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1. Introduction
1.1. Background

Let G, be a semisimple, simply-connected algebraic group over an algebraically closed field k of
positive characteristic p and let By € G, be a Borel subgroup. We assume that p is a good prime
for G (cf. Definition 2.1). One of the fundamental results of the theory of Frobenius splitting [12] is
that the flag variety Gy/By is Frobenius split. In the papers [9] and [10], Kumar and Littelmann use
the quantum Frobenius morphism and a variant of its splitting, both due to Lusztig [11], to construct
an alternate proof of the splitting of G,/By using purely representation-theoretic constructions; they
call this an algebraization of Frobenius splitting.

More precisely, Kumar and Littelmann construct morphisms between induced representations for
hyperalgebra and quantum group representations. Upon base-change, these morphisms can be iden-
tified with morphisms on the structure sheaf O¢ of an affine cone C over Gy/By. In particular, the
quantum Frobenius morphism induces the p-th power on O¢ and the quantum splitting morphism
induces a splitting of the p-th power morphism on Oc¢. This implies that C is Frobenius split and
hence by a process of sheafification that Gy/By is Frobenius split as well.

Gros and Kaneda [7] then showed the argument of Kumar-Littelmann can be simplified; in partic-
ular, one does not have to go to the level of quantum groups. Instead, all of the constructions of [9]
and [10] can be done purely on the level of hyperalgebras. In particular, they construct a morphism ¢
which is the hyperalgebra version of the quantum splitting morphism. In this paper, we use the con-
structions in [7] to continue the Kumar-Littelmann program of algebraic Frobenius splitting and give a
purely representation-theoretic proof that the cotangent bundle 7* of Gy /By is Frobenius split, a fact
which was first proved by geometric means in [8].

One main advantage of using algebraic Frobenius splitting techniques is that one can concretely
write down the splitting. In particular, the hope is that using the algebraic method will make it easier
to check that certain subvarieties are compatibly split.

1.2. Algebraic Frobenius splitting

Let X be a projective k-variety and let £ be an ample line bundle on X. Set

Re:=EPH(X, L"), (1.2.1)

n=0

the affine cone over X corresponding to £. The main fact in algebraic Frobenius splitting (Lem-
ma 1.1.14 in [2]) is that X is Frobenius split if and only if Spec(R.) is. In turn, Spec(R.) is Frobenius
split if and only if R, is a Frobenius split k-algebra: i.e., there exists an [Fp-linear endomorphism s
of R, such that (1) s(fPg) = f -s(g) for all f,g e R, (this is called Frobenius-linearity of s) and
(2) s(fP)= f for all feR,.

We now apply these ideas to the case X =P(7™*), the projectivization of the cotangent bundle 7*.
Let Uy C By be the unipotent radical of By and let U, be the opposite unipotent radical. Let pr: 7" —
Gi/By be the projection and set Fy := pr‘l(U,;Bk) C T*, the fiber over the big cell U, Bx < Gi/Bx.
Then Fy is an affine subvariety of 7 isomorphic to U, x Uy.

Let G be a split form of G, over IF,. We first construct, for any weight A of G, a polynomial ring
RE over IF, such that Rg ®F, k = k[Fy]. This ring carries an action of the hyperalgebra of G; taking
the locally finite part gives a ring R,. When A is a regular dominant weight, R; ®p, k is isomorphic
to R, for a very ample bundle £ on P(7*). Further, upon base-change to k the natural inclusion
R; — R;’ corresponds to the inclusion R, < k[Fj].

Now, since P(7*) is split if and only if 7* is, it suffices to construct a splitting of the k-algebra R ..
To this end, we first work over F, and construct a splitting S of R;’ that restricts to a splitting of the
subalgebra R;. Upon base-change, this induces a splitting of R,. Geometrically, this corresponds to
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a splitting of the ring k[Fy] (or, equivalently, a splitting of the affine scheme Fy) that restricts to a
splitting of the subring R ..

1.3. Details

We now give more details on the construction of the rings R and R, and the splitting mor-
phism S. As above let G be a split form of the group Gy over Fp ancl let T C G be a split maximal
torus. Let B € G be a Borel subgroup of G containing T. Let B~ denote the opposite Borel subgroup.
Let U C B and U~ C B~ be the respective unipotent radicals. We consider the root spaces of B to
correspond to the positive roots. Let A denote the weight lattice of T.

Let U(n) denote the hyperalgebra of U. The torus-locally finite part U(n)¥ of the full linear dual of
U(n) is naturally isomorphic to Fp[U], the coordinate ring of U. Set n:= Lie(U); then a Springer iso-
morphism U — n induces a B-equivariant isomorphism F,[U] — Fp[n] and hence a B-equivariant
isomorphism U(n)¥ => Fp[n]. Since Fp[n] has a natural B-equivariant grading by polynomial degree,
we obtain a B-equivariant grading U,(n)" on U(n)".

In Section 2.2 we construct, for each A € A, the [Fj-algebras R;’ and R;. These rings are defined by
inducing (twists of) the B-modules U, (n)" to U(g)-modules. We can interpret this construction in the
following way. The rings R;’ are all isomorphic to polynomial rings (cf. the proof of Proposition 3.4
below). In particular they are all naturally isomorphic to the ring of functions on U~ x U. Base-
changing to k, Rg ®r, k is isomorphic to the ring of functions on the affine space Fj defined above.
Different choices of » € A give rise to different U(g)-algebra structures on this polynomial ring, so
the rings R give a family of Uy(g)-module structures on k[Fj] = klU, 1 ® k[Ug], where Uk(g) is

the hyperalgebra of Gy. Taking the U(g)-locally finite part of R;’ gives the ring R,. Remark that the
rings R, are not all isomorphic for various choices of A € A.

Motivated by [8], the splitting S of R;’ is constructed via the trace methodology described as
follows. Given a polynomial ring P and a choice of algebra generators of P there is a Frobenius-linear
trace morphism Tr on P, and every Frobenius-linear endomorphism of P is of the form

frT(f-g) (1.3.1)

for some fixed g € P. If Q € P is a subring we can look for g € Q such that (1) Tr(f -q) € Q for
all f e Q and (2) Tr(— - q) is a Frobenius splitting of P. This will give a Frobenius splitting of the
ring Q.

In particular, since R;’ is a polynomial ring we have a Frobenius-linear trace map Tr on R;’ cor-
responding to an appropriate choice of Fj-algebra generators of Rg (cf. Section 2.7). We apply the

trace methodology to the subring R, C Rg. In these constructions we first work over F, and then
base-change to k later.

In Section 2.4 we construct, using representation-theoretic techniques, a Frobenius-linear endomor-
phism S of Rg which turns out (Section 2.7) to be the same as the trace morphism Tr. In Section 2.5
we construct an element ¢, ¢ € R, for A =0 and in Section 2.6 we show that the Frobenius-linear
endomorphism

S:fe>SWrar - ) (13.2)

of RE is a Frobenius splitting that preserves R;. In particular, S restricts to a Frobenius splitting of R;
as desired. (Remark that below we write M, g for multiplication by v, ¢ and hence, concisely,
S:SOMf+®f7.)

In Section 3 we base-change to k and construct the desired splitting of P(7*) and hence obtain
a splitting of 7*. We also show that this splitting is the same as one of the homogeneous splittings
of 7* in [8].
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2. Algebraic splitting
2.1. Setup

Throughout Section 2 we assume all algebraic groups, algebras, schemes, vector spaces, etc. are
over IF,. Recall the groups G, B, U, T, etc. from above.

211

Definition 2.1. We say that a prime p is bad for a simple algebraic group G in the following cases. If
G is of type A, then no prime is bad; if G is of type By, C¢, or D, then p =2 is bad; if G is of type
Eg, E7, F4, or G, then p =2, 3 are bad; and if G is of type Eg then p =2, 3,5 are bad. We say that p
is a bad prime for a semisimple algebraic group G if it is bad for any of its simple components, and
we say that p is a good prime for G if it is not bad.

From here on we assume that p is a good prime for G.

For an algebraic group H over Fj, let I CF,[H] denote the ideal of the identity element. The sub-
space of the linear dual of IFy[H] consisting of elements that vanish on some power of I is called the
hyperalgebra of H; it has a natural Hopf algebra structure obtained from the Hopf algebra structure
on Fy[H]. Let U(g), U(b), U(b™), U(n), U(n~), and U° denote the hyperalgebras of G, B, B~, U, U,
and T, respectively.

The Frobenius morphism Fp[G] — Fp[G], f +— fP induces a morphism Fr: U(g) — U(g) of
[Fp-algebras. We will denote the restriction of Fr to U(b), U(n), etc. by Fr as well. Let £ denote the rank
of G. U(g) is generated by elements Ef”) e U®n), Fi(") eUn™), and (’;’1') eU% forn>0and 1<i<¥.
On these generators, we have

(n/p)
r(E™)={ E dpIm, (211a)
0 if ptn,
m/p)
r(F™)={ 0 dfein. (2.1.1b)
0 ifptn
and
H; Hiy if
Fr( ’): Gyp) ifpIn. (211¢)
n 0 if pfn.

2.1._2(.) By L9] and [11] we have Fp-algebra morphisms Fr’ : Um) — Um), F~:U(m~) —» Um"), and
Fry - U° — U° given by

Fr'(E") = EPY, (2.1.2a)

F'=(F™) = FP", (2.1.2b)

/ Hi Hi
()= (") -

and

forall 1<i<f¢andn=>0.
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Set

140 :=1:[<Hi _1) =[Ta-H. (21.3)

an idempotent in U°. By [7, Theorem 1.4], there is a multiplicative morphism
¢:U(g) — U (2.1.4a)
given by
@(YHX)=F'"Y -FrogH-F'X - 1o (2.1.4b)

for all Y e U(n™), H € 0°, and X e U(n). Further, o commutes with all elements in the image of ¢,
so if we consider im¢ as an Fp-algebra with unit jo, then ¢ is an [Fp-algebra morphism.

Note that
H;
Fr(H;) =Fr 1= 0.

Hence Fr(Hlp_l) =0 which implies Fr(u) =1, and we have the following important fact:
Frop = Idg(g). (2.1.5)

Let A denote the weight lattice of G. For A € A let ¢; : U° — Fp be the character associated to A.
We have the following result from [7].

Lemma 2.2. (See Lemme 2.1 in [7].) For all A € A we have

c ifrepA,
croplgo=1 """ rep (2.1.6a)
0 ifAépa.
In particular,
1 ifrepA,
= 2.1.6b
i ((o) =0 if3. ¢ pi. ( )

2.2. Algebraic constructions and preliminaries

2.2.1. For a Hopf algebra with comultiplication A we use the Sweedler notation

AX = ZX(]) & X(z),

(A®Id) o A)(X) =) Xa) ® X ® X3,

etc. Let € and o denote the augmentation and coinverse of U(g), respectively. By a slight abuse
of notation we will also use the same notation for the various sub-Hopf algebras U(n), U(n™), etc.
of U(g). B ~ ~ B

For any U°-module V (resp. U(g)-module W) let FyV (resp. FyW) denote the 09 (resp. U(g))
locally finite part of V (resp. W). Also set VY := F,V*. If V is a module for U(g), U(b), or U(b™)
then so is VV.
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Recall that for a Hopf algebra H and algebra A, we say that A is an H-module algebra if A is an
H-module and

h.(ab) =) "(ha).a) - (hez).b) (2.2.1)

forall he H and a,b € A. B B
We have the conjugation (or adjoint) U(b)-action on U(n) given by

XxY =Y XuYo(X@) (2.2.2)

where o is the coinverse. This action induces a dual action of U(b) on U(n)Y, also denoted by .
Under the adjoint action, U(n) and U(n)" become U(b)-module algebras. From here on, we consider
U(n) as a U(b)-module under the x-action.

There is a duality pairing between FF,[U] and U(n) which defines the Hopf algebra structure
on U(n) (cf. Section 1.7 in [6]). There is a natural Hopf algebra structure on U(n)Y obtained from
duality with U(n) and hence a Hopf algebra isomorphism FplU]= U(n)Y. This is also an isomorphism
of U(b)-module algebras, where we take the U(b)-action on Fp[U] induced by the conjugation action
of B on U.

2.2.2. Recall that we are assuming that p is a good prime for G. By [14, Proposition 3.5], there is
a B-equivariant Springer isomorphism U = n which intertwines the conjugation B-action on U with

the standard B-action on n. (There are in fact infinitely many Springer isomorphisms, so let us fix any
one of them.) Thus we obtain isomorphisms of U(b)-module algebras

Um)Y =Fp[U] = Fp[n] = S(n*). (2.2.3)
As S(n*) has a natural fJ_(b)—equivariant algebra grading, this induces a L_J(b)_—equivaria_nt multi-
plicative grading U,(n)Y on U_(n)v. Dually, we obtain a U(b)-equivariant grading U,(n) on U(n) such
that the comultiplication A :U(n) — U(n) ® U(n) is gradation-preserving under the induced grading
on U(n) ® U(n).
Remark 2.3. For all of the proofs below, we only use the fact that there is a U(b)-module algebra
isomorphism U(n)Y = S(n*); hence we could use any such isomorphism. In particular, instead of a
Springer isomorphism, we could use the isomorphism constructed in [4]. Different choices of isomor-

phisms may, however, result in different splittings.

2.2.3. Induction functors and duality B _
Let M be a B-module. Then Homo(b)(U(g), M) has a U(g)-module structure given by

(Y.f)(X)=f(XY) forallX,Y e U(g) and f € Homg,) (U(g), M). (2.2.4)
For any B-module M set
H(X, M) := Fy Homg, (U(g), M) (2.2.5a)
and
Hp (X, M) := Fy Homg,, (U(g), M). (2:2.5b)
Note that we have inclusions of U(g)-modules

H(X, M) € Hp (X, M) € Homg ;. (U(g). M).
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_ We will frequently use the following fact. For any U locally finite U(b)-module M we have
U%-module isomorphisms

S ~ - _ ~ _\V

Hp (X, M) = Fy Homg, (U(n™), M) =0(n") " @ M. (2.2.6)

2.2.4. Consider the group algebra IFy[A] of the lattice A; then F,[A] is naturally a U%-module

algebra. We make it into a U(b)-module algebra by giving it a trivial U(n)-action. For each A € A let
vy € Fp[A] denote the element corresponding to A. Then, in particular, we have

ViV =Vigu (2.2.7)

for all A, u € A. We also identify Fp.vo with [F, via the basis element vg. This induces a bilinear
pairing

Fpvy ®Fp.v_y = Fp.vg—Fp (2.2.8)
for all A € A. B B
For A € A let x; denote the 1-dimensional U(b)-module corresponding to the character A of U°
and set

HO() := HO(X, x-»). (2.2.9)

the induced G-module with lowest weight —A. In the sequel we will freely identify y; with Fp.v; C
FplAl.

Lemma 2.4. Choose . € A. There is a natural U(g)-equivariant inclusion
Hp (X, 0m)" ® x-1) = (U@ @ Um) ® x1)". (2.210)
where the U(g)-action on (U(g) ® U(n) ® x;.)* is given by
(Z.HIXRYRVvy)=f(XZRY ®V,) (2.211)
forall X,Z € U(g) and Y € U(n).
Further, the image of the inclusion (2.2.10) consists of the U%-locally finite f € (U(g) ® U(n) ® x,)* such
that
fAAX®YQv)=f(X®cAx(Y®V))) (2.212)

forall A € U(b).

Proof. From (2.2.8) we can naturally identify x; with x. Hence for f € H)(X,Um)" ® x-;) and

X e D(g) we can consider f(X) as an _element of (O(n) @ 0)F. We de_ﬁne the inclusion (2.2.10),
denoted by 6, as follows: for f € Hg()_(, Um)Y ® x_5), XeU(g), and Y € U(n) set

O(HIX®Y ®@Vvy) = fFIX)(Y ®V)). (2.213)
The rest of the statements in the lemma are now straightforward to verify. O
In the sequel, for ease of computation we will frequently use this lemma to identify Hg X, 0V e

X—») with its image under the inclusion (2.2.10). Remark that (2.2.12) is just the statement that f is
U(b)-linear.
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2.2.5. The algebras Rg and R,
For any [, A € A we have (using the identification (2.2.10) above) a U(g)-equivariant multiplication
map
HY (X, 0m) ® x—) @ HY (X, 0" ® x-2) > Hp (X, Um)Y @ x—p2)  (2:2.14a)
given by

(f XY V)= fX)®Ya)®vy) &Xe) @Y ®vi).  (2214b)

Since comultiplication in U(n) preserves the gradation, the multiplication map (2.2.14a) restricts to a
degree-preserving map

Hp (X, Un()” © xu) ® Hp (X, Un(m)" @ x2) = H) (X, Unpm™)Y ® xpuss)  (2:2.14c0)

for all n,m > 0.

For A € A set
RY := D HY(X. Un()" @ x—n2)- (2.2.15a)
n>0
By the above, R;’ is a U(g)-module algebra. Also set
Ry = FgRY) = @ HO (X, Un ()" ® X—ns)- (2.2.15b)
n>0

Since multiplication is U(g)-equivariant, R, is a U(g)-module subalgebra of R;’.
Remark 2.5. Note that by (2.2.6) we have a natural Fp-algebra inclusion

R} < U(n")" @ Un)" @ FplA] (2.216)
for all A € A.

2.3. The p-th power morphism Fr*

2.3.1. Recall the morphism Fr from Section 2.1.1. Let Fr* (resp. Fr* ™) be the endomorphism of U(n)
(resp. U(n™)") dual to the endomorphism Fr of U(n) (resp. U(n™)). Note that since Fr is a Hopf algebra
morphism, so are Fr* and Fr*~.

Lemma 2.6. Fr* (resp. Fr* ™) is the p-th power morphism on U(n)" (resp. U(n~)V).
Proof. By definition, Fr is dual to the p-th power morphism on F,[U]. Since Om)Y = Fp[U] as
Fp-algebras (cf. (2.2.3) above), we have that Fr* is the p-th power map on U(n)". The statement

about Fr*~ is proved similarly. O

2.3.2. Choose € A. Since Fr* is the p-th power morphism on U(n) it sends Un(n)" to Upy(n)
and we have an endomorphism Fr* of Rg given by the direct sum of the morphisms
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Hg ()_(’ l_-'n(n)v Y an,\) g Hg ()_(s Opn(n)v ® Xfpn)x),

(l?r* HXQRY ®@vpn) = FFIXQFrY ®@ vpy) (2.3.1)
for all X € U(g) and Y € U(n).

Proposition 2.7. Fr™ is the p-th power morphism on Rg (and hence restricts to the p-th power morphism
on Ry).

Proof. There are natural algebra isomorphisms

R} =P U@ @) (G ® x-n1) =P U(n7)" ® Un()” & X (23.2)
n>0 n>0

The algebra structure on the ring on the right-hand side of (2.3.2) is induced from the algebra struc-
ture on Un™)Y ®@ U(n)V, so it suffices to verify that the endomorphism Fr*~ @ Fr* of Un™)Y ® U(n)V
is the p-th power morphism. But this is clear by Lemma 2.6. O

2.4. The morphism S

2.4.1. The small hyperalgebras

Set Eo :=[]gea+ E/(gpfl) and Fo :=[]gca+ Fépfl). By [5, Proposition 6.7], Eg and Fg are indepen-
dent of the ordering of the roots. Let p denote the half-sum of the positive roots; then Eq (resp. Fop)
has weight 2(p — 1) (resp. —2(p — 1)p). ~

Let u(n) denote the “small” hyperalgebra associated to U, i.e. the sub-Hopf algebra of U(n) gener-
ated by nﬁeM E;;m") for 0 <mg < p (where we take any fixed ordering of A*). Similarly, we have
the sub-Hopf algebra i(n~) of U(n™).

Also let i® denote the sub-Hopf algebra of U° generated by the elements []+_, (’;’) for 0 <n; < p.
The equality 1

(1::):0 forallne Zand0O<m<p (2.4.1a)
in F, implies
Cpatp(2) =cu(z) forallpu,r e Aandze i (2.4.1b)

For any Hopf algebra H let HT denote the augmentation ideal. We have the following useful result.
Lemma 2.8. (See [5, Lemmas 6.5 and 6.6 and Proposition 6.7].) Eq (resp. Fo) is central in U(n) (resp. U(n™)).
In particular, E x Eg =0 and F « Fg =0 for all E e Um)* and F € U(n™)™. Further, Eg - i(n)* = 0 and
Fo - ﬁ(n‘)* =0.

We also need the following technical lemma.

Lemma 2.9.

(1) Eg-F'(ZxY)=Eq- (F' Z*F'Y) forall Y, Ze Um).
(2) Eg- (N%X)=0forall N e u(n)* and X € U(n).
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Proof. (1) Since Fr’ is an Fp-algebra morphism and since
Eo-(AxB)=A=x(EgB) (2.4.2)

for all A, B € U(n) (by the centrality of Eg), it suffices to verify the statement in the case that Z = E,.(m)
for some 1 <i< ¢ and m > 0. We have

Eo- ((Fr E™) % F'Y) = Eo - (EP™ % F'Y)
pm

=3 ()P IEEPF (V)EP™

(—1)Pm P EQEPDRY (Y)EP™ PP (by Lemma 2.8)

j=0
m
j=0
> ()" Eg R (EPYE™ D)
j=0
= Eo-F/(E™ #Y).
(2) Since a(n)* is generated by Efm) for 1 <i< ¢ and 0 <m < p it suffices to check that

Eo- (E™ % X) =0 (243)

for all X e U(n), 1<i< ¢, and 0 <m < p. We have (using Lemma 2.8)
Eo- (E™ % X)=Eq- (Z(—l)m‘fEﬁf)XEfm”)

j=0

m
= XEoE{™ + Y (=" EqE’ XE{™™? (since Eg is central in U(n))
j=1

=0 (since Eg-u(n)=0). O

2.4.2. The morphism S
Set N:=|A*|. Forn >0 and A € A define a morphism

S: Hg ()_(7 l_J(p—l)N-Hm('ﬂ)v ® X—pnk) g Hg (X, Un(n)v ® X—nk) (2.4.4a)
by
SHXRY @ vpy) = f(Fo X ®Ep- FrY ® vpn,\) (2.4.4b)

for all X € U(g), Y € Uy(n), and f € Hg()_(,fl(p_l)N+pn(n)V ® X—pnx)- (Here we are considering f as
an element of Hg()_(, Um)Y® X—pn») under the natural inclusion.) Note that S is not a morphism of

U(g)-modules.
It is not clear that S is well-defined, so we must prove that. We first have the following technical
lemma.



C. Hague / Journal of Algebra 377 (2013) 179-203 189

Lemma 2.10.Foralljte A,m>0,1<i<¢ XeU(g), Y €eUn),and f € Hgo‘(, Um)Y ® x—pp), we have
F(FOEP™X ® EoFr'Y ® vpy) = f(EP™ FoX ® EoFr' Y ® vpy.).

Proof. Applying the Cartan involution to Lemme 3.7 in [7] (cf. also the proof of Lemma 4.5 in [10])

we have

m—1
FOElfpm) c Elfpm)FO + 1_1(11)+ . U(g) 4 Z EESIJ)ZS . 0(9)’ (245)
s=0

where z; € t°

Since

are elements such that x_»—1)p(2zs) =0.

XNHX @Y @vpu)=F(XX®Y ®Vpu)

for all X, X' € U(g) and Y’ € U(w), it suffices to show that

F(FOEP™ @ EqFr'Y @ vpyu) = f(EP™ Fo ® EoFr' Y ® vpy). (2.4.6)
By (2.4.5) we have
m—1
FoEP™ @ EgFr'Y @ vy, = (E?“”Fo +Y NA+ D El.“")szs) QEFY®vy, (247)
s=0

for some Aj, Bs € U(g), Nje a(m)t, and z; € @® such that X—2(p—1)p(2Zs) = 0. Now,
D F(NA;®EoF'Y @ vpu) =) f(Aj® (0(Nj) * (EoF'Y @ vpy)))
=Y (A @ Eo- (0N *F'Y) @ vp)
(since o' (N;) * Eg = 0 by Lemma 2.8 and o (N;).v,, =0)
=0 (byLemma2.9(2)).

Also,
m—1 m—1
Y F(EfPzBi @ EoF' Y @ vpu) = Y f(Bi® 0 (E{Pz5) x (EoFr'Y @ vpp.))
s=0 s=0
m—1

F((=1°Bi @0 (z5) % ((E*P % Eo F' Y) @ vpy1))

I
g

Il
o

S

3

F((=1°Bi ® (c-ap-1)p (29)) (E” # EoFr'Y) © vpy.)

%)
o

(by (2.4.1b), since (E;Sp) * EgFr' Y) ® vp,, has weight
2(p —1)p mod pA)
=0 (since c_ap—1)p(z5) =0).

Thus (2.4.6) holds by (2.4.7). O
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Proposition 2.11. The morphism S is well-defined and divides weights by p (i.e., if f is a weight vector
of weight w then S(f) is a weight vector of weight w/p if © € pA and S(f) = 0 otherwise). Further-
more,

S(pZ.f)=2.(Sf) forall Z e U(g) and f € H)(X,Up-1ynspn()” ® X—pma).  (2438)
In particular, S preserves U(g)-locally finite vectors, so that S restricts to a morphism
Ho(k, EI(p—])N-J—pn(n)v ® Xfpnk) — HO(X, U m’® an)\)- (2.4.9)

Proof. To see that S is well-defined, we need to check (cf. (2.2.12)) that for » € A, X € U(g),
Y €Un(n), Z € U(b), and f € HY (X, Up—1)N-pn ()" ® X—pns),

(SHEZX®Y ®vm) = (S/HX®T(Z) * (Y ® Vny)). (2.410)
(That is, we need to check that S preserves U(b)-linearity.) It suffices to check this for the two cases

where Z = ()orZ E<m)forsome1<1<£andm>0
For the first case, set Z = ()Forl i<¢, m>0,and n € Z define

(Hﬁn) L HirWdHiAn—D--Hitn-—m+1 g (2.411)

m m!

We may assume in (2.4.10) that Y is a weight vector of weight w. Then we have

(Sf)<< >X®Y®vm>
ro-o{ (1)) 550 #v 6 )

f Fo ( )¢(X)®Eo FFY®VpnA)

(Fo- 00 @0 (H,-;z(p—U)*(EO_H/Y@%M))
pm

f((Hl’ 2~ ) “Fo-9p(X)®Eg-F'Y ® vpnk> (by [11,6.5(a6)])
Hi;2(p—1 ,
f(Fo X)) ® ( pffl’ )> x(Eo-FI'Y ® vpnk)>

—Q(p-Dp+pu+pnd)e)+2(p—1
=f<F0‘§0(X)®< P pT PR pTTII) ! b (Eo-FI'Y ® vpny.)
(since Eg - Fr' Y ® v pny has weight 2(p — 1)p + pju + pni)

_ f<F0 LX) ® <—(Pﬂ+pnk)(0li )) ) (EO FY® Vpnx))

pm

— f(Fo (X)) ® <_(M +n1:ll)u)(05i )) . (EO FPY ®Vpnk)>
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— v
- (sf)(x ® ( (e )>

Y ® VnA)
H; . .
=SHX®o m * (Y ® i) (since Y ® vy, has weight i +n).
For the second case, set Z = E;m). Then

SHEMX®Y ®vm) = f(Fo-(E™X) ® EoFr'Y ® Vpny.)

FoEP™ 0(X) ® EoFt' Y ® Vpm)

Fop(X) ® 0 (EPP™) % (EoF' Y ® Vpny))

(
(
(EP™ Fop(X) ® EoFr' Y ® vpn;)  (by Lemma 2.10)
(
(

f
f
f
F((=D)™Fop(X) ® Eg - (EP™ % Fr'Y) @ vpny) (by Lemma 2.8)

= F((=1)"Fop(X) ® Eo - Fr'(E™ % Y) @ vpny) (by Lemma 2.9 (1))

= 5H(X® (0 (E™) *Y) @ vus)
=(SHX @ (EM™) % (Y @ vi)).

Hence SV is well-defined.
Note that the morphism

X®Y Qv > Fo-9X®Eq-F'Y ® vpny

is the morphism dual to S. Since this morphism clearly multiplies weights by p, S divides weights
by p. Finally, (2.4.8) follows from (2.2.11) and an easy computation. O

2.4.3. Frobenius-linearity of S
Note that by the formulas in Section 2.1.1 we have

Fr(X) =€(X) forall X € u(g). (2.412)

Lemma 2.12. The following diagrams commute:

_ _ Idee - _
U(g) ® U(g) =—— U(g) ® U(g)

Freld U(g) (2.413a)

U(g) ® U(g) U(g) 1o

and
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_ _ d®F’ - —
Un)@Umn) =— Um) @ U(n)

\
Freold Um) (2.413b)

Fr’
Un) ® Un) ~ Un)

Proof. This is implicit in [7] and [10], but we verify it directly for completeness. We first ver-
ify (2.4.13a). Since all morphisms in the diagram are multiplicative, it suffices to verify that the

diagram commutes for the algebra generators {E;m)},@o, {Fi(m)}m>o, and {(';j)}m>0 of U(g). We verify
this for Elfm):

(@100 a00) (") = ((re 10 o )(EP" )

pm i .
= (Fr®1d) [ Y (ETQEPT) Y (o ® (M0)<2):|

j=0

= Z Exgj) ® Ezgpm_pj) : ZFr((MO)(l)) ® (no) (by(2.4.12))
=0

[

m
= (Z £ ® Ef”'"””) (1@ o)

j=0

m
Y EV @o(E")
j=0

(1d ® ) o A)(E™).

The computations for Fi(m) and (’:;) are similar, as is the computation for (2.4.13b). O

Proposition 2.13. S(fPg) = f - S(g) for all n,m >0, f € H*(X,Up(n)" ® x—m), and g € HO(X,
U(p—l)N+pm(n)v ® X—pma)-

Proof. Choose X € U(g) and Y € Uy (n). Then

S(fPE)X®Y @ Viuymn) = (fPg)(Fo- ¢ X ® Eo - FI'Y ® Vyim)z)
= (F~r* f-8)(Fo-9X®Eq-FI'Y ® Vpymyr) (by Proposition 2.7)
=D f[Fr((Fo)a)(@X)1)) @ Fr((Eo) (FF'Y) 1)) ® vis]
-8[(FO) (@X)2) ® (E))2) (FI'Y) ) ® vpmr]  (by (2.2.14Db))
=D fFr((@X)) ®Fr((F'Y) ) ® vms]
-g[Fo- (9X)2) ® Eo - (F’ Y)(z) ® vpmi] (by(2.4.12))
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=Y fX@)®Ya) ® Vi) - &(Fo- 9X @ Eo - FI'Y ® vpmy)
(by Lemma 2.12)
=(f-S(@)XQYQVautmy). O

2.5. The section Yy, o ¢_ and the multiplication Mg, g5

In this section we construct a particular section V¢, gf_ € HO9(X,U()) and define the multiplica-
tion morphism My, gf_ : f+ Vf ef - f.

2.5.1. The morphism v
Set 8 := (p — 1) p. Recall that the Steinberg module for G, denoted St, is the irreducible module of
highest weight §. It is also a Weyl module for G and is self-dual. Let
n:St®St— Fy (2.5.1)
be the G-equivariant pairing. ~ _
Recall that we are taking the conjugation action % of U(b) on U(n). Following [8], define a mor-
phism
Y:StSt—UmY, vwr Vvew (2.5.2a)
by
Vvaw(X) =n(v ® X.w) (2.5.2b)
for v® w e St® St and X € U(n). Since

nYvew) =nveoY.w) forallv,weStandY e U(g)

it is easy to check that ¢ is a U(b)-equivariant morphism.
Let

qp-nn : HO(X.Um)”) - HO(X, Ugp-nn () ")
be the U(g)-equivariant projection. We now define a U(g)-equivariant morphism
y:St@St— HO(X, Up_nnmY), vew Yvgw (2.5.3)
by the following composition:
0.7 - - q(p— -
st@st Y HO(X, Om)Y) = HO(X, Up_1yn(m)"). (2.5.4)

Let wp—1n : Um) — Up-1)n(n) be the U(b)-equivariant projection. Then, considering HO(X,
Up—1)n(m)Y) as a subspace of HO(X,U(m)V), ¥ is given explicitly by

Yvow(X®Y) = n(Xa).v @ T(p-1)n(Y).X2).W) (2.5.5)

for X € U(g) and Y € U(n). (Remark that the projections qp—1n and mp_1)y are necessary here
because in general H()(v ® w) will not be a homogeneous element of H*(X, U(n)¥).)
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Lemma 2.14. Eg € U(p—1)n ().

Proof. Let {yg}gca+ € Ur(n)¥ be a set of weight elements of U(n)¥ that generate U(n)" as an F-
algebra such that the weight of yz is —g. The ideal [P := (yg),geM is U(b)-stable and the quotient

algebra U(n)Y /1P = ii(n)" is a U(b)-module algebra isomorphic to the coordinate algebra of the first
Frobenius kernel of U.

Set
Yo:i= 1_[ ygl eUp-nnm” (2.5.6)
pea+
and let
r: UMY = am)Y — x_2s (2.5.7a)

be the U(b)-equivariant projection dual to the morphism
X2s <= U(n) < U(m), Va5 — Eo. (2.5.7b)

Since r(yo) # 0 we have yg(Eg) # 0. Hence 7(,_1)n(Eo) # 0 since yg € U(p_1)N(n)V.
Choose nonnegative integers {mg}gea+ such that not all mg are equal to p — 1 and set y :=

]—IﬁEN y?ﬂ. To show that Eg € I_J<p_1)N(n) it suffices to show that y(Eg) =0, since this would im-

ply that Eq is dual to the element yo with respect to a basis of U(n)" consisting of homogeneous
elements.

If y is not of weight —2§ then y(Eg) =0 by weight considerations, so we can assume that y is
of weight —2§. Thus we have ZﬂeM mgf = 24. Since not all mg are equal to p — 1, at least one of
the mg must be > p. (Indeed, otherwise there would be an element of u(n) of weight 26 that is not
in the subspace spanned by Ep, which is false.) Thus we can write y = yi -y for some y € A* and
we have

y(Eo) = (¥} - ¥')(Eo)
= (F*yy - ¥')(Eo)
= ZYV(FF((EO)(U)) ¥ ((E0))
=yy(1)-y'(Eo)
=0 (since y,(1)=0).
Hence Eo € Up—1n(m). O

In particular, we have

Tp—1)N(Eo) = Eo. (2.5.8)

2.5.2. The section ¢, g5 and the multiplication Mg, g5

Let fy, f- € St be nonzero highest and lowest weight vectors, respectively. Then Fp.fy is a
nonzero multiple of f_ and Eg.f_ is a nonzero multiple of fy (cf. Exercise 2.3.E(2) in [2]).

By (2.5.5), for X e U(n~) and Y € U(n) we have

Ve (X®Y)=n(X.fr @ tp-1N(Y).f-). (2.5.9)
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Thus, by rescaling fy and f_ if necessary, by Lemma 2.14 we have
Yy, of (Fo® Eo) =n(Fo.f+ ® mp-1n(Eo).f-) =n(Fo.f+ ® Eo.f-)=1.  (2.5.10)
For all » € A and n > 0 define a morphism
My, or  HO(X.Un()" ® x-m.) = HO(X. Unsp-1yn ()" ® X—n2.) (2.511)

given by multiplication by the section v, s . Note that My, g s UC-equivariant since f, ® f_ €
St ® St is an element of weight 0.

2.6. The splitting§
2.6.1. Define an endomorphism S of RE as follows. Set
S(HY(X. Un(m)" ® x-mr)) =0 ifptm (2.6.1a)
and for n >0 let S be defined on Hg()_(, Upn(n)¥ ® X—pns) by the composition

_ My, o _ -
Hg (X, Upn(n)v ® X—pnk) NE L Hg (X, U(p—])N+pn(n)v ® X—pnx)

=5 H)(X.Un()” ® X-m). (2.6.1b)
By Proposition 2.11, S descends to a morphism R; — R;.
Definition 2.15. Let A be an F,-algebra and s an Fp-linear endomorphism of A. We say that s is

Frobenius-linear if s(a’b) =a-s(b) for all a,b € A. If s is a Frobenius-linear endomorphism of A such
that s(aP) =a for all a € A we say that s is a Frobenius splitting of A.

Theorem 2.16. S is a Frobenius splitting of R;’ forall & € A. In particular, S descends to a Frobenius splitting
Of R;.

Proof. Since S preserves R; it suffices to check that S is a Frobenius splitting of R';. We first check
that S is Frobenius-linear. Choose n >0 and f € H?J()_(,L_In(n)v ® X—_ny). For m with ptm and h e
HY (X, Un(n)" ® X—m;) we have

fPhe Hg ()_(’ L_Ianrm m’ e X—(pn+m)x)~
Thus, since p { pn +m, we have
S(fP-h)=0=f-S(h). (26.2)

Now choose m >0 and g e Hg (X, Upm(n)¥ ® x—pm2)- Since My, g is given by section multipli-
cation we have

My, o5 (f7-8)=fP My,05 (8).
Thus, by Proposition 2.13,
S(fP-g)=S(f? My, e7.(8)=f-S(2). (2.6.3)

Hence S is Frobenius-linear.
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We next verify that S is a Frobenius splitting. Since S is Frobenius-linear it suffices to show that
S(e) = e, where e € R, is the unit. Now, e € Hg()_(, Uog(n)Y) is the element such that

e(X®Y)=¢e(X)e(Y) (2.6.4)
for all X € U(g), Y € U(n). Since
fZX®Y)=f(X®0ZxY)

for all Z € U(b), X € U(g), Y € U(n), and f € Hg (X, 0m)Y), by the triangular decomposition of U(g)
we can assume in the following that X € U(n~). We have

(S5@)(X®Y)=((SoMf, g7 )(E)X®Y)
= (Mg, o5 (e))(Fo- X ® Eg-Fr'Y)
= (1t0-(My. 5 (©))(Fo- '~ X @ Eq -Fr'Y)
=(My, g5 (e))(Fo-F' " X®Eo-Fr'Y) (since My, gy (e) has weight 0)
= Z n((Fo)a).(Fr'~ X)(1)-f+ ® 71N ((Eo) ) - (Fr' Y)(]))-f—)

-e((Fo)@ - (F'™ X) 5, ® (Eo)2) - (F'Y)5))  (by(2:2.14b) and (2.5.9))

=n(Fo.F' ™ X.fr @ mp—1yn(Eo - Fr'Y).f_) (by(2.6.4))
= n(Fo.f+ ® n(p_l)N(Eo).f_) -€(X)-€(Y) (by weight considerations)
=€(X)-€(Y) (by(2.5.10))
=e(X®Y).

Hence S is a Frobenius splitting of R?. a

2.7. S and the trace map

In this section we compare S to the local trace map. The results of this section are also crucial in
the proof of Proposition 3.4 below. The main result in this section is Proposition 2.20.

Definition 2.17. For any polynomial ring P :=IFp[z1, ..., z,] we have the Frobenius-linear trace map
Tr: P — P which is given on monomials as follows. Set zg := zf_l -~-zf1’_1. Then
Tr(zofP) = f (2.7.1)

for all f € P, and if g is a monomial that is not of the form zy fP for some f € P we set Tr(g) =0.
Up to a nonzero constant, Tr is independent of the choice of generators z1, ..., z;, of P.

Remark 2.18. Consider the polynomial ring P as above. For any h € P we have a Frobenius-linear
endomorphism f, of P given by

fn(g) =Tr(hg) forallgeP. (2.72)

By Example 1.3.1 in [2], every Frobenius-linear endomorphism of P is of the form fj, for some h € P.
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Let {xg}gen+ (resp. {yp}gea+) be eigenfunctions in degree 1 which generate Fy[n~] (resp. Fp[n])
as polynomial rings. By (2.2.3) we may also consider these as elements of U(n~)" (resp. U(n)"). Set

Yo = H yg_1 and xg:= 1_[ XZ_]' (2.7.3)
BeATt BeAT

By the proof of Lemma 2.14, after rescaling the xg, yg if necessary we have that
Xo0(Fo) = yo(Eo) = 1. (2.7.4)
These choices of polynomial generators now give trace maps Tr. and Tr_ on U(n)¥ and Un~)
respectively as in Definition 2.17.
In the case that A =0 we set RY := R?. In particular, identifying RY with the polynomial ring
Umn™)Y @ Un)Y, we obtain a trace map
Tr_ ® Try : RY — RY. (2.7.5)
Define an endomorphism S_ of U(n™)" by
(S—f)(X)= f(Fo-Fr'~ X) (2.7.6a)
for all f e U(n™)Y and X € U(n™). Similarly, define an endomorphism S, of U(n)V by
(S+&)(Y)=g(Eo-Fr'Y) (2.7.6b)
for all g€ U(n~) and Y € U(n).
Lemma 219.S = S_ ® S as endomorphisms of RY.
Proof. Choose X € U(n™), Y e U(n), and f € RY. We need to show that
(SHXQY)=f(Fo-F' " X®Eq-F'Y). (2.7.7)
Now,
(SHIX®Y) = f(Fo-¢X®Eo-Fr'Y)
= (1o-f)(Fo-F' " X®Eg-Fr'Y). (2.7.8)
Without loss of generality we may assume that f is a weight vector of weight u € A and that X, Y
are weight vectors of weight wx and py. Since Fo-Fr'~ X ® Eg - Fr'Y is a weight vector of weight
p(ux + py) € pA we have
f(Fo-F'"X®Eo-Fr'Y)=0 unless p=—p(ux+uy)€pA. (2.7.9)

In particular, if u ¢ pA then wo.f =0 and (2.7.7) follows from (2.7.8) and (2.7.9). On the other hand,
if w e pA then wo.f = f and (2.7.7) follows from (2.7.8). O

Proposition 2.20. S_ = Tr_ and S, = Tr.. as endomorphisms of U(n~)" and U(n)", respectively. In partic-
ular, S = Tr_ ® Tr. as Frobenius-linear endomorphisms of RY.
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Proof. We check that S = Try; the fact that S_ = Tr_ follows from a similar argument. Since S
and Tr, are Frobenius-linear endomorphisms, they are completely determined by their values on the
monomials ]_[ﬁGM ygﬁ for 0 <ng < p, so it suffices to check that the values of S, and Tr, on those
monomials are the same. )

First consider a monomial y := ]_[ﬂEM yﬂﬁ where 0 <ng <p for all Be AT and ng <p —1 for

some f. Then Try (y) =0 by definition. On the other hand, for all X € U(n) we have

(S+(1)(X) = y(Eo - F'X).

We may assume that X is a weight vector. Then Eq - Fr’ X is a weight vector of weight > (p — 1)p
and y is a weight vector of weight u, with —(p — 1)p < u, <0. Hence y(Eq-Fr'X) =0 so that
Try(¥) =S+().

Next, we have Tr. (yg) = 1 by definition. On the other hand, for all X € U(n) we have
(S+(0))(X) = yo(Eo - Fr' X)
=yo(Ep) - €(X) (by weight considerations)
=€e(X) (by(2.74))
=1(X).

Thus S+ = Tr+. ]
3. Base-change to k and main results

Recall that k = FP. We no longer assume that all schemes are over Fp. Recall that Gy, By, Ty, etc.
are the groups obtained by base-changing G, B, T, etc. to k. In this section we base-change the above
constructions to k and prove that 7* = T*(Gy/By) is Frobenius split.

3.1. Review of Frobenius splitting facts

In this section we review the theory of Frobenius splitting. The main references are [2] and the
seminal paper [12].

Let X be a scheme over k. We define a morphism F : X — X as follows: let F be the identity map
on points and define F¥# : Oy — F,Ox to be the p-th power map f — fP. Note that although F is
a morphism of Fp-schemes, it is not a morphism of k-schemes. F is called the absolute Frobenius
morphism.

Definition 3.1. We say that X is Frobenius split if there is an Ox-linear map ¢ : F.Ox — Ox such
that ¢ o F¥ is the identity map on Oy.

For any invertible sheaf £ on X we set

Re:=E@DHO(X. ). (3.1.1)
n=>0

Recall the definition of a Frobenius split algebra from Definition 2.15. The following fact from [2] is
the starting point for algebraic Frobenius splitting.

Proposition 3.2. (See [2, Lemma 1.1.14].) Let L be an ample invertible sheaf on a complete k-scheme X. Then
X is Frobenius split if and only if the k-algebra R ;- is Frobenius split.



C. Hague / Journal of Algebra 377 (2013) 179-203 199

3.2. Splitting of T*

3.2.1. Base-change

Set Uk(g) := U(g) ®r, k; we have similar definitions for Uy(b), Ux(67), Ux(n), Ur(n~), and U}.
Note that Uk(g), Ug(b), Ux(b™), etc. are the hyperalgebras of Gy, By, B, etc. For any F,-module M
set My := M ®p, k. For n > 0 set

Un()y :=Un(n)" ®r, k. (3.21)

the degree-n component of Uy (n).

Note that if M is a U(g), U(b), etc. module then My is a Uy(g), Uy (b), etc. module. For i € A let xf
denote the 1-dimensional Uy (b)-module corresponding to the weight A (equivalently, X)’f = X>. ®r, k).

For any L_],((’ (resp. U(g)) module V we let, by a slight abuse of notation, FyV (resp. F4V) denote
the U (resp. Uk(g)) locally finite part of V, and we set V¥ := FpV*.

For any Uy (b)-module N set

HY(X,N) := Fq Homg, ) (Uk(g), N). (3.2.2)
Note that for any U(b)-module M we have a Uy (g)-module isomorphism
HY(X, My) = H(X, M) ®p, k. (3.2.3)

3.2.2. The splitting Sy of T*
Fix a regular dominant weight A € A and set

R*:= Ry ®F, k=P HY(X. Un(m)y ® x*,,). (3.24)
n=0

For any By-module M let £(M) denote the Gy-equivariant bundle on Gy/By with fiber M. By
Proposition 3.7 in [1] we have

HO(Gr/Bk, L(M)) = HJ(X, M). (3.2.5)

Let P(7™*) denote the projectivization of the bundle 7* and let £(1) be the line bundle on Gy/By
corresponding to the Bi-module ka. Let

Pr:P(T*) — Gi/Bk (3.2.6)
be the projection and set
M :=Pr*L(1) @ Opir+(1). (3.2.7)
Recall the ring
Ry =EPHO(P(T™), M") (3.2.8)
n>0

as in (3.1.1). By the projection formula and (3.2.5) we have

R = RK. (3.2.9)
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Also note that M is very ample on P(7™*) because it is the pullback of the very ample bundle
L)X Op(gy (1) under the inclusion

P(T*) = G x B P(n) = Gy xB P(g) = (Gy/By) x P(g). (3.2.10)

By Lemma 1.1.11 in [2], if P(7T™) is split then so is 7*. Thus, to see that 7* is split, it suffices by
Proposition 3.2 and (3.2.9) to show that R¥ is a Frobenius split algebra.
Let 0 : k — k be the p-th power map and let 6’ : k — k be the p-th root map. Set

Fry :==Fr" ®p, 0 : R* > R¥ (3.211)
and set
Sk=S®, 0 : R" > R". (3.212)

Then, since Fr™* is the p-th power morphism on R;, l?r,t is the p-th power morphism on R¥. Also, since
S is Frobenius-linear, so is Si. Finally, it follows from Theorem 2.16 that Si o Fr,t = Id. We summarize
this discussion as follows.

Theorem 3.3. §k is a Frobenius splitting of R¥. In particular, T* is Frobenius split.

3.2.3. Comparison with [8]

Set St := St ®p, k and let ny : Sty ® Sty — k be the duality pairing. In [8] the authors construct,
for any element v € Sty ® St such that 7, (v) # 0, a Frobenius splitting f, of 7*. Their construction
also requires them to fix a Springer isomorphism U = n so let us assume that the isomorphism
used in their construction is the same one we fixed in Section 2.2.2 above. In Section 7 of [8] they
then construct, for any splitting f,, a homogeneous splitting 7,_1)n(fv) of 7*. (In this context
“homogeneous” means that the splitting divides degrees by p.)

Recall the highest and lowest weight elements f,, f_ € St as in Section 2.5. Set fX := f. ®1 € St;

and f*:=f_®1est.

Proposition 3.4. The splitting of T* induced by the splitting S; of R¥ is the same as the splitting
ﬂ(p—])N(fff_@fk)-

Proof. Let pr: 7* — Gy/By be the projection. Set
Fi:=pr~' (U By) ST,
the fiber over the big cell. Then F = U, x ny. Set 7}‘; =G xBn and set
F:=U BxnCTg.
p
Then 7% = 7?; xFr k and F; = F xFr k. It suffices to check that the two splittings coincide on the
open set F, C T*.
Denote by ¥ the restriction of the splitting n(pq)zv(ffﬁ;@ff) to Fy. We now define a splitting ¥
of F such that ¥ is the base-change to k (along with a twist by the p-th root map ') of ¥. Using

our chosen Springer isomorphism we have

FplFIZF,[U ]| @FplU]. (3.213)
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For each m > 0 let Fp[U]m denote the degree-m component via the identification F,[U] =Fp[n]. Also
recall from (2.5.2a) the definition of the morphism v : St ® St — U(n)". Using the identification

HY(X.Uw") = H(75,. Oy, ).
we obtain a morphism

¥ :=H(y) : St® St — HO (T , O

5
b Fp

), VW Yygw. (3.2.14)
Now, following [8], ¥ is defined by the direct sum of the following compositions for n > 0:

frof-

Ay
Fp[U™ ] ®@Fp[Ulpn ——— Fp[U~ | @ Fp[U]

Tr-®Try Fp[Ui] ®F,[U] RN FP[U*] QFp[Uln. (3.2.15)

where ~1ﬁf+®f7 denotes multiplication by the function ’ﬁh@ﬂ € H°(7]’F*p, 07?},)‘ Tr_ @Try is the trace

morphism as in (2.7.5), and g, is projection onto the n-th homogeneous component F,[UT]®@Fp[U];.
We also set

W(FplUI®F,[UT], )=0 ifptm. (3.2.16)

It now suffices to verify that the splitting of F,[F] induced by S is the same as ¥.

Now, the splitting of F[F] induced by the splitting S of the ring R? comes from the Fp-algebra
isomorphism

R) = F,[F] (3.2.17)

constructed as follows. First, recall that when L =0 we set RY = RE. As in Section 2.7, we have
isomorphisms

FplF1ZFp[UT] @ FplUI = Fp[n~ | @Fpmn1=U(n~)" @ Um)¥ =R". (3.218)

Note that for each A € A there is a natural Fj-algebra isomorphism

P U’ ® x—m =0(m)” (3.2.19a)
n>0

which is not, however, even U%-equivariant. Thus, via the identification (2.3.2), we get a natural
[Fp-algebra isomorphism

=PU() ©80m” @ x-m = PU(7) U’ =R"  (3219)
n=0 n=0

given explicitly by
MHXRY)=f(X®Y ®vn) (3.2.19¢)

for all n >0, X e Un™), and Y € Uy(n). (As above, though, this is not U%-equivariant.) Combin-
ing (3.2.18) and (3.2.19b) we get the desired isomorphism (3.2.17).
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Now, it is easy to see that the following diagram commutes for all A:

Rg#-Rh

|

Rg —1
T

l? (3.2.20)

Also, by (3.2.18) we can consider ¥ as a splitting of RY. Hence it suffices to check that ¥ and S are
equal, considered as splittings of RY.

First, we have that ¥ and S are both zero on homogeneous elements of R" of degree m+{ p. Next,
considering Tr_ ® Tr,. as an endomorphism of RY as in Section 2.7, by (3.2.15) we have that ¥ is
given on the pn-th homogeneous component of R? by the following composition:

'wf+®f—

U(n")" ® Upn(n)” RY I=CT RO 8 G(n™)Y @ Un(n) V. (3221a)

Here we denote, as above, the projection onto the n-th homogeneous component of RY by g,. Since
Tr_ ® Tr; sends elements of degree pn+ (p — 1)N to elements of degree n, this is the same as the
composition

O(n7)" @ Upn(n)¥ L2, g St gy 8T ()Y o 5 ). (3.221b)

On the other hand, recall that S is given on the pn-th homogeneous component of RY by

_ — M — _
() @ Upn(m)Y 5 RY 5 0(n7)” @ Uy, (3.2.22)

Now, by the definition of v in (2.5.4), we have that ¥ =q_1)n o ¥. Hence for all f e Un™)Y @
I_Jpn(n)v we have

Mf.gr (H)=Ff Vr.efr
= [@p-onGf e5)
=Qpn+(P71)N(f'1@f+®f_)- (3.2.23)

Also, by Proposition 2.20, S = Tr_ ® Try. Thus (3.2.21b) and (3.2.22) are the same morphism, so we
have that ¥ and S give the same splitting of RY as desired. O

Remarks 3.5.

(1) Although the rings R, are nonisomorphic for various choices of A, the splitting of 7* induced
by §k does not depend on the choice of regular dominant A € A. Indeed, §k restricts to the same
splitting (3.2.22) of the open set Fi, € 7™ regardless of the choice of A.

(2) For a parabolic subalgebra p 2 b let n, denote its nilradical. In [13] and [15] it is shown that
in type A the splitting 7wp_1)n(f o ) compatibly splits the subbundles G x5k (np)i for every
parabolic subalgebra p D b. A main hope of algebraic Frobenius splitting is to extend this result
to other types.



C. Hague / Journal of Algebra 377 (2013) 179-203 203

(3) Since the splitting 7w(p—1)n(ff, @) is B-canonical we have that the splitting Sy is also B-canon-
ical. In the algebraic context B-canonicity is equivalent to the fact that

S(@z.fy=2.(Sf) forall f €R; and Z € U(b). (3.2.24)

However, | do not know how to show this directly.

(4) By Proposition 4.1.17 in [2], if n were B-canonically split then one would immediately obtain a

B-canonical splitting of 7* as well. Since 7* is B-canonically split, it is tempting to try to use
algebraic techniques to construct a B-canonical splitting of n. However, by the following argument
due to Kumar, it is known that n is not B-canonically split.
Indeed, if n were B-canonically split, then by Exercise 4.1.E(4) in [2] 7* would be split compatibly
with the divisor D := (p —1)t*9(Gy/By). Here, m : T* — Gy /By is the projection and d(Gy/By) C
Gy/By is the divisor Uf:] Xwos;» where the s; € W are the simple reflections, wg is the longest
element of the Weyl group, and for any element w of the Weyl group, Xy, := BwB C Gi/By is
the associated Schubert variety. Now,

OG,/8, (D) Z*L((p — 1)p),

so by Lemma 1.4.7 (i) of [2] we would have the following consequence: If 1 € A is such that
w*L(pr + (p — 1)p) has higher cohomology vanishing on 7* then so does m*L()). By base-
change this would also be true in characteristic 0; but this is known to be false (cf. [3]).

(5) Replacing the s-action of U(b) on U(n) by the multiplication action, one can construct an alge-
braic splitting of the affine variety G /T = Gy x5 U. Note that here one does not need to use a
Springer isomorphism.
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