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1. Introduction

The classification of simple weight modules is widely seen as a difficult problem. In a
spectacular tour-de-force, Olivier Mathieu gave a complete description of such modules
for finite-dimensional simple Lie algebras [12]. The crucial part of Mathieu’s classification
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was understanding the simple admissible highest weight modules, those highest weight
modules whose weight multiplicities are uniformly bounded.

Since the work of Mathieu, classifications of weight modules have appeared in sev-
eral other contexts, notably for loop Virasoro algebras, Virasoro current algebras, and
affine Lie algebras [5,7,15]. Each of these classifications has reduced the problem to the
consideration of simple admissible weight modules, and then classified these modules.

In the present paper, we consider this question in the context of (generalised) current
algebras £ = g®y, S, where g is a finite-dimensional simple Lie algebra over k, and S is a
finitely generated commutative, associative, and unital k-algebra. These algebras include
the finite-dimensional simple Lie algebras g, the loop algebras g ®c Clt,t™!] of affine
Kac—Moody theory, as well as n-point Lie algebras, Takiff algebras, multiloop algebras,
and various Krichever—Novikov algebras. Our methods work not only for the classification
of simple admissible highest weight modules, but also describe the simple objects in the
much larger category of admissible modules. We hope that this paper will contribute to
solving the harder problem of classifying all simple weight modules for these algebras.

The category of admissible modules includes the finite-dimensional simple modules, all
of which are known to be evaluation modules. (See the introductions of [9,4] or the more
general results in [13,11,10] for details.) Naturally, these modules are included in our
classification. While we are not aware of any other special cases (other than Mathieu’s
case where the algebra S is the base field k) appearing in the literature, our results are
analogous to the theorems obtained for Virasoro current algebras [7,15] and for affine Lie
algebras [5], though with very different proofs, owing in part, to the lack of a Z-grading
in the present context and differences between the representation theory of Virasoro and
finite-dimensional algebras.

For Virasoro current algebras, it is shown that all simple admissible weight modules
are (generalised) evaluation modules at a single maximal ideal. Evaluations at more
than one maximal ideal (such as those in the present paper) lead to infinite-dimensional
weight spaces for Virasoro algebras, and root system combinatorics with locally nilpotent
and injective operators do not play any role [7,15]. For affine Lie algebras, the simple
admissible weight modules are modules of the form V®C[t,t~!], where V is an evaluation
module and the action of a loop algebra element x ® t™ is given by (z ® t™).(v @ t") =
((z @ t™)v) @ t™*+™ [5]. The loop module structure appears because of the Z-grading,
imposed by the degree derivation in the affine Cartan subalgebra. This construction is
not needed (in fact, is excluded because it would give infinite-dimensional weight spaces)
in our context, as there is no natural degree derivation for more general currents. The
arguments in the affine case rely heavily on parabolic induction and twisted localisation,
both of which we replace with more elementary (and completely different) methods.

We now summarise the contents of this paper.

In Section 2, we recall basic definitions and note that any classification of simple
admissible modules for a current algebra L is also a classification of simple admissible
modules for its universal central extension £, since the central elements must act trivially
on any simple weight module.
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Section 3 opens with a review of elementary facts about evaluation representations
in the infinite-dimensional context of weight modules. In particular, we show that a
representation ¢ : £ — EndV is an evaluation representation if and only if it factors
through a direct sum of several copies of g. Key parts of this result have been used in past
work (for example, in [12]), but we are not aware of a proof appearing in the literature.
We then address the natural question of which evaluation modules are admissible. The
answer (Theorem 3.14) is strikingly simple: an evaluation module is admissible if and
only if each of its tensor components (corresponding to the action of each copy of g) is
admissible and at most one component is infinite dimensional. The proof, contained in
a series of propositions and lemmas, is a detailed study of the relevant structure and
combinatorics of indecomposable root systems, building on work of Benkart, Fernando,
and two of the authors of the present paper [6,2,1].

In Section 4, we classify admissible modules for current algebras. We use the finite
dimensionality constraint on the weight spaces to prove that the kernel of any irreducible
weight representation is cofinite in £. It is thus of the form g ® I for some cofinite ideal
I of S. We then use admissibility to show that I is a radical ideal.

While these two results are obvious in the context of finite-dimensional modules,
they are much more challenging in the potentially infinite-dimensional context of weight
representations, and completely new arguments are required. Cofiniteness is proved using
the cofiniteness of the space {s € S | (z® s)v = 0} for each v € V and root vector x € g.
The idea is then to express I as a finite intersection of such spaces. To prove that I is a
radical ideal, we note that if it is not, then there is a nonzero ideal N C S/I for which
N? = 0. We then use sly-combinatorics together with admissibility to argue that there
is a nonzero vector w € V annihilated by the ideal g@ IV C L. The space killed by g® N
is a nonzero submodule of V, so is equal to V since V is simple. This contradicts the
fact that g ® S/I must act faithfully on V.

Once we know that [ is a cofinite radical ideal of S, it is straightforward to prove
Theorem 4.5, that every simple admissible module of L is an evaluation module. We then
apply Theorem 3.14 to obtain Theorem 4.6, the main result of this paper, a complete
description of the isomorphism classes of simple admissible modules in terms of certain
finitely supported maps from Max S to the moduli space of admissible modules for g.

2. Preliminaries

Throughout this paper, g will denote a finite-dimensional simple Lie algebra over an
algebraically closed field k of characteristic zero. All tensor products and algebras will be
taken over the base field k. Fix a Cartan subalgebra b of g, let ® be the corresponding root
system, and let A C ® be a base of simple roots. The set of positive and negative roots
of (g,h,A) will be denoted by ®* and ®~, respectively, with corresponding triangular
decomposition g = n_ @ b d ny, where ny = Oycpxga. For each positive root o € &,
fix nonzero elements 1, € gio and hy € b, so that B = {z4,hs | @ € ®,5 € A}
is a Chevalley basis of g and each {x,,2_q,h} forms an sl-triple: [24,2_0] = ha,
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[has Ta] = 224, and [ha,T—o] = —2z, for all a € ®T. We write (z|y) for the Killing
form of x,y € g, and U(L) for the universal enveloping algebra of any Lie algebra L.

Let S be a finitely generated commutative, associative, and unital k-algebra. In this
paper, we consider modules for the (generalised) current algebra £L = g® S, with bracket
[t®7ry®s] = |z,y @rs, for all z,y € g and r,s € S. When S = k, L is the finite-
dimensional simple Lie algebra g; when k¥ = C and S = CJt,t7!], £ becomes the loop
algebra of affine Kac—-Moody theory. Other well-known examples are the classical cur-
rent algebra g ® k[t], the multiloop algebra g ® k[tlﬂ, . ,tﬁl], and the 3-point algebra
g®k[t,t™ 1, (t—1)71]. Viewing the vector space g as an affine scheme, the Lie algebra £
can also be interpreted geometrically as a space of morphisms from Spec .S to g, under
pointwise Lie bracket. See [13] or [10] for details.

FEach representation of £ is also a representation of any central extension of L, by
letting the central elements act trivially. There is a well-known construction [8] of the
universal central extension £ of £ using the vector space quotient (S,.5) := (S ® S5)/Q,
where @ is the subspace spanned by the set

{ros+s@r, rs@t+st@r+iros|rsteSh

Explicitly, L is isomorphic to, and will henceforth be identified with, the Lie algebra
(g®S) @ (S,S), with bracket

[r®@a+(r,s),y @b+ (u,v)] = [z,y] ® (ab) + (z]y){a,b),

for all z,y € g and a,b,r,s,u,v € S, where (r,s) denotes the coset r ® s + @Q in (S, 5),
forall r,s € S.

Definition 2.1. An £- or £-module V is said to be a weight module if V' decomposes as a
direct sum of finite-dimensional common eigenspaces under the action of h ® 1. That is,

V=_w,

AEh*

where each weight space Vy = {v € V | (h® 1)v = A(h)v for all h € b} is finite dimen-
sional, and the elements A € h* for which V) # 0 are called weights. A nonzero vector
v € V is a mazimal vector if (e ® s)v = 0 for all e € ny and s € S. A weight module
V is a highest weight module of weight p if V,, is 1-dimensional, and there is a maximal
vector v € V,, generating the module V. A weight module V = @ aep+ V) Is said to be
admissible if there exists B € Z¢ such that dim V) < B for all A\. Weight modules for
current algebras L ® S of semisimple Lie algebras L are defined analogously.

The main goal of this paper is to give an explicit construction of all simple admissible
modules of £. The finite-dimensional simple £-modules were described by Chari and
Rao in the case where S is the algebra k[t,t~!] of Laurent polynomials [3,14]. Their
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classification easily extends to finite-dimensional simple £-modules when S is arbitrary.
See the introduction of [9] or [4], or the more general results in [13,11,10], for instance. By
Theorem 2.2 below, this classification also covers finite-dimensional simple modules for
the corresponding universal central extensions LN aturally, these modules are included
in our construction.

The following proposition allows us to restrict our attention to £-modules. Our original
proof was simplified to the argument below following a discussion with G. Benkart.

Theorem 2.2. If V is a simple weight module for E, then every central element (r,s) of
L acts trivially on V.

Proof. Since S is finitely generated, it is countable dimensional over k. Since g is finite
dimensional and V is simple, it follows that V is countable dimensional, and by Schur’s
Lemma, the central elements (r, s) of L act as scalars Arson V.

Since the restriction of the Killing form to the Cartan subalgebra ) is nondegenerate,
there exist hy, ho € h with (hq|hs) # 0. The trace of the operator

(h1®7")0(h2®8)—(hQ@S)O(h1®T)

restricted to any (finite-dimensional) weight space V,, is zero. But [hy @ 7, ha ® s] =
(h1lh2){r, s) acts as the scalar (hi1]ha)\, s, and thus has trace dim(V,)(h1|h2)A,s on V.
Therefore, (r, s) acts as zero on all nonzero weight spaces, and thus acts trivially every-
whereon V. 0O

3. Evaluation representations

We will later show that simple admissible modules can be classified in terms of evalu-
ation representations. To explain this statement, let Mq,..., M, C S be maximal ideals.
There is then an evaluation map

evy : L — go"

r® s (s(My)z,...,s(M)z),
where s(M;) € k is the residue of s modulo M;:

as elements of S/M; = k. By the Chinese Remainder Theorem, evy, is surjective when-
ever My, ..., M, are distinct, and any tensor product Wi ® - - - ® W,. of simple g-modules
then pulls back to an irreducible £-module under the evaluation map:

evpr

Lg% — End(W; ®---@W,),



250 D. Britten et al. / Journal of Algebra 440 (2015) 245-263

where the action of £ on Wi ® --- ® W, is given by the formula

(r®s).(w @ - @w,) :Zs(Mi)w1®~--®xwi®---®wr.
i=1
Such representations are called evaluation representations of L, and we denote the
evaluation representation above by V(M,W), where M = (M;,...,M,) and W =
(Wi,...,W,). fWy,..., W, are weight modules for g and M, ..., M, are distinct max-
imal ideals of S, then we say that V (M, W) is an evaluation weight module.

Remark 3.1. Note that evaluation weight modules may have infinite weight multiplicities,
so they are not necessarily weight modules for £. For example, consider the infinite-
dimensional sly(C)-module W spanned by the linearly independent set {v; | i € Z},
where
2i + 1)?
hv; = 2iv;, ev; = —%viﬂ, and fv; = v;_1,

and [h, e] = 2e, [h, f] = —2f, and [e, f] = h. The module W is a simple weight module for
5l3(C), yet the evaluation weight module W ® W obtained by evaluating £ = sl3(C) ® S
at any two distinct maximal ideals of S has infinite-dimensional weight spaces.

Our next goal is to prove the following theorem, which says that a given simple weight
L-module is an evaluation weight module if the L-action ¢ : £ — End V factors through
a direct sum of finitely many copies of g.

Theorem 3.2. Let V' be a simple weight module for L, with module action given by ¢ :
L — End V. Suppose there exist pairwise distinct My, ..., M, € Max S and a Lie algebra
homomorphism v : g®" — EndV such that ¢ = 1p oevy. Then V is isomorphic to an
evaluation weight module of L.

We will use the following lemma and proposition to prove this theorem.

Lemma 3.3. Let H be a Cartan subalgebra of a semisimple Lie algebra L, and let V' be a
weight module for L. Suppose that there exists A € H* such that the space

Wy={weW | hw=Xh)w for all h € H}
is monzero for all nonzero submodules W C V. Then V contains a simple L-submodule.

Proof. Let W C V be a nonzero L-submodule for which dim W) is minimal. We claim
that U(L)Wy C W is a simple submodule.

Indeed, for any nonzero m € U(L)W,, we see that the A\-weight space (U(L)m) of
the submodule U(L)m C W is equal to W), by the minimality of dim Wy. Thus U(L)m
contains Wy, so U(L)m = U(L)Wy, and U(L)W) is a simple L-module. O
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Proposition 3.4. Let g1 and go be finite-dimensional semisimple Lie algebras, with Cartan
subalgebras b1 and bo, respectively. Suppose that V is a simple weight module for g1 ® g,
with respect to the Cartan subalgebra h1 @ ho. Then V = V) ® Vo for some simple weight
modules V; for (gi,h;).

Proof. Let v € V be a nonzero vector of weight (A, ) € b3 x h5. Then W =U(g)v CV
is clearly a weight module for (gi,b1), since W, is contained in the (finite-dimensional)
weight space V;, ,, for all € b7.

Let M C W be any nonzero gi-submodule. Then Homg, (M, V) has the structure
of a nonzero weight module over go, with action (zp)(m) = z(p(m)), for all x € go,
p € Homgy, (M,V), and m € M. Let N C Homg, (M, V') be a nonzero go-submodule. The
map

\I/M’NZ M®N —V

m® pr—s p(m)

is a nonzero g @ ge-module homomorphism, so is surjective by the simplicity of V. In
particular, Wy, y restricts to a surjection My ® N, — V) ,, where My, N, and V) ,
are the weight spaces of weights A € hT, p € b3, and (A, p) € b} x b3, respectively. Thus
M) and N,, are nonzero (since Vj ,, # 0).

By Lemma 3.3, there exists a nonzero simple (weight) g;-submodule A C W and a
nonzero simple (weight) go-submodule B of Homyg, (A, V). It is completely straightfor-
ward to verify that A ® B is a simple g; @ go-module, so the surjective map

\IJA,B : AR B—V
is a g1 @ go-module isomorphism. O

Proof of Theorem 3.2. Using the Chinese Remainder Theorem, choose elements sy, . . ., s,
of S so that s;(M;) = d;; for all ¢, j. Let H denote the finite-dimensional abelian Lie
subalgebra h ® Span {s1,...,s,} of L. Since H commutes with h ® 1, its action preserves
the (finite-dimensional) weight spaces of V. Let V) be a (nonzero) weight space of V.
By Lie’s Theorem (or elementary linear algebra), H has a nonzero common eigenvector
v € V.

Note that the evaluation map evys restricts to a vector space isomorphism

g®Span{s;} > g,:=0®---®gd--- DO,

where g is the ith summand of the expression on the right. Thus v is a common eigen-
vector for the action of the Cartan subalgebra evy (H) = h®" of g®”. The g¥"-module
U(g®")v is a nonzero submodule of the simple g®"-module V', so V = U (g% )v, and V is
a simple weight module for g®”, with respect to the Cartan subalgebra h®”. The result
now follows from Proposition 3.4 by induction on r. O
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Remark 3.5. Conversely, by the surjectivity of the map evyy, it is clear that an evalu-
ation module V (M, W) is simple if M = (My,...,M,) and W = (W1,...,W,), where
My, ..., M, are distinct maximal ideals of S, and Wy,..., W, are simple g-modules.

It is also relatively straightforward to give an explicit isomorphism criterion for
evaluation weight modules. Let M be the set of all isomorphism classes of simple
weight (g, h)-modules. The modules in M can be described as cuspidals or simple
quotients of parabolically induced modules [6]. As has been done in finite-dimensional
contexts by many authors, evaluation weight representations can be labelled by func-
tions ¥ : Max S — M. In particular, the evaluation module V (M, W) is labelled by the
function Wz w, where

W;] if N=M;
v N) =
aw (N) { [k] otherwise,
where M = (M, ..., M,), and [k] is the isomorphism class of the trivial one-dimensional

g-module. The support supp ¥ of such functions is always of finite cardinality, where
supp ¥ = {M € Max S |U(M) # [k]}.

The correspondence sending a simple evaluation weight module V(M, W) to a finitely
supported function W w : Max S — M is clearly surjective, and we now verify that it
descends to a well-defined surjective map on the level of isomorphism classes of simple
evaluation weight modules.

Let «: L -5 EndV(M,W) and 8 : L — End V(IN,U) be isomorphic simple evalua-
tion weight representations of £, where M = (My,...,M,) and N = (Ny,..., Ny). Since
g is simple, we see that

g®ﬁMi:kera:kerﬁ:g®ﬁNj.

i=1 j=1

From the Nullstellensatz, it follows that {M;,..., M.} = {N1,..., N}, so we can write
N; = M, for some permutation o of {1,...,7}. As in the finite-dimensional case
(see [13] or [11], for instance), it is now straightforward to verify that U; = Wo(;) as
(g, h)-weight modules, so ¥y w = ¥y . There is thus a well-defined map [V (M, W)] —
Uy, w from isomorphism classes of simple evaluation weight representations to finitely
supported functions Max S — M. The surjectivity of this correspondence is clear. That
this map is injective follows from the fact that £-modules form a symmetric monoidal
category: that is, permuting the tensor factors Wy, ..., W,. of an evaluation representation
V (M, W) will not change the isomorphism class of the £-module, provided we apply the
same permutation to the sequence of maximal ideals My, ..., M, used in the evaluation.
We have now proved the following theorem:
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Theorem 3.6. The isomorphism classes of simple evaluation weight L-modules are in
natural bijection with the finitely supported functions ¥ : Max S — M. Explicitly, the
isomorphism class of V(M, W) corresponds to the function ¥p w. 0O

As we have already noted in Remark 3.1, evaluation weight modules do not always
have finite-dimensional weight spaces, let alone satisfy the admissibility condition that
the dimensions of these weight spaces be uniformly bounded. We now turn our attention
to the question of which evaluation weight modules are admissible. The answer is sur-
prisingly simple: an evaluation weight module V (M, W) is admissible if and only if each
component W; of W = (W7, ..., W,) is an admissible g-module, and at most one W; is
infinite dimensional. It is interesting to note that by [1], simple infinite-dimensional ad-
missible modules exist only for g of types A and C, so every simple admissible evaluation
weight module is finite dimensional if g is not of one of these types.

We now review a few results we will need from [6,2,1]. Let W be a simple weight
module for g. We write T' = {@ € ® | x, acts injectively on W} and N = {a € @ |
Zo acts locally nilpotently on W}. By a lemma of Fernando [6, Lemma 2.3], the root
system ® decomposes as ® = T'U N, and T is a convex set. That is, T = {D_ o, cact |
co > 0} N ®. For each X C &, we write —X for the set {—a | a € X} C &, and X
(respectively, X ) for the positive (resp., negative) roots in X, relative to a fixed base
of simple roots. Define

T,=TN(=T), T, =T\T,, Ny=Nn(=N), Ny =N\ N,. (3.7)

Clearly, N, = —T,. Suppose that X C X’ are subsets of ®. If  + 8 € X whenever
ae X, e X' and a+ f € ®, then we say that X is an ideal of X’.

Proposition 3.8. (See [2,1].)

(1) Ts and Ny are root subsystems of .

(2) There exists a base B of ® such that N, C @g, where @g (respectively, ®5) is the
set of positive (resp., negative) roots relative to B.

(3) If B is any base such that N, C ®%, then N, is an ideal of ®F, T, is an ideal of
&5, and BNT; is a base of simple roots for the root subsystem Ts. O

The following lemma and its proof are a small generalisation of [1, Lemma 4.7(iii)].
Lemma 3.9. If N, C @E, a € N, and B € Ts, then o+ B is not a root.

Proof. Suppose a + 8 € . By [6, Lemma 23], a+ €T ora+ 8 N. Ifa+ 8 €T,
then a = (a+ )+ (—B) € T, since — € Ty, C T and T is a convex subset of ®. This is
a contradiction since a € N, so we see that « + 3 € Ny or a+ 8 € N,.

If «+ 3 € Ng, then 8 = (o + 8) + (—a) € Ny, since Ny is a root subsystem of ®.
But then 8 € Ny NT, a contradiction. Hence oo + € N,. But then —(a + ) € T, and
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—a = —(a+ B)+ B €T by the convexity of T. Thus a ¢ Ny, a contradiction. Hence
o+ (3 is not a root. O

Lemma 3.10. Suppose that Wi and Wy are simple infinite-dimensional admissible
g-modules with Ty N (£T3) # (0, where Ty and T are the sets of roots « for which
To acts injectively on Wi and Wy, respectively. Then W1 ® Wy is not an admissible
g-module.

Proof. Choose a pair of nonzero weight spaces Wi x € Wi and W ,, € Ws. Suppose that
a € TiN(—T3). Then the (Ap)-weight space of W1®W5 contains the infinite-dimensional
space

oo
E Wl,)\+na ® W2,/,Lfnow

n=0

so W1 ® Wy is not admissible (nor is it even a weight module).
Now assume that o € Ty NT,. Then the (A + p+na)-weight space of W1 @ Wa contains
the sum

Z Wl,)\-‘r@a & WQ,/,Ir‘r(TL*Z)OU
£=0

which has dimension at least n + 1. Since this computation is valid for any positive inte-
ger n, there is no uniform bound on the dimensions of the weight spaces of W7 @ Ws. O

Lemma 3.11. Let o be a simple root in a base B, and let (—a) be the ideal generated
by —a in the set = of negative roots. Suppose that § € ® \ +(—a). Then there exists
v € (—a) such that 8+ v € (—a).

Proof. Written as a Z-linear combination of the simple roots aq,...,ay € B, the
highest root 6 is of the form 6 = Zle n;a;, where n; > 1 for all 4. Since g is sim-
ple and the Chevalley generators z,,, *_,, generate g, there is a nonzero expression
ad z, - --ad z1(zo) € go for some collection of z; € {Za,,2—q, | 1 < i < £}. Using the
Serre relations, it is easy to see that we can choose the z; to be positive root vectors:
zj € {zq, | 1 <i <L} for all j. That is, there is a sequence

o=y < p1 < -+ < . =0 (partial order taken with respect to B), (3.12)

where pu; — u;—1 € B and p; € ® for all ¢ > 0, and p_1 is defined to be zero.

The bilinear form (—, —) : h* x h* — k induced by Killing form is nondegenerate, and
every simple root in B appears as p; — p;—1 for some i > 0. Therefore, (5, ps) is nonzero
for some 0 < s < r. Hence 8 + us or 8 — ug is a root.
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For each element 7 of the root lattice, we write 7 (uniquely) as a Z-linear combination
T = ZWEB nl~y of the simple roots in B. By the argument used to justify (3.12), it is
straightforward to verify that

(—a)={-a—-pe®|pecdtu{0}}={red|n] <0}

Thus n = 0, n+#s > 0, and n~#s < 0. For any root 7, all the nonzero coefficients nl
must have the same sign, so we see that if 8 + p, is a root, then 8+ p, € ®T. Similarly,
if 5 — ps is a root, then g8 — us € ¢~

If B4+ ps € ®F, then —3 — ps, € ® and n?~# < 0, s0o —f — ps € (—a). Then
B+ (=8 — ps) = —ps € {(—a). By the same argument, if 8 — us € &, then 3 — ug and
—us are both elements of (—a). O

The weight spaces of an £-module are precisely the weight spaces of its restriction
to the Lie subalgebra g ® 1 C £. An L-module is thus admissible if and only if it is
admissible as a g-module. Restricted to g ® 1, evaluation modules are tensor products
of g-modules, so the admissibility of evaluation representations can be settled using the
following key proposition.

Proposition 3.13. Suppose that W1 and Ws are simple infinite-dimensional weight mod-
ules for g. Then W1 ® Wy is not an admissible g-module.

Proof. Let T;, N;, T; s, Ti.a, Ni s, and N, o be the sets (3.7) associated with the g-module
W; for i = 1,2. Let B be a base of ® chosen so that N;, C @E. Since W7 is infinite
dimensional, Ny s # ®. Thus ®}, = T}, UN;' {UNy 4. In particular, B € Ty sUN; sUNy 4.

By Proposition 3.8(3), BN T, is a base for Ty ;. If B C Ty 4, then T1 s = ®. But
then Ty NTy, = ® N Ty = Tb. Since W is infinite dimensional and simple, Ts # ), so by
Lemma 3.10, W7 ® W5 is not admissible.

Without loss of generality, we may therefore assume that B gz Ths. It BCT UNy,
then it follows from Lemma 3.9 that & = 17 ; U Ny, since o + 3 is never a root if
a €Ty s and B € Ny, In particular, (o,8) = 0 for all @« € Th s and § € Ny, s0 @ is
decomposable, a contradiction. Hence B Q T1,sUN s, so there is a simple root o in Ny 4.

Since Ni, is an ideal of @g, we see that the ideal generated by « in @g is contained
in Ny 4. Since T4 o = —N1 4, we have (—a) C T; ,, in the notation of Lemma 3.11.

By Lemma 3.10, we may assume that T5 N (+£77) = 0. Moreover, since W5 is infinite
dimensional, T3 is nonempty. Let 5 € Ty. Clearly, 8 ¢ +(—a). From Lemma 3.11, there
exists v € (—a) such that v + 8 € (—a).

Choose nonzero weight spaces Wi x € Wi and W5 ,, € Ws. Then for any nonnegative
integer n, the (A + u + n(y + B))-weight space of Wi ® W5 contains the sum

n
Z W17/\+€7+(n—f)("r+/3) @ Wa,putep-
£=0



256 D. Britten et al. / Journal of Algebra 440 (2015) 245-263

Since v,v+ 8 € Ty and B € T, we see that
dlm(Wl ® WQ)A‘HJ"F”(’Y"‘B) >n,
so W1 ® Wy is not admissible. O

The main result of this section, the following criterion for admissibility of evaluation
weight modules, is now an easy corollary of Proposition 3.13.

Theorem 3.14. Let V (M, W) be a simple evaluation weight module for g® .S, where W =
(W1,...,We). Then V(M,W) is admissible if and only if each of the W; is admissible
and at most one of the W; is infinite dimensional.

Proof. If each of the W; is admissible and no more than one of them is infinite dimen-
sional, then it is clear that V (M, W) is admissible. The converse follows directly from
Proposition 3.13. O

4. Simple admissible modules

While the main goal of this section is to describe the simple admissible modules of £
(and consequently, of the universal central extension of £), we impose the admissibility
condition only after some general results which hold for arbitrary simple weight modules.

Let V be a simple weight module for £, with action given by ¢ : £ — End V. Since
g is finite dimensional and simple, it is easy to verify that the ideals of £ are all of the
form g ® P for ideals P of the commutative (but not necessarily reduced) k-algebra S.
In particular, ker ¢ = g ® I for some ideal I = I(V') of S. Our goal is to show that I is
cofinite in S.

For each « € U {0}, v € V, and X € bh*, let

Jo(v)={s€e S| (x®s)v=0"orall z € gy},
Jwy= (1 Ja),

peduU{0}
JN = [ J(w),

weVy
Jne) = () T

HEAH(PU{0})

Lemma 4.1. The vector space J(\, @) is of finite codimension in S for each A € h*.

Proof. Since V), is finite dimensional, J(A) can be expressed as a finite intersection
N;J(v;), where the v; form a k-basis of V). The space J(A, ®) is thus the intersection of
finitely many spaces of the form J, (v).
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Let x € g, and v € V). There is then a linear map

Now: S — Vita
s— (z ® s)v,
which obviously descends to an injection of S/kern, , into the finite-dimensional space
Vata, so S/ kern, , is finite dimensional. Fixing a basis B, of g, for & € U {0}, we see

that Jo(v) = Nyen, kern,, for all v € Vi, so J(A, @) can be expressed as an intersection
taken over some finite collection of homogeneous elements « € g and v € V. In particular,

S/I(N, @) — @D S/ ker s,

T,v

s+ JNP) — (s+kerng v)ew

is a linear injection. Since each S/ kern, , is finite dimensional, we see that J(\, @) is of
finite codimension in §. O

Lemma 4.2. J(\, ®)S C J(\) for each weight \.

Proof. Let r € J(\,®), s € S, and v € V). I , y are elements of our Chevalley basis B,
then

([z,y]@rs)v=[z@r,y® sl
=(@er)(yos)v—(yos)(rer)v.

Since y € go for some o € ® U {0} and v € V), we see that (y @ $)v € Vigq, 850 2 @1
annihilates both (y ® s)v and v, by definition. The Lie algebra g is simple, thus perfect,
SO

(g®rs)v = ([g.g] ® rs)v =0,
and rs € J(A). O

Proposition 4.3. Let A be a weight of a simple weight L-module V. Then I = J(\, ®),
where I = I(V). In particular, the ring S/I is a finite-dimensional k-algebra.

Proof. Let v be a nonzero element of V), and let w be an arbitrary element of V. Since V'
is an irreducible representation, w can be expressed as a linear combination of elements
of the form (21 ® 1) -+ (¢ ® s¢)v, where £ >0, s1,...,80 € S, and x1,...2¢ € g.

We use induction on £ to show that the expression

(x@rs)(x1 ®@s1) - (T @ 80V
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is zero for all z € g, r € J(A\, @), and s € S. If £ = 0, then by Lemma 4.2, (z ® rs)v =0
forall z @ rs € g® J(A, ®)S. Otherwise, £ > 1 and

(x@rs)(z1®581) (2R s)v=(21®51) (xR718) (T2 ® 82) -+ (T4 ® 8¢V
+([z,z1] @ rss1) (z2 @ s52) -+ (T4 & s¢)v.

By induction hypothesis,
(z@71s)(2®82) - (xp ®sp)v =0

and

([, 21] @ r551) (@2 @ $2) -+ (w0 @ 5¢)v =0,

sors € I forall r € J(A\,®) and s € S. Taking s = 1, we see that J(\, @) C I. Since
I is obviously contained in J(A, @), we now see that I = J(\, @), and S/I is finite
dimensional. O

The following proposition, together with Proposition 4.3, is the crucial ingredient to
showing that simple admissible modules are always evaluation representations. We will
now add (and use) the hypothesis that V is a simple admissible (weight) module of L.

Proposition 4.4. Let V' be a simple admissible module of L. Then I = I(V) is a radical
ideal of S.

Proof. After a few preliminary observations, we will divide the proof into several steps.

Suppose I is not a radical ideal, and let A = S/I. Then V is a faithful representation
of g® A, and A is finite-dimensional by Proposition 4.3. Since A is artinian, its nilradical
nilrad A = V/I/I is nilpotent. There is thus some m > 1 such that (nilrad A)™~! # 0,
but (nilrad A)™ = 0. Let N = (nilrad A)"™/2", where "m/27 is the least positive integer
greater than or equal to m/2. Then N # 0, but N2 = 0.

The finite-dimensional abelian subalgebra h ® N commutes with h ® 1, so it preserves
the (finite-dimensional) weight spaces of V. In particular, h ® N has a nonzero common
eigenvector in each weight space of V. Fix such an eigenvector v € V.

Step 1. Leta € ®T ands € N, and set x = ha®5, y = 1,1, and z = 2z, 5. Suppose
z"v # 0 for some n > 0. Then the set {z" "y v | r =0,...,n} is linearly independent.

Proof. Since [r,2] € g® N? = 0, we see that z commutes with  and y. By induction,
it is easy to verify that

ay" =yz oy,
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in the universal enveloping algebra U(L), for » > 1. Suppose R = Y _"'_ ¢,2" "y v = 0
for some ¢, € k. Then

0=zR

n
= Z 2" (Y ey )
r=0

n
= AR+ ZCT-TZH7T+1yT7111,

r=1

where A is the eigenvalue by which = acts on v. Since R = 0,

n
E re, P r+1yr 1 =0.
r=1

Applying z again, we obtain

n
ZT 7“—1 P 7”—}-2y7~—2v:07
r=2

and by induction,

Z’I’ (r—1)-(r—(—=1)e.2" "y ~tv =0,

r=>~0
for £ =0,...,n. Taking £ = n, we obtain nlc,2"™v = 0, so since z"v # 0, we have that
¢n = 0. Taking £ = n — 1 then gives

n
Z ’I" r— 1 (7" —n+ 2)crz2n—r—1yr—n+lv
=n—

T 1

= (n—1)le,—12"v,

S0 ¢,—1 = 0. By induction on ¢, we see that ¢, = 0 for £ = n,n — ,0, and the set
{z"""y"v | r=0,...,n} is linearly independent.

Step 2. The element z = 2x,, ® s acts nilpotently on v.
Proof. If z"v # 0, for all n, then by Step 1, {z" "y"v | r = 0,...,n} is a linearly
independent subset of V,,4 ., where 1 is the weight of v. Hence the weight multiplicities

of V are unbounded, contradicting the assumption that V is admissible.

Step 3. There exists a nonzero weight vector w € U(ny ® N)v such that (ny @ N)u = 0.
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Proof. By Step 2, every element of the finite-dimensional subalgebra ny @ N C L acts
nilpotently on v. Since n; ® N is also abelian, it now follows that U(ny ® N)v is a finite-
dimensional module on which the Lie algebra ny ® N acts by nilpotent transformations.
By Engel’s Theorem, there is a nonzero vector v € U(n;y ® N)v for which (ny ® N)u = 0.
Since U(ny ® N)v is weight-graded, we can take u to be a weight vector.

Step 4. There is a nonzero weight vector w € V', such that

(a) (nm®ny) @ N)w=0, and
(b) w is a common eigenvector for h @ N.

Proof. y =z, ® 1, and z = 22, ® s by
¥ =ha®s, Y =2_,01, 2/ =22_,®s,

the arguments given in Steps 1 and 2 show that each element of n_ ® N acts nilpotently
on u. As in the proof of Step 3, it now follows that there is a nonzero weight vector
w € U(n_ ® N)u which is annihilated by n_ ® N. Since n; ® N commutes with n_ @ N,
w is also annihilated by ny ® N.

Finally, we note that w € U((n_®ny)QN)v and h® N commutes with U(n_@®n)QN),
so w is a common eigenvector for h @ N.

Step 5. There is a nonzero vector w € V' such that (g @ N)w = 0.

Proof. We need only to show that the vector w of Step 4 is annihilated by h ® V. Let
a€®t andt € N, and set h = hg, e = 74, and f = z_,. By Step 4, (h ® t)w = pw for
some p € k. We will show that p = 0.

Since V is a weight module, the weight space of w is finite dimensional, so the set
{{(e®@1)"(f®1)"w | r > 0} is linearly dependent. Let

14

Zcr(e D" (fel)yw=0

r=0

be a dependence relation with ¢, # 0. By induction, it is straightforward to verify that
eat)(fel) =) (ext)+r(fol) Y hat) - 2(£>(f® D2 (f®t),
Feteal) = o1 Gen-realhan -2(}) o) e,

Using the fact that (e ® t)w = (f ® t)w = 0, we see that
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14

0=(eot)'(fot)' D cle®l)(f@l)w

r=0
= (=D ee(p)?w,

so p=0and (h ® N)w = 0. Hence (g ® N)w = 0.
Step 6. [ is a radical ideal.

Proof. Let W ={a €V | (g® N)a = 0}. Since N is an ideal of S, W is an L-submodule
of V. But W is nonzero by Step 5, so W = V since V is simple. Therefore, (g@ N)V = 0,
contradicting the faithfulness of the action of g ® A on V. Hence [ is a radical ideal
of S. O

The fact that I is a radical ideal lets us prove the following theorem, one of the main
results of this paper.

Theorem 4.5. Let ¢ : L — EndV be an irreducible admissible representation. Then V is
isomorphic to an evaluation module.

Proof. By Theorem 3.2, it is enough to show that ¢ factors through an evaluation map
evy ¢ L — g% for some collection of distinct maximal ideals M = (M, ..., M,) of S.

By Propositions 4.3 and 4.4, the kernel ker¢ = g ® I is cofinite in £, and I is a
radical ideal. It follows that I is the intersection of finitely many distinct maximal ideals
My, ..., M, € Max S. By the Chinese Remainder Theorem,

L/ker¢p =g@ (S/My&--- @ S5/M,),

and since S is finitely generated over an algebraically closed field k, S/M; = k for all i.
That is,

Llker¢ =2 g® (S/I)=g® (S/Ni_y M;) 2 g® (S/M; &---&S/M,) = g%,

~

and the composite map £ — L/ker¢ — g9 is precisely evys. Therefore, ¢ factors
through evys, and V' is isomorphic to an evaluation module. O

By combining Theorem 3.6, Theorem 3.14, and Theorem 4.5, we obtain our main the-
orem, the following classification of the simple admissible modules for current algebras:

Theorem 4.6.

(1) LetV be a simple admissible L-module. Then there is a collection of distinct maximal
ideals My, ..., M, C S and simple admissible g-modules W1, ..., W, such that at
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most one W; is infinite dimensional, and V=2V (M, W), where M = (My, ..., M,)
and W = (Wh,...,W,).

(2) If M = (My,...,M,) consists of distinct mazimal ideals of S, and each W; in
W = (Wy,...,W,) is simple, then V (M, W) is a simple L-module. Such an L-module
is also admissible if and only if each W; is admissible and at most one W is infinite
dimensional.

(3) Let A be the set of all isomorphism classes of simple admissible g-modules, and let
A C A be the set of isomorphism classes of infinite-dimensional simple admissible
g-modules. The isomorphism classes of simple admissible L-modules are in natural
bijection with the finitely supported functions ¥ : Max S — A for which ~1(A>)
has cardinality at most 1.

Proof. This theorem is an immediate consequence of Theorems 3.6, 3.14, and 4.5. O

Remark 4.7. As shown in [1], infinite-dimensional simple admissible g-modules exist only
when g is of type A or C. The simple admissible £-modules are thus finite dimensional
for all other g.

Remark 4.8. By Theorem 2.2, the statement of Theorem 4.6 also holds when £ is replaced
by its universal central extension L.
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