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1. Introduction

The aim of this work is to propose a concrete method for studying group actions on al-
gebraic stacks. Of course, in its full generality this problem could already be very difficult
in the case of schemes. The case of stacks has yet an additional layer of difficulty due to
the fact that stacks have two types of symmetries: 1-symmetries (i.e., self-equivalences)
and 2-symmetries (i.e., 2-morphisms between self-equivalences).

Studying actions of a group stack G on a stack X can be divided into two subproblems.
One, which is of geometric nature, is to understand the two types of symmetries alluded
to above; these can be packaged in a group stack AutX. The other, which is of homotopy
theoretic nature, is to get a hold of morphisms § — AutX. Here, a morphism § — AutX
means a weak monoidal functor; two morphisms f,g: § — AutX that are related by
a monoidal transformation ¢: f = g should be regarded as giving rise to the “same”
action.

Therefore, to study actions of § on X one needs to understand the group stack AutX,
the morphisms § — AutX, and also the transformations between such morphisms. Our
proposed method, uses techniques from 2-group theory to tackle these problems. It con-
sists of two steps:

1) finding suitable crossed module models for AutX and G;
2) using butterflies [11,1] to give a geometric description of morphisms § — AutX and
monoidal transformations between them.

Finding a ‘suitable’ crossed module model for AutX may not always be easy, but we
can go about it by choosing a suitable ‘symmetric enough’ atlas X — X. This can be
used to find an approximation of AutX (Proposition 6.2), and if we are lucky (e.g., when
X =P(ng,---,n,)) it gives us the whole AutX.

Once crossed module models for § and AutX are found, the butterfly method re-
duces the action problem to standard problems about group homomorphisms and group
extensions, which can be tackled using techniques from group theory.

Organization of the paper

Sections §3—85 are devoted to setting up the basic homotopy theory of 2-group actions
and using butterflies to formulate our strategy for studying actions. To illustrate our
method, in the subsequent sections we apply these ideas to study group actions on
weighted projective stacks. In §6 we define weighted projective general linear 2-groups
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PGL(ng,n1,- - ,n,) and prove (see Theorem 6.3) that they model AutP(ng,--- ,n,); we
prove this over any base scheme S, generalizing the case S = Spec C proved in [2]:

Theorem 1.1. Let AutPgs(ng,n1,---,n,.) be the group stack of automorphisms of the
weighted projective stack Pg(ng,ny,- - ,n,) relative to an arbitrary base scheme S. Then,
there is a natural equivalence of group stacks

Tgﬁs(n07n17"' 7n7“) %AUtTS(n()»nlf' : 7n7’)'

Here, PGLg(ng,n1,- -+ ,n,) stands for the group stack associated to the crossed module
PGLg(no, - ,n.) (see §6 for the definition).

We analyze the structure of PGL(ng,n1, -+ ,n,) in detail in §7. In Theorem 7.7 we
make explicit the structure of PGL(ng, - - ,n,) = [G,, — G| by writing G as a semidirect
product of a reductive part (product of general linear groups) and a unipotent part
(successive semidirect product of linear affine groups).

In light of the two step approach discussed above, Theorems 6.3 and 7.7 enable us to
study actions of group schemes (or group stacks, for that matter) on weighted projective
stacks in an explicit manner. This is discussed in §9. We classify actions of a group scheme
G on Pg(ng,n1, - ,n,) in terms of certain central extensions of G by the multiplicative
group G,,. We also describe the stack structure of the corresponding quotient (2-)stacks.
As a consequence, we obtain the following (see Theorem 9.1).

Theorem 1.2. Let k be a field and G a connected linear algebraic group over k, assumed
to be reductive if char(k) > 0. Let X = P(ng,n1,--- ,n,) be a wighted projective stack
over k. Suppose that Pic(G) = 0. Then, every action of G on X lifts to a linear action
of G on AT,

In a forthcoming paper, we use the results of this paper (more specifically, Theo-
rem 6.3), together with the results of [10], to give a complete classification, and explicit
construction, of twisted forms of weighted projective stacks; these are the weighted ana-
logues of Brauer—Severi varieties.

2. Notation and terminology

Our notation for 2-groups and crossed modules is that of [9] and [11], to which the
reader is referred to for more on 2-group theory relevant to this work. In particular, we
use mathfrak letters &, § for 2-groups or crossed modules. By a weak 2-group we mean
a strict monoidal category & with weak inverses (Definition 3.1). If the inverses are also
strict, we call & a strict 2-group.

By a stack we mean a presheaf of groupoids (and not a category fibered in groupoids)
over a Grothendieck site that satisfies the decent condition. We use mathcal letters
X,Y,... for stacks.



B. Noohi / Journal of Algebra 486 (2017) 36—-63 39

Given a presheaf of groupoids X over a site, its stackification is denoted by X%. We
use the same notation for the sheafification of a presheaf of sets (or groups).

The m-dimensional general linear group scheme over Spec R is denoted by GL(m, R).
When R = Z, this is abbreviated to GL(m). The corresponding projectivized general
linear group scheme is denoted by PGL(m); this notation does not conflict with the no-
tation PGL(ng, n1,- -+ ,n,) for a weighted projective general linear 2-group (§6) because
in the latter case we always assume r > 1.

3. Review of 2-groups and crossed modules

A strict 2-group is a group object in the category of groupoids. Equivalently, a strict
2-group is a strict monoidal groupoid & in which every object has a strict inverse; that
is, multiplication by an object induces an isomorphism from & onto itself. A morphism
of 2-groups is, by definition, a strict monoidal functor.

The weak 2-groups we will encounter in this paper are less weak than the ones dis-
cussed in [9,11]. We hope that this change in terminology is not too confusing for the
reader.

Definition 3.1. A weak 2-group is a strict monoidal groupoid & in which multiplication
by an object induces an equivalence of categories from & to itself. By a morphism of
weak 2-groups we mean a strict monoidal functor. By a weak morphism we mean a weak
monoidal functor. (We will not encounter weak morphisms until later sections.)

The set of isomorphism classes of objects in a 2-group & is denoted by my®; this is
a group. The automorphism group of the identity object 1 € Ob® is denoted by m &;
this is an abelian group.

Weak 2-groups and strict monoidal functors between them form a category W2Gp
which contains the category 2Gp of strict 2-groups as a full subcategory.! Morphisms in
W2Gp induce group homomorphisms on 7y and 7. In other words, we have functors
mo, 1 : W2Gp — Gp; the functor 7 indeed lands in the full subcategory of abelian
groups. A morphism between weak 2-groups is called an equivalence if the induced ho-
momorphisms on 7y and m; are isomorphisms. Note that an equivalence may not have
an inverse.

The following lemma is straightforward.

Lemma 3.2. Let f: $§ — & be a morphism of weak 2-groups. Then f, viewed as a
morphism of underlying groupoids, is fully faithful if and only if mof: me$H — me®B is
injective and w1 f: m$H — m® is an isomorphism. It is an equivalence of groupoids if
and only if both mo f and w1 f are isomorphisms.

1 Both W2Gp and 2Gp are 2-categories but we will ignore the 2-morphisms for the time being and only
look at the underlying 1-category.
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A crossed module & = [0: G — G| consists of a pair of groups Gy and Gy, a group
homomorphism 9: G; — Gy, and a (right) action of Gy on Gy, denoted —*. This action
lifts the conjugation action of Gy on the image of 0 and descends the conjugation action
of (G on itself. In other words, the following axioms are satisfied:

. Vﬁ € G17 Ya € Go, 6(5(1) = a_la(ﬁ)a;
e Ya,pB € Gy, ﬁa(a) = 0471/801'

It is easy to see that the kernel of 9 is a central (in particular abelian) subgroup of
G'1; we denote this abelian group by 71 6. The image of 0 is always a normal subgroup
of Gg; we denote the cokernel of 0 by my®. A morphism of crossed modules is a pair of
group homomorphisms which commute with the d maps and respect the actions. Such
a morphism induces group homomorphisms on 7y and 7.

Crossed modules and morphisms between them form a category, which we denote by
XMod. We have functors 7o, w1 : XMod — Gp; the functor m; indeed lands in the full
subcategory of abelian groups. A morphism in XMod is said to be an equivalence if it
induces isomorphisms on 7y and ;. Note that an equivalence may not have an inverse.

There is a well-known natural equivalence of categories 2Gp = XMod; see [9], §3.3.
This equivalence respects the functors mg and 7. This way, we can think of a crossed
module as a strict 2-group, and vice versa. For this reason, we may sometimes abuse
terminology and use the term (strict) 2-group for an object which is actually a crossed
module; we hope that this will not cause any confusion. Note that W2Gp contains 2Gp
as a full subcategory.

4. 2-Groups over a site and group stacks

First a few words on terminology. For us a stack is presheaf of groupoids over a
Grothendieck site (and not a category fibered in groupoids) that satisfies the descent
condition. This may be somewhat unusual for algebraic geometers who are used to cate-
gories fibered in groupoids, but it makes the exposition simpler. Of course, it is standard
that this point of view is equivalent to the one via categories fibered in groupoids. Just
to recall how this equivalence works, to any category fibered in groupoids X one can
associate a presheaf X of groupoids over C which is defined as follows. By definition, X is
the presheaf that assigns to an object U € C the groupoids X(U) := Hom(U, X), where U
stands for the presheaf of sets represented by U and Hom is computed in the category of
stacks over C. Conversely, to any presheaf of groupoids one associates a category fibered
in groupoids defined via the Grothendieck construction. For more on this we refer the
reader to [8], especially §5.2.

4.1. Presheaves of weak 2-groups over a site

Let C be a Grothendieck site. Let W2Gp be the category of presheaves of weak
2-groups over C; that is, the category of contravariant functors from C to W2Gp. We
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define 2Gp. and XModc analogously. There is a natural equivalence of categories
2Gpc ~ XModc. In particular, we can think of a presheaf of crossed modules as a
presheaf of (strict) 2-groups. Note that W2Gp contains 2Gpc as a full subcategory.

Let X be a presheaf of groupoids over C. To X we associate a presheaf of weak 2-groups
AutX € W2Gp¢ which parametrizes auto-equivalences of X. By definition, AutX is the
functor that associates to an object U in C the weak 2-group of self-equivalences of Xy,
where Xy is the restriction of X to the comma category Cy. (The ‘comma category’, or
the ‘over category’, Cy is the category of objects in C over U.) Notice that in the case
where X is a stack, AutX, viewed as a presheaf of groupoids, is also a stack. Indeed,
AutX is almost a group object in the category of stacks over C. To be more precise,
AutX is a group stack in the sense of Definition 4.1 below.

Let & € W2Gp¢ be a presheaf of weak 2-groups on C. We define 75" “® to be the
presheaf U — mo(6(U)), and m® to be the sheaf associated to 75" “®. Similarly, 77"“&
is defined to be the presheaf U — m(&(U)), and m & to be the sheaf associated to
ﬂ_freg'

We define my® and w1 & for a presheaf of crossed modules & € XModc in a similar
manner. The equivalence of categories between 2Gpc and XModc respects 78", 7o,

" and m;. Lemma 3.2 remains valid in this setting if instead of 7y and 71 we use 7}
and 7).

4.2. Group stacks over C

We recall the definition of a group stack from [3]. We modify Breen’s definition by
assuming that our group stacks are strictly associative and have strict units. This is all
we will need because the group stack AutX of self-equivalences of a stack X (indeed, any
presheaf of groupoids X) has this property, and that is all we are concerned with in this

paper.

Definition 4.1 (/3/, p. 19). Let C be a Grothendieck site. By a group stack over C we
mean a stack G that is a strict monoid object in the category of stacks over C and for
which weak inverses exist. By a morphism of group stacks we mean a strict monoidal
functor. That is, a morphism of stacks that strictly respects the monoidal structures. By
a weak morphism we mean a weak monoidal functor.

The condition on existence of weak inverses means that for every U € Ob C and every
object a in the groupoid §(U), multiplication by a induces an equivalence of categories
from G(U) to itself (or equivalently, an equivalence of stacks from Xy to itself). This
condition is equivalent to saying that, for every U € Ob C, X(U) is a weak 2-group. More
concisely, it is equivalent to

pr,mult)
( —

Gx§ gx§

being an equivalence of stacks.
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Remark 4.2. It is well known that a weak group stack can always be strictified to a strict
one. So, theoretically speaking, the strictness of monoidal structure in Definition 4.1 is
not restrictive. However, given fixed (strict) group stacks § and J, strict morphisms
H — G are not adequate. We will see in the subsequent sections that when studying
group actions on stacks we can not avoid weak morphisms. In this section, however, we
will only discuss strict morphisms.

Let grSt be the category of group stacks and strict morphisms between them (Def-
inition 4.1); this is naturally a full subcategory of W2Gp. There are natural functors

W2Gp. — grSt. and XModc — grSt..

The former is the stackification functor that sends a presheaf of groupoids to its asso-
ciated stack; note that since the stackification functor preserves products, we can carry
over the monoidal structure from a presheaf of groupoids to its stackification. The lat-
ter functor is obtained from the former by precomposing with the natural fully faithful
functor XModc — W2Gp( (see the beginning of §4.1). Given a presheaf of crossed
modules [0: G; — Gy, the associated group stack has as underlying stack the quotient
stack [Go/G1], where G acts on Gy by multiplication on the right (via 0).

Definition 4.3. Let X be a presheaf of groupoids over C. We define 7P"¢X to be the
presheaf that sends an object U in C to the set of isomorphism classes in X(U). We
denote the sheaf associated to 7P™¢X by nX. For a global section e of X, we define
Auty (e) to be sheaf associated to the presheaf that sends an object U in C to the group
of automorphisms, in the groupoid X(U), of the object ey; note that when X is a stack
this presheaf is already a sheaf and no sheafification is needed.

Note that when G is the underlying presheaf of groupoids of a presheaf of weak
2-groups & € W2Gpc, then mo® = 7§ and m& = Autg(e), where e is the identity
section of G.

4.8. Equivalences of group stacks

There are two ways of defining the notion of equivalence between group stacks. One
way is to regard them as stacks and use the usual notion of equivalence of stacks. The
other is to regard them as presheaves of weak 2-groups and use mp and m; (see §4.1).

The next lemma shows that these two definitions agree.

Lemma 4.4. Let § and H be group stacks, and let f: H — G be a morphism of group
stacks. Then, the following are equivalent:

(i) f is an equivalence of stacks;
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(@) The induced maps mof: 75 “H — 75" G and w1 f: 7" “H — 7"°G are isomorphisms
of presheaves of groups;

(iit) The induced maps mof: moH — mG and m f: mH — m G are isomorphisms of
sheaves of groups.

Proof. The only non-trivial implication is (%) = (é¢). In the proof we will use the
following standard fact from closed model category theory.

Theorem (/7, Theorem 3.2.15]). Let M be a closed model category, L a localizing class of
morphisms in M, and My, the localized model category. Let X and Y be fibrant objects (i.e.,
L-local objects) in My, and let f: Y — X be a morphism in M that is a weak equivalence
in the localized model structure My, (that is, f is an L-local weak equivalence). Then, f
is a weak equivalence in M.

We will apply the above theorem with M being the model structure on the category
Gpd of presheaves of groupoids on C in which weak equivalences are morphisms that

induce isomorphisms (of presheaves of groups) on 75"

and 77" and fibrations are
objectwise. We take L to be the class of hypercovers. The weak equivalences in the
localized model structure will then be the ones inducing isomorphism (of sheaves of
groups) on mo and 1. The main reference for this is [8].

Let us now prove (i4i) = (i¢). It is shown in [8] that G and H are L-local objects (see
§5.2 and §7.3 of [ibid.]). By hypothesis, f induces isomorphisms (of sheaves) on 7y and
71, so it is a weak equivalence in the localized model structure. Therefore, since G and H
are L-local, f is already a weak equivalence in the non-localized model structure. This
exactly means that mo f: 7h “H — 75"°G and 71 f: 77" °H — 77"°G are isomorphisms of
presheaves. 0O

Lemma 4.5. Let X be a presheaf of groupoids over C and p: X — X% its stackification.
Then, we have the following (see Definition /.3 for notation):

(i) The induced morphism X — 7w(X%) is an isomorphism of sheaves of sets;
(@) For every global section e of X, the natural map Auty(e) — Autya(€) is an isomor-
phism of sheaves of groups.

Proof. This is a simple sheaf theory exercise. We include the proof of (i). Proof of (i)
is similar.

First we prove that mp: 71X — w(X*) is injective. Let U € ObC, and let z,y be
element in 7X(U) such that mp(z) = m(y). We have to show that x = y. By passing to
a cover of U, we may assume z and y lift to objects Z and g in X(U). We will show that
there is an open cover of U over which  and ¢ become isomorphic. Since ¢(Z) and ¢(y)
become equal in 7(X%), there is a cover {U;} of U such that there is an isomorphism
a;: p(Zly,) == ¢(yly,) in the groupoid X*(U;), for every i. By replacing {U;} with a
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finer cover, we may assume that «; come from X(U;). (More precisely, a; = ¢(5;), where
B; is a morphism in the groupoid X(U;).) This implies that, for every 4, =

0, and gy, are
isomorphic as objects of the groupoid X(U;). This is exactly what we wanted to prove.
Having proved the injectivity, to prove the surjectivity it is enough to show that every
object x in w(X*)(U) is in the image of ¢, possibly after replacing U by an open cover.
By choosing an appropriate cover, we may assume z lifts to X*(U). Since X is the
stackification of X, we may assume, after refining our cover, that = is in the image of

X(U) — X*(U). The claim is now immediate. O

Lemma 4.6. Let & = [G1 — G| be a presheaf of crossed modules, and let § = [Gy/G1] be
the corresponding group stack. Then, we have natural isomorphisms of sheaves of groups
7'('7;@ - 7ri9, = ].,2

Proof. Apply Lemma 4.5. O
5. Actions of group stacks

In this section we present an interpretation of an action of a group stack on a stack
in terms of butterflies. We begin with the definition of an action.

Definition 5.1. Let X be a stack and G a group stack. By an action of § on X we mean
a weak morphism f: § — AutX. We say two actions f and f’ are equivalent if there is
a monoidal transformation ¢: f — f’.

In the case where G is a group (over the base site), it is easy to see that our definition
of action is equivalent to Definitions 1.3.(i) of [13]. A monoidal transformation ¢: f — f
between two such actions is the same as the structure of a morphism of G-groupoids (in
the sense of Definitions 1.3.(ii) of [13]) on the identity map idy : X — X, where the source
and the target are endowed with the G-groupoid structures coming from the actions f
and f’, respectively.

5.1. Formulation in terms of crossed modules and butterflies

Butterflies were introduced in [11] as a convenient way of encoding weak morphisms
between 2-groups (rather, crossed modules representing the 2-groups). The theory was
further extended in [1] to the relative case (over a Grothendieck site). We will use this
theory to translate problems about 2-group actions on stacks to certain group extension
problems.

We begin by recalling the definition of a butterfly (see [11], Definition 8.1 and [1],
§4.1.3).

Definition 5.2. Let & = [p: G1 — Go] and $ = [¢p: H; — Hp] be crossed modules. By
a butterfly from $ to & we mean a commutative diagram of groups
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H,y Gy
N v

b E @
Yo N

Hy Go

in which both diagonal sequences are complexes, and the NE-SW sequence, that is,
G1 — E — Hy, is short exact. We require that p and o satisfy the following compatibility
with actions. For every z € E, a € G, and § € Hy,

W@ =z @)z, K(B7W) =27 k(B)z.

A morphism between two butterflies (F,p,0,t,k) and (E',p',0’,/, k") is a morphism
f: EF — E’ commuting with all four maps (it is easy to see that such an f is necessarily
an isomorphism). We define B($), ) to be the groupoid of butterflies from $) to &.

This definition is justified by the following result (see [11] and [1]).

Theorem 5.3. Let & =[Gy — Gy| and $ = [Hy — Hp) be crossed modules of sheaves of
groups over the cite C. Let § = [Go/G1] and H = [Hy/H1] be the corresponding quotient
group stacks. Then, there is a natural equivalence of groupoids

B(f}7 @) = Homweak(g{v 9)

Here, the right hand side stands for the groupoid whose objects are weak morphisms of
group stacks and whose morphisms are monoidal transformations.

The above result can be interpreted as follows. A butterfly as in the theorem gives
rise to a canonical zigzag in XModc

HEE o B,

where € = [Hy x G4 ALY E). After passing to the associated stacks, it gives rise to a
zigzag in grSt¢

H<< & -G,

which after inverting the left map (as a weak morphism), results in a weak morphism
H — G. It follows from this description of a butterfly that my and m; are functorial with
respect to butterflies. Furthermore, the equivalence of Theorem 5.3 respects my and my
(see Lemma 4.6).

When [G1 — Gyl is a crossed module model for the group stack AutX of auto-
equivalences of a stack X, then it follows from Theorem 5.3 that an action of H = [Hy/Hi]
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on X is the same thing as an isomorphism class of a butterfly as in Definition 5.2. In
other words, to give an action of H on X, we need to find an extension F of Hy by G1, to-
gether with group homomorphisms k: H; — E and p: E — G| satisfying the conditions
of Definition 5.2. This summarizes our strategy for studying group actions on stacks. To
show its usefulness, in the subsequent sections we will apply this method to the case
where X = Pg(ng,n1,- - ,n,) is a weighted projective stack over a base scheme S.

6. Weighted projective general linear 2-groups PGL(ng,n1,...,n,)

In this section we introduce weighted projective general linear 2-group schemes and
prove that they model self-equivalences of weighted projective stacks (Theorem 6.3).

We begin by some general observations about automorphism 2-groups of quotient
stacks. From now on, we assume that C = Schg is the big site of schemes over a base
scheme S, endowed with a subcanonical topology (say, étale, Zariski, fppf, fpqc, etc.).

6.1. Automorphism 2-group of a quotient stack

We define a crossed module in S-schemes [0: G1 — Go] to be a pair of S-group
schemes Gy and G1, an S-group scheme homomorphism 9: G; — Gp, and a (right)
action of Gy on G; satisfying the axioms of a crossed module. These are precisely
the representable objects in XModgch; in other words, a crossed module in schemes
[0: G1 — Go] gives rise to a presheaf of crossed modules

U s [0(U): GL(U) — Go(U)].

We often abuse terminology and call a crossed module in schemes over S simply a
strict 2-group scheme over S.
The following two propositions generalize Lemma 8.2 of [2].

Proposition 6.1. Let S be a base scheme. Let A be an abelian affine group scheme over
S acting on a S-scheme X, and let X = [X/A] be the quotient stack. Let G be those
automorphisms of X which commute with the A action; this is a sheaf of groups on
Schg. We have the following:

(i) With the trivial action of G on A, the natural map p: A — G becomes a crossed
modules in Schg-schemes.

(ii) Let G be the group stack associated to [¢: A — G]. Then, there is a natural morphism
of group stacks G — AutX. Furthermore, this morphism induces an isomorphism of
sheaves of groups m G == 1 (AutX).

Proof. Part (i) is straightforward, because ¢ maps A to the center of G. Let & denote
the presheaf of 2-groups associated to [p: A — G]. To prove part (ii), it is enough to
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construct a morphism of presheaves of 2-groups & — AutX and show that it has the
required properties. Stackification of this map gives us the desired map (Lemma 4.6).

Let us construct the morphism & — AutX. We give the effect of this morphism on
the sections over S. Since everything commutes with base change, the same construction
works for every U — S in the site Schg and gives rise to the desired morphism of
presheaves.

To define &(S) — AutX(S), recall the explicit description of the S-points of the
quotient stack [X/A]:

(T,a) | T an A-torsor over S
X/A =
Ob[X/A](S) { a: T — X an A-map

Mor[X/H](S)(T, ), (T",/)) = {f: T — T’ an A-torsor map s.t. &’ o f = a}

Any element of g € G(S) induces an automorphism of X relative to S (keep the same
torsor T" and compose « with the action of g on X). Also, for any element a € A(S), there
is a natural 2-isomorphism from the identity automorphism of X to the automorphism
induced by p(a) € G(S) (which is by definition the same as the action of a). It is given
by the multiplication action of a—! on the torsor T' (remember that A is abelian) which
makes the following triangle commute

Interpreted in the language of 2-groups, this gives a morphism of 2-groups &(S5) —
AutX(S).

To prove that § — AwutX induces an isomorphism on 71, we show that, for every
U — S in the site Schg, the morphism of 2-groups &(U) — AutX(U) induces an
isomorphism on 7. Again, we may assume that U = S. We know that the group of
2-isomorphisms from the identity automorphism of X to itself is naturally isomorphic
to the group of global sections of the inertia stack of X. In the case X = [X/A], this is
naturally isomorphic to the group of elements of A(S) which act trivially on X. Note
that this group is naturally isomorphic to 71 &(S). Therefore, the map &(S5) — AutX(S)
induces an isomorphism on 7. O

Proposition 6.2. Notation being as in Proposition 0.1, assume that X is a proper Deligne—
Mumford stack over S, and that X — S has geometrically connected and reduced fibers.

Also, assume that A fits in an extension

0—>A4)—>A— A/Ay—0
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where AJAg is finite over S and Ay has geometrically connected fibers (this is automatics,
for example, in the case where A is smooth and the number of its geometric connected
components is a locally constant function on S). Then, § — AutX is fully faithful (as a
morphism of presheaves of groupoids). In particular, the induced map m9G — mo(AutX)
of sheaves of groups is injective.

Proof. As in Proposition 6.1, let & denote the presheaf of 2-groups associated to
[p: A — G]. We need to show that, for every U — S in the site Schg, &(U) — AutX(U)
is fully faithful; since AutX is a stack, it would then follow that the stackified morphism
G — AutX is also fully faithful.

We may assume that U = S. By Proposition 6.1.(ii) and Lemma 3.2, it is enough to
prove that if the action of g € G(S) on X is 2-isomorphic to the identity, then g is of
the form ¢(a), for some a € A(S). Let us fix such a 2-isomorphism. The effect of this
2-isomorphism on the A-torsor on X corresponding the point X — [X/A], viewed as
an object in the groupoid [X/A](X) of X-points of [X/A], is given by an A-torsor map
F: Axg X — A xg X which makes the following A-equivariant triangle commute:

AXSX$-X

F T gou

AXSX

Here, A xg X is the trivial A-torsor on X and p is the action of A on X.

Precomposing F' with the canonical section X — A xg X (corresponding to the
identity element of A) and then projecting onto the first factor, we obtain a map f: X —
A relative to S. The proposition follows from the following.

Claim. The map f is constant, in the sense that it factors through an S-point a: S — A
of A. Furthermore, the effect of @ on X (induced from the action of A on X) is the same
as the effect of g on X.

Let us prove the claim. It follows from the commutativity of the above diagram that,
for any point x in X, the effect of g on x is the same as the effect of f(z) on x.? In other
words, f(x)g~" leaves x fixed. Applying this to ax instead of z, and using the fact that
a and f(z)g~! commute, we find that f(ax)g~! also leaves x fixed, for every a € A. This
implies that, for any point = of X, and any a € A, the element r(a,r) := f(az)f(z)~*
leaves x fixed. Therefore, the map p: A xg X = A xg X, p(a,z) := (r(a,2),x) factors

through the stabilizer group scheme 7: ¥ — X. Thus, we have a commutative triangle

2 When we say a “point” of X we mean a scheme T over S and a morphism T' — X relative to S.
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p

AXSX

pr2 /

X
Now, consider the short exact sequence
0— A= A— A/Ay— 0,

where Ag is a group scheme over S with geometrically connected fibers and A/Ag is
finite over S. Since 7: ¥ — X has discrete fibers (because X is Deligne-Mumford) the
restriction of p to Ay xg X factors through the identity section. Hence, for every a € Ag
and x € X (over the same point in S), 7(a,z) = f(az)f(z)~! is the identity element
of A. This implies that f: X — A is Ag-equivariant (for the trivial action of Ag on A).
So, we obtain an induced map A: [X/Ag] — A (relative to S). Since [X/Ap] is finite over
[X/A], and [X/A] is proper over S, the structure map =: [X/Ag] — S is proper. From
our assumptions we have that 7 has geometrically connected and reduced fibers. Base
change then implies that 7.0[x/4,) = Os. Since A is affine over S, it follows that A is
constant, i.e., factors through a section a: S — A. Since f: X — A factors through A,
it also factors through a. By construction, the effect of @ on X is the same as the effect
of g on X, which is what we wanted to prove. O

6.2. Weighted projective general linear 2-groups

Since the construction of the weighted projective stacks, and also of the weighted
projective general linear 2-group schemes, commutes with base change, we can work
over Z. We begin with some notation. We denote the multiplicative group scheme over
SpecZ by Gy, z, or simply G,,. The affine (r 4 1)-space over a base scheme S is denoted
by ATSH; when the base scheme is Spec R it is denoted by Agl, and when the base
scheme is SpecZ simply by A"T!. Since r will be fixed throughout this section, we will
usually denote ATSH — {0} by Ug. We will abbreviate Ugpec r and Ugpecz to Ug and U,
respectively. We fix a Grothendieck topology on Schg that is not coarser than Zariski.

Let ng,n1,---,n, be a sequence of positive integers, and consider the weight
(no,n1,- -+ ,n,) action of G, on U = A" — {0}. (That is, for every scheme T, an
element ¢ € G,,(T) acts on Ur by multiplication by (¢"°,¢"t ... ¢").) The quotient
stack of this action is called the weighted projective stack of weight (ng,n1,--- ,n,) and is
denoted by Pz(no,n1,- - ,n,), or simply by P(ng,n1,---,n,). The weighted projective
general linear 2-group scheme PGL(ng,n1, - ,n,) is defined to be the 2-group scheme
associated to the crossed module

[0: G = Gog g oe )
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where Gpg . n, is the group scheme, over Z, of all G,,-equivariant (for the above
weighted action) automorphisms of U. More precisely, the T-points of Gy ny,... n,. are

r

automorphisms
f: Ur — Ur

that commute with the G,,-action. The homomorphism 0: G,, = Gpgony,.e 0, 1S the
one induced from the G,,-action itself. We take the action of Gy n,,... n, o0 Gy, to be
trivial. The associated group stack is denoted by PGL(ng,n1,- - ,n,), and is called the
projective general linear group stack of weight (ng,n1,-+ ,n;.).

The following theorem says that a weighted projective general linear 2-group scheme is
a model for the group stack of self-equivalences of the corresponding weighted projective
stack. A special case of this theorem (namely, the case where the base scheme is C) was
proved in ([2], Theorem 8.1). We briefly sketch how the proof in [ibid.] can be modified
to cover the general case.

Theorem 6.3. Let AutP(ng,n1,---,n,) be the group stack of automorphisms of the
weighted projective stack P(ng,n1,--- ,n.). Then, the natural map

PGL(ng,n1, -+ ,n.) = AutP(ng,ny, -+ ,n,)

is an equivalence of group stacks. In particular, we have isomorphisms of sheaves of

groups
moAutP(ng,ny, -+ ,n,) = mPGL(ng,n1, -+ ,n,) = mo PGL(ng, n1, - -+ ,ny),
mAutP(ng, ny, - -+, ne) = mPGL(ng, ny, -+ yny) = PGL(ng, n, - -+ ) = g,

where d = ged(ng, ny, -+ ,ny) and pg stands for the multiplicative group scheme of dth

roots of unity.

In order to prove our main result (Theorem 6.3) we need the following result about
line bundles on weighted projective stacks. For more details on this, the reader is referred
o [12]. More general results about Picard stacks of algebraic stacks can be found in [4].

Proposition 6.4. Let P = Pg(ng,n1,--- ,n,), where S = Spec R is the spectrum of a
local ring. Then every line bundle on P is of the form O(d) for some d € 7Z.

Proof. In the proof we use stack versions of Grothendieck’s base change and semiconti-
nuity results ([6], III. Theorem 12.11). We will assume that R is Noetherian.

In the case where R is a field, the assertion is easy to prove using the fact that the
Picard group of P is isomorphic to the Weil divisor class group. To prove the general
case, let x be the closed point of S = Spec R. Let £ be a line bundle on P. After twisting
with on appropriate O(d), we may assume £, = O. We will show that £ is trivial.
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We have H'(P,,L,) = H'(P,,0,) = 0. Hence, by semicontinuity, H*(®,,£,) = 0 for
every point y of S. Base change implies that R!f.(£) = 0, and that ROf.(£) = f.(£) is
locally free (necessarily of rank 1). Therefore, f.(L) is free of rank 1 and, by base change,
H°(P,,L,) is 1-dimensional as a k(y)-vector space, for every y in S. In fact, this is true
for every tensor power L®", n € Z. So, £, is trivial for every y in S. (Note that, when
k is a field, dimg H(Pg(no, n1, -+ ,n.),O(d)) is equal to the number of solutions of the
equation aing + agng + - - + a,n, = d in non-negative integers a;.)

Now let s be a generating section of f,(£) = R. It follows that f*(s) is a generating
section of £. So £ is trivial. O

Proof of Theorem 6.3. We apply Propositions 6.1 and 6.2 with S = SpecZ, X = A" —
{0}, and H = G,,,. This implies that

PGL(ng, n1, -+ yny) = AutP(ng,ny, - ,n,)

is a fully faithful morphism of stacks. That is, for every scheme U, the morphism of
groupoids

:Pg'c(’n’Oa Ny, ’nT)(U) - AUtT(nOa Ny, ,nr)(U)

is fully faithful. All that is left to show is that it is essentially surjective. Since
PGL(ng,n1,- - ,n,) and AutP(ng,n1,---,n,) are both stacks, it is enough to prove
this for U = Spec R, where R is a local ring. In this case, we know by Proposition 6.4
that Pic P(ng,n1,--- ,n,) = Z. We can now proceed exactly as in ([2], Theorem 8.1).

The isomorphisms stated at the end of the theorem follow from Lemma 4.4 and
Lemma 4.6. O

7. Structure of PGL(ng,n1,...,n,)

In this section we give detailed information about the structure of the group
Grgni - n.- We show that, as a group scheme over an arbitrary base, it splits as a
semi-direct product of a reductive group scheme and a unipotent group scheme. The
reductive part is a product of a copies of the general linear groups. The unipotent part
is a successive semi-direct product of vector groups; see Theorem 7.7.

Throughout this section, the action of G,, on U = A™"! — {0} means the weight
(ng,m1,- -+ ,n,) action. To shorten the notation, we denote the group Guy ny - n,. by G.
The rank m general linear group scheme over Spec R is denoted by GL(m, R). When
R = 7Z, this is abbreviated to GL(m). We always assume r > 1. The corresponding
projectivized group scheme is denoted by PGL(m); this notation does not conflict with
the notation PGL(ng,n1,--- ,n,) for a weighted projective general linear 2-group as in
the latter case we have at least two variables.
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We begin with a simple lemma.

Lemma 7.1. Let R be an arbitrary ring, and let f be a global section of the structure
sheaf of Ug = A%H — {0}, r > 1. Then f extends uniquely to a global section of A%H.

Proof. Let U; = Spec Rz, - - ,xr,xi_l] and consider the covering Ug = U ,U;. We
show that the restriction f; ;== f
except possibly for x;, all variables occur with positive powers in f;. To show that z;

U, is a polynomial for every 4. To see this, observe that,

also occurs with a positive power, pick some j # i and use the fact that z; occurs with

a positive power in f;|v,nv; = filv.nu, -

Therefore, for every 4, f; actually lies in R[zg, - - ,xmx;l]. Since f;

U;, = fi‘U].7 it is
obvious that all f; are actually the same and provide the desired extension of f to Ug. O

From now on, we will use a slightly different notation with indices. Namely, we assume
that the weights are m; < mgy < --- < my, with each m; appearing exactly r; > 1 times
in the weight sequence (so in the previous notation we would have r+1 =1y +---+ ).
We denote the corresponding projective general linear 2-group by PGL(mq : 71, mq :

To, -+ ,my : 1¢). We use the coordinates xé, 1<i<t, 1<j<r, for A"t We think of
x; as a variable of degree m;. We will usually abbreviate the sequence %, - - - ,xi to x.
Similarly, a sequence F}, - - ,F; of polynomials is abbreviated to F?.

Let R be a ring. The following proposition tells us how a G,, r-equivariant automor-
phisms of Ug looks like.

Proposition 7.2. Let F': U — Ugr be a Gy, -equivariant map. Then F is of the form
(F")1<i<¢, where for every i, each component F; € R[xé; 1<i<t,1<j<r of F' is
a weighted homogeneous polynomial of weight m;.

Proof. The fact that components of F' are polynomial follows from Lemma 7.1. The
statement about homogeneity of F’ ; is a simple exercise in polynomial algebra and is left
to the reader. O

In the above proposition, each F} can be written in the form FJZ = L; + Pj, where
L% is linear in the variables x7,--- 27, and P} is a homogeneous polynomial of degree
m,; in variables xy with a < i. Let L := (Li)lgigt be the linear part of F. It is again a
Gp-equivariant endomorphism of U.

Proposition 7.3. Let F be as in the Proposition 7.2. The assignment F' — Lp respects
composition of endomorphisms. In particular, if F' is an automorphism, then so is Lp.

Proof. This follows from direct calculation, or, alternatively, by using the fact that Lg
is simply the derivative of F' at the origin. O

Corollary 7.4. There is a natural split homomorphism



B. Noohi / Journal of Algebra 486 (2017) 36—-63 53

¢: G — GL(r1) x GL(r2) X -+ x GL(ry).

Next we give some information about the structure of the kernel U of ¢. It consists

of endomorphisms F' = (F}); j, where F} has the form

F; = x; + P;
Here, Pj is a homogeneous polynomial of degree m; in variables xj with a < 4. Indeed,
it is easily seen that, for an arbitrary choice of the polynomials P}, the resulting en-
domorphism F' is automatically invertible. So, to give such an F' € U is equivalent to
giving an arbitrary collection of polynomials {Pf}1§i§t,1§j§r,‘, such that each Pj is a
homogeneous polynomial of degree m; in variables xj with a < i. So, from now on we
switch the notation and denote such an element of U by (P}); ;.

Proposition 7.5. For each 1 < a < t, let U, C U be the set of those endomorphisms
F = (P;)Z] for which P; = 0 whenever i # a. Let K, denote the set of monomials of
degree m, in variables x5, 1< a, and let k, be the cardinality of K,. (In other words, k,
is the number of solutions of the equation

a—1 Ti
§ m; E Zij = Mg
i=1 =1
in non-negative integers z; ;.) Then we have the following:

(i) U, is a subgroup of U and is canonically isomorphic to the vector group scheme
ATe @ ARe = Araka  (Note: Uy is trivial.)
(@) If a <b, then U, normalizes Uy,.
(#i) The groups U,, 1 <1i <t, generate U and we have U, N Uy = {1} if a # b.

Proof of (). The action of (P}); ; € U, on A" is given by
(X yrr Xy 7Xt) — (Xla"' ,Xa+Pa,“. 7xt)'

So, if A%e stands for the vector group scheme on the basis K,, there is a canonical
isomorphism

U, = @AKa &~ AT @ AKa,
=1

Proof of (). Let G = (QY);; be an element in U, and F = (P}); ; an element in Up.
By (i), the inverse of G is G™" = (=Q%); ;. Let us analyze the effect of the composite
GoFoG !onAmtl:
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G71
(Xla ’Xa, ',Xba axt) ? (Xla"'axa_Qa,"',Xba"'axt)
F
— (X17"'7Xa_Qa,"',Xb+Rb,"',Xt>
G
— (Xl’...’Xa,...,xb+Rb’...7Xt)_

Here the polynomial RZ, 1 <k <1y, is obtained from P,g by substituting the variables
x§ with the polynomial 2§ — Q5.

Proof of (#). Easy. O

Part (i) implies that each U, acts by conjugation on each of Uy, Usyo,- - JULS

To fix the notation, in what follows we let the conjugate of an automorphism f by an

automorphism g to be go fog™'.

Notation. Let {U, }!,_; be a family of subgroups of a group U which satisfies the following
properties: 1) Each U, normalizes every U, with a < b; 2) No two distinct U, intersect;
3) The U, generate U. In this case, we say that U is a successive semi-direct product of
the U,, and use the notation U Z Uy x --- x Uy x Uq.

The following is an immediate corollary of Proposition 7.5.
Corollary 7.6. There is a natural decomposition of U as a semi-direct product
UZUgx---xUy xUs,
where Uy = A™Fe s the group introduced in Proposition 7.5. (Note that Uy is trivial.)

In the next theorem we use the notation A™ for two things. One that has already
appeared is the affine group scheme of dimension m. When there is a group scheme G
involved, we also use the notation A™ for the trivial representation of G on A™.

Theorem 7.7. There is a natural decomposition of G as a semi-direct product
GgUt XX U2 X U1 X (GL(T‘l) X oo X GL(Tt)),

where Uy = ATe*a and k, is as in Proposition 7.5. (Note that Uy is trivial.) Furthermore,
for every 1 < a < t, the action of GL(r,) leaves each Uy invariant. We also have the
following:

(i) When a > b the induced action of GL(r,) on Uy is trivial.

(it) When a = b the induced action of GL(rg) on U, is naturally isomorphic to the
representation p @ AR« where p is the standard representation of GL(r,) and K,
is as in Proposition 7.5. (Recall that U, is canonically isomorphic to A" @ AXa.)

3 All group actions in this section are assumed to be on the left.
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(#%) When a < b the action of GL(ry) on Uy is naturally isomorphic to the representa-
tion

@ Arbd, ® ﬁ®l-
0<I< U:_ZJ

Here p stands for the inverse transpose of p, and d; is the number of monomials of
degree my, in variables a:;'-, i <b,i# a; sod; also depends on a and b. (In other
words, d; is the number of solutions of the equation

b—1 T

E m; E Zi5 =My —lmg
i=1 i=1

i#a J

in non-negative integers z; ;.)

Proof. Let g € GL(r,) and F' € Uy. As in the proof of Proposition 7.5.7, we analyze the
effect of the composite go F o g=! on A"™™!. The element g € GL(r,) acts on A™*! as
follows: it leaves every component xf invariant if i # a and on the coordinates x{,-- -,z
it acts linearly (like the action of an r, X r, matrix on a column vector).

Proof of (i). The effect of g € GL(r,) only involves the variables x¢,--- ,z7 and does

not see any other variable, whereas the effect of F' € Uj, only involves the variables sr:?,
1 < b. Since b < a, these two are independent of each other. That is, F' and g commute.
Proof of (ii). Assume F = (P}); j; so P} = 0 if i # a. The effect of go F o g~" can be
described as follows:

-1
(X17 7Xaa' axt) 'q—> (le"' 7ya7"' 7Xt)
|i> (X17"'7ya+Pa7"'7Xt)
'i> (le"'vxa"_Qaa"'aXt)'
Here, y§ is the linear combination of zf,--- ,x7 , the coefficients being the entries of
the jth row of the matrix ¢g—'. Similarly, Qf is the linear combination of Py',---, P,

coefficients being the entries of the jth row of the matrix g.

Proof of (iii). Assume F = (Pj); j; so P} = 0if i # b. Let y* be as in (ii). The effect of

J
go Fog~! can be described as follows:

(Xla aXav 7Xba aXt) ’9_> (X17 ! ’ya’_._ 7Xb7"' 7Xt)
F
— (Xla 'ayaa"'axb+Rb7"'7xt)
pi> (Xl,"'7Xa,"',Xb+Rb7"'7Xt).

Here the polynomials Rz, 1 < k <y, are obtained from P,f by substituting the variable
z§ with yj.
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Let A be the representation of GL(r,) on the space V of homogeneous polynomials of
degree my, which acts as follows: it takes a polynomial P € V and substitutes the variables
z§, 1 < j < rq, with yj. From the description above, we see that the representation of
GL(r,) on Uy is a direct sum of 7, copies of A. We will show that

A2 P AT e

0<I< |t |

To obtain the above decomposition, simply note that a polynomial in V' can be uniquely
written in the form

Z STy,

0<I< | 7t |

where T is a homogeneous polynomial of degree Im, in variables z{,--- , 27 , and S is
a homogeneous polynomial of degree my — lm, in the rest of the variables. The action of
GL(r,) leaves S; intact and acts on T; by the [th power of the inverse transpose of the
standard representation. O

The actions of various pieces in the above semi-direct product decomposition, though
explicit, are tedious to write down, except for small values of t. We give some examples
in §8.

Let us denote Uy x --- x Uy x Uy by U and define the crossed module

PGL(ng,n1, - ;0 )red := [0: Gpy = GL(1r1) x -+ x GL(1)],

where the kth factor of d(A) is the size 7y scalar matrix A”*. Theorem 7.7 then implies
that

PGL(no,n1,- -+ ,ny) 2 U x PGL(ng,n1, "+ , M) red-

We think of U as the unipotent radical and PGL(ng,n1, -+ , 7 )red as the reductive part
of PGL(ng,n1, - ,n.).

Remark 7.8. It is perhaps useful to put the above result in the general context of algebraic
group theory. Recall that every algebraic group G over a field fits in a short exact
sequence

1—->U—G— Greg — 1,

where U is the unipotent radical of G and G,..q4 is reductive. The sequence is not split

in general. In our case, the group scheme G, n, ... n, admits such a short sequence over

)

an arbitrary base and, furthermore, the sequence is split.
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The general theory of unipotent groups tells us that any unipotent group over a
perfect field admits a filtration whose graded pieces are vector groups. This filtration
splits, but only in the category of schemes (i.e., the splitting maps may not be group
homomorphisms). In our case, however, the group scheme U admits such a filtration over
an arbitrary base. Furthermore, the filtration is split group theoretically.

8. Some examples

In this section we look at some explicit examples of weighted projective general linear
2-groups.

Example 8.1. Weight sequence m < n,m{ n. In this case we have t =2, and r; =13 =1
and k1 = 0. So G = G,, X G,,.

Example 8.2. Weight sequence m < n,m | n. In this case we have t = 2, 1y = ry = 1,
and k1 = 1. So we have

G=ZAX (G xGp).
The action of an element (A1, A2) € G,;, X G, on an element a € A is given by
(A, X2) - a = o\ ™a.
More explicitly, an element in G is map of the form
(z,y) = (A\1z, Aoy + az™).
Note the similarity with the group of 2 x 2 lower-triangular matrices.
Example 8.3. Weight sequence n = m. We obviously have G = GL(2).

Example 8.4. Weight sequence 1,2,3. First we determine U. A typical element in U is
of the form

(z,y,2) = (z,y + azx?, 2z 4+ ba® + cxy).

We have U; = A and Uz = A?. The action of an element a € U on an element (b, c) € Us
is given by (b — ac,c). That is, a acts on U3 = A% by the matrix

So, U = A®2 x A. Finally, we have
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G=2U x(G,)? =A% x A x(G,)>,

where the action of an element (A1, A2, A3) € (G,,)% on an element (a,b,c) € U is given
by (A% A2a, AT A3h, AT 25 P Asc).

Example 8.5. Weight sequence 1,2,4. An element in U has the general form
(z,y,2) — (z,y + ax?, z + ba* + ca’y + dy?).

We have Uy = A and Uz = A3. The action of an element a € Uy on an element (b, ¢, d) €
Us is given by the matrix

So, U = A®3 x A.
Finally, we have

G=2U x(G,)? =A% x A x(G,)3,

where the action of an element (A1, A2, A3) € (G,,) on an element (a, b, ¢, d) € U is given
by

(A2 Xaa, AT N30, AT2AS  Ase, Ay 2 Asd).

Next we look at PGL(m;y : r1,mz : 7, -+ ,my : r). Recall that, as a crossed module,
this is given by [0: G,,, — G, where 9 is the obvious map coming from the action of G,,
on A™t! and the action of G on G,, is the trivial one.

Observe that the map 0 factors though the component GL(r1) x --- x GL(r;) of G.
So, let us define L to be the cokernel of the following map:

Gm CGL(r1) % --- x GL(ry).

From Theorem 7.7 we immediately obtain the following.

Proposition 8.6. Let L be the group defined in the previous paragraph, and let k =
ged(my, -+ ,my). We have natural isomorphisms of group schemes

Uv,5><1'-~><1(]2><lUv1><1L7
-

o PGL(my : ri,ma o, - ymy 1 1)

1R

w1 PGL(my i ri,ma 7o, ymy 1 1)
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Our final result is that, if all weights are distinct (that is, r; = 1), then the corre-
sponding projective general linear 2-group is split.

Proposition 8.7. Let {my,---,m;} be distinct positive integers, and consider the pro-
jective general linear 2-group PGL(my,mg,--- ,my). Then, the projection map G —
mo PGL(my, ma, -+ ,my) splits. In particular, PGL(my,ma, - ,my) is split. That is, it
is completely classified by its homotopy group schemes:

mo PGL(my, -+ ,my)
w1 PGL(my, -+ ,my)

U ¥+ x Uy xU;p % (Gm)t_l,
-

1R

Proof. By Theorem 7.7 and Proposition 8.6 we know that G = Uy X+ - - x Uy x Uy X (G, )?
and mo PGL(my,ma, - ,my) 2 Uy X -« x Uy x Uy x L, where L is the cokernel of the
map

()\”"1 )\nzt)
a: G,

(Gm)".

So it is enough to show that the image of u is a direct factor. Note that if we divide
all the m; by their greatest common divisor, the image of a does not change. So, we
may assume ged(mq, -+ ,my) = 1. Let M be a t X ¢ integer matrix whose determinant is
1 and whose first column is (mq,- -+ ,m). The matrix M gives rise to an isomorphism
w: (Gt — (G,,)" whose restriction to the subgroup G,, x {1}{~! = G,, is naturally
identified with . The subgroup p({1} x (G,,)!"!) C (G,,)! is the desired complement
of the image of a. O

Corollary 8.8. Let m, n be distinct positive integers, and let k = ged(m,n). Then
PGL(m,n) is a split 2-group. That is, it is classified by its homotopy groups:

Gm, ifm<n,mtn
AXGy, ifm<nm|n
7T1PGL(m,’I’L) = M-

mo PGL(m,n) = {

(In the case m | n, the action of G,, on A in the cross product A x G, is simply the
multiplication action.)

Proof. Everything is clear, except perhaps a clarification is in order regarding the paren-
thesized statement. Observe that the G,, appearing in the cross product A xG,, is indeed
the cokernel of the map

(ATA™)

a: Gy —— (Gn)?,
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which is naturally identified with the subgroup {1} x G,, C (G,,)%. Therefore, by the
formula of Example 8.2, the action of an element A € G,;, on an element a € A is given
by Aa. O

Finally, for the sake of completeness, we include the following.

Proposition 8.9. The 2-group PGL(k,k,--- k), k appearing t times, is given by the
following crossed module:

[G (Akvv)‘k)

GL(t)].

We have moPGL(k,--- k) = PGL(t) and 7 PGL(k,--- k) = ug. In particular,
PGL(1,1,---,1), 1 appearing t times, is equivalent to the group scheme PGL(t).

9. 2-group actions on weighted projective stacks

In this section we combine the method developed in §3-§5 with the results about
the structure of AutP(ng,n1,---,n,) to study 2-group actions on a weighted projective
stack P(ng,n1,---,n,). The goal is to illustrate how one can classify 2-group actions
using butterflies and how to describe the corresponding quotient 2-stacks. Below, all
group scheme are assumed to be flat and of finite presentation over a fixed base S.

Let H be a group stack and [¢p: H; — Hy] a presentation for it as a crossed module
in schemes. By Theorem 5.3, to give an action of 3 on P(ng,nq1,--- ,n,) is equivalent to
giving a butterfly diagram

Hl Gm
e
b E a
S
H, Grgna,e

In other words, to give an action of H on X, we need to find a central extension
1—-G,, > F—> Hy—1
of Hy by G,,, together with

o alift x: Hi — E of ¥ to E such that x(8°®) = 2~ 'x(B)z, for every 8 € H; and
x e FE;

« an extension of the weighted action of G,, to a linear action of E on A™+! which is
trivial on the image of k.
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The following result is more or less immediate from the above description of a group
action.

Theorem 9.1. Let k be a field and H a connected linear algebraic group over k, assumed
to be reductive if chark > 0. Let X = P(ng,n1, -+ ,n,) be a wighted projective stack
over k. Suppose that Pic(H) = 0. Then, every action of H on X lifts to an action of H
on A" via a homomorphism H — Grgni e m

_

Proof. An action of H on X lifts to A"™"! if and only if the corresponding butterfly is
equivalent to a strict one. By ([1], Proposition 4.5.3) this is equivalent to the central
extension

1-G,, - F—H—1

being split. By ([5], Corollary 5.7) such central extensions are classified by Pic(H), which
in our case is assumed to be trivial. Any choice of a splitting amounts to a lift of the
action of H to A™1. O

This result is essentially saying that the obstruction to lifting the H-action from
P(no,n1,- -+ ,n,) to A" lies in Pic(H).

9.1. Description of the quotient 2-stack

Given an action of a group stack 3 on the weighted projective stack P(ng,ny,- - ,n,.),
we can use the associated butterfly to get information about the quotient 2-stack
[P(no, n1,- - ,n,)/H]. First, notice that [x: Hy — E] is also a crossed module in schemes.
Denote the associated group stack by H'. It acts on P(ng,nq, - ,n,) via p. We have

[P(no,na, -+ ) /H] = [(A™ = {0}) /5.
Note that the right hand side is the quotient stack of the action of a group stack on an
honest scheme, namely, A"+! — {0}. Tt is easy to describe its 2-stack structure by looking
at cohomologies of the NW—-SE sequence
Hi % E - Guginy oo,
of the butterfly. Set
[P(no,na, -+ ) /H]1 == [(A™! —~ {0})/ coker ],

and

[(‘P(nf)?nlv e 7”’7')/%}0 = [(AT-H - {O})/imp].
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(Here, coker k and im p are the sheaf theoretic cokernel and image of the correspond-
ing maps which we assume are representable.) Then, [P(ng,n1,--- ,n,)/H]; is the best
approximation of [P(ng,n1,---,n,.)/H] by a 1-stack, in the sense that it is obtained
by killing off the 2-automorphisms of the 2-stack [P(ng,n1,- - ,n,)/H]. More precisely,
there is a natural map

[P(ng,n1, -+ yn.)/H] = [P(no,n1, -+, ne)/H)

making the former a 2-gerbe over the latter for the 2-group [kerx — 1]. Similarly,
[P(ng, n1,- - ,n.)/H]o is an orbifold (i.e., a Deligne-Mumford stack which is generically
a scheme) obtained by quotienting out the generic 1-automorphisms. More precisely,
there is a natural map

[T(nOanly T ’nr)/f}f]l — [fp(nO’nh T 7nT)/:H]0

making the former a gerbe over the latter for the group ker p/im x (namely, the middle
cohomology of the NW-SE sequence).

It follows that the quotient 2-stack [P(ng,nq,--- ,n,)/H] is equivalent to a 1-stack if
and only if x is injective; it is an orbifold if and only if the NW—-SE sequence is left exact.

Example 9.2. Suppose that H is an honest group scheme and denote it by H. Then, to
give an action of H on P(ng,ny,- - ,n,) is equivalent to giving a central extension

1-G, - F—>H—1

of H by G,,, together with a linear action of E on A™! extending the weighted action
of G,,. We have

[P(no,n1,--- ,n,)/H] = [(A™ — {0})/E]),
which is an honest 1-stack.

Example 9.3. Suppose that H is the group stack associated to [A — 1], where
A is an abelian group scheme. We rename H to A[1l]. Then, to give an action of
A[l] on P(ng,m1,---,n,.) is equivalent to giving a character k: A — pg C Gy,
where d is the greatest common divisor of (ng,ni,---,n,). The quotient 2-stack
[P(ng, n1,- - ,n.)/A[1]] is a 1-stack if and only if & is injective. Assume this to be the case
and identify A with the corresponding subgroup of p4. Then, roughly speaking, the quo-
tient stack [P(ng,n1,- -+ ,n,)/A[1]] is obtained by killing the A in pg C I, at every inertia
group I, of P(ng,n1,---,n,). (Note that the generic inertia group of P(ng,ny,---,n,)
is p1q.) For example, if the base is an algebraically closed field of characteristic prime to
d, then



B. Noohi / Journal of Algebra 486 (2017) 36—-63 63

[P(no,na,- - n,) AN = P20, 2L Ty,

a a a

where a is the order of A.
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