — 1)] — e1y2ys A eays + e1y2ys A e2
+e1y2ys A esyz — e1yays A ez —erys Afea(ys — 1) — ez(ya — 1)]

+e1ys ANegys —e1ys Nex —erys Aesya +e1ys Nes

+esyiy2 Aler(ye — 1) —ea(yr — 1)] — esy1y2 A erya + e3yiyz A eayn
—esyr Aler(y2 — 1) —e2(yr — 1)] + e3y1 A erya + esyr A ez

—eay1ys Aler(yz — 1) —ea(yr — 1)] + e2v1y3 A eryz + e2y1ys A ez
+e2y1 Aler(ye — 1) —ea(yr — 1)] — eay1 A erye

—eayz Ale1(ys — 1) —es(yr — 1)] +eays Ae1ys — eays Aer +eays Aes
+eaAler(ys —1) —es(yr — 1)) —ea Aeryz +ea Aep +ea Aesyr
+esy2 Aler(ys — 1) —es(yr — 1)] — esy2 Aerys + esyz Aer + eszya Aesyr
—esAfei(ys —1) —es(yr — 1) + ez Aerys —es Nex

+eiyr Alea(ys —1) —es(y2 — 1] +e1 Alea(ys — 1) —es(y2 — 1)]

—61/\62y3+el/\€2+€1/\63y2—€1/\63> ®a 1

= (el(yl T Dy Aler(yz — 1) —ea(yr — 1)]
—er(y1 + Dys Aler(ys — 1) — es(yr — 1)]
—e1(yr + Dyays Aler(y2 — 1) — ea(y1 — 1)]
+e1(yr + Dyays Aller(ys — 1) —ea(yr — 1)]
—e1(y1 + Dyays Afea(ys — 1) —es3(y2 — 1)]
y2 Alea(ys — 1) —es(y2 — D]y
N
N

+le1(ys — 1) —es(yr — 1)]

+[e1(y2 — 1) — ea(yr — Dys A [ea(ys — 1) — e3(y2 — 1)]
—[ea(ys — 1) —es(y2 — D]ys Aler(y2 — 1) — ea(yr — 1)
—le2(ys = 1) —es(y2 — D] Aler(ys — 1) —es(yr — 1)
+ ey + 1) A fealys — 1) = ealye — 1)) @ 1.

A preimage of this element in (M A M) ®qg V) is

(3«“? Yo Awy,wa] — 2T ys A [z, @3] — 2F - yoys A [wr, 2] + 27 - yays A (21, 3]
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- 33% “yay3 A [Ta, 3] + (21, 23] - y2 A (T2, 23] - y1 + [21, 22] - y3 A [22, 23]

= [w2, @3] - Y1 A [w1, 0] — [w2, 23] A [1, 23] + 27 A [32, 73]) ®¢ 1.
The image of this element in (M A M)¢ is

T3 Y2 As [1, 0] — 7 - Y3 As (1, 2] — 7 - yoys A (21, 2]
+ 2t yays As w1, 23] — 37 - yays A [w, 23] + [w1, 23] - Y2 As [22, 23] - 1
+ [T1, 22] - Y3 As [T2, 23] — [T2, 23] - Y1 As [21, T2]
— @2, 23] Ax [21, 23] + 27 A4 [0, T3]
= =2 As w2, 1) - ya 4+ 2F A [3, 2] - ys + 27 - ys As [2,21] - 42
—at-yo Ax [23,21] - y3 — 0T A [w2, 23] - yoys + [0, 3] - g1 As [22, 23] - o
— [z1, x2] Ax [3, 22] - Y3 — [T2, 3] Ax [21, 2] - Y1 + [T3, T1] As [X3, T2]
+ 22 A, [z, 23]
=22 Ay w2, 1) — 23 Aw 23 - y1 + 23 A 25 — 23 Ay [, 1] 2 A TE oy
—af Ao af =} yz A [w, ] + 2T gz A ah oy — 2 ys A ad
+ a3y Av s, 1] — 2T Y2 Aw TF g1 + 2T yn A w3+ 2f A [12, 73] - ys
— 2} A as +ai A adys — [, 2] A (= [2, 23] + 23 - y3 — 23)
+ a7 Y3 As (= [z2, 23] +x§‘y3—$§)
— 22 A, ( — [@o, 23] + 22 - y3 — x%) + [z1, 22] As [T3, 22] — [21, 2] A x% Yo
+ [z1, 22] As x% + [m2, 23] As [21, 22] — [22, 23] A m% Yo + [x2, 3] As x%
+ [@3, 1] Ay [3, 2] + 22 Ay [20, 23]
=27 Ay [22,71] — 23 Ay [13, 21] + 23 As [21, 2] - Y3 + 27 As [T3,71] - 42
— 23 Ay [2, 3] — 23 As T3 Yo + 27 Aw T3 — 2T Aw TE 2T AW 1S Y3
+ [@1, 3] Ay [0, 23] — [23, 21] As 3 + T2 - Y1 Ay 5 — 23 Ay 23
+ [21, 23] Ax T3 — 23 As [3, To] + 27 Aw T3 - Yo — TF Ay T3 + 27 As 75
— 27 y3 Ay T3 4+ 23 Ay [T2, T3] — 23 Ay 25 - Y3 + 22 Ay 25 + [21, T2] As [23, T2]
— [w2, 1] Aw 25 4+ 25 - Y1 A 25 — 25 Ay 25 + [21, 2] Ay T3
+ [2, T3] As [1, To] + [T2, 23] Ay 22 — 22 - Y3 Ay T3
+ 22 Ay 23 4 [23, 1] As [23, T2]
= a3 Aw ([w3,21] - (y2 = 1) + [0, 2] - (ys — 1) + [, 23] - (31 — 1))
+ 2(1‘% A [:cg,a:ﬂ + [z2,21] As [T2, 23] + xg As [X2, 1] + [23, 21] As [.’E?,,.’EQD

= 2(26% A [xg,xl] + [z2, 21] As [m2, 23] + x§ As [T2, 1] + [23, 21] As [xg,xg]). O
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Corollary 10.2. The elements (ii) with s = 1 and (iv.b) in Proposition 4.1 have order 4
and generate their direct sum in (M N M)g.

Proof. Let T, denote the group generated by those elements. In view of Lemma 10.1,
2Ty coincides with the image of Hy(Zs3) in (M A M)g (which is Ty). The latter is an
elementary abelian 2-group of rank 2(%) + 2(’;) = 2(”;‘1) (see Lemma 9.3) which is
precisely the number of those generators of Ty. The result follows. O

11. The main result

It remains to put the results of the previous sections together to obtain the main
result of this paper.

Theorem. Let F' be a free group of rank n with free generating set X = {x1,...,x,} for
n > 1, and let R = F? be the verbal subgroup of F that is generated by all squares. The
quotient R'/[R', F) is the direct product of the cyclic groups generated by

(i) the elements

(27, [25, @iy, -y,

withl1 <j<i<n, 1<i; < - <ig <N, 4,jFi1,...,05, 0<s<n—2,
(ii) the elements

[33?7[xi,$i1,$i2,~-~7$is]]
with1 <i<n, 1<i1 < <ig <M, 04 01,0005, 1 <5< n—1,
(iii) the elements
[CE?,[xil,xh,xi:s,...,xis]]
with 1 < i < n, i1y...yis € {1, .., n\{i}, i1 > i < dg... < is, i1 # i5,...,0s,

2<s<n—1,
(iv) the elements
(a) [k, x], [wr, 2] with 1 <i<j<k<n,
(b) [a:f, [xjv xk]] [[l‘“ xk]v [xi’ '73]]] [33?, [xia ka ij’ xk]) [xj’ xl]] and
[l‘?, [xka ml]] [[xj’xiL [xj’xk]] [ﬂii, [xjvxi]] [[xkvxi]v [‘/I"/m J}]H
with 1 <i<j<k<n,

(¢) [22, [og, zj, @i,y 2]
[[xi7xj]’ [mi,xk,$i1, e "Tis]] [[xiaxil]a [xjvxk,l'im Ce Z'zg]]
[[‘Ti]vxj]; [mi,xk’ Ligy e 7xi5]:| [[‘T“ ‘T]L [zilvxkvx’téa - ;zis]]

withl <i<n, 1<j<k<iy<- - <ig<n,i# 7,k i1,...,05, 1 <8<n—3,
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(v) for all subsets {ji,...,Js}, 4 < s < n, of mutually distinct elements in {1,2,...,n},
the Kuz’min elements

[y, i), [Ty, Tis Tigs -], 4<s<n,

with {il,...,is} :{jl,...,js} and i1 > ig, i3 > ig, 11 > i3, lo > ig, Io < i5,... <
is, and the element

[[kaxkz]’ [$k4; Thy> Thgy - -+ 7-73ks]]

where {j1,...,4s} = {k1, ..., ks} with ky < ko < -+ < ks.

Of these, the elements (i), (iii), (iv.a) and (v) have infinite order, the elements (ii)
with s = 1 and (iv.b) have order 4, and the elements (ii) with s > 1 and the elements
(iv.c) have order 2.

Proof. We use the isomorphism (2.1) to translate the results obtained for the tensor
product (M A M)q into the setting of the quotient R'/[R’, F|. By Proposition 4.1 it
is generated by the elements (i)—(v). In Section 7 we have shown that the elements
(ii), (iv.b) and (iv.c) are torsion elements. Then, in Section 8, we have shown that the
elements (i), (iii), (iv.a) and (v) freely generate a free Z-module. By Corollary 10.2,
the elements (ii) with s = 1 and (iv.b) have order 4 and generate their direct product.
Finally, by Lemma 7.2 the elements (ii) with s > 1 and the elements (iv.c) have order 2,
and by Lemma 7.1 they are linearly independent over Zs. The theorem follows. O

For completeness we add that the number of infinite cyclic factors in R'/[R/, F] is

("51)2" + (n — 1), the number of cyclic factors of order 4 is 2("})"1), and the number of

cyclic factors of order 2 is n ZZ;IQ ("N +n 22;13 (") =n2" — 2(n? + n+2).
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