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Introduction

Crystalline graded rings were introduced in [9] as a generalization of generalized twisted group
rings as well as of generalized Weyl algebras studied in [1-4]. In this paper we focus attention on
crystalline graded rings, graded by a finite group, where the base ring (part of degree 0) is a commu-
tative Dedekind domain.

An obvious problem is to determine whether such a crystalline graded ring is a maximal graded
order, knowing from the situation in case of generalized twisted group rings that they need not be
maximal orders. In Section 2 we prove that the global dimension of a crystalline graded ring, in case
the order of the grading group is invertible in the ring equals the global dimension of the base ring,
leading in some cases to a proof of the semiprimeness of the ring.

As a tool for the section on maximal orders, we introduce a non-associative generalization of
a group, the so-called spectrally twisted group in Section 3.

Section 4 deals with the maximal graded order structure of a crystalline graded ring. Using the
prime decomposition of the ideals generated by the 2-cocycle describing the crystalline grading, each
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prime of the commutative Dedekind domain corresponds to a 2-cocycle in H2(G,Z) in case the
primes are invariant under the action on the part of degree 0. In case the action is not trivial on
the primes a new “kind” of 2-cocycle appears, i.e. a spectrally twisted 2-cocycle. We generalize the
property that the 2-cocycle in H%(G, Z) is equivalent to a 2-cocycle taking values in {0, 1}, to the
twisted situation, cf. [6,8].

Such twisted 2-cocycles lead to the construction of maternal orders, but these need not be maxi-
mal graded orders now. We describe an iterative method of constructing orders over a maternal order.
We also consider the special case where the primes in the decomposition of the ideals generated by
the 2-cocycle values, Da (o, t) for o, T € G, the grading group, are invariant for the action of G on D
(the degree zero part). Then, the maternal order is the unique maximal graded order containing the
crystalline graded ring, cf. [6]. We provide some examples, a first one of a maternal order that is max-
imal, a second one where the maternal order is contained in two different maximal graded orders,
and a third one where 3 different maternal orders appear, two of them being maximal graded orders
and allowing a conjugation that does not contain the crystalline graded ring.

1. Preliminaries on crystalline graded rings

Throughout, we will work with associative rings A with unit element 14, or if there is no ambi-
guity, we will just write 1.

Definition 1 (Pre-crystalline graded ring). Let G be an arbitrary group. Let u:G — A be a map of sets

(injective) such that ue =1, with e the neutral element of G, and ug # 0 for all g € G. Let Ap be an
associative ring with 14, = 14. We have the following properties:

1. A= EBgE(; Aollg.
2. For every g € G, Agug =ugAp and this is a free left Ag-module of rank 1.
3. The decomposition A = @gec Aoug makes A into a G-graded ring with Ag = Ae.
We call an A which satisfies all these conditions a pre-crystalline graded ring.
This definition implies, Vag € Ag:
1. From Definition 1(2) we find there exists a set map o defined by
0:G — End(Ag): g+ oy,
where Vg € G, oy is defined by
Uglo = 0g(ap)lg.

As it turns out, Vg € G, o is an epimorphism. See [7].
2. Since A is associative, we find a map o :G x G — Ap. It satisfies Vg, h,t € G:

a(g. ha(gh, t) =og(ah,t)a(g, ht).
We call this the cocycle relation.

Given the set of symbols {ug | g € G}, the maps o and « as defined above, we can construct a
crystalline ring given a base ring Ag as follows:

Ao & G =P Aoug.
o,u 2¢G
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Definition 2. Notation as above, define the set S(G) by

SG) ={a(g.g7") | geG}).
For a subset X of A, define the set tsi)(X) by
tsc)(X) ={x € X |3s € S(G): sx=0}.

A subset X of A is called S(G)-torsionfree if ts5.)(X) = {0}.

We have the following propositions (see [7]):
Propeosition 3. Notation as above, the following are equivalent:
. Ag is S(G)-torsionfree.
. Ais S(G)-torsionfree.
. a(g, g Hap = 0 for some g € G implies ag = 0.
. (g, h)ap =0 for some g, h € G implies ag = 0.

. Agug =ugAyg is also free as a right Ag-module with basis ug for every g € G.
. Forevery g € G, oy is bijective hence a ring automorphism of Ao.

DU A WN -

Proposition 4. If Ag is S(G)-torsionfree then the following statements are equivalent:

1. Forg,heG,a(g™ ', g) € Z(Ap), resp. a(g, h) € Z(Ag).
2. For g,h € G, 0410 =1d, resp. ogop = ogp.

Definition 5. A pre-crystalline graded ring A that is S(G)-torsionfree is called a crystalline graded
ring (CGR). Additionally, in case «a(g,h) € Z(Ag),Vg,h € G, we say that A is centrally crystalline
graded.

Let A be crystalline graded. Let P be a prime ideal in Ag, x € G. Since the map oy as defined above
is a homomorphism, the set ox‘1(P) is also a prime ideal, implying an action of G on Spec(Ag). To
ease notation in the rest of the article, we write for x € G, P € Spec(Ao):

o, '(P) = Px.
In other words, G acts on the right of Spec(Ap).

Lemma 6. Let Ag & G be a pre-crystalline graded ring, x € Ao, g, h € G. Then:
o,

-1 -1 _ -1
1 o4 (x)ug =Ug X.

2. oy la(h, @1 =0 [0 (@(h, )]

3. 0y g g W= (g7 oy (g g L

Proof.

1. oglon(®]a(g, h) = a(g, hog(x)
= oglog1W]a(g. g ) =a(g.g7")x
= Oy (x)og_1 (a(g,87") = og-1(a(e, g_l))ag_](x)

= o' W=0;"[a ! (g.g7")]o 1 0y (g g7,
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SO
Ug’l(x)ug1 = 0’1[0(’] (g g’l)]agq (x)og’l[oz(g, g’l)]a’l(g”,g)ugq
=0, '[a (g, g’l)]ogq wa(g ! g)a (g™, g)ug-1
=0 a7 (g.87")]og1 g
=og o (g.87")Jug1x
=a (g, g’l)ugqx
=u,'x
2. onlog]a(h, g) = a(h, g)ong(x)
= oy [og(oh’g] (a(h, g)))]a(h, g) = a(h, g)ohg(oh’g1 (a(h, 2)))
= Oy [t ®)] =0y [0, («(h. 8)].
3. a(g. g Nale.h)=og[a(g7 " h)]a(zg.g7'h). O

Proposition 7. Let A=R < G be a CGR,

o,

H={geG|a(g. g ") eUD))}.
Then the following properties hold:
1. Forh € H and x € G, a(x, h) and «(h, x) are invertible in R.

2. H is a subgroup of G.
3. Forh,h’ e Hand x,y € G:

Ra(hx, yh') = Rop(«(x, ¥)).
In particular, if c(x, y) is invertible in R then so is o(hx, yh') for every h,h’ € H.
Proof. 1. For h € H and x € G we have the 2-cocycle relation:
o (x, hyo(xh, h’l) = ox(a(h, h’l))oe(x, e).
The right-hand side is invertible in R, hence «(x, h) is invertible too because the right inverse yields
a left inverse (o (x, h) is normalizing in R) and obviously these two will then have to coincide. On the
other hand, the 2-cocycle relation for (h—!, h, x) yields
oz(h_l, h)a(e, x) = op,-1 (e (h, x))ot(h‘1 ,hx),
where «(h~1, h) is invertible in R because h € H, and a(h~!, hx) is invertible in R by the foregoing

since h~! € H. Consequently op-1(a(h, x)) and therefore also «(h, x) is invertible in R.
2. Consider x, y € H and look at the 2-cocycle relation for (x, y, y~x71), i.e.:

ax, ye(xy, y 'x ) = o(a(y, y 'x 1)) (x,x ),
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where a(x,x~1) and ox(a(y, y~1x~1)) are invertible in R because x, y € H (using 1). It follows that

a(xy, y~'x~1) is invertible in R too.
3. From 1 it follows that Rupy = RupRuy, for h € H. Then:

Rupxuyw = Ror(hx, yh'Yupyn .

But on the other hand

Rupxuyp = RupuxRuyup
= Rupuxuyup
= Rupa (X, y)uxyUp
= Rop(a(x, y))uplxyliy
= Rop(a(x, ¥))uplxyw = Rop (et (X, ¥))Upxyn
applying the remark starting the proof of 3. Since Rupyyn is free (on the left) it follows that

Ro(hx, yh') = Rop(a(x, y)). Finally a(x, y) is invertible in R if and only if op(c(x, y)) is invertible
if and only if R = Ra(hx, yh'), i.e. when «(hx, yh’) is invertible. O

For more properties on crystalline graded structures, see [7].
2. Global dimension of crystalline graded structures

Theorem 8. Let R, S be rings with R C S such that R is an R-bimodule direct summand of S, thenr gld R <
rgldS + pd Sk.

Proof. See [5, p. 237]. O

Theorem 9. Let Ag be a ring, G a finite group with |G| a unit in Ag and A = Ag <& G a pre-crystalline graded
o,0

ring with ug units. (A is almost crossed product.) Let M be any right A-module. fhen:

1. If K <My and K is a direct summand of M as an Ag-module, then K is a direct summand over A.
2. deAo :deA'
3. rgld Ap =rgld A.

Proof. 1. Let m : M — K be the Apg-module splitting morphism. Define »: M — K by

am) =G|y m(mug)u, .
geG

A is well defined: trivial.
A is the identity on K:

Ay =167 wkug)uy
geG

=167 Y k=k.

geG
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ML is A-linear: let me M,ac A

Ama) =|G|™" Y 7 (mauguy’

geG
=|G|! Zn |:m(X:thuh)ug]ug_l
geG heG

-1 -1
= |G| Z JT(mthuhug)ug
g.heG

(Lemma 6(1) _ |G|~ Z 7T(muhug)ug_1crh_1 (tn)

g.heG
=1GI7" > mw(ma(h. gung)ug'oy  (th)
g.heG
=617 Y mmupg)oy, [ah, g)]ug oy (th)
g,heG
(Lemma 6@) = 1671 ) wmung)oy [0y, (er(h, ) Jug "oy " (th)
g,heG
(temma 60 = |G|=1 ) w(mupg)ug oy, [r(h, )]y, (th)
g.heG
x=hg) — |G|~ ZZn(mux)u;flxoh_l[a(h, h=1x)]oy 1 (tn)
heG xeG
(Lemma 6(3)) — |G|_1 Zzﬂ(mux)[a_l (h—l,x)u}r] ux]fl
heG xeG

ca” (hY x)oy ee(h h ™) Joy (e
=1617" Y0 D wmuu w0 er(n k) ]oy ! o)

heG xeG

=161 w(muuy upoy " (th)
heG xeG

=[GI7" Y “wmuug' Y thup
xeG heG

=A(m) -a.

2. Suppose My, is projective and
0—-K—F—->M-—0

is a short exact sequence of A-modules with F free. Then the sequence splits over Ag and hence
over A by 1. So My is also projective. Furthermore, Ay, is free. Now, an A-projective resolution of any
module My, is also an Ag-projective resolution that terminates when a kernel is, equally, Ag-projective
or A-projective, so pd Ma, =pdMa.
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3. Any A-module is naturally an Ap-module. Since pd M s, =pdMa:

rgld A =sup{pd M4 | M4 right A-module}
< sup{pd M4, | M4, right Ap-module}
=rgld Ap.

By Theorem 8:

rgldAg <rgldA+pdAa,
érgldA#—pdAA
=rgld A.

In conclusion: r gld Apg =1 gldA. O

Definition 10. A multiplicative subset S of a ring R is said to be right Ore if Vs € S, a € R:

1. aSNsSR#Q.
2. If sa=0, then Ju € S such that au =0.

If S is a right Ore set, one can construct the ring of right fractions RS~! similar as in the commutative
case. A left Ore set is defined analogously.

Lemma 11. Let A = Ag & G be a CGR, where G is a finite group. Then the set of regular elements in Ag,
o,

reg Ao, is a subset of reg A the regular elements of A. (The regular elements are the elements which are not
zero dividers.) Furthermore, if Ag is a semiprime Goldie Ring, reg Ay is left (and right) Ore in A. We have

(reg Ao) "' A =P Qu(Ao)ug

geG
where Q¢ (Ao) is the classical quotient field of Ao.

Proof. First we prove regAg C regA. Take a € regAg, x = dec Xglg and suppose ax = 0. Then
dec axgug = 0. This implies ax; = 0, Vg € G, and then xg, Vg € G. Suppose xa = 0, then
> gec XgUg = 0. This implies xg0g(a)ug =0, or x0¢(a) =0, Vg € G. reg A is invariant under oy,
Vg € G, therefore x; =0, Vg € G. In other words, reg Ag C reg A.

For the second part, we prove regAg is left and right Ore in A. By Goldie’s Theorem, regAg is
an Ore set in Ag. First the left Ore condition for A is proven for S = reg Ag. Concretely, we need to
show Vr e R, se€ S, 3’ € R, s" € S such that s'r =r's. Let r =3, agug. Since S is left Ore for R,
we can find for all g € G elements ay € R and sg € S such that ayog(s) = sgag. It is well known
that 35" € S N[y Rsg. In other words, $3s" € S and Jv, € R such that for all g € G, s’ = vgs,. Set
Vg e G, bg=vgay and set ' = dec bgug. Then r’s = s'r. The right Ore condition is similar. The third
assertion is now clear. O

Theorem 12. Let A be a CGR over Ag, Ag a semiprime Goldie Ring, G a finite group. Assume char Ag does not
divide |G|, then A is a semiprime Goldie Ring.
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Proof. Since A is a CGR, the elements «(g, h), g,h € G are regular elements. Denote S =reg Ag. Since
Ao is semiprime Goldie, S~ Ay is semisimple Artinian. From Theorem 9, S™'A is semisimple Artinian,
in particular, it is Noetherian. Let I be an ideal in A and consider (S~'A)I. Claim: this is an ideal. Let
s € S and consider the following chain:

(STTA) I (ST'A) s C (STTA)Is 2 e

This implies that (S~1A)Is™ = (S"1A)Is™™, m > n, and so (S~'A) = (S~1A)Is" ™. We get
(S7TA)I(S™TA) c (S7TA)I, or equivalently, (S"1A)I is an ideal in S~'A. If J is the nilradical of A,
then (S~1. /)" =S§~1. J" follows. For some n we have that (§~1- J)® =0 in the semisimple Artinian
ring S™'A, thus S"TA- J=0and J=0. O

Corollary 13. If A is a CGR with Ao a commutative Dedekind domain, G a finite group, char Ag does not
divide |G|, then A is semiprime.

Proposition 14. Keep the conditions of Theorem 12. Then, VP, prime ideal of Sr‘eé

of A.

A: PN Ais a prime ideal

Proof. Define S =reg Ap. Let P be a prime of S™!A. Suppose that for ideals I and J of A, I] C PNA.
Then S™'A-1J c P, hence (S"'A-I)(S"1A-J) C P. Therefore S"1A-1 C P if ST'A- J ¢ P. This means
ICcPNAIif J¢ PNA and conversely. O

Remark 15. The situation of Theorem 12 arises when A is centrally crystalline graded over the
semiprime Goldie Ring Ag and char Ap does not divide |G|, such that A (or Ag) is a Pl.-ring.

3. Spectrally twisted groups

In this section we will introduce an object closely related to a group. This object, the spectrally
twisted group (STG) has more than one operation on it, and those operations are not necessarily
associative, but they are connected.

3.1. Some definitions, conventions and properties
Definition 16 (Spectrally twisted group). Consider {I',0,G, F,{Mp}pcr}. I' and F are sets. G,- is a

group, acting on the right on F. 6 is a surjective map from I" to G. {Mp}pcr are maps from I" x I
to I'. They satisfy VP € F, VX, y,z€ I':

Mp[Mp(x, ¥),z] = Mp[x, Mpox) (¥, 2)].
O[Mp(x. y)] =60(x)-6(¥).

For ease of notation, we will write VP € F, VX, y e I':

Oy 1= 0(x),
*, ¥)p:=Mp(x, y).

Jerel':VPeF,Vxel: (x,er)p=x=(er,X)p.
Givena P e F, xe I', 3x,x" e I', the left resp. right inverse of x, which satisfy

("x.x)p, =ep = (x,x").

We call {I',0,G, F,{Mp}pcr} a spectrally twisted group. If there is no confusion possible, we only
write I" to denote the STG.
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Lemma 17. With notations as above, we have Vx € I', VP € F:

. er is unique.

. If y is a left or right inverse to x for P, then 0, = 9;1.
-1

Py — PO

. Px and x" are unique.

Proof. 1. Suppose e/- is also an identity element, then VP € F:
er=(er.er)p,=er.

2. (y.X)p=ep =0y -Ox=0, =ec =0y =07".
3.Fixxerl and P eF:

Pr=(Prer), =[x (ex™ )y,

= [("x ) po x5 ] =7

4. Suppose (y,x)p =er then

y=.er)p
=[v. ("xx),],
= [y (X" ) gy ]
=[.0r 2",

— xPo!

="Px.
Similarly for a right inverse. O

“w »

Remark 18. A group «, - is also an STG if we set G =k, 0 =Id,, F =P, Mp =
3.2. Morphisms
Definition 19. Consider two STG’s
{I,0,G,F,{Mp}per},
(1.6.G" F (M} ) ., ).
Then f ={fr, fc, fr} is a morphism of STG’s if:

1. fr:I' — I'! satisfies

fF(MP(X’ y)): /fF(p)(fF(X),fF(.V))'
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2. fc:G — G’ satisfies
fe(0C)-0(0) =0'(fc®)-0'(fo ().
3. fr:F — F’ satisfies
Fr(PO) = fr(P)O] -
For ease of notation, we use f without subscript, even if we mean fr, fg, fr.
Definition 20. Let f be a morphism, then
Ker f:={xel| fr(x)=er}.

In the definition, 6 is a map from I" to its twisting group G. But & completely destroys the spectral
twist. We introduce a family of morphisms that retain a bit of that structure:

Definition 21. Let I" be an STG, and let T, - be a group. Consider the family v := {y¥/p}pcr of maps
from I" to T. Suppose that VP € F, Vx, y € I' we have

Ve ((x, Y)p) = VP () - ¥pg, (),
then we call the family {¥/p}pcF a spectrally twisted multiplicative map (STMM).

Remark 22. This definition does not conflict with the spectral twist of the {Mp}pcF, since for P € F,
x,y,zel:

Yp[((. Y)p.2)p ]| = Ve [(x. ¥)P |¥po, (2)
=Yp(X)Vpo, (V) V¥ Po0, (2)
= Yp(X)¥po,[(V, 2)pa, ]
=vYp[x (¥.2)pg, |-

Lemma 23. With notations as above, we have Vx € I', VP € F:

1. yp(er) =er.
2. Ypg,(X") = (Yp ().
3. 1//P(Px) = (Wp@;l (X))il-
Proof. Straightforward calculation. O
Definition 24. Let I" be an SGT, T a group. ¥ = {{/p}pcr an STMM from I" to T, then we define
Keryp:={xe I | ypx)=er}.
3.3. Subgroups

Let {I",0,G, F,{Mp}per} be an STG. Suppose x C I" is closed under {Mp}pcF, ey € x and Vx € x,
VP e F: Px, xP € x. It is easy to prove that 6(x) is a subgroup of G in this case.

Definition 25. Considering the above, we say {x,0)y,6(x), F,{Mp}per} is a subgroup of {I",6,G, F,
{Mp}per}. We write y <TI'.
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4. Maximal graded orders
4.1. Spectrally twisted cocycles
Let D be a Dedekind domain, o : G x G = D\{0} be a generalized twisted 2-cocycle, i.e.
a(g, ho(gh, t) = og(a(h, t))a(g, ht), Vg h,teG.
Define
k:SpecD x G x G — Z: (P, g, h) — kp(g, h),

by the decomposition in prime ideals of D (g, h), i.e.

lgn=Da(g.y= [T PpreEn.
PeSpecD

We find the following relation for g,h,t € G, P € SpecD:

Da(g. hya(gh,t) = Dog(a(h,t))e (g, ht)
= 1_[ pkr(g.h) l_[ pkr(gh.t) _ l_[Ug(P)kP(h’t) 1_[ pkr(g:ht)
P P P P

unicity of decomposition
=

kp(g,h) +kp(gh,t) =kpg(h,t) +kp(g, ht).

Definition 26. Let R be a ring, G a group with action on SpecR, then a map k:SpecR x G x G —> Z
is called a spectrally twisted 2-cocycle if and only if Vg,h,t € G and VP € SpecR:

kp(g,h) +kp(gh,t) =kpg(h,t) +kp(g, ht).

We need to find an equivalence relation between such spectrally twisted 2-cocycles. We base
this on the equivalence relation for twisted 2-cocycles as follows. Let D be a Dedekind domain. Let
g.heG,a,B:GxG— D be twisted generalized 2-cocycles, i:G — D a map and P € SpecD:

B(g, W(gh) = a(g, h)n(g)og (1 (h))

= l‘[ pkp(g.h 1—[ pre(gh _ l—[ pke(g.h) 1—[ prr(e) ndg(p)xp(h)
P P P P

P
= kp(g,h)+rp(gh) =kp(g,h) + Ap(g) + Apg(h).

This last equation gives us a suitable equivalence relation.

Definition 27. For a group G and a Dedekind domain D, let k and k’ be spectrally twisted 2-cocycles.
Then k and k' are said to be equivalent 2-cocycles if and only if there exists a map A :SpecD x G — Z
which satisfies Vg, h € G:

kp(g, h) +Ap(gh) =kp(g, h) + Ap(g) + Apg(h).
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Note that since the map w giving the equivalence on the level of the twisted 2-cocycles is not
unique, the map A is also not necessarily unique.
Now if |G| =n, define the set G:=n"1Z x G and VP € Spec D operations Mp defined by

Mp:GxG—G: [(a.g),(b,h)]— (a+b+kp(g.h),gh).
Lemma 28. The operation Mp defined as above is not associative but satisfies Va,b,c € Z,Vg, h,t € G:
Mp[Mp[(a, ), (b, )], (c.t)] =Mp[(a, g), Mpg[ (b, h), (c,D]]. (1)
Proof.
Mp[Mp[(a,g). (b.h)], (c.,t)] =Mp[(a+b+kp(g. h), gh). (c.1)]
=(a+b+c+kp(g h)+kp(gh,t), ght)
=(a+b+c+kp(g ht)+kpg(h,t), ght)

=Mp[(@ &), (b +c+kpg(h,t), ht)]
=Mp[(a+b+kp(g.h), gh),c.t)]. O

We can define VP € SpecD:
i'n"'Z—G:a (a,e),
n:5—>G:(a,g)»—>g.

Lemma 29. The element (0, e) acts as a neutral element for Mp, VP € SpecD. Let (a, g) € G, then the left
inverse is (—a — kpg(g, g7 1), g~ 1), and the right inverse is (—a —kp(g, g~ 1), g~ 1.

Proof. Easy calculation. O
Proposition 30. {5, 7, G,SpecD, {Mp}pespecp} is an STG.
Proof. Obvious. O

Now let |G| =n, then " is equivalent to the trivial 2-cocycle, and by taking powers, it is clear that
nkp as defined above is equivalent to the trivial 2-cocycle VP € Spec D. This means that VP € Spec D
we find a map yp :G — Z with

nkp(g, h) =yr(g) + yrg(h) — yp(gh).
It is clear that yp(e) =0, VP € SpecD. Note that this map y not necessarily is unique! In the con-

struction below, we fix such a y.
Consider the direct product n=!Z x G and define VP € SpecD:

¢p:G—>n""ZxG:(a g (a+n"yp(g),g),
or[((@ g).(b.h),] =¢p(a gdpg(b.h).
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We see that {¢p | P € SpecD} is a spectrally twisted multiplicative map. ¢p induces a spectrally
twisted multiplicative map

Yp:G—n"'Z:(a g ra+nyp(g).

It of course has the property ¥p oi =1Id.
Fix P € SpecD. Now, given g € G, choose ap(g) € Z such that

0< ¢p(ar(g).g) <1.
Now define VP € SpecD the P-section of 7
sp:G— G:gr (ap(g). 8).
Since yp(a,e) =a+0, sp(e) = (0, e).
mp:G x G — Z: i(mp(g, ) = ((sp(8), spg(M) ., " (sp(gM))) -
We calculate for g,h € G, P € SpecD:
((sp(®).spgM),. " (sp(gh)),p
= (((ar(®). g). (apg(h),h)),. [—ar(gh) — kp(gh, (gM)7"), g ']),

= ([ap(g) +apg(h) +kp(g. h), gh].[—ap(gh) —kp(gh. (gh) 1), (gh)~']),
= [ap(g) +apg(h) —ap(gh) +kp(gh),e].

So if we define
mp:G x G — Z: i(mp(g, h)) = ((sp(g),spg(M)) p. P(Sp(gh)))p,
then we find
mp:G x G— Z: i(mp(g,h)) =ap(g) +apg(h) —ap(gh) +kp(g, h).
This means that VP € Spec D, mp and kp are equivalent 2-cocycles.

Definition 31. Let P € Spec D, then mp as defined above is called the P-maternal 2-cocycle of A =
D <& G corresponding to . We call ap : G — Z the P-maternal power corresponding to y.
0,0

For now, we fix y.

Lemma 32. Let g € G,a € Z, P € Spec D, then

vrg[@ )7 = —vr[(@ )]
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Proof.

Vrg[—a—kp(g.87").g7']
=—a—kp(g g ) +nyre(g)

Vpg[a. &)

—a—n"yp(g) (nkp(g.g7 ") =yr(8) +yre(g™"))
=—yp[a. 9] O

Proposition 33. The spectrally twisted 2-cocycle mp as defined above has its values in {0, 1}.

Proof.

v ((sp(g)spg(h))sp(gh)™1)
= Yp[sp(@)spg()] +¥pgn[sp(gh) ']

(LemEa 32)

yp(i(mp(g, h)))

Up[sp(&)] + vpg[spg(M)] — vp[sp(gh)].

—1<---<2

Since by definition mp has values in Z, the proposition is proven. 0O

4.2. Constructing the maximal graded orders

Let A=D < G be a crystalline graded ring with D a Dedekind domain. We will now give a few
o,0

methods in constructing different maximal graded orders. The first method is by calculating for each
possible y the maternal order as defined in the previous section, then doing an additional calculation
to find all graded orders, and as such, all maximal graded orders that contain this maternal order.

The second method uses a process of conjugation of an order with an element ug as to obtain a
new order. If we find a maximal graded order, all conjugates of this order are maximal, but as we
shall see in the examples, not all contain the ring A.

4.2.1. Graded orders containing unital graded orders
Definition 34. Let T = @, ¢ Igug be a graded order, Ig = [Tpespecp P'*®. Then if, Vg,h € G and
P € SpecD:

rp(g) +rpg(h) —rp(gh) +kp(g, h) €{0, 1},
we call T a unital graded order.

This section will present a calculation that, when given a unital order, we can construct a graded
order above it or prove the order in question is maximal. We will do so by ‘making zeroes’ i.e. if
rp(g) +rpg(h) —rp(gh) +kp(g,h) =1 for some g,h € G, P € SpecD, we will try to modify the rp
such that the new expression equals zero.

Consider VP € SpecD the respective maternal 2-cocycles mp and maternal powers ap as defined
above, corresponding to some fixed y. Now construct Vg € G (as above, all P are taken in SpecD):

Je= 1_[ pﬂp(g),

P
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and if we take {ug | g € G} the basis for A over D then define

M =P Jgug.

geG

Definition 35. M defined as above is called the maternal order corresponding to y. It is by construc-
tion unital.

This is a graded order. Suppose T = P, IgUg is a graded order. Then for each g € G, Iy must
be finitely generated, I is a fractional ideal. This is true for M since we only consider finitely many
primes P (those that appear in the decomposition of the «(g,h)) in the construction of mp. (Not
entirely true, but for the non-appearing primes we just take everything equal to 0.) This means that
only finitely many ap(g) differ from 0. We need the following relation Vg,h € G

Iguglpup Clghign & Igog(Ip)uglp C Ignugy

& Igog(Ip)a(g, hugy Clgpligy

& I 1goglha(g, WD CD.
Now construct VP € SpecD, g,h € G:

tp(g,h) =—rp(gh) +rp(g) +rpg(h) +kp(g, h),

where we set
Ig= 1_[ pre(g).
P

For T to be an order, tp(g,h) >0, Vg,h € G,VP € SpecD. This is true for the maternal order A by
definition.

Suppose T = @gec Igug is a graded order with M C T, M # T. So we can assume that VP € Spec D
and all g € G: rp(g) <ap(g), and at least one Py prime and go € G this inequality is strict. For the
remainder we drop the subscript -¢ if no confusion can arise. Since

tr(g,87") =rp(g) +rrg(g™") +kp(g,g7")

=rp(g) —ap(g) +rpe(g™") —arg(g™') +mp(g.g7").
—_———

<0 <0

This implies, since tp(g, g~1) > 0:

mp(g.g7") =1,

rPg(gil) :apg(gil)’ 2)
ap(g) =rp(g)+1,

tP(gv gi]) =0.
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So, to create a graded order T D M where T % M, we must be able to find P prime, g € G with
mp(g, g~ 1) =1, otherwise we cannot satisfy (2). So, suppose we have mp(g,g~!) =1 for some g,
some P, and we have T D M. Then

tr(g.87") =rp(2) —ap() +rpg(g™") —apg(g™") +mp(g.g7") > 0.
—_—— ——

<0 <0 =1

We can now take either rp(g) —ap(g) <0 or rpg(g‘l) — apg(g‘l) < 0. Without loss of generality
(since mp(g, g~ ) = mpg(g‘1,g)), we can suppose:

rp(g)=ap(g) —1,
rrg(g7") =arg(g™").

But, we need to remark that this assumption might cause problems since T might not be a graded or-
der any more. We need to investigate whether or not our changes make any of the tq (A, B) negative,
in which case we are not allowed to do the proposed change. Let Q € SpecD and A, B € G:

tqo(A,B)=[-rq(AB) +aq(AB)]
+[rq(A) —aq(A)]
+[rQa(B) —aqa(B)] +mq (A, B). 3)

To construct a maximal graded order T O M, we need to construct two main sets, U and V. U will
contain all the couples (P, g) for which we can set rp(g) =ap(g) — 1. V will contain the couples
(P, g) for which we cannot set rp(g) =ap(g) — 1, or which we always have to set rp(g) =ap(g).

Add the (P, g) that cannot be modified, i.e. for which mp(g, g~1) =0 to V. Now pick a couple
(P, g) with mp(g,g~") = 1. We will investigate if we can put (P, g) in U. We do so by checking if
Eq. (3) does not give conflicts (i.e. tq (A, B) <0).

To do this, we will focus on a couple (P, g) and whether or not it can be put in U. During
the investigation, it is possible that we are faced with new investigations for couples (Q,h). We
construct a set Wp g for such couples. Note that we need to check all elements in Wp g in a
similar investigation before we can add (P, g) to U.

To start the investigation, we create sets U(p g and V(p g that will be copies of U and V, and
W (p.g) for couples that need further investigation. These sets will change throughout the calculation.
We then restart the process for all other possible couples not in V. For now, pick (P, g) not in V and
put it in Ucp g). Put (Pg, g~ 1) in V(p g).

We have to (constantly) check if VQ € Spec D, VA, B € G the equation in (3) is positive if we would
carry out Upg) and V(p g assuming Wp gy C U(p,g). It is obvious that the terms mgq (A, B) and
[-rq (AB) +aq (AB)] (whether or not they change) cannot make this expression negative. Changing
rp(g) might cause a problem when

roa(By=rp(g) = A=yeG, B=g  Q=Ph,
rq(A)=rp(g) = A=g, B=hegG, Q=P.

A=yeG B=g Q =Ph-l. We rewrite (3):

tpp-1(h, 8) = [—Tpp-1(hg) + apy-1(hg)]
+ [rpp-1(h) — app-1 (W]
+[rp(g) —ap(g)] +mpy-1(h, g).
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There are two cases:

1. mpp-1(h,g)=1.
2. mpy-1(h, g)=0.

mpp-1(h, &) =1. If rpp=1(h) — app—1(h) = —1 ((Ph~',h) is in Uepp,g)) then we need to add

(Ph~1, hg) to U(p g). This needs a further check, so put (Ph~1, hg) in W(p g).

mpp-1(h, ) =0. We need to add (Ph~1,h) to V(p g). If (Ph~1,h) is in U(p gy, put (P, g) in V. We
can restart the investigation with a new (P, g).

We now want to put (Ph~',hg) in U g), and this can only be done if mp,-1(hg, (hg) ™) =1. 1t
will turn out this is always true. Our assumption leads to:

mpp-1(h, @ +mpp-1(hg, g~ ') =mp(g.g7") +mpp1(h,e).
—_——
=0 =1 =0

And so we find
mpy-1 (hg, g~') =1. (4)

We now consider 2 possibilities:

mpp-1 (h,h™ ) =mp(h~', h) =1,
mpp-1(h,h™ ")y =mp(h~", h) =0.

mpp-1(h,h™H) =mp(h~1, h) = 1.

mp(g, g7") =mpg(g™',8) =1,
mpp-1(h, g) =0,
mph—1 (h, h_l) = mph—1 (h_l, h) = 1

From this we find

mpp-1(hg, g 1) +mpp1 (B, h™Y) =mpg(g~ ', h™") +my1 (hg, (he) ).

@==1 =1

This means
mpy-1 (hg, (hg) 1) =1.
We need to repeat the investigation with (Ph~!, hg) before we can put it in Up,g). Put (Ph~1, hg)

in W(p_]g).
Mpp—1(h, ™ =mp(h~, h) =0.

mp(g, g7 ) =mpg(g~1. 8) =1,
mh’lP(h’ g) = 07
mh—lp(h, h_1) = mh—ll)(h_l 5 h) = 0
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From this we find

mpg((hg) ™", h) +mpg(g~" h~") =mpy-1 (b, h71),
D
=0

and so
mpg(g’l,h’l) =0.

This in time leads to

mpp-1 (hg, &) +mpp-1 (B, h™") =mpg(g™" h™") +mpy-i (hg, (hg) "),

=1 =0 =0

to find
mpy-1(hg, (hg)™!) =1.

We need to repeat the investigation with (Ph~1, hg) before we can put it in Up,g). Put (Ph~1, hg)
in W(pyg).

A=g B=heG,Q =P. We rewrite (3)

tp(g.h) =[—rp(gh) +ap(gh)]
+[re(g) —ap(g)]
+ [rpg(h) —apg(h)] +mp(g. h).

There are two cases:

1. mp(g,h)=1.
2. mp(g,h)=0.

mp(g,h) =1. If rpg(h) —apg(h) =—1 ((Pg,h) is in U(p g)) then we need to add (P, gh) to U(pg).
This needs a further check, so put (P, gh) in Wp g).

mp(g,h) =0. We need to add (Pg,h) to V(pg). If (Pg,h) is in Uep g, put (P, g) in V. We can
restart the investigation with a new (P, g). We now want to put (P, gh) in U(p g), and this can only
be done if mp(gh, (gh)~1) = 1. It will turn out this is always true. Our assumption leads to:

mp (g, h)+mp(gh, (gh)~") =mpg(h, (gh)~") +mp(g, g7 ").
e e’ N—
=0 =1

We need to repeat the investigation with (Ph~!, hg) before we can put it in Upp,g). Put (Ph~1, hg)
in W(pyg).

We can repeat this process until we have found for all (P, g) not in V sets U g), V(p g and
W(p,g). The set

k={(P,g)| P eSpecD, geG}
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(P,2)
v J N
Uwp,g Vip,g W.g
v N
(Q1,h1) (Qs, hs)
v J N AN
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Then consider V' the union of all the V(g p) that appear in the full tree, and U’ the union of all

Ucq,ny and W(q ) that appear in the full tree. If U' NV’ # @, there is a conflict somewhere and we
put (P, g) in V, and investigate other (P, g). If U' N V' =@ then there are no conflicts whatsoever,
and then we add all appearing W q p) in the full tree to Up g), and all appearing V(g p) in the full
tree to V(p ). At last, we can add U(p g to U and V(p g to V. We can repeat the process with a new
(P,g) exk\(UUV), until UUV =«. If we look at the set {Up g | (P, g) € U}, it contains a partition
of U by construction. Every element of this partition Up g, represented by (P, g) determines one
step in the reduction of M, corresponding to a chain of graded orders. If we do all changes suggested

by elements of U, then we have found the top of our chain, a maximal graded order.

An algorithm. From these calculations we derive an algorithm for determining the unital maximal

graded orders, given a crystalline graded ring A= D < G, where D is a Dedekind domain.
o,0

1

2.

Determine the relevant primes, namely those appearing in the prime decomposition of a(g,h),

g,hedG.

Determine for all the relevant primes P, the corresponding spectrally twisted 2-cocycle kp from

D(a(g.h)= [] P*®". ghec.
PeSpecD

. Calculate p from (if n = |G|):

o"(g,h) = u(gh) ' w(g)og (h)).

. Calculate for the relevant primes P from p the yp from

D(M(g))= 1_[ pr®  geG.
PeSpecD

. Calculate for the relevant primes P from yp the ap € Z from

1
0<ap(g) + Hyp(g) <1, gegG.

. Calculate for the relevant primes P the spectrally twisted 2-cocycles mp from

mp(g,h) =ap(g) + apg(h) —ap(gh) +kp(g, h).

. Determine for which relevant primes P and for which values g € G we have mp(g, g~ 1) = 1.
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8. Construct U, the set of elements of
k ={(P,g)| P eSpecD, geG}

which we will modify (rp(g) =ap(g) — 1) and V the set of elements which we will not modify
(rp(g) =ap(g)).
9.SetU=0, V={(P,g)|mp(g, g~ 1)=0}
10. Pick (P, g) ¢ V.
11. Construct Up gy = {(P, 2)}, V(p.gy =V U{(Pg, g}, W(p.g) =0.
12. Find all h € G for which

mpp-1(h, g) =1.

If (Ph~",h) is in Uepg) then add (Ph~',hg) to Wp g. If (Ph™1,hg) € V(p g, put (P, g) in V.
Restart from step 10.
13. Find all h € G for which

mpp-1(h, g) =0.

Add (Ph~1,h) to V(p g). If (Ph=1,h) is in Up g), put (P, g) in V. Restart from step 10. Else, add
(Ph‘l,hg) to Wp g).
14. Find all h € G for which

mp(g.h) =1.

If (Pg,h) is in U(p g then add (P, gh) to W(p g. If (P, gh) € V(p g, put (P, g) in V. Restart from
step 10.
15. Find all h € G for which

mp(g,h) =0.

Add (Pg,h) to V(pg). If (Pg,h) is in Uep g, put (P, g) in V. Restart from step 10. Else, add
(P, gh) to Wp g).

16. Repeat step 10 for all (Q,h) € W(p g). Since « is finite, this loop ends in finite time.

17. We now have calculated Uq ny, V(q,h), W(q,n for all (Q,h) appearing in the full tree as de-
scribed above. Now check for these (Q, h):

(U U U W(Q,m) nUvan-

If this intersection is empty, add all appearing W q ) to Upp )y and Up,g) to U. Then add all
appearing V(g i) to V. Restart from step 10. If this intersection is nonempty, add (P, g) to V and
restart from step 10.

18. For all (P, g) e U set rp(g)=ap(g) — 1. For all (P,g) eV set rp(g) =ap(g).

19. The graded order

@ 1
geG “PeSpecD
is a maximal graded order containing

M = EB( I P“P<g>>ug.

geG “PeSpecD
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Remark 36. It is clear that choosing (P, g) in step 10 determines the order T in some way. To find all
maximal graded orders over M we need to use this algorithm for all possible choices (P, g) we make
in various points of the algorithm.

Theorem 37. Let A= D < G be a crystalline graded ring, where D is a commutative Dedekind domain, G a
o,0

finite group. Then:

1. A unital order containing A is maternal.
2. All maximal graded orders containing A are unital.

Proof.
1. Suppose that T = Py Igug is a graded order, Iy = [[pcspecn P7®, A CT.We need to con-
struct a function y :SpecD x G — N:(P,x) — yp(x) such that VP € SpecD,Vx,y € G (kp(x,y)

defined as usual):
n-kp(x,y) =yr) + yrx(y) — yp(xy),
and
1
0< ~yp(X) +7p(0) <1.
Since T is unital, VP € SpecD, Vx, y € G:

tp(x,y) =kp(x,y) +1p(X) +rpx(y) —rp(xy) € {0, 1}.

Define VP € SpecD, Vx € G, yp(x) by

yp(x)= (er(x, z)) —nrp(x) > 0.

zeG

Then VP € SpecD, Vx,y € G:

yp(X) + vpx(¥) — yp(xy)

= (th(x, 2)+ ) tex(y.2) = Y _tp(xy. Z)) —n(rp(X) — rex(y) +1p(xy))

zeG zeG zeG
=) (tp(x. y2) + tpx(y. 2) — tp(xy. 2)) — ntp(x. y) + nkp(x, y)
zeG

= (Z tp(x, y)) —ntp(x,y) +nkp(x, y) =nkp(x, y).

zeG
Furthermore VP € SpecD, Vx € G:
0< . (x) +rp(x) 1Zt (x2z) <1
X = - ) <1,
- yp P n 2 P

since VP € SpecD, VX, y € G, tp(x,y) € {0,1} and tp(x,e) = 0. In other words, T is a maternal
order corresponding to y.
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2. Suppose that T D A is a maximal graded order. Using the same notation as in 1 we construct
VP e SpecD, Vx € G, yp(x) by

Yp(x) = (th * 2)) —nrp(x) > 0.
zeG

Construct the maternal order M corresponding to y. M =,c¢ Jglg, J¢ = [pespecn Par(®, Fix
P € SpecD and x € G. Suppose

1
0< EJ/P(X) +rp(x) <1,

then rp(x) = ap(x), since an integer with this property is unique. Suppose

1 1
Eyp(x) +rp(x) 21> EVP(X) +rp(x),

then rp(x) > ap(x). Combining these two, VP € SpecD, Vx € G: 0 > rp(x) > ap(x), implying
M D T. Since T is maximal, M=T. O

4.3. Conjugation method

In this section we will construct new orders by conjugating with ug for some g e G. We will
therefore define a map ¥, for g € G. Consider A =D < G be a crystalline graded ring with D a

o,0
Dedekind domain, K the field of quotients of D. Let g € G, then we have the following map on
K & G:
o,0

Yo:K OG- K < G:Zaxuxv—> ugZaxuxugl.
o T xeG xeG
Proposition 38. Let g € G. Set (as in Proposition 7):
H={geGla(g. g ") eUD)}.
Then, with notation as above:

1. ¥y is an automorphism on K < G and is D#-linear. ({D& = {d € D | 04(d) =d}}.)
o,0

2. ¥, € Aut(A), Vh € H.
3. IfH <G, then ¥y is an automorphismon S =D < H.
o,a

Proof. 1. Very easy to verify.
2. Since up € U(A), this is clear.
3. An easy calculation yields (g€ G, he H):

uguhugl =a(g, ha ' (ghg™", g)Ughg-1.

Since H <G, ghg™' € H. From Proposition 7: «~'(ghg™!, g) € D and as such ugupu,' €S. O

Let A=D < G be a crystalline graded ring with D a Dedekind domain. Consider a graded order T
o,a

where T =@, ¢ Ixux, k=T[]p P™®_ We now conjugate with an element ug for some g eG.



T. Neijens, F. Van Oystaeyen / Journal of Algebra 324 (2010) 1229-1258 1251

In the following proposition, we will use these calculations for x, y, g € G, P € SpecD:

Formula 1
a(xg, x Na(xgx 1, x) = oxg(a(x ', %))
= Oyge1 (0x(e(x 71, %))
= Oygy-1 (a(x. x’l))

=  ofxg, x’l)axgxq (oF] (x. x’l)) =q! (xgx’l,x).

Formula 2
tr(g, g 'xg) =rp(g) +rpg(g'xg) —rp(xg) +kp (g, g 'xg)
= rpg(g7'xg) +kp(g. g 'xg) =tp(g. &7 'xg) —rp(g) +1p(x2).

Formula 3

kp(x,y) +kp(xy, g) =kpx(y, g) +kp(x, yg)

= kp(x,y)+kp(xy,g) —kpx(y,8) =kp(x,y2).
Formula 4
tp(x,8) =rp(x) +rpx(g) —rp(xg) +kp(x, &)

= —tp(x,8) +1p(X) =—rpx(g) +1p(Xg) —kp(x, ).
Formula 5

tp(x, yg) =rp(x) +rpx(yg) —rp(xyg) +kp(x, yg).
Formula 6

—1 _ -1
tp(x, 8) +tp(xg, g 'yvg) =trx(g. 87 vg) +tr(x, ¥9).

Formula 7

tr(g, g 'xg) +tr(xg. g7 vg) =trg(g 'xg. g ' yg) +tr(g. g 'xyg).

Proposition 39. Define ¥, (T) to be ugTugl. Then Wg(T) = @,¢ Ixuix is an order. If we set for x, y € G and
P € SpecD:

I, = 1_[ prr®,
P

tp(x, y) =Tp(x) +px(¥) —Tp(xy) +kp(x, ¥),
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we find

Iy=0g(g1y)a(g. g7 'xg)a ™" (x. 2.
Fp(x) =rpg(g~'xg) +kp(g, g 'xg) —kp(x, £),

tr(x,y) =trg(g 'xg, 87 yg).

Proof. To make reading easier, we use brackets to do some grouping.

-1_ -1
ugTu, = eauglxuxug
xeG

= @ crg(Ix)uguxug_l

xeG

é @ O’g(lx)a(gy X)Ol_] (ng_] ’ g)ugflngl

xeG
_ -1 -1
= ILy=0g(g1,)(g. g 'xg)a" " (x, &)

= Fp(x)=rpg(g 'xg) +kp(g. & 'xg) —kp(x. 2),

tp(x,y) = Fp(X) +Tpx(y) —Tp(xy) +kp(x, y)
[rre(g'xg) +kp(g. g 'xg)] —kp(x. )

+ [rexg (g7 vg) +kex(g. g7 yg)] — kex (v, 8
+[~rpg(g 'xyg) —kp(g, g7 'xyg)] + kp(xy, 8)
+kp(x,y)

tp(g. 87 'xg) —rp(8) +rp(x) — kp(x. &)

+tpx(g. 87 yg) — rpx(g) +Tpx(¥8)

—tp(g. g7 xyg) +1p(8) —rp(xyg)

+ [—kpx(y. &) +kp(xy. &) +kp(x, y)]

2 tp(g. g 'xg) + trx(g. £ 'vg) — tr(g. 8 xy8)
+ [rp(xg) — rpx(g) — kp(x. 8)]
+ [rpx(y8) — rp(xyg) +kp(x, y8)]

L tr(g, gflxg) —tp(g, gflxyg) +rp(X) —1p(X)
+ [trx(g. 87 yg) —tr(x, &) +tp(x. y8)]

2 tp(xg. 2 ' ve) +te(g, g 'xg) — tr (g, g 'xve)

L tpg(g 'xg. 27 lyg). O
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Let A=D < G be a crystalline graded ring with D a Dedekind domain. It is obvious that a maxi-
o,0
mal graded order will stay maximal after conjugation. But it happens that the original ring A will not

be contained in the conjugated order, see example 5.3.
4.4. A special case

For this section, we take A= D < G be a crystalline graded ring with D a Dedekind domain, but
g,

with a special restriction. Suppose that all prime ideals appearing in the decomposition of the « (g, h),
g,h € G are invariant for the group action, i.e. Pg =P, Vg € G, VP appearing in the decomposition of
the twisted 2-cocycle. This is the case if D is a Discrete Valuation Ring, or if all appearing primes P
are of the form (a,b) where a,b € DS. In this case, all found additive 2-cocycles and correspond-
ing prime powers as in the sections above are not spectrally twisted. o however, still is a twisted
2-cocycle.

Lemma 40. With assumptions as above, suppose we have two additive 2-cocycles m, m’ from G x G to D\ {0}
and suppose 3lp : G — 7Z a map with

mp(g, h) +1p(gh) =mp(g, h) +1p(g) + Ipg(h),

Vg, h € G. Furthermore, suppose m,(e,e) =mp(e,e) =0, mp(g, h) € {0,1}, mj(g,h) € N, VP € SpecD,
Vg,heG,thenlp(g) eN,VP,Vg,heG.

Proof. Suppose 3P, 3g € G with Ip(g) <0 then
Ip(g?) +mp(g. 8) =mp(g, 8) +1p(g) +1p(g) <0,
since Pg =P and mp(g, g) € {0, 1}. We also have
Ip(g%) +mb(g. 8%) =mp(g. 8%) +1p(2) +1p(g°).
Adding these expressions:
Ip(g°) +mp(g. &%) +mp(g. g) =mp(g. g%) +1p(g) +1p(g%) + mp(g. &) <O.

Continuing in this fashion we see (|G| =n):
n—-1 .
Ip(g") + ) mp(g.g') <0.
i=1

and since Ip(g") =1Ip(e) =0 this is a contradiction with the fact that m}, has values in N. O

We can construct from the given ring A the 2-cocycles k and m as before, but they will not be
spectrally twisted. We construct a maternal order M given a y.

Theorem 41. With conventions as above, M is the unique maximal graded order over D containing A.

Proof. Let T be a graded D-order in K <& G, where K is the quotient field of D. We can associate

o,0
to T the maps t and r like in Section 4.2.1, i.e.
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T = @]gug, Jg= l_[ PrP(g)’

PeSpecD

tp(g.h)=—rp(gh) +rp(g) +rp(h) +kp(x.y) > 0.
This implies, since
mp (g, h) = —ap(gh) +ap(g) +ap(h) +kp(g,h),
that
tp(g. h) =—rp(gh) +ap(gh) +rp(g) —ap(g) +rp(h) —ap(h) + mp(x, y) >0

VP € SpecD and Vg, h € G. By the previous lemma we find rp(g) —ap(g) >0, VP € SpecD, Vg € G.
In other words, Vg € G:

Je= ] P"®c [] P*@=1; = TcA
PeSpecD PeSpecD

The theorem now follows. 0O
5. Examples
5.1. Example 1: 1 maximal graded order

Consider Z[i] <& Z4 where
o.,a

0:74— AutZ[i]:0,2+1d, ,1,3 "7,

where - is the standard conjugation in C. We set «:

|0 1 2 3
Q 1 1 1 1
101 2 1-2i 2—4i
211 1=2i 5 1+ 2i
301 244 1+2i 2
The relevant primes are
P1=1+2i,
Py =1-2i,
P3=1+I1.
We calculate kp,, kp,, kp,:
kp, |0 1 2 3 kp, |0 1 2 3 kp,|[0 1 2 3
0/00O00O 0/00O00O 0/0O0O0O
110000 110011 11020 2
210011 210110 210000
310110 310000 310202
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We calculate 1 such that a(x, y) = u(xy) ™ i (x)ox (i (y)). We have

a*(2,2) = n(2)?> =625,

a*(1.3) = n(HuG) =241 -2i*,

o*(1,3) = n(HuB) =21 +2i*,

4,7 7 5v=1 0 Ty L NK 12

@' (1L D) =p@  npd) = Z[uD[" =16 = |u®|" =400.

From which we can conclude
wd) =4(1 - 2i)2,

n(2) =25,

w(3) =401 + 2i)%.

We now calculate y and 1/4y:

|01 2 3

PL|0 0 3 3

P10 1 1o

P30 1 0 1
al0 1 2 3
P[0 0O 0 O
P[0 0 0 0
P3| 0 -1 0 -1

So the maternal order is
Zlilug + (1 + i)le[i]ui + Zlilus + (1 + 2)71Z[i]u3.

We check for maximality:

mp, 3, 1) =1,
mp,(2,2) =1,
mp,(1,3) =1,
mp,(2,2) =1,

tp,(2,2) =1p, (2) +1p, (2) +kp, (2,2),

and so rp, 2)= ap, (2) and similarly rp, 2) = ap, (2). We now check case (4) for x=3, P = P.
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mp,(3,1) x=3

This means we need to modify rp, B+3)= rp, (2) which is impossible. The same problem appears in
the case of mp, (1, 3). This means that the maternal order itself is maximal.

5.2. Example 2: 2 maximal graded orders

Consider Z[i] < Z; where
o,0

0:7Z7— AutZ[i]:0—1d, , 1+~

Put o(1,1) =5, then the relevant primes are Py =1+ 2i, P, =1 — 2i. Calculating the k yields
kp, (1,1) =kp,(1,1) =1. «?(1,1) =25 and so (1) = 5. We now find that

ye,(D=1,  yp,()=1, ap,(1)=0, ap,(1)=0, mp,(1,1)=1, mp,(1,1)=1.
This means that the maternal order is

Zlilug + Z[ilu;.
We can either

L re, (1) =ap, (1) —1=—1,

rp,(1) =ap,(1) =0,
2. rp, (D) =ap,(1) = 1=—1,
rpy (T) =dap, (i) =0.
And we get the following maximal graded orders
Ty = Zlilug + (1 + 2) "' Z[iluj,
Ty = Zlilug + (1 — 2) "' Z[ilu;.
As one can check, both are even strongly graded.

5.3. Example 3: 2 maximal graded orders

Consider Z[i] < Z4 where
o,x

0 %4 — AutZ[i]: 0,2 1d, ,1,3 ",
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where * is the standard complex conjugation. We set «:

o \ 0 1 2 3
0|1 1 1 1
1)1 4 T+ +2i) 20014101+ 2i)
211 A+iQA+2i) 50 5(1 —1i)(1—2i)
311 201 —-i)(1-2i) 51 —-1i)(1-2i) 20
The relevant primes are
P =1+ 2i,
Py=1-2i,
P3=1+1.
We calculate kp,, kp,, kp;:
kp, ] O 1 2 3 kp, |0 1 2 3 kp, | 01 2 3
0|0O0O0O 0|0O0O0O 0|0 0O0TO
11001 2 1[0 001 1]/04 15
2101 21 2100 2 2 2101 21
310111 3102 21 31051 4

From this we can calculate the possibilities for y:

ylo 1 2 3
P10 S 4 S
P| 0 4—s 4 8—s
P3| 0 10 4 10

where s € Z and 0 < s < 4. And so we can find 3 different maternal orders, namely one corresponding
to s =4, call it M4, one corresponding to s =0, M® and one where 1 <s<3, L.

MA = Z[ilug + (1 +2i) 11 +1)"%uy
+a+207ta =20 A 4+ Tup + (A 4+20)71A =271+ 1) s,
M® = Z[iluo + (1 = 2) "' (1 + i)~ %uy
+(1=2)""A+20 A+ D Tug 4+ (1 =221 + i) 2us,
L =Z[iluo + (1 +1i)2uy
+A =20+ TA+2)uy + 1 =207 1A 4+ ) 2us.
Calculation and the method described in Section 4.2.1 reveals that M1 and M, are maximal graded

orders, and L is not. Depending on the choices made in the process of finding orders above L, we
find My and M.
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Looking at conjugation, we find the following:

w3 (M) = M4,
w1 (M) = M5,
Wio¥ =1d,
W 093 =1d.

We also find that ¥5(¥; (M4)) does not contain A anymore! Putting it in a picture:

AN
(A) (A)s (Ma)3
sl Ts 1l T1 1L T1
(A3 (A)31 (M3)3
11 Tl al T:@ al T:@
(A)131 (A)313 (M2)313
[RTA]
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