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Introduction

In [43], Theorem 2, it is shown that every orthomodular lattice X admits a group
G(X) with a right invariant lattice order as a complete invariant, so that X can be
retrieved from G(X) without use of operations other than multiplication and A. The
projection lattice X of a von Neumann algebra is a special case. By Dye’s theorem [19],
it characterizes the algebra up to *-symmetry and trivial summands of type Io. In [42]
the connection to G(X) was extended to unbounded lattices, which can be given by
an abstract orthogonality relation in the sense of Janowitz [25]. The link between the
orthogonality lattice X and the structure group G(X) was obtained by representing X
as an L-algebra, a structure which encapsulates the underlying quantum logic.

In this paper, we extend the connection in two respects. First and foremost, we drop
the symmetry of the orthogonality relation. For example, this is quite natural if orthog-
onality is induced by the sesquilinear form of a Frobenius algebra. Secondly, we do not
assume beforehand that X is a lattice. Since A does not occur in Janowitz’ axioms, we
start with a V-semilattice. It will turn out, however, that X is indeed a lattice. Therefore,
we call it a L -lattice.

The translation into an L-algebra means that the structure of a L-lattice is expressed
by a single binary operation — which can be conceived as quantum-logical implication.
Every L-lattice can thus be understood as a special type of L-algebra (Theorem 1). An
alternative characterization is given for bounded _L-lattices (Proposition 4). Here the
bi-orthogonal is an automorphism of the L-algebra.

At this point, it should be mentioned that L-algebras, while conceptually bound to
algebraic logic, interact deeply with classical structures in geometry, topology, number
theory, and analysis. They occur in connection with lattice-ordered groups [38], Garside
groups [14,13,15,40], non-commutative prime factorization [44], solutions to the Yang—
Baxter equation [20,28,40], para-unitary groups [17], and von Neumann algebras [40].

A special class of L-algebras arises as intervals [u~?, 1] in right £-groups, that is, groups
with a right invariant lattice order, where u is a strong order unit. These L-algebras admit
an equational description, and their ambient group coincides with the structure group.
They have been called right bricks [40]. The most classical example of a right brick is the
unit interval in the additive group of real numbers, an MV-algebra which is fundamental
in measure theory. Mundici’s equivalence between MV-algebras and unital (two-sided)
abelian ¢-groups, which he applied to the classification of AF C*-algebras, is based on
such type of embedding. Dvurefenskij’s non-commutative extension [18] was the next
step toward the ‘right bricks into right ¢-groups’ embedding theorem ([40], Theorem 3).
We show that every bounded L-lattice and its corresponding L-algebra is a right brick
(Proposition 5). This enables us to embed every (not necessarily bounded) L-lattice X
into its structure group (Theorem 2) which will turn out to be a complete invariant of X.

To recover X from its enveloping structure group G(X), we introduce right singular
elements in a right ¢-group and describe them in the presence of a strong order unit.
For two-sided ¢-groups, singular elements are important in connection with complete
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groups [2]. In the one-sided case, new phenomena arise. We show that every | -lattice X
coincides with the set of right singular elements in the positive cone of its structure group
G(X) and characterize the class of right ¢-groups obtained in this way (Theorem 4). The
bounded _L-lattices then correspond to the right ¢-groups with a very strong order unit.

Extending the correspondence to the categorical level, we interpret the embedding
X < G(X) as a universal group-valued measure. Following this paradigm, we are able
to define group-valued measures on an arbitrary L-algebra. For a |-lattice X, the uni-
versal property identifies group-valued measures on X with group homomorphisms on
the structure group (Theorem 3). As an L-algebra is given by a single operation —, it
is natural to define a morphism f: X — Y of L-algebras to be a map which satisfies

flx—=y)=f(z) = f(y)

for all z,y € X. Similarly, a morphism of right ¢-groups should be a group homomorphism
which satisfies f(z Ay) = f(z) A f(y). For two-sided ¢-groups, the property f(z Vy) =
f(x)Vf(y) would be a consequence. Taking this for granted, the category of right ¢-groups
becomes a full subcategory of the category of L-algebras (Proposition 9). With the most
natural morphisms, we show that the category of |-lattices is equivalent to the category
of right £-groups of singular type, and that both categories are full subcategories of the
category of L-algebras (Theorem 5).

The last section is devoted to examples. First, we show that |-lattices arise in con-
nection with non-degenerate sesquilinear forms on a vector space over a skew-field with
involution. A space H with such a form ( ) (with an extra condition in the infinite-
dimensional case) will be called orthomodular, generalizing the same-named concept in
the hermitian case [24]. We show that the one-dimensional subspaces of an orthomod-
ular space form an L-algebra which determines the space. More generally, we introduce
quantum sets as sets with an irreflexive binary relation 1 which gives rise to a L-lattice.
Together with an external unit element, every quantum set is an L-algebra. For an
orthomodular space X, the associated projective space P(X) is a quantum set (Proposi-
tion 14).

Finally, we show that the structure group of a finite L-lattice is a Garside group
(Proposition 16). Prototypical examples of Garside groups [13] are braid groups and
their siblings [5,16]. A gamut of examples can be found in [15]. In particular, every finite
quantum set generates a Garside group. An explicit example of a 5-element quantum set
will be discussed at the end of the paper.

1. One-sided orthogonality

Let X be a V-semilattice with smallest element 0. For a binary relation 1 on X,
consider the following axioms:

rlx <= =0 (0)
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r<ylz = zlz (1)
rly>z = zlz (1/)
r,ylz = (zVy)lz (2)
rly,z = xl(yV=z) (29
r<y = (FzeX:zlzandzVz=y) (3)
r<y = (FzeX:zlrandzVz=y). (3)

In contrast to Janowitz [25], our orthogonality operation need not be symmetric. There-
fore, Janowitz’ main axioms (see (7)—(9) in [42]) split into pairs (1)—(1"), (2)—(2'), and
(3)—(3'). So the whole system (0)—(3’) is left—right symmetric with respect to the orthog-
onality relation.

For z Ly in X, we call x left orthogonal to y and y right orthogonal to x. If z 1y and
z < z,y, we can apply (1) and (1’) to obtain z1z. So (0) yields z = 0, which shows that
xly implies that x Ay = 0. Our first aim is to put the axioms into an operational form.

Proposition 1. The element z in (3) and (3') is unique.

Proof. By symmetry, it is enough to verify this for (3). Let 2’ € X be another element
with x 12" and x V 2’ = y. Then ¢ := 2 V 2’ satisfies Lt by virtue of (2'), and x V¢t = y.
By (3), there is an element v € X with z1lwu and 2z V u = t. Since x_Lu holds by (1’), the
implication (2) yields y = (x V z) Lu. Hence (1) gives uLu. So (0) implies that u = 0. So
z =t, and by symmetry, 2’ =t =2. O

Note that all axioms (0)—(3) have been used in the preceding proof. By (3) and
Proposition 1, every pair 2,y € X determines a unique element y~z € X with 2 L(y~x)
and

xV(y~Nz)=zVy. (4)

Thus y ~ z = (x V y) \ = can be viewed as a right orthogonal complement of z in the
interval [0,z V y]:

rVy

SN

Y~z (5)
./

If X is bounded, that is, X has a greatest element 1, each element x € X has a right
orthogonal x* =1~ x.



C. Dietzel et al. / Journal of Algebra 526 (2019) 51-80 55

Corollary 1. For z,y € X, the following are equivalent:

(a) zLly

(b) y~z=y
(¢c) JzeX:izNz>y.

If X is bounded, condition (c) can be replaced by x+ > y.

Proof. (a) = (b) follows by Proposition 1. The implication (b) = (c) is trivial.

(¢) = (a): By (1), zL(z \ z) > y implies that z_Ly.

If X is bounded, x_Ly implies that L (z* V y). So Proposition 1 yields z+ Vy = 2.
Conversely, z+ > y gives (c¢) with z =1. O

Corollary 2. If X is bounded, the following equivalence holds for x,y € X:

Ty = yLéxL.

Proof. By Corollary 1, we have 2t > y+ < 21yt & (z Vy)lyt & (z vyt >yt

Hence z < y implies that z+ > yt.
Conversely, assume that y* < zt. Since yL(z \ y), we have y* > z \ y. Thus
1 > oy, which gives z L (z~\y). So (2) implies that (zVy)L(z\y). Since zVy > z\y,

(1) gives (z N\ y)L(z N y). Hence (0) yields z \~ y = 0. By Eq. (4), we obtain x < y. O

Up to here, we have not used the last axiom (3’). It says that for a fixed y € X,
every © € X with z < y is of the form y \ z for some z < y. Now the interval [0, y]
satisfies all axioms (0)—(3"). Therefore, Corollary 2 implies that the map x — y \ x is
an order-reversing bijection [0, y] — [0,y]. If X itself is bounded, then (3’) implies that
the map = — = is bijective. If z — L& denotes the inverse map, this gives

Loty = (Ca)t =
So we obtain
Corollary 3. The V-semilattice X is a lattice. If X is bounded,
vyt =(z Ayt st Ayt =(z vyt
holds for all z,y € X.

Definition 1. A V-semilattice (X; 1) satisfying (0)—(3') will be called an orthogonality
lattice or simply a 1 -lattice.

We will represent any L-lattice as an L-algebra [38]. Recall that an element 1 of a set
X with a binary operation — is said to be a logical unit [38] if
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x—1=1, lsa=x (6)

and
r—r=1 (7)
hold for all z € X. By (7), a logical unit is unique. If X has a logical unit 1 and satisfies

(z=y)=(r=2)=@H =)= Y2 (8)

roy=y—zr=1= z=y (9)
for all z,y,z € X, then X is said to be an L-algebra [38]. The relation
rLyYy = zr—y=1

defines a partial order of X such that 1 is the greatest element. If the elements of
X are interpreted as logical propositions, and — as implication, then 1 stands for a
true proposition, while (9) characterizes logical equivalence (=) between propositions.
Beyond algebraic logic, L-algebras naturally arise in connection with Garside groups and
solutions to the Yang-Baxter equation [40].

Every L-algebra X embeds into an L-algebra C(X) which is a A-semilattice satisfying

z=>YANz)=@@—y A(z—z

~
—~
—
o
=

(zAy) = z=(z—>y) —

—~

T — z), (11)

such that every element of C(X) is of the form xy A -+ Az, with z; € X. Up to
isomorphism, the embedding X < C(X) is unique [39]. Note that Eq. (11) implies
Eq. (8) by the commutativity of A. An L-algebra X which coincides with C(X) will be
called A-closed. More generally, an equational structure (X; —) satisfying Eqgs. (6) and
(10)—(11) is said to be a semibrace [39]. By [39], Corollary 1 of Theorem 3, an L-algebra
X is A-closed if and only if X satisfies Egs. (10)—(11).

A semibrace need not be an L-algebra. The concept is derived from that of a brace
[37], a ring-like structure equivalent to a semibrace where A is a group operation. As the
operation A is idempotent for an L-algebra, adding Eq. (7) to a semibrace comes close
to a tropicalization [29].

To make a |-lattice X into an L-algebra, we define

T Y=Y\ (12)

for z,y € X. Since = \ z = 0, the logical unit will be 0. So the L-algebra axioms can be
rewritten as follows:
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r~Nx=0~Nz=0, x~N0=z (13)
@E~2)N(y~z2)=(@~y)~(zNy) (14)
rNy=y~Nz=0 = z=y. (15)

For example, the set-theoretic difference satisfies (13)—(15). A set X with a binary op-
eration \ satisfying (13)—(15) will be called a positive L-algebra, or simply an L™ -algebra.
For an LT-algebra (X;\) we introduce the opposite partial order

rT=y = y~z=0.

Thus each L-algebra (X; —) corresponds to a positive L-algebra (X°P; \), and vice versa.
Accordingly, we say that an Lt-algebra (X;\) is Y-closed if (X°P,—) is A-closed.

Alternatively, there is a multiplicative version x\y of the difference operation y \ z in
an LT-algebra. Here z\y stands for a left quotient with denominator z. Accordingly, 0
has to be replaced by 1. So (X;\) is identical with (X;—) except that the partial order
is inverted.

Proposition 2. Every L-lattice X is a Y-closed LT -algebra.

Proof. To make X into an LT-algebra, we replace < by < and V by Y. Then Egs. (10)
and (11) can be rewritten as

Yy Nz=(x~2)Y (y\2) (16)

N (yYz)=(r~z)N(y\2). (17)

For z,y,z € X, we have z L (x \ 2), (y \ z). Hence (2') gives

zl(x~N2)Y (y~2).

By Eq. (4),2Y (z~2)Y (y~ z) =2 Y zY y, which proves Eq. (16). Again by Eq. (4),
we obtain

yYzY ((@~2)N(y~2)=2Y({y~2) Y ((z~2)\(y~2)
=zY(y~2)Y(@~z)=2Y ((yYz)\2)

=xYyYz
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rTYyyYz

Y z xY N 2
y (xYy)

YNz (T~2)N (Y~ 2)

0

Furthermore, (y \ z)L(z \ z) \ (y \ 2). By (2) and (4), we have
zl(@x~N2)Y (y~z)=(z~z)N (v~ 2).

Thus (2) givesy Y 2z =2 Y (y~\ z)L(z ~ 2) N (y \ z). Whence Eq. (17) follows.

For any x € X, there is a unique element y € X with 0Y y = x, namely, y = x. So (3)
implies that 0Lz, which yields £ ~ 0 = z. On the other hand, there is a unique y € X
with z Ly and 2 Yy = . Since x Ay = 0, we get y = 0. Thus x_L0. This proves Egs. (13).
The diagram (5) shows that y ~ x = 0 is equivalent to y < . Whence X is a Y-closed
Lt-algebra. O

2. L-algebras with orthogonality

As mentioned above, L-algebras arise in three forms, originally with an implicational
arrow — as operation and a greatest element 1. In algebraic contexts, the operation may
stand for difference \ or (left) divisibility \. (We don’t consider symmetric counterparts
like right-divisibility / here.) In many cases, L-algebras arise as subalgebras of right
¢-groups (see Section 3). In their logical form (X; —, 1) they occur in the negative cone,
1 being the unit element of the group. The inversion z — z~! makes a right ¢-group
into a left one, with a new lattice order < (see Section 3) which coincides with < for
a two-sided f-group. Accordingly, the left counterparts of the lattice operations V and
A are written as Y and A, respectively. Under inversion, the L-algebra (X;—,1,<) is
mapped to an LT-algebra (X°P;\, 1, %), that is, < is changed into 3= (see [40], Section 2).
In its additive form, an LT-algebra (X;\,1) is written as (X;\,0), with difference x \ y
replacing the quotient y\z. For those working with Garside groups, where the quotient
notation is used within the positive cone, we remark that inversion z — z~! allows a
quick plunge into the negative cone, translating everything correctly into L-algebraic
terms.
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Whenever possible, we stick to L-algebras in their original form. Proposition 2 then
states that a A-closed L-algebra is obtained from the opposite of any L-lattice, where
L is replaced by a dual relation T with respect to a greatest element 1, and the lattice
operation V in (0)—(3’) is changed into A. Such a structure will be called a T -lattice. Thus
every L-lattice X = (X;L,V,0) can be regarded as a T-lattice X°P = (X°P; T A, 1),
and vice versa. In a T-lattice, the diagram (5) looks as follows:

The reader may translate the proof of Proposition 2 into T-lattices and L-algebras, to
make the logic behind orthogonality more visible.

Proposition 3. Every T-lattice X satisfies
= (x—y)=x—y.
Proof. This follows by the diagram (18) since zTx — (z — y) and
sA(z—(z—=y)=zA(z—=y)=zAy. O

By the left-right symmetry of (0)—(3’), there is a second A-closed L-algebra structure

(X;~) on any T-lattice X:
1

T~y x

N

AN

For a bounded T-lattice, we have a right orthogonal 7 := x — 0 and a left orthogonal

T2 := 2~ 0 such that

=(T2)" == (19)
By Corollary 1 of Proposition 1, the orthogonality relation in a T-lattice satisfies

2Ty <= zoy=y < ' <y.
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Definition 2. We define an L-algebra with orthogonality or simply an O L-algebra to be a
A-closed L-algebra X such that the following are satisfied for z,y, 2z € X:

(a) f z - 2 <y, thenz — y =y.
(b) If z < y, there is a unique z > x with z — z = y.

For an OL-algebra X and z,y € X, we define orthogonality by
Ty <= == y=1y.

Theorem 1. Every OL-algebra is a T-lattice, and vice versa. For x,y,z € X with z <
x Ay, the following equations hold:

zA(x—=y)=zANy. (20)
(xAy)—=z=(r—2)V(y— 2). (21)

Proof. Let X be an OL-algebra. For z,y € X, we have x — y <  — y. So Definition 2(a)
gives

= (z—y)=z—y.

Hence (z Ay) = (z = y) = (x = y) = (z — (z = y)) = 1 by Eq. (11), which yields
Ay < x — y. On the other hand, (:E/\(x%y)) =y = (m% (x%y)) = (z—y)=1.
So we obtain Eq. (20).

Next we show that

r<y <= y—>2<r =2 (22)
holds for z <  Ay. Thus y — z < y — z. By Eq. (20), z < y yields
y—=z=Y—=a)ANy—2)<y—z)o(y—=2)=@—y)—(t—2)=z— 2

Conversely, assume that y — z < # — z. By Definition 2(b), there exists a unique
t>2y—zin X witht — (y = 2) =2 — z. Thus (a) yields y — ¢ = t. Hence

(Yynt) s z=@Wy—-t) 2 y—oz2)=t—=(y—=2)=x— 2

By Eq. (20), z=y Az <y — z <t Soweobtain (yAt) =z =22 — z, with z < y At
Therefore, the uniqueness part of (b) yields z =y At < y. Thus (22) is verified.

The inequality > in Eq. (21) follows immediately by (22). To prove the converse,
assume that (z — 2z) V (y — z) < ¢ for some ¢ € X. By Definition 2(a), this implies that
x —t=y—t=t Since u:=x Ay At <t, condition (b) gives a unique v > u in X
withv - u =1t Hence z »u <z —t=t=v— uand u <z Av. Thus (22) yields
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v < x. By symmetry, v < 2 A y. Furthermore, z = 2 A z <  — z < t. Again by (22), we
obtain (z Ay) - u < v — u. Whence (x Ay) - 2 < (x Ay) = u<v—u=t So the
proof of Eq. (21) is complete.

Now let us verify the axioms (0)—(3'), adapted to a T-lattice. First, we have zTx <
xr — ¢ =1z < x =1, which gives (0). Weset t := x Ay A z. If © > yTz, then Eq. (21)
gives

z=y—ozzy—>t=(@Ay) ot=(x—-t)Vy—t) 2zt

So Definition 2(a) implies (1). If 2Ty < z, then © — y = y < z, and thus (a) gives (1').
To verify (2), assume that z,yTz. Then Eq. (21) yields

(xAy)—st=@—=)Vy—-t)<(z—2)V(y—2) ==z

Thus (z Ay) T z. Condition (2) follows by Eq. (10), and (3) follows by Eq. (20). Further-
more, (b) and (a) imply (3').

Conversely, assume that X is a T-lattice. By Proposition 2, this implies that X is a
A-closed L-algebra. So it remains to verify (a) and (b) of Definition 2. If z — 2z < y, then
2T (z = z) < y. Thus (1') yields (a). Furthermore, (b) is an immediate consequence of
(3') and Proposition 1. Thus X is an OL-algebra. 0O

Corollary 1. Let X be a bounded OL-algebra. Then — is given by the Sasaki arrow [/]5]:
r—oy=(@xAy)Va'. (23)

Furthermore, X satisfies the orthomodular law:
r<y = (@Vy )Ay=(zV y)Ay=uz (24)

Proof. The inequality (zAy)Vaz' <z — y follows by Eq. (20). Conversely, assume that
(xAy)VaT <t for some t € X. Then Definition 2(a) with z = 0 implies that x — ¢ = t.
Hence 1 = (z Ay) =t =(x = y) = (x = t). Thus © — y < © — ¢t = ¢, which proves
Eq. (23). To verify (24), assume that = < y. By Eq. (23), this givesy -z =2 Vy'. By
left-right symmetry, (24) follows by Eq. (20). O

TT

Corollary 2. The map x — ' ' is an automorphism for any bounded OL-algebra X .

T < > y. Hence 2T TT (x — y)TT, and thus

)TT —

Proof. For =,y € X, we have z
zT T T (x — y)" . Furthermore, Corollary 3 of Proposition 1 gives 7T A (z — y
@Az —=y)"TT=@Ay) T T=2TTAy"T.S0 (3) yields (z = y)' T =2"T —yTT. O
Corollary 3. Let X be a bounded lattice with a permutation x — x' and its inverse
x— "x. Then X is a T-lattice if and only if the following are satisfied for x,y € X :
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(a) s<y < a2 >y’

b) zAzT =0
() x<y = (@Vy )Ay=(zV Ty Ay=u.

Proof. By Corollary 2 of Proposition 1, every T-lattice satisfies (a). With y = 0, Eq. (20)
gives (b), while (c) follows by Corollary 1.

Conversely, assume that (a)—(c) hold. Define 2Ty :<> zT < y. Then 2Tz implies that
2" = 0, which proves condition (0) for a T-lattice. If z > y and y" < z, then (a) gives
rT < y' < 2, which yields (1). Furthermore, (1) and (2') are trivial. If 7 < 2 and
y' < z, then (a) implies that (zAy)T =27 Vy" < z. Thus (2) is valid. The implications
(3) and (3') follow by (c). Thus X is a T-lattice. O

Note that (b) implies that zVz " = 1. Corollary 3 shows that an orthomodular lattice
[27] is the same as a T-lattice with an involutive map x + 2 ". For bounded O L-algebras,
the conditions of Definition 2 can be simplified:

Proposition 4. A A-closed L-algebra is a bounded OL-algebra if and only if X has a
smallest element 0 such that the following are satisfied for all x,y € X, where x| :=

xr— 0

a e map x — ' is bijective.
Th T - b.. t.
() 2" <y" = y<a.

() 2" <y = r—=y=y.

Proof. The necessity follows by Corollary 2 of Proposition 1 and Definition 2(a).

Conversely, assume that (a)—(c) are satisfied. Then Definition 2(a) follows by (c). So
we get Eq. (20) as in the proof of Theorem 1. To verify Definition 2(b), assume that = < y.
If x — T2 denote the inverse map of x — o7, then z := Ty Vx satisfies 2T = yAx’ <y.
Hence z — y = y. Furthermore, * < y gives y' < x'.Soy — 2" = z'. By Eq. (20),
y'V(yAz') <y —x'. Assume that y' V (yAxT) <t for some t € X. Then y' <t
gives y —»t =1t, and

1:(y/\xT)%t:(y%xT)%(y%t),

which yields y 2" <y —t=t. Soy =2’ <y ' V(yAz'). Hencez" =y —» 2" =
y' V(yAxT), and thus z = y A z. Consequently, z - x =2 — (yAz) =2z =y =1y. So
z satisfies (b) of Definition 2, except for the uniqueness.

To show that z is unique, let z,¢ > = be elements in X with 2z - =t — & = y. Then
(zAt)T = 2T vtT < y. Furthermore, there is an element u > z At with u — (2 At) = 2.
Hence u' < zand u' < (2 At)" <y, whichyieldsu' < zAy=2A(z = z)=2A1<
zAt<wu. Thus (c) givesu=u —>u=1.Sot>zAt=u— (2At) =z By symmetry,
z=1t1. 0O
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3. The structure group

Recall that a group G with a partial order < is said to be right partially ordered [21]
if

TLY = T2z L Y2

holds for z,y,2z € G. If (G;<) is a lattice, G is called a right £-group [40]. With the
partial order

Y = y_1

<,
every right ¢-group becomes a left {-group, that is, a right ¢-group with respect to the
opposite multiplication. So there are two lattice structures on any right ¢-group G, which
coincide if and only if G is a lattice-ordered group (an £-group for short).

Right ¢-groups with a total order, introduced by Paul Conrad [11] as right ordered
groups, are important in algebraic topology [3,4,34,35,47,10]. In particular, right order-
ability of 3-manifolds is of interest here [4]. Garside groups [14,13,15] are special right
¢-groups which need not be right orderable. The structure group [20,28] of a finite in-
volutive set-theoretic solution of the Yang-Baxter equation is Garside [7,9], but right
orderable only in case of a multipermutation solution [8,1].

The negative cone

G ={zeG|lz<1}

of a right /-group G is an L-algebra with respect to each of the two operations
r—y=yr AL r~oyi=(y tevi1)Th (25)
The induced partial orders on G~ are
rLy<==zx—y=1, Ty <= r~y=1

An element u € G is said to be normal [40] if uG~u~ = G~, or equivalently,

TLY &= ur<uy
for all z,y € G. In the context of Garside groups, normal elements are also called balanced
[22]. The normal elements of a right f-group G form an ¢-group ([41], Proposition 5), the
quasi-centre N(G) of G. A normal element u > 1 in N(G) is said to be a strong order

unit [40] if each x > 1 satisfies x < u™ for some n € N. Note that normal elements v € G
satisfy
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for all z € G.

Mundici [31] proved that an abelian ¢-group with a distinguished strong order unit w is
equivalent to an MV-algebra [6], given by the interval [1, u]. This result was generalized
to non-commutative ¢-groups by Dvurecenskij [18]. For our present purpose, we need
an extension to right ¢-groups [40], where the role of the MV-algebra is taken by a
right brick, a set X with binary operations — and ~ such that (X; —) and (X;~) are
L-algebras with the same logical unit 1 and a simultaneous smallest element 0. With

z" ;=2 —=0and "z :=x~ 0, the following are required to hold for all z,y € X:
(Te)' =2 (26)
TaT =y =Cz=TyT (27)
zo@oy) =y y~a)’ (28)
@ —=y) =y~ "y — ). (29)

In [40] it was shown that the symmetric counterparts

M)

T

T
T( T (T(t’\/)—ry

al~oyl) = )’

of (26) and (27) are also valid in a right brick. By [40], Theorem 3, every right brick
X embeds into a right /-group G with a strong order unit u such that X = [u~1,1].
Eq. (27) can also be written as

@—=y) T =TT 5y,
and the symmetry in Eqgs. (28)—(29) with respect to  and y is explained by

e"Vyl =z = (z~y)T

Tany) =z~ T(x—y).
Proposition 5. Every bounded OL-algebra is a right brick.
Proof. Eq. (26) is a consequence of Proposition 4. Eq. (27) follows by Corollary 2 of
Theorem 1. By definition, z ~ y is given by the relations (x ~ y)Ta and (z ~ y) Ax =
x Ay. Hence (z ~ y)" < z. By (24), this implies that ((z~y)T VaT)Az=(z~y)".

Since (z~ y) Ax =z Ay, we have (z~ y)" Vo' = (zAy)". Thus

(@~y)" =(xAy" Az
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So Eq. (10) yieldsx—)(x'\»y)—r:m—)(x/\y

) (= (@AY A (z—z)=
r— (xAy)'. Since x Ay < z, we have 27 < (zAy)'.
)~

ence T (x Ay)', and thus
r— (zAy)" = (xAy)". So we obtain z — (v~ y) T y) "
Now Eq. (29) follows by the left-right symmetry of (0

He
(x Ay) ", which proves Eq. (28).
(3). o

To take profit from Proposition 5, we recall the construction of the structure group
G(X) of an L-algebra X. For details, we refer to [38]. First, an L-algebra X is said to
be self-similar [38] if for any x € X, the map y — (x — y) is a bijection from the lower
set Jx :={y € X |y < z} onto X. Equivalently, this means that X has an associative

multiplication with unit element 1 such that the following are satisfied for z,y,z € X:

T yr=y (30)
xy—z=x— (y = 2) (31)
(= y)e=(y = x)y. (32)

It is easily checked that these equations imply that (X; —) is an L-algebra. For 2,y € X,
the product zy is the unique element z < y with y — z = x. By [38], Proposition 4,
every self-similar L-algebra is A-closed, with

rAy=(z—ylz=(y— )y (33)

Up to isomorphism, any L-algebra X admits a unique embedding into a self-similar
L-algebra S(X), generated as a monoid by X, the self-similar closure of X. Eq. (30)
shows that the monoid S(X) is right cancellative, and Eq. (32) implies the left Ore
condition. So S(X) has a group of left fractions G(X), the structure group [38] of the
L-algebra X, and there is a natural map ¢y : X — G(X). The structure group, intro-
duced by Etingof et al. [20] in connection with solutions to the Yang—Baxter equation,
is a special case ([40], Section 4). If X is a right brick, ¢ is an embedding so that S(X)
identifies with the negative cone of G(X).

Definition 3. Let G be a right ¢-group. We call a strong order unit u € G very strong if
the partial orders < and < coincide on the interval [1, u].

As a consequence of Proposition 5, we obtain

Proposition 6. Let X be a bounded OL-algebra. There exists a right {-group G(X) with
a very strong order unit u such that the interval [u=t,1] — G(X) is isomorphic to X .

Proof. By Proposition 5 and [40], Theorem 3, X embeds into a right L-group G(X) with
a strong order unit u such that X can be identified with the interval [u~!,1] in G(X).
For x,y € [1,u] we have =1, y~! € [u™!,1] and (z71)T = w~ 'z A1 = u~lz. Hence
ry<=yli<rl= @) <@y H «—=uvlz<uly<=2<y Thusu is a

very strong order unit. O
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Under the map x + z~1, the interval X = [u~1,1] in G(X) is transformed into an
Lt-algebra [1,u] C G(X) which is isomorphic to X°P.

Theorem 2. Let X be an OL-algebra. Then G(X) is a right £-group. In particular, G(X)
is a two-sided group of fractions of S(X), with S(X) = G(X)~.

Proof. For any « € X, the upper set Tz := {y € X |z < y} is a T-lattice, hence a
bounded OL-algebra, an L-subalgebra of (X; —) and (X;~). Note that by (3'), the two
operations are related by

(r—=y)~y=uz,

for z > y in X. In the proof of [40], Theorem 3, it was shown that the self-similar closure
S(Y) of any right brick Y coincides with the negative cone of the structure group G(Y).
So S(Y) is a right ¢-cone in the sense of [40], Definition 2. Thus Proposition 5 implies
that S(tx) = G(fz)~ for all z € X. By [38], Theorem 3, S(t) can be identified with
the submonoid of S(X) generated by tx. So the direct union S(X) = lim S(tz) is a
right ¢-cone. Thus [40], Theorem 1, yields S(X) = G(X)~. In particular, G(X) is a right
{-group. Since any right f-cone is left and right cancellative and satisfies the left and
right Ore condition, G(X) is a two-sided group of fractions of S(X). O

4. Measures on LT-algebras

Let X be an L*-algebra. In what follows, we write the operation . multiplicatively,
that is, we pass to the operation

x\y:=y~zx

with 1 instead of 0. We say that X is self-similar if the L-algebra X°P is self-similar. So
there is a natural embedding X < S(X) into a self-similar L*-algebra S(X) which is
obtained from S(X°P) by inverting the partial order and the multiplication:

S(X)°P = S(X°P).

We call S(X) the self-similar closure of X. Eqgs. (30)—(32) in S(X°P) translate into the
following equations in S(X):

z\zy =y (34)

zy\z = y\(z\2) (35)

z(@\y) = y(y\z). (36)

Note that for the difference operation, Eq. (35) takes the more natural form
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zNay=(zNx)\Yy,

which partly explains why it is natural to invert the multiplication in passing from
S(X°P) to S(X). More importantly, this convention enables us to identify G(X) with
G(X°P). Indeed, there is a commutative diagram

xor IX, q(xop)
1x )

q+
X —5 GaX)

where the identity map 1x inverts the partial order and the multiplication, while i(a) :=
a=! for a € G(X°P). The map i carries the negative cone G(X)~ to the positive cone
GX)t :={a e G(X)|a > 1}, with

a\b:=(a ' = b H~ L

The partial order < in G(X)~ is transformed into the partial order > in G(X)*, in
accordance with our convention to denote the partial order of an L*-algebra X by <,
and to speak of Y-closed L*-algebras. We call G(X) the structure group of X. It is
equipped with the canonical map q}: X — G(X), given by q} = igy. In case that
the structure group G(X) of an LT-algebra X is abelian, we use the operation ~\ in X
instead of its multiplicative counterpart.

Example. Classical logic is encapsulated in the Boolean algebra B := {0,1} = PB(2), the
subobject classifier of the topos of sets [30]. With respect to set-theoretic difference, B
is an LT-algebra. Its self-similar closure is the L-algebra (N;,+) of natural numbers,
with

a—b fora>b
a~b:=
0 for a < b.

The structure group G(B) is Z, the additive group of integers.

Definition 4. Let X be an L™-algebra. We say that z is left orthogonal to y and y is right
orthogonal to x, written xz Ly, if z\y = y.

Viewed in S(X), the internal condition 2 Ly can be expressed, more symmetrically, by
xy = Y y. Since z(x\y) = x Y y, the equivalence follows since S(X) is left cancellative.
Thus z Ly expresses a certain disjointness of the factors in zy.

The following result suggests a generalization to arbitrary L-algebras.
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Proposition 7. Let X be a L-lattice. Then x1ly holds in X if and only if the product
xy € S(X) belongs to X.

Proof. If x 1y, then zy = x Y y € X. Conversely, let x,y € X be elements with zy € X.
By Proposition 3 and Eq. (34), z\y = z\(z\zy) =z\zy =y. O

Definition 5. Let M be a monoid, and let X be a (positive) L-algebra. We define a
measure of X with values in M to be a map u: X — M satisfying p(1) = 1 and

plzy) = plx)p(y)
for all z,y € X with xy € X.

For example, the embedding X < S(X) of an L-algebra X into its self-similar closure
S(X), as well as the natural map gy : X — G(X), are measures on X.

Theorem 3. Let M be a monoid, and let X be a Y-closed LT -algebra. Every measure
w: X = M admits a unique extension to a measure on S(X) with values in M.

Proof. For an integer n € N, let S,,(X) C S(X) be the subset of all a € S(X) which
can be written as a = 1 -+ -z, with 2; € X. Thus Sp(X) = {1} and S1(X) = X. We
proceed by induction on n. By Eq. (35) and [38], Proposition 5, the implication

be Sp(X) = a\be S,(X)

holds for all a € S(X) and n € N. Hence S,,(X) is an LT-subalgebra of S(X). By [38],
Proposition 5, the equation

a\bc = (a\b) ((b\a)\c) (37)

holds in S(X).

Now assume that p has been extended to some S, (X) with n > 1, such that p(xa) =
p(z)u(a) holds for all x € X and a € S,(X) with za € S,(X). Then any element of
Sp+1(X) is of the form za with z € X and a € S,,(X). Hence, an extension to Sy4+1(X)
must satisfy

p(za) = p(z)p(a),

which proves the uniqueness assertion of the theorem. Thus, assume that xa = yb for
some z,y € X and a,b € S,(X). We show that

(@) p(a) = pu(y)p(d). (38)

By Egs. (35) and (37),
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za\yb = a\(z\yb) = a\(z\y) ((¥\z)\b) = (a\(x\y)) (((\y)\@)\((y\x)\b))-

Hence za = yb is equivalent to a = x\y and (x\y)\a = (y\z)\b. So za = yb if and only if
(x\y)\a = (y\z)\b together with a = z\y and b = y\z. Thus ¢ := (z\y)\a = (y\z)\b €
Sn(X). By Eq. (33), this gives (z\y)c = (z\y) Y a = a, and similarly, (y\z)c = b.
Thus, by assumption, u(a) = p(x\y)u(c) and w(b) = p(y\z)u(c). Since X is Y-closed,
this implies that p(z)u(a) = p(x)u(x\y)u(c) = p(x Y y)u(c). By symmetry, this proves
Eq. (38). Therefore,

p(za) = p(z)u(a) (39)

extends p unambiguously to Sy41(X).

Now assume that x € X and a € S,41(X) such that za € S,11(X). To com-
plete the inductive step, we have to show that u(xa) = p(z)u(a). Choose y € X
and b € S,(X) with za = yb. As above, we have ¢ := (y\z)\b € S,(X). Hence
u(®) = p(W\e)e) = py\r)u(c), and thus p(za) = p(y)u®) = wly)uy\e)uc) =
pe)p(@\y)p(c) = w@)p((z\y)e) = p(x)u(a). So Eq. (39) holds for all z € X and
a € S(X).

Finally, let a,b € S(X) be arbitrary. We prove that

p(ab) = p(a)u(b).

For a € X, this follows by Eq. (39). Thus, assume that a = z¢ € S,,+1(X) and ¢ € S, (X).
Then p(ab) = p(xch) = p(x)p(ch). By induction, we can assume that p(cb) = p(c)u(b).
b

So we obtain u(ab) = p(x)u(c)u(b) = p(a)u(d). O

Note that S(S(X)) = S(X) holds since S(X) is self-similar [38]. Therefore, a measure
on S(X) is just a monoid homomorphism.

Corollary. Every measure pu: X — G on a Y -closed L' -algebra X with values in a group
G admits a unique extension to a group homomorphism p: G(X) — G, and any G-valued
measure on X arises in this way.

Proof. This follows since G(X) is a group of right fractions of S(X). O
5. Right singular right £-groups

Theorem 3 and its corollary show that the natural map ¢y : X — G(X) of a Y-closed
LT -algebra X is universal among the group-valued measures u: X — G. We will use
this fact to establish a connection between |-lattices and right ¢-groups.

Definition 6. Let G be a right ¢-group. We call an element s € G~ right singular if the
implication
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s<ab = ab=aANb

holds for all a,b € G~. The set of right singular elements will be denoted by X,.(G). We
say that G is of right singular type if X,(G) is closed with respect to A and generates G
as a group, such that x <y implies x < y for all z,y € X,.(G).

By Egs. (33), s € G~ is right singular if and only if s < ab implies that a is right
orthogonal to b. For convenience, we extend the definition to positive elements, defining
s € GT to be right singular if s~ is right singular, or equivalently, if

ab<s = ab=aYd

holds for all a,b € GT. For {-groups, this definition coincides with the classical one,
except that we do not exclude the unit element (see [2], 11.2.9, or [12], Definition 6.9).
Moreover, the set of singular elements in the positive cone of an ¢-group G is V-closed.
By [12], Proposition 55.11, an ¢-group G is of right singular type if and only if G is a
Specker group, hence a subgroup of some cardinal power Z! (see [12], Theorem 55.14).

Proposition 8. Let G be a right £-group, and let w € G be a strong order unit. Then
any right singular element s € G~ is of the form s =xy A+~ Az, with u™ < x; < 1.

Proof. There is an integer n > 2 with «=™ < s. Since u*I(UI*" Vs)=u"V uls < s,
we have 1= s(u!™" VvV s)7l € [u7!,1] and u!™" < u'"" Vs < 1. Hence s = z(u!™" V s)

implies that s = x A (u!~" V s). Now the statement follows by induction. O
Next we show that the structure group of an OL-algebra is a complete invariant.

Theorem 4. Let X be an OL-algebra. The structure group G(X) is of right singular type,
with X, (G(X)) = X, and any right {-group of right singular type arises in this way.

Proof. Let X be an OL-algebra. By Theorem 2, G(X) is a right ¢-group, a two-sided
group of fractions of its negative cone S(X). Let s € G(X)~ be right singular. Suppose
that s ¢ X. Then s = za with € X \ {1} and a € S(X). Hence s = z Aa. So a is again
right singular. By induction, we can assume that a € X. Hence s € X, which proves
that X, (G(X)) C X. Conversely, assume that € X and = < ab for some a,b € S(X).
By [38], Proposition 5, this gives 1 =2 — ab= ((b = z) — a)(z — b). Thus = < b and
b — x < a, and Proposition 6 implies that a,b € X. By Theorem 1, b — a = a. So we
obtain ab = (b — a)b = a A b. Whence z is right singular. Thus X, (G(X)) = X.

In particular, X, (G(X)) is A-closed and generates G(X) as a group. Let x,y €
X, (G(X)) be singular elements with z < y. By Definition 2(b), there is an element
z>2xin X with 2 > 2 = y. Hence x = 2 Az = (2 = x)z = yz < y. This proves that
G(X) is of right singular type.
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Conversely, let G be a right ¢-group of right singular type. We show that X := X,.(G)
is an OL-algebra. Note first that X is a sublattice of G. For z,y € X, this implies
that t Ay = (x = y)z = (x = y) ANz < 2 — y. Hence X is an L-subalgebra of G~.
For z,y,z € X, assume that ¢ — z < y. Then z A z = (x — 2)z < yzx, which yields
yr =x Ay = (x — y)z. Hence x — y = y. This establishes condition (a) of Definition 2.
To verify (b), let x,y € X be singular elements with z < y. We have to find an element
z € X with z > z and z — 2 = y. Such an element is unique, because x = z Az = (z —
x)z = yz. Since z < y, we have £ = 2 A y = y(y ~ x). So the element z :=y~ x € X
satisfies © = yz. Hence z < z and z = yz = y A z. By Eqgs. (25), we thus obtain
z—or=2z—(yYyANz)=2z—=y=yz ' Al=(yAz)z! =221 =y Thus X is an
O L-algebra.

For any pair 2,y € X, we have (x ~ y)Tz and (z ~ y) Az = z Ay. Hence (z ~
y) = x =z, and thus z(z ~ y) = (z ~y) > z)(@~y) = (r~y) Az =z Ay. By
symmetry, we obtain x(x ~ y) = y(y ~ z), that is, 27y = (x ~ y)(y ~ )" L. If S
denotes the set of all products z; - - -z, € G with x; € X, this implies that every element
of G is of the form ab=! with a,b € S. By [40], Theorem 1, (G—;—) is a self-similar
L-algebra. Hence

a—be=((c—a)—b)(a—c) (40)

holds for a,b,c € G~ (see [38], Proposition 5). Together with Eq. (31), this shows that
a — b with a,b € S belongs to S. For any ¢ € G, the representation ¢ = ab~! with
a,b € S gives a = ¢b. Hence Eq. (30) yields c = b — a € S. Thus G~ = S. By [38],
Theorem 3, S = S(X). This proves that G 2 G(X). O

Corollary. Up to isomorphism, there is a one-to-one correspondence between bounded
OL-algebras and right £-groups with a right singular very strong order unit.

Proof. By Proposition 6, every bounded OL-algebra X embeds as an interval [u~—1, 1]
into its structure group G(X) such that u is a very strong order unit of G(X). Thus u
is right singular.

Conversely, let G be a right ¢-group with a right singular very strong order unit w.
Then Proposition 8 implies that [u~!,1] = X,.(G). Since u is a very strong order unit,
the partial orders < and < coincide on [u~!,1]. Hence G is of right singular type, and
G can be identified with the structure group G(X,(G)). O

Let us write Gr, for the category of right ¢-groups, with group homomorphisms re-

specting the A-semilattice structure as morphisms. By LAlg we denote the category of
L-algebras. Morphisms are maps f: X — Y which satisfy

fl@—=y)=flz) = fy)
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for all z,y € X. By Eq. (7), this implies that f(1) = 1. We show first that Gr, can be
regarded as a full subcategory of LAlg.

Proposition 9. The functor G — G~ gives a full embedding Gry — LAlg.

Proof. Every morphism f: G — H of right ¢-groups induces a monoid homomorphism
f~: G= — H~,and f is determined by f~. By Eqgs. (25), f~ is a morphism of L-algebras.
Conversely, let g: G~ — H~ be a morphism of L-algebras. For a,b € G~, Eq. (30) gives
g(a) = g(b — ab) = g(b) — g(ab). Hence g(a)g(b) < g(ab). On the other hand, Eq. (40)
yields

g(ab) = g(a)g(b) = ((9(b) — g(ab)) — g(a)) (g(ab) — g(b))
= (g(b — ab) — g(a))g(ab — b) = 1.

Thus g(ab) < g(a)g(b), which shows that g is a monoid homomorphism. Thus g extends
uniquely to a group homomorphism f: G — H.

By [40], Theorem 1, G is a two-sided group of fractions of G~. Hence every pair of
elements a,b € G admits an element ¢ € G~ with ac,bc € G~. By Egs. (33), g is a
morphism of A-semilattices. So f is a morphism of A-semilattices. Whence f € Gr,. O

In Gry, we consider the subcategory S,.Gr; of right /-groups of right singular type, with
morphisms which map right singular elements to right singular elements. By OLAlg we
denote the full subcategory of OL-algebras in LAlg, and we write OSL for the category
of T-lattices, with morphisms f: X — Y satisfying f(x Ay) = f(z) A f(y) and

eTy = f(@)Tf(y) (41)
for all z,y € X.

Theorem 5. The categories OSL, OLAlg, and S, -Gr,, with their natural morphisms, are
mutually equivalent.

Proof. Let us start with the more obvious equivalence OSL ~ OLAlg. By Theorem 1, the
two structures live on the same set. Thus, let f: X — Y be a morphism of T-lattices.
Since f respects meets, the diagram (18) with (41) implies that f is a morphism of
L-algebras. So f € OLAlg. Conversely, assume that f € OLAlg. Then (41) follows since
2Ty rz—y=y. Asq f: X - Y — G(Y) is a measure, Eqgs. (33) imply that ¢ f is
a morphism of A-semilattices. Hence f € OSL.

Now let f: X — Y be a morphism of OL-algebras. Since ¢y f: X — G(Y) is a
measure, the corollary of Theorem 3 implies that f gives rise to a commutative diagram
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|

q
ax) EY), qivy

f

—Y

X dy

with a group homomorphism G(f). By Theorem 2, G(X) is a two-sided group of fractions
of S(X) = G(X)~. Thus G(f) restricts to a monoid homomorphism S(f): S(X) —
S(Y). By Egs. (31) and (40), every element x1 - -z, — y1 - - - Ym With x;,y; € X can be
represented as a term in the z;, y; with — and multiplication as operations. Hence S(f)
is a morphism of L-algebras. By Proposition 9, this implies that G(f) is a morphism of
right /-groups. So we obtain a functor G: OLAlg — S, Gr,.

Conversely, every morphism g: G — H in S, Gry induces a morphism X,.(g): X,.(G) —
X, (H) of L-algebras. So the equivalence OLAlg ~ S,.Gr, follows by Theorem 4. O

6. Examples

Let K be a skew-field with an involutive anti-automorphism A — A\*, and let H be a
left K-vector space with a sesquilinear form o: H x H — K, that is, ¢ is linear in the
first variable, additive in the second, and o(x, \y) = o(z,y)A\* holds for z,y € H and
A € K. For a subspace U of H, we define the left orthogonal *U := {x € H|o(z,U) = 0}
and the right orthogonal U+ := {z € H |o(U,z) = 0}. Assume that o is non-degenerate,
that is T H = H+ = 0. If H is finite dimensional, there is a unique automorphism v of
H with

o(z,vy) = oy, )" (42)
for all 2,y € H, the Nakayama automorphism [26]. Two-fold application of (42) yields

o(ve,vy) = o(x,y),
which shows that v is o-invariant. By Eq. (42), every subspace U of H satisfies

Ut =+wU) =v(tU). (43)

The subspaces U with (*U)* = U coincide with the subspaces of the form V. We call
them closed. The set X (H) of closed subspaces is closed with respect to intersection.
So X (H) is a complete lattice with set-theoretic intersection as meet. For U € X (H),

Egs. (43) give

v(U) =U*.
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Definition 7. Let K be a skew-field with an involutive anti-automorphism A — \*. We
say that a sesquilinear form ( ): H x H — K on a K-vector space H is orthomodular if
(') admits a Nakayama automorphism v, and

UteUvutt=H (44)
holds for all subspaces U of H. Accordingly, we call H = (H; ( )) an orthomodular space.

By Egs. (43), the sesquilinear form of an orthomodular space H is anisotropic, that
is, (z,z) = 0 implies x = 0 for all z € H. Indeed, a vector x € H with (z,z) = 0
satisfies * € H(Kz) N (tKz)t = v~} (Kx)* nv=}(Kz)*+ = 0. In particular, { ) is
non-degenerate. For an orthomodular space H, we introduce the orthogonality relation

ULV <= UcCctV < Ut>V.

If H is hermitian ((z,y)* = (y,x) for all z,y € H), the left and right orthogonals
coincide. By Soler’s theorem [24], the skew-field of scalars of a hermitian orthomodular
space with an infinite orthonormal sequence must be either R or C, or the skew-field H
of quaternions.

Proposition 10. Let H be an orthomodular space. Then X (H) is a bounded L -lattice.

Proof. The axioms (0)—(2') are easily verified. Let U,V be closed subspaces of H with
UcCV.Then UL(ULNV)and U+ (ULNV) = (U +U)NV = V. Since U = (LU)*,
Definition 7 gives U N U+ = 0. Thus (3) holds. Axiom (3') follows by symmetry. O

Remarks. 1. For example, every Frobenius algebra [32,33] is an orthomodular space.
By Proposition 10, the ideals form a L-lattice. More generally, Jans [26] considers
generalized Frobenius algebras A with an associative bilinear form and a Nakayama
automorphism. So the ideals of A form a L-lattice if they satisfy Eq. (44).

2. In case that H is a finite dimensional vector space over a field K with an anisotropic
symmetric bilinear form ( ): Hx H — K, the set X (H) of all subspaces of H is a modular
ortho-lattice [27]. The first author proved [17] that the structure group G(X(H)) is
isomorphic to the corresponding pure para-unitary group, that is, the kernel of the map
PU(H) — U(H), where U(H) is the automorphism group of the bilinear form, and
PU(H) is the group of para-unitary matrices over K[t,t~!] (see [17] for details).

For H :=R", equipped with the standard Euclidean inner product o(v,w) := v w,

nxn

PU(H) := {M(t) €K [t " M) MY = 1},

where M (t~!) is obtained by replacing ¢ by ¢t~1. The pure para-unitary group is the
subgroup



C. Dietzel et al. / Journal of Algebra 526 (2019) 51-80 75

PPU(H) = {M(t) € PU(H) : M(1) = 1}.

It has a right-invariant lattice-order with negative cone

nxn

PPU(H)” =PPUH) Nk [t7']
Now consider the lattice X ;(H) of finite dimensional subspaces of an orthomodular

space H. Let X1(H) be the set of subspaces of dimension at most 1. Thus P(H) :=
X1(H) ~ {0} consists of the points of the projective space associated to H.

Proposition 11. Let H be an orthomodular space. Then X y(H) is a positive O L-subalgebra
of X(H) with X1(H) as an LT -subalgebra.

Proof. Let U € X(H) be finite dimensional, with a basis {z1,...,z,}. Then the f; :=
(z;,—)* are linear forms on H with Ker f; = (Kz;)*, and U+ = (Kz1)*N---N(Kz,)t.
Hence dim H/U+ < n. As the elements of +(U+) are linear forms on H/U", it follows
that U = +(U+) € X(H). Thus X¢(H) is a modular sublattice of X (H). Therefore, X
is a positive OL-subalgebra of X (H) with

VU=U+V)nU*+

for U,V € X;(H). If U,V are one-dimensional with U # V, then U is of codimension 1
in U + V. Since [U, H] = [0, U], this implies that (U + V) N U+ is one-dimensional. If
U=V,then VU =UNU*=0. Thus X;(H) is an L-subalgebra. 0O

We will show that X (H) is completely determined by the L-algebra X;(H). Let X
be a set with an irreflexive binary relation L. For subsets A, B C X, we write ALB if
zlyforallz € Aandy € B.If x € X and A C X, we abbreviate {z} LA and AL{z} by
xl A and ALz, respectively. We define the left and right orthogonal of a subset A C X
to be

tA={zeX|zlA}, Al ={recX|Alx}.

Accordingly, we write ~x := +{z} and z* := {z}*. For brevity, let us call (X;1) a
1 -set. In particular, every subset of (X; 1) is a L-set.

Definition 8. We call a L-set X non-degenerate if there exists a permutation v of X such
that +(z1) = (t2)* = 2 and 2+ = Lv(x) holds for all z € X. The subsets of the form
A+ will be called closed.

Thus any subset A of a non-degenerate |-set X satisfies

At =1u(4A)

)
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and A is closed if and only if (+ A)* = A or equivalently, - (A1) = A. As any intersection
of closed subsets is closed, the closed subsets of X form an atomistic complete lattice
L(X). If no confusion is possible, we also write z for the atoms {z} of L(X). We call
them points. Since

ACB < Bt cAt (45)

holds for closed subsets A, B of X, the closed sets 2 with # € X are maximal among
the proper closed subsets. We call them co-points.

Proposition 12. Let X be a non-degenerate L-set. The following are equivalent:

(a) For closed sets A C B of X, the set A is closed in B.
(b) For closed subsets A C B in X, we have A=+(A*NB)NB=(*AnB)*NB.
(¢) L(X) is a L-lattice.

Proof. The axioms (0)—(2") follow by (45). The implications (c¢) = (a) = (b) are trivial.
(b) = (c): Since B+ C A+, we have Bt = (BNA+)tNAL thatis, B= (BNAt)VA.
Thus (3) holds. By symmetry, this implies (¢). O

Note that the equations in (b) are equivalent to the orthomodular law (24). For a
non-degenerate L-set X, we write X for the set of all points together with 0. By X we
denote the set of all elements of the form z{ V ---V z, with z; € X;.

Proposition 13. Let X be a non-degenerate 1 -set satisfying the equivalent properties
of Proposition 12. Then X; is a modular sublattice of L(X) if and only if X1 is an
LT -subalgebra of L(X). If these equivalent conditions hold, Xy = C(X).

Proof. Assume that Xy is a modular sublattice of L(X). For distinct 2,y € X, Propo-
sition 12 implies that y \ = := (z V y) Nz* is a complement of = in [0,z V y]. Hence
y~z € X;. So X is an Lt-subalgebra of L(X).

Conversely, let X; be \-closed. For a € X7 and z,y € X1, Eq. (17) givesy~ (z Y a) =
(y~a)~ (z~a). Thus, by induction, z~a € X; for all z € X; and a € Xy. Since x\a is
a complement of a in the interval [0,a V z], the length of [a,aV z] is 1 in X. Hence Xy is
an upper semimodular semilattice. So the Jordan-Dedekind chain condition holds [36],
which implies that the intervals [0,a] in X with a € X belong to Xy. Hence X is a
lattice. By (45), the intervals [0,a] in X; are lower semimodular. Hence X is modular.
By Proposition 2, L(X) is a Y-closed L*-algebra. So C(X;) = X;. O

Definition 9. We define a quantum set to be a non-degenerate L-set X for which L(X)
is a L-lattice with X; as an L*-subalgebra.
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For example, every set X with the trivial orthogonality relation
rly <= z#y

is a quantum set. The corresponding L*-algebra X7 is given by

0 forz=y
TNy =
x forx #uy.

Proposition 14. Let H be an orthomodular space. Then P(H) is a quantum set.

Proof. By Proposition 10, X (H) is a bounded L-lattice. Its Nakayama automorphism v
satisfies v(U) = UL+ and induces a permutation on the LT-algebra X;(H). Hence P(H)
is a non-degenerate _L-set. Since X ¢(H) is modular, Proposition 13 implies that P(H) is
a quantum set. 0O

In accordance with [40], Definition 8, we call a (positive) L-algebra X discrete if
X ~ {1} is an antichain. For example, the LT-algebra X;(H) of an orthomodular space
H or the LT-algebra X of a quantum set X is discrete.

Proposition 15. A quantum set X is uniquely determined by the L -algebra X;.

Proof. For z,y € X, wehavey~z = (zVy)Nat. Hencey~r =y <y Cat < xly.
Thus X is determined by X;. O

Therefore, quantum sets in the sense of Definition 9 are equivalent to a special class of
LT -algebras or L-lattices. The category of quantum sets and its connection with classical
set theory will be studied in a forthcoming article.

We conclude with a characterization of Garside groups arising from OL-algebras.
A quasi-Garside monoid [15] is a left and right cancellative monoid M which admits
a function A: M — N, non-zero on M ~ {1}, satisfying A(ab) > A(a) + A(b), such
that any pair of elements has a left and right lem and left and right ged. Further-
more, it is assumed that there is a Garside element, an element A for which the left
and right divisors form the same set S which generates M. If S is finite, M is said to
be Garside. The group of left fractions of a Garside monoid is said to be a Garside
group.

Equivalently, a quasi-Garside group can be defined to be a right ¢-group G with a
strong order unit A such that G is bounded atomic, which means that every a € G
is a finite product a = x;---x, of minimal z; > 1 (atoms) such that n is bounded
for each a. The following result extends [40], Theorem 3, to a wider class of Garside
groups.
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Proposition 16. The structure group G(X) of an OL-algebra X is a Garside group if and
only if X is finite.

Proof. Assume that X is finite. Then X is bounded, hence an interval [u~1,1] in S(X)
with a strong order unit u. Let m be the maximal length of a chain in X. So there is no
representation s~! = x1 -z, with ; < 1 and n > m. For any a € S(X) there exists
an integer n > 0 with s™™ < a. Thus sa > a V s'™", which shows that the length of the
interval [a,a V s'7"] is at most m. By induction, we infer that S(X) is bounded atomic.

Hence G(X) is a Garside group. The converse is trivial. O

As there are no anisotropic bilinear forms of rank > 3 over a finite field ([46], I,
Chap. IV), most of the Garside groups of Proposition 16 do not arise from an ortho-
modular space. Those with symmetric orthogonality can be constructed via Greechie
diagrams [23]. The simplest example with a non-symmetric orthogonality relation is
given by the bilinear form

(,y) == 2191 + T1Y2 + T2Y2

in F%, where (é)J_((l))J_(})J_(é)

A sesquilinear example is obtained from the bilinear form

(,y) == 191 + az1y2 + T2y

on F%, where the field Fy = Fa(a) with o = a + 1 is equipped with the Frobenius
involution a — a?. Here the orthogonality relation gives the cycle

(o)LL) LG LG L)

A wide class of Garside groups consists of the structure groups of finite quantum sets.
For example, the set X = {a,b,c,d,e} with at = {c,e}, b+ = {c,d}, ¢+ = {a,b,d, e},
dt = {a,c}, and et = {b,c}, is a quantum set with permutation v = (ab)(de) and
L*-algebra X given by the following table:

o 0 oe|l/
o o 0 o ol
QU UL O O >
o QO el
QOO 2 |
O >0 o oo
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The corresponding L-lattice L(X) is

Since Xy is modular for any quantum set X, the structure group G(X) is a mod-
ular Garside group. By [40], Theorem 5, the corresponding discrete LT-algebra X; is
characterized by the property

TNY=Y\NT = =Y

for all non-zero x,y € X;. Quantum sets thus correspond to a subclass of these
L*-algebras. For example, the LT-algebra X = {0,1,2} with 1N2=2and 21 =1
has no orthogonality relation between 1 and 2. So it does not belong to a quantum set.
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