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1. Introduction

Let R denote a commutative ring with 1 in the sequel. This article and the arti-
cles [3,4] are all inspired by the article [9] and the famous lemma of L.N. Vaserstein
([9], Lemma 5.5), that

elEgn(R) = 61{Sp2n(R> N Ezn(R)} = el{Spw(R) n EQn(R)}7

where ¢ is an invertible alternating matrix of size 2n, and Spso(R) is the isotropy group
of ¢, i.e. Sp,(R) = {a € SLy,(R) | a'pa = p}.

This is the last in a series of 3 articles inspired by the above equality of L.N. Vaserstein,
regarding the equality of elementary linear and symplectic orbits of a unimodular row.
The first article appeared in the Journal of K-theory [3] and we showed that if v is a
unimodular row of even length 2n, n > 2, over a commutative ring R, then vEq, (R, I) =
vESp,,, (R, I). The second article appeared in the Journal of Pure and Applied Algebra
[4] and we showed that if (@, (,)y,) is a symplectic module, and H(R) is the usual
hyperbolic space, with rank (P) > 1, then for a unimodular element (a, b, p) € H(R) L P
the elementary linear and symplectic transvection orbits coincide.

In this article, we touch upon the second equality of L.N. Vaserstein. Let (Q, (,),) be a
symplectic module w.r.t. an invertible alternating form ¢. L.N. Vaserstein gave examples
of symplectic matrices w.r.t. an invertible alternating matrix in ([9], Lemma 5.4). We
denoted by ESp,,(R) the subgroup of Sp,(R?) generated by these matrices. This will be
the elementary symplectic group w.r.t. an invertible alternating matrix ¢, when we are
dealing with the case where @ is a free module. In the general case, we will define the
elementary symplectic group as follows:

Let (Q,(,)) be a symplectic R-module with @ finitely generated projective module of
even rank. Recall that Sp(@Q, (,)) is the group of isometries. We define V(Q, (,)) to be
the collection of all

{a(1) : a(X) € Sp(QIX], (, ) r[x)), @(0) = id., and
a(X), € ESpugr,(x] (Ry[X]), for all p € Spec(R)},

where (,) correspond to an alternating matrix ¢ (w.r.t. some basis) of Pfaffian 1 over
the local ring R, at the prime ideal p. For a relative version of this definition one can
see Definition 6.2. This group can be considered as the generalisation of ESp,(R) in
the case of projective modules. This realisation follows from Lemma 5.18 and Theo-
rem 6.4.

We have recalled the definition of Um,, (R, I) and Um(Q, IQ) in the beginning of the
next section. For definitions of E, (R, I), ESp,, (R, I), ESp, (R, ), ETrans(Q, IQ), and
ETransg,(Q,1Q, (,)) one can see Definitions 2.2, 2.7, 3.4, 5.4, and 5.13 respectively. Our
main results regarding equality of orbit spaces in the case of free modules and in the
case of projective modules are as follows:
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Theorem 1 (Theorem 7.2). Let R be a commutative ring with R = 2R, and let I be an
ideal of R. Let n > 2 and ¢ be an alternating matrix of size 2n of Pfaffian 1 such that
© = 1y, (mod I). Then the orbit spaces Umay, (R, I)/Ean (R, I), Umsay, (R, I)/ESp,,, (R, I),
and Umaz, (R, I)/ESp, (R, I) are bijective.

Theorem 2 (Theorem 7.3). Let R be a commutative ring with R = 2R, and let I be an
ideal of R. Let (P, {,)) be a symplectic R-module with P finitely generated projective mod-
ule of rank 2n, n > 1. Let Q = R?*® P with induced form on (H(R)® P). We also assume
for each mazimal ideal m of R, the alternating form (,) over the local ring Ry corre-
sponds to an alternating matriz oy (w.r.t. some basis), such that pn = 1, (mod I).
Then the orbit spaces Um(Q,IQ)/ETrans(Q,1Q), Um(Q,1Q)/ETranss,(Q,1Q,,)),
and Um(Q,1Q)/V(Q,1Q,{,)) are bijective.

2. Preliminaries

Arow v = (v1,...,v,) € R" is said to be unimodular if there are elements w1, ..., w,
in R such that vywy 4+ -+ + vyw, = 1. Um,(R) will denote the set of all unimodular
rows v € R™. Let I be an ideal in R. We denote by Um,, (R, I) the set of all unimodular
rows of length n which are congruent to e; = (1,0,...,0) modulo I. (If [ = R, then
Um, (R, I) is Um,(R).)

Definition 2.1. Let P be a finitely generated projective R-module. An element p € P is
said to be unimodular if there exists a R-linear map ¢ : P — R such that ¢(p) = 1. The
collection of unimodular elements of P is denoted by Um(P).

Let P be of the form R @ @ and have an element of the form (1,0) which correspond
to the unimodular element. An element (a,q) € P is said to be relative unimodular w.r.t.
an ideal I of R if (a,q) is unimodular and (a, q) is congruent to (1,0) modulo IP. The
collection of all relative unimodular elements w.r.t. an ideal I is denoted by Um(P, I P).

Let us recall that if M is a finitely presented R-module and S is a multiplicative set
of R, then S™*Hompg(M, R) & Hompg, (Mg, Rs). Also recall that if f = (f1,...,fn) €
R" := M, then Oy (f) = {¢(f) : ¢ € Hom(M,R)} = > | Rf;. Therefore, if P is
a finitely generated projective R-module of rank n, m is a maximal ideal of R and
v € Um(P), then vy € Um,, (Ry,). Similarly if v € Um(P, I P) then vy € Um, (R, In)-

The group GL, (R) of invertible matrices acts on R™ in a natural way: v — vo, if
v € R", 0 € GL,(R). This map preserves Um,(R), so GL,(R) acts on Um,(R). Note
that any subgroup G of GL,(R) also acts on Um,(R). Let v,w € Um,(R), we denote
v ~g w or v € wG if there is a g € G such that v = wg.

Let E, (R) denote the subgroup of SL, (R) consisting of all elementary matrices, i.e.
those matrices which are a finite product of the elementary generators E;;(\) = I, +
eij(A), 1 <i# j <mn, A € R, where e;;(A\) € M, (R) has an entry A in its (i, j)-th
position and zeros elsewhere. Here I,, denote the n x n identity matrix.
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In the sequel, if o denotes an m x m matrix, then we let o denote its transpose
matrix. This is of course an n x m matrix. However, we will mostly be working with
square matrices, or rows and columns.

Definition 2.2 (The relative groups E,(I), E,(R,I)). Let I be an ideal of R. The relative
elementary group E, (I) is the subgroup of E, (R) generated as a group by the elements
Eij(x),zel,1<i#j<n.

The relative elementary group E,(R,I) is the normal closure of E,(I) in E,(R).
(Equivalently, E,, (R, I) is generated as a group by E;;(a)E;;(z)E;j(—a), with a € R,
x €1,i# 7, provided n > 3 (see [12], §2).)

Following is an important lemma of A.A. Suslin.

Lemma 2.3. (See [10], Corollary 1.2, Lemma 1.3.) Let v,w € R™, with n > 3 and
(v,w) = v-wt = 0. Assume that v is unimodular and w € I*"~Y(C R?"~1). Then
I, +v'w € E, (R, I).

As a consequence of the above lemma Suslin proved that E, (R, I) is a normal subgroup
of GL,(R), for n > 3 (see [10], Corollary 1.4).

Remark 2.4. It is easy to check that if v € Um, (R, I), where (R, m) is a local ring and
I be an ideal of R, then v = €13, for some 8 € E, (R, I).

Definition 2.5 (Symplectic group Sp,,(R)). The symplectic group Sp,,(R) = {a €

n

GLQn(R) | Olt¢n0¢ = ¢n}7 where v, = E €2i—1,2i —

€2i,2i—1, the standard symplectic
i=1 i=1

form.

Let o denote the permutation of the natural numbers given by ¢(2i) = 2i — 1 and
o(2i—1) = 2i.

Definition 2.6 (Elementary symplectic group ESp,, (R)). We define for z € R, 1 < i #
J < 2n,

Lo, +e45(2) if i = o(j),
lop + €45(2) — (_1)i+jezr(j)a(i)(z) if i # o(j).

seij(2) = {

It is easy to check that all these elements belong to Sp,,, (R). We call them elementary
symplectic matrices over R and the subgroup of Sp,,, (R) generated by them is called the
elementary symplectic group ESp,,, (R).

Definition 2.7 (The relative group ESp,, (I), ESp,y, (R, I)). Let I be an ideal of R. The
relative elementary group ESp,,, (I) is the subgroup ESp,,, (R) generated as a group by
the elements se;;(x), v € I and 1 <i# j < 2n.
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The relative elementary group ESp,,(R,I) is the normal closure of ESp,,(I) in

Lemma 2.8. (See [6], Lemma 1.5.) Let n > 2, and I be an ideal of R. Let a € I,v € R*",
ora€ R, velI*™ (CR?™). Then Iz, + av'v € ESp,, (R, I), where v = vip,. O

Lemma 2.9. (See [6], Lemma 1.10.) Let n > 2, and I be an ideal in R. Let w € Uma, (R),
and v € I*™ (C R*) be such that vw® = 0. Then Ia, + v'w + w'v € ESp,, (R, I). O

3. Elementary symplectic group ESp,,(R)

Definition 3.1 (Alternating matriz). A matrix from M, (R) is said to be alternating if
it has the form v — v, where v € M, (R). (It follows that its diagonal elements are
7€ros.)

Definition 3.2. The group of all 2n x 2n matrices {a € GLa,(R) | alpa = ¢}, where ¢
is an invertible alternating matrix is called symplectic group Sp¢(R) w.r.t. @.

Definition 3.3. Let v € R?"~L. Let ¢ be an invertible alternating matrix of size 2n of the
form (2 _Vc), and ¢! be of the form (_(th Z), where ¢,d € R>"~!. In ([9], Lemma 5.4)
L.N. Vaserstein considered the matrices (related to ¢ and v € R*"~1):

=, (v) == Igp_1 + dtov,

B = By(v) i=Iopn_1 + po'te.

Note that a,(v), By (v) € Eop—1(R) via Lemma 2.3.
From these matrices he constructed in ([9], Lemma 5.4)

= (s )= (h 2) e

wo-(3 3)

(The notation Cy(v), Ry(v) is due to us.) In ([9], Lemma 5.4) it is mentioned that
these matrices belong to Sp,(1?). We call the subgroup of Sp,,(R) generated by Cy(v)
and R, (v), for v € R?"~1 as the elementary symplectic group ESp,, (R) with respect to
the invertible alternating matriz .

Definition 3.4. Let I be an ideal of R. The relative elementary group ESpW(I) is a
subgroup of ESp,,(R?) generated as a group by the elements C,(v) and R, (v), where
ve Pl

The relative elementary group ESp,(R,I) is the normal closure of ESp,(/) in
ESp,(R).
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Lemma 3.5. Let R be a ring with R = 2R and n > 2. For the standard alternating matriz
P, we have,

ESP%(R) = ESp,, (R),
ESpwn (Rv I) = ESan(R’ I)

Proof. For the standard alternating matrix v, we have
2n
1 0 1 0
= — . . 1
Cd)n (’U) <0 Oé> (Ut I) gsezl(az 1)7 ( )

Ry, (v) = <(1) g) ((1) ?) —iliseu(ai—l)a (2)

where v = (a1,...,a2,-1) € R*"~'. Therefore ESp,, (R) C ESpy,(R).

Note that sey;(a), sej1(b) € ESpy, (R). For all integers i, j with i # j,0(j), and for all
a,b € R we have the following commutator identities for the generators of the elementary
symplectic group

[s€io(iy(a), Sexiy; (b)] = sei; (ab)sea(j)j((—l)i+jab2), (3)
[seix(a), Sekj(b)] = se;j(ab), if k # o(i),0(j), (4)
[seir(a), sero(s)(D)] = seio(i)(2ab), if k # i,0(i). (5)

Using these identities we can show that se;;(a), for ¢,j # 1 can be written as prod-
uct of elements of the form sei;(x) and sej;i(y), for z,y € R. Hence ESp,,(R) C
ESpy, (R).

For the second equality we first show that ESp,, (R,I) C ESp,,(R,I). An element
of ESp,, (R,I) looks like vgy, (w)y~!, where v € ESp,, (R), gy, could be either Cy,
or Ry, , and w € I*"~!. By equations (1) and (2), gy, (w) € ESp,,(I). Note that
v € ESpy,, (R) = ESp,,,(R). Hence ygy,, (w)y ™" € ESpy, (R, I).

To show the other inclusion we recall the equivalent definition of the relative group
which says that ESp,, (R, ) is the smallest normal subgroup of ESp,,(R) containing
sea1(z), where © € I (see [5], Lemma 2.2 for the proof in the linear case, the proof
in the symplectic case is similar). We need to show gsesi(x)g~" € ESp,, (R, I), where
g € ESpy,(R) = ESp,, (R). Hence gsesi(z)g~' € ESp,, (R,I) and ESp,, (R, 1) C
ESpy, (R, I). Therefore the second equality is established. O

Lemma 3.6. Let ¢ and ¢* be two invertible alternating matrices such that o =
(1 Le) o* (1 Le), for some e € Ea,—1(R). Then we have

Sp, (1) = (1 L e)~! Sp-(R) (1 Le).
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Proof. Let 1 € Sp,,.(R). By definition nte*n = p*. Note that

(1 Le) (1 Le)) ¢ (1 Le) 'n(1 Le))
(1 L) (1Le)™) (1 Le)n(l Le)
=1 Le)n" ¢ n(lLe)
=1 Le) p* (1 Le)
=

hence the equality follows. 0O

Lemma 3.7. Let ¢ and ¢* be two invertible alternating matrices such that o =
(1 Le) ¢* (1 Le), for some € € Eay_1(R). Then we have

ESp,(R) = (1 Le)~" ESp,.(R) (1 Le).

Proof. Note that if ¢* is of the form (Cot ;C), and ¢*~! is of the form (jit Z), where

c,d € R?>"1 then

We have
(1 Le)™ Cpe(v) (1 Le)
-1,1 0
:((1)2> (v’aw*(v))(ég)
= (Efllut é;‘fll,vk(:*(u)!:‘)7
and

e)" Ry (v) (1 Leg)
—-1/,1 v

= ((l)g) (Oﬂ¢*(v))((1)(€))

((1J sflﬁl;i(v)s)'

Note that e lau«(v)e = a,(v(e™)") and e B,+(v)e = B,(ve). Therefore, (1 L
e) 71 Cur(v) (1 Le) =Cuhv(et)) and (1 L)~ Ry+(v) (1 Le) = Ry(ve). Hence the
equality follows. O

Lemma 3.8. Let ¢ and ¢* be two invertible alternating matrices such that o =
(1 Le)t ¢* (1 Le), for some e € Eay_1(R,I). Then we have

ESp,(R,I)= (1 Le)"" ESp,.(R,I) (1 Le).
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Proof. The proof follows from the definition of ESpw(R, I) and the equalities
(1Le) ™t Cpe(v) (1 Le)=Cyulv(eh)) and (1 Le) ! Ry« (v) (1 Le) =Ry(ve). O

4. Dilation and LG principle for ESp g g x](R[X])

Here we establish dilation principle and Local-Global principle for ESp,,¢ rix](R[X]).
The following lemma is well known. We will use it in the proof of dilation principle.

Lemma 4.1. Let G be a group, and a;,b; € G, for i = 1,...,n. Then [[_,ab; =
[T, rabir; T, @i, where r; = H;:1 aj. O

Lemma 4.2 (Dilation principle). Let R be a ring with R = 2R. Let ¢ be an invertible
alternating matriz of size 2n, with n > 1. Let a € R be a non-nilpotent element, and
let o = (1 Le)t vy, (1 L e), for some € € Eg,_1(Ra) over the ring R,. Let 0(X) €
ESpygr,(x](Ra[X]), with 6(0) = Id. Then there exists 6*(X) € ESp,gpx)(R[X]) such
that 0*(X) localises to 0(bX), for some b € (a?), d > 0, and 0*(0) = Id.

Proof. We are given that 0(X) € ESp,gp,x)(Ra[X]), where p = (1 L )" ¢, (1 L ¢),
for some ¢ € Eq,,_1(R,) over the ring R,. Therefore by Lemma 3.5 and Lemma 3.7 we
have 0(X) = (1 L &)~ In(X)(1 L ¢), for some n(X) € ESp,,,(R.[X]). Since n(0) = Id.
we can write n(X) = [[wsei;,(Xfi(X)) 7', where v, € ESp,,(R.), and fi(X) €
R,[X] (see Lemma 4.1). Using commutator identities for the generators of the elementary
symplectic group we get n(Y"X) = []se;, ;. (Yhe(X,Y)/a®), for large integer r. Here
hi(X,Y) € R[X,Y] and either iy, = 1 or ji = 1. Let e; denote a row vector of length
2n — 1 which has 1 in the ith position and zeros elsewhere. Using equations (1) and (2)
appearing in the Lemma 3.5 it is clear that n(Y"X) is product of the elements of the
form Cy, (Yhe(X,Y)/a%).e;) or Ry, (Yhig(X,Y)/a%).e;), where 1 <4, <2n —1.

Note that Cy, (Yhe(X,Y)/a%).€;) = (1 L &)Cu((Yhi(X,Y)/a%).e;(e71))(1 L)t
and Ry, ((Yhe(X,Y)/a%).e;) = (1 L e)Ry,((Yhi(X,Y)/a®).eje)(1 L €)=t There-
fore O(Y"X) is product of elements of the form C,((Yhy(X,Y)/a®).e;(e')™!) or
R,((Yhi(X,Y)/a®).eje). Let t be the maximum power of a appearing in the denom-
inators of € and (e¥)7!. Set d = s + t. Define 6*(X,Y) as product of elements of the
form Co,(Yhi(X,adY).ate;(e')™!) and R, (Yhi(X,a?Y)a’.eje). Note that 6*(X,Y) €
Eoerix,y](R[X,Y]). We obtain 6*(X) substituting ¥ = 1 in 6*(X,Y). Clearly 6*(X)
localises to 6(bX) for some b € (a?), and 6*(0) = Id. O

Remark 4.3. Let (R, m) be a local ring and ¢ be an alternating matrix of Pfaffian 1 over
R of size 2n. Then ¢ = e'4,¢, for some € € Eg, (R).

We recollect an observation of Rao—Swan stated in the introduction of [8]. We make
a contextual observation which the proof shows and include it for completeness.
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Lemma 4.4 (Rao—Swan). Let n > 2 and ¢ € Eg,(R). Then there exists p € Eo,_1(R)
such that (1 L p)e € ESp,,, (R).

1v
0r

(ai,...,a2,—1) € R?"~ 1 (see [9], Lemma 2.7). We prove the result using induction on r.

Proof. Let ¢ = ¢,...e1, where each ¢; is of the form ( ) or (vl, ?), where v =

It is clear when 7 = 0. Let » > 1. Let us assume the result is true for r — 1, i.e., when
€ = gp_1...€1, then there exists a § € Eg,_1(R) such that (1 L §)e € ESp,,(R). We
will prove the result when number of generators of € is r. We have

Cy, (v) = ((1) 2) <Ult sz1> = ﬁsen(aiﬂ,
Ry, (v) = ((1) g) (é 12:_1) = ﬁseu(ai_l).

=2

Note that a = ay,, (v), B = By, (v) € Ea,—1(R). Let us set v equal to either o or
depending on the form of ¢;. Now, ((1) 3)61 € ESp,, (R), and each n; = (1 0 )51(1 91)

0~ 0~
is of the form ((1)?) or (Ult (IJ) Now we have

(1 0 L0y,
= 0 7_1 My -..12 0 ~ 1-

By induction hypothesis (1 L 0)n,....1n2 € ESp,, (R), for some ¢ € Eg,—1(R). Hence
(1 L p)e € ESp,,,(R), where p =61y € Eo,_1(R). O

Corollary 4.5 (Rao-Swan). For n > 2 and € € Eg,(R), we have an €y € Egp_1(R) such
that ttppe = (1 L gg)thn(1 L gg).

Proof. Using Lemma 4.4 we get €9 € Ea,,_1(R) such that (1 L g9)e~t € ESp,,,(R), and
hence e (1 L o)t by (1 L eg)e™! = thy.
Therefore we have

glpne = ¢t {5_1t(1 Leo)} v {(1 Leg)e '} e
=(1Leo)wn(1 Leg). O

Using dilation principle we prove the following variant of D. Quillen’s Local-Global
principle (see [7]). The argument is standard. We include the proof for completeness.

Theorem 4.6 (Local-Global principle). Let ¢ be an alternating matriz of Pfaffian 1
of size 2n, with n > 2. Let 0(X) € Sp,ggix)(R[X]), with 0(0) = Id. If 0(X)m €
ESpyg ., (x](Bw[X]), for all mazimal ideal m of R, then 6(X) € ESp g gix) (R[X]).
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Proof. For each maximal ideal m of R one can suitably choose an element a, from R\m
such that 0(X)a, € ESp,gg, [x](fa.[X]). Note that over the local ring Ry one has
e=(1Le) Y, (1Le), for some € € Egy,—1(R,,,) (see Remark 4.3 and Corollary 4.5).
Define v(X,Y) = (X +Y),,0(Y),}. It is clear that

Y(X,Y) € ESp gr,_(x,v](Ran [ X, Y])

and 7(0,Y) = Id. Therefore v(bnX,Y) € ESp,gr(x v|(R[X,Y]), where by € (al) for
d > 0 (see Lemma 4.2). Note that the ideal generated by a%’s is the whole ring R.

d 4+ 4cpad =1, for some ¢; € R. Let by, = ¢;al, € (ad, ). It is easy

Therefore, ciay, .
to see that §(X) = Hf;ll Y(bm, X, T5)y (b, X, 0), where T = by, X +- - -+ by, X. Each
term in the right hand side of this expression belongs to ESp g gx](R[X]), and hence

G(X) S ESpW®R[X](R[X]) O

Theorem 4.7 (Action version of Local-Global principle). Let ¢ be an alternating ma-
triz of Pfaffian 1 of size 2n, with n > 2. Let v(X) € Umo,(R[X]). If v(X) €
v(0)ESp,g g, 1x](Bu[X]), for all mazimal ideal m of R, then we show v(X) €
U(O)ESP¢®R[X](R[X])'

Proof. For each maximal ideal m of R, we get B(m)(X) in ESp,gpr, (x](Bul[X]) such
that v(X)Bm)(X) = v(0). Let us set ¥(X,Y) = Bum)(X + Y)Bum)(X)~'. Clearly
Y(X,Y) € ESp,gr,, (x,v](Em[X,Y]). Since there are only finitely many denominators
involved in the expression of v(X,Y), there exists ay, € R\ m such that v(X,Y)
belongs to ESp,gr, (xv](Ra.[X,Y]) and y(X,0) = Id. Using Lemma 4.2 it fol-
lows that v(X,bmY) € ESp,gpixy(RIX,Y]) for by € (ah), d > 0. We have
V(X +bn Y )y (X, bnY) = U(X+bmy)ﬁ(m)(X""bmy)ﬁ(m)(X)_l = U(O)B(m)(X)_l = v(X).

Note that the ideal generated by ad’s is the whole ring R. Therefore cmﬁu 4+ 4
Ckaﬁ% =1, for some ¢; € R. Let b,,, = ciafni € (a;ln) In the above equation replacing

X by b, X + - -+ + bm, X and replacing b,,Y" by b,,, X we get,
V(X)) = 0(bn, X + b, X + -+ 4 b, X) € 0(bw, X + -+ + b, X) ESp,gpix) (R[X]).

Again, in the above equation replacing X by by, X +- - -+ b, X and replacing b, Y by
bin, X We get, v(bmy X+ +bm, X) € V(bmg X+ - -+bm, X)ESp g px) (R[X]). Continuing
in this way we get v(by, X + 0) € v(0)ESp,gg(x](R[X]). Combining all these we get
U(X) Hfz_ll ’Y(bm'H»lX +oee bka7 bmiX)'Y(Oa bka) = U(0)7 where Hfz_ll W(bmiJrlX +
e bka7 bmiX)'Y(Oa bka) € ESp@@R[X] (R[X]) g

We recall Swan—Weibel’s trick to establish the Local-Global principle in the graded
case.

Theorem 4.8 (Graded case of action version of Local-Global principle). Let ¢ be an
alternating matriz of Pfaffian 1 of size 2n, with n > 2. Let us set X = (X1,...,Xy)
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and 0= (0,...,0). Let v(X) € Umz, (R[X]). If v(X) € v(0)ESp,gp,, x](Bm[X]), for all
mazimal ideal m of R, then v(X) € v(0)ESp g pix| (RIX]).

Proof. Let us denote S = R[X1,...,X;]. Note that S is a graded ring with the grading
S=8S®S5 & S2® -, and Sy = R. Consider the ring homomorphism f : S — S[T]
given by f(ag+a1+as+---) =ag+ a1 T+ asT? + - - -, where each a; is a homogeneous
component belongs to S;. Let us denote v(Xy,...,X;) = (v1,...,V2,), where v; € S.
We set 0(T') = (f(v1),..., f(van)). Note that 9(1) = (vy,...,v2n) = v(X1,..., X¢), and
2(0) = v(0,...,0).

Let mp be a maximal ideal of R and let My = R\ mg. Since v(Xy,...,X:) €
v(0,...,0)ESp,(Sns,), we have o(T) € 0(0)ESp,gs,, 177(Sa, [T]). Therefore, there is
a Sm, € My such that o(T) € ﬁ(O)ESpq,@SSmO (1) (Ss,m, [17)- If m is a maximal ideal of S
then s,,, ¢ m for some mg. Therefore, 9(7") € 9(0)ESp,gs,, (1](Sm([T]), for all maximal
ideals m of S. Moreover, the ideal generated by all s,,,, for all maximal ideals mq of
R, is the whole ring R. Hence, 9(T) € 9(0)ESp,g g7 (S[T]). Substituting 7' = 1 we get
(1) = (v1,...,v2) = 0(X1,..., X¢) €0(0,...,0)ESp g rix, .. x,) (B[X1,..., X¢]). O

5. Transvection groups

Following H. Bass in [1] one defines a transvection of a finitely generated R-module
as follows:

Definition 5.1. Let M be a finitely generated R-module. Let ¢ € M and # € M* =
Hom(M, R), with 7(¢g) = 0. Let my(p) = =m(p)g. An automorphism of the form
1+ 7, is called a transvection of M, if either ¢ € Um(M) or 7 € Um(M*). Col-
lection of transvections of M is denoted by Trans(M). This forms a subgroup of
Aut(M).

Definition 5.2. Let M be a finitely generated R module. The automorphisms of N =
(R® M) of the form

(a,p) — (a,p+ az),

or of the form

(a,p) = (a+7(p),p),

where x € M and 7 € M* are called elementary transvections of N. Let us denote the
first automorphism by E, and the second one by EZ. It can be verified that these are
transvections of N. Indeed, let us consider w(t,y) = ¢, ¢ = (0,z) to get E,, and consider
w(a,p) = 7(p), where 7 € M*, ¢ = (1,0) to get E*. The subgroup of Trans(N) generated
by elementary transvections is denoted by ETrans(V).
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Definition 5.3. Let I be an ideal of R. The group of relative transvections w.r.t. an ideal
I is generated by the transvections of the form 1+ 7,, where either ¢ € IM or m € IM*.
The group generated by relative transvections is denoted by Trans(M, IM).

Definition 5.4. Let I be an ideal of R. The elementary transvections of N = (R®M) of the
form E,, EZ, where x € IM and 7 € IM* are called relative elementary transvections

w.r.t. an ideal I, and the group generated by them is denoted by ETrans(IN). The
normal closure of ETrans(IN) in ETrans(N) is denoted by ETrans(N, IN).

Lemma 5.5. Let M be a free R module of rank n > 2, and N = (R @® M). Then
ETrans(N) = Trans(N) = E,11(R).

Proof. Let I,, 1 denote the identity matrix of size n + 1. Note that when M is a free R
module, an element of Trans(N) looks like I,,11 + viw, for some v, w € R"*! and one of
v or w is unimodular. Also, note that (v,w) = v-w' = 0. Therefore Trans(N) C E,,11(R)
(see Lemma 2.3).

Given that N is free R-module. E, and EZ, the generators of ETrans(N), are of the
form (| L), and (ylf I[i ), respectively for some z,y € R". Hence ETrans(N) C E,,41(R).
By ([9], Lemma 2.7(a)) E,4+1(R) is generated by elements of the for E1;(a) and E;(b),
for a,b € R and 2 <i,j < n—+1. Therefore, E,1(R) C ETrans(N), hence ETrans(N) =
Ent1(R).

By definition ETrans(N) C Trans(N). Therefore, ETrans(N) C Trans(N) C
En+1(R) = ETrans(V), and hence the result follows. O

Remark 5.6. A relative version of the above result w.r.t. an ideal I of the ring R is
also true, i.e., ETrans(N,IN) = Trans(N,IN) = E,4+1(R, I). For details one can see
([4], Lemma 4.5).

Definition 5.7. A symplectic R-module is a pair (P, {,)), where P is a finitely generated
projective R-module of even rank and (,) : Px P — R is a non-degenerate (i.e., P & P*
by & — (z, —)) alternating bilinear form.

Definition 5.8. Let (P, (,)1) and (Pa, (,)2) be two symplectic R-modules. Their orthog-
onal sum is the pair (P, (,)), where P = P; @ P, and the inner product is defined by

((p1,p2); (1, 42)) = (P1, @)1 + (P2, @2)2-
There is a non-degenerate bilinear form (,) on the R-module H(R) = R @ R*, namely

((a1, f1), (az, f2)) = f2(a1) — fi(az).

Definition 5.9. An isometry of a symplectic module (P, (,)) is an automorphism of P
which fixes the bilinear form. The group of isometries of (P, (,)) is denoted by Sp(P, (,)).

Definition 5.10. In [2] Bass has defined a symplectic transvection of a symplectic module
P to be an automorphism of the form
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a(p) == p+ (u,p)v + (v, p)u + afu, p)u,

where @ € R, u,v € P are fixed elements with (u,v) = 0, and either u or v is unimodular.
It is easy to check that (o(p),o(q)) = (p,q) and o has an inverse 7(p) = p — (u,p)v —
(v, p)u — au, p)u.

The subgroup of Sp(P, (,)) generated by the symplectic transvections is denoted by
Transg, (P, (,)) (see [11], page 35).

Now onwards Q will denote (R? @ P) with induced form on (H(R) ® P), and Q[X]
will denote (R[X]? @ P[X]) with induced form on (H(R[X]) ® P[X]).

Definition 5.11. The symplectic transvections of @ = (R? @ P) of the form
(a,b,p) —~ (a,b+ (p, q) +aa,p+ aqg),

or of the form

(a,b,p) = (a — (p,q) + Bb,b,p + bq),

where o, 5 € R and g € P, are called elementary symplectic transvections. Let us denote
the first isometry by p(g,«) and the second one by u(g,3). It can be verified that the
elementary symplectic transvections are symplectic transvections on (). Indeed, consider
(u,v) = ((0,-1,0),(0,0,q)) to get p(q,—a) and consider (u,v) = ((—1,0,0), (0,0, —q))
to get pu(q, B).

The subgroup of Transgs, (Q, (,)) generated by elementary symplectic transvections is
denoted by ETransg, (@, (,)).

Definition 5.12. Let I be an ideal of R. The group of relative symplectic transvec-
tions w.r.t. an ideal I is generated by the symplectic transvections of the form o(p) =
p + (u,p)v + (v,p)u + a(u,p)u, where o € I and u € P, v € IP are fixed elements
with (u,v) = 0. The group generated by relative symplectic transvections is denoted by
Transg, (P, IP, (,)).

Definition 5.13. Let I be an ideal of R. The elementary symplectic transactions of @
of the form p(q, «), pu(q, 5), where ¢ € IP and «, 8 € I are called relative elementary
symplectic transvections w.r.t. an ideal I.

The subgroup of ETransg,(Q,(,)) generated by relative elementary symplectic
transvections is denoted by ETransg, (1@, (,)). The normal closure of ETransg, (1Q, (,))
in ETransg, (@, (,)) is denoted by ETranss,(Q, IQ, (,)).

Remark 5.14. Let P = @®?", Re; be a free R-module. The non-degenerate alternating
bilinear form (,) on P corresponds to an alternating matrix ¢ with Pfaffian 1 with
respect to the basis {e1, e, ..., €2, } of P and we write (p, q) = ppq'.
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In this case the symplectic transvection o(p) = p + (u,p)v + (v, p)u + a{u, p)u cor-
responds to the matrix (Iz, + viup + ulve)(la, + aulup) and the group generated by
them is denoted by Transgy (P, (, ))-

Also, in this case ETransgp(Q, (, )y, 1,) Will be generated by the matrices of the form

10 O 1b qp
ple_go((La) = ( at 1 —qgo), and /1'1/11J_<p(qvb) = (O 1t 0 )
q" 0 Iz 0q" I2n

Note that for ¢ = (g1, . .., q2,) € R?", and for the standard alternating matrix 1,,, we
have

2n+2

Pipn i1 (Q7 = 8621 H S€i1 QZ (6)
2n+2

K1 (Qa = 3612 H Selz 1(]0(2’_2)). (7)

The following has been stated by L.N. Vaserstein (see pg. 650 of [13]). We prove it for
the sake of completeness.

Lemma 5.15. Let (P, (,)) be a symplectic R-module with P be a free module of rank 2n,
n > 2. Let us assume that the bilinear form (,) corresponds to the alternating matriz @

(w.r.t. some basis). If p = 1)y, the standard alternating matriz, then Transg, (P, (, )y, ) =

Proof. When P is a free module and ¢ = t,,, an element of Transg, (P, (, ), ) looks like
(I + v'uthny1 + utvtpn 1) (Ionso + auluth, 1), for some u,v € R?", and one of u or v
is unimodular. Also, (u,v) = ut,v* = 0. Hence using Lemma 2.8 and Lemma 2.9 we get
Transg, (P, (, )¢, ) € ESp,,, (R).

Generators of ESp,,, (R) can be expressed as

( 1)Z+1ae 611/1n+17

(=1)beteq(j)tnt1 + (—1)jb€f;(j)€i¢n+1’ j# o(i)
and hence ESp,,, (R) C Transg, (P, (, )y, ). Therefore, the equality follows. O

Lemma 5.16. Let (P, (,)) be a symplectic R-module with P be a free module of rank 2n,
n > 1. Let Q denote (R* & P) with the induced form on (H(R) @ P). Let us assume
that the bilinear form (,) corresponds to the alternating matriz ¢ (w.r.t. some basis). If
© = Yn, the standard alternating matriz, then ETranssy(Q, (, )y, ) = ESPa, o (R).

Proof. Using equations (6) and (7) we get ETransg,(Q, (;)¢,.,) € ESpy, 2(R). Note
that using equations (3), (4), and (5) we can show that ESp,,, (R) is generated by elements
of the form sej;(a) and se;1(b), for a,b € R. Hence ESp,, (R) C ETransg, (@, (,)y...)-
Therefore, the equality follows. O
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Remark 5.17. A relative version of the above result w.r.t. an ideal I of the ring R is

also true, i.e., Transsp (Q, 1Q, (, )y, 1) = ESpy, 1 o(R, I) and ETransg, (Q, 1Q, (, )¢,.,) =
ESpy,,2(R, I). For details one can see ([4], Lemma 5.13 and Lemma 5.14).

Lemma 5.18. Let (P, (,)) be a symplectic R-module with P be a free module of rank 2n,
n > 1. Let Q denote (R*® P) with the induced form on (H(R) @ P). Let us assume that
the bilinear form (,) corresponds to the alternating matrixz ¢ (w.r.t. some basis). Then

ETranss, (Q, (; )y; 1p) = ESpy, 1 ,(R).

010 0-1 0

Proof. Let us fix ¢’ = ¢ L ¢. Note that ¢’ = (—100), and ¢! = (1 0 0 ) Set
0 0¢ 00 ¢!

v = (a,q) where a € R and ¢ = (q1,...,q2n) € R*". We have Cy(v) = (vlz %?(v)>7

where o (v) = (1 7‘”). Therefore,

0 I2n
1 0 0
Co)y=1[a 1 —qp | =py(qa). (8)
qt 0 I2n

w

Now we set w = (b, qp). We have R,/ (w) = ((1) ﬁ¢,(w)), where [,/ (w)
Therefore,

Il
/N
[
oS
3
~——

1 b gy
Ry(w)=10 1 0 | =pp(qb), (9)
0 qt Ign

and hence the equality follows. 0O

Lemma 5.19. Let (P, {,)) be a symplectic R-module with P be a free module of rank 2n,
n > 1. Let I be an ideal of R. Let Q denote (R>®P) with the induced form on (H(R)®P).
Let us assume that the bilinear form (,) corresponds to the alternating matriz ¢ (w.r.t.
some basis). Then ETranss,(Q, 1Q, (, )y, 14) = ESpy, | ,(R, 1).

Proof. Follows from the definitions of ETranss,(Q,1Q,(,)y,14), ESpy, 1 ,(R, ), and
equations (8), (9). O

6. ESp,,(R) in the non-free case

We have recalled definitions of elementary linear group E, (R), elementary symplectic
group ESp,, (R), transvection group of a finitely generated R-module Trans(M), and
symplectic transvection group of a symplectic R-module of even rank Transg, (P, (,)).
Note that when P is a free module, the bilinear form (,) corresponds to an invertible
alternating matrix, say ¢ (w.r.t. some basis). In this case we denote the symplectic
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transvection group as Transgy (P, (,),). In [4] we have observed that when M is a free
R-module of rank bigger than or equal to 3, the transvection group Trans(M) coincide
with the elementary linear group E,(R) (see Lemma 5.5). We have also observed when
P is a free R-module of rank 2n, where n is bigger than or equal to 2, and when the
bilinear form corresponds to the standard alternating matrix 1, of size 2n, then the
symplectic transvection group Transg, (P, (, )y, ) coincide with the elementary symplectic
group ESp,,, (R) (see Lemma 5.15). A relative version of these two results with respect
to an ideal of the ring R have also been established.

Due to the above mentioned results Trans(M) and Transg, (P, (,)) can be considered
as generalisation of E, (R) and ESp,,, (R) respectively in the case of projective modules.
Here we define a group which can be considered as generalisation of ESp,, (R) in the case
of projective modules.

Definition 6.1. Let (P, (,)) be a symplectic R-module with P finitely generated projective
module of even rank. Recall that Sp(P, (,}) is the group of isometries. We define V(P, (,))
to be the collection of all

{a(1) : a(X) € Sp(P[X], (. )er(x)), a(0) = id., and
a(X), € ESpugr,(x] (R,y[X]), for all p € Spec(R)},

where (,) corresponds to an alternating matrix ¢ (w.r.t. some basis) of Pfaffian 1 over
the local ring R, at the prime ideal p. Note that this is independent of the choice of local
basis chosen in view of the normality results proved in [6] and Lemma 3.7.

Definition 6.2. Let (P, (,)) be a symplectic R-module with P finitely generated projective
module of even rank. Let I be an ideal of R. We define V(P,IP, (,)) to be the collection
of all

{a(1) : a(X) € Sp(P[X], (,)er(x]), a(0) = id., and
a(X), € ESpSD@Rp[X](Rp[X],Ip[X]), for all p € Spec(R)},

where (,) correspond to an alternating matrix ¢ (w.r.t. some basis) of Pfaffian 1 over
the local ring R, at the prime ideal p and ¢ = t,,(mod I). Note that this is independent
of the choice of local basis chosen in view of the normality results proved in [6] and
Lemma 3.8.

Remark 6.3. Let P = ®2" Re; be a free R-module. The non-degenerate alternating
bilinear form (,) on P corresponds to an alternating matrix ¢ with Pfaffian 1 with
respect to the basis {er,ea,...,ea,} of P and we write (p,q) = ppq’. In this case the

above two groups are denoted by V(P, (,),) and V(P,IP,(,),) respectively.

Next we will prove that the above defined group is same as the group of elementary
symplectic transvections defined by Bass.
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Theorem 6.4. Let (P, (,)) be a symplectic R-module with P finitely generated projective
module of even rank 2n, n > 1. Let Q denote (R?> ® P) with the induced form on
(H(R) @ P). Then V(Q,(,)) = ETranssp(Q, (,)).

Next theorem is a relative version of the above theorem w.r.t. an ideal I of the ring R.
The above theorem can be deduced as a particular case of the below when I = R.

Theorem 6.5. Let (P, (,)) be a symplectic R-module with P finitely generated projective
module of even rank 2n, n > 1. Let I be an ideal of R. Let Q denote (R?> ® P) with the
induced form on (H(R) @ P). Then V(Q,I1Q,(,)) = ETransg,(Q, IQ, (,)).

Proof. Let us choose a 6 € V(Q,IQ,(,)). By definition there exists a 6(X) in
Sp(Q[X], (,)er[x]) such that 6(1) = 6. Also, §(0) = id., and for all p € Spec(R) we
have 6(X), € ESp(y, 1o)@R, (X (R p[X], Iy [X]). Note ESp(le_ap)(}@Rp[X](RP[X]vIP[X]) =
ETransg, (Q[X], IQ[X], (, >w1l¢)®3p[x]) by Lemma 5.19. Hence for all p € Spec(R),
0(X)p € ETranss, (Q[X], IQ[X], () (4, Lp)or,[x])- Therefore, by the local-global prin-
ciple 0(X) belongs to ETransg,(Q[X],IQ[X],(,)) (see [4], Lemma 5.20). Substi-
tuting X = 1 we get § = 0(1) € ETransg,(Q,IQ,(,)), hence V(Q,1Q,(,)) C
ETransg,(Q, (,))-

To show the other inclusion let us choose a § from ETransg, (@, IQ, (,)). We can find
an element 6(X) € ETranss,(Q[X],IQ[X],(,)gr[x]) such that § = §(1) and 6(0) =
id. (see [4], Lemma 5.22). Note that R, is a local ring for each p € Spec(R). Over
the local ring @, = Rﬁ"“ and the bilinear form (,) correspond to ¥ L ¢ (w.r.t.
some basis) of Pfaffian 1. Hence, §(X), € ETranss,(Qp[X], IQ[X], ;) Lp)or,[x]) =
ESp(y, Lp)ar, (x](Re[X], [[X]), for all p € Spec(R). Therefore, by definition §(X) €

V(Q[X], IQ[X], ( )). Substituting X = 1 we get, § = (1) € V(Q,IQ,(,)), and the
equality follows. 0O

7. Equality of orbits

Theorem 7.1. Let n > 2 and ¢ be an alternating matriz of size 2n of Pfaffian 1. Then
the orbit spaces Umay, (R) /B2, (R), Umg, (R)/ESp,, (R), and Uma,(R)/ESp,(R) are bi-
jective.

Next we will prove a relative version of the above theorem w.r.t. an ideal I of the
ring R. The above theorem can be deduced as a particular case of the below.

Theorem 7.2. Let R be a commutative ring with R = 2R, and let I be an ideal
of R. Let n > 2 and ¢ be an alternating matrix of size 2n of Pfaffian 1 such that
© = ¢y, (mod I). Then the orbit spaces Umay, (R, I)/Eon (R, I), Ums, (R, I)/ESp,, (R, I),
and Umgz, (R, I)/ESp, (R, I) are bijective.
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Proof. In ([3], Theorem 5.6) it is shown that the natural map between the orbit spaces
Umay, (R, I)/ESpy,, (R, I) — Uma,(R,I)/Ea,(R,I) is bijective, for n > 3. The case
when n = 2 was done in ([4], Theorem 7.11).

We will show the natural map Umgz, (R, I)/ESp,(R,I) — Uma, (R, I)/E2, (R, ) is
bijective. It is easy to see that the map is surjective. Let us choose v, w € Umsy, (R, I)
and g € Eq, (R, I) such that vg = w, i.e., w is in the same Ey, (R, I)-orbit of v. To show
injectivity of the map we need to show that w is in the same ESpW(R, I)-orbit of v.

Let m be a maximal ideal on R and R, be the local ring at m. Given that
¢ = 1, (mod I). Hence over the local ring Ry we have ¢ = (1 L e)l,(1 L ¢),
for some ¢ € Ea,—1(Rm, Im) (see [4], Lemma 5.2). Therefore, ESp,(Rm, Im) = (1 L
€)1 ESpy,, (Rm, Im)(1 L €) (see Lemma 3.5 and Lemma 3.7) Note that g € Eg, (R, I).
Therefore, we can write g = HZZI Ve Eiy j (ak.)'yk_l, where v; € Eo,(R) and ay, € I. Let us
set V(X1,. .., X¢) = v They Y6 Bipje (Xi)ve b and W(Xy, ..., X;) = V(X1,..., X)(1 L
£)~1. Note that

W(Xh...,Xt) € W(O,,O) Egn(Rm[Xl,...,Xt]7Im[X1,...,Xt])
—W(0,...,0) ESpy, (Ru[X1,- - ., Xi], In[ X1, - ., X)),

for all maximal ideals m of R (see [3], Theorem 5.5). This implies

V(X1,..., X¢) € V(0,...,0)(1 L&) 'ESpy,, (Rm[X1, .-, Xi], Im[X1, .-, X¢])(1 L&)
=V(0,...,0)ESp, (Rn[X1,..., X¢), Im[X1,. .., X4]),

for all maximal ideals m of R (see Lemma 3.8). Therefore,
‘/()(17 . ,Xt> S V(O, . ,O)ESpSO(R[Xl, . 7)(t], I[Xl, Ceey Xt]>7

by Lemma 4.8. Substituting (X1,...,X:) = (a1,...,a;) we get vg € vESp, (R, I), and
hence w belongs to the same ESp,, (R, I)-orbit of v. O

Next theorem is an analogue of the above theorem in the case of projective mod-
ules.

Theorem 7.3. Let R be a commutative ring with R = 2R, and let I be an ideal of R.
Let (P,(,)) be a symplectic R-module with P finitely generated projective module of
rank 2n, n > 1. Let Q = R?> ® P with induced form on (H(R) ® P). We also assume
for each mazimal ideal m of R, the alternating form (,) over the local ring Ry corre-
sponds to an alternating matriz @ (w.r.t. some basis), such that ¢n = ,(mod I).
Then the orbit spaces Um(Q,IQ)/ETrans(Q,1Q), Um(Q, IQ)/ETranss,(Q,1Q,(,)),
and Um(Q,1Q)/V(Q,1Q,(,)) are bijective.

Proof. Follows from ([4], Theorem 6.1) and Theorem 6.5. O
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