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1. Introduction

During many years the theory of Lie superalgebras has been actively studied by many mathemati-
cians and physicists. A systematic exposition of basic Lie superalgebras theory can be found in [9].
Many works have been devoted to the study of this topic, but unfortunately most of them do not deal
with nilpotent Lie superalgebras. In works [2,7,8] the problem of the description of some classes of
nilpotent Lie superalgebras has been studied. It is well known that Lie superalgebras are a generaliza-
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tion of Lie algebras. In the same way, the notion of Leibniz algebra, which was introduced in [11], can
be generalized to Leibniz superalgebras [1,10]. Some elementary properties of Leibniz superalgebras
were obtained in [1].

In the work [8] Lie superalgebras with maximal nilindex were classified. Such superalgebras are
two-generated and its nilindex is equal to n +m (where n and m are dimensions of even and odd
parts, respectively). In fact, there exists a unique Lie superalgebra of maximal nilindex. This super-
algebra is a filiform Lie superalgebra (the characteristic sequence is equal to (n — 1,1 |m)) and we
mention about paper [2], where some crucial properties of filiform Lie superalgebras are given.

For nilpotent Leibniz superalgebras the description of the maximal nilindex case (nilpotent Leibniz
superalgebras distinguished by the feature of being single-generated) is not difficult and was done
in [1].

However, the description of Leibniz superalgebras of nilindex n 4+ m is a very problematic one and
it needs to solve many technical tasks. Therefore, they can be studied by applying restrictions on their
characteristic sequences. In the present paper we consider Leibniz superalgebras with characteristic

sequence (ny,...,n,|my,...,mg) (ng <n—2 and my <m —1) and nilindex n + m. Recall, that such
superalgebras for ny >n—1 or m; =m have been already classified in works [3-6]. Namely, we prove
that a Leibniz superalgebra with characteristic sequence equal to (n1,...,n, | my,...,mg) (N <n—2

and my < m — 1) has nilindex less than n 4+ m. Therefore, we complete the classification of Leibniz
superalgebras with nilindex n + m.

It should be noted that in our study the natural gradation of even part of a Leibniz superalgebra
play one of the crucial roles. In fact, we use some properties of naturally graded Lie and Leibniz
algebras for obtaining the convenient basis of even part of the superalgebra (so-called adapted basis).

Throughout this work we shall consider spaces and (super)algebras over the field of complex num-
bers. By asterisks (x) we denote the appropriate coefficients at the basic elements of a superalgebra.

2. Preliminaries

Recall the notion of Leibniz superalgebras.

Definition 2.1. A Z,-graded vector space L = Lo @ Lq is called a Leibniz superalgebra if it is equipped
with a product [—,—] which satisfies the following conditions:

1 [Las Ll € Loy (mod 2)
2. [x, [y, 211 = [[x, y], 21 — (=1)*P[[x, z], y]-Leibniz superidentity,

forallxel, yely, zelg and «, B € Z>.

The vector spaces Lo and L; are said to be even and odd parts of the superalgebra L, respectively.
Evidently, even part of the Leibniz superalgebra is a Leibniz algebra.
If the identity

[x, y1 = —(=1)*F[y,x]

holds for any x € Ly and y € Lg, then the Leibniz superidentity becomes to the Jacobi superiden-
tity. Thus, Leibniz superalgebras are a simultaneous generalization of Lie superalgebras and Leibniz
algebras.

We denote by Leib, ; the set of all Leibniz superalgebras with the dimensions of the even and odd
parts, respectively equal to n and m.

For a given Leibniz superalgebra L we define its descending central sequence of two-sided ideals
as follows:

=1, IMT=[IK1], k>1
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Definition 2.2. A Leibniz superalgebra L is called nilpotent, if there exists s € N such that LS = 0. The
minimal number s with this property is called nilindex of the superalgebra L.

Due to coincidence the notions of right nilpotence and nilpotence for Leibniz superalgebras, Defi-
nition 2.2 is agreed with the nilpotence in the case of Lie superalgebras.

Definition 2.3. The set

R(L)={zeL|[L z]=0}
is called the right annihilator of a superalgebra L.

Using the Leibniz superidentity, it is easy to check that R(L) is an ideal of the superalgebra L.
Moreover, the elements of the form [a, b] + (—1)*P[b,a] (a € Ly, b € Lg) belong to R(L).
The following theorem describes nilpotent Leibniz superalgebras with maximal nilindex.

Theorem 2.1. (See [1].) Let L be a Leibniz superalgebra of Leibp ; with nilindex equal ton +m+ 1. Then L is
isomorphic to one of the following non-isomorphic superalgebras:

. lei,e1]l=ei1, 1<i<n+m-—1,
lei,e1]=ei+1, 1<i<n—1,m=0; {[ei,e2]=2€i+z, 1<i<n+m—2

(omitted products are equal to zero).

Remark 2.1. From the assertion of Theorem 2.1 it follows that in case of non-trivial odd part L1 of the
superalgebra L there are two possibilities for n and m, namely, m=n if n4+m is even and m=n+1
if n +m is odd. Moreover, it is clear that the Leibniz superalgebra has the maximal nilindex if and
only if it is single-generated.

Let L =Lo e L be a nilpotent Leibniz superalgebra. For an arbitrary element x € Lo, the right mul-
tiplication operator Ry : L — L (given by Rx(y) = [y, x]) is a nilpotent endomorphism of the space L;,
where i € {0, 1}. Taking into account the property of complex endomorphisms we can consider the
Jordan form for Ry. For the operator Ry we denote by C;(x) (i € {0, 1}) the descending sequence of its
Jordan blocks dimensions. Consider the lexicographical order on the set C;j(Lp).

Definition 2.4. A sequence

C(L)=( max Co(x)

xeLo\L2

max C (&))
xeLo\L2

is said to be the characteristic sequence of the Leibniz superalgebra L.

Similarly to [7] (Corollary 3.0.1) it can be proved that the characteristic sequence is invariant under
isomorphism.
Since Leibniz superalgebras from Leib, , with nilindex n + m and with characteristic sequence

equal to (n1,...,n, | mq,...,ms) either ny >n—1 or my =m were already classified in [3-6], we shall
reduce our investigation to the case of the characteristic sequence (ny,...,n | my,...,ms), where
m<n—2and my <m-1.

From Definition 2.4 we have that a Leibniz algebra Ly has characteristic sequence (n1,...,n;). Let

l € N be the nilindex of the Leibniz algebra Lg. Since ny <n — 2, then we have | <n — 1 and the
Leibniz algebra Lo has at least two generators (the elements which belong to the set Lo \ L%),
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For the completeness of the statement below we recall the classifications of the papers [3-6,8].

Leibl,m:
{lyvi.xil=Yix1, 1<i<m-—1.
Leibp 1:
{[xi,xl]=xz'+1, 1<i<n—1,
[y1, y1l=axn, «o€{0,1}.
Leibzyzl
[y1,x1]1=y2,
1 [y1,x1]1=y2,
[x1, y11= -2,
LY=5 02 [x2, y11=y2,
[x2, Y11= y2, [y1,x2]=2y2,
[y1,x2]=2y2, [y1, y1] =x2.
[y1, y1]l = x2,
Leiby m, m is odd:
[x1, x1] = x2, m 2 3, )
i, x11 = Yi+1, 1<i<m—1, [yi. x1] = —[%1, yil = Yi+1, lglgi:rll;l],
[x1, yil = =Yit1, 1<i<m—1, Ymt1—i, Yil = (=DT1x,  1<i< 5

Vi, Ymp1-il = (=D 1xy, 1<i<m—1,

In order to present the classification of Leibniz superalgebras with characteristic sequence (n —
1,1|m), n >3 and nilindex n + m we need to introduce the following families of superalgebras:

Leib,,,,._1:
L(ag, as, ..., an,0):
[x1,x1] = X3,
[xi, X1] = X1, 2<i<n—1,
[yj, x11=Yj+1, 1<j<n—-2,
1
X1, ==Y,
[x1, y1] L
1
[xi,}ﬁ]:E.Via 2<ig<n—1,
Y1, y1l=x1,
[yj, y11=xj41, 2<j<n—1,
[x1,X2] = Q4Xq + @5X5 + - - + Op_1Xn—1 + OXy,
[Xj, x2] = 04Xy + 05X jy3 + - + Ony2— jXn, 2<j<n-2,
[yi,x%2]=04y3s +asys+ - +ap-1Yn—2 +0yYn-1,
[yj, %] =a4yjr2+os5yjr3s+ -+ 0ny1-jYn-1, 2<j<n-3.

G(,B‘l? 1855 “'aﬁnv 7/)3
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[¥1, 1] = x3,

[xi, x1] = Xi41,

[yj, x11=Yyjs1,

[X1,%2] = Baxa + Bsxs + -+ - + PnXn,

[x2, 21 =y Xn,

[xj, X2] = BaXjy2 + BsXjy3 + -+ + Bny2—jXn,
[y1, y1l=x1,

[yj, y1l=%jt1,

1
[M7YHZZEYL

1
[xi, y11= 3Yi>
[yj %21 = Bayj+2 + Bsyj+3 + -+ Bnr1—j¥n—1,

Leiby n:
., 0n,0,7):

[x1,%1] = X3,
[Xi, 1] = Xi11,
[yj, x11=Yj+1,

1
[Xl,m]:iJ’z,

[xi, y11= %y,-,

[y1,y1]1=x1,

[yj’}’l] =Xj+1,

[X1, X2] = aXa + 05X5 + - - - + An_1Xn_1 + OXn,
[x2, X2] = Vaxa,

[xj, X2] = 0taXjyo + 5Xj3 + - -+ + Qnjo— jXn,

[y2, X2l =04ys +asys+ - +an_1Yn—1+6yn,
[yj, 2] =4y ji2 + 05y jr3+ -+ Qnia—jYn,

B8, Y):

[%1, x1] = x3,

[Xi, X1] = Xi41,

[yj, x1]1=Yyjs1,

[X1,X2] = Baxa + BsXs + - -+ + BnXn,

[%2, 21 =y Xn,

[xj, 2] = BaXji2 + BsXji3 + -+ + Bni2—jXn,
[y1, y1l=x1,

[y, yil=xj41,

1
[X1,,V1]=EY2,

1
[XisJﬁ]:iJ’i,

[y1.x2]1=Bays +Bsya—+ -+ BnYn-1+6Yn,
[Vj, %21 =Bayji2+ BsYj+3+ -+ Bnt2—j¥n,

3<ig<n—1,
1<j<n-2,
3<jsn-2,
2<j<n—1,

(Y1, %] =0ay3 +a5ys+ -+ An-1Yn—2 +0Yn—1+ Tyn,

3<ig<n—1,

2<j<n—-2.
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Analogously, for the Leibniz superalgebras with characteristic sequence (n |m —1,1), n > 2 we
introduce the following families of superalgebras:

Leibn’n+]:
E(%ﬁ[#]sﬁ[#ms~--,ﬁn,ﬂ)1
[xi, X1] = Xi41, 1<ig<n—1,
[Vj, 11 =Yjt+1, 1<j<n—1,
1 )
[x,-,y1]=5yi+1, 1<ig<n—1,
[¥j, Y1l =x;. 1<j<n,
[Yn+1, Ynt1] = ¥ Xn,
n+1—i n—1
[Xi, ynt1] = Z Bk Yk—1+i, 1<i<[ 3 ]
k=[]
n
V1. ynril==2 > BiXi1+ Bxn,
k=["3*]
n+2—j
. n+1
> Yns1l=—2 Z BiXi—2+j» 2<j< [ 5 ]
k=[]
Leibn,n+2:
F(ﬁ[nzﬁ]:ﬂ[#]+1v-~-sﬁn+l):
[xi, X1] = Xj 41, 1<ig<n—1,
[y, x11 =yj+1, 1<j<n,
1 .
[Xi,Y1]=§J’i+1, 1<i<n,
[y y1l=x;, 1<j<n,

n
n+2—i
[xi, yni2l = ) BeVi1+is 1<i<[

k=["3°]

n+2—j
Wiyns2l==2 3 Beasj, 1<j<|=
.VvanJrZ kAk—2+j» WS 5 .

k=[42]

Let us introduce also the following operators which act on k-dimensional vectors:
0 j Jj+1 J Jj+2 J Kk .
Vi, oo, o000 =(0,...,0,1,8V8IH1S) Moy, 8V 87428, ey, ... SVERST o)
1 it j+2 koo,
Vi, o, .. o) = (0,...,0,1, S Cjt1s Sy 1 Oj2s s S, j%);

j : :
2 _ 2(j+D+1 2(j+2)+1 2k+1 .
Vj’k(m,az,...,ozk)_(O,...,O,],Sm,zjﬂ Ajt1s Saion a]+2,...,5m,2j+1ak),
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0 1 2 )
V(oo o) =V (o, oo, on) = Vi g (@1, a2,...,00) =(0,0,...,0);
=1 ;+1 k
Ws,k(070,---, 0, 1 S Ol]+1 Sm]a]+25"'ssm7jak9y)
j s+j
s+1 s+2 k—j k+6 2j
=(0,0,....1.0,..., 1, S {1, Spissyjuas - Smi ks Sms ¥):
j_
j+1 j+2
Wit1-jk(0,0, .. 15 T Spy 2 s Sk i % V)

J
:(0,0,‘~~71503"'71);

j=1 2
Wi2-jk(0,0,....70 ,l sr A 051+1,5,]7,+]011+2,.- sk oY) =

J
=(,0,...,1,0,...,0),

where ke N, § =41, 1< j<k 1<s<k—j, and Sy =cos Z™ +isin 2™ (m=0,1,....t —1).
Below we present the complete list of pairwise non- 1somorph1c Leibniz superalgebras Wlth nilindex
n+m and:

characteristic sequence equal to (n —1,1|m):
L(V], s as,....0), S5 00), 1<j<n-3,
L@©,0,...,0,1), L¢,0,...,0), G(@,0,...,0,1), G(0,0,...,0),
G(Wsn—2(V],_3(Ba Bs..... Bn).¥)), 1<j<n—3,1<s<n—],
M(V], p(@a,as, ... an), Sy 00), 1<j<n—2,
M(,o0,...,0,1), M(0,O0,...,0), H(,O0,...,0,1), H(0,0,...,0),

HWsn1(V], 2Ba.B5..... Bn). ), 1<j<n—2,1<s<n+1—j;

characteristic sequence equal to (n|m —1,1) if n is odd (i.e. n=2q —1):

1 ,
E(1,08041, Vg 2(Basa By B),0), By # o, 1<j<q-1,

E(1, Bg11. V3 o1 (Bat2: Bga3 - Bun B)), By =%z, 1<j<q,
E(0,1,V9, 5(Bgt2, Bai3s---, Bn),0), 1<j<q—1,

E(0,0, Wsg-1(V} 4 1(Bgi2: Bg43s---» B B))), 1<i<q—1,1<s<q— ],
E(0,0,...,0);

if n is even (i.e. n =2q):

E(1, V5, 1(Bgr2, Bgr3. - Bn),0), 1<j<q,
E(0, Wsq(V]q(Ba+2: Bas3s---. Bns ), 1<j<q, 1<s<q+1—],
E,0,...,0);

1
F(WS n+2— [%](Vj,rH—Z—[#](’B[%]’ ﬂ["zﬁ]+] s ﬂn—&-l))),
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where 1< j<n+2— [}, 1<s<n+3-[%33] -,

F(0,0,...,0).

For a given Leibniz algebra A with nilindex [, we put gr(A); = Al/A*1 1 <i<I—1 and gr(A) =
gr(A) ®gr(A)2 @ --- @ gr(A)—1. Then [gr(A);, gr(A);] € gr(A)iy+j and we obtain the graded algebra
gr(A).

Definition 2.5. The gradation previously constructed is called the natural gradation. If a Leibniz algebra
G is isomorphic to gr(A), then we say that the algebra G is naturally graded Leibniz algebra.

3. The main result

Let L be a Leibniz superalgebra with characteristic sequence (ni,...,ny | my,...,ms), where
np <n-—2,m <m-—1 and nilindex n 4+ m. Since the second part of the characteristic sequence
of the Leibniz superalgebra L is equal to (mq, ..., ms) then by Definition 2.4, there exists a nilpotent
endomorphism Ry (x € Lo \ L%) of the space Ly such that its Jordan form consists of s Jordan blocks.
Therefore, we can assume the existence of an adapted basis {y1, y2, ..., ym} of the subspace Lq, such
that

Wi XI=Yjt1, JE{mi,mi+my, ... omp+my+---+ms}, (1)
[yj,x]=0, je{my,my+my,...,my+my+---+mg},

for some x € Lo \ L3.

Further we shall use a homogeneous basis {x1, ..., x,} with respect to the natural gradation of the
Leibniz algebra Lo, which is also agreed with the lower central sequence of L.

The main result of the paper establishes that the nilindex of a Leibniz superalgebra L with charac-
teristic sequence (n1,...,M |my,...,mMg), Ny <n—2,my <m-—11is less than n +m.

According to Theorem 2.1 we have the description of single-generated Leibniz superalgebras, which
have nilindex n 4+ m + 1. If the number of generators is greater than two, then the superalgebra has
nilindex less than n + m. Therefore, we should consider the case of two-generated superalgebras.

The possible cases for the generators are:

1. Both generators lie in Lo, i.e. dim(L?)g =n — 2 and dim(L?); =m.
2. One generator lies in Ly and another one lies in Ly, i.e. dim(L%)p =n — 1 and dim(L?); =m — 1.
3. Both generators lie in L1, i.e. dim(L?)g =n and dim(L?); =m — 2.

Moreover, a two-generated superalgebra L has nilindex n+m if and only if dim L¥ =n +m —k, for
2<k<n+m.
Since m # 0 we omit the case where both generators lie in even part.

3.1. The case of one generator in Lo and another one in Ly

Since dim(L?)g =n — 1 and dim(L%); =m — 1 then there exist some mj, 0 < j<s—1 (here we
assume mg = 0) such that ym,+..4m;+1 ¢ L2. By a shifting of basic elements we can assume that
mj =mp, i.e. the basic element y; can be chosen as a generator of the superalgebra L. Of course, by
this shifting the condition from definition of the characteristic sequence m; > my > --- > ms can be
broken, but further we shall not use the condition.

Let L=Lo@® Ly be a two generated Leibniz superalgebra from Leiby ;; with characteristic sequence
equal to (n1,...,ng | my,...,mg) and let {x1,...,xn, ¥1,..., Ym} be a basis of the L.

Lemma 3.1. Let us assume that one generator of L lies in Ly and the other one lies in L1. Then x1 and y1 can
be chosen as generators of the L. Moreover, we can suppose x1 instead of the element x in equality (1).
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Proof. As it was mentioned above, y; can be chosen as the first generator of L. If x € L\ L? then the
assertion of the lemma is evident. If x € L? then there exists some ig (2 < ig) such that Xip € L\ 2.
Set X} = Ax +x;, for A0, then x] is a generator of the superalgebra L (since xj € L \ L?). Moreover,
making the following transformation on the basis of L; as follows

Yi=yj, je{lm+1,...om4+my+---+mg_1+1},
V=[] deitmi+1, o omyfmy 4 meg 1),

and taking sufficiently large value of the parameter A we preserve the equality (1). Thus, in the basis
(X}, %2, ..., %0, ¥}, ¥4, ..., ym} the elements x| and y| are generators. O

Due to Lemma 3.1 further we shall suppose that {x1, y1} are generators of the Leibniz superalge-
bra L. Therefore,

={X2,%3,..-,Xn, Y2, ¥3,---» Ym}-
Let us introduce the notations:
m n
ioyil=) oijyj, 1<i<n,  [ynyil=)» Bijx, 1<i<m (2)
j=2 j=2

Without loss of generality we can assume that ym,+..+m;+1 € L%\ Li+1, where t; < ¢; for 1 <i <
j<s—1.
Since dim(L3)g =n — 1, then we have

L3 ={X2,X3, ..., %0, ¥3, .-, Ymy» B1Y2 + B2Ym 1, Ymy42s - -» Ym)s

where (B1, B2) # (0, 0).

Analyzing the way the element x, can be obtained, we conclude that there exist ip 2 <ig < m)
such that [y;,, y1] = Z?:z Bio,2Xj, Bip,2 # 0. Indeed, due to C(Lg) = (n1,n2,...,m) with ny <n -2
and chosen homogeneous basis {x1, X2, ..., X} with respect to the natural gradation of the Leibniz
algebra Lo, we assume that x, is the generator of the Ly. Therefore, x, cannot be generated by the
products [x;,x1], 1 <i<n and hence, it generated by a product [y;,, y1] for some ig.

Let us show that ig ¢ {m; + 1,...,mqy + --- + mg_1 + 1}. It is known that the elements
Ymy4+ma+1s - - - » Ymy+-—+ms_,+1 are generated from the products [x;, y1] (2 <i < n). Due to nilpotency
of L we getip¢{mi+ma+1,...,mi+---+ms_q1+1}. If yju, 41 is generated by [x1, y1], i.e. in the
expression [x1, y1] = Z?:z o1,j¥j» 01,m+1 7 0 then we consider the product

[(x1, y11, y1] |:Zal iYis y]} = 1 my 41 Bmy 41,22 + ) (0X;.

j=2 i>3

On the other hand,

N =

[x1.y1], y1] =

[x1, [y1, y11] = —[XLZ;% ]X]:|=Z(*)Xi-

i>3

Comparing the coefficients at the corresponding basic elements we obtain a1 m,+18m;+1,2 =0,
which implies By, 412 = 0. It means that ig # my + 1. Therefore, Bj,» # 0, where iy ¢ {m; +
1,...,my+ - +ms_q+ 1}
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Case y, ¢ L3. Then B # 0. Let h € N be a number such that x, € L" \ L'+, that is,

"= {X2,X3, ..., X0, Yns .., Ymy» B1Y2 + B2Ymy+1, Ymy425 ---» Ym}), h >3,

L = (X3, X40 .. Xy Yho o< Ymys B1Y2 + B2V 1. Ymy42s oo Ym)-

Since the elements B1y2 + B2 Ym +1, Ymj+my+1s - - - » Ymy+-—+ms_1+1 are generated from the multi-
plications [x;, y1], 2 <i < n it follows that h <mj + 1.

So, x can be obtained only from the product [ys_1, y1] and thereby B,_;, # 0. Making the
change x, = Z’}:z Br—1,jXj we can assume that [yy_q, y1] = X2.

Now let p be a natural number such that y, € LItP \ ["+P+1 Then for the powers of superalgebra
L we have the following

L"*P = {Xp 42, Xp13, - X0, Vi -, Yy s B1Y2 + B2V +1, Yimys2, - Ym}s D=1,

h4p+1
L™ P = (X2, X3, -y Xny Yitds -« s Ymy» B1Y2 + B2Ymy41, Ymy42s - - > Ym}-

In the following lemma the useful expression for the products [y;, y;] is presented.

Lemma 3.2. The equality:

i yil =D T+ Y O (3)
t>itj+2—h

1<i<h—-1,h—-i<j<minth—1,h— 1+ p —i}, holds.
Proof. The proof is deduced by the induction on j at any value of i. O
For the natural number p we have the following

Lemma 3.3. Under the above conditions p = 1.

Proof. Assume the contrary, i.e. p > 1. Then we can suppose
m

[Xi, x1] =xi11, 2<i<p, [Xp+1,J/1]=ZOlp+1,ij, api1,h 7 0.

j=h

Using the equality (3) we consider the following chain of equalities

[y1. yner.xal] = [y ynoaloxa] = [y xal yeoa ] = D" 2x + ) ox

t>4
— (D" -x3 4 ) oxe=(—D"(h—Dxs+ D _(9)x..
t>4 t>4

If h < my, then [y1, [Vh—1, X111 = [V1, yu]. Since y, € L"*P and p > 1 then in the decomposition of
[¥1, yn] the coefficients at the basic elements x, and x3 are equal to zero. Therefore, from the above
equalities we get a contradiction with assumption p > 1.

If h =mq + 1, then [y1, [Vh_1,x1]] =0 and we also obtain the irregular equality (—1)"(h — 1)x3 +
Zt>4(*)xt = 0. Therefore, the proof of the lemma is completed. O
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We summarize our main result of the considered case in the following

Theorem 3.1. Let L = Lo & L be a Leibniz superalgebra from Leib, m with characteristic sequence equal to
(n1,....,ng |my, ..., ms), wheren; <n—2,my <m—1and let dim(L3)g =n — 1 with y, ¢ L3. Then L has
nilindex less than n + m.

Proof. Let us assume the contrary, i.e. the nilindex of the superalgebra L is equal to n + m. Then
according to Lemma 3.3 we have

L2 = {(x3, ..., X Yhits - - Ymys B1y2 + B2Ymi+1, Ymy+2, - - -» Ym}-

Since yj ¢ L2, it follows that

o p #0, ojp=0 fori > 2.

Consider the product

N | =

_l n
[Wh-1. 11 ¥1] = = [yn-1. 1. 711] = 5 [th, ;ﬂl,ixi:|-

The element y,_; belongs to L"~! and elements xy,x3,...,x, lie in L3. Hence %[yh,1,

Y1, Brixil € "2, Since yj ¢ L2, we obtain that [[ys_1, y1], Y11= Y s (Y.
On the other hand,

m
(Yh-1. y11, y1] = [x2, yil = o nyn + Z 02,jYj-
j=h+1

Comparing the coefficients at the basic elements we obtain «; = 0, which is a contradiction with
the assumption that the superalgebra L has nilindex equal to n+m and therefore the assertion of the
theorem is proved. 0O

Case y, € L3. Then B, = 0 and the following theorem is true.

Theorem 3.2. Let L = Lo @ Ly be a Leibniz superalgebra from Leiby s, with characteristic sequence equal to
(n1,...,n¢ | my,...,ms), wheren; <n—2,m; <m—1and let dim(L®)g =n — 1 with y, € L3. Then L has
nilindex less than n + m.

Proof. We shall prove the assertion of the theorem by the contrary method, i.e. we assume that the
nilindex of the superalgebra L equal to n +m. The condition y, € L implies

3
L ={x2,%3,...,%0, Y2, ..., Ymy» Ymy42+ - -» Ym)-

Then aq,m;+1 # 0 and &jm,+1 =0 for i > 2. The element y; is generated by the products [x;, y1],
i > 2 which implies y; € L. Since [ym,+1, y11= [[x1, y11. y11 = 3[x1, [y1, y11l = $[x1, ()] and x;
is a generator of the Leibniz algebra Lo then x, cannot be generated from the product [ym;+1, Y1].
Thereby x, also belongs to L%,
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Consider the equality

[x1.y1], x1] = [x1. [y1. x]] + [[%1. 2], y1] = [x1, y2] — [Z(*)Xidﬁ]

i>3

From this it follows that the product [[x1, y1], X1] belongs to L% (and therefore belongs to L*).
On the other hand,

m

[[X1,yl],x1] = |:Zal,jijxl:| =o12Y3+ -+ m—-1Ym T m+1Ym+2 + -+ m—1Ym-
j=2

Since a1, +1 # 0, we obtain that ym,42 € L% Thus, we have L* = {x2,X3,...,%n, Y2, -+, Y
Ymi+2, ---» Ym}, that is, L* = L3, which is in contradiction with the nilpotency of the superalgebra L.

Thus, we get a contradiction with the assumption that the superalgebra L has nilindex equal to
n+ m and therefore the assertion of the theorem is proved. O

From Theorems 3.1 and 3.2 we obtain that a Leibniz superalgebra L satisfying the condition
dim(L3)p =n — 1 has nilindex less than n + m.

The investigation of Leibniz superalgebras satisfying the property dim(L3)g =n — 2 shows that the
restriction to nilindex depends on the structure of the Leibniz algebra Ly. Below we present some
necessary remarks on nilpotent Leibniz algebras.

Let A ={z1,zy,...,2zy} be an n-dimensional nilpotent Leibniz algebra of nilindex [ (I < n). Note
that the algebra A is not single-generated.

Proposition 3.1. (See [6].) Let gr(A) be a naturally graded non-Lie Leibniz algebra. Then dim A3 <n — 4.

3.2. The case of both generators lie in Lg

The result on nilindex of superalgebras satisfying the condition dim(L3)o =n — 2 is established in
the following two theorems.

Theorem 3.3. Let L = Lo @ L1 be a Leibniz superalgebra from Leiby i, with characteristic sequence (n1, ..., n |
my,...ms), whereny <n—2,m; <m—1,dim(3)g=n— 2 and dim L(3) < n — 4. Then L has nilindex less
thann +m.

Proof. Let us assume the contrary, i.e. the nilindex of the superalgebra L is equal to n 4+ m. According
to the condition dim(L3)p =n — 2 we have

L} ={x3,Xa, ..., X0, Y2, V3, > Ym)-

From the condition dim Lg <n—4 it follows that there exist at least two basic elements, which do
not belong to Lg. Without loss of generality, one can assume x3, X4 ¢ Lg.
Let h be a natural number such that x3 € L"+1\ L"*2  then we have

L = (x3, X4, .o X0y Yio Yhtts - Ym), h=2,  Br_13#0,

h+2
"2 = (x4, ..., %, Yn, Y1y - os Ym)-

Let us suppose x3 ¢ L%. Then we have that x3 cannot be obtained by the products [x;, x1], with
2 <i < n. Therefore, it is generated by products [y;, y1],2 < j <m, which implies h > 3 and a3 # 0.
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If h=3, then B3 #0.
Consider the chain of equalities

[[x2, y11. y1] |:ZC¥2 jy],}/1i| ZZOlz,j[yj,JM] =3,2B2,3%3 + Z(*)Xi-

j=2 i>4

On the other hand,

1
[[x2. y1]. y1] = 2[X2 [y1.y1]] = —|:X2,Zﬂ1 1X1:| = Zﬂll[xLXl]—Z(*)xl

i=4

Comparing the coefficients at the corresponding basic elements, we get a contradiction with
B2,3=0.Thus, h > 4.

Since y, € L3 and h >4 we have y,_, € L', which implies [yn_2, y21 € L"t2 = (x4, ..., Xn, Y1,
Yh+1,---,Ym}. It means that in the decomposition [y,_», y2] the coefficient at the basic element x3
is equal to zero.

On the other hand,

[Vh—2. Y21 =[yn—2. [y1. x11] = [[Vh=2. Y1), X1] = [[Yn—2. x1], 1]

= |:Z.3h—2,ixia X1} — V-1, y1] = —Bro1.3%3 + D _(0xi.
i=2

i>4

Hence, we get B,_1 3 =0, which is obtained from the assumption x3 ¢ L(ZJ.

Therefore, we have x3,x4 € L2\ L3. The condition x4 ¢ L} implies that x4 cannot be obtained by
the products [x;, x1], with 3 <i < n. Therefore, it is generated by products [y, y1],h < j <m. Hence,
L"3 = {x4, ..., %, Yhi1, .-, Yym) and yy € L2\ LM43 which implies a3 , # 0.

Let p (p > 3) be a natural number such that x4 € Li*P\ [f+P+1,

Suppose that p = 3. Then B, 4 #0.

Consider the chain of equalities

[[x3, 11, ¥1] |:ZO€3 iyis Y1i| = ZWB,]‘[J’]‘»}H] = 3,1 Bp,4X4 + Z(*)Xi-
i=h i>5
On the other hand,
1
[[x3, y1]. y1] = 2[X3 [y1.y1]] = |:X3, Zﬂl 1X1:| = Zﬂl ilx3, xi] —gs(*)xz

Comparing the coefficients at the corresponding basic elements in these equations we get
o3 pPn4 =0, which implies B 4 = 0. This is a contradiction with the assumption p = 3. Therefore,
p >4 and for the powers of the descending lower sequences we have
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P2 = (X4, ..., X0, Ynyp—a>---» Ym})
Ll = {X4,..., X, Yh+p—3>--+> Ym}s

1P = (X4, ... X0, Yntp-2, .-, Ymh,
LPHY — fxs, o X, Y2 - s Ym)-

It is easy to see that in the decomposition [ypyp—3, y1]= >, Bh+p—3.,iXi we have By, 34 #0.
Consider the equalities

[Yhtp—a. Y21 = [Ynep-a. V1. x11] = [[Ynsp-a. Y11. 1] = [[Vh4p-a. X1]. y1]

n
= |:Z.Bh+p—3,ixi» X1:| — [Yhtp—3: Y11 = —Bnip—3,4Xa + Z(*)X;’-

i—4 i>5

Since ypip-a € L"P~2 y; € 13 and Bhip-3.4 #0, then the element x4 should lie in L"*P+1, but
this fact is in contradiction with L"P*1 = (x5, ..., s, Yh4p—2,---> Ym}. Thus, the superalgebra L has
nilindex less thann+m. O

From Theorem 3.3 we conclude that a Leibniz superalgebra L = Lo & L1 with characteristic se-
quence (nq,...,ng|mq,...,ms), where ny <n—2, my <m— 1, and nilindex n + m can appear only
if dim Lg >n — 3. Taking into account the condition n; <n — 2 and the properties of naturally graded
subspaces gr(Lo)1, gr(Lg); we get dim Lg =n-—3.

Let dimL3 =n — 3. Then

gr(Lo)1 = {X1, X2}, gr(Lo)z = {X3}.

From Proposition 3.1 the naturally graded Leibniz algebra gr(Lp) is a Lie algebra, i.e. the following
multiplication rules hold

[X1,%1]1 =0,
[X2, %1] = X3,
[X1, X2] = —X3,
[X2,%2]=0.

Using these products for the corresponding products in the Leibniz algebra Ly with the basis
{x1,X2,...,%,} we have

[x1,X1] = Y1,4X4 + Y1,5X5 + - - - + Y1,nXn,
[x2,%1] = X3,

4
[x1,X2] = —X3 + V2, 4X4 + V2, 5X5 + - - + Y2, nXn, “)
[X2,X2] = ¥3.4X4 + V3,5X5 + - - - + V3.nXn.
Theorem 3.4. Let L = Lo ® L1 be a Leibniz superalgebra from Leiby i, with characteristic sequence (ny, ..., n |
mi,...,ms), wheren; <n—2,my <m—1,dim(L3)y =n— 2 and dim Lg =n — 3. Then L has nilindex less

thann +m.

Proof. Let us suppose the contrary, i.e. the nilindex of the superalgebra L is equal to n+m. Then from
the condition dim(L3)g =n — 2 we obtain
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2
L”={x2.X3,.... %0, ¥2, ... Ym},
3
L :{x3,x4a~--,any27«~~v}’m},

L*O{X4, ..., Xn, Y3, -+ Ymy» B1Y2 + B2Ymy+1, Ymy42, .- Ym)},  (B1,B2) #(0,0).

Suppose x3 ¢ L. Then

4
L* ={X4, ..., %0, Y2, ..., Ymy» Ymy+1s - - > Ym}-

Let B} y2 + B, ym,+1 be an element which earlier disappears in the descending lower sequence for L.
Then this element cannot be generated from the products [x;, y1], 2 < i < n. Indeed, since x3 ¢ L4, the
element cannot be generated from [x;, y1]. Due to the structure of Lo the elements x; (3 <i<n) are
in L%, i.e. they are generated by the linear combinations of the products of elements from Lg. From
the equalities

[(xi. %31, y1] = [xi. (%), ya1] + [0, ya 1. xj] = [xi, Zaj,tyti| + [Zai,t}’tyxii|
t=2 t=2

we derive that the element B)y2 + B} ym,+1 cannot be obtained by the products [x;, y11,3 <i <n.
However, it means that x3 € L%. Thus, we have

L* = (X3, X4, ... Xns Y30 oy Yimgs B1Y2 + B2Yimy 115 Yy 425 -+ -» Ym)s

where (B1, B) # (0,0) and B1B), — B2B #0.
The simple analysis of the terms L3 and L* in the descending lower sequence implies

m

(X2, Y11=} (B1Y2 + ByYmy+1) + & . +1(B1Y2 + B2Ym+1) + Z o2}y, Ay, #0.
j=3
JFEm+1

Let h be a natural number such that x3 € Lit1\ ["12 je,

Lh:{X35X4’~~-7Xn7.)’h71’}’ha---s}’ml,BlYZ"‘BZJ’m]H,}’m]JrZ,---s}’m}a h>3!

h+1
" =1{X3,X4, ..., %0, Yn, Yh+1, ---» Ymy» B1Y2 + B2Ymy+1. Ymy+2, -+, Ym}s

L2 = (x4, ... Xy Vi, Vit 1s - s Yimys B1Y2 4 B2Yimy+1, Y42 - -+ Ym)-
If h =3, then [B}y2 + B, ym,+1, Y11= /353)(3 + Zi>4(*)X4, /35’3 #0 and we consider the product

m

[[Xz, y1l, J’1] = |:Ol§,z(3/1}’2 + By Ymi+1) + Olé,mﬁ](BlJ/z + B2ym;+1) + Z o2,iYj, Y1j|
j=3
J#Em+1

= aé,z[B/N’Z + B;J/m1+17)’1] +Ol§,m]+1[31}’2 + B2Ym;+1, Y1l
m
+ Z a2, jlyj. yil= a3 585 3X3 +Z(*)X4-

=3 i>4
j#Fm+1
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On the other hand, due to (4) we have
[[x2, y11. y1] = l[Xz,[)ﬁ,yﬂ]:1 X2, ; Brixi | =) (¥)xi.
2 2 i=2 i>4
i= iz

Comparing the coefficients at the corresponding basic elements we get equality o), ,8, ; =0, i.e.
we have a contradiction with the supposition h = 3.
If h > 4, then we obtain 8;_, ; # 0. Consider the chain of equalities

[Vh—2. 21 =[¥h—2. [y1. x1]] = [[Vh-2. ¥1). X1] = [[¥n—2. 1], 1]

= [Zﬂh—z,ixi,xl:| —Wh-1.y1] = —Pr-13X3 + Z(*)Xi~
i=3

i>4

Since yp_y € L'1 and y, € L3 then x3 € L"2 = {x4, ..., Xn, Yh_1, - .., ¥m}, which is a contradiction
with the assumption that the nilindex of L is equal to n+m. O

Remark 3.1. In this subsection we used the product [y1, x;] = y2. However, it is not difficult to check
that the obtained results are also true under the condition [y1,x1]=0.

3.3. The case of both generators lie in L4
Theorem 3.5. Let L = Lo & L1 be a Leibniz superalgebra from Leib, m with characteristic sequence equal to
nq,...,ng|mq,...,mg), wheren; <n-—2,my <m-—1, and both generators lying in L1. Then L has nilindex

less than n + m.

Proof. Since both generators of the superalgebra L lie in Ly, they are linear combinations of the ele-

ments {y1, Ym;+1, - - - » Ymy+-—+my_,+1}. Without loss of generality we may assume that y; and ym,+1
are generators.

Let L%t = {X;, Xi 11, ..., Xn, Yj, ..., ym} for some natural number t and let z € L be an arbitrary ele-
ment such that z € L%\ L2+1, Then z is obtained by the products of even number of generators. Hence
zelgand L2 = {Xi41, ..., %, ¥}, ..., Ym}. In a similar way, having L2+ = (X411, ..., X0, ¥, ..., Ym)
we obtain L242 = {x;11, ..., X0, Yj+1s--» Ym}-

From the above arguments we conclude that n=m —1 or n=m — 2 and

L ={X2, ... X0, 2. Y3 Ymys Ymy42e -2 Ym}-
Applying the above arguments we get that an element of the form B1yz + Boym,+2 + B3Ym;+my+1

disappears in L. Moreover, there exist two elements Byy2 + B, ym,+2 + BSYm,+mp+1 and Biy2 +
B, Ymy+2 + B Ym,+my+1 which belong to L%, where

B1 B, Bs
/ / / _
rank g}/ g/z/ g% =3.
1 B2 B3

Since x; does not belong to L° then the elements B y2 + BYym +2 + By Ymi+my+1, B{y2 + By Ymi42 +
BYYm,+my+1 lie in L. Hence, from the notations
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[x1, y1] = a12(B1Y2 + B2Ym+2 + B3Ymy4+my+1) + @1my+2(B1¥2 + By Ymi+2 + B Ym +my+1)
m

1 ” ”
+ 1,my+my+1 (B1yz+32}’m1+2+B3Ym1+m2+1)+ Z 1,jYj,
j=3, j¢{m1+2,my+my+1}

(X1, Ym+11 = 681,2(B1¥2 + B2Ym +2 + B3Ym +my+1) + 81.m+2(B1¥2 + BoYmy+2 + B5Ym +my+1)
m

+ 81, my+my+1 (B’{yz + B/Z/Ym1+2 + B/3/J/m1+m2+l) + Z 81,j¥j
j=3, j¢{m1+2,m1+my+1}

we have (o1,2,81,2) # (0, 0).
Similarly, from the notations
[B1y2 + B2Ymi+2 + B3Ymy+my+1, Y11 = B2,2X2 + B2,3X3 + - - - + B2.nXn,
[B1y2 + Baymi+2 + B3Ymy+my+1, Ymy+1]1 = ¥Y2,2X2 + ¥2,3X3 + - - - + Va.nXn,

we obtain the condition (82,2, ¥2,2) # (0, 0).
Consider the product
[x1.[y1. y11] =2[[*1. y1]. y1] = 201 2[B1Y2 + B2Ym;+2 + B3Ym +my+1. Y11
+ 2001, m,+2[ B} Y2 + ByYm +2 + B3 Yy +my+1. V1]
+ 2001 my+mpy+1 [3/1/}/2 + B/z/}’m1+2 + B/3/ym1+m2+] , y1]

m
+2 > ar jlyj. yil=2012822% + ) _(9)Xi.
Jj=3, j¢{m1+2,my+my+1} i23

On the other hand,

[x1, 1. y1]] = [x1, Brax1 + Bi.2x2 + -+ + Bra¥nl = Z(*)Xi-
i>3

Comparing the coefficients at the basic elements in these equations we obtain o1 3822 =0.

Analogously, considering the product [x1, [Ym;+1, Ym;+11], we obtain &1 222 =0.

From these equations and the conditions (822, ¥2,2) # (0, 0), (a1,2, 81,2) # (0,0) we easily obtain
that the solutions are 1222 #0, B22=3812=0 or $22812#0, @12 =7y22=0.

Consider the following product

[x1, y11, Ymy 1] = [¥1. 1, Yma1]] = [[X1, Ymg 1] 1] = —81.282.2%2 + Z(*)Xi~
i>3

On the other hand,

[[X1 Y1l J’m1+1] =01,2)2,2%2 + Z(*)Xi-
i>3

Comparing the coefficients of the basic elements in these equations we obtain the irregular equation
o1,2)2,2 = —f2,281,2. Hence, we obtain a contradiction with the assumption that the nilindex of the
superalgebra is equal to n +m. And the theorem is proved. O
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Thus, the results of Theorems 3.1-3.5 show that the Leibniz superalgebras with nilindex n 4+ m
(m #0) are the superalgebras mentioned in Section 2. Hence, the classification of the Leibniz super-
algebras with nilindex n +m is completed.
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