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Abstract
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1. Introduction

Let 3Dy (q) be Steinberg’s simple triality group defined over a finite field with ¢ = p” ele-
ments, where p is a prime number and n is a positive integer. The character table of > D4(q)
was computed by N. Spaltenstein, D.I. Deriziotis and G.O. Michler in [10] and [2]. In [6], the
character tables of the proper parabolic subgroups of * D4(g) were calculated for odd g.

In this paper we extend the results in [6] to even ¢, i.e., we construct the irreducible characters
of the proper parabolic subgroups of 3D4(2") using methods similar to those in [6]. This com-
pletes the task of computing the character tables of the parabolic subgroups of Steinberg’s triality
groups > Dy4(g) for all prime powers ¢. For the calculations we use computer programs written
by C. Kohler and the author in the language of the GAP [3] and Maple [1] part of CHEVIE [5].

The results of this paper are used in the verification of Dade’s conjecture and the Isaacs—
Malle—Navarro version of McKay’s conjecture for Steinberg’s triality groups (see [7]). The
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character tables might also be helpful in getting new information on the decomposition num-
bers of 3D4(2") in non-defining characteristic along the same line as in [11].

2. Notation and group theoretical properties of 3 D4(2")

We use exactly the same notation as in [6, Section 2] with the only difference that ¢ = 2" is
now always a power of 2. Since we are working in characteristic 2 we do not have to deal with the
signs of the structure constants N,. The relations in Tables 2.2-2.4 of [4] and in Table 2.1 of [6]
still hold for even g, when one ignores the signs. So we can use these relations for computations
in>Dy(2").

3. The conjugacy classes of the parabolic subgroups

We define parabolic subgroups B, P and Q of G :=3D4(2") in the same way as in
Sections 4—6 of [6]. So B is a Borel subgroup of order g"%(q*> —1)(g — 1), and P and Q are
maximal parabolic subgroups containing B. The order of P is |P| = g% (q° — (g — 1), the
order of Q is |Q| = ¢'*(¢> — 1)(¢®> — 1). Up to conjugacy, B, P, Q and G are the only parabolic
subgroups of G.

The conjugacy classes of G have been determined by Deriziotis and Michler in [2]. The
conjugacy classes of B, P and Q can be computed in the same way as for odd g. Representatives
for the conjugacy classes of B, P and Q are given in Tables A.1-A.4, A.7, A.8, A.11 and A.12
in Appendix A.

The parameter sets I1, I, I3 and the field elements ¢, n occurring in these tables are defined as
follows. Let IFqs be the field with ¢> elements and IF, its subfield with g elements. We write IFqX3
and ]F;< for the multiplicative groups of these fields. The set I is the set of all 7 € IF; such that
xg(1)x204 8 (1)x3044(t) is G-conjugate to xg(1)x3444(1). The set I is defined as /1 := ]F; —D.
We call two elements a’,a” € I’ := F,s — F, equivalent if and only if there exist 7 € IE‘;‘, yeF,
such that a” =t (a’ + y). Then, I5 is defined as a set of representatives for the equivalence classes
of this equivalence relation on I’. We choose an element 1 € F, — {u2 +u |u €F,} and define
C:=1+4n.

The class fusions of B in G are not given explicitly in the tables in Appendix A since they
can be read off from Tables A.4 and A.8.

4. The character table of the Borel subgroup B

The Borel subgroup B is the semidirect product of the maximal torus 7 = T* and the unipo-
tent normal subgroup U = X4 XgXo48X20+8X30+8X30+28- In this section we compute the
irreducible characters of B.

Fix a linear character ¢’ : Fgs — C* of the additive group of [F43, such that ¢’ restricts non-

trivially on Fy and such that {r € F; | e’ +r?+r =0} Cker(¢). Let ¢ be the restriction of ¢’
to IF,. So ¢ and ¢’ satisfy Eqs. (1) and (2) in [6, p. 779] and we have ¢'(x?) = ¢'(x) for all
xelF 3.

pr

Theorem 4.1. The character table of the Borel subgroup B is given by Tables A.5 and A.6 in
Appendix A.
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Proof. All irreducible characters of B can be obtained by inducing linear characters from suit-
able subgroups. The constructions are as follows:

BXl(k’ 1)9 BXZ(k)9 ey BX7(k):
The constructions of gy (k,1), ..., px7(k) for odd g carry over to even g without any changes.

BX12(k), Bx13(k), px15(k):

These characters correspond to the characters px,(k), Bx13(k), Bx17(k), respectively, for
odd ¢g. The constructions of these characters carry over to even g with some slight and obvi-
ous modifications.

BX8>BX9> BX10> BX11*
For x € {0, n}, we consider the linear characters

@xt xg(d2)Xa+(d3)X20+p(da)X30+8(d5)X3a428(de) > @' (x - dy + d3 + da)

of Up := XgXot8X20+8X30+5X30+28- The two linear characters

X (8)Xp(d2) Xt p(d3) X204 (da) - - > (=X (d5 + da)

of (xq(1))Up (k =0, 1) are the extensions of ¢y to (x,(1))Up and the two linear characters
X (8) (d2) X p (d3) X245 (da) -+ 1> (=190 (7 - dy + d + dy) of (xa(1))Up (k =0, 1) are
the extensions of ¢, to (x¢(1))Up. So, by [8, (6.17)], (¢o + (pn)B = gog + gof is the sum of four
characters of degree %413(413 —1)(g — 1). Let ¢ := ¢p + ¢,. We can compute the values of @B
and verify (¢?, ¢?)p = 4. Hence ¢? is the sum of four different irreducible characters of degree
%q3(q3 — 1)(¢ — 1). The characters pxg, BX9- BX10> BX1] are, by definition, the constituents
of ¢? and their values can be determined using orthogonality relations in a way similar to that
for odd g (see [6, p. 783]).

BXx14(k), BX16:

Number the elements of F, in some way, say F, = {x1,x2,x3,...,x4} with x; = 0. Let
BXx1ak), k=1,...,¢q, be the character of B induced from the following linear character of Up:
xg(d2) X+ (d3)X20+8(d1) X304+ 6(d5)X3042p (d6) +> @' (xk - d2 + dy + ds) and let px 6 be the
character of B induced from the following linear character of X Xoq14X30+X30+28:

X (A1) X204+ (da) X304 (d5)X30 428 (de) > ¢’ (d) + d).

Computing scalar products with CHEVIE, we see that we have constructed g% 4-2¢> +¢?45¢ +3
different irreducible characters of B. Since this number equals the number of conjugacy classes
of B, the character table is complete. O

We point out that we are not able to describe all values of the characters p x (k) and g x 14(k)
generically because the values of these characters on the unipotent conjugacy classes c1,9(¢),
c1,11(t) or c1,15(a’) of B depend on ¢ or ¢’ and we do not have a generic description of these
classes. For fixed ¢ (not too large), there is no difficulty in computing the values of these charac-
ters on all conjugacy classes only using the above definition of these characters.
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5. The character table of the maximal parabolic subgroup P

The maximal subgroup P is the semidirect product of the Levi complement Lp =
(T, Xy, X_o) and the unipotent radical Up = XgXoygX204X3046X30+28. We choose
Yo, Y1, ¥, ¥3, ¥s € Irr(Up) in the same way as in [6, p. 786]. We use the same notation for iner-
tia subgroups as in [6]. Inspecting the proof of Proposition 5.3 in [6] we see that this proposition
carries over to even g without any changes.

Theorem 5.1. The character table of the parabolic subgroup P is given by Tables A.9 and A.10
in Appendix A.

Proof. Following [6], we use Clifford theory to determine the irreducible characters of P:

Px1K), px2(k), px3(k), px4(k):
These are the inflations of the irreducible characters of Lp.

Pxs5k), pxe, PXx7(K), PXg(k):
The construction of these characters is analogous to p x5(k), pxg, Px7(k), pxg(k) for odd g.

PX9: PX10s---» PX18(K):

We use the restrictions of the unipotent characters 1, [e1], [p1], [p2], 3 Dy4[—1], 3D4[1], [e2],
St of G to P (see [10]). The characters py (k) and pyxq4(k) for k = 0,...,q2 + g and
k=0,..., q2 — g, respectively, are constructed in the same way as for odd g. The remain-
ing irreducible characters of P are constructed as follows. We define pyx7(k) := p X15(k)P s

k=0,....q°> =2, px15:=[e1lp — 1p — px5(0),
/
PXo:="Dalllp — px15— Z px17(k)

where 3 is the sum over all different p x |7(k) with g> +q 41|k, k#0and px 19 := px1,(0) —
P X 9. Furthermore, we set p x1g(k) := px4(k) - px15. k=0, ..., q3,

1
PX12="Dal[~1]p — Z prXx18(k)

where Y~ is the sum over all different p x (k) with > —q + 1k, k #0, px13 := px14(0) —
px12 and pxie := px17(0) — px 5. Computing scalar products with CHEVIE, we see that
px1k), ..., pxg(k) are q4 + q3 + q2 + 3g + 4 different irreducible characters. Since this
number equals the number of conjugacy classes of P, the character table is complete. O

So xi(k,D), ..., xa(k) cover ¥o; x5(k), xe cover ¥r1; x7(k), xg(k) cover ¥2; x9, x10, X11(k)
cover ¥3; X12, X13, X14(k) cover ¥4 and x5, ..., x18(k) cover 5.

Corollary 5.2. For j =0, ..., 5, ¥; extends to its inertia subgroup in P.

Proof. The proof is analogous to Corollary 5.8 in [6]. O
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6. The character table of the maximal parabolic subgroup Q

The maximal subgroup Q is the semidirect product of the Levi complement Ly =
(T, Xg, X_p) and the unipotent radical Up = Xo X¢4 X204 X30+8X3a+28-

Theorem 6.1. The character table of the parabolic subgroup Q is given by Tables A.13 and A.14
in Appendix A.

Proof. The irreducible character of Q can be constructed as follows:

0x1(0), 0x2(k), 0 x3(k), X 4(k):
These are the inflations of the irreducible characters of L.

The construction of these characters is analogous to g x 5(k), 9 X, 0 X7 for odd q.

0Xgs - 0X16(k):

The definition and construction of these characters is different from odd g. Let ¢ x (k) :=
sx7(k)€ for k=0,...,q —2 and 0Xg = axs? — Z/”Q)(lo(k), where ZW is the sum over
all different ¢ x,,(k) with k # 0. Furthermore, we define ¢ x4 := gx0(0) — gxg- We de-
fine o x1,k) := px12(k)¢ for k =0,...,¢° =2, ox,sk) := px13()¢ for k=0,...,¢> +¢
and g x 4(k) == x14(k)2 for k =1,...,q. Since we do not know the values of BX14(k) we
are not able to compute the values of g x 4(k) generically, but we can compute all values of
> i_1 0x16(k) since we know Y7 px14(k). Let

q

ox11=1[plo+ Dal=11g = 0x16k) — 0x,(0) = 0 X5(0) — g x5(0)
k=1

—0X9— 0X14(0) — 0x;5(0)
and

q

0X12:=1[plo+>Dalllg — Z 0X16() — 0x1(0) = 0x,(0) — 0 x5(0)
k=1

—0ox3— 0Xx140) — 0x45(0).

To construct the remaining irreducible characters of Q, we consider the subgroup (Xg, ng).
The conjugacy classes of (X g, ng) can be computed analogously to those of Lp and L and are
shown in Tables 6.2 and 6.3.

Since (Xg,ng) = SLy(q) the character table of (Xg,ng) is well known and can be taken
from the CHEVIE-library or [9, p. 134]. In particular, fork =1, ..., g, the group (Xg, ng) has an
irreducible character 1 (k) with the values given in Table 6.4.

The subgroup C7(Xg)X2o+p has an irreducible character p of degree g3 — 1 whose val-

~Ar o~ o~ Fo~n 2
ues at xoq4(1) and A (¥, ¢}, 532[",%2" ") # 1 are respectively —1 and 0. For k =1,..., g, let

x (k) be the character of (T XgXoq1p,np) = C1(Xg) X201 X {(Xp,ng) defined by x (k)(x) :=
w(x) ¥ (k)(x2) for x = x1xp with x1 € C7(Xg)X2a+4p and x2 € (Xg,ng). Extend y (k) to the
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Table 6.2
Parameterization of the semisimple conjugacy classes of (Xg,ng)
Representative Parameters Number of classes
hy:=h(1,1,1,1) 1
ha (i) :=h(1,5f, 1, 1) i=0...q=2  (q-2/2
i#0
h3(i) :=h(1,Ef, 1, 1) i=0,....q q/2
i#0
Table 6.3

The conjugacy classes of (Xg,ng)

Notation Representative Order of centralizer(s)
€1,0 1 q(@*—1)

1,1 xp (1) q

2,0(0) ha (@) qg—1

c3,0(0) h3(i) q+1

Table 6.4

Values of the irreducible characters ¥ (k) of (Xg,ng)

1,0 1 c2,0(0) c3,0()

) g—1 - 0 —gik g ik

subgroup (T Xg X244 6,n8) X30+8X30424 and induce it to Q. In this way we get the charac-
ters x (k). Fork=1,...,q let

q q
0x13k) :=q2~Bx8Q +(q2—2q+2)-BX9Q - 5(61 —D-gxg+ 5(61 —D-oxg
(g—1D(g—2) (g—1D(g—2) .
B S G T S “0X1p— X(K).

Computing scalar products with CHEVIE, we see that g x | (k), ..., g x ;4(k) are g 423 + 4>+
3q + 3 different irreducible characters. Since this number equals the number of conjugacy classes
of Q, the character table is complete. O

Remark. It is also possible to determine the orbits of Q on Irr(U) and the corresponding inertia
subgroups. In particular, it turns out that every irreducible character of Uy extends to its inertia
subgroup. But the determination and description of these subgroups is much more difficult and
complicated than for odd ¢, so that this would fill an indisproportional part of this paper. Since
these subgroups are not needed for the construction of the character table of Uy, we omit the
description of the inertia subgroups.



260 F. Himstedt / Journal of Algebra 316 (2007) 254-283

Appendix A
Table A.1
(cf. Deriziotis and Michler [2, Table 2.1]) Parameterization of the semisimple conjugacy classes of 3 Dy4(q), g even
Representative Parameters Number of classes
hy:=h(,1,1,1) 1
- T o = ) =)
h3(i) :=h(l, ¢H . 8T i=0.....q-2 a2
i#0
~qi -~ . 2
ha(i) = h(@, 1. 97", 3’) i=0.....4%+q 94
i#0
. i ~g2i 3 o
. Sioqozqi 2 . 3_g2—g—2
hs@) =h(&5, 1,88, ¢ i=0,....q4-2 g7 —g=2

i#(@—-DL1=0,....¢>+q+1
i=0,...,4°=2,j=0,...,g=2

i,j#0
: Y Lt — 4}
s 2] ozqi zqti orj#L 1=0,....,q9 — ﬁ(q —4q
he(i, j) = h(&3. 61,657, ¢3 ) i#(q*+q+ Dl +2¢2 -2 +12)

orj#2l,1=0,....,9—-2
i#j+(@—DI1=0,....,4>+¢
i#2j+(@q-Dl 1=0,....,¢° +q

h7(i) ==h(1,&7,1,1) i=0,....q 4
i#0
P 4 3_
hg(i) = h(~(q +a)ei. ~(q +q+1)ei i=0,....4"+q° —q =2 s P2
~(q +q2)cz ~(q+])cz i#@q+DL1=0.....q" =2 N
iy iy ) i#(@ =D 1=0,....q
_(g—1 . 2_
hoi) :=h(@h. 1,351 g0~ i=0,....q>—¢q 4
i#0
: iy gqi zg%i ; 3 ’=4>+q
h10(1)2=h(§3,1,§3 753 ) l=0,~~-:q D
i#(@+DL1=0.....4°—q
i:O,...,q4—q3+q—2
. Di ~q% - . 4243
By ) = by, 79T 9 50 i#@—DI1=0,...,¢3 L
i# @R+ 1=0,...,qg-2
i=0, ...,q2+q
SN (G ql+] ~(l]+1)(1 i) [=0,‘..,q +q g*+2¢3—q%—2¢
hia, j) = (@}, ¢4, 74 y T ==t
2i # j. (1—¢%)
- .’q22_q 4 3 2
—qi+j ~(g—=1(i—j) =0,...,9°—¢q g*—243—q%+2¢
hi3G, ) =h(@}, 60,56 " . o ) Héo 2qi —
2i# j,(1—q%)
+i ~qi ~ql ; 7*—¢*
h14() —h(¢12,<ﬂ12 2 @12: 910 ) i=0,. q _q 7
i 40
i:O,...,q3
j=0,....q
. . 2. l’j#o
hisG, j)=hELELEET i#(@—q+Dlorj#L 1=0.....q " —2g° +24% —4g)

i#(@?—qg+Diorj#2,1=0,...,q
i#j+(@q+DI,1=0,..,¢*—¢q
i#2j+(q+DI 1=0,....4°—¢

(c is the multiplicative inverse of q2 + ¢ — 1 modulo (q3 —D@g+1).)
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Table A.2

(cf. Deriziotis and Michler [2, Table 2.4]) The conjugacy classes of 3 Dy (q), g even

Notation Representative |C3 D q)l

c10 1 9% =Dt —q*+ 1)
c1,1 X342 (1) q%@% -1

c12 244 (1) ¢"¢*—1)

€13 xp(Dx3a4p () 24%a* +a+ 1)
cL4 Yoot p (D20t 5 (D345 (6) 248> —q+ 1)
15 Xa(Dxg48(@) 4%

16 xa(Dxg(1) 2q*

17 xa (Dxg (D245 () 2q*

c3,0(0) h3(@) 7> q° =g 1)
3,10) h3(i)xg (1) P@-1

ca0() ha(i) @@ -D2@+D
c4,10) ha(i)x3q42p (1) @ -1

ca (i) ha(D)xp(1)x304p(1) @ +q+1)
es,0(0) hs (i) q@® - D> -1
es,1(0) hs (i) x3042p (1) q(@ -1

c6,0(. ) he (i, j) (@>-Dg-1
e7,0() h7 (i) P@®-D@g+1D)
c7,10) h7()x2044(1) @+

cg,0(0) hg (i) @ -D@+1
€9,0(0) hy (i) @@ +D%@g -1
c9.1(0) ho(i)x30428(1) @@+
c92(i) ho(0)xg()x304-8(s9)X30 424 (r) ?@*>—q+1)
c10,0(0) h1o(@) a@ + D> -1
c10,1() h10()x36+24(1) q(@+1)
ci1,0() hy1@) @ +Dg-1
12,00, J) hi2(i, ) (¢*+q+1)?
13,0 §) hi3(, j) @*—q+1?
c1a,0() h1ai) gt —q>+1
c15,00, J) hys(, j) @+ D@+

(The field elements 7, ¢ € Fy are defined in Section 3, furthermore s € F is a primitive (q2 — DI)th root of unity, r € F is

3
a root of the polynomial X9 + X + 597! and a € F with 4" =a and a? #a.)
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Table A.3

Parameterization of the semisimple conjugacy classes of B

Representative Parameters Number of classes

hy:=h(,1,1,1) 1

A . 2.

hs(@):=h(@§, 1,65, ¢§ ) i=0.....4°+¢q 9’ +q
i#0

he(i) ==h(Z], I, 5. ¢ i=0,....q-2 q-2
i#0

hy (i) :=h(l. ¢l 2). ¢ i=0,....,9-2 q-2
i#0

hg(i) ==h(1,Z},1,1) i=0,...,q-2 qg-2
i#0

i=0,...,¢°=2

~2qi ~2(121'

ho(i) =h(&3, ¢l 51" 517 i# (-l @ —q*—q-2

1=0,...,q> +q+1

i=0,...,4°=2
o i a2
hio() ==h(&i, el e e i#(q— DL, ?—q*—q-2
1=0,....¢4> +q+1

i=0,...,¢° =2
o~ ~ni o~
hi () :=h(&d, 1,888 i#(q— DI, ®—q*—q-2
1=0,....,¢>+¢q+1

i=0,...,4° =2
j=0,...,9—-2
i#0
j#0
i#(q*+q+Dlorj#l
[=0,...,9—2
i#(q%+q+Dlorj#2I,
[1=0,...,9 -2
i#j+@q—-Dl,
1=0,....q4%+¢q
i#2j+(q— 1L,
1=0,....4%+¢q

e i oegi a2
hiaG, j)=hl, ¢ o' e gt =43 +2¢> —2q + 12
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Table A.4
The conjugacy classes of B
Notation Representative [Cpl Fusion in P Fusion in Q
€10 1 a2 - Dg-1 c1,0 c1.0
cr,1 x3¢+28(1) 2@ -1 el 11
c1,2 X341 ¢ -1 c1,2 c1,1
1,3 X2g+p(1) '%q -1 1,3 1,2
4 X4 p(1) g -1 €13 13
€15 Yo+ (VX254 (X364 (1) 248 c1,4 c1,4
€16 Yo+ (VX204 (DX3048(5) 248 cLs €15
1,7 xp(1) @@ - 1,2 1,7
1,8 xg(Dx2g4p5(1) g% 1,3 1,8
c1,9(t) xg (Dx2g+p8(1)x30 45 (1) q8 c15 c1,9(t)
1,10 xg(Dx3g+p(1) ¥@+q+1 Cl4 1,10
cp,11() xg(Dxog4+g(Dx304 (1) 48 cr4 c,11()
cL12 Xa (1) FUCEEY) 1,6 1,3
1,13 Xa (Dx2g4 (X3¢ 428 (1) 247 c1,7 Cl,4
1,14 Xa (Dx2g+5(1)x30 424 () 247 c1,8 1,5
c1,15(@) xo(Dxq4p(a’) q° c1,9(a”) 1,6
1,16 Xa (Dxp(1) 2q* 1,10 1,12
1,17 X (D)xg (Dx2q 45 (1) 2q* L1l 1,13
es,0() hs (i) @ -Dg-D ¢6,0(i) c6,0()
es,10) hs(i)x3042p (1) @ -1 c6,1() c6,1()
es.2(0) hs(i)x3044(1) > -1 c6,2(0) c6,1(0)
e5,3(0) hs()xp(1) *@> -1 c6,3(0) c6,2(i)
es,4() hs()xp(1)x3q4p(1) *(@*+q+1) c6,4(i) c6,3()
¢6,0(i) he (i) @ -Dg-D c4,0() c4,0()
¢c6,1(0) he(i)xq (1) A CE) cq,1() cq4,1(0)
c7,0() h7 (i) @ -g-1 es,0() c4,0()
c7,10) h7(i)xa4p(1) *q-1 es,1(0) c4,100)
eg,0(0) hg (i) @ -Dg-1 es.0(0) es,0(0)
cg,1(0) hg (i) X204 (1) -1 es,100) es,100)
c9,0(i) ho(i) a(@> =g -1 c7,0(d i) 7,00)
c9,1(1) hg(i)xp(1) a@ -1 c7,1(d i) c7,1()
c10,0(0) hio(i) q(q* =g -1 ¢7,0() eg,0()
c10,1() h10@)x3g45(1) q@® -1 ¢7,1(0) cg,1(i)
c11,00) h11G) q(@> - D@ -1 cg,0(1) cg,0(i)
c11,1() h11(D)x3042p(1) q(g> - 1) eg.1(0) eg.1(0)
c12,00 ) hi2(i. j) @ -Dg-1 €9,0(i. ) c9,0(i. j)

(The parameter ¢ in the representatives for the conjugacy classes of type ¢y 9, ¢q 11 runs through the sets /1, I with
|I}| =¢q/2 and |I| = q/2 — 1, respectively. The parameter a’ in the representatives for the conjugacy classes of type ¢ 1,15

runs through the set I3 with |I3] =g + 1. The sets Iy, I, I3 are defined in Section 3. For abbreviation, d := q2 +q—1.
The elements ¢, n are the same as in Table A.2.)
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Table A.5

Parameterization of the irreducible characters of B

Character Parameters Number of characters
X1k, 1) k=0,...,4°=2;1=0,...,q—2 @ =Dg-1
BXx2(k) k=0,...,9 -2 g—1

Bx3(k) k=0,...,¢4° -2 g3 —1

BX4 1

BXxs5(k) k=0,...,q9—-2 g—1

BX6K) k=1,...,q+1 g+1

BX7(k) k=0,....,q9—2 g—1

BX8 1

BX9 1

BX10 1

BX11 1

Bx12(k) k=0,...,4° -2 -1
BXx13(k) k=0,....q°>+¢ g2 +q+1
BX14k) k=1,...,q q

BXx15k) k=0,...,4° -2 -1

BX16 1




Table A.6

The character table of B

€1,0 1,1 1,2 1,3 1,4
X1k, D) 1 1 1 1 1
X2 (k) g3 -1 g3 —1 g3 —1 -1 g1
Bx3(k) qg—1 q—1 q—1 g—1 qg—1
BX4 (@—D(@* -1 (-1 -1 (@—1(q>—1) (@D -1 (@-D(q* -1
Bxs(k) q@q® =1 q@q@® =1 q@* =1 q(q> 1) —q
Y1 Bxe) a(g =g+ D> -1 a(q— D@+ @ -1 a(q =g+ -1 a(g— D@+ > =1 —q(q—D(g+1)
Bx7(k) @ -1 @ -1 a*@> -1 -4 RG]
BX8 13— @ -1 3@ -n@> -1 383(q— D> -1 -34°@—1) -3¢*@ -1
BX9 1@ -G -1 Y@ - -1 1@ -G -1 ~$aq -1 ~1*q-1
BX10 363(@q— D> —1) LA CERVCAREE) 13 @q—-1@> -1 1@ -1 -3¢*@ -1
BX11 343 - -1 33— -1 33— -1 —3a3(q—1) —343(q -1
Bx12(k) g—1 -1 -4
Bx13(k) q-1? q-1? —¢3(q—1)
Y Bxiath a*q =@ 1) ACERVCAE)) —q*(g> = 1)
BX15(0) a*@ -1 —q*
BX16 g g-D@* -1 -¢*q* -1

(continued on next page)
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Table A.6 (continued)

L5 L6 c1,7 1,8 c1,9(t) 1,10 c1,11(0) cL,12
X1k, D) 1 1 1 1 1 1 1 1
Bx2(k) 7 -1 7 -1 g} -1 a1 7 -1 g1 g -1 -1
BXx3(k) qg—1 q—1 —1 —1 —1 -1 -1 qg—1
BX4 (@—D(q* -1 (@-D(g* -1 -@ -1 -@-  —-@-D  -@-D —@-1n  —@-D
Bxs(k) —q —q q@> -1
Yt exe®  —alg—D@+D  —qlg—D@+D —4(q - D(g+1)
BXx7(k) -4° —¢°
BXs iq3 iq? 1@ -n i 1q? 1@ -1 14 1@ -1
BX9 %q3 143 _%qz(qs_l) %qz %qz _%qz(q3_l) %qz —%qS(q—l)
BX10 %q3 143 %qZ(q3—1) _%qz _%qz %qz(q3_1) _%qz %q3(q—1)
BX11 143 g3 2@ -1 142 Lq? 1@ -1 ~1q? -13q-1
Bx12(k) q* -q? —q(g* - 1) q —qg-1)  qg+1) qlq+1)
Bx13(k) a*(g—1) —q*(q—1) q(q*—1) —q qlq—1) —q(g+1) —q(g+1)
Yisxuat =g I
BXx15(k)

BX16

99¢
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Table A.6 (continued)

1,13 c14 cr15(d)  eiie cir cs,00) ¢s,1() ¢s5,2() ¢s5,3(0) c5.4()  ce,0()
px1(k.D) 1 1 1 1 1 ik ok ik ik pik ikl
Bx2(k) -1 -1 -1 -1 -1 (@ — ek
Bx3(k) q-1 q-1 q-1 -1 =1 @-Delt g-Dek  (g-Delk ik —gik
BX4 —(@-1 —(@-1 —@-1 1 1
Bxs5(K) q(q*—1) q(q*—1) —q
Y pxe®  —alg—D@+D —glg—D@+1 g
BXx7(k)

BXs -1 -1 -34* 14°

BX9 1q3 14 1 —1q

BX10 -1q? -14? ¢ -1q

BX11 34 1 _lg? 1g?

Bx12(k) (@—-Deif (@ —Dek gl (@— Dok —gik
Bx13(k) @- D% (g—DF —(q-Delt —(g—Deik oiF
Yo Bxiath

Bx15(k) 7° —q? q(q— Dok —qeik

BX16 —4° q°

(continued on next page)
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Table A.6 (continued)

c6, 1) c7,00) c7,1() g o)

cg, 1) c90(i)

c9,1() 10,000 c10,1()

c11,00)

c1,10)

c12,00, J)

sx1 kD) q‘k+2i1 Ci’k-&—il §{k+il 41
Bx2(k) —¢ik

Bx3k)

BX4

Bxs5(k) : @ - ek ik
Y1 pxsh) :
Bx7(k) : : : (@ — ik
BX8

BX9

BX10

BX11

BXx12(k)

BXx13k)

Y Bx1ate

BX15(k)

BX16

il 2ik il
& 574

(g — D3k

—ffk

dikpil ik il ik il
83" ¢ 83t 83t

2
_{31k

(q—Deik gk

ik
&

(q — ik

ik
&

ik
—{é

—
o5

(In this table, zeros are replaced by dots. See Table 2.2 in [6] for notation for the irrational character values.)
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Table A.7
Parameterization of the semisimple conjugacy classes of P

269

Representative Parameters Number of classes
hy=h(,1,1,1) 1

ha() = h(&], 2,88 i=0,...,g=2i#0 q-2
hs(i)=h(1,Z},1,1) i=0,...,q—2i#0 qg-2
ha(i):=h(¢§,1,¢§i,¢§2i) i=0,....q2+q:i#0 %t

Wty = h@L 2L i=0,...4%—2 P —q?—q-2

i#@—DL1=0,...,¢°> +q+1

~ i o~ 2i
hg(@):=h(i, 1,28 ¢4 i=0,....¢4°-2
i#@—-DI,1=0,...,g+q+1

@ -q*—q-2)/2

i=0,...,¢°-2

j=0,...,9 -2
i, j#0
i # (g% +q+Dlorj#1,
i#(q%>+q+Dlorj+#2l,
1=0,...,g-2
i#j+@-DIL1=0,....4>+q
i#£2j4+(@q—-DI,1=0,....¢4>+¢

S R 2.
ho(i, j):=h(s. ¢l cd' cd™)

g*—443+24%—2g+12
2

. Li 4 ~—qi ~(q—Di . . 2_
hio@) == h(@h 1,35 g8~ i=0,....4° —q;i #0 T
. 32
hii():=h(E, 1,677 & i=0,...,q3 g~ +g
i#@+DI 1=0,....4>—¢
\ . i=0,....¢"—¢*+q-2 L
. ~i ~(@7+Di ~q%i ~q°i —
hiaG) = h(@h, 7 T T i#(q—Dl,1=0,....¢° A

i#@+DL1=0,....q—2
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Table A.8

F. Himstedt / Journal of Algebra 316 (2007) 254-283

The conjugacy classes of P

Notation Representative ICp| Fusion in 3D4 (q)
1,0 1 %@ - Dig-1 10
1,1 *3q4+2p(1) %@ -1 1,1
1,2 X3+ (1) a""¢* -1 1,1
1,3 X204+ (1) "% -1 1,2
Cl,4 xg(Dx3q+p(1) 2¢%@% +q+1) 1,3
c1s Xa4p (D20 48 (Dx3044(C) 2¢8(q> —q+1) cLa
1,6 Xa (1) FUCES) 1,2
1,7 Xa(Dx204+ 8 (Dx3042p(1) 2q” 13
c1.8 Xo(Dx2g+8(DX3042(8) 29" c1,4
c1,9(a" xa (Dxg1p(a) q° 15
c1,10 xa(Dxp(1) 2q* L6
c1L11 X (Dxg(1)x2q 480 2¢* c1,7
ca0() hy(i) @@ -Dg-1 c3,0(0)
ca1(0) ha(i)xe (1) P@-1 3.1(0)
¢5,0(1) hs (i) @ = D1 e3,0()
es5,1() hs (D)x20-+4 (1) 7> -1 e3,1()
¢6,0(i) he (i) @@ -Dig-1 c4,0(0)
c6,1(0) he () x3g428(1) @@ -1 c41(0)
c6.2(i) he()x3048(1) @ -1 c41 (i)
c6,3(i) he(i)xp(1) @ -1 ca,1(0)
c6,4(0) he()xp(Dx3g4+p(1) ?@P+q+1) ca2(0)
€7,0() h7 (@) a¢> = D@ -1 e5,0()
e7,1(0) h7()x30+4(1) q@ -1 es5.1()
0 hg (i) @ -D@g-1 es,0(0)
cs,1(0) hg(i)x3g426(1) q@ -1 es,1(0)
€90, ) ho(i, /) (@>-Dg-1 6,00, )
c10,0(0) h1o@) @ +Dg-1 €9,0(0)
c10,1(0) h1o()x30428(1) 3@+ c9,1(i)
c10,2(0) h10()xp ($)X3q48(sT)X30425(r) @ —q+1 92(i)
c11,0() Ry () g@+D@g—-1) c10,0(0)
c11,1G) 11 ()x30428(1) q(@®+1) c10,1(0)
c12,0() h12(0) @ +Dg-1 c11,0()

(The parameter o’ in the representatives for the conjugacy classes of type ¢ g runs through the set I3 with |I3| =¢q + 1
which is defined in Section 3. The elements ¢, n, r, s € [ are the same as in Table A.2.)
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Table A.9
Parameterization of the irreducible characters of P

271

Character Parameters Number of characters
px1(k) k=0,...,q—2 g—1
px20k) k=0,...,9—2 g—1
px3(k. 1) k=0,....¢° =21=0,....,g =2,k #0 @ -2 —1)2
px4k) k=0,....¢* —¢>+q -2 1@ -1
k+# (g3 +1)m, m=0,....q—2
pxs® k=0,...,q° =2 PE
PX6 1
px7k) k=0,...,9 -2 q—1
pxgk) k=1,...,q+1 g+1
PX9 1
PX10 1
px11(k) k=0,....,¢>+q;k£0 G +q)/2
PX12 1
PX13 1
px14(k) k=0,...,¢> —q:k#£0 %(q2—q)
PX15 1
PX16 1
px17(k) k=0,...,¢° =2,k #0 G =22
px18(k) k=0,....,¢%:k#0 1g3




Table A.10

The character table of P

1,0 1,1 1,3 1,4 1,5
px1k) 1 1 1 1 1
px2(k) 7 7 7 7 q°
px3k, D) ¢ +1 @ +1 ¢ +1 @ +1 @ +1
pxa(k) -1 -1 -1 -1 -1
pxsk) (@D +1) @-D@+1 q-1 > +q—1 —(@*—q+1)
PXe6 @-1@®-1 (@—D(q® -1 —@-D@@-q+D)  (@-D@ -1 @-D@>+q-1) —@*—qg+D@> -1
px7(k) a(q® 1) a(q® 1) a(q>—q> = 1) —q(@®+q+1) —q(@®>—q+1)
Y pxs® 4@ —D@+DE -1 ¢@-D@+DE -1 ¢@-D@+D@ -1 ¢@-D@*->-D —qg+D@ -1  —q¢ D@+
PX9 1Pa-02F+n Pe-0*@+y 1Pa-v@+9-1 1@ 7
PX10 13q-02P+)  1P@-02P+) PG -D@P+a-1) —i43@q-1 7
Px11(k) A CER V(AR @@ -D*g+D -G +q-1)  —¢*@-1) 2¢°
PX12 1@ -v@-n 1P -nE@d -1 UM CE)) 7
PX13 1@ - -y PP -n@d-n 1@ -1 7
Px14k) @* - g* -1 *q* - g* -1 —q3(q—1) 2¢°
PX15 q*q -1 —q*
PX16 q’(qg—1 —q’
px17(k) a* (- D@+ -4+
px18(k) a*(q— D@ -1 —q*q* -1

TLT
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Table A.10 (continued)

1,6 L7 €18 cro@) er1o e c400) c4,1()  ¢5,00) cs,1(i) ¢6,0(i)
px1(K) 1 1 1 1 1 1 ¢k gk gk ok 1
px2(k) gtk ¢k ¢k 1
p a3k, D) | 1 | | | | (q3+1)§f‘k+2il C{'k+2il C{'k+i1+§1j1 C{'k+i1+§1j1 wék_i_(ﬂ;ik
pxa(k) -1 -1 -1 -1 -1 -1 @ -ngk gk
px5(k) q-1 g—1 g—1 g-1 -1 -l (@ — D@ +93™)
PX6 —(g—-1 -g-1H —(¢@-1) —(@-1 1 1
px7(k) q(q> =1 9@ -1  q@®-1) —q (@ =ik —ik
YOt e —q@®—1) —qg*> -1 —q¢*-1) q
PX9 -1¢3q-1 14’ 1’ 142 142 q-1?
PX10 3@ -1 -1q? -14? ¢ —1q q-1?
px11(6) (@ = D@ +¢7%)
PX12 —%q3(q -1 §q3 %q3 Lq? —%q
PX13 %q3(q -1 —%q3 —%q3 -1q? %qz
px1a(k)
PX15 q* 42 q(q—1)
PX16 q(g—1)
px17(k) q? —q? 4(q — D@ + 93
px1k) -q? q*

(continued on next page)
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Table A.10 (continued)

c6,1(0) c6,2(i) c6,3(1) c6,4(i) c7,0(0) c7,1(0) cg,0(i)
px1(K) 1 1 1 1 gik ¢ik 1
px2(k) 1 1 1 1 gik ¢ik 1
px3k.D) ¢§k+(p3—ik (pgk+¢;ik (pgk+¢;ik ¢§k+¢;ik Cék{{l+{§q+1)qik§{l §£k§f1+§3(q+l)qik§{'1 {é‘k_i_{;ik
pxa(k) . .
pxsk) (=D +o3™%) gk —p7 —glk gek— gk ik Ttk gl (g e tDek garbaik
PX6
px7(k)
YIt pas®)
PX9 (q-1)? —(g—1) —(q—1) 1
PX10 (q-1)? —(@—1 —(@—1 1
px11(6) @@= D2 + 075 —@ - D@+ 037 —(g - D@ +e7%) @i+
PX12
PX13
px14(k)
PX15 —q : : : : : g—1
PX16 —q : : : : : qg—1
pX17(k) —q(@F + ¢35 : : : : : (g — DEiF+¢5770

px18k)

YLT
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Table A.10 (continued)

cg,1(1)

€10,0(0)

c10,1()

c10,2(1) c11,00)

c1,1()

c12,0(0)

px1(k)
px2(k)
px3k,D)
P x4k)

P x5k
PX6
px7(k)

1
Y1 pxg)

PX9
PX10
px11(k)
PX12
PX13
pPx14(k)
PX15
PX16
px17(K)
px18k)

1
1

{é'k + {3—ik

-1
-1

—g5 k- ik

1
-1

L
—ptk — g

@% = D@ + 5™
—q(g—1)
(g —1)

4(q — D@k + 5™

1
-1

ik _ ik
—ptk — g

7> -1
q> -1

1 1
-1 -1

. ik . ik
_‘Plﬁk - 9061 _%k - 53 !

—1

—1
ik —ik

@ = D@k + o™~k — g

q
-4

—q (@l + g%

q—1
—(@—1

1
-1

i —ik
_%k _ §3 i

—(¢ =D&+ s el

ik
&
ik
,{{

3.
i ik
—n —n§

(In this table, zeros are replaced by dots. See Table 2.2 in [6] for notation for the irrational character values.)
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Table A.11

F. Himstedt / Journal of Algebra 316 (2007) 254-283

Parameterization of the semisimple conjugacy classes of Q

Representative

Parameters

Number of classes

hy=h(1,1,1,1)

1

ha(i) =h(&}, cH . 2. Eh i=0,....q—2 i#0 g—2

hs(i) =h(1.Z{. 1. 1) i=0,...,9=2 i#0 2
. : 2.

he(i) :=h(@5, 1, ¢ . @5 ") i=0,....,q>+q; i £0 a*+q

. =2i =i z2qi z2¢% .
hyG) =h@3 . e 51 570 i=0,....4° 2 P —q*—q-2
i#@—-DI,1=0,....,¢+q+1
i g ~g2i
hg(i) =h(&i. ¢l 28" ¢d ) i=0,....q" -2 @ —q*—q-2
i#£@—-DI,1=0,....g°+q+1

i=0,...,4°=2; j=0,...,q—2

i,j#0
i#(@>+q+Dlorj#L
s ~i =qi =q2 1=0,...,q—2 4_4,340,2_
N i 7J zqi 7970 beeesq q"—49°+29°—2q+12
h9(laJ)~—h(€3»§l:§3 ,4-3 ) l;ﬁ(qz-‘rq-‘rl)l 01'j7£21, s
1=0,...,qg—2
i#j+(@—DI1=0,....,4>+¢
i#2j+(q—DI 1=0,....¢° +¢
hio() :=h(1,E,1,1) i=0,....q;i#0 g
. ; 4, 3
o _(g+q)ci i=0,....,9"+q°—q—2 5
hll(l).—h(/L3 ) i;é(q+1)1,l:0,‘..,q3—2 M

2 : 3.2 :
~(q°+q+1)ci ~(g°+q7)ci ~(g+1)ci
/L:(;q a s /L3q a s /l3q )

i#(@ =Dl 1=0,....q

(c is the multiplicative inverse of q2 + g — 1 modulo (q3 —D@+1).)
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Table A.12
The conjugacy classes of Q
Notation Representative [Col Fusion in 3D4(q)
€10 1 7@ - D> -1 €10
1,1 X3q+2p(1) %@ -1 c1,1
1,2 X0+ (1) q'"%4q% -1 1,2
€13 Xt (1) @ -1 €12
c14 Xg48(Dx2048(Dx3044(1) 248 €13
1,5 Xa+B(Dx2g+8 (1) X304 (5) 248 c1,4
L6 xa(Dxg4p(a) q° s
7 xp(1) 3@ -1 11
c1,8 xg(Dx2q4p(1) g% 1,2
c1,9() xg(Dx2g44(Dx3044(0) 8 L4
c1,10 xg(Dx3g45(1) @ +q+1) 1,3
cp,11() xg(Dxog4g(Dx3g4p (1) 48 €13
1,12 xo (Dxg(1) 2¢* €16
1,13 Xo(Dxg(1)x2q46 (1) 2q* c1,7
ca,00) ha (i) @ = Dig—-1 c3,0()
c4100) ha(i)xe (1) P@-1 3,10)
es,0(0) hs (i) @ -Dg-1 e3,0(i)
es,1() hs(i)x2g+4(1) ?@q-1 e3,10)
c6,0(0) he (i) a*(@® = D> = 1) c4,0()
c6,1(0) he(D)x30-+25(1) P> =1 ca,1()
c6,2(0) he(i)xg(1) @ -1 ca,1(0)
c6,3(0) he()xg(1)x304+4(1) ?@®+q+1) ca (i)
7,0() h7(i) a(@ - D> -1 es,0((q> +q — Di)
c7,10) h7(i)xg(1) q@ -1 cs5.1((q% +q — i)
cg,0(0) hg (i) a@ —D(g—1 ¢5,0(0)
eg.1(0) hg(i)x30+4(1) q@ -1 es,1(0)
€9,0(i. j) ho(i. j) (@>-Dg-1 c6,0(, )
€10,0(0) hio(i) @ -+ c7,0(0)
€10,1() h10()x204p(1) 3@+ e7,1()
c11,00) hi1 () @ =D +1) c8,0()

(The parameter ¢ in the representatives for the conjugacy classes of type c1 9 and ¢y 11 runs through the sets 11, I, with
|11 =¢g/2 and |I,| = q/2 — 1, respectively, which are defined in Section 3. The elements ¢, 1, a € F are the same as in

Table A.2.)
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Table A.13

Parameterization of the irreducible characters of Q

Character Parameters Number of characters

ox; k) k=0,....4° -2 @1

0 X, (k) k=0,....¢4° -2 -1

ox3k.D) k=0,....q43 -2 3@ —1qg-2
1=0,...,g—2;1#0

014K k=0,....qg*+¢*—q -2 T -1
k#(q+Dmm=0,....¢° -2

0x5(k) k=0,....,q—2 g—1

0Xs 1

0X7 1

0xg 1

0X9 !

0Xx10®) k=0,...,q—2;k#0 (qg-2)/2

0X11 !

0X12 !

0x13k) k=0,....q:k#0 q/2

0X 1400 k=0,...,4° -2 ¢ —1

0% 150 k=0,....q%>+q g+l

0X16k) k=1,....q q




Table A.14
The character table of Q

€1,0 1,1 1,2 1,3 1,4 1,5
QXl(k) 1 1 1 1 1 1
0X,(k) q q q q q q
ox3k,D q+1 q+1 q+1 q+1 q+1 qg+1
0X4) q—1 q—1 q—1 q—1 q—1 q—1
ox5k) @+ -1 @-D@+D@+q+D @+ -1 P —q-1 P —q-1 P —q-1
0X6 @-D@+D@ -1  @-D*q@+D@+q+D) @-D@+D@ -1 @-D@*-q-1) @-D@>-qg-1) @-D@>—q-1
QX7 q(@*=1(g> -1 q@*—D(g* -1 q(q* = 1(g> -1 —q(q* = 1) —q(q®—1) —q(q>—1)
0xXs 1a3 @+ (g =1 13 @+0@ -1 33 @+ 13@ -1 -343 -34°
0X9 1P @q+D@> -1 f @+ D@ -1 1@+ YA CE) -4 -34°
0x10®) q+D@ -1 @+ -1 -3 (q+1) q-1 -3 -3
ox11 343 - -1 33— -1 —3@* g% —3q*— 4% 34> 343
0X1 343 - D@ -1 13 @ - -1 —3q* = 4% —3@* = 4% 343 343
0x13%) ?q-D@ -1 ?q-Dg> -1 —q*-q% —@q*-q% 7 7
0x14k) g -+ -4 q* -2
0x15k) @ -D*@q+1D) a3 g —1) a*q-1 —q*(qg 1)
Y _i0x6® dta—D@+D@ -1 —g*g-D@*+q+D —-q° 7

(continued on next page)
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Table A.14 (continued)

€16 c1,7 €18 c1,9(r) 1,10 Cru@) 1,12
ox, (k) 1 1 1 1 1 1 1
0x,(®) q
ox5k. ) q+1 1 1 1 1 1 1
0x4®) g—1 -1 -1 -1 -1 -1 -1
ox5k) —@+1 @-D@+q+D)  (@-D@*+q+D)  @-D@>+q+D  @-D@+q+D)  (@-D@*+q+) -1
0X6 —@-D@+1D) —-@-D@+q+D) —@-D@+q+) —@-D@*+q+D) -@-D@+q+1) —@-D@*+q+1) 1
0X7 4q
oxy ~34%@* = 1) 34* 34* —34*@ =1 34* ~34°
%o 3% = 1) —34 —34* 30°(@* =1 —54? 34°
0X 100
0x1 3@ -¢» 1q? 1q? 3@ -¢» 1q? 1q?
0X12 1@ g% ~34? -34? 3@°—q% -34° -34°
0x130)
0X 14 —q(g—D@+1 q —q(q—1) q(q+1) q(q+1)
0x15k) q(g—D@+1 —q q(g—1 —q(q+1) —q(q+1)

Yioi 016

08¢
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Table A.14 (continued)

1,13 c4,0(0) c4,1(0) ¢5,0(1) ¢s,1(0) c6,0(0) ¢6,1(0) ¢6,2(i)
ox(®) 1 ¢k ¢ik 1 1 ik ik ik
01, (k) ¢ik ¢ik 1 1 qeit qeif
03k, 1) 1 C]ik+2i1+§]ik+i1 ;fk+2il+§f‘k+il Cl—il_i_;{z é.]—il_i_;lil (q+1)<p§k (q+1)(p§k (pé‘k
0x4) -1 (g — ik (g — Dl —gik
oxsk) -1 @-D(@*+q+ gk ik
0X¢ 1
0X7
0Xg 34° ¢ -1 -1
0% -4’ ¢’ =1 -1
0X10%) @ =Dk +e ™y gk
0X1] _%qz
0X12 %‘12
0x 13
0X140) @-Deifq+1  —gi (g — Deif
0x15®) @-D%f g+ —@-Delf g - Dl

ZZ:I 0X16k)

(continued on next page)
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Table A.14 (continued)

¢6,3(0)

¢7,000) ¢7,1(0)

cg,0(i)

cg,1(0) 9,00, j)

c10,0()

c10,1(0) c11,00)

ox, (k) ik
QXQ(k)
ox3k.D) ik

ik
_¢§

0x4)
0x5(k)
0Xe
0X7
0Xg
0X9
010
0X11
0X12
0x 13
0x 140 *‘ng
0x150) ol
Y1 0x16%)

€32ik ;32ik
ae3
@+ Dl !

@-Dg* gt

o5k
oik
;ék;lll + {?z)k

(q — ik

¢ik ¢ik
¢ik ¢ik

- . i)l
{ékglll'i'{ék i—J)

el +elfe

ik
,{é

1
-1

—2ik 2ik
_Sl ik _ 511

7> -1
¢ —1
@ - DEF+e

2. s
ik—qik+ik
1 e

_quik—qik—o—ik

—1 3

—2ik _ #2ik 2ik _ 20k
=& - 13’ _“sq

(In this table, zeros are replaced by dots. See Table 2.2 in [6] for notation for the irrational character values.)
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