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Abstract

We show that over a complete discrete valuation ring R whose residue field is algebraically closed,
any Noetherian R-subalgebra of R[X] is finitely generated and present examples of non-finitely generated
Noetherian R-subalgebras of R[X] satisfying various properties. We also give a sufficient codimension-one
criterion for a Noetherian R-subalgebra of R[X] to be finitely generated over R when R is locally factorial.
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1. Introduction

It is well known that over a field k, a k-subalgebra of the polynomial ring k[ X] is finitely gen-
erated over k; in particular, it is Noetherian. But even over a discrete valuation ring (R, ), there
exist R-subalgebras of R[X] (like R[z X, 7w X 2 7x3, .. .]) which are not Noetherian and, there-
fore, not finitely generated over R. In fact, when R = k[¢], Eakin had demonstrated a Noetherian
R-subalgebra of R[X] which is not finitely generated over R [6, p. 79].

In this paper we explore conditions under which Noetherian R-subalgebras of R[X] are fi-
nitely generated over R. We shall first show that such an algebra is indeed finitely generated
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when R is a complete discrete valuation ring with algebraically closed or real closed residue
field. More precisely, we prove (see Theorem 4.2):

Theorem A. Let (R, ) be a discrete valuation ring (DVR for short) with residue field k :=
R/m R, and let A be a Noetherian R-subalgebra of R[X]. If R is complete and the algebraic
closure k of k is a finite extension of k, then A is finitely generated as an R-algebra.

The result will be illustrated with examples of non-finitely generated Noetherian R-
subalgebras of R[X] over DVRs. Example 5.5 will show that even the closed fibres of such
algebras need not be finitely generated over the respective residue fields, while Example 5.6 will
show that an additional hypothesis of finite generation of fibres does not ensure finite genera-
tion of a Noetherian subalgebra. Examples 5.5 and 5.6 will also illustrate the necessity of the
hypotheses “[k : k] < c0” and “R is complete” in Theorem A. Both these hypotheses can be
dropped if the closed fibre is assumed to be integral. More generally, we prove the following
codimension-one criterion for finite generation of a Noetherian R-subalgebra of R[X] over a
locally factorial Noetherian domain R.

Theorem B. Let R be a locally factorial Noetherian domain and A(# R) a Noetherian R-
subalgebra of R[X] such that for every prime ideal p in R of height one, pA is a prime ideal in A.
Then A is finitely generated over R and the normalisation of A is isomorphic to the symmetric
algebra of an invertible ideal of R.

Before proving our main theorems, we shall establish a few technical results relating finite
generation of certain flat algebra A over a DVR (R, 7) with the transcendence of fibres at mini-
mal prime ideals of 7 A. We state below a special case of one such result (Proposition 3.4):

Proposition. Let (R, ) be a complete DVR with residue field k and field of fractions K, and
let A be a Krull overdomain of R such that the generic fibre K ®g A = A[w~'] is a finitely
generated K -algebra with tr.degg Alr~"1=1. Then A is finitely generated over R if and only
iftr.deg, A/ P > 0 for every minimal prime ideal P of 7 A.

In Section 2, we compile some known results which will be used in the paper; in Section 3, we
prove our auxiliary results on finite generation of certain flat algebras over a DVR; in Section 4,
we prove our main theorems; and in Section 5, we describe our examples.

2. Preliminaries
Throughout the paper, rings and algebras will be assumed to be commutative.

Notation. Over a commutative ring R, a polynomial ring in n variables will be denoted by R
Over a field k, k™ will denote a purely transcendental extension field in n variables over k.

Definition. A Noetherian ring R is said to be a Nagata ring (or a pseudo-geometric ring) if,
for every prime ideal p of R and for every finite algebraic extension field L of the field of
fractions k(p) of R/p, the integral closure of R/p in L is a finite module over R/p.

A Noetherian complete local ring is a Nagata ring [10, Theorem 32.1], and an affine ring
(meaning finitely generated ring) over a field is also a Nagata ring [10, Theorem 36.5].
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Dimension formula. Let R C A be integral domains. Let P be a prime ideal of A, p=P N R
and k = R,/pR,.
We say that P satisfies the dimension formula relative to R if

ht P +tr.deg, A/P =htp+tr.degp A. 2.1
When R is a Noetherian domain, one has the dimension inequality [3, Theorem 2]:
ht P 4 tr.deg, A/P < htp+tr.degy A. (2.2)

We shall use the following result on dimension formula over Nagata rings [13, Theorem 3.6
and Proposition 3.10].

Proposition 2.1. Let D C B be integral domains such that D is a Nagata ring and B is a
D-subalgebra of a finitely generated D-algebra. Let P be a prime ideal of B satisfying the di-
mension formula relative to D. Then B/ P is a D-subalgebra of a finitely generated D-algebra.
Moreover, if the dimension of D is one and B is algebraic over D, then B itself is a finitely
generated D-algebra.

Corollary 2.2. Let K be a field and let B be an integral domain such that B is a K -subalgebra
of a finitely generated K -algebra. If tr.degyx B = 1, then B is finitely generated over K.

Proof. Let y € B be a transcendental element over K, and set D = K[y]. Then dim D =1 and
tr.deg, B =0. Since D is a Nagata ring, the assertion follows from Proposition 2.1. O

Definition. Let R C C be integral domains. Then C is said to be a locality (or essentially of finite
type) over R if there exists a finitely generated R-algebra B and a prime ideal Q of B such that
C = By.

If R is a Nagata Dedekind domain and C is a normal locality over R, then C is analytically
normal [10, Theorem 37.5]; in particular, C is analytically irreducible. Hence, as a special case
of [13, Lemma 4.2], we have the following criterion for locality over such rings.

Lemma 2.3. Let R be a Nagata Dedekind domain, and A a Noetherian normal overdomain of R
such that A is an R-subalgebra of a finitely generated R-algebra. If Q is a prime ideal of A
satisfying the dimension formula relative to R, then A is a locality over R.

Since a complete local ring is a Nagata ring, we sometimes make use of “reduction to complete
case.” For the reduction, we have the following lemma.

Lemma 2.4. Let (R, w) be a DVR with field of fractions K, and let B be an R-algebra. Let
R denote the completion of R and set B = R ®g B. Then B'/nB' = B/n B and B'[nx '] =
I/(\(X)K B[n '], where K= ﬁ[n_l], the field of fractions ofI/?\. In particular, if P is a prime ideal
in Bwithw € P, then B'/PB' = B/P.

Proof. We have

B'/tB'=R/mR®k (R®k B)=R/mR ®g/xr B/7B=B/1B
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and
B'[x ' |=R[x'|®r (R®r B)= R[] @1, B[r '] = K ®k B[r7"],
as claimed. O
We now state a local-global result.

Theorem 2.5. Let R be a Noetherian domain and A an R-subalgebra of a finitely generated
R-algebra.

() If Ag is alocality over R for every prime ideal Q of A, then A is finitely generated over R.
(D) If A is locally finitely generated over R, then A is finitely generated over R.
dm Iif A, = R for every maximal ideal m of R, then A = R[IT] for an invertible ideal 1
of R.

Proof. (I) and (II) follow from [13, Theorem 2.20], while (III) follows from (II) and the well-
known result of Eakin and Heinzer [7]. O

For ready reference, we state an elementary result [11, p. 201].

Lemma 2.6. Let R be a Noetherian domain and A an R-subalgebra of a finitely generated R-
algebra B. If B is integral over A, then A is finitely generated over R.

We now recall a Liiroth-analogue on subalgebras of polynomial algebras due to Abhyankar,
Eakin and Heinzer [2, Theorem 4.1].

Theorem 2.7. Let R be a factorial domain and A an R-subalgebra of R[X]. If A(# R) is a
factorial domain, then A = R

In Examples 5.5 and 5.6, we shall use the following application of Cohen’s criterion for a ring
to be Noetherian.

Lemma 2.8. Let D be an integral domain. Suppose that there exists a non-zero element t in D
such that

() D[t~Y] is a Noetherian ring;
(ii) tD is a maximal ideal of D;
(iii) ht(zD) = 1 (or;, equivalently, ﬂn>1 t"D = (0)).

Then D is a Noetherian ring.

Proof. By Cohen’s theorem [10, Theorem 3.4], it suffices to show that every prime ideal of D is
finitely generated. By (ii), the principal ideal ¢ D is the only prime ideal containing ¢.

Now let P be any non-zero prime ideal of D not containing 7. By (iii), P ¢ ¢D and hence
by (ii), P and ¢ D are comaximal ideals. Thus there exists s € P such that (s,#)D = D, i.e., the



A.K. Dutta, N. Onoda / Journal of Algebra 320 (2008) 57-80 61

image of ¢ is a unit in D/sD. Therefore, D/sD = D[t~']/sD[t~] is a Noetherian ring by (i).
Thus P/sD is finitely generated and hence P is finitely generated. O

We shall also use the following criterion for normality.

Lemma 2.9. Suppose that D is an integral domain. If there exists a non-zero element t in D such
that v/t D =t D and D[t~'] is normal, then D is normal.

Proof. Let D denote the normalisation of D, and let w be an element in D. Since D[r~!] is
normal, it then follows that ¢" w e D for some n > 0. Let P be a prime ideal in D with r € P,
and let P’ be a prime ideal in D lying over P. Then t"w € PN D = P, so that

t"weﬂP:WD:tD,

teP

which implies that t"~'w € D. Repeating this argument, we have w € D, and hence D = D, as
claimed. O

Finally, we quote a recent result on the transcendence degree of A/pA when R < A < R
and p is a prime ideal in R whose extension remains prime in A [5, Proposition 3.7].

Proposition 2.10. Let R be a Noetherian domain and let A(# R) be an R-subalgebra of R™.
Let p be a prime ideal in R such that pA is a prime ideal in A. Then R /p is algebraically closed
in A/pA and tr.degg,, A/pA > 0.

3. Finite generation over DVR and transcendence of fibres

In this section we prove two results (Propositions 3.4 and 3.6) on Krull domains which are
flat algebras over a DVR (R, ). We show that, under certain conditions, the finite generation of
such an algebra A is equivalent to the transcendence of the fibres at minimal prime ideals of 7 A.

Remark 3.1. Let B be an R-algebra over a DVR (R, ) with residue field k := R/m R and field of
fractions K := R[w~!]. Then B has only two fibres over R: the generic fibre K @ g B = B[r 1]
and the closed fibre k ® g B = B/m B. Note that B is flat over R if and only if 7 is a regular
element in B, and B is faithfully flat over R if and only if B is flat over R and w B # B. In
particular, in case B [x~!]is an integral domain, B is flat over R if and only if B itself is an
integral domain.

Suppose in addition that B is an integral domain with tr.degp B = 1. Then B is an R-
subalgebra of a finitely generated R-algebra if and only if B[z ~!] is an affine domain over K.
Indeed, if B is an R-subalgebra of a finitely generated R-algebra, then B[z ~!]is a K -subalgebra
of a finitely generated K -algebra, so that B[ ~!] is an affine domain over K by Corollary 2.2.
The converse is obvious, because B C B[z ~!]and K = R[x "] is finitely generated over R.

Lemma 3.2. Let (R,7) be a DVR with residue field k and B an overdomain of R with
tr.degp B < 1. Suppose that there exists a prime ideal P in B such that m € P and
tr.deg, B/P > 0. Then tr.degp B =1 and ht P = tr.deg, B/P = 1. In particular, P satisfies
the dimension formula relative to R.
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Proof. By the dimension inequality (2.2) for P, we have
ht P 4 tr.deg, B/P <htw R 4 tr.degp B < 2. 3.

Since ht P > 0 and tr.deg; B/P > 0, it follows that tr.degz B =1 and ht P =tr.deg; B/P =1,
as claimed. Thus the equalities hold in (3.1), and hence P satisfies the dimension formula relative
toR. O

In Section 4 we shall show (Lemma 4.4) that B/ P is finitely generated over k under the
additional hypothesis that B[7 '] is an affine domain over K, the field of fractions of R.
The following lemma gives a criterion for a 2-dimensional Krull domain to be Noetherian.

Lemma 3.3. Let R be a one-dimensional Noetherian domain with field of fractions K, S =
R\ {0}, and let A be a Krull domain such that R € A and S™'A is a finitely generated K -
algebra with tr.degg S ~VA = 1. Then A is Noetherian. In particular, over a one-dimensional
Noetherian domain R, any Krull domain which is an R-subalgebra of R[X] is Noetherian.

Proof. Since R is a one-dimensional Noetherian domain, the normalisation R of R is Noetherian
[9, p. 85]. Thus, replacing R by R, we may assume that R is normal.

By the Mori—Nishimura theorem [9, Theorem 12.7], it suffices to show that A/ P is Noetherian
for every prime ideal P in A of height one. Weset p=P N R and k = R/p.

First suppose that p # (0). Let L be the field of fractions of A. Then R, is a DVR of K
and Ap is a DVR of L dominating Ry. If A/ P is algebraic over k, then A/ P is a field, and hence
A/ P is Noetherian. Suppose that A/ P is transcendental over k. Then we have tr.deg; A/P =1
by Lemma 3.2. Let x € L be a transcendental element over K, and let V = Ap N K(x).
Then [L : K(x)] is finite, and V is a DVR of K (x). Let M be the maximal ideal of V. Then
[Ap/PAp:V/M] < oo, sothat V/M is transcendental over k. Hence, by [1, Corollary 3.6], we
have V/M =k (z) = kfl) for some finite extension field k] of k and z € V/M.Let w € A/P be
a transcendental element over k. Then kK[w] C A/P C Ap/PAp and

[Ap/PAp :k(w)]|=[Ap/PAp ki(w,2)][ki(w,2):k(w)] < oco.

Therefore, by the Krull-Akizuki theorem [9, Theorem 11.7], A/ P is Noetherian.
Next suppose that p = (0). Then

RCA/PCS'A/PSTA,

where S™'A/PS~! A is a finite extension of K, because S~! A is an affine K -domain of dimen-
sion one. Thus A/ P is Noetherian again by the Krull-Akizuki theorem.

For the second assertion, note that if R € A € R[X], then K € S~'A C K[X], so that S~1Ais
finitely generated over K by Corollary 2.2. Thus the assertion follows from the first assertion. O

We now give a criterion for finite generation of a flat Krull algebra of transcendence degree
one over a DVR in terms of the transcendence of some of its fibres: the necessity statement (1)
will show that the R-algebras A and D in our main examples (5.5 and 5.6) are not finitely gener-
ated (cf. Lemma 5.4); the sufficiency statement (2) is a crucial step in the proof of Theorem 4.2
(i.e., Theorem A).
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Proposition 3.4. Let (R,7) be a DVR with residue field k and field of fractions K, and
let A be a Krull domain such that R € A and A[x~'] is a finitely generated K -algebra with
tr.degy Al ~'1=1. Then:

(1) If A is finitely generated over R, then tr.deg; A/P > 0 for every minimal prime ideal P
of TA.
(2) The converse of (1) also holds in case R is a Nagata ring.

Proof. (1)Let P be aminimal prime ideal of w A. Since R, being of dimension one, is universally
catenary [9, p. 255, Corollary 2], it then follows from Ratliff’s theorem [9, Theorem 15.6] that P
satisfies the dimension formula relative to R, namely,

ht P =htw R +tr.degp A —tr.deg; A/P.

Since ht P =tr.degp A = 1, from this we have tr.deg; A/P =1, as desired.

(2) Note that K = R[z~'], and hence A[m '] is finitely generated over R by assumption.
Therefore, to show that A is finitely generated, it suffices, by Theorem 2.5, to show that Ag is a
locality over R for every prime ideal Q of A.

If 7 ¢ Q, then Ag = A[n_l]Q[n_q is a locality over R. Suppose that 7 € Q. Then, by di-
mension inequality, we have

ht O <htmR +tr.degp A —tr.deg, A/Q =2 —tr.deg, A/ Q. (3.2)

The equality clearly holds in (3.2) when ht Q = 2. The equality also holds in (3.2) whenht 0 =1,
because in this case Q is a minimal prime ideal of 7 A, so that tr.deg; A/Q > 0 by assumption.
Thus Q satisfies the dimension formula relative to R. Moreover A is Noetherian by Lemma 3.3,
and hence Ay is a locality over R by Lemma 2.3. O

Remark 3.5. Part (2) of Proposition 3.4 does not hold if R is not a Nagata ring. Indeed, if R is
not a Nagata ring, then there exists a finite algebraic extension field L of K such that the integral
closure R’ of R in L is not a finite R-module. Let A = R’[x] where x is an indeterminate.
Then A is Noetherian and normal, because so is R’ by the Krull-Akizuki theorem. Note that
R'[7~11=L, and hence A[7 '] = L[x]. Since L is finite over K, it thus follows that A[z 1] is
a finitely generated K -algebra with tr.degy A[7x~']=1.

Now, let P be a prime ideal in A of height one with = € P, and let p= P N R’. Then p
is a minimal prime ideal of 7 R’ and P = pR’[x]. Thus A/P = (R’/p)[x], which implies that
tr.deg, A/P > 0. However A is not finitely generated over R; if A were finitely generated over R,
then R’ = A/x A would be finitely generated over R, and hence R’ would be a finite R-module,
a contradiction.

For example of non-Nagata DVR, see [10, p. 205, Example 3].

However, the following result shows that the hypothesis “R is a Nagata ring” is not required
in part (2) of Proposition 3.4 if the field of fractions of A is given to be K(x). Note that in
such a case, A[~!] is a normal affine domain over K with field of fractions K (x), and hence,
by [1, Lemma 5.1],
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either Alx~'|=K[x, f7'] or Alx7']=K[x, fT'INK[x""] ) (B3)

for some f(#0) € K[x].

Proposition 3.6. Let (R, ) be a DVR with residue field k and field of fractions K, and let A be
a Krull domain with field of fractions K (x) (= KV) such that R € A and A[x~"'] is a finitely
generated K -algebra. Then A is finitely generated over R if and only if tr.deg, A/P > 0 for
every minimal prime ideal P of w A.

Proof. It suffices to prove the “if” part (part (1) of Proposition 3.4 covers the “only if” part).

First of all we show that if (V,£€V) is a DVR of K(x) dominating R such that
tr.deg, V/EV > 0, then V' := §®R V is a Krull domain, where R is the completion of R.
Indeed, we have

V[ ]=2Rer V[t | = ROk K(x) = S'K[x],

where K is the field of fractions of R and S = K[x]\ {0}. Thus V'[¢~!] is a Krull domain.
In particular V' is an integral domain, because & is a regular element in V' by flatness of R
over R, so that V' C V/[£~1]. On the other hand, since 7= € £V, it follows from Lemma 2.4 that
V//EV' =V /EV, and hence & is a prime element in V'. Thus

V' =vVI[e NV, (3.4)

Moreover, since tr.deg, V'/§V' = tr.deg, V/EV > 0 by assumption, we have htéV’' =1 by
Lemma 3.2. Hence Vs/v’ is a DVR, and therefore, by (3.4), V' is a Krull domain as claimed.

We now give a proof of the proposition. If 7A = A, then A = A[mw '] is finitely generated
over R. Suppose that 7 A # A, and set A’ = R ®g A. Since R is faithfully flat over R, if A’
is finitely generated over R, then so is A over R. Hence it suffices to show that A’ is finitely
generated over R. Let P1, ..., P, be the minimal prime ideals of w A. Since A is a Krull domain,

it follows that
A=A[lz""Invin-.nV,,
where V; = Ap, for each i. From this we have
A'=Rer Al ')nV/n--.nvV,,

where Vl-’ = §®R V; for each i. From (3.3), it follows that §®R A[7 1] is a normal affine do-
main over K . Since each Vl.’ is a Krull domain as proved above, we know that A’ is a Krull domain
such that R € A’. On the other hand, it follows from Lemma 2.4 that A’[7 1= K ®k A[7 '],
and hence A’[7~'] is a finitely generated K -algebra with tr.degg A’ [7~'1 = 1. Moreover,
again by Lemma 2.4, we have A’/P;A’ = A/P; for each i, 1 <i < n, which implies that
PiA’,..., P,A" are the minimal prime ideals of 7 A’. Since Risa Nagata ring, it thus follows
from Proposition 3.4 that A’ is finitely generated over R. This completes the proof. O
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Remark 3.7. Let (R, ) be a DVR with residue field &k and field of fractions K, and let
B=R[zX,X(xX - 1] =ZR[U,V]/(xV -UU - 1)).
Then R € B C R[X] and B[ '] = K[X]. Since
B/m B = R[U, V]/(n, U - 1)) =k[V] x k[V],

we have /7 B = 7 B, so that B is normal by Lemma 2.9. Thus the R-algebra B is an example
of non-polynomial R-subalgebra of R[X] satisfying the hypotheses in the above proposition.

In Example 5.6, we shall see a Noetherian normal R-subalgebra A of R[X] such that A is not
finitely generated but A/ A is finitely generated; and w A has two minimal prime ideals P;, P>
for which A/ P; = k!l but A/ P, =k (Lemma 5.4; also see Remark A.2).

Corollary 3.8. Let (R, ) be a DVR with residue field k and field of fractions K. Let A be a
flat R-algebra such that the generic fibre A[x '] is a normal affine domain over K with field of
fractions KV, and the closed fibre A/ A is an integral domain with tr.deg;, A/mA > 0. Then A
is a Noetherian normal domain which is finitely generated over R.

Proof. Since A is an integral domain (cf. Remark 3.1) and 7 is a prime element in A, it follows
that A = A[r !N A, 4, where A, 4 is a DVR, because htw A = 1 by Lemma 3.2. Thus A is
a Krull domain, and therefore A is finitely generated over R by Proposition 3.6. O

Remark 3.9.

(1) Proposition 2.10 shows that the hypothesis tr.deg; A/mrA > 0 in Corollary 3.8 is auto-
matically satisfied when A < RUI. However we need the hypothesis in general (namely,
the transcendency does not follow from the other hypotheses in Corollary 3.8): indeed the
R-algebra D of Example 5.6 is a Noetherian normal flat algebra over R = k[t](;) such that
Dit " =k@®™, but D/tD =k.

(2) Example 5.3 will show that the hypothesis “A[7 '] is normal” is necessary even when
A< RU

4. Main results

In this section, we shall prove Theorems A and B mentioned in the introduction (Theo-
rems 4.2, 4.8). In fact, Theorem 4.2 is a slightly generalised version of Theorem A: the hypothesis
“A C R[X]” of Theorem A being replaced by the milder condition “A is a flat R-algebra such
that A[r " !]isa finitely generated algebra over R[z~ '] withdim A[z~'] < 1

For convenience, we state below an easy result on reduction.

Lemma 4.1. Let R be a ring and A an R-algebra. If there exists a finitely generated nilpotent
ideal I of A such that A/l is a finitely generated R-algebra, then A is a finitely generated
R-algebra. In particular, if A is Noetherian and A/ P is a finitely generated R-algebra for every
minimal prime ideal P of A, then A is a finitely generated R-algebra.
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Proof. By assumption there exists an R-subalgebra B of A such that B is finitely generated
over R and A = B + I. Then, writing I = (ay,...,a;)A, we have A = Blay,...,a,]+ 1" for
every n > 0. Since I"* = 0 for some n > 0, it follows that A = Blay, ..., a,]. Thus A is finitely
generated over R.

For the second assertion, it suffices to show that A/+/0 is finitely generated over R. Let
P1, ..., P, be the minimal prime ideals of A. Then \/6 =P N-.-NP, and

A/VO<> B:=A/P x --- x A/P,,

where B is finitely generated over R, because so is each A/P; by assumption. Note that B is
generated by idempotents over A/+/0, so that B is integral over A/+/0. Thus A/+/0 is finitely
generated over R by Lemma 2.6. 0O

We now prove Theorem A in the slightly generalised form below.

Theorem 4.2. Let (R, ) be a DVR with residue field k and field of fractions K, and let A
be a Noetherian flat R-algebra such that Alw~'] is a finitely generated K -algebra with
dimA[r "] < 1. If R is complete and the algebraic closure k of k is a finite extension of k,
then A is finitely generated over R.

Proof. Since the assertion is obvious when m A = A, we may assume that 7 A # A.

We first consider the case where A is an integral domain. Replacing A by A[r](= Alll) if
necessary, we further assume that tr.degz A(= dim A[r~']) = 1. Let C be the normalisation
of A. Then C[7 1] is the normalisation of A[x ~!], so that C[ 1] is an affine domain over K,
because so is A[r~!]. Note that C is a Krull domain by the Mori—Nagata theorem [10, Theo-
rem 33.10], and hence C is Noetherian by Lemma 3.3. Therefore, by Lemma 2.6, it suffices to
prove the result when A is a Noetherian normal domain.

Let P be a prime ideal in A of height one with PN R = 7w R. We will show that tr.deg;, A/ P >
0; if this is the case, then A is finitely generated over R by Proposition 3.4. Suppose on the
contrary that tr.deg, A/P =0, and set V = Ap, which is a DVR with maximal ideal PV. Then
V/PV (— IE) is a finite extension of k, which implies that length, V/7V < oo, because mV =
P™V for some positive integer m. Hence V /' V is a finite k-module. Since R is complete, it
then follows that V' is a finite R-module [14, p. 259, Corollary 2]. However this contradicts that
tr.degp V =tr.degp A = 1. Thus A is finitely generated over R.

We now consider the general case (i.e., when A is not necessarily a domain). By Lemma 4.1,
it suffices to show that A/ Py is finitely generated over R for every minimal prime ideal Py in A.
Note that A/ Py is R-flat, since A/ Py is an integral domain. Note also that = ¢ Py, since A is
R-flat. Hence Po[r '] is a minimal prime ideal of A[r ™11, so that (A/Po)[n’l](z A[n’l]/
Py[z ] isa finitely generated K -algebra of dimension at most one. Therefore A/ Py is finitely
generated over R by what we have proved above. This completes the proof. O

Remark 4.3.

(1) The necessity of the additional hypotheses “R is complete,” “[k : k] < co” and “A is Noethe-
rian” in Theorem 4.2 would be shown by the case k = C of Examples 5.6, 5.5 and the case
R = C|[t] of Example 5.3, respectively. In fact, the case k = C of Example 5.6 shows that
“R is complete” cannot be weakened to “R is a Nagata ring” even when A — R[X]. Note
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that, unlike in Proposition 3.6, we cannot “reduce to the complete case”: Example 5.6 will
demonstrate that the extended ring A’ = R ®z A need not remain Noetherian even if A is
Noetherian (see Remark 5.7).

(2) Note that when k = k, then, by the Artin—Schreier characterisation of real closed fields [12,
pp. 211-213], the hypothesis “[k : k] < 0o” is equivalent to each of the following hypotheses:
“[IE k] =27, “k = k(i) where i2 = —17; “k is a real closed field.” Moreover, in such a case,
the characteristic of & is zero.

Let A be a flat algebra over a DVR (R, 7). Then the closed fibre A/ A could be finitely
generated even when A itself is not finitely generated over R. We shall give sufficient conditions
for finite generation of the closed fibre. The following result is a step for the purpose.

Lemma 4.4. Let (R, ) be a DVR with residue field k and field of fractions K, and A a flat R-
algebra such that A[x~"] is a finitely generated K -algebra of dimension one. Let P be a prime
ideal in A such that v € P. Iftr.deg; A/P > 0, then A/ P is finitely generated over k.

Proof. Let R denote the completion of R, and set A’ = R ®gr A. Then A’ is a flat k\—algebra.
By Lemma 2.4, we have A’/PA’ = A/P and A'[x '] = K ®k A[x '], where K is the field of
fractions of R. Hence A'[7r']isa finitely generated K -algebra of dimension one. Thus, replac-
ing A and P by A’ and P A’, respectively, we may assume that R is complete. Let Py be a minimal
prime ideal in A such that Py € P. Then w ¢ Py, because 7 is a regular element in A. Hence
A/Py C A[n_l]/Po [z, which implies that tr.degp A/ Py < 1. Thus, replacing A by A/ Pp, we
may also assume that A is an integral domain with tr.degp A < 1. It then follows from Lemma 3.2
that P satisfies the dimension formula relative to R, and hence, by Proposition 2.1, A/P is a
subring of a finitely generated ring over k. Since tr.deg; A/P =1 by Lemma 3.2, we know from
Corollary 2.2 that A/ P is finitely generated over k. This completes the proof. O

Proposition 4.5. Let (R, w) be a DVR with residue field k and field of fractions K ; and let A be
a flat R-algebra such that Al "] is a finitely generated K -algebra of dimension one. Suppose
that any of the following three conditions is satisfied:

(i) A< R[X]and A € Spec A;
(i) A/mA is Noetherian and [k : k] < 00;
(iii)) mA € Spec A and [k : k] < oo.

Then A/m A is finitely generated over k. Moreover, if the condition (1) is satisfied, then we have
tr.deg, A/mA =1.

Proof. First we consider the case (i). In this case we have tr.deg, A/mw A > 0 by Proposition 2.10
and hence the assertion follows from Lemmas 4.4 and 3.2.

Next suppose that (ii) is satisfied. Since A/m A is Noetherian, by Lemma 4.1, it suffices
to show that A/P is finitely generated over k for every minimal prime ideal P of wA. If
tr.deg; A/P > 0, then the assertion follows from Lemma 4.4; while if tr.deg; A/P; = 0, then
A/ P;(— k) is a finite extension of k.

The proof for the final case (iii) is similar to that for (ii): if tr.deg; A/mw A > 0, then the asser-
tion again follows from Lemma 4.4; while if tr.deg;, A/m A =0, then A/m A is finite over k. This
completes the proof. O
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Remark 4.6. Let R = C[t] where ¢ is transcendental over C and
A=R[tX,tX* ...,tX",..]= R+ ¢X)R[X]C R[X].
Then
AJIAZCIX 1, Xa, oo, X, J/ (XX 121, ) > 1))

is non-Noetherian and hence not finitely generated as an algebra over R/t R(= C). This example
illustrates the necessity of the condition “7 A € Spec A” in (i) and (iii) and the condition “A/m A
is Noetherian” in (ii). The ring D of Example 5.5 illustrates the hypothesis “A < R[X]” of (i)
and “[k : k] < 00” of (ii) and (iii).

The case R = C[t] (or R = C[t](;)) of Example 5.3 shows that even all the conditions (i), (ii),
(iii) together do not ensure finite generation of A over R; in particular, A need not be finitely gen-
erated even when both the generic and closed fibres are affine domains of transcendence degree
one (over respective residue fields). However, Theorem 4.8 will show that, under the hypothe-
ses (i), A is finitely generated over R if A is Noetherian. (Also compare with Corollary 3.8.)

The proof of Theorem B will use the following result on primes in normalisation.

Lemma 4.7. Let A be a Noetherian domain, C the normalisation of A and 7w a prime element
in A. Then 1 is a prime element in C.

Proof. Note that C is a Krull domain. If P is a minimal prime ideal of 7w C, then, by [10, (33.11)],
P N A is a prime divisor of 7 A, so that P N A = 7 A. Hence the local ring A 4 is dominated by
the local ring Cp, which implies that A, 4 = Cp, because both A, 4 and Cp are DVRs with the
same field of fractions. From this it follows that P is the unique minimal prime ideal of 7 C, and
hence 1C =7 Cp NC. Since 1Cp(=m Ay ) is the maximal ideal of Cp, we know that 7 C is a
prime ideal of C, as claimed. O

In Example 5.3, we shall demonstrate an R-subalgebra A of R[X] over a DVR (R, 7) such
that 7 is prime in A but does not remain prime in the normalisation C of A.
We now prove Theorem B.

Theorem 4.8. Let R be a locally factorial Noetherian domain and A(# R) a Noetherian
R-subalgebra of R[X] such that for every prime ideal p in R of height one, pA is a prime
ideal in A. Then A is finitely generated over R and the normalisation C of A is isomorphic to
the symmetric algebra of an invertible ideal of R.

Proof. We first consider the case where R is a local domain. Let K be the field of fractions of R
and let S be the multiplicative set generated by all prime elements in the factorial ring R. Then
K =S 'R.From R ; C C R[X], we have

K S s'c ck(x),

which implies that S~!C = K since $~!C is normal (cf. [2, (2.6)]). Now, by hypothesis, every
prime element p in R remains prime in A and hence, by Lemma 4.7, p remains prime in C. Thus
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S is generated by a set of elements which are prime elements in C. Since C is a Krull domain
and S~1C (=K [1]) is factorial, by Nagata’s criterion [8, Corollary 7.3], C is a factorial domain.
Now

RS C CRIX]

with both R and C being factorial. Therefore C = R!!l by Theorem 2.7. In particular C is finitely
generated over R, and hence so is A by Lemma 2.6, because A C C and C is integral over A.
This completes the proof when R is local.

We next consider the general case. Let m be an arbitrary maximal ideal of R. Then R, C
A, CCp, C R,[X] and C,, is the normalisation of A,,. Note that R, # A,,; if R,, = A, then
A C R, N R[X]= R, acontradiction. Hence, by the local case, A, is finitely generated over R,
and C,, = Rﬂ ! The result then follows from Theorem 2.5. O

Remark 4.9. Example 5.3 will show the necessity of the hypothesis that A is Noetherian in
Theorem 4.8.

5. Examples

We first record a few properties of two auxiliary rings C and E which will be used in Exam-
ples 5.3 and 5.6 (see Remarks 5.7 and A.2).

Lemma 5.1. Let (R, ) be a DVR with residue field k and field of fractions K, and let f =aX +b
be an element of R[X] witha e R\ {0} and b € R\ = R. Define the rings C and E by

C =R+ fR[X] C R[X]
and
E=R+ fK[X]C K[X].
Let P and Q be the prime ideals of C defined by
P=aR[XINC and Q=mENC.
Then the following assertions hold:

(1) C=R[XINE and Cln~ 1= E[x~'1= K[X].
2) E/rE=kand ht(tE) =2.

(3) C/P =k[fil=kWM where fi = Xf, andht P = 1.
4) C/Q=kandhtQ =2.

(5) nC=PNQand P+ Q =C.

6) C/rC=C/P xC/Q =k xk.

(7) E and C are non-Krull normal domains.

Proof. (1) The inclusion C € R[X] N E is obvious. For the converse inclusion, let g be an
element of R[X] N E, and write g = c + f&(X) with ¢ € R and £(X) € K[X]. Then £(X) €
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K[X]NR[X, f_l]. Writing @ = A for some A € R, we have f — (AX)mr = b, a unit in R.
Thus 7 and f are comaximal in R[X], so that

KIXINR[X, f ' =R[X, =7 '|nR[X, f~'] = R[X].

Therefore £(X) € R[X], and hence g € C.

Clearly C[z~'1= K[X] and E[x~!] = K[X].

(2) Let J = fK[X], an ideal of E. Since J(=nJ) C 7 E, we have E/m E = k. In particular,
mw E is a prime ideal in E.

By the dimension inequality (2.2) for = E, we have ht(r E) < 2. On the other hand, note that
Q :=(),=07"E is a prime ideal in E because 7 is a prime element. Since f € Q, we have
Q # (0), and hence ht(;r E) > 2. Thus ht(z E) = 2, as claimed.

(3) For g € C, let g denote the residue class of g € C in C/P. Set f; = X' f for i > 0. Note
that aX € P and hence af; = (aX) fi—1 € P for every i > 1. We have the relation

Sifo—1=Dfn +afns (5.1)

for n > 1, which implies that b f,, = f| f,_1. Moreover, we have f = b. Since, C is generated
by {1, f, f1, f2,...} as an R-module, it follows that C/P = k[fl]. Note that 7 R[X] N R[ f1] =
7 R[ f1], and hence k[f_l] =k, In particular tr.deg, C/P =1, so that ht P = 1 by Lemma 3.2.

(4)Sincek— C/Q — E/nE and E/7nE =k, we have C/Q =k.

From the dimension inequality (2.2) for Q, it follows that ht O < 2. On the other hand,  :=
FRIX1(S Q) is a prime ideal of C such that C/I = R, so that ht Q > 2. Thus ht Q =2.

(5) Since C = R[X]NE,wehave tC =aR[X]N7E=PNQ.SinceaX € Pand f € Q,
the relation b = —a X + f shows that P and Q are comaximal.

(6) follows from (5), (3) and (4) by Chinese remainder theorem.

(7) Since 7 is a prime element in £ and E [#~'] = K[X] is a normal domain, E is normal by
Lemma 2.9. Thus C is normal, because C = R[X] N E and both R[X] and E are normal. Since
m E and Q are prime ideals of height 2, and Q is a minimal prime ideal of 7 C, it follows that E
and C are not Krull domains. O

Remark 5.2. The explicit descriptions of C and E of Lemma 5.1 as R-algebras are given as
follows:

C=R[aX,X@X +b), X*@aX +b),...]

and
E:R[aX, aX+b aij,..}.
b/ T
Clearly
I=fR[IX1=(f,Xf,X*f....)C
and

J=fKIX1=(f.n ' fin 2 f . )E
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are ideals of C and E respectively. One can see that / and J are non-finitely generated. Indeed,
since C is normal and R[X] is birational to C, R[X] is not integral over C and hence not finitely
generated as a C-module. Thus fR[X](= R[X]) is not finitely generated as a C-module, i.e.,
I is not finitely generated as an ideal of C. Again, since 7! ¢ E, we have

a D e fE=(fin 7 fn 2 f . n T f)E

and hence J is not finitely generated as an ideal of E.
The prime ideals P and Q of Lemma 5.1 are two-generated:

P=nR[X]NC = (7,aX)C
and
Q=nENC=nR+ fRIX1=(n, £, Xf. X*f,...)C = (n, f)C.

The last equality follows from the relation X’ f = (b~' X! f) f — (b~ '@’ X! f)7 where a’ =
nlaeR.
Thus the ideal 7 C of the non-Krull normal domain C has a primary decomposition into

finitely generated prime ideals of different heights:
nC=PNQO=(m,aX)N(m, f)
where ht(r,aX) = 1 and ht(w, ) =2.
Example 5.3. With the same notations as in Lemma 5.1, let
A=R+XfRIX1=R[Xf. X*f.X*f....].
Then:

(1) A is a non-Noetherian domain with normalisation C.
(2) mR[X]N A =mA; in particular, 7 is a prime element in A.
(3) A/mA=k[fi]=k1]

Proof. (1) We have C = A[f] and f? = bf + af) with fj = Xf € A, so that C is integral
over A. Thus C is the normalisation of A, because C is normal and both C and A have the same
field of fractions K (X). Thus A is non-Noetherian since so is C = A[ f].

(2) We now show that 7 remains a prime element of A by verifying the equality T RIX]N A =
mwA. Let g=c+ Xfh(X) be an element of # R[X] N A for some ¢ € R and h(X) € R[X]. Then
cenR,and h(X) e mR[X] since f ¢ m R[X]. Thus g e T A.

(3)Notethat PNA = (@ R[XINC)NA=nR[X]NA=mwAand TANR[fi]=mR[X]N
R[fil=mR[fi],sothat k[ fi]— A/m A C/P =k[f1]. Thus A/m A =k[fi]=k!"1. O

However, as we have seen in Lemma 5.1, m does not remain prime in C, the normalisation
of A; in fact, 7 C decomposes as 1C = PN Q where ht P =1 but ht 0 =2.
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Note that in this example we have, from relation (5.1), that
Al =K[Xf, X2 F]Z KU, VI/(U? = bUV —aV?),

and hence the generic fibre A[ ~!] is a non-normal affine domain with field of fractions K (X).

The example shows that (i) the Noetherian hypothesis on A is needed in Theorem 4.2 (A/m A
Noetherian does not suffice); (ii) the hypotheses of Proposition 4.5 do not imply that A is fi-
nitely generated; (iii) the normality hypothesis on A[7~!] is needed in Corollary 3.8; (iv) the
Noetherian hypothesis on A is needed in Lemma 4.7; and (v) the Noetherian hypothesis on A is
needed in Theorem 4.8.

The next result forms the basis of construction of our main examples (5.5, 5.6) of non-finitely
generated Noetherian normal R-subalgebras of R[X] satisfying various properties.

Lemma 54. Let (R, ) be a DVR with residue field k and field of fractions K. Let D be a
Noetherian normal ring such that R € D C K[X] and R[X] Q D. Suppose that D[z~ 11=
K[X] and 7 D is a maximal ideal of D such that D/7 D is an algebraic extension of k. Set
Vi = R[XIzrix), V2= Dxp and let

A=K[X]NVINV,. 5.2)

Let Py and Py be prime ideals of A defined by P; = wV; N A for i = 1, 2. Then the following
assertions hold:

(1) A=R[X]IND; Pi=7nR[X]NAand P, =D N A.
(2) A is a Noetherian normal R-subalgebra of R[X].

@) mrA=PINPy PI+P,=Aand Ap, =V; (i=1,2).
4 A/Pi=kMand A)P, =< D/nD.

(5) A/TA=A/P x A/P, =k x D/nD.

(6) A is not finitely generated over R.

Proof. (1) Since K[X]= R[X][7~'1= D[z "], we have
A= (K[X]INnVi)N(K[X]NV,)=R[X]IND.

From this it follows that Py =7 Vi N A= (@ Vi N R[X]) N A=rmR[X]N A. Similarly we have
P,b=mDNA.

Here we note that A # D, i.e., D Q R[X]. Indeed, if D C R[X], then 7 R[X]N D =nD,
because 7 D is a maximal ideal. Since R[X][7~!] = D[r '], it then follows that D = R[X],
a contradiction. Also note that A # R[X] as R[X] Q D.

(2) Note that each V;, i = 1,2, is a DVR of K(X) with uniformising parameter 7, and
hence A is a Krull domain such that A[z ~!] = K[X]. It thus follows from Lemma 3.3 that A
is Noetherian. Since A € R[X] by (1), we know that A is a Noetherian normal R-subalgebra
of R[X].

(3) It follows from (1) that

mA=nR[IX]NxD=(7RIXINA)N(@DNA) =P NP. (5.3)
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Since k < A/P> < D/n D and D/m D is an algebraic field extension of &, it follows that A/ P>
is an algebraic extension of k, and hence P, is a maximal ideal of A.

We check that Py Q P,. Indeed, if P; C P, then m A = P; by (5.3), which implies that 7 A =
TR[X]N A. Since A C R[X] and A[7r~'] = R[X][7~'1(= K[X]), from this it follows that
A = R[X], contradicting R[X] ¢ D. Therefore P ¢ P,, as desired. Hence P; + P, = A since
P> is maximal.

We thus see that (5.3) gives the primary decomposition of 7 A. Hence ht P, =1 fori =1, 2,
and therefore each Ap, is a DVR of K (x). Since A p, is dominated by V;, we have Ap, = V; for
i=1,2.

(4) Since P; + P> = A, the assertion follows from [1, Lemma 5.6]. For convenience, we give
the proof here.

Let a € P; and b € P; be elements such that a + b = 1. Then D[b—'] = K[X][b'], be-
cause b € D and D[z '] = K[X]. Hence A[b~']= R[X][b~!] by (1), so that 7 R[X][b '] =
wA[b~ '] = PiA[b~'] by (3). Thus A € R[X] S A[b~ '] and P;A[b~']1N R[X] = R[X]. Note
that » = 1 mod P;. Therefore

A/Py = RIX]/7R[X]— A[b~"]/PiA[b~"] = A/ Py,

which implies that A/ Py = R[X]/m R[X]= k). Similarly we have A/P, = D/n D.

(5) follows from (3) and (4) by Chinese remainder theorem.

(6) Since P is a minimal prime ideal of 7 A and A/ P; is algebraic over k, A is not finitely
generated over R by Proposition 3.4. O

A further discussion on the R-algebra A and the minimal prime ideals P; and P> of A will
be made in Remark A.2.

Now if R is an integral domain with field of fractions K and A is an R-subalgebra of R[X],
then K — K @z A — K. Therefore, by Corollary 2.2, the generic fibre of A is always finitely
generated and has transcendence degree one if A # R. The following example shows that even
over a nice equicharacteristic complete DVR like R = Q[¢], the closed fibre of a Noetherian
normal R-subalgebra of R!! need not be finitely generated; in particular, A itself need not be
finitely generated. The example also illustrates the necessity of the hypothesis “[k : k] < 00”
in Theorem 4.2 and Proposition 4.5((ii) and (iii)), and the hypothesis “A < R[X]” in Proposi-
tion 4.5(i).

Example 5.5. Let R = Q[t] where ¢ is transcendental over Q@ and K = Q((¢)), the field of
fractions of R. Let p, denote the nth prime among the natural numbers and let L be the infinite
algebraic field extension of Q generated by all the ./p,s, i.e.,

L=0W2V3.V5,....\/pn-. ).

Let D = R[x1, x2, ...] be the subring of Q((#))[X] generated by x1, x7, ..., where x; =X and
Xy, is defined inductively by the relation

Xn+1 = (x,% - pn)/l
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for each n > 1. Thus

2 @x)?=2y7_ 3
D_R|:tX (IX)2—2 ((ZX)I—2)2_3 (%)2_5 i|

) ’

t t t

Then:

(1) D is a Noetherian normal domain with fibres D[r~'] = K[X] and D /tD = L. In particular,
D/t D is not finitely generated as a Q-algebra.

(2) Let A be the ring defined by (5.2) in Lemma 5.4. Then A is a Noetherian normal R-
subalgebra of R[X] such that

A/tA= QM x L.

In particular, A/zA is not finitely generated as an R/t R(= Q)-algebra and A is not finitely
generated as an R-algebra.

Proof. (1) Clearly D[t~!] = K[X]. First we show that D/rD = L. Note that

L= Q[X1, X2, X3,...1/(X] — p1. X3 — p2. X3 — p3,...).

Now let I be the kernel of the R-algebra homomorphism ¢ : R[X|, X3,...] = D defined by
¢ (X;) = x; for each i, and let

J=(tX2— X7+ p1,tX3— X3+ p2, tXs — X3+ p3,...).
We have J C I, and hence D/tD(= R[X1, X2, ...]/(t, I)) is a surjective image of
R[X1, X2, X3,...1/(t, )EL,

which is a field. Therefore, D/¢tD = L. In particular, ¢ is a prime element in D and D/¢tD an
algebraic extension field of Q with [D/tD : Q] = oco. Thus D/t D is not finitely generated as a
Q-algebra.

Next we show that ht(z D) = 1. By the dimension inequality (2.2) for ¢ D, we have

ht(rD) <ht(rR) + tr.degg D —tr.degy D/tD =2.

Therefore, if ht(r D) # 1, then ht(z D) = 2, so that t D would satisfy the dimension formula (2.1)
relative to R. Hence, by Proposition 2.1, the field D/t D would be a subring of a finitely gener-
ated ring over R/fR = Q, which contradicts [D/tD : Q] = co. Thus ht(¢ D) = 1, as claimed.
(Remark A.1(1) provides an alternative proof that ht(r D) = 1.)

By Lemmas 2.8 and 2.9, it then follows that D is a Noetherian normal domain.

(2) follows from Lemma 5.4. O

An explicit description of A will be given in Remark A.2.
Note that, in Example 5.5, the closed fibre is not an integral domain. Recall that, by Proposi-
tion 4.5, if the closed fibre A/w A (of an R-subalgebra A of R[X]) is an integral domain, then it
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must be an affine domain over k of dimension one; and that, by Theorem 4.8, A itself would be
finitely generated if it is Noetherian.

We now describe an example to show that the hypothesis “R is complete” is necessary in The-
orem 4.2. Unlike Example 5.5, in this example, the closed fibre A/m A will be finitely generated
over k. The example illustrates that even over a nice DVR like the affine C-spot R = C[t](y),
a Noetherian R-subalgebra of R[X] need not be finitely generated over R—not even under the
additional hypothesis that all the fibre rings are affine.

Example 5.6. Let R = k[t](;) where k is an arbitrary field and ¢ is transcendental over k and
K = R[t~1] = k(¢), the field of fractions of R. Let

y=ao+ait +axt>+ - +ant" + -

be an invertible element of k[¢] (i.e., a; € k for all i and agp # 0) which is transcendental over k(7).
Let

tX —ag tX —ag—ayt tX —ag—ayt —---—ayt"
; 2 . prEm] yeen]-

D=R|:IX, ,

Then:

(1) D is a Noetherian normal domain such that D[r~!] = K[X] and D/tD =k.

(2) Let A be the ring defined by (5.2) in Lemma 5.4. Then A is a Noetherian normal R-
subalgebra of R[X] which is not finitely generated over R although A/rA = kU x k is
finitely generated over k.

Proof. (1)Clearly D[t~!]= K[X] and, by argument as in Example 5.5, one sees that D/t D = k.
Moreover, since y is transcendental over k(¢), D is R-isomorphic to the subring

;o y—ao y—ap—ayl
D.—R|:y, rar 2 ,:|

of k[t], and hence ), #" D = (0) because (),» "D’ S, "k[t] = (0). Therefore, D is
a Noetherian normal domain by Lemmas 2.8 and 2.9.
(2) follows from Lemma 5.4. O

Remark 5.7. Let the notation be as in Example 5.6 and let R(= k[t]) denote the completion
of R. As R is faithfully flat over R and A is not finitely generated over R, it follows that R—
R RrA — R[X ] and that R Rr A is not finitely generated over R. We thus see from Theorem 4.2
that although A is Noetherian, R ®pr A does not remain Noetherian when k is real closed or
algebraically closed. In fact, the non-Noetherian property of R® r A holds without the additional
assumption, real or algebraic closedness, on k. We show this by giving explicit descriptions of
the ﬁ-algebra R®g A and of a non-finitely generated ideal of R®r A.
Note that

~ ~ tX —ag tX —ag—ayt ~ tX — tX —
R®RD=R[tX, to, t;’ 1,...]=R|:IX, Y tzy,..},
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because

tX —(ap+ait+---+aut") tX—y y—(a0+a1t+-~-+ant")€k~

i+l - LT 1

Thus, by Remark 5.2, the ring R ®pg D is same as the non-Noetherian ring E of Lemma 5.1
(when R =k[t],a=mn =t and b = —y in Lemma 5.1). Hence, by (1) of Lemma 5.1, the ring

R®r A=R[XIN(R® D)
is same as the non-Noetherian ring C of Lemma 5.1. Thus, by Remark 5.2,
R®r A=R[1X.X(tX —y), X*(tX - y),...]

andtheideal I = (tX —y, X(t X —y), X2(X - ¥), . ..) in the above ring is not finitely generated.

Also note that while D is a Noetherian normal domain in which 7D is a maximal ideal
(necessarily of height one), the extended ring E = R ®g D over the completion R becomes
a non-Noetherian normal domain in which the extended ideal r E becomes a maximal ideal of
height two ((2) of Lemma 5.1).

Different formulations of the rings A and D of Example 5.6 have appeared earlier in various
contexts. When k = C, one can see that D of Example 5.6 is isomorphic to [z N k(¢)[y] which
is a localisation of an example of Bhatwadekar [4, Example 2]. The ring A of Example 5.6
is closely related to the example of Eakin [6, p. 79] and another example of Bhatwadekar [4,
Example 1]. In Remark A.2, we shall give explicit generators for A.
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Appendix A

After discussions on an earlier draft, S.M. Bhatwadekar formulated the following observation
which neatly brings out the underlying principles involved in Examples 5.5 and 5.6.

Remark A.1 (Bhatwadekar). Let (R, t) be a DVR with residue field k and field of fractions K.
Let D = R[x1, x2, ..., Xy, ...] be an R-subalgebra of K[X] such that D # D, x; =X and for
each i > 1, txj.1 = fi(x;) for some polynomial f;(X) in R[X] whose image f;(X) in k[X] is
monic irreducible. Note that D[r~!] = K[X].

Now suppose that P is a prime ideal in D containing ¢ D. By construction, D/ P is algebraic
over k, so that P is a maximal ideal of D. Also note that, by dimension inequality, ht P < 2. The
following relations hold between the dimension [D/P : k] and ht P:

(1) If [D/P : k] is infinite, then ht P = 1.
(2) If R is complete and P is finitely generated, then [D/ P : k] is finite if and only if ht P = 2.
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(1) Suppose that ht P # 1 (i.e., ht P = 2). Then there exists a non-zero prime ideal Q
in D such that Q ; P. By construction, D/tD is integral over k, so that dimD/¢tD = 0.
Thus ¢+ ¢ QO and hence Q N R = 0. Thus R < D/Q. Now the quotient field of D/Q is
D[t /0 = K[X]/Q, afinite algebraic extension of K. Hence, by the Krull-Akizuki theorem,
D/P=(D/Q)/(P/Q) is a finite extension of k.

(2) Suppose that P is finitely generated and ht P = 1. Then V := Dp is a one-dimensional
Noetherian local domain such that +/zV = PV, the maximal ideal of V. Note that V/PV = D/P
since D/P is a field. Thus, if [D/P : k] is finite, then so is [V /tV : k], because PV C tV for
some n > 0. Now, if further R were complete, then V would be a finite R-module [14, p. 259,
Corollary 2] contradicting tr.degp V = 1.

Thus, over a complete DVR (R, t) with residue field &, for constructing a transcendental
R-algebra D where tD would be a maximal ideal of height one, one is forced to ensure that
D/tD is an infinite algebraic extension of k (the starting point of Example 5.5). However, as
demonstrated in Example 5.6, for non-complete R, it is indeed possible to construct D such that
t D itself is a maximal ideal P satisfying D/P = R/tR =k and yetht P = 1.

Note that by choosing f;(X) in R[X] such that

L:=RIX1,X2,..., Xp, .. 1/ (1, i(XD), 2(X2), ..\ fu(Xn), ...

is a field, one gets D for which 7D is a maximal ideal with D/t D = L, an algebraic field exten-
sion of k.

The ring D of Remark A.l need not be Noetherian in general. However if it satisfies the
additional hypothesis that ¢ D is a maximal ideal of height one, then D indeed will be Noetherian.
In this case, we give below an explicit description of the R-algebra A := D N R[X]. In particular,
we display explicit generators for the R-algebras A of Examples 5.5 and 5.6. We also make a few
observations on the minimal prime ideals of 7 A.

Remark A.2. Let the notation be as in Remark A.1. Suppose that ¢ D is a maximal ideal of D of
height one. In particular, D is Noetherian and normal (by Lemmas 2.8 and 2.9) and D/t D is an
algebraic field extension of k. We further assume that R[X] ,¢_ D. Set A = R[X]N D. Then, by
Lemma 5.4, A is a non-finitely generated Noetherian normal R-subalgebra of R[X] satisfying

A/tAZ= K x D/tD.

(1) We give an explicit description of the ring A. Let d; = deg f; (X) for i > 1, and define m,,
inductively by the relation m| = 0 and m,,+1 = d,m, + 1 forn > 1. Let y,, = ( X)"»x,, for each
n > 1;in particular, y; = x1 and y, = (tX)x2 = Xf1(x1). Now set

B=R[y1,y2,--+, Yn,---]-

We show that B = A. Note that B C D.

For simplicity, we set z =t X and w = f1(¢X). Thus z = x| = y; and w = f1(y1). We also set
Fu(X,Y)=Y% f,(X/Y) for every n, so that F,, (X, Y) is a homogeneous polynomial in R[X, Y]
of degree d,,. Then, the relations tx,+1 = f,(x,) and m, | = d,m, + 1 imply that

Y41 = Y1 Fn(yn, y{'™") (A1)
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and hence y,+1 = X F, (s, y'ln") for n > 1. Therefore, by induction on n, we have y, € R[X] for
every n. Thus y, € DN R[X](= A) forn > 1, and hence B C A.
Since y, = z™x, and B C D, we have B[z~!] = D[z~']. On the other hand, we have
R[X,z '1=K[X, z~!] because z =X, so that
Alz7")=D[z7'|nR[X.z7"]=D[z7"]. (A2)

Thus B[z~ '1=A[z7'].
Since ty, = yjw, the relation (A.1) also implies that

Wyns1 = Y2Fn (Y, Yi™) (A3)
forn > 1. As y; =tX and y2 = X f1(y1) = Xw, it follows that
B[wil] = R[yl,yz, wil] = R[X, wil].
On the other hand, since tx, = fi(x1) = w and D[r~']1= K[X], we have
D[w '] =D[1/(tx)] = K[X, w '],

so that

Thus Blw™']= A[w™!].

Note that the hypothesis R[X] € D (i.e., X ¢ D) implies that f;(X) # X, where f1(X) de-
notes the residue class of f1(X) in k[X]. Indeed if not, then fij(X) = X + th(X) for some
h(X) € R[X], from which it follows that X = xp — h(x;) € D because x; = t’lfl(xl) and
x1 = tX, a contradiction. Since fl (X) # X and fl(X) is monic irreducible in k[X], we have
fl (0) #£0,1.e., f1(0) is a unitin R. Thus z and w are comaximal both in B and A. It now follows
that

B = B[z_l] N B[w_l] = A[z_l] N A[w_l] =A,
as claimed.
The relation A = R[y1, y2, y3, ...] gives us a concrete system of generators for the rings A in

Examples 5.5 and 5.6. In Example 5.5, we have f;(X) = X? — p; foreach i > 1, so that d; =2
foralli > 1and m, =2""1 — 1 for n > 1. Therefore,

A=R[X, X(tX)? =2), X>((1X)2 =2)> = 3),...].

Similarly, in Example 5.6, we have f;(X) = X —a;_1 for i > 1, so that d; = 1 for each i,
m, =n — 1 for every n, and hence the ring A of the example is given by

A=R[tX,X(tX —ao), X*(tX —ap — art), ...].
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(2) Next we discuss the minimal prime ideals of tA. Let Py =tR[X]N A and P, =tD N A.
Then tA = P; N P, by Lemma 5.4, and hence Py and P, are the minimal prime ideals of rA. We
show that Py = (¢, y1)A and P, = (¢, w)A.

Set IT1 = (t,y1)A and I, = (¢, w)A. Since y; =tX € tR[X] and w = f1(x1) =txp € tD,
clearly we have I; € P; fori = 1,2. Let b = f1(0). Then b is a unit in R and w = b mod I,
because w = f1(y1) and y; € I. Since m,, > 0 for n > 2, it then follows from the relation (A.3)
that

Y1 =b"1y2Fy (v, 0) mod 1y

for each n > 2. Therefore we have A/I} = k[y,], where y, denotes the residue class of y, in
A/I;. On the other hand, recall that A/P; = k!!) by Lemma 5.4. Since A/P; is a surjective
image of A/, it now follows that I} = Pj.

For the equality I, = P», note that fi(y;) =0 mod />, and hence the residue class y; € A/I>
is a unit in A/ I, because b = f1(0) is a unit in R. Note also that A[yl_l] = D[xl_l] by the
equality (A.2), because x; = y; = z. Since y; isaunitin A/, t € I and ¢ D is a maximal ideal
with x; =tX ¢ ¢ D, it follows that

A/L = Aly;']/LA[y; '] = D[x;"]/tD[x; '] = D/tD,

and hence I, is a maximal ideal of A. Therefore I, = P,, as desired.
We have thus obtained P; = (¢,1X)A and P, = (¢, fi(tX))A. Therefore, by Lemma 5.4, the
primary decomposition of # A is of the form

IA=PNP=(t,tX)AN(t, f1(X))A.

Note that P, = (¢, (tX)2 —2)A in Example 5.5 and P, = (¢,tX — ap)A in Example 5.6.

(3) We now examine the extensions of the minimal prime ideals P; and P, of Example 5.6 to
§®R A.

Let the notation be as in Example 5.6, and set C = §®R A and E = §®R D.Llet P =
tﬁ[X] NC and Q =tE N C. Then we have tC = P N Q by Lemma 5.1 and Remark 5.7. Note
that P = (¢,tX)C and Q = (¢,tX — y)C by Remarks 5.2 and 5.7. Note also that (r,t X — y)C =
(t,tX —ag)C since y — ag € tC. It thus follows that P = P;C and Q = P,C. Hence, by Lem-
mas 2.4, 5.1 and 5.4, we have C/P = A/P; =k, C/Q = A/P> =k and

A/P x AJPy= AJtA=C/tC=C/P x C/Q.

While P;, P, are prime ideals of height one (A being Noetherian), recall that Q is a prime ideal
of height two ((4) of Lemma 5.1).
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