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FREE ALGEBRAIC STRUCTURES ON THE
PERMUTOHEDRA

EMILY BURGUNDER, PIERRE-LOUIS CURIEN, MAR{A RONCO

ABSTRACT. Tridendriform algebras are a type of associative algebras,
introduced independently by F. Chapoton and by J.-L. Loday and the
third author, in order to describe operads related to the Stasheff poly-
topes. The vector space ST spanned by the faces of permutohedra has
a natural structure of tridendriform bialgebra, we prove that it is free
as a tridendriform algebra and exhibit a basis. Our result implies that
the subspace of primitive elements of the coalgebra ST, equipped with
the coboundary map of permutohedra, is a free cacti algebra.

INTRODUCTION

The graded vector space spanned by the set of planar rooted trees has a
rich algebraic structure, coming from the different set-theoretical operations
which can be performed on trees. Furthermore, when we consider the set
of planar rooted trees 7, with a fixed number n of leaves, it has a natural
structure of partially ordered set whose geometric realization is a polytope
of dimension n — 1, the Stasheff polytope.

Tridendriform algebras were defined independently by F. Chapoton in
[7] and J.-L. Loday and the third author in [13], in order to generalize the
notion of dendriform algebra introduced by J.-L. Loday in [12], and to get
a non-symmetric operad structure described in terms of the faces of the
Stasheff polytopes. The definitions are similar, even if they do not coin-
cide, Chapoton’s one is the graded version of Loday-Ronco’s tridendriform
version. In previous work of the first and third authors [4], the two notions
were described in the same framework, by adding a parameter ¢: Chapoton’s
operad coincides with the notion of 0-tridendriform, while one recovers the
original definition of tridendriform algebra of Loday and Ronco for ¢ = 1.

Tridendriform algebras are a particular type of non-unital associative al-
gebras, where the associative product is the sum of certain binary operations.
Many examples of associative algebras arising from combinatorial Hopf al-
gebras, as the bialgebra of surjective maps (see [17] and [20]), the bialgebra
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of parking functions (see [17]) and the bialgebra of multipermutations (see
[11]), come from 1-tridendriform structures. However, the 0-tridendriform
version has the advantage of giving the right definition for working in the
graded differential case, as shown by F. Chapoton in [7], who gave a ver-
sion of differential graded tridendriform operad which is described by the
Stasheff polytope.

In [4], the first and the third authors also defined ¢g-Gerstenhaber-Voronov
algebras as associative algebras equipped with an additional brace structure,
satisfying certain relations. When ¢ = 0, these algebras may be considered
a non-differential version of the operad defined in [9]. They proved that the
category of conilpotent g-tridendrifrom bialgebras is equivalent to the cat-
egory of g-Gerstenhaber-Voronov algebras, via the functor which associates
to any coalgebra the subspace of its primitive elements.

As a direct consequence of this result, we get that proving the freeness
of a tridendriform algebra A is equivalent to proving that the subspace of
its primitive elements Prim(A) is free as a Gerstenhaber-Voronov algebra,
when A is a tridendriform bialgebra.

The work presented here deals with the dendriform and tridendriform
bialgebra structures defined on the space spanned by the faces of permuto-
hedra. The permutohedron of dimension n — 1 is a regular polytope which
is the geometric realization of the Coxeter poset of the symmetric group S,.
Its faces of dimension r are described by the surjective maps from {1,...,n}
to{1,...,n—r}, for 0 < r < n—1. The vector space spanned by the faces of
all permutohedra has natural structures of dendriform and ¢-tridendriform
bialgebras, denoted S7Tp and STyr respectively.

The goal of our work is twofold: we construct a basis of STp as a free
dendriform algebra, and a basis of ST,r as a free g-tridendriform algebra.
We show that the subspace Prim(ST) of primitive elements of the coalgebra
ST is a free brace algebra for the brace structure induced by STp. Then
we proceed and construct a basis B of Prim(S7) as a free ¢-Gerstenhaber-
Voronov algebra. The last result implies that:

(1) Bis a basis of the free g-tridendriform algebra STyr, for all ¢;
(2) looking at the graded differential case, that Prim(S7T) is the free
cacti algebra spanned by B.

In a recent work V. Vong, see [22] describes combinatorial methods to
study the freeness of some algebras over regular operads. Our method is
essentially different, our proof relies on the following outline:

(1) the vector space Prim(S7T) is isomorphic to the vector space K[Irr],
spanned by the irreducible elements of ST for the concatenation
product X

(2) there exist surprisingly simple ways to define a free brace structure,
respectively a free ¢-Gerstenhaber-Voronov algebra structure, on the
space K[Irr],
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(3) the brace algebra Prim(S7p) is isomorphic to K[Irr] with its brace
algebra structure, while K[Irr| with its ¢-Gerstenhaber-Voronov al-
gebra structure is isomorphic to Prim(S7yr).

Combinatorial Hopf algebras are bialgebras whose underlying vector space
is spanned by combinatorial objects, like maps between finite sets, trees and
other types of graphs. We are particularly interested in families {P, }»>1 of
finite posets satisfying that the graded vector space spanned by | J,,~; Px is a
combinatorial Hopf algebra and that the geometric realization of each poset
P, is a convex polytope. The classical examples of this type of objects are
the sets 7, of planar trees with n+ 1 leaves, which give rise to associahedra,
and the set of surjective maps between finite sets ST, which gives rise to
permutohedra.

There exist a notion of generalized associahedra, related to these exam-
ples, whose study has aroused strong interest in the last years. Let us
mention, for instance, M. Carr and S. Devadoss generalised associahedra
(see [5], [6] and [8]), the Hopf algebras related to subword complexes (see
[2], [3]) and recent work on Hopf algebras of brick polytopes (see [21]).

An unexplored aspect of these bialgebras is the study of their subspaces
of primitive elements, and the algebraic structures appearing in this context.
Our work is based on the study of the differential algebra structure defined
by F. Chapoton on the space spanned by the faces of permutohedra, but
most of the techniques developed in it may be applied to a more general
context of combinatorial Hopf algebras. Let us point out that we are dealing
with non-cocommutative Hopf algebras, so even if the subspace of primitive
elements is equipped with a Lie bracket, the Lie algebra structure does not
suffice to describe the whole bialgebra structure. As ST is a tridendriform
bialgebra, the subspace of primitive elements is a Gerstenhaber-Voronov
algebra and this structure, together with the basis, completely determines
STt. Our final goal is the study non-cocommutative combinatorial Hopf
algebras, based on the description of thier subspaces of primitive elements.

The paper is composed as follows: the first two sections recall basic results
on coalgebras, as well as the definitions of (tri)dendriform algebras and
Gerstenhaber-Voronov algebras, and the main results about tridendriform
bialgebras which we use hereinafter.

In section 3 we give the basic definitions and constructions on surjective
maps needed in later sections.

Section 4 describes the coalgebra structure of S7, as well as a projection
from S7 onto the space of its primitive elements.

In section 5 we describe the dendriform structure of S7Tp, we define
a free brace algebra structure on the space spanned by the set of irre-
ducible surjections and we prove that it is isomorphic to the brace algebra
Prim(S7p). Finally, in sections 6 through 8, we prove a similar result for
the g-tridendriform algebra S7,r.
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Notation. All the vector spaces considered in the present work are over
K, where K is a field. For any set X, we denote by K[X] the vector space
spanned by X. For any K-vector space V, we denote by VT := K& V the
augmented vector space.

1. COALGEBRAS

We recall the definition of coalgebra, and introduce the notation and basic
results that we need in the rest of the work.

1.1. Definition. A coalgebra over K is a vector space C equipped with a
linear map A : C — C ® C which satisfies the coassociativity condition:

(A®Idc)o A= (Idc @ A) o A.

An augmentation of a coalgebra (C,A) is a linear map € : C' — K such
that - o (e ® Id¢) = Ide = - o (Idc ® €), where - denotes the action of K on
C.

A unit of a coalgebra (C, A, ¢€) is a coalgebra map ¢ : K — C' such that
eor = Idg, where the coalgebra structure of K is given by Ag(1x) = lxg®@1xk.

1.2. Definition. Let (C, A) be a unital augmented coalgebra. An element
c € C is primitive if A(c) =¢® 1g + 1g ® ¢. The reduced coproduct on C' is
defined as

Ac) == Ale) = 1lg ® c— e ® Ik.
We denote by Prim(C') the subspace of primitive elements of C. -
It is immediate to verify that the coassociativity of A implies that A is
coassociative, too. We define A’ : C' — C®' recursively by:
(1) Z'l := Idc is the identity of C,
2) A = (Idpei-r @A) o A", for i > 2.
1.3. Definition. A coassociative counital and unital coalgebra (C,A) is

called conilpotent if for all ¢ € C, there exists n € N such that A" (¢) = 0,
for all m > n.
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1.4. Example. Let V be a K-vector space. The vector space T(V) :=
B,~1 VO, where VO™ denotes the tensor product VoV @...@V of V
n-times, equipped with the deconcatenation coproduct:
n—1
A1 @ ... QU) =D (11®...00) @ (Vg1 ® ... vy),
i=1
is a coalgebra. We denote it T¢(V'), and call it the cotensor coalgebra over

V.

Note that 7¢(V)™ is a unital augmented conilpotent coalgebra.

2. DENDRIFORM AND TRIDENDRIFORM BIALGEBRAS

We recall basic results on dendriform and tridendriform bialgebras (see
[12], [7] and [13]), and Gerstenhaber-Voronov algebras (see [9]). We also
describe the main results of [4].

2.1. Definition. Let A be a vector space over K.

(1) A dendriform algebra (see [12]) structure on A is a pair of binary
products <: A® A — A and =: A® A — A, satisfying that:
(a) (a<b)<c=a=<(b<c+b>c),
(b) (a>=b) <c=a> (b=<c),
(c) (a<b+a=b)=c=a=(b>c).

(2) For any g € K, a g-tridendriform algebra structure on A is given
by three binary operations <: A@ A — A, - : A® A — A and
—: A® A — A, which satisfy the following relations:

(a) (a<b)<c=a=<(b=<c+b=-c+qb-c),
(b) (a>=b) <c=a>(b=<c),

(c) (a<b+a-b+qga-b)=c=a>(b>c),
(d) (a-b)-c=a-(b-c),

(e) (a=b)-c=a> (b-c),

(f) (a<b)-c=a-(b>c),

(g) (a-b)<c=a-(b=c).

If (A,<,-,>) is a g-tridendriform algebra, then the space A equipped
with the binary operations < and =:= ¢ -+ > is a dendriform algebra.
On the other hand, for any dendriform algebra, the operation * = >~ + <
is associative. So, dendriform and g¢-tridendriform algebras are particular
cases of non-unital associative algebras.

2.2. Definition. A dendriform bialgebra over K is a dendriform algebra
(H, >, <) equipped with a coassociative coproduct A : Ht — Ht @ H"
and a counit € : HT — K satisfying the following conditions:

(1) (e@Id)oAlx) =1lg @z and (Id®¢€) o A(x) =2 ® 1k,
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(2) Az = y) =2 (za) *ya) @ (T@2) = Y2));
(3) Az <y) == (z) *yu) @ (22) < Y2));
forall z,y € H where * == + <, A(z) = ) x(1)®7(2), and by convention:
o (zxy)® (1 » 1) := (z = y) ® 1k,
e (zxy)®(lx < 1) := (z < y) ® 1k, for x,y € H.
A g-tridendriform bialgebra is a g-tridendriform algebra H with a coproduct
A such that:
(1) (H,>,<=) is a dendriform bialgebra,
(2) Az -y) =D (rq) *ya)) @ (22) - Y2));
where (z % y) ® (1g - 1) := (z - y) ® 1k.

We observe that if (H,>,-,<,A) is a g¢-tridendriform bialgebra, then
(H,=,<,A) is a dendriform bialgebra and (H™,*, AT) is a bialgebra in
the usual sense.

For any bialgebra H, the subspace Prim(H) has a natural structure of
Lie algebra, but in the case of dendriform and g-tridendriform bialgebras,
the Lie bracket comes from finer structures.

2.3. Definition. (see [9]) A brace algebra is a vector space B equipped with
n + l-ary operations My, : B ® B®" — B, for n > 0, which satisfy the
following conditions:

(1) My = Idp,

(2) M (Min(2sy1,- - Yn); 2155 2m) =

Z er(x;zl,...,zil,Mlll(yl;...,zjl),...,Mun(yn; . ,Zjn>,...

0<i1<ji<-<jn<m
for z,y1,...,Yn,21,-..,2m € B, where Iy, = ji —ig, for 1 < k < n,
and r =) ip +m — jn +n.
A g-Gerstenhaber-Voronov algebra, GV, algebra for short, is a vector

space B endowed with a brace structure given by operations My, and an
associative product -, satisfying the distributive relation:
Mip(z - ys 21,5 2n) =
> @Mz, 2z 2 My (U5 2541 Z0),s
0<i<j<n

for z,y,21,...,2n € B, where for ¢ = 0 we fix that ¢/ = 0 if j > 1 and
0
q =1.

Even if brace algebras and GV algebras have an infinite number of opera-
tions and seem much more complicated than dendriform and tridendriform
algebras, the type of relations that these operations satisfy allow us to give
an easy recursive formula for linear bases of the free objects of both theories.
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Given a set X, let M(X) = [J,>; M (X) be subset of the free brace
algebra Br(X) over X, defined recursively by:

(1) Mo(X) :=
(2) M (X))—{Mlm(w YLy Um) | Ty, - ym € Xom > 1

(3) Mp(X) == {Mim(z;91,...,ym) | * € X and y; € M;,(X) for 1 <
i < m, such that Z]Z-—n—l}.
i=1

For instance, for x,y1,y2,y3,ys € X,

(1) Mig(2;91,. .., ya) € My (X),
(2) Myz(z; 91, M11(y2;y3), ya) € Ma(X),
(3) My (x; My1(y1:y2), M1 (y3; ya)) € M3(X).

The following Lemma is an immediate consequence of Definition 2.3.

2.4. Lemma. For a set X, the set M(X) := U, 51 Mn(X) is a basis, as a
vector space, of the free brace algebra Br(X) spanned by X .

In a similar way, for any set X, we define the subset G(X) = [, Gn(X)
of the free GV, algebra GV,(X) over X, recursively as:

(1) Go(X) =X,
(2) Gi(X) =

{y:Mlm(x7y177ym) ory=uvi-..-"Ym ‘ TyYls- - Ym GvaZ l}a
(3) For n > 2, the set G,,(X) is the disjoint union of the subsets

m
{y=Min(x;y1,...,ym) |z € Xandy € G;,(X)forl <i<m, Zji =n—1},
i=1

and

{y=v1- . ym | yi €Gr(X)for 1 <i<m, Y ki=n}
i=1

As in the case of free brace algebras, Definition 2.3 implies the following

result.

2.5. Lemma. For a set X, the set G(X) = |, Gn(X) is a basis, as a
vector space, of the free GV, algebra spanned by X, denoted GVy(X) .

2.6. Notation. Let (A, <,>) be a dendriform algebra. For a family of ele-
ments y1, ...,y in A, let w™(y1,...,9) and w™ (y1,...,y,) be the following
elements of A:
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(1) W=y, yr) :
(2) W™ (Y1, ur) :

=y < (2 < < W1 <)),
= (((y1 = y2) = y3) = ...) = yr.

There exists a functor from the category of dendriform algebras to the
category of brace algebras.

2.7. Definition. Let (A, >, <) be a dendriform algebra. Define operations
My, : A2+ 5 A as follows:
n
My (2591, ... Yyn) = Z(—l)"iiwﬂyl, oY) = T =W (Yt s Yn),s
r=0

forn > 1.

In [19], we proved that for any dendriform algebra (A, >, <), the under-
lying vector space A with the n + l-ary operations M, is a brace algebra.
In the same work we showed the following result:

2.8. Proposition. For any dendriform bialgebra H the subspace Prim(H) is
closed under the brace operations. The linear map ¢ : T(Prim(H)) — H,
given by:

cp(yl Q... yq«) S CU}(yl, cee ayT)?
foryy,...,yr € Prim(H) and r > 1, is a coalgebra epimorphism.

The following Theorem is proved in [19].

2.9. Theorem. For any set X, the free dendriform algebra Dend(X) over
X has a natural structure of bialgebra. There exists a functor Ugenq from the
category Braceg of brace algebras to the category of BiDendg of dendriform
bialgebras, left adjoint to Prim, satisfying that any conilpotent dendriform
bialgebra H is isomorphic to Ugenq(Prim(H)).

In [4], we proved that the functor from the category Dendg, of dendri-
form algebras over K, into the category Braceg, which maps (A, >, <) into
(A, {Mip}n>1), composed with the functor from Tridendsk to Dendg fac-
torizes through the category of GV, algebras. That is (A, {Mip}n>1,-) is a
GV, algebra, for all ¢g-tridendriform algebra (A, >, -, <) and we get

Tridendgg — Dendg

1 \J

GV —  Braceg

Moreover, if (H, >, -, <,A) is a g-tridendriform bialgebra, then Prim(H)
is closed under the brace operations Mj, and the associative product -.
Finally, we got the tridendriform version of Theorem 2.9:
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2.10. Theorem. Let X be a set, the free g-tridendriform algebra Tridend,(X)
over X is isomorphim, as a coalgebra, to the cotensor coalgebra T*(GV, (X)),
where GV, (X) denotes the free GV, algebra spanned by X. The functor
Prim : coBiTridend;x — GVyx is an equivalence of categories, where
coBiTridendgx denotes the category of conilpotent tridendriform bialgebras.

3. PERMUTATIONS AND SURJECTIVE MAPS

We develop first some basic definitions and notations about surjective
maps and shuffles.
For any positive integer n € N, let [n] be the finite set {1,...,n}. We
denote by S, the set of permutations on [n| and by ST, the set of surjective
n

maps from [n] to [r]. For n > 1, let ST, := U STT.
r=1
Note that ST, coincides with the set S, of permutations of n elements,

while ST}L = {en}, where ¢, is the constant function ¢, (i) = 1, for 1 <i < n.

For f € ST}, we write | f| = nand f = (f(1),..., f(n)). The composition
of maps is denoted o.

The concatenation product x : ST, x ST; — ST
formula:

T+
n+m

is given by the

fxg:=Q),....f(n),g(1)+r,...,g(m) +r).

3.1. Notation. We denote by 1,, the identity of S,,. For any pair of positive
integers n and m, let €(n,m) denote the permutation of n + m elements
whose image is (m+1,...,m+n,1,...,m). For a finite collection of positive
integers 71,...,7s with s > 2, the permutation €(r1,...,7s) in Sy 4.4y, is
the composition:

€(r1,...,rs)i=€(ry + -+ rs_1,rs) o (e(ry,...,rs—1) X 1,.,).

3.2. Definition. Given a map f : [n] — N there exists a unique surjec-
tive map std(f) in ST}, such that f(:) < f(j) if, and only if, std(f)(i) <
std(f)(4), for 1 <i,j < n. The map std(f) is called the standardization of
[ (see for instance [17]).

For example, when f = (1,5,4,7,5), we get std(f) = (1, 3,2,4,3).

3.3. Notation. For x € ST) and J = {j; < -+ < jx} C {1,...,n}, let
x|y :=std(z(j1),...,2(jr)) denote the restriction of = to J.

Similarly, for K = {j; < --- < ji} € {1,...,r}, the co-restriction of z to
K is denoted x|% = std(z(s1),...,x(s,)), for a7 1K) = {s1 < -+ < 54}
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For an element x € ST’ we denote by A(z) the cardinal of =1 ({r}).
Suppose that 7 1(r) = {j; < -+ < Ja(z) ), and let o’ € ST;:}c be the

g s ogs /o {1, r—1} _ ] ) /
co-restriction &’ := z| . We denote x as x H]1<.__<]MZ) T

3.4. Example. For example, the surjective map =z = (3,1,2,5,1,4,3,5,4,2)
is written as = [[,.4(3,1,2,1,4,3,4,2).

3.5. Definition. Let x = Hj1<~-~<j 2’ be an element of ST}, define the
A(z)
integer Ml(z);, for 0 <7 < A\(x) as follows:

J1—1, for 1 =0,
M(x); =< ji — ji-1 — 1, for 1 <i<\(z)—1,
n = Ja(z)s for i = \(x).

We define M(z) := (M(2)x), - - -, M(2)1).

3.6. Definition. Let 2 € ST, be a surjective map and let [ = (I1,...,[,)
be a collection of integers such that 0 = lyp <y < --- < I, < n. Define the
element

xL = x‘{lel} X x|{ll+1’7l2} X ... X Il{l”+1”"’n}.

For p = 0, define 2t = x.

Recall that a composition of n is a collection (n,...,ns) of positive inte-
gers such that Y n; = n.

3.7. Definition. Let (ni,...,n,) be a composition of n. An element in
feST, is a (ni,...,ny)-stuffle if

i+ 4n+1)<flni+-+n+1) << flni+-+n+ni1),
for0<i<p-—1.

3.8. Notation. We denote by SH(ni,...,n,) the set of all (nq,...,n,)-
stuffles.
For a composition (n1,...,ny) of n, we denote:

(1) SH™(n1,...,n,) the subset of all surjective maps f € SH(ny,...,ny)
such that f(n1) > f(n1 +n2) >--- > f(n).

(2) SH™ (n1,...,n,) the subset of all surjective maps [ € SH(n1,...,n,)
such that f(n 1)<f(n1+n2) < f(n).
(3) SH*(nq,...,np) the subset of all surjectlve maps f € SH(nq,...,np)

such that f(ni) = f(n1 +ng) =--- = f(n).
(4) SH”(n1,...,ny) the subset of all surjectlve maps f € SH(n1,...,n,)
such that f(n1) < f(ni+2) <--- < f(n).
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To recover the usual notion of shuffle, it suffices to note that a (n1,...,ny)-
shuffle is a permutation o € S,NSH(n1,...,ny). We denote by Sh(ni, ... ,ny)
the set of all (nq,...,ny)-shuffles.

In an analogous way, we define Sh™(nq,...,np) := S, NSH™(n1,...,ny),
and Sh™ (nq,...,n,) := S, NSH™ (n1,...,np).
Finally, we denote by Sh®(r1,...,rp) theset of all f = H f

r1<ritro<--<rit-+rp
with f' € Sh(ri—1,...,rp,—1).
The following property of the shuffles is well-known and is the key result
to prove the associativity of the shuffle product.

3.9. Proposition. Let n,m and r be positive integers. The set of (n,m,r)-
shuffles satisfies the following property:

Sh(n +m,r)o(Sh(n,m)x1,) = Sh(n,m,r) = Sh(n,m +r)o (1, x Sh(m,r)),
where 1, = (1,2,...,n) denotes the identily of Sy,.

3.10. Remark. A straightforward calculation shows that the equality of
Proposition 3.9 splits into three formulas:
(1) Sh™(n +m,r)o (Sh(n,m) x 1) = Sh™ (n,m +r) o (1, x Sh™ (m,r)),
(2) Sh*(n +m,r)o(Sh™ (n,m)x1,) = Sh™ (n,m + r)o (1, x Sh=(m, 7)),
(3) Sh*(n +m,r)o (Sh~(n,m) x 1) = Sh~(n,m +r) o (1, x Sh(m,7)).

The set of stuffles SH(n, m, ) satisfies analogous properties. We shall use
them to define tridendriform algebra structures, for details we refer to [20].

4. THE COALGEBRA ST OF SURJECTIVE MAPS

We define different algebraic structures on the graded vector space K[ST| :=
®D,.>1 K[ST,]. We begin by the coassociative coproduct A. For a more de-
tailed description of the properties of A see [17] , [7] or [13].

4.1. Definition. We define A : K[ST] — K[ST] ® K[ST] on an element
x € ST] by:
r—1

A(JL’) _ Zx|{1,.‘.,i} ® $|{i+1"”’r}7
i=1
and we extend it by linearity to all K[ST)

For example,
A(3,4,2,5,1,1,3,5) = (1,1) ® (2,3,1,4,2,4) + (2,1,1) ® (1,2,3,1,3)+
(3,2,1,1,3) ®(1,2,2) + (3,4,2,1,1,3) ® (1, 1).

For any x € ST] and any pair 1 <i < j <r — 1, we have that:
(1) (x|{1,»..7j})‘{H—l,.,.,j} _ $|{i+17"'7j}7
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(2) (x|{i+17~-w})|{1,‘..,j} — x|{i+1,...,j},
which implies that the coproduct is coassociative.
Let ST denote the graded coalgebra (K[ST], A). On ST, the coproduct
A is uniquely extended to AT in such a way that the reduced coproduct of
STt is A.

The data (ST, A") is a coassociative unital and counital coalgebra.

It is clear that the concatenation product x, extended by linearity, defines
an associative graded product on S7T.

4.2. Definition. An element f € ST, is called irreducible if there do not
exist an integer 1 < ¢ < n and a pair of surjective maps g € ST;-€ and
h € ST"~* such that f = g x h. We denote by Irr, the set of irreducible

n—u
elements of ST, for n > 1, and by Irr the union |J,,~; Irr,,.

4.3. Remark. Given a surjective map x € ST, there exists a unique family

xb, ..., zP of elements, with z* € Irr;, such that @ = ! x ... x 2P, where

n=>y" n;andr =37 r. So, the pair (K[ST], x) is the free associative
algebra spanned by the set Irr.

4.4. Lemma. Let x and y be elements of ST, we have that:
At(z xy) = Z(x(l) ® (2(2) X ) + (z X y1)) @ Y(z)) —2 @,
where AT (z) = Y 21y ® (2), AT(Y) = Y1) @ Y(2)-

Proof. Suppose that © € ST}, and y € ST;,. To prove the Lemma it suffices
to note that:

(1)

(z x y)|{1,...,i} _ x|{ 2]1»7 N for 0 <i < 7'"3
xxy|{"“’l T}, forr+1<i<r+s,

(2)
(z x y)|{i+1,...,'r+s} _ x‘{%Jrl"“’T} xy, for0<i<m,
y|limr st forr+1<i<7r+s,

which imply the formula. O
A vector space V equipped with an associative product and a coassociative

coproduct, satisfying the condition of Lemma 4.4 is called an infinitesimal
unital bialgebra in [16]. So, (ST", x, A™) is a unital infinitesimal bialgebra.
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As proved in [16], any conilpotent unital infinitesimal bialgebra (C, x, A)
is isomorphic, as a coalgebra, to the cotensor algebra T°(Prim(C)). More-
over, the linear map

E(z) =Y (1) (Z Ty X .o X x(i)> ,

i>1

gives a projection from C' to Prim(C'), where Zl(a:) =3 () ®...Qx( for
x € C. For the details of the construction we refer to [16].

4.5. Remark. For the particular case of (ST, x,AT), we get that the
linear map E : K[Irr] — Prim(S7") is an isomorphism. It induces an
isomorphism of coalgebras Egy : T¢(K[Irr]) — ST, given by:

Esr(z' ®...®@aP) ;= E(2') x ... x E(aP),
for any family of irreducible elements z!,..., z? € Irr. On the other
hand, we proved that Ids7, = 5 x/ o E®/ o A’ which implies that

T°(Prim(S7T)) is isomorphic to ST, as coalgebras. Thus, putting the isos
together, we have

T¢(K[Irr]) = ST = T°(Prim(ST)) .

Noting that these isos respect the grading induced on the tensor algebras, we
get that the dimension of the subspace Prim(S7),, of homogeneous elements
of degree n is the cardinal |Irr,| of the set of irreducible elements of degree
n, for n > 1.

Using Definition 3.6, E(z) = >, ayzt, where the sum is taken over all
families [ = (I1,...,1p) such that 0 =lp < l; < ... <l, <mn,p >0 and

oy := (—1)P, which implies that 2! = z or 2! is reducible.

4.6. Remark. If x € ST), and [ = (I1,...,l,), then xt € ST!, too.

4.7. Lemma. Let x € ST] and let p > 1. Given a family of integers 1
such that 0 = lp < 1 < lp < ... < l, < r, the element at satisfies that
M(zt) < M(x) for the lezicographic order.

Proof. Suppose that x = Hj1<...<jx(z) x'.

If 2= 1({1,...,0,}) € {1,...,51 — 1}, then 2! = v <ine (")}, which
implies that M(2t) = M(z).

On the other hand, if z71({1,...,5,}) N {j1 + 1,...,n} # 0, then there
exists at least one j; < k < n such that z(k) < lp. Let kg be the maximal
integer which satisfies this condition. There exists 1 < g < p such that
Jio < ko < Jio+1, and we get that:

o M(zl); = M(z); for ig < i < A(z),
o M(zh);, < M(z);,-
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So, M(z}) < M(z). O

5. THE DENDRIFORM BIALGEBRA STp

The shuffle product defines a bialgebra structure on ST, which has been
studied by F. Chapoton, and by J.-C. Novelli and J.-Y. Thibon, who called it
the bialgebra of packed words. We recall the main constructions and results,
for the details of the proofs we refer to [7] and [17].

Let x € ST], and y € ST, be two surjective applications, the shuffie
product x * y is defined by:

TRy = Z fol(xxy).

fESh(r,s)

The product * is associative and satisfies that:

Alzxy) =Y (xa) *ya) @ (22) * Yz),

for any z,y € ST. So, the coalgebra (ST, A) equipped with the shuffle
product x is a bialgebra over K.

We recall some well-known results (see for instance [1], [4],[16], [20] and
[17]) about the shuffle product on the space ST+ that we shall need at the
final section.

5.1. Proposition. The pair (ST',*) is the free unital associative algebra
spanned by the set Irr. The linear map Shuf: (ST, x) — (ST, ), given
by ot x ... x aP > xl % % 2P is an isomorphism of associative algebras.

Note for instance, that (1,2) = (1) x (1) = (1) % (1)—(2,1), with (1) and
(2,1) in Irr.

Using Remark 3.10, the shuffle product of ST comes from a dendriform
structure of ST-
That is, the vector space ST with the products > and < defined by:

(1) - y:= > pesn-(re) f © (@ X Y),
(2) <y =3resn<(rs f 0 (@ XY),
for x € ST/, and y € ST;,, is a dendriform algebra.

Fix that x > 1g := 0 =: lg < z and = < 1g := x =: 1g > x, for all
x € ST. Note that ST is not a dendriform algebra, because there does not
exist a coherent way to define 1g = 1g and 1g < 1g. It is easily seen that
ST is a conilpotent dendriform bialgebra.

The dendriform algebra (ST, >, <) is free. The main result of the present
section is to give a proof of this result by exhibiting a basis.
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5.2. Notation. Let x € ST and y € ST;, be two maps, we denote by z\y
the composition:

z\y = e(r,s) o (z x y) € ST,S .

For n > 1, define the subset D,, C ST,, recursively, as follows:
(1) D1 :={(1)} = STy,
(2) Dy :={(1,1)},
(3) asurjective map x € ST,, belongs to D,, if x is irreducible, and there
do not exist an integer 1 < r < n and a pair of elements y € D,. and
z € ST,,_, such that = = y\z.

5.3. Theorem. The dendriform algebra (ST,>, <) is the free dendriform
algebra spanned by the set

E(D)={E(z) |z € | Dn},

n>1

where E(x) = Z¢21(_1)i(z T(1)X. . XT (), with Ax)=3 T()®.. . Q)
fori>1.

In order to prove Theorem 5.3, we need some additional results. Note
first that:

5.4. Remark. For any irreducible element = € Irr, there exist a unique
integer 1 < m < n and unique elements y € D,, and z € ST,,_,, such that
x = y\z. Moreover, there exists a unique way to write down z = 2! x...x 2P,
with 2% € Irr, for 1 < i < p.

The next Lemmas will serve in the proof of Theorem 5.3.
5.5. Lemma. Let z € ST] and y € ST,,. For any f € Sh(r,s), we have
that:

(1) folzxy)la,. np =2,
(2) f o ($ X y)|{n+1,.‘.,n+m} =Y.

Proof. The result is an easy consequence of
f)y<---< f(r), and f(r4+1)<--- < f(r+s).
O

5.6. Notation. We denote by B(l) the set of all the elements = in ST
which are of the form = = y\z with y € D and |z| = [, for [ > 0. Note that
B(0) = D.

5.7. Lemma. Let x € D), and y € ST;, be two surjective maps and let
f € Sh(r,s), f # e(r,s). If there exist = € D and w € ST such that
fol(xxy)=2\weB(), thenl < m.
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Proof. Suppose that fo(x x y) = z\w with |w| > m. In this case, |z| < n,
and from Lemma 5.5 we get that:

= fo(rxyln,. =2\ nojzp)-

As z € D, then x = z and n = |z|. So, we get f o (x x y) = z\w, but this
is possible only when f = ¢(r, s). O

5.8. Lemma. Let z be a reducible element of ST] and lety € ST, . For any
I € Sh™(r,s), we have that either fo(xxy) is reducible, or fo(xxy) € B(l),
forl < m.

Proof. Suppose that fo(x xy) is irreducible. In this case, there exist z € D
and w € ST such that fo (z x y) = z\w.

Lemma 5.5 states that z = fo (z x y)(1,...n3 = (\w)|(1,.. 0y If |2] <,
we get that z is reducible, which is false. So, |z| > n, which implies that
fol(xxy)=2z\weB(), forl <m. O

Define, on the vector space K[Irr], a structure of brace algebra given by:
(1) for x € D and y1,...,y, € Irr,

Min (2591, -« oy yn) == 2\(Y1 X - .. X Yn),

(2) for x € Irr \ D and and y1,...,y, € Irr, there exist ;1 € D and
x2 € ST such that w9 = 21 X ... X 2z, with z; € Irr, for 1 < 5 < p.
In the second case, M1y (2591, .., yYn) = Min(Mip(z1521, .-, 2p)i Y15 -+, Yn)
is defined using Definition 2.3.

Lemma 2.4 states that (K[Irr], { M, }n>1) is a well-defined brace algebra.
A recursive argument on |y|, for y € Irr, shows that, as a brace algebra,
K[Irr] is freely generated by D.

Let E|p : D — Prim(ST) be the restriction to D of the projection
E(x) = ZQl(—l)i(Z T()X...Xx(;)). As Prim(ST) is a brace algebra, there
exists a unique homomorphism of brace algebras 7 : K[Irr] — Prim(S7),
such that n(z) = E(z), for x € D.

We want to prove that 7 is an isomorphism.

5.9. Notation. Let z € Irr, we denote n(z) = >_, o a;w;. There exists a
unique ¢g such that z;, = z and a;, = 1.

Given an element z = y\z € Irr,, with y € D,,, and z = 2!

with 2 € Irr for 1 < i < p, the homomorphism 7 is defined as
n(x) = My (n(y)in(z"), ..., n(F)) =
, , -
Z(—l)] (Z ck,il’__,’ipw<(zi11, e ,zgj) -yt < w>(zz€t1’ . 2P)),

J

X ... X 2P,
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where MlspT denote the brace operations in ST and n(z/) = >, 20 bi; zij,
ij
for 1 <j<p.

5.10. Lemma. Let x = y\z be an element in B(l), with y € D.
If n(x) = 34,20 @iis then:
(1) M(z;) < M(z) for the lexicographic order,
(2) if M(x;) = M(z), then x; is reducible or x; € B(k), with 0 < k <1,
for all 1. 4
Suppose that z = 2 x ... x 2P, with 27 € Irry, and n(z7) = Zbiﬂéo bi; zfj.
The unique terms x; satisfying that M(x;) = M(z) and z; € B(1), are of the
form:
Ti = y\(g o (Zi117 s 7211‘;))7

with g € Sh™(s1,...,58p), for some family zfj

Proof. Note first that A(x) = A(y) and M(x)x) = M(y)aq,) + |2]-

As y € D, we have that n(y) = >, ayt, with M(y!) < M(y) and 3t
reducible or ¢ =y, by Lemma 4.7. .

Recall that

j i+1
w<(zi11,...,zgj) -yt < w>(zf;1,...,zi) =
1 j ! j+1
ZhO(fO(zi1 ><...><zfj)><y—><gO(zfj+1 X...XZZ),
1g:h
where the sum is taken over all f € Sh™(s1,...,5;), ¢ € Sh™(Sj41,-..,5p)

and h € Sh(sy + -+ + 85,7, 841 + - - - + sp) satisfying that h(s;+---+s;) <
h(si+---+sj+r)and h(sg +---+s;+7) > h(s1 + -+ sp+ 7).

Let x; :=ho (fo(z %... Xzfj) xylxgo(zf;i X ... ng))).
We have that A(z;) = A(yt) and M(2) x4,y = My ar) + 27T+ -+ |27,
So,

(1) M(z;) < M(x), for all x,
(2) if j > 1, then M(z;) < M(x),
(3) if M(y!) < M(y), then M(x;) < M(z).

The unique elements such that M(z;) = M(x) are of the form

xi:ho(ylxgo(zill,...,zi))),
where M(y!) = M(y), g € Sh™(s1,...,s,) and h € Sh™(r, 81 + -+ + 5).

But, if y! # y, then ¢! is reducible, and by Lemma 5.8, we have that either
x; is reducible or x; € B(k), with 0 < k < [. So, we may restrict ourselves

to consider only the x; of the form:
z;=ho(yxgol(z,...,2")),

117 ) ip

where g € Sh™ (s1,...,8p) and h € Sh™(r, 51 + - + 5p).
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Lemma 5.7 implies that for h # €(r,s1 + - - - + sp), the element x; belongs
to B(k), for k < 1.
The unique terms such that M(z;) = M(x) and z; € B(l), are of the form:

Ti = y\(g © (21'117 s 7211‘;))7
where g € Sh™ (s1,..., $p). O

5.11. Definition. For = € Irr, define 7j(x) as follows:
(1) 7(x) := =z, for x € D,
(2) (@) = y\w™ (n(z}),...,n(zP)),
for = y\z € B(l), with y € D and z = 2" x ... x 2P, such that
2 € Irr.

5.12. Corollary. If the set {7j(x) | « € Irr} is linearly independent in ST,
then the set {n(x) | x € Irr} is linearly independent in Prim(ST).

Proof of Theorem 5.3

Recall from Remark 4.5 that dimg(K[Irr,]) and dimg(Prim(S7T),,) are
equal. Hence it suffices to verify that 7 is either injective or surjective,
grade by grade.

For any irreducible element x, we have that E(z) = >, ayat, where 2t is

reducible for all [ = (I1,...,1,), p > 1. So, the set {n(x) | z € D} is linearly
independent in Prim(S7).

Applying Corollary 5.12, it suffices to show that the set {77(z) | z € Irr}
is linearly independent in S7.

As Prim(ST) = @,,>, Prim(S7),, we prove the result by induction on n.

For n =1, Prim(S7); = K- (1) and (1) = n(1) =7(1).

For n = 2, Irry = {(2,1);(1,1)}. We have that 7((2,1)) = (2,1) and
7(1,1) = (1,1), which proves the result.

For n > 3, suppose that 7j(Irr,,) is linearly independent for all m < n.
We have that n(Irr,,) is linearly independent in Prim(S7) for all m < n,

n—1 n—1
which implies that @ Prim(S7T); is spanned by U n(Irr;).
j=1 J=1

Consider the linear map @ : ST — ST defined by:
B(2) := W™ (n(z"), ..., n(z")),

s .. x 2P with 2!, ..., 2P irreducible elements.

for z ==z
n—1

Proposition 2.8 asserts that any element of @ ST; belongs to
j=1
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@Prlm ST)j) = U (Irr;)])

Jj=1 Jj=1
n—1 n—1
Therefore, the set {P(z) | z € U ST,} spans @57}7 which implies
j=1 J=1
that it is linearly independent.
n—1
For any y € D fixed, we get that {y\@(z) | =z € U ST;} is linearly
j=1

independent in S7T.
But, for any = € Irr there exist unique elements y € D and z € ST such
that © = y\z, so we may conclude that

{M(z) |xeIrr} ={y\p(z) |y €D and z € ST}

is linearly independent, which ends the proof.

6. TRIDENDRIFORM ALGEBRA STRUCTURES ON ST

We denote STyr the g-tridendriform algebra, whose underlying vector
space is K[ST], which is described in this section.

The 0-tridendriform algebra STy was introduced by F. Chapoton in [7],
while the 1-tridendriform structure S7i7 was described in [13].

For f € ST}, we denote by s(f) the integer n—r. Using the conventions
of Notation 3.8, we define a g-tridendriform structure on K[ST] in terms of
stuffles.

6.1. Definition. The binary operations =4, -q and <, are defined on the
vector space K[ST] as follows:

(1) 2 =gy = resmr(re) ) F 0 (2 X y),
(2) @oqy =D resnery ¢ o (@ x y),
(3) @ =g Y= X pesn=(rs ¢V f o (z x y),
for x € ST, and y € ST%,, where when g = 0 we establish that ¢° := 1.

For example, if f = (2,1,1) € ST3 and g = (1,2) € STy, then
fq9= (2,1,1,3,4) + ¢(2,1,1,1,3) + ¢(2,1,1,2,3) + (3,1,1,2,4) + (3,2,2,1,4),
fr9=q(2,1,1,1,2) + (3,2,2,1,3) + (3,1,1,2,3),
f=<9=q(3,1,1,1,2)+¢(3,2,2,1,2) + (4,1,1,2,3) + (4,2,2,1,3) + (4, 3,3,1,2).
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6.2. Remark. When ¢ = 0, the definition of >, <o and -( are simpler than
the general case. For instance, we get that

Ty = Z fo(zxy),
fe€Sh~(r,s)

and a similar formula for <. In the case of .o, the sum described in Defini-
tion 6.1 is taken over all f € Sh®(r, s).

The following result was proved in [4], we refer to it for the details of the
proof.

6.3. Proposition. For any q € K, the space K[ST| with the operations >,
¢ and <4 is a g-tridendriform algebra.

6.4. Notation. The g-tridendriform algebra (K[ST], =, -4, <4) described in
Definition 6.1 is denoted ST4r.

The following result is also proved in [4].

6.5. Proposition. The g-tridendriform algebra STyr with the coproduct A,
described in Definition 4.1, is a conilpotent q-tridendriform bialgebra.

Note that the underlying coalgebra structure of S7,r is ST, so the sub-
space of primitive elements of STyr is Prim(ST).

7. K[Irr] As A FREE GV, ALGEBRA

Our final goal is to exhibit a basis of ST,r as a free g-tridendriform
algebra. The outline of the proof is similar to the one we used to construct
a basis of STp as a free dendriform algebra.

In the present section we show that the graded vector space K[Irr] admits
a structure of free GV, algebra and in the last section we prove that there
exists an isomorphism of GV, algebras from K[Irr| to Prim(S7T).

7.1. Definition. Let z = Hj1<-~<jx(z) z' € ST) and y = Hk1<~--<lwy) Y’ be
two surjective maps. Define the product

Ty = H ' xq.

1< <Ja(e) <k1H7<<kx(y)4r
It is easy to verify that - is associative.
We begin by constructing our basis.

Let C, be the set of irreducible elements of ST,, defined recursively as
follows:

(1) CL =0.
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(2) An element = € Irr] belongs to C, if it fulfills one of the following
conditions:
i. there exist y € Irr;, \ C;, and z € ST'”[" such that z = y\z,
ii. there exists ! € ST?, and 22 € ST 5™ such that z = 2! - 22,

n—m

Note that, if z = (r, 2(2),...,z(n)) € ST}, then z = (1) (x|s2,... n}) € Cn-
And if 2 = (z(1),...,2(n —1),r) € ST}, then z = z((; 1y - (1) € Cy.

7.2. Example. (1) The element x = (2,5,1,3,5,2,4,5,4) belongs to Cy
because it fulfills the third condition. Indeed, z' = (2,4,1,3,2) €
ST2, 22 = (1,2,1) € ST3, and z = 2! - 22,
(2) The element y = (4,5,2,3,1) belongs Cs as it verifies the second
condition, for ! = (3,4,1,2) and 22 = (1). Note that 21 ¢ Cj.

7.3. Definition. An indecomposable map is an element x € ST such that
there do not exist surjective maps z! and x? satisfying that x = z! - 22. We
denote by Indec the set of indecomposable elements of ST.

A standard argument shows that for any © € ST there exist a unique
integer p > 1 and unique indecomposable elements x!,..., 2P such that
x2,...,zP are irreducible and z = 2! - ... - aP.

For instance, the element x = (2,3,7,1,3,4,7,5,6,7,5) may be writ-
ten as = = (2,3,5,1,3,4) - (1,2,3,1), as (2,3,7,1,3) - (1,4,2,3,4,2) or as
(2,3,7,1,3) - (1,2) - (1,2,3,1), but the unique decomposition with z? irre-
ducible is the first one.

Let B, be the set Irr, \ Cp, for n > 1.

7.4. Definition. We have already introduced the product - on K[Irr|. Define
the operations My, as follows:
(1) Min(w391,---5yn) == 2\(Y1 X ... X yp), for any € {J,,5; By and any
family of irreducible functions yi, ..., Yn.
(2) for an x € C,, we have two possibilities:
(a) If  is indecomposable, then = € B, or x = y\z, with y € B,
and z € ST,,_,,.
For x ¢ B,, there exist unique irreducible functions z
such that z = 2! x ... x 2P, and . = My,(y; 2%, ..., 2P).
So, the element

My, (z;wh, .. w™) = M (M (y; 2%, . . LA wh L)

is well defined applying Definition 2.3 and Lemma 2.5.

(b) If x = 2t - ... - 2P, for some z' € ST,,, and some p > 2, then,
for each 1 < i < p, we may suppose that either z! € B, or
rt = yi\2!, with y* € B,,. Again, applying the definition of
GV, algebra, My, (x; w1, ..., wy) may be computed in terms of
products of elements of type My, (275 w5, wj;) and w;.

1
s, 2P
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So, we have a natural structure of GV, algebra on K[Irr].

7.5. Proposition. The algebra K[Irr|, with the structure described in Defi-
nition 7.4, is the free GV algebra spanned by Un21 B,

Proof. Any element x € Irr is written uniquely as a product x = z!'-.. .- 2P,

for p > 1, with 2° € {J,;~1 Bn or @ = My, (v 2, ...,2% ), for all 1 <i < k.

b 73

So, U,,>1 Br spans K[Irr] as a free GV, algebra. O

8. FREENESS OF ST, AS A ¢-TRIDENDRIFORM ALGEBRA

Using Theorem 2.10 and arguments similar to those in section 5, we shall
prove that Prim(S7) is the free GV, algebra spanned by B, which implies
that STyt is the free g-tridendriform algebra spanned by B.

Again, define ¥9 : K{Irr] — Prim(S7) as the homomorphism of GV,
algebras defined by setting:

¥(2) = B(x) = Y ayal,
l

for x € B.

8.1. Theorem. The homomorphism ? : K[Irr] — Prim(STyr) is an iso-
morphism, for all q € K.

The rest of this section is devoted to the proof of Theorem 8.1, which
implies that Prim(S7) is a free GV, algebra, and therefore that ST,z is a
free g-tridendriform algebra.

As [Irr,,| = dimg (Prim(S7T),,), for n > 1, it suffices to see that ¥?|k(r,,
is surjective, or injective, for all n > 1.

Consider the following subsets of the set Irrgy:

e 3 is the basis.
e Br, is the set of elements of the form x = y\z, with y € B, and
z € ST. The set Br is the disjoint union

Br = U Br(n),

n>0

where Br(n) the subset of elements such that |z| = n. For n = 0,
we have Br(0) = B.
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e Prod, is the set of decomposable elements of the form = = z! - 22,

with ! and 2 irreducible. Define
Prod(p) := {x € Prod| such that z = z' - ... 2P, with 2° € U Br(l)}.
>0
The set Prod is the disjoint union of {Prod(p)},>s.
Note that, by the definition of B, we get that:
(1) Irr is the union of Br and Prod,
(2) BN U Br(m) =0 and BN Prod = 0.

m>1
Any element z = H 7' in U Br(m), satisfies that 2= 1({1}) C
J1<<Jx (=) m=1
{ir@w) + 1.0}
If =[] 2 €Prod, then 271 ({1}) C {1,...,jx@) — 1}, which

J1<<Jx(a)
implies that Br N Prod = (.

Let us recall the definition of ¢?(x) for x € U Br(l) and x € Prod. We
I>1
denote by ST(@) and MlsnT(q) the associative product and the brace opera-
tions defined on STy7.

8.2. Notation. As in section 5, for € Irr, we denote ¢(z) = 3, .o a;z;.

For € B and [ = (ly,...,l,), the element 2! belongs to ST, which
implies that ¥9(x) € K[ST},].

For example,

° 1/)((273’ 1)) =(2,3, 1) y (2 173)7 ¢((1727 1)) = (1727 1) - (1’ 172)7
e ((2,3,4,1)) =(2,3,4,1) — (2,3,1,4),
° 1/}((2)473’ 1)) = (2743 3a ]-) - (27 1a4a3) + (27 19374) - (2737 174)

Using Notation 3.8, we may describe easily ¢(x), for z € U Br(l).

1>1
8.3. thation7 Let 2!, ..., 2P be a collection of irreducible elements in ST,
with 27 € STZJ].. For g € K, we denote by:
(1) y7a(x!,...,2P) the element:
(o ((ahmgx?) =g o) g 2P = Z D fo(a! x ... xaP),

FESHT (11,...,rp)
(2) y7a(xt, ..., zP) the element:

(oo ((@hga?) =g o) =g a? = Z D fo (! x - xaP),
FESH™ (r1,...,mp)
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(3) vZa(xl,..., aP) the element:

at <, (2? <, (. (2P =g 2P). ) = > Doz x. .. xaP).

FESH™(r1,...;rp)

Applymg the formula of M7, ST(@) ¢ an element z\y € Br, for z € B}, and
y=1y'x...xyP with / € Irr, we get that:

p
1
Pi(z\y) = Z(Zcz-,n,..‘,m*"(y}p---,yz ) g @ =gyl ),

where W(w) = ZLaLxL7 W(yj) = Zbijyéo blgyi? and Cisin,oorip € Z.

Using Notation 8.3, we rephrase formula (8.1) as follows:
(8.2)

p
A -
Pi(x\y) = Z Zc”h igh (fo(yillx...xyfj)xxixgo(yg;:lx...xyfp))),
Jj=0

where the sum is taken over all f € SH™(ry,,...,7i,)%, g € SH” (1,1, ...,73,)°
and h € SH(u,r, s) such that h(u) < h(u+r) and h(u+17) > h(u+ 1+ s),
for yf € ST ;i’; .

In a similar way, if z1,...,x, is a family of elements in Br, with p > 2,
and z = 2! - ... 2P € Prod(p), then

(8.3) Pi(x) = Z( Z Ciy..ipf © (mzll X ...xat )),

ip
FESH® (1iy s sTiy)

where 9 (27) = Zai]_ £0 aijxgj, with xfj € ST;?, for 1 <j<p.

Reduction to the case ¢ =0

We want to see that if 10 is an isomorphism, then 9 is an isomorphism
too, for all ¢ € K. This result implies that the freeness of ST, is equivalent
to the freeness of STy, for any ¢ € K.

The proof of the following Lemma is immediate.

8.4. Lemma. Suppose that z', ..., xP is a family of surjective maps such that
a' € STyi. For f € SH(r1,...,rp), we get that the map fo (' x ... x aP)
belongs to ST;,, for s < ri + ...+ ry,. Moreover, s = r1 + ... +1p if,
and only if, f € Sh(r1,...,rp). In particular, if f € SH*(r1,...,7p), then
s<ri+...+7p.
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For all z € Irr;, such that ¢?(z) = 3_, ., a;zi, the elements z; € ST}
satisfy that r; < r. So, we may restrict ourselves to work with Z a;x;
ai0
instead of ¥7(x).

Note that for = € B}, the element ¥9(z) = Elaéxé, with zt € ST?, does
not depend on gq.

Lx .. x2P), withy € BS,, 27 € Irri{ such that

Pi(27) = > £0 bi; Z , for 1 < 57 < p. By a recursive argument, we may
ij

Z le 74]

li;=l;
bij 7&0

Suppose that « = y\(z

assume that:

for 1 < j <p. So, Z a;x; is taken over all x; satisfying that

a; #0
mi:ho(fo(zillx...xsz)xyLXgo(ziix...xzﬁ’p)),
with z € STn]7 for 1 <j<p, feSh“(l,....l), g € Sh™ (lg41,---.1p),
and h ¢ Sh(ly + ...+ 1k, 8, lgg1 + - - - + lp) such that h(l;+---+1;) < h(l1 +
4l +s)and h(ly + -+ 1 +8) > h(ly + -+ 1, + 5). The coefficient of

z; in ¢9(x) being ayby, - ... b; . We get that Z aiz; = ().

ai#0
In a similar way, if x = 2 - ... 2P, with 27 € Br:{j7 1 < j < p, then the
unique elements x; which belong to ST}, are of the form
ri=fo (lel X ... X x?p),
with x'? € STy, for 1 <k <p,and f € Sh*(ry,...,7p).
As nj < n, we assume that PO (27) = Z b; IL‘Z , for 1<j<p. So,
2 = 2 b by (O fofmy ).
@20

where Q/JO(Ij) Zb J#0 b, x Z and f € Sh®(r1,...,7p), which implies that

E A;T; =

T;=T

a; #0

The following Proposition is an immediate consequence of the above ar-
guments and of Remark 6.2.
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8.5. Proposition. If {¢°(x) | x € Irr,} is linearly independent in Prim(ST),
then {Y%(xz) | x € Irr,} is linearly independent in Prim(ST) too, for all
n>1 and all g € K.

Note that, even if we have not specified it, the products -7 and M5T
depend on the tridendriform structure STy considered. From now on, as

we have proved that it suffices to work with ¢ = 0, the operations -7 and
M3PT will be the ones defined in STyr.

Reduction M

In Lemma 4.7 we proved that for any element x € ST},, and any family

l={0=1l <l < - <l <r}, we have that M(a!) < M(z) for the
lexicographic order.

We want to prove that, for any € Irr such that %(z) = Zaﬁéo a;T;, We
have that M(z;) < M(x) for the lexicographic order.

Clearly, the result holds for = € B, since 1%(z) = 2 oy,

The proof of the following Lemma is easily obtained by mimicking the
proof of Lemma 5.10, because the arguments we used to prove it still apply
when we replace 7 by y°.

8.6. Lemma. Let x € Irr such that °(z) = > a0 @iTi- Any element x;

satisfies that M(x;) < M(x) for the lexicographic order. For x = y\(z' x
co. X 2P), with y € BS, and 21, ..., 2P irreducibles, if M(z;) = M(x), then

xi:ho(ylx(go(zillX...Xzfp)),

for some family | such that M(y!) = M(y), g € SK™(r1,...,7p) and h €
Sh=(s,r1+ -+ +7p), where zF € Irr;k is such that PO (2F) = Zbik?éo biszk,
for1 <k <np.

For an element x € Prod, we have a similar result.

8.7. Lemma. Let x = x' - ... a? such that ' € Br)i, for 1 <i < p. If
PO (27) = Zaij;éo aija:gj and f € Sh®(r1,...,1p), then

M(f o (zj, x ... xa})) < M().

The equality holds if, and only if M(xzj) =M(z7), for 1 < j <p.

Proof. Denote w = f o (3:111 X ... X J;fp). It is easily seen that

M(a7} ), for j = Mw),
M(w); = M(xfk)l, for j = (lel) +- 4 )\(ﬂcﬁ:l) +1,
M(ﬂffk)x(xfk) + M(l’fktll), for j = A(z}) + -+ A=},
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The result follows, by applying that M(zf ) < M(2*), 1 < k < p, and
using Lemmas 4.7 and 8.6. O
So, we get a second reduction. Let

dule) = Y aw,

Mi(z;)=M(x)
where ¢°(z) = > a0 Gii.

8.8. Proposition. If the set {¢y(x) | x € Irr} is linearly independent in
ST, then {4°(x) | € Irr} is linearly independent in Prim(ST).

The image of Br under vy
!
We want to prove that 1/°(Br(l)) C K[Red U U Br(i)], where Red de-

1=0
notes the set of reducible elements. Our results are similar to the ones of
section 5, but in the tridendriform case.

8.9. Lemma. Let x € B, y € ST, and f € Sh(r,s). If f # e(r,s), then

m—1
fo(xxy)e U Br(l).
1=0

Proof. Suppose that x = Hj1<-~-<jx(z) z'and f =[], f/, with f’ € Sh(r—1,s).
We have that fo (z xy) = Hj1<”'<j>\(z) flo(x xy).

If fo(z x y) is reducible, then f o (x x y) = h! x h?, with |h!| < j1. So,

w=fo@xy)la, ap=h"xBlg am):

which is false since x is irreducible.

If fo(xz xy) € Prod, then f'o(2' xy) = h! x h?, with |h!| < jy)—A(z).
So,

z=folwxylu..p= [ P xEa, aepp)s
J1<-<Jx(x)

which does not happen because = ¢ Prod.

Suppose that f o (z x y) € Br(l), that is f o (z x y) = 2\w, with z € B
and w € ST with |w| = [. Again, we have that

r=fo(xxy)lu,.n =Wl n)

which implies that |z| > n, otherwise, x = 2\(w|{1,. n—|2|}) is not in B.

We want to see that |z| > n. If |z| = n, then
f(z(@) = 2(z) + p, for1<i<n
fly(i—n) +r) =w(i—n), forn+1<i<n+m,

fO(ny)(i)Z{
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where w € STY.
But z({1,...,n}) ={1,...,r}and y({1,....m})+r={r+1,...,7+9)},
which implies that

fHL...;rh)={p+1,...;p+r}and f{r+1,...,r+s}) ={1,...,p}

As the unique f € Sh(r, s) satisfying this condition is f = e(r, s), the proof
is over. ]

8.10. Lemma. Let v € Red,, y € ST, and f € Sh™(r,s). The surjection

m—1
fo(x xy) belongs to Red U U Br(l).
1=0

Proof. We have to check that f o (z x y) ¢ Prod U U Br(l).

I>m

a2 1 2 2 _
Let x = 2" xx*, for z* € ST} and 2° € Irr;? such that 2 =[]
We have that

fol@xy = [ [Fe@ xa®xy),

.j1<"'<.j)\(12)
with f’ € Sh(r—1,s).

Suppose that fo(z xy) € Prod. In this case, f'o(z! x 2% xy) = h' x h?,
with |h'] < jy2)—k, which implies that f'(i) < f'(j), for i < ji and all
j > r. Using that f/(1) <--- < f'(r—1), we get that f o (z x y) is reducible.
So, fo(x xy) ¢ Prod.

If fo(xxy)==z\w,with z € B, then |z| > n because all the elements of
the set {f(z(1)),..., f(z(n1))} are smaller than all the elements of the set
{f(z(n1+1)),..., f(z(n))}, and therefore |w| < m, which ends the proof.
O

8.11. Lemma. Let z € ST, and w € (Red U Br(l));, be two surjective
maps, and let f € Sh™(r,s) be a shuffle. The element f o (z x w) belongs to
Red UBr(j), for some j <.

Proof. Note that, if w = Hjl<"'<jx(w) y', then fo(zxw) = Hjl<'“<jx(w) #o
(z x w'), where f" € Sh(r,s—1), and w = f o (2 X W)|fni1,.. ntm}-

Suppose that f o (z x w) = z' - 22, we get that |z!| > n + ji. So,
w= (Zl)|{n+17_”7‘zll} - 22 must belong to Prod, which is false.

On the other hand, it is immediate to prove that, if f o (z x w) € Br(k),
then k£ <. O

j1<"'<]’)\(m2) x

2/
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Let # € Bl and y = y' x ... x y? € ST, with y/ € Irry} . 1 < j < p.
Suppose that ¥°(y7) = >, 40 by, with yij € ST,;,. By Lemmas 8.9, 8.10
k
and 8.11, we get that ¢%(z\y) € K[Red U [J;_, Br(l)].

We proved in Lemma 8.6 that, for ¢°(x\y) = Zcﬁéo cjw;, the unique
elements w; such that M(w;) = M(z\y) are of the form

wi = fo(ztxgo(yy x...xyp ),

with M(zt) = M(z), for some f € Sh™¥(r,s) and g € Sh™ (s1,...,sp).

As x € B, either 2t = x or 2! is reducible. In the second case, applying

m—1

Lemmas 8.10, we get that w; € Red U U Br(l).

=0
On the other hand, if f # €, ,, Lemma 8.9 implies that all the elements

m—1
w; belong to Red U U Br(l).
1=0
The argument above proves the following result.

8.12. Proposition. Let x be an element in Bl, and let y = y* x ... x yP

be a surjective map in STZ,, with y', ... yP irreducibles. The image of the
S

element x\y under '° belongs to K[Red U U Br(l)].
1=0
Suppose that YO(y') = 3y oy i - If bu(@\y) = 3,40 ciwi, then an
J

element w; which is not of the form

wi =z\(g 0 (g, X --- X ¥} ),
m—1
for some g € Sh™ (s1,...,sp), satisfies that w; € Red U U Br(l).
=0

8.13. Definition. Let z = y\z , with y € B,, and z = 28 x ... x 2P € ST,
such that 27 € Irry,;. Define

o) = P\ (WO, 00 = S ena S\ fe(zhx...xzP)),

FESh™ (s1,185)

where ¢0(27) = Zai]- £0 aijzgj, and ¢;,..q, = Qi; - - - Qi

Propositions 8.8 and 8.12 imply the following result:

8.14. Corollary. (1) The images of Br under the homomorphisms °
and Yy are subspaces of K[Red U Br].
(2) If the set {¢p,(x) | © € Br} is linearly independent in K[Red UBr],
then {y°(x) | z € Br} is linearly independent in Prim(ST).
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Let « € Br(l) be such that Ym(z) = >_, . aizi, we denote by trer(z) the
element a;z;. We have that Yy (z) = V() +7, with T € K[Red],
and

z;elrr

Urer () = Y, (x) + Y ajaf,

a,#0

-1
with ¢, () € K[Br(l)] and Y aja; € @ K[Br(j)).
ai#0 j=1

8.15. Remark. If the set {¢)p,(z) | * € Br} is linearly independent in
K[Red U Br], then the set {¢1r(2) | € Br} is linearly independent, too.

The image of Prod

Given elements ' = [] e STy, for 1 <i < p, recall that

b 2P = H (z' x ... xa").
j11<"'<j§(zp)+n1+”'+”p*1
For p > 2, Prod(p) is the set of elements z = x! ... 2P € Irr such that
' eBr, 1 <1< p.
The following result completes the ones of Lemmas 8.9 and 8.10.

8.16. Lemma. Let © € Indec and y € ST, be surjective maps, and let
f € Sh=(r,s). The element fo(z x y) is indecomposable.

Proof. The result has been proved for x € Red U B. Suppose that x =
Hj1<~~<jx<z) 2’ is indecomposable and = ¢ Red U B. We have that:
(1) 1 < g1 and A(z) < n,
(2) if 2’ = 2! x 22, then 2! is irreducible and |z!| > In@) —A(T),
(3) fo(zxxy)= Hj1<.__<h(m) f'o (2 xy), with f' € Sh(r—1,s).
Note that f o (z x y) ¢ Indec if, and only if, f’ o (2 x y) = 2! x 2? with
=1 < |2 < Ja@w —A(@).
As f'(1) < .-+ < f'(r—1), we get that
o' =std(f o (2" X Y|, n-r@)}) =
Std(zl X ZZ)'{I,..,,nf/\(x)} = Zl X Std(ZQ|{1,...,n+m—)\(z)—\zl\})a
which implies |21| > n +m—A(z) > ji@)—A(z), in contradiction with the
fact that |z < jyu)—A(2). So, fo (z x y) is indecomposable. O

8.17. Proposition. For any surjective map x € Br, the element iy(x)
belongs to K[Indec].
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Proof. Suppose that z = H]-1<m<h(w) ' € B}, and that [ = (I1,...,1p) is
a family of positive integers 1 < I3 < --- < [, < r. The element xl is
decomposable if, and only if, :L‘|{lp+1""*r} is decomposable.

As z € Indec, we get that 2 1({1,...,,}) N {j1 +1,...,n} # 0, and
therefore Lemma 4.7 implies that M(x!) < M(z).

Let © = y\z be an element in Br(l), for [ > 1, and suppose that iy (z) =
Zaﬁéo a;x;. For any i, we know that

i = ho(yt x2),
for some [ such that M(yt) = M(y), some element Z € ST and some h €

Sh=(s,r — s), where y € B,.
As yt € Indec, applying Lemma 8.16 we get that x; is indecomposable.[]

8.18. Proposition. Let x', ... 2P be a collection of maps, with =* € Indec;;
for 1 < i < p, and let f € Sh*(r1,...,rp). If there exist surjections
y', .yl yi € Bry for 1 <i<q, such that fo(z'x.. . xaP) =y' ..y,
then ¢ < p.

Proof. Suppose that 2! = H]-1;<m<]-7; 2% and f = Hr1<~~<r1+~~+rp f

A(zh)
We proceed by induction on p.
e For my < ny, we have A(y?) < A(aP).

(1) If A(y?) < A(2P), there exists 1 < kg < n—m,, such that:

zP = (yl SRR yQ71)|{ko,...,n—mq} -y,

which contradicts the hypothesis that xP is indecomposable.
(2) For A(y?) = A(aP), there exists z € ST, _,, such that 2P = 2z x 9.
If n,—mg = 0, then 2P = y? and
fro(@t x...oxaP )y =yt oy

where f1 = fl{1,  ri4egr,_1y € Sh*(71,...,7p—1). Applying a re-
cursive argument, we get that ¢ < p.

Otherwise, suppose 7P = z x y? is reducible. We get that f/ =
f/|{1,...,r—sp—p+1} X 15,;—17 with
f/‘{l,...,r—sp—p—i-l} = f2 o (1r1+~~~+rp,2—p+2 X f3)7

for a pair of surjective maps fo € Sh(ri—1,...,7p—2—1,7p—1 + 1p—54—1)
and f3 € Sh(rp—1—1,7,—5¢).
For P~ 1 := (IT,,_, f3) © (zp-1 x 2), we get that:

( H fo)o(z! x ..o xaP 2 x gP )y =4t g0l
r1<-<rit+-+rp_1

with HTW1 f3 € Sh™(rp_1,7p—5p).



32 E. BURGUNDER, P.-L. CURIEN, M. RONCO

Lemma 8.16 implies that 27~ € Indec. A recursive argument states that
q=p.
e Suppose that n, < m,. Let kg < p—1 be the minimal integer such that
ny + .-+ ng, > n—my. We have to consider two cases:
(1) when mg = ng, + -+ + ny, we get that

1 ko—1 1 -1
f|{17---,r1+~-+rko,1} ozt x...xa" )=y -yl

Applying a recursive argument, we get that ¢—1 < kg—1 < p—1, so
q < p and the result is proved.
(2) when my = I+ ngy1 + -+ +ny, for 1 < 1 < ny,, using that z*0 is

. /
indecomposable we get that z*0 = ij0< <0 20 x z, for some
LT (ko)

s

0 <Ny + -+ np—mg = |2 < nko—j/\[()mko).
~ko . .k !

The element 7 := z 0\{1,__.’nk0+,._+np,mq} €8Ty, +tny—m, Sat-

isfies that
~Fk _

Pl gty iy 0 (@ X o x #0) =yl gt

So, ¢—1 < ky < p—1 by inductive hypothesis, which implies that
if kg < p—1, then ¢ < p and the proof is over for this case.

To end the proof, assume that kg = p—1. As y? is irreducible, we
have y? = f’|{r1+.__+rp71,p,l+2,_,,,r1+_..+7«p,p} o(zxzP). and

1 ~p—1 1 -1
H f/I{1,...,T1+"‘+7’p—1_l_p+1} o (LE X ...oxZP ) =y ... yq .
1< <P 1
So, by recursive hypothesis, ¢ < p.
O

8.19. Remark. Let z = Hj1<---<jx(m) 7’ be an indecomposable surjection,
there exist elements y, z and w such that:

(1) y,w € STU{lg} and z € Irr,

(2) T = Hj1<.~<j)\(z> (y Xz X w)7

(3) 0< |yl < ji—1and 0 < |w| < n—jz(y)-
If x is irreducible, then y = 1k.
8.20. Example. The element x = (2,1,4,9,4,6,9,6,3,5,4,3,7,8) may be
written as:
[I1x(224,4,1,3,21)x(1,2) = [[(2,1)x(2,2,4,4,1,3,2,1,5) x (1).
4<7 4<7

8.21. Definition. (1) Let « = Hj1<-~<jx(¢) 7/ be an indecomposable element.

(a) z is called coirreducible, if 2’ cannot be written as 2/ = z x w, with
0 <fw| < |z[=jx@)-
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(b) The maximal element of the set {k | z71({1,...,k}) C {1,...,51—1} is

denoted I(z). The cardinal of the set z71({1,...,I(z)}) is denoted L(z).
(¢) For ' = x1 X xa, such that |zo| < |(E|—j)\($) and Hj1<_“<h(x) x1 1S
coirreducible, we denote by Cor(w) the element zq, and by cor(z) the

nonnegative integer such that zo € STCOT(I) .

(2) Suppose that w = w'-w? € Prod(2) with w’ € Indec); and w?

irreducible, for i = 1, 2.

(d) Define R(w) as the sum R(w) := cor(w) + I(w?).

(d) Let @ be the restriction w|{m,, —|Cor(w!)|+1,...;m1+ms}> Which is a map from
{1,...,.|Cor(w")| + ms} to N.

8.22. Example. Let w = (3,10,2,1,4,6,5,7,6,8,10,7,8,10,7) € Prod(2).
Wehavethatw— (3,5,2,1,4)-(2, ,3 2,4,5,3,4,5,3), where w! = (3,5,2,1,4)
and w? = =(2,1,3, 2,4 5 3,4, ,3) are unique if we ask wy to be irreducible.
So, cor(w!) =1, I(w?) = 2, R(w) = 3 and w = (1,3,2,4,3,5,6,4,5,6,4).

8.23. Lemma. Let 2! and x* be a pair of elements in Indec, with > =
x%l) X 1:(22), with 1%2) irreducible. For any shuffle f € Sh®(r1,r2), the element
fo(z! xx?) belongs to Prod(2) if, and only if, f satisfies one of the following
conditions:

(a) f'(ri—cor(z!)~1) < f'(r1),

(b) f'(ri=1) < f'(r1 +82)

where f =11, cp i ['s 2! € Indec] and w(l) € ST;2.

Proof. Suppose that f o (2! x 22) = w! - w? € Prod(2).

Note that f’(r;—cor(zt)—1) > f/(r1) implies that |w!'| > n; + m, while
f'(r1—=1) > f'(r1 + s2) implies that |w?| > |Cor(z')| 4 ng, for #? € Indec;,.,
which is impossible

So, if fo (2! x 2?) € Prod(2), we have that either f/(r;—s;—1) < f'(r1)
or f'(ri—1) < f'(r1 + s2).

Conversely, suppose that ! = H]1< <! (w' x Cor(z')). An easy

A(z1)

calculation shows that if f’(r;—cor(z!)—1) < f'(r1), then
fox=( T ) II go(Corla®)xa®)
I <ien) < <B )

for some g € Sh(cor(z!),ro—1), is in Prod(2).
If f'(ri1—1) < f'(r1 + s2), then

fotxa)=( [ 9o xat))-( [ ab)
j%<<]§\(ajl) ]%<<]§(I2)

for some g € Sh(r;—1, s2), belongs to Prod(2). O



34 E. BURGUNDER, P.-L. CURIEN, M. RONCO

8.24. Lemma. For any pair of elements ' and x?, with ' € Bry)., for
i = 1,2 and a pair of partitions | and t satisfying that M(z') = M(z!),
M(x?t) = M(2?), if for a map f € Sh*(r1,72) the composition f o (z'l x x%)
belongs to Prod(2), then R(f o (z'! x x?)) < R(z' - x?). Moreover, the
equality holds if, and only if,

= L —cor@ty—1 X 9 X Loy y(z2)-1,
for some g € Sh(cor(x!),(x?)).

flfandt={0=tg<t; <--- <tqg<l(a?)}

) = w! - w2 From Lemma 8.23, we have to

Proof. Let f =11, <r tr
Suppose that f o (2! x z
consider three cases:

(i) If f'(ri—cor(z!)—1) < f'(r1) and f'(r1—1) > f'(r1 + (z?)—1), then

" =1, _cor(a1)—1 X g, for some permutation g € Sh(cor(z'), r—1) such
that g(cor(z!)) > g(r1 + I(z?)—1).
In this case, cor(w!) < cor(z!) and I(w?) < cor(z!)—cor(wh)+1(x?).
So, we get that R(w! - w?) < R(x! - 2?).

(ii) If f/(ri—cor(z!)—1) < f'(r1) and f'(r1=1) < f'(r1 + I(z*)—1), then
= L cor@t)=1 X 9 X Ly _yg2y)—1, With g € Sh(cor(z!),1(2?)). We
have two possibilities:

o If g(cor(x!)) < g(cor(x!) + ¢4 + 1), then cor(w!) = cor(z!) + t4
and [(w?) = I(x9) — tq. So, R(w! - w?) = R(z! - 2?),

o If g(cor(z!)) > g(cor(x!) +t4+1), then cor(w') = cor(x!) —k and
I(w?) = k +1(2?), for some 1 < k < cor(z!). In this case, we have
that R(w' - w?) = R(z! - 2?), too.

(iii) If f/(ri—cor(zt)—1) > f/(r1) and f'(ri—1) < f'(r1 + l(2?)—1), then
"= 9 x 1, 4y@z2)—1, for some permutation g € Sh(r1—1,1(z?)) such
that g(r;—cor(a')—1) > g(r1).

As cor(w!) < tg and [(w?) = I(z%)—t4, we get that

R(w' - w?) < I(z%) < R(z! - 2?).

O

8.25. Lemma. Let x = x' - 2* be an element in Prod(2), with ' € Br];,
fori=1,2, and let | and t be a pair of partitions such that M(z') = M(z!)
and M(2%t) = M(22). If f € Sh®(r1,72) is a surjective map satisfying that:
(a) w:= fo(z x ) belongs to Prod(2),

(b) R(w) = R(x),

then the image of W = (w(1),...,w(|Cor(w")| + |w?])) € NICor(whl+w?|
is smaller or equal, for the lexicographic order, than the image of T. The
equality holds uniquely when f = Hr1<r1+r2 1o 4rp—2.
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Proof. Suppose that w = w' - w?, with w' € Indec;; fori=1,2.
Lemma 8.24 implies that if R(w! - w?) = R(z! - 2?), then
f/ = 1r1—C01"(zl)—1 xgXx lrg—l(zz)—la

with g € Sh(cor(z!), (z?)).
Note that, in this case |Cor(z!)| + ng = |Cor(w!)| + ma.

So, w(j) =

g(zt(n1—|Cor(z)| + j)—r1 + cor(z) + 1), for 1 < j < |Cor(zt)],
g(x*(j—|Cor(z")|) + cor(z!)), for 1 < 2% (j—|Cor(z")]) < I(2?)
22 (j—|Cor(zh)|) + cor(x!), for 1(x?) < 2?(j—|Cor(z1)]).

If g # lcor(at)+i(22), then there exists 1 < k < cor(x!) such that g(j) = j,
for 1 < j <k, and g(j) > j for k < j < cor(z!).

Let 1 < jo < |Cor(z!)| be the minimal integer such that
xt(ny—|Cor(a')| + jo) — 71 + cor(z!) + 1 belongs to {k,...,cor(z!)}.

We have that:

z(5) = xl(n1—|Cor(m1)| +34)—m + cor(:cl) +1, 1<5< |Cor(atl)|7
w(4) = g(x!(ni—|Cor(z")| + j)—r1 + cor(z!) +1) =
zt(ny—|Cor(z")| + j)—r1 + cor(z!) + 1, 1 <7 < Jo,

w(jo) = g(z'(n1—|Cor(z")| + jo)—r1 + cor(z') + 1) >
zt(ny—|Cor(z")| + jo)—r1 + cor(z!) + 1,

which proves that (2(1),...,2(jo)) < (2(1),...,w(jo)), for the lexicographic

order of N0 when g # Leor(at)+i(22), and ends the proof. O
8.26. Remark. Let p > 2 and r1,...,7, a collection of positive integers.
Any permutation f’ € Sh(r;—1,...,7,—1) may be written in a unique way
as

f, = f10(1T1,1 X f2)0~ : 'O(1T1+~-+7"pfafp+3 X fp*2)0(1T1+-'~+7"p72*p+2 X fp*l)v

where f; € Sh(rj—1,rj11 + -+ 1rp—p+j), for 1 < j <p—1.
With the notations of Proposition 8.18, we get that the element
fo(xz!x...xaP) belongs to Prod(p) if, and only if
(1) flri+-+rici—i+1) < f'(ri+-+ri—i+1), forall1 <i<p-—1,

(2) Std(f|{r1+-~~+7’z‘—1—i+2,»~ﬂ”1+~~‘+n‘+1—i—l})o<xixxi—H) belongs to PI‘Od(Q),
for 1 <i<p—1.

Proof of Theorem 8.1

In the previous section, we have shown that we may restrict ourselves to
prove that 0 : K[Irr] — Prim(S7,r) is an isomorphism.
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We have that Irr is the disjoint union of Br and Prod. Moreover, we have
that E(Irr) = Prim(S7) by Remark 4.5. Let us describe the framework of
our proof.

As E(z) — z belongs to K[Red], for all z € Irr, it is immediate that
{Ym(z) | = € B} is linearly independent in Prim(ST). Moreover, we have
that E(x) = z, for all x € Prim(ST).

Corollary 8.14 shows that K[Red U Br] contains 1°(Br) and 1y (Br) as
subspaces. We shall prove first that {¢p,(z) | = € Br,} spans K[Br,],
which implies the set {1/°(z) | x € Br,} spans the subspace E(Br,) of
Prim(ST™).

By the result above, the set

{0zt ST ST y0(aP) |27 € Brfor 1 < j <p<n},
is linearly independent if, and only if, the set
{E@h) ST .. ST E@P) |29 € Brfor 1 <j <p<n},

is linearly independent, which follows from a recursive argument on p and
the reductions given by Lemmas 8.24 and 8.25, and Remark 8.26.

We proceed by induction on n.

For n =1 and n = 2, the result is evident.

For n > 3, from Corollary 8.14, we know that if {¢p,(z) | z € Br,,} and
{4°(x) | x € Prod,,} are linearly independent for all m < n, hence the set
{4°(x) | x € Irry,} is linearly independent in Prim(ST),,, for all m < n.

n—1
So, the image of the subspace @ K[Irr,,] under ¢° spans the subspace

m=1
n—1
@ Prim(S7)pm,.
m=0

We proceed as in Section 5. By the recursive hypothesis, we assume that

n—1
{4°(x) | x € Irr,,, for m < n} spans Prim(S7T) <, := @Prim(ST)j.
j=1
Applying Proposition 2.8 we get that
n—1 -1
@ K[S @ (Prim(S7)<n®).
i=1 j=1

So, the set U {2\ (w” (Prim(ST)<,*’))} spans U K[Br,], which im-
z€B<y j=0
plies that {¢p,(z) | z € Br and |z| < n} is linearly independent in K[ST].
Therefore, the set {1)°(z) | # € Br and |z| < n} is linearly independent in
Prim(ST).
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Now, we know that 1)°(z) is a primitive elements of ST, for all = € Irr,
which implies that

k
WOx) =Y B(x),
i=1
for all z € Br,,, and some family of elements z1, ...,z € Irr,.
As E(xi) = @i+ ) q,20 45, with 35, g a;z; € K[Red,] and YO(x) €
K[Red U Br|, we get that all the elements z; must belong to Br,. So,

¢ (Br,) C E(Br,) and both subspaces of Prim(ST) have the same dimen-
sion. We may conclude that °(Br,) = E(Br,,).

To end the proof, note that we have shown that 1°(Bry) = E(Bry), for
k < n. So, to see that the image of Irr,, under ¥° is Prim(ST), it suffices
to see that

é @B E®Br.,)-"... 5T EBry,)

p=1 \ni+-+np=n

coincides with Prim(S7T).
The last assertion is equivalent to show that, for any p > 1, the set

(B ST .. ST E(P) | 2!, ..., 2P € Br such that |zt + ... + |2P| = n},

is linearly independent.
From Proposition 8.18, we know that E(z!) -5 ... .57 E(2P) belongs to

P
K[Indec U U Prod(q)], for z',..., 2P € Br.
q=2

If B(z') ST ... ST B(zP) = > a; 0 @i%i, define
El?;rod(xl""’xp) = Z a; 2.
M(z;)=M(zl-...-xP)
z;€Prod(p)

We need to prove that the set
{ER oqlzt,...,aP) | 2, .. ,a? € Br and [2'| + ... + |2P| = n}

is linearly independent.

Applying a recursive argument on p > 2 and Remark 8.26, we reduced the
proof to show that the set {E3_ 4(z!,2?) | 2!, 2% € Br and |z!| + [2?| = n}
is linearly independent.

Note that

E%rod(xlva) = Z (Zf ° (wll X x%))'

feShe(ri,r2) Lt

Lemma 8.24 states that it suffices to prove that the set
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{E}, oar(zt 2?) | 2 2% € Br and |z'] + |2?| = n} is linearly independent,
where
Eproar(e!, %) = Z (Zf o ('t x z?)).
fESh®(ry,rg) Lt
R(fo(xllxz2t))=R(x1-22)
Furthermore, Lemma 8.25 shows that it suffices to prove that the set
{E} oar(zt,2?) | 2 2% € Br and |z!] + |2%| = n} is linearly independent,

where
2 1,2y .
Eproar(@,27) = Z w,

R(w)=R(zl.22)
w=zl.22

where the sum is taken over all elements w = f o (xll x xt) satisfying that

w € Prod(2), R(w) = R(z! - 2?) and 0 = 2! - 22.

But Lemmas 8.24 and 8.25 imply that w = f o (2! x 2%) satisfies that
w € Prod(2), R(w) = R(z' - 2%) and @ = z! - 22, only for w = x'L . 2%,
withl={0=ly<lh < <l<laH}andt={0=ty<t; < - <
t, <I1(z%)}. Tt is immediate to see that if ¢ > 0, then w is reducible; while
if w > 0, then w = w' - w? with |w!| > |2!|. So, to prove that the set
{F3 . oq(®', 2?) | 21,22 € Br and |2!| + |2%| = n} is linearly independent, it
suffices to prove that the set {z!-2? | 2!, 2% € Br and |2!| + |2?| = n} is
linearly independent, which is trivially true.

The proof of Theorem 8.1 is over.

Final comment. In order to simplify notation, our definitions of g-dendriform
algebra, brace algebra and GV, algebra were given in the non-graded case.
A graded version of these notions is obtained just applying the Koszul sign
convention, and our results still hold. In particular, F. Chapoton’s operad
of K-algebras in [7], which is described by permutohedra, coincides with a
differential graded version of O-tridendriform algebras, such that the degree
of the operations = and < is 1 while the degree of the associative product

- is 0. As O-tridendriform is non symmetric, the unique relation which is
modified by Koszul’s sign in Definition 2.1 is:

- (y>2) = (=)@ <y) > 2

In this case, the coboundary map of the permutohedra is described as the
unique differental map 0 of degree —1 such that:
(1) 8(x = y) = 0(x) = y + (=DFlz = 8(y) — (=1)" 1z -y,
(2) O(z - y) = (@) -y + (1)1 - a(y),
(3) 8 < y) = 0(z) <y + (~H"lx = a(y) - (-1)Fz -y,
for homogeneous elements x,y,z € ST.
In this case, our result implies that the GV algebra structure on Prim(S7T)
equipped with the coboundary map of the permutohedra, is a free cacti al-
gebra (see for instance [10]) on the base 5.
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