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1. Introduction

Mickelsson algebras were introduced in [M] for the study of Harish-Chandra modules of
reductive groups. The Mickelsson algebra, related to a real reductive group, acts on the space of
highest weight vectors of its maximal compact subgroup, and each irreducible Harish-Chandra
module of the initial reductive group is uniquely characterized by this action.

A similar construction can be given for any associative algebra A, which contains a universal
enveloping algebra U(g) (or its g-analog) of a contragredient Lie algebra g with a fixed Gauss
decomposition g = n_ + h + n. Namely, we define the Mickelsson algebra S"™(A) as the quo-
tient of the normalizer N(An) of the left ideal An by this ideal. For any representation V of
A the Mickelsson algebra S™(A) acts on the space V" of n-invariant vectors. This construc-
tion provides a reduction of a representation of .4 with respect to the action of U (g) and can be
viewed as a counterpart of Hamiltonian reduction. It has been applied for various problems of
representation theory, see the survey [T2] and references therein.

The structure of Mickelsson algebra simplifies after localizing it over a certain multiplicative
subset of U(h), where b is the Cartan subalgebra of g. The corresponding algebra Z"(A) is
generated by a finite-dimensional space of generators, which obey quadratic-linear relations.
These generators can be defined with a help of an extremal projector of Asherova—Smirnov—
Tolstoy [AST]. An application of the extremal projector to the study of the Mickelsson algebras
Z"™(A) was proposed by Zhelobenko [Z2]. Besides, Zhelobenko developed the so called ‘dual
methods,” and constructed another set of generators of the Mickelsson algebra by means of a
family of special operators, which form a cocycle on the Weyl group [Z1].

Later Mickelsson algebras appeared in the theory of dynamical quantum groups. Their basic
ingredients, the intertwining operators between Verma modules and the tensor products of Verma
modules with finite-dimensional representations actually form special Mickelsson algebras. Ma-
trix coefficients of these intertwining operators are very useful in the study of quantum integrable
models [ES]. Tarasov and Varchenko [TV] found the symmetries of the algebra of intertwining
operators, which originate from the morphisms of Verma modules. They satisfy the braid group
relations and transform the weights of the Cartan subalgebra by means of a shifted Weyl group
action. These symmetries got the name of a ‘dynamical Weyl group.” The theory of dynamical
Weyl groups was generalized to the quantum groups setup in [EV]. The form of operators of
the dynamical Weyl group is very close to the factorized expressions for the extremal projector
and for the Zhelobenko cocycles [Z1]. However, the precise statements and the origin of such a
relation were not clear. One of our goals is to clarify this relation.

In this paper we describe a family of symmetries for a wide class of Mickelsson algebras.
They form a representation of the related braid group by automorphisms of the Mickelsson alge-
bra Z"(A) and transform the Cartan elements by means of the shifted Weyl group action. Each
generating automorphism is a product of the Zhelobenko ‘cocycle’ map q,,; and of an automor-
phism 7; of the algebra A, extending the action of the Weyl group on the Cartan subalgebra. The
new feature of our approach is the homomorphism property of Zhelobenko maps, that was not
noticed before. However, the proof of this property is not short and requires calculations with the
extremal projector.
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The construction of automorphisms of Mickelsson algebra Z"(.A) is quite general. In par-
ticular, it covers the examples of Mickelsson algebras, related to reductions g’ D g from one
reductive Lie algebra to another, and of the smash product U(g) x S(V) of U(g) with the sym-
metric algebra of a U(g)-module V. Here it becomes the dynamical Weyl group action after
certain specialization of the Cartan elements of g. It can be applied to the construction of finite-
dimensional representations of Yangians and of quantum affine algebras, see [KN1,KN2].

The paper is organized as follows. In Section 2 we collect all necessary information about the
extremal projector and the required extensions of U (g).

In Section 3 for a fixed contragredient Lie algebra g of finite growth we introduce a class of
associative algebras A, which we call g-admissible. They contain U (g) as a subalgebra, with a
requirement that the adjoint action of g in .A has some special properties. In particular, as a g-
module with respect to the adjoint action .4 is isomorphic to a tensor product of U (g) and of some
subspace V C A. Mickelsson algebras, related to admissible algebras, have specific properties.
The crucial one is the existence of two distinguished subspaces of generators z, and z/,, v € V.

Section 4 is an exposition of the ‘Zhelobenko cocycle’ construction [Z1]. We present it with
complete proofs in order to eliminate the unnecessary restrictions, made in [Z1]. The story begins
from the map qo, Which relates the universal Verma modules, attached to different maximal
nilpotent subalgebras of g. The product of such operators over the system of positive roots maps
the vectors v € V to the generators z/, of Mickelsson algebras. This invariant description proves
the cocycle properties of the maps qq .

Section 5 describes the homomorphism properties of the Zhelobenko maps. We prove first that
for a simple root «; the Zhelobenko map gy, establishes an isomorphism of a double coset algebra
and of the Mickelsson algebra. This implies that the compositions §; of the Zhelobenko maps
qo; With the extensions of Weyl group automorphisms are automorphisms of the Mickelsson
algebras, satisfying the braid group relations.

In Sections 6 and 8 we calculate the images of the generators of Mickelsson algebras and of
the standard modules with respect to §; and show that the dynamical Weyl group is a particular
case of our construction. Section 7 is devoted to the Mickelsson algebra Z,, (A), defined as
the localizations of the quotient of the normalizer N (n_.A) of the right ideal n_.A by this ideal.
These algebras are used for the study of n_-coinvariants of .4-modules.

Section 9 is a sketch of extensions of our constructions to the quantized universal enveloping
algebras U, (g). The new important detail here is that the compositions of the Zhelobenko maps
qo; With the Lusztig automorphisms coincide with the compositions of q,, with the adjoint action
of the Lusztig automorphisms, see Propositions 9.2 and 9.4. This allows us to prove both the
homomorphisms properties and the braid group relations. We conclude with remarks about the
range of assumptions on g-admissible algebras, used in the paper.

2. Extremal projector

In this section we review Zhelobenko’s approach to the extremal projector of Asherova—
Smirnov—Tolstoy [AST]. Our exposition follows [Z2] in the main details.

2.1. Taylor extension of U (g)

Let g be a contragredient Lie algebra of finite growth with symmetrizable Cartan matrix a; ;,
i,j=1,...,r. Let

g:n_+b+n (21)
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be its Gauss decomposition, where b is a Cartan subalgebra, n=n, C b and n_ C b_ are nil-
radicals of two opposite Borel subalgebras b (which is also denoted as b) and b_. We use the
notation [7 for the system of simple positive roots; Ay, A_ and A = Ay LI A_ for the system of
positive, negative and all roots; AT, A™ and A™ = ATF L A for the system of positive, negative
and all real roots. Let (,) be the scalar product in h*, such that («;, «;) = d;a; j =dja;;, for
o, 0 € I1 al’ldd,' e N.

Denote by Q C h* the root lattice, Q =Z - A, and put Q4 = Zx - A+. For any g-module
M and p € bh* we denote by M, the subspace of elements m € M, such that h(m) = (u, h)m,
in particular the space U (n), consists of elements x € U(n),, such that [k, x] = (u, h)x. We
adopt the normalization of the Chevalley generators e, € 1, e_q, € n_, and of the coroots &y, =
a;Y € b, where a; € IT, such that

leq;s e—a;] =i, jha;, (he;, exa;] = Eai jera; = E(ho,, oj)etq;,
ade o exo; =0 ifi # . 2.2)
For any y € A, we define a coroot &, € b by the rule
(a,)he + (B, Php = (@ + f,a + Bhayp, ifa,Ba+peA,.
Due to (2.2), we have

[hy’e:taj]::t(hyvaﬂe:tajv <h}/’aj>€Z' (23)

Let W be the Weyl group of g. For any w € W we denote by T,,: U(g) — U(g) a lift of the
map w:fh — b to the automorphism of the algebra U (g), satisfying the braid group relations
Tww = Ty Ty, if [(ww’) = I(w) + I(w"), where I(w) is the length of w. For instance, we may
choose Ty, as in [L] (see (9.2) for the quantum group version). We adopt a shortened notation 7;
for automorphisms Tsa,- , where «; € IT.

Denote by D the localization of the free commutative algebra U () with respect to the multi-
plicative set of denominators, generated by

{he +k|lae A, kelZ}. 2.4

To any 1 € h* we associate an automorphism t,, of the algebra D. It is uniquely defined by the
conditions

Tu(h)=h+(h,u) foranyh ch. 2.5)

Due to (2.3) the algebra U (g) satisfies the Ore condition with respect to the above set of denom-
inators. Denote by U’(g) the extension of U (g) by means of D:

U'(g) =U(9) Qu(n) D~ D Qu) U(g).

Note that the algebra U’(g) is a D-bimodule and any automorphism 7,, admits a canonical
extension to an automorphism of U’(g), which we denote by the same symbol.

Choose a normal ordering (see [T] for the definition) y; < y» < --- < ¥, of the system A4
of positive roots of g (n = |A4| may be infinite). Let e4,, where « € A, be the Cartan—Weyl
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generators, constructed by the recursive procedure, attached to this order, see [T]. We assume
that they are normalized in such a way that

lea, e—o] = hq, [haveiﬂ] :i(havﬂ>eiﬂ~ (2.6)

For any ke Z">0, k= (k1,...,ky), with > k; < oo denote by er the monomial ef =

e)’j% ...e’)‘,g € U(by) and by é; the monomial e]ilyl -~-eli”yn

by (Fg,n), the vector space of series

€ U(b_). For every u € Q denote

W= ) Ggger gy €D, 27

krezl,
of the total weight u. Set

Fg,n = @(Fg,n);p

neQ

Proposition 2.1. (See [Z2, Section 3.2.3].) The space Fy v is an associative algebra with respect
to the multiplication of formal series. Its definition does not depend on a choice of the normal
ordering <.

Clearly, the algebra Fg , contains U’(g) as a subalgebra. We call Fy , Taylor extension of
U’ (g), related to the decomposition (2.1).

A choice of normal ordering is a technical tool for a description of the algebra Fj . It is used
for constructing particular bases in the weight components of the algebras U (n4.). Instead, one
can fix for any v € Q4 abasis {e,, ;} of the finite-dimensional space U (n), and, forany v € O_,
a basis {é, ;} of the finite-dimensional space U(n_),. Then the space F, 4 consists of formal
series

Xp = » ev, ji Xy v jev,js  Xv,jivj €D,
veQ,veQ_,j,j

of the total weight i € Q.
2.2. Universal Verma module and the extremal projector
Set
Mn(g)=U'(9)/U'(g)n.
The space My(g) is a left U’(g)-module and a D-bimodule. It is called the universal Verma
module. Since My (g) is a U (h)-bimodule, we have an adjoint action of U () in My (g), defined

as ady, (m) = [h, m] for any h € hh and m € M,,(g). We have the weight decomposition of My, (g)
with respect to the adjoint action of U (h):

Ma(@) = D (Ma(@),,-

neQ—
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Denote by E’(g) the algebra of those endomorphisms of M, (g), which commute with the right
action of U (h). We have a linear map & : U'(g) — E’(g), induced by the multiplication in U’(g)
and establishing on M (g) the structure of the left U’(g)-module. For any u € Q, define

Eu(g)={aeE'(9)|[E(h),a] = (u, h)a for any h € b},

and set

E(9) =D Eu(o).

neQ
Proposition 2.2. (See [Z2, Section 3.2.4-3.2.5].) The map & induces an isomorphism of algebras:
£:Fgn— E(9). (2.8)

The proof of Proposition 2.2 is based on the nondegeneracy of the Shapovalov form. Recall
[S] that the Shapovalov form A(x, y): U(g) ® U (g) — U (h) is defined by the relation A(x, y) =
B(x' - y), where x > x' is the Chevalley antiinvolution (¢’,, = exo, h' =h, (xy)' = y'x") in
U(g) and B:U(g) — U(h) is the projection with respect to the decomposition

U(@=U®)® (n-U(g) + Ug)n).

The Shapovalov form vanishes on the left ideal U (g)n and is nondegenerate on U (n_). It admits
an extension to a nondegenerate form on M, (g) with values in D.

For the proof of the isomorphism (2.8) we choose for any v € O~ a basis {e, ;} of U(n_),,
which is orthogonal with respect to the Shapovalov form, and take e, j = (e_, j)’ .

Proposition 2.3. (See [Z2, Section 3.2.8].) There exists a unique element Py, € Fy v, satisfying
equations

eqPn=Pne_y =0 forallae Ay 2.9)
with the zero term B(Pyn) = 1. It is a self-adjoint projector of zero weight, Pﬁ =Py, PL =P,.

The definition and the construction of the projector P,, depend on a choice of the nilpotent
subalgebra n C g. When n coincides with a fixed nilpotent subalgebra n, appearing in the de-
composition (2.1), we omit the label n and denote the projector simply by P.

Note an important property of P, which follows from Proposition 2.3:

P—leFgunnNn_Fg,. (2.10)

By means of Proposition 2.2, the element P is described as an element of E(g), which projects
the universal Verma module M, (g) to the subspace (M (g))" = M, (g)o of n-invariants along
n_My(g) = @y<0(Mn (9))y . The element P is called the extremal projector.

There are three distinguished cases of the use of the extremal projector.

(1) Let V be a Fyg n-module. Then P projects V on the subspace V" of n-invariants along the
subspace n_V.
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(2) Let V be a module over U’(g), locally finite with respect to n. Then P projects V on the
subspace V" of n-invariants along the subspace n_V.

(3) Let V be a module over U (g), locally finite with respect to b. Assume that u € h* satisfies
the conditions:

(W+p,hy)#—1,-2,... foranyo e Ay, (2.11)

where p is a weight such that (p, o;) = (o, ;) /2 for all i. Denote by V), the generalized
weight subspace of V of the weight . Then P projects V,, on V,, N V" along V, Nn_V.

In the following, for any left U(g)-module M, on which the action of the projector P is
defined, we denote the corresponding element of End M by p, and for any right U (g)-module N,
on which the action of the projector P is defined, we denote the corresponding element of End N

by p.
The operator p satisfies the relations

ple_,m)=e,p(m)=0 foranyy e Ay, meM, p*=p. (2.12)
Similarly, the operator p satisfies the relations
p(ne,) =p(n)e_, =0 foranyy € Ay, ne N, p* =p. (2.13)

2.3. Multiplicative formula for extremal projector

The extremal projector P for any simple Lie algebra was discovered and investigated by
Asherova, Smirnov and Tolstoy [AST]. They gave a multiplicative expression for P, which was
later generalized to affine Lie superalgebras and their g-analogs. We reproduce here the multi-
plicative formula from [AST].

For any @ € A4 and any X € h* let f, ,[A] and g4 »[A] be the following elements of D:

n

fanlMl = H ha +tha )+ 1) ganld =[] (e + G )+ ) 214)
iz j=1

Define Py[A] € Fy n and P_y[A] € Fy n_ by the relations

Py[A] = Z(_) fanlhle"yel,  Poli]= Z(_n) ganlMlehe’ . (2.15)

n=0 ’ n=0
Set

Py =Palp], P_y =P_qulp]. (2.16)

Proposition 2.4. (See [AST].) Let y| < --- < yn be a normal ordering of A.. Then the extremal
projector P is equal to the product

P=[] P,. (2.17)

yeldy

where the order in the product coincides with the chosen normal order <.
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Analogously, the product ]_[;E APy is equal in Fy , to the projector Py,_.

For a generalization of (2.17) to arbitrary contragredient Kac—Moody Lie algebras of finite
growth and their g-analogs, see [T,KT].

We can also define the elements P[A] and P_[A] for any A € h* by the relations

PlAl= [] Py(al.  P_[al= [] P-,[AL (2.18)

yEAL yEAL

It is known (see [Z2], and also Section 3.5 of the present paper), that P[A] and P_[A] do not
depend on a choice of the normal order. In this notation, P =P[p] and P,,_ =P_[p].

3. Mickelsson algebras
3.1. g-Admissible algebras

Let A be an associative algebra, which contains U (g) as a subalgebra. Then .4 has a natural
structure of a U (g)-bimodule. Since U (g) is a Hopf algebra, the bimodule structure produces an
adjoint action of U (g) in .A. We have

ad (x) = Zg;xs(g;/), (3.1)

where the coproduct A(g) of an element g € U (g) has a form A(g) =), g/ ® ¢/ and S(g) is the
antipode of g. The adjoint action ad, of ¢ € g on a € A is the commutator, ad, (a) = ga — ag.
In the sequel we use the following notation for the adjoint action:

ga)=adg(a), geU(g), acA.
We call A a g-admissible algebra if:

(a) there is a subspace V C A, invariant with respect to the adjoint action of U (g), such that the
multiplication m in A induces the following isomorphisms of vector spaces

al) m:U(@QV—> A, @) m:VeU(g) — A;

(b) the adjoint action of real root vectors e), € U(g) on V is locally nilpotent, the adjoint action
of the Cartan subalgebra f in V is semisimple.

Sometimes we call V an ad-invariant generating subspace of the g-admissible algebra 4. The
condition (a) says, in particular, that A is a free left U (§)-module and a free right U (§)-module.

Since the adjoint action of real root vectors in U (g) is locally nilpotent, the conditions (a) and
(b) imply that the adjoint action of real root vectors e, is locally nilpotent in A, that is, for any
a € Aand y € A™ vectors adzy (a) are zero for sufficiently large n. Thus the restriction of the
adjoint action of U (g) to any sl>-subalgebra, generated by real root vectors e.,,, where y € AT,
is locally finite in A. Since the adjoint action of the Cartan subalgebra U () is semisimple,
A admits a weight decomposition with respect to the adjoint action of U ().

There are two main classes of g-admissible algebras.
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Let g be a reductive finite-dimensional Lie algebra and g; a contragredient Lie algebra of
finite growth, which contains g. Then the adjoint action of g on g; is locally finite and
A=U(g)) is a g-admissible algebra.

Let V be a U(g)-module algebra with a locally nilpotent action of real root vectors. This
means that V is an associative algebra, equipped with a structure of a U (g)-module, such
that the action of real root vectors is locally finite. These two structures are related: the
action of Lie generators g € g satisfies the Leibniz rule:

givy) =gz +v1g(v2). (3.2)

Denote by U (g) x V the smash product of U (g) and V. It is an associative algebra, generated
by elements g € U(g) and v € V, satisfying the relation

gv—vg=g), geg, veV, (3.3)

and, more generally,

Zgl{US(glf/):g(v), gelU(g), veV, (3.4)

where S is the antipode in U(g), A(g) =) _; g/ ® g/ is the comultiplication in U (g). The
smash product U(g) X V is a g-admissible algebra.

Let V be a U (g)-module and End® V be the algebra of the endomorphisms of V, finite with
respect to the adjoint action of real root vectors of U (g). Then the tensor product U (g) ®
End® V is a g-admissible algebra. This construction is a particular case of the previous one:
the tensor product U(g) ® End® V is a smash product of C ® End’ V and of diagonally
embedded U (g), generated by the elements g® 14+ 1® g, g € g.

Definitions of Mickelsson algebras

Let A be a g-admissible algebra. Let Nr(.An) be the normalizer of the left ideal An:

xeNr(An) < nx CAn.

Denote by S"(A) the quotient space

S"(A) = Nr(An)/An.

Proposition 3.1.

(1) The space S™(A) is an algebra with respect to the multiplication in A,
(ii) Let M be an A-module. Then the space M™ of n-invariant vectors in M is a S™(A)-module.

The algebra S™(A) is called the Mickelsson algebra [M]. Since h normalizes n., we have the
inclusion U () C S™(A). Denote by A’ the localization

A" =D ®uw) A
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The condition (a), (b) of a g-admissible algebra imply that the eigenvalues of operators

fzy : A — A are integers for any y € A. Therefore the algebra A satisfies the Ore conditions

with respect to the set of denominators (2.4). Besides, we have a canonical embedding of A into

A’ and thus an adjoint action of U(g) in A’, compatible with the adjoint action of U (g) in A.
Define the Mickelsson algebra Z™(A) as the quotient

Z"(A) =Nr(A'n)/ A'n,

where Nr(A'n) is the normalizer of the left ideal A'n of A’. The algebra Z"(A) is a localization
of the algebra S (A):

Z"(A)=D Qup) S™M(A).

We can change the order of taking quotients and subspaces in the definition of Mickelsson al-
gebra. Then the Mickelsson algebra Z™(A) is defined as a subspace of n-invariants in a left
U’ (g)-module M (A") = A’/ A'n:

ZM(A) = (M (A))" = {m € Mu(A) | nm = 0}.
The algebra Z™ acts in the space M" of n-invariants of any .A’-module M.
3.3. Double coset algebra
Suppose that a g-admissible algebra A satisfies the additional local highest weight condition:

(HW) For any v € V, the adjoint action of elements x € U (n),, on v is nontrivial, X (v) # 0, only
for a finite number of u € h*.

With this assumption the quotient M, (A’) = A’/ A’n has a structure of a left Fy ,-module,
extending the action of A’ by the left multiplication. In particular, the extremal projector P acts
on the left Fj ,-module M (A).

The properties of the extremal projectors imply the relation

Z™(A) =Imp C Mn(A), (3.5)

where p € End M, (A’) is the action of P in M, (A’), see Section 2.2.
Denote by ,_.Ay the double coset space

noAn=n AN A /A=A (- A"+ A'n). (3.6)

Equip ,_.Ay, with a binary operation o:y,_ An ® n_An — n_An:

aob=aPb®a - p). (3.7)

The rule (3.7) means the following. For a class X in ,,_.A;,, we take its representative x € A’.
For a class y in ,_.A,, we take its representative y € My (A’). Consider an element xp(y) in
My (A = A’/ A'n. Then its class modulo n_ M, (A") defines an element X o y of ,_.A,. It does
not depend on a choice of the representatives.
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We call the double coset space »_.An, equipped with the operation (3.7) the double coset
algebra ,_A,.
Define the linear maps ¢©: Z"(A) — 1Ay and ¥y Ay — Z™(A) by the rules

¢pT@=x modn_Mny(A), YT =p0). xeZ"(A), yen A (38
Let us explain the formula ¥ ™ (y) = p(y). For a class y in ,_ A, = A'/n_A’ 4+ A'n, we choose
its representative y € M, (A’) = A’/ A'n and take p(y). The result does not depend on a choice
of a representative and is denoted by ¥+ (y).
Proposition 3.2. Assume that a g-admissible algebra A satisfies the condition (HW). Then
(1) The operation (3.7) equips _An with the structure of an associative algebra.
(ii) The linear maps ¢ and W™ are inverse to each other and establish an isomorphism of

algebras Z"(A) and ,_An.

Proof. Letx € Z"(A). Then p(x) = x mod A’'n due to (2.10). Thus ¢t - ¢ =1Idzn(4). On the
other hand, due to the same property (2.10) of P, for any y € A’/ A'n,

p(y)=y modn_A + A'n.
Thus ¢t - T =1Id, 4,.So the maps ¢ and ¥ are inverse to each other.

Let now x € A" and y € A’ be representatives of classes X and J in ,_.Ay. Let X = x mod A'n
and ¥ = y mod A'n be their images in M, (A’). We have (%) = p(x), ¥ (3) = p(y) and
YT (Eo§) =px-p()).

On the other hand, the multiplication rule m in Z"(A) can be written as follows. Let z,u €

Z"(A’). Let 7/ € Nr(A'n) be a representative of a class z € A’/ A'n. Then m(z @ u) =7’ - u as
an element of M (A"). By (3.5), m(z, u) = p(z' - u). Thus we have in Z"(A)

m(p(x) @ p(y) =p(p(x) - p(»)),
where p(x)’ is a representative of a class p(x) in A’. By the property (2.10),
p(x) =x+x"+x”,
where x’ € n_A" and x” € A'n. Thus
p(px) - p(») =p(x - p(»)

due to (2.10) and (2.12). Thus ¥ is a homomorphism, which proves simultaneously (i)
and (ii). O

3.4. Generators of Mickelsson algebras

Let A be a g-admissible algebra with an ad-invariant generating subspace V), satisfying the
highest weight condition (HW). By the condition (a) of a g-admissible algebra (see Section 3.1)
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and the PBW theorem for the algebra U(g), any element of .4’ can be uniquely presented in the
following form

x=Y_ fidiejy;, where fi eU(n_), di €D, e; €Un), v; €V.

1

Due to the highest weight condition (HW), we can move all ¢; to the right and get a presentation

x=Y_ fldvje], where f{ €eUn_), d/ €D, ejeU(), vjeV.
i

In the double coset space this presentation gives
w / / / /
x:Zdivi, modn_A"+ A'n, whered; € D, v, € V.

i

Proposition 3.3. Let A be a g-admissible algebra satisfying the highest weight condition (HW).
Then

(1) Each element of the double coset algebra _ A, can be uniquely presented in a form x =
Zi d;v;, where d; € D, v; €V, so that _ A, is a free left (and right) D module, isomorphic
toD®V (V® D).

(ii) For each v €V there exists a unique element z,, € Z"(A) of the form

w=v+ )Y difivi, fienUm.), dieD, veV, (3.9)

i=1

such that the algebra Z"(A) is a free left (and right) D-module, generated by the ele-
ments z,. The element z, is equal to p(v).

Proof. The part (i) is already proved. Applying Proposition 3.2, we see that any element of
Z™(A) can be presented in a form )_; d;p(w;), where d; € D, v; € V. The element z, = p(v)
has a form (3.9) due to the definition of the operator p and is uniquely characterized by this
presentation. [

Mickelsson algebras have distinguished generators of another type. Their existence is implied
by the following proposition. Let .4 be an arbitrary g-admissible algebra with an ad-invariant
generating subspace V.

Proposition 3.4. For each v €V there exists at most one element z,, € Z"(A) of the form

Z,=v+Y divifi, fien Um), deD, veV. (3.10)

1

Proof. If m € M, (A') = A’/ A'n is a highest weight vector, that is e,m = 0 for any o € A4,
then dm is also a highest weight vector for any d € D. Thus (i) is equivalent to the statement that
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for any y € h* there is no highest weight vector of the form

x=Y dvif, fienUm) dieD, veV, (3.11)

i

where all the terms have the weight y with respect to the adjoint representation of . In other
words, we should prove that the conditions [eq,, x] = 0 in My (A) imply x =0 in M, (A) if all
fien_Um-).

By the condition (a2) of a g-admissible algebra and the PBW theorem for U (g) the elements
v; f; form a basis of M, (A’) over D if v; form a basis of V and f; form a basis of U(n_).
Consider those terms at the right-hand side of (3.11), where v; have minimal weights comparing
to the other weights which occur in (3.11). Then the expression [e,; , x| contains terms v [ey;, f;]
which are nonzero for some o; if f; € n_U(n_). This is because all the highest weight vectors
of My (g) have zero weight. Thus x cannot be a highest weight vector. 0O

Theorem 3.5. Let g be a finite-dimensional reductive Lie algebra and A a g-admissible algebra
with generating subspace V. Then for any v € V there exists a unique element z,, € Z"™(A) (3.10).
The algebra Z™(A) is generated by elements z,, as a free left (and right) D-module.

The proof of Theorem 3.5 will be given in the next section.

Remark. When the choice of a nilpotent subalgebra n is not unique, we use the notation zy, ,
and z, , for the elements (3.9) and (3.10).

3.5. Relations between two sets of generators

Extend the notation of canonical generators of Mickelsson algebras to the elements of D ®c V
and V ®c D. We set forany d € D and v € V

Zdgv =d - Zv, Zggy =d - 2y, Zvgd =2y - d, Tygd =2y -d in Z"(A).
(3.12)
Fix a positive real root &. We define now certain operators on a vector space V ® D. Adopt the
notation A1 for the operator A ® 1 on a vector space V ® D, and A® for the operator 1 ® A.
Let « be a real root. For any p € h* and n > 0 define the operators f(l) [1], g(l) [1], B(l)[,u]
and C(l) [A] € End(V ® D) by the relations
n
1

T =T [ +hD + (ha. ) + k),

k=1
g1l =[](=AL = hP + (ha. 12) +5) 7, (3.13)
k=1
BEJ)[M]:Z( RO mE) @Y
n=0 !
=" ~ nya n
I AR (.14

n=0
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Here fz((xl) = adfql) is the adjoint action of 4, on V, h((xz) is the operator of multiplication by h,
on D.

Define also the operators f g,(f?x [m], C(z) [m] and B(z) [A] € End(D ® V) by the fol-
lowing relations:

n
= A -1
I =1L = + (hes ) + k),
k=1
n

A -1
gl = [(=hQ +hl) + thay ) +5) (3.15)
k=1

CPlul = i CFRMER) Q)

n=0

2 _ - (=D" —(2) 2)\ (4(2)\n
BRIul =) ——gnlnl(c)" (%)". (3.16)

n=0

Here lAsz) = adﬁlz) is the adjoint action of A, in V, hg,]) is the operator of multiplication by A,
in D. ‘

Let g be a reductive finite-dimensional Lie algebra. Let < be a normal ordering of the system
A of positive roots. Set

BUn = [ BPRL  cVpl= ]_[ c[al,

yeAqp yeAqp
< <
2 2
c®n= ] c?n1. BZmi= [] B
JATARE JATARE

Theorem 3.6. Let A be an admissible algebra with a generating subspace V over a finite-
dimensional reductive Lie algebra g. Then for any v € ¥V we have the following equality in Z"™ (A)

Z (3.17)

o
v = B0 1)

In particular, operators BV [p](v) : V® D — V ® D do not depend on a choice of the normal
ordering <.

Proof. Consider the left Fjj ,-module M, (A) = A’/ A'n. The multiplication in A’ induces an
isomorphism of vector spaces My (A) and V ® My, (g), where M,,(g) = U’ (g)/ U’ (g)n:

m:V ® My(g) > M,(A). (3.18)

With this identification the tensor product V ® My (g) becomes a Fy n-module. As a U(g)-
module it coincides with the tensor product of V, equipped with a structure of the adjoint
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representation of U (g), and of the left U (g)-module My (g) = U’(g)/ U’ (g)n. This follows from
the Leibniz rule

gw-x)=(gv—vg)-x+v-(gx)=8w) -x+v-gx,

forany geg,veVand x € U'(g)/U’(g)n.

The elements of D act by the following rule: for any d € D, v € V of the weight u, and
x € My(A) wehave d - (v® x) = v ® 1, (d)x. Due to local finiteness of the adjoint action on V
these rules define correctly an action of Fyg  in V ® My(g).

Under the identification (3.18) we have

Z=pw®I).

In order to express z, via z},, we should write it in a form vlf ® d; + lower order terms, where
‘lower order terms’ contain vectors, whose second tensor component lies in D -n_U (n_). Write
P as a series over ordered monomials of ey, and e_,,, where y; € A, with coefficients being
rational functions of %, such that in any monomial all e_,, stand before all ¢, in accordance
with the rules of Fg n,

P=P(hy, ey, ey).

By the coproduct rule, in the action of P in V ® M;,(g) we substitute instead of e, the sum
Ag)),[ + ef))/ , and instead of A,,, the sum h(l) + h(z)

tensor component. The action of e(z) on v ® 1 vanishes, the action of e_y gives ‘lower order
terms.” So the term we are looking for is equal to

with each term acting on the corresponding

p((h(l) +h(2)) A(_I))/ , A(}))(v® 1.
This is precisely B(l)[p](v ®1). O

The operators B(l)[p], B(f) [pl, C(Z)[—,o] and CQ)[—p], are closely related to the operators
P[A] and P_[A], see (2.18). Namely, denote by ,0(1) and ,0(2) the expressions

1
=3 Ther 09=3 ¥ reh,
yeAL yeAy

Then

B(l)[p]:ﬁ(l)[(p+p(2))], Cg)[—p]:f)g)[—(p+p(2))],
BPU1=p2[(o+ D)) CPLp1=p®[~ (o + pV)].

The operator B(V[p] of the ‘change of coordinates’ in Theorem 3.6 (see also Theorem 7.3
below) can be reversed by means of the relation

Bt (e A)
Pot[)‘]P—ot[_)"] - W. (319)
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This relation makes sense for a generic A in any finite-dimensional representation of sly, see [TV,
Theorem 10].
We have so

@

_ he” + (ha, p)
BOp1 ™ =] [ z7—5— :
he’ +hg’ + (ha, p)

Ol€A+

@ -1 o) hSY + (ha, p)

B[l =CP—0] [ 57— : (3.20)
a€A+ha —he’ + (hq, p)

Proof of Theorem 3.5. The inversion relations (3.20) imply that

/ —
20 =2y, e p0v)’ (3.21)

@ .
where y1 =[], AL Wm. Thus we have correctly defined elements z),, which proves
o o

the first statement of the theorem. Other statements follow from the corresponding statements of
Proposition 3.3. O

Remark. If we replace the ring D by the field of fractions D= Frac(U (h)), the statement of
Theorem 3.5 does not require the precise inversion relation (3.21). We just note that all the
elements v;, appearing at the right-hand side of (3.9), belong to a finite-dimensional ad-invariant
subspace V C V), generated by v. We move then all f; to the right and get a sum of elements
z;k with coefficients in D. If we allow the coefficients to be in D, such a transformation defines
an injective operator in D ® V, which is a finite-dimensional vector space over D. Thus this
operator is invertible. A use of the precise formula (3.21) is to show that the inverse matrix has
coefficients in D.

4. Zhelobenko maps
(k)
4.1. Maps q,’ and qq

Let « be a real root of g. For any x € A and k > 0 denote by qék) (x) the following element of
A J A ey:

k o~ D"k
4= e )€y gna mod e, @1
n=k ’

where

na=(hathg—1)---(hg —n+1))"". 4.2)
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The assignment (4.1) has the following properties [Z2]:

(i) q2(xe_4) =0,

Gi) [h,q¥ 0] =q (1h, x1), he, @3
Gii) g% (ch) = g ) (h + (h, @), he, '

(V) eaqd (x) =q¥ (eqx) = —kql " (x).

Note that the quotient A’/ A’e, admits the left and right actions of D, so the commutator
(A, q,(),k) (x)] is well defined in (ii). The property (iii) in the notation (2.5) can be written as

a) (xh) = qf’ W), h e U D). (4.4)
We extend the assignment (4.1) to the linear map qg{k) A — A’/ A'ey by means of the relation
(iii) and denote by g, the linear map qf,,o) A > A Aey,

e¢]

(o (x) = Z ), ég(x) : elia *8n,a mod -A/eozo 4.5)

n!
n=0

The relations (4.3)(1), (iv) show that the image of g, belongs to the normalizer of A’e, in A’ and
that the ideals e, A" and A’e_,, are in the kernel of .

Consider the one-dimensional vector space Ce, as an abelian Lie algebra n, = Cey, and the
one-dimensional vector space Ce_,, as an abelian Lie algebra n_, = Ce_,. Extending the nota-
tion of Section 3.2, denote by Z"(A) = Nr(A’ey)/A’eq the Mickelsson algebra, corresponding
to the reduction over the subalgebra, generated by e, .

Proposition 4.1. The map qq defines an isomorphism of the vector spaces n, An_, = e A\
A'JAe_q and Z" (A), such that for any x € n, An_, and d € D

[d,de(0)] = qu(ld, x1), Qo (xd) = 4o (X) 7o (d). (4.6)

Proof. First of all note that the properties (4.3)(i) and (iv) say that the map q, vanishes on
ng A"+ A'n_, and thus defines a map of ,, A, , to A"/ A'n,. Its image belongs to Z"(A)
by (4.3)(iv).

Let g, be the subalgebra of g, generated by ey, e_ and b.

Since « is a real root, the adjoint action of g4 in g is locally finite and semisimple. So there is
a decomposition g = g, + p, invariant with respect to adjoint action of g,. Poincaré—Birkhoff—
Witt theorem implies that the multiplication in U (g) defines an isomorphism of tensor products
U(ge) ® S(p) and S(p) ® U (gy) with U(g). Here S(p) is regarded as a subspace of U (g), which
consists of symmetric noncommutative polynomials on p. The space S(p) is invariant with re-
spect to adjoint action of g,. Thus U(g) is g,-admissible. Since the adjoint representation of
U(gy) in U(g) is locally finite, and A is a g-admissible algebra, it is g, admissible as well.
Let V, C A be a subspace of .4, invariant with respect to the adjoint action of g,, such that the
multiplication in A induces an isomorphism of vector spaces U(gy) ® Vy and A.

The double coset space y,Ayq_, is a free D-module, generated by the vector space V, (see
Section 3.4 where n has been replaced by n_,). On the other hand, the Mickelsson algebra
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Z"™(A) is also a free D-module generated, in the notation of Remark in Section 3.4, by the
vectors z;mv, v € Vg, see Theorem 3.5. Using the structure of the map qq, see (4.1), we have

Q) =v+ Y v fid;,
where v; € V,, f; is a polynomial on e_, without a constant term, and d; € D. In other words,
Qe (V) =24, - 4.7
The relations (4.7) and (4.4) prove the proposition. [

Let us restrict the map qq to the normalizer Nr(A'n_,). Due to (4.3)(i), this restriction de-
fines a map qu|Nr(an_,) 2" (A) = Z"(A). We have also a map in the opposite direction,
Q—aINr(Ang) : 2" (A) — Z7 (A).

Proposition 4.2. We have equalities
Q-aa(X) = (hg + Dx(he + D™ forany x € Z"<(A),
Qoo (V) = (ha + D'y (ho + 1) forany y € Z™ (A). (4.8)

In particular, the restriction of the map q, to the normalizer Nr(A’e_,) defines an isomor-
phism of the vector spaces Z"-=(4) and Z™ (A). The inverse map is given by the formula

vy (hg + D7 e () (he + 1),y € Z™(A).
Proof. Take y € Z"«(A). We have

n* .,
QaQa()’)ZQa(Z(n.) " ()’)e gn,oz)

n=0

:qa<z (el > ((hag +2)(hg +3) -+ (hg +n+ 1)~

n=>0

=qa(2 %ﬁ“ﬁa(y)) ((ha + D (ha +3) -+ (hg +n+ 1)

n>=0

( 1)n+m oMo o -1
= Y e () e ((ha +2) (hy F 0+ 1) g
m,n>0 nent:

Since quq—¢ (y) € Z"(A), we can replace it by py(qeq—e«(Y)), where Py, is the projection oper-
ator P, related to the algebra g, and pg is the action of P, in A"/ A'ng. Since py(e_qz) = 0 for
any z € A’/ A'n,, we have
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H” _
=pa< S D amnan () ((ha +2) - (ho + 1+ 1) 1~gm,a>

1 2
=pa< > (n,m), [ [ = ha +k—1)" 1]‘[( ho +he +k+1)" AmaAzAgAna<y)>

mn=0 7 k=1 k=1

The expression inside brackets can be interpreted as
. N
P [-h ®p—p] - BE[R @ p+ )1 @ Y)

P
in D® Z" (A). Due to (3.19), it is equal to Tl(l Ry) = %(1 ® y). It means that

—hy +hy + 1
he + 1

= (ho + D7 ' pa () (ha + 1) = (he + D y(he + 1).

qaq—a(y):pa< y>=pa((ha+])l)7(ha+l))

In the last line we used again the relation y = py(y) mod A'ng for any y € Z" (A). The second
relation is proved in an analogous manner. O

4.2. Maps q m and qg.m

Let o be a real root of g, ey the corresponding root vector with respect to the decomposi-
tion (2.1). Let m be a maximal nilpotent subalgebra of g, conjugated to n by means of an element
of the Weyl group W, such that ¢, is a simple positive root vector of m. Set m_ = m’, where
x > x' is the Chevalley antiinvolution in U (g), see Section 2.2. For any x € A and k > 0 denote

by qt(xk)m (x) the following element of A’/ A'm

k) =D" on—k /
q (x )_,12_;:( — e @) €ty gna mod A'm. (4.9)

where g, o is given by the relation (4.2). In other words,

4% () = e - 9P (), (4.10)

where 7, o 1 A/ Aeq — A/ Am is the natural factorization map. Due to (4.10), the assignment

(4.9) enjoys the property (4.3) and admits an extension to a map q m A = A/ A'm, satisfying
the relation

[d.qh 0] =a%,(1d,x1),  q¥(xd) =q% (V) (@), (4.11)

for any x € A" and d € D. We denote by q, ,, the map q(o) A > A/ Am
For any element w € W of the Weyl group of g, and for any maximal nilpotent subalgebra
m C g, we denote by m* C g the nilpotent subalgebra m” = T;,(m), see Section 2.1.
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Lemma 4.3. For any k > 0,
Qo (A'm*) =0.

Proof. Denote by m(«r) C m the nilpotent subalgebra of m, generated as a vector space by all
root vectors of m except for e, . Due to (4.3)(1), it is sufficient to prove that q4 x (Am(«)) = 0. The
basic theory of root systems for simple Lie algebras says that é14(m()) C m(«). Thus for any
n > 0 we have ¢/, (Am(«)) C Am(a) and m(e)e” C A'm(a), which imply the statement of
the lemma. O

—Otg}’l o

Due to Lemma 4.3, the maps q m induce linear maps of A’/ A'm* to A’/ A'm. We denote
them by the same symbol:

q‘()[k)m A//A/msd N .A’/A’m
Proposition 4.4.
(1) The map qq.m transforms the normalizer Nr(A'm**) to the Mickelsson algebra Z™(A) =
Nr(A'm)/A'm
(ii) The restriction of the map qq,m to the normalizer Nr(A'm*) defines an isomorphism of
vector spaces 7" (A) and Z" (A), satisfying (4.11) with k = 0.
Proof. We prove the statement (i) first. Let A (m) be the system of positive roots, related to the
decomposition g = m_ + h 4+ m. By assumption, « is a simple root of A (m).
Let x be an element of the normalizer of the ideal A'm®, x € Nr(A'm%). It means that
e_qx € Am* and e, x € A'm* for any root y € Ay (m), y #a.
Since eyqq,m = 0 by (4.3)(iv), we have to prove that
eyga,m(x) =0 forany y € Ay (m)\ {a}. 4.12)
Fix a positive root y € A, (m) \ {«}. Let yp, ..., ¥ be an ‘a-string’ of roots, starting with y,

thatis yp = ¥, and yx+1 = % + «. Since « is simple, all roots y; are positive, yx € Ay (m) \ {«},
and for any k =0, ..., m we have

ég(ey)zakeyk, k=0,...,m, a, €C, ég(ey)zO, k> m. (4.13)

For any y € A we have by (4.13)

qa(eVY)—Z Z k)'eykéa(y)elia *8n,as

therefore

m
€y9a() =quleyy) = Y arey g (). (4.14)
k=1
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Iterations of (4.14) and the factorization by A'm give the relation

m
€yQa.m(X) = um(eyx) + Y biqh ey x),  breC. (4.15)
k=1

The right-hand side of (4.15) is zero by our assumption. This proves (4.12) and the statement (i)
of the proposition.

Let us prove (ii). The root —« is a simple positive root for the algebra m*. Thus by (i) the map
Q—¢,me maps the normalizer Nr(A'm) and the Mickelsson algebra Z™(A) to the Mickelsson
algebra Z™" (A). This implies that the map

’ -1
q_a’msa = Ad/’la-l—l *Q—a,msa,

which sends x € Nr(A'm) to (hy + D7 qgme () - (hg + 1), also maps Z™(A) to the Mick-
elsson algebra Z™* (A). Proposition 4.2 says that q__ w.msa 18 inverse to the map of Z ™ (A) to
Z™(A), induced by the restriction of gy m to Nr(A'm’@). This proves the statement (ii). O

4.3. Maps Qw,m

Let m be a maximal nilpotent subalgebra of g, conjugated to n by an automorphism 7y,
where w’ € W: m = T,y (n), and m_ = T,/(n_) the opposite maximal nilpotent subalgebra.
Assume that w € W satisfies the condition

dim T,y (m) N m_ = I(w), (4.16)

where [(w) is the length of w in W. Since m = T,y (n), the condition (4.16) is equivalent to the
relation /(w'w) = I(w’) + [(w). Let w denote a pair, consisting of an element w € W and of a
reduced decomposition of w:

w::{w,w:so,[lso,i2 < Sqy } 4.17)
Let n = [(w). Define a sequence wg, wi, ..., w,, w, = w of elements of the Weyl group W,
a sequence yi, ¥2, ..., ¥y Of positive roots, and a sequence my, ..., m, of maximal nilpotent

subalgebras of g by the following inductive rules:

wo =1, Wh+1 = Wk * Se > (4.18)

Yk = w/wk—l(aik)v my = Tw’wk_l (n) (419)

The relations (4.16), (4.18)—(4.19) imply that for any k =1, ..., n the root vector e, is a simple
positive root vector for the algebra my, and the composition

qw,m =y, m; "Qyr,my * -+ " Qy,,my» (4.20)

is a well-defined map Qg m : A /A'm¥ — A’/ A'm. The index w indicates that this map is related
by the construction to the reduced decomposition (4.17).

Denote by Ay, (m) the set of roots y1, ..., ¥, defined in (4.19). Alternatively, A,, (m) consists
of all roots y € A(m) = w'(AL), such that w=!(y) € A(m_) = w/(A_).
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Lemma 4.5. (See [Z2, Section 5.2.4].) Let x € A’. Then in the notation (4.18), (4.20)

(1) QE,m(Xd) = QE,m(X) : 7:z,u’(,o)fu/w(,o)(d) foranyd € D,

(i) ey qQwm(x)=0 forany a € Ay (m),
(i) qw.m(eqx) =0 forany o € Ay (m),
1v)  ewwe)qw,m(*) = qw,m(€ww(@)X) flw'wsy) > L(w'w),
(V) ew(@qw mw (¥) = qip,mswe (€w (@)X) flw'sqw) > l(w'w).

Proof. The property (i) is a direct consequence of (4.11)(ii). Indeed, the relation (4.11)(ii), for
k =0, implies that for any x € A" and d € D we have

qw,m (xd) = qw,m () Ty 4ty (d) = Q5 m (X) - Tw/ (0)—w'w(p) (d)-

Suppose that the relations (ii)—(iv) take place for all m = w’(n), and for all reduced decomposi-
tions of any element w of the Weyl group of length less than #, such that [ (w'w) = I(w') + I (w).
Let (4.17) be a reduced decomposition of the element w of length n.

In the notation of (4.18)—(4.20) we have the equality 9%, m = qw,_,,mdy,,m,» With [(w,_1) =
n — 1. Thus, by the induction assumption, for any x € A’, ey, qQw,_,mx)=0fori=1,...,
n—1and ey, qp,_, m(*) = qw,_,,mey, (x). This implies the equalities e, qp,m(x) =0 for i =
1,...,n—1and

€y, 9w, m(X) = qw,_;,m(x)ey,y, m, (X).

The expression in the last line is zero due to (4.11)(iii). This makes the induction step for the
statement (ii).
On the other hand, let us present w as a product w = s, w”, where w” is an element of the

length n — 1 with a given reduced decomposition w” = Sajy * oo Sa, - Again, we denote by w”
the pair {w”, w” = Sajy * - " Sy, }- We have a decomposition qi,m = Qy;,m * 9w, m,, Where
Qu”,my; = Qyr,madys,m3 -+~ Ay, my - (4.21)

The induction assumptions say that gz~ m,(e),x) =0 fori =2, ..., n by (ii) and that

CJw”,mz (e)/l )C) =€y, qu,mz ()C)

by (v). Thus qp,m(ey,x) =0fori =2,...,n and

qQw,m(€y;X) =Gy, mqw", m, (), X) = qm,m(eyl qQw”,m; (x)) =0

by (4.3)(iv). This makes the induction step for (iii).
Let us make the induction step for (iv). Take a simple root «, such that I (w'wsg) > [(w'w).
Let y = w'w(a). Then y is a positive root, and the sequence

yl?‘-wJ/rla‘y (422)

is convex, that is, the sum of any two elements of the sequence lies between them, if the sum is a
root. Let o, . .., iy be the finite ‘y1-sequence’ of positive roots, starting with y, thatis, wo =y,
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k41 = pk + y1. Then each uy belongs to the set (4.22), ug = y;,, such that iy € {2, ..., n} if
k >0, and éft (ey) = arey, witha, € C, and éft (e,) = 0 for k > m. This implies, see the proof of
Proposition 4.4, that

m
ey Gy () =qy (eyy) + > _biq (e, y), b eC. (4.23)
k=1

The relation (4.23) implies the equality

m
€y Q,m () =y m (€ G, my (V) + Y beal) (€0 Gwmy ().
k=1

where Qg7 m, is defined in (4.21). The induction assumption says that e,qy’ m,(x) =
qw”,m,(eyx) and e, qy» m, = 0 for any k > 1. This makes the induction step for (iv). The
statement (v) is proved in an analogous manner.

4.4. Map qy,

In this section we assume that g is a finite-dimensional reductive Lie algebra and A is a g-
admissible algebra. In this case, the Weyl group W is finite and the adjoint action of g on A is
locally finite.

Set m = n and for any w € W and any reduced decomposition w = Sy, S

map qw,n aS qw:

i denote the

i

9w = qw,n-
Let wy = S, - Sa, be a reduced decomposition of the longest element wyg € W and wq the
corresponding pair wg = {wo, wo = Say, ** Say, }. The map qs;, has the following properties: the
right ideal n.A’ is in the kernel of gy, by Lemma 4.5(ii), and the image of qy,, is in the normalizer

of the left ideal .A'n by Lemma 4.5(iii). It means that it induces the map of the double coset space
nAn_ =n A"\ A’/ A'n_ to the Mickelsson algebra Z"(A):

Qwg i nAn_ — Z"(A).

Let V C A be an ad-invariant generating subspace of A. Let z},,, where w € V, be the canonical
generators of the D-module Z"(A), see Theorem 3.5.

Proposition 4.6. The mapping qg, of vector spaces defines an isomorphism of the double coset
space wAn_ and Z"(A), such that forany x € w_An, d € D andv eV

[d. dwo ()] = qwy (1. x1). g (¥) = Qg () Ty ) (@), (4.24)
Qg (V) = 2, (4.25)
Proof. The arguments are the same as in the proof of Proposition 4.1.

The double coset space 4.An_ is a free right (and left) D-module, generated by the vec-
tor space V. On the other hand, the Mickelsson algebra Z"(A) is also a free right (and left)
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D-module, generated by the vectors z,,, v € V,, see Theorem 3.5. Using the structure of the
map g >

qme (V) =w+ Y _vigi,

where g; € U’(g), and v; € V have the weight strictly bigger then the weight of v, that is,
nww —v;) € Q4, u(v — v;) # 0, where u(x) € h* denotes the weight of x. We can present
further any g; as asum g; = Zj fi,jdi jei j, where f; je U(n_),d; j € D and ¢; ; € U(n). The
terms where ¢; ; # 1, vanish by definition in Z"(A), so we have the equality (4.25). O

Proposition 4.6 implies that the map qg, does not depend on a reduced decomposition of wy.
We will denote it by qy,,

qwo = qwo .

Corollary 4.7. The restriction of the map qy, to the normalizer Nr(A'n_) defines an isomor-
phism of the vector spaces Z"~(A) and Z"(A), such that

[d.qwy ()] = awy (4. x]).  Qug(¥d) = Quy () Tp—uy(e) (), d € D,
Quo(@Zn_0) =24, VvEV. (4.26)
Here z,_, are generators of the Mickelsson algebra Z"-(A) of the ‘first type,” see Propo-

sition 3.3, zj, , = 7/, are generators of the Mickelsson algebra Z"(A) of the ‘second type,” see
Proposition 3.4.

Proof. We have n_ = n"? and all the statements of the corollary follow by induction from
Proposition 4.4. We should prove only the equality (4.26). By the definition (3.9), the element
Zn_ € Z" (A) has a form

Zn_,v =v+2di€ivi» e,enlU(n), die D, v; €V,

i=1

that is, zn_», = v mod n.A’. Using the properties of the map qy,,, given in Proposition 4.6, we
have qu (zn_,v) = que(v) =z,. O

4.5. Cocycle properties

In this section g is an arbitrary contragredient Lie algebra of finite growth, A4 is a g-admissible
algebra, m a maximal nilpotent subalgebra of g, conjugated to n by an element of the Weyl
group W, and w an element of W, satisfying the condition (4.16).

Proposition 4.8. Maps qi,m do not depend on reduced decompositions of w € W.

Proof. First we take an element w € W, equal to the longest element of a reductive subalgebra
g’ C g of rank two. Then the algebra g’ = n’_+h+n’ is generated by the elements e, and i € by,
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where y1, ..., ¥, are the terms of the sequence (4.19), such that all e), € m by the condition
(4.16). By Proposition 4.6, the map

QoA — A JAW
does not depend on a reduced decomposition of w. The map
Qqwm: A —> A/Am
is the composition of qg v With the natural projection of A’/ A'n to A’/ A’m, and thus also does
not depend on a choice of the reduced decomposition of w.
This result implies the statement of the proposition for a general w, since any two reduced
decompositions are related by a sequence of flips of reduced decompositions of longest elements

of rank two subalgebras. O

With the use of Proposition 4.8, we further simplify the notation for the maps qz.m and qy
and write them as qy m and qy:

Qu,m = quw,m. quw =qw =qw,n-
Proposition 4.8 can be formulated as the condition
Qu'w.m = Qu/,m Ty, o’ if [(w'w) =1(w") + [(w). (4.27)

This statement is known as ‘Zhelobenko cocycle condition’ [Z1].
5. Homomorphism properties of Zhelobenko maps
5.1. Homomorphism property of maps qy

Let A be an admissible algebra over a contragredient Lie algebra g of finite growth. Let «
be a real root of g, and g, the subalgebra of g, generated by e+ and b, ny, = Cery. Since the
algebra A is g-admissible and the adjoint action of g, on g is locally finite, A is g,-admissible
as well, see Section 4.1. In this setting we proved in Section 3.3 that the double coset space
ngAn_, =ng A\ A’/ A'n_, can be equipped with a structure of an associative algebra with the
multiplication rule

aob=ap_4(b) =p_u(a)b,

in the notation of Sections 2.2 and 3.3.

The following theorem is the basic source for applications of the Zhelobenko operators to the

representation theory of Mickelsson algebras.

Theorem 5.1. The map qq : n, An_, = Z™ (A) is a homomorphism of algebras.
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Theorem 5.1 and Proposition 4.1 imply that q, establishes an isomorphism of the double coset
algebra ,A,_, and Mickelsson algebra Z™(A). On the other hand, Theorem 5.1 implies the
equality

o (xy) =Qa(*)qe(y), foranyx € A', y € Nr(A'n_q). (5.1

Indeed, if y € Nr(A'n_y), and y is the class of y in A"/ A'n_y then y = p_4(y) and the first
equality in (4.12) is a corollary of the first statement of Theorem 5.1.

Proof. Let P_, be the extremal projector, related to the decomposition gy = ny + Chy +n_g
of the algebra g,. It is given by the relations (2.15) and (2.16). The corresponding operators
p—a: A/m_g A — A /u_y A and p_y: Ay \ A — A'ny \ A’ can be written as

1 1 m ,
p—a(x)= ”;O P T Ty — l)eae_a(x) mod A'e_y, (5.2)
= _ (_1)m A m 1 ’
p—a(x) = mX>:0 " (x)e”, 2 e —mD mod ey A’ (5.3)

We should establish an equality
Qo (I_)—a(x)y) =(u(x)qe(y) foranyx e ngAN\NA, yeA. 5.4

Suppose y € A is a weight vector such that [hy, y] = 11,y. We have

] ~ (D" g :
qa(pa“)y)—q“<2 m! ea(”e“(ha—z)---<ha—m—1>y)

m=0
(=D™ ~Am m 1 >
= €y (X)eZyy
qa<mX:>0 m! ¢ U (hg =24 py) e (hg —m — 14 py)
(=D™ A m ) 1
= ell(x)e™”
qu<mZ>0 m! o oY (ha+/h)(ha—m+l+uy)
(_1)n+m 5 A m n 1 1
= —e, (e, (x)e” y)e” , —
n;() nim! 0’( ¢ ay) O[gn,a (ha‘i‘ﬂy)"'(ha_m‘i‘l‘i‘ﬂy)
Z (_1)n+m
- Im!
0 nlm!

1

. (")@g(@g(x)e'fa)éz"(y>e'ia

k=0 k 8n,a (ha+l/«y)'--(ha—m+l—|—uy)
o
DT ok (o (e 1 *)
- . (S5
Z m’k‘ ea (ea (X)e_a) (l’lo( + 2/() e (ha + Zk —m + 1) q(x (y) ( )
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The sum of the terms with £k = 0 in (5.5) is qu(x) - qo(¥). So it is sufficient to prove the
following identity in A’/ A’e,

2.2 (mvlzv ACHCTE)

q®
k=tm=0 " Gt 20) (gt 2k —m+ D% W= (5.6)

for any x, y € A.
We have for any k > 1:

ek (e nen,) = ek (et (e, + mey (x)e"y (ha —m + 1))
=kt ent (e, ) + mek (e (e, ") (he —
—2m(k — I)Ak Z(Ag”(x)e'ft;l)ea.

m+1)

5.7
Denote the left-hand side of (5.6) by S. Substitute (5.7) into S. We get

5=y 2 SO (e :

(k)
") G T30 Gha ¥ 2k —m 1% )

k=1m=0
et - (he —m +1) (k)
+méy (& (x)e, )(ha+2k)...(ha+2k—m+1)qa )
1
—2m(k — 1)ek=2 (& (x)e™! i’
m( )ey (el (e, )e“(ha+2k)~--(ha+2k—m+1) O

Substitute (hy — m + 1) = (hq + 2k — m + 1) — 2k into the second sum and use the relation
(4.3)(iv) in the third sum. We get

H™ 1
S = ZZ (m,,z, (2’; Lemtt e,

)
(hg +2k) -+ (hg + 2k — m+1)
k=1m=0

rk—1(rm m—1 ! (k)
+ me, (ea (X)eZy )(ha+2k)--~(ha+2k_m ) 0)
_ ~k—1(sm m—1 ! (k)
2kmég (el (x)e™, )(ha+2k)"'(ha+2k_m ) )
e 1 (k 1) )
+2mk(k — 1e,, ( (x)e™, )(ha+2k—2)---(ha+2k_m_ H™ )

Change the indices of summation: m to m + 1 in the second and in the third sum; m to m 4 1
and k to k + 1 in the last sum. Then

5=y ) S (o) 1

4’ ()
(hg +2k)---(hg + 2k — m+1)
k=1 m=0
o 1
_e(,; 1( m+1(.x)€_a)

o
U 520 (ha £ 2k —m 3 1) e @)
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q® ()

1
2kAk7] AT m—1
+ e(x (eo( (-x)e_Ol )(ha+2k)'(ha+2k—m)

1
_2kek2(em m—1 v =0
G O ) G e ke )

The theorem is proved. 0O
5.2. Properties of maps Qg m and Qu,m
Let « be a real root of the Lie algebra g, e, the corresponding root vector with respect to the

decomposition (2.1). Put m = n", where w € W, a maximal nilpotent subalgebra of g, such that
ey 1s a simple positive root vector of m.

Theorem 5.2. For any x € A', y € Nr(A'm*)

Jo,m (*Y) = Qo,m (X)qe,m ().

Proof. Since y € Nr(A'm%), its image y in Mys (A) = A’/ A'm* satisfies the relations
e,y =0forall y € A (m). In particular, we have the equality

e_oey=0 in A /A m. (5.8)

Let g, C g be the subalgebra, generated by ei, and h. Since A is g-admissible, it is gq-
admissible as well and Mpse (A') is locally nilpotent with respect to e_,. Thus the extremal
projector P_, related to n_, = Ce_, acts on Mys« (A'). Denote, following the notation of Sec-
tion 2.2, its image in End My« (A’) by p—o. By (5.8) and the properties of the extremal projector,
we have

Yy =p—a inA/Am™. (5.9
The equality (5.9) can be read as
yeNr(A'n_y) mod A'm’,
thatis y = y' + z, where y' € Nr(A'm_g) and z € A'm’.

Indeed, p_o(¥) € Nr(A'm_g) mod A'm_, and A'm_, C A'm*«, Due to Theorem 5.1, see
(5.1) and the properties of the maps qq,m, we have

Jo,m(xy) = qa,m(xy/) = Qa,m(x)qa,m(y/) =qo,m(*X)qe,m (). O

Combining Theorem 5.1 with the statements of Propositions 4.4 and 7.5, we conclude that the
restriction of the map gy, m to the normalizer Nr(,A'm®) defines an isomorphism of the algebras
Z™(A) and Z™(A).

Iterations of these conclusions yield the following statement.
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Proposition 5.3. For any w', w, such that l(w'w) = (w") +(w) and m = n', the restriction of
the map qu.m to the normalizer Nr(A'm") defines an isomorphism of the algebras Z " (A) and
Z™(A) such that for any x € Z™" (A) and d € D

[d, qw,m(x)] = qw,m([d, x]), Qu,m (xd) = qu,m (x) - Tw! (p)—w'w(p) d).

The case of a finite-dimensional reductive Lie algebra g and the element wy € W of the max-
imal length is special. In this case we have the following statements:

Proposition 5.4.

(i) The map qy, defines an isomorphism of the double coset algebra wAn_ and Mickelsson
algebra Z" (A) such that foranyd € D, v eV and x € nAn_

qwo (v) = Z;’ [dv qw() ('x)] = qwo([d7 x])ﬂ qw() (Xd) = qll)() (x)rp—wo(p) (d);

(ii) the restriction of the map qu, to the normalizer Nr(A'n_) defines an isomorphism of the
Mickelsson algebras Z"~ (A) and Z"™(A) such that for any d € D, v €V and x € Z"~ (A)

Quig (Zn_v) = 2, [d, quy ()] = quy (14, x1), Quy (Xd) = Quy (X) Tp—wq () ().
6. Braid group action
6.1. Operators q;
Suppose that the automorphisms Ty, : U (g) — U(g), w € W, admit extensions to automor-
phisms 7, : A — A of a g-admissible algebra .A. Such an extension is uniquely determined by

the automorphisms 7; : A — A, defined for all simple positive roots ¢;, which extend the auto-
morphisms T; : U(g) — U(g), see Section 2.1, and satisfy braid group relations, related to g:

LT,T--=T,T,T;-, i#], (6.1)
—— ————
where m,-,j = 2, if a,',j = 0; m,-,j = 3, if a,-,jaj’i = 1; m,-,j = 4, if Cl,',jaj’l' = 2; m,-_j = 6, if
aj, jaj; = 3. There is no relation, if a; ja;; > 3. Having (6.1), for any w € W we define the
automorphism 7, : A — A by the relation 7,, =T, ---T, , where w = sg, - -sg, is a reduced

decomposition of w. Then the elements 7, do not depend on a choice of the reduced decompo-
sition and satisfy the relations

Tyw=T, T, ifl(ww)=Iw)+Il(w). (6.2)
The automorphisms 7; (and T,,) admit unique extensions to automorphisms of the algebra A’,
satisfying (6.1). We denote them by the same symbols.

For any maximal nilpotent subalgebra m = n”, where w € W, and any root «, such that the
root vector ey is a simple positive root vector of m, we have the following relation:

Ja,m = quw*'(a),nTil' (6.3)
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For each «; € IT define the operators ¢; : A’/ A'n — A’/ A'n by the relations
4i =9s,, - ;- (6.4)
In (6.4), we understand s, = qq;,n as the maps qo; n: A’/ A — A’/ A'n, given by the
relations (4.9)—(4.11). Using the same agreement for any w € W we define the operators
Qu: A /An— A/ A'n as
Guw =quw - Tw. (6.5)

The relation (6.3), Proposition 4.8 and its analog for the maps i m imply

Proposition 6.1. Operators q; satisfy the braid group relations

Gl =i i (6:6)
m,-,j m,-,j
In other words, for any reduced decomposition w = Say *** Sa,, We have equalities §, =

im

i, - - - 4i,, such that
Quw = Qudw, ifl(w'w)=1w")+I(w). 6.7)
Proof. Let w', w € W and I(w'w) = [(w’) + I(w). We have by (4.27) and (6.3)
Quw'w = Quww.n Ty = Quw' 0y, g Ty
= qu.n (T Qu.n Ty ) Ty = Quron Ty Qw0 Ty = Gur -
Thus we have (6.7), which are equivalent to the braid group relations. O
For any w € W denote by wo the shifted action of w in h*:
wou=w(+p)—p.
It induces the shifted action by automorphisms of W on D, characterized by the relations
wohy = hy) + (ha, w(p) — p). (6.8)
Theorem 5.2 and Proposition 5.3 imply
Proposition 6.2. For any x € A’/ A'n, y € Z"(A) and d € D we have

Gi ([d, x1) = 56, (d), Gi (x)], Qi (xd) = Gi (x) - (5o 0 ),
Qi (xy) =G (x) - Gi (). (6.9)
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Corollary 6.3.

(i) The restriction of operators q; to Z™ (A) defines an automorphism of Z"™ (A), satisfying (6.9).
(ii) For any x € Z"(A) we have

G 0) = (hey + D' TP (@) ey, + 1),
Proof. The statement (i) of the corollary is a direct consequence of Proposition 6.2. The state-
ment (ii) follows from Proposition 4.2 and the relation (6.3). Namely, for any x € Z"(A) we
have by Proposition 4.2
07 () = a0 Tye.n T3 (00) = oy nl-aone (T2 () = (hgy + D7 T2 @) (hey + 1), D

Clearly, all the statements of Proposition 6.2 remain valid for all operators q,,, w € W. The
properties (6.9), (7.16) look as

Gu([h.x]) =[wm).qw®].  quxd) =qux) - (wod),
Gu (xY) = Gu (%) - qQu (¥)- (6.10)
6.2. Calculation of q; (zy)
Denote by I,,_ the image of the right ideal n_ A’ in A"/ A'n:
=m_A +An)/A'n.
Lemma 6.4. For any «; € IT we have an inclusion
qi(In.) ClIy_. 6.11)

Proof. We have to prove that for any y € A and any x € A’

Go; (T; (e—y X)) Ze_ﬂjy, (6.12)

for some puj € Ay and y; € A’/ A'n. If y # ; then
9o (Tj (e—yx)) = day (e—y7 - T; (1)),

where y' = sq,(y) € A4 \ {o;}, and the statement of the lemma follows from the invariance
of the subalgebra n_(e;) with respect to the action of é,,. Here n_(c;) is generated by root
vectors e_,,, where y € A, \ {«a;}.

If y = «; then the right-hand side of (6.12) vanishes due to (4.3)(i). O

Suppose that an ad-invariant generating subspace V' of a g-admissible algebra A is invariant
with respect to the action of the automorphisms 7;, 7;()) = V. Suppose that A satisfies the
highest weight (HW) condition, see Section 3.3. With this assumption we calculate the elements
i (zv), where v € V and z,, are the generators of Z"(A), defined in Section 3.4.
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Keep the notation of Sections 3.4 and 3.5. The operators Cfgl [A] were defined in Section 3.5.

Proposition 6.5. Assume that A satisfies the HW condition. Then

qi(zy) = Zcffi)[_p](l(g)T,.(v))‘

Proof. Assume that A satisfies the HW condition. By definition of the elements z,,, we have
Zy =v mod I, .Lemma 6.4 then implies the equality

(vli (zy) = Cvli (v) modI,_.
We have
(Vli (zp) = (vli(v) mod Iy, _

(=D"*,
=> (el gan  mod In_
n>0 ’

L, s
=D @8 W)gan mod Iy

n>0

- -
=Z( Y _ . D' é" " (v) mod I,_.
n>0 n! (he —ho)(hg —hg +1) - (hg —hg +n—1)

This is precisely the statement of the proposition. O

Remark. Let w = s, - - - 5o, be a reduced decomposition of an element w € W. Let yq, ..., v,
be the corresponding sequence of positive roots: y| = a1, Y2 = Sy, («2), .... Then the properties
of the maps ;, see Proposition 6.2, imply the following relation:

Gu () = 22— p1-CR[=pI(1RT,, ()"
6.3. Calculation of §;(z))

In this section we assume that g is an arbitrary contragredient Lie algebra of finite growth
and that the generating subspace V of the g-admissible algebra A is invariant with respect to the
action of the automorphisms 7;. With this assumption we calculate the elements d; (z;), where
v €V and z,, are the generators of Z" (A), defined in Section 3.4.

Proposition 6.6. Assume that the element z,, € Z"(A) is defined. Then the element q; (2),) is also
defined and is given by the relation

. —
Gi(2) = B2, 01087, (1)’ ©.13)

The proof of Proposition 6.6 is based on the following lemma.
Let « be a simple positive root, and n4 () the subalgebras of n4., generated by all root vectors
except e+, respectively.
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Lemma 6.7. Suppose that the element z), exists. Then it admits a presentation

=0+ Y € vindjnfin, (6.14)
n=0,j

wherevj, €V, dj, €D, fj,en_(@)Um_(a)).

Proof. Using the PBW theorem, present z,, as z, = x + y, where

x:v—}—kadkelia, v eV, dyeD,
k

Y=Y %jn€"ydjnfin. Vjn€V. djn €D, fin€n_()U(n ().
n>=0,j

By definition, z/, satisfies the relation [y, z;,] = 0 mod A’n. Since the algebra n_(«) is invariant
with respect to the adjoint action of e, the commutator [e,, y] is an element z of the same kind,
so we have two equations

lea,x]=0 mod A'n and [ey,y]=0 mod A'n.

The first equation has a unique solution x = qy (v). To finish the proof of the lemma, we move
all factors e” , in the presentation of y to the left, using the commutation relations in 4. O

Proof of Proposition 6.6. The application of the automorphism 7; to the presentation (6.14)
gives:

Ty () = TiQe;0 (V) + Y €nVjndjnf jn: (6.15)
n=0,j

where U, = T,(5;.1) €V, fjn=T;(fj.n) € n_())U(m_(;)) and d , = T;(d; ) € D. Now
we apply the map qg; » to both sides of (6.15). The images of the terms in the last sum with
n > 0 vanish, since qq; n(€q,x) =0 for any x € A’ by (4.3)(iv). The images of the terms in the
last sum with n = 0 do not contribute to the ‘leading term,” since the algebra n_(¢;) is invariant
with respect to the adjoint action of éy,. We obtain
Lemma 6.8. The leading term of 4;(2},) is equal to the leading term of qu; nT;qu; (V).

Let us compute the leading term of qg;,n 7;qq,; (v). We have

o~ (=1
Qo; 0 1;e; (V) = Qo 0 T (Z Téai (U)eliai gn,oz,-)

n=0

| _
=Qu;.n (Z — &% (T:)) € ((hay) Uy + 1)+ (g +1 = 1) ‘)

=(u;,n ( ié’lai (Ti(U))egl-) ((hai + 2)(1’101,- +3)--- (hai +n+ 1))_1,
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by the property (4.3)(iii). Since qq;,n (€, x) = 0 for any x € A’, we further get

nH" —
T 0 = 3 T (2,7, (7300) G+ g 41+ 1)
n=0 ’

Since e} e" , (T;(v)) belongs to V), the leading term of qu, n(é} e, (T;(v))) is equal to

0[ 70( Ol *0[

égié_al (T;(v)) and the leading term of qq; n7;qe;,n (V) is equal to the sum

Z( b &8 8" o (T,0)) ((hay +2) -+ Gy +n+ 1) 7,

which can be written as B(_zgll. [o](1 ® T;(v)). This ends the proof of Proposition 6.6. O

As well as in the previous section, for any reduced decomposition w = s¢, - - - ¢, of an el-
ement w € W and the corresponding sequence of positive roots: y; = oy, Y2 = sq, (02), ... wWe
have, assuming the existence of zi),

p4 / /
Zy) =< .
G (2,) B%), (o) B (o117, (1))

7. Mickelsson algebra Z,, _(A)

In this section we collect the results of the previous section for the Mickelsson algebra
Zn_(A), see the definition below. This algebra deserves the special attention, since it acts
on the space of n_-coinvariants, which are sometimes more convenient than n-invariants. If
a g-admissible algebra .4 admits an antiinvolution, which extends the Cartan antiinvolution
":U(g) — U(g), then all the results of this section can be obtained by an application of this
antiinvolution to corresponding results from the previous sections.

7.1. Algebra Z,,_(A) and related structures

For any g-admissible algebra .4, we define Mickelsson algebras Sy,_(A) and Z,,_(A) as the
quotients

Sn_(A) =n_A\Nr(n_A), Za_ (A) =u_A \Nr(n_A",

where Nr(n_.A) (respectively Nr(n_.A")) is the normalizer of the right ideal n_.A (respec-
tively n_.A"). The algebra Z,_(A) is a localization of the algebra S,_(A): Zn_(A) = D ®u )
Su_(A).

Alternatively, the Mickelsson algebra Z,,_ (A) can be defined as the subspace of n_-invariants
in a right U (g)-module M, (A) =n_A"\ A"

Zy (A= (Mn_ (.,4/))XL = {m € Mn(A/) ’ mn_ = 0}.
As well as S (A), the space S,_ (A) is an associative algebra, containing U (h), and for any

left A-module M, the space M,,_ = M /n_M of n_-coinvariants is a S,,_ (.4)-module, see Propo-
sition 3.1. The algebra Z,,_ acts in the space My,_ of n_-coinvariants of any left .A’-module M.
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Suppose that a g-admissible algebra A satisfies the additional local lowest weight condition

(LW) For any v € V the adjoint action of elements x € U (n_), on v is nontrivial, X (v) # 0, only
for a finite number of u € h*.

Then the quotient My, (A’) =n_A’\ A'n has a structure of a right Fg n-module, extending
the action of A’ by the right multiplication. In particular, the extremal projector P acts in the right
Fy n-module M n_ (A”). Denote the corresponding operator by p € End M n_ (A", see Section 2.2.

The properties of the extremal projectors imply the relation

Za (A)=Imp C My_(A). (7.1)
Equip the double coset space ,_.A;,, see (3.6), with a multiplication o : ,_ A, ®n_ An —
n_An:
def _
aob=aPb =p(a)-b. (7.2)

We also call the double coset space »_.Ay, equipped with the operation (7.2), the double coset
algebra ,,_ A, . In a case, when both conditions (HW) and (LW) are satisfied, the multiplication
rules (3.7) and (7.2) coincide.

Define the linear maps ¢— : Z,_(A) = n_ Ay and ¥— :,_ Ay, — Zy,_(A) by the rules

¢-(x)=x mod An, YT =p(), x€Zn (A), y€n An. (7.3)
Proposition 7.1. Assume that a g-admissible algebra A satisfies the condition (LW). Then

(1) The operation (3.7) equips _An with a structure of an associative algebra.
(ii) The linear maps ¢— and _ are inverse to each other and establish an isomorphism of the
algebras Z,,_(A) and ,_A,.

We have the ‘lowest weight counterpart’ of Propositions 3.3 and 3.4.
Proposition 7.2. Let A be a g-admissible algebra satisfying the condition (LW). Then

(1) Each element of the double coset algebra _Ay can be uniquely presented in a form x =
Zi div;, where d; € D, w; € V, so that _ Ay, is a free left (and right) D-module, isomorphic
to D®V.

(ii) For each v €V there exists a unique element 7, € Z,_(A) of the form

Zo=v+ Y vied,, e enUm), deD, eV, (74)
i=l,...k

so that the algebra Z,,_(A) is a free left (and right) D-module, generated by the elements 7,,.
The element 7, is equal to p(v).
(iil) For each v €V there exists at most one element Z,, € Z, _(A) of the form

Z,=v+ ) ejvidj, ejenUm), d;jeD, vjeV. (1.5)
j
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Next, we have an analog of Theorems 3.5 and 3.6:

Theorem 7.3. Let g be reductive and finite-dimensional, and let A be a g-admissible algebra
with a generating subspace V. Then for any v € V

(i) there exists a unique element 7)) € Z,,_(A) of the form (1.5). The algebra Z,,_(A) is gener-
ated by the elements 7., as a free left (and right) D-module;
(ii) we have the following equality in Z,,_(A)

20=2501100° (7.6)
Here Zigy =d - Zv, Zyg, =d - 2y Zvgd = 2o - ds Tygy =2, - d.
7.2. Zhelobenko maps
For any real root «, the relations
1
4, (x) = Z mg,,,a el e, (x) modn_g A, x €A,
n=0
4y (dx) =19(d)q,(x), deD,
define a map gy : A" — n_q A"\ A’, such that for any x € A’
qq(eqx) =0, Jq(xe—y) =q,(x)e_q =0. (1.7)

Here g, is given by (4.2), niy = Cey,. We have the analogs of Propositions 4.1, 4.2 and
Theorem 5.1.

Theorem 7.4.

(i) The map q, defines an isomorphism of algebras Qg : v, An_, = Zn_,,(A), such that for any
deD,

[d.Ge(®)]=du(ld.x]).  Guldx)=Ta(d)qu(x).
(i) Forany x € Zy,(A) and y € Z,_,(A) we have
Goala () = (hg + Dx(ha +D7", Goda(y) = (ha + D)7 y(ha +1).  (7.8)
Theorem 7.4 implies the equality
o (xy) =G(0)q(y) forany x € Nr(ngA), y € A’

For a maximal nilpotent subalgebra m of g, such that e, is a simple positive root vector of m,

define the linear map qu"m ‘A" — m_A"\ A’ by the prescriptions
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oo

. 1 N an /
Go.m (¥) = ,122(:) 8 e (x) modm_A, xeA, (7.9)
Jo.m (@x) = T4(d)3,(x), deD. (7.10)

The assignment q, ,,, satisfies the relation g, , (m**.A") =0 and determines the map
Jum:me A\ A >m_A\A.
‘We have (see Proposition 4.4 and Theorem 5.2):
Proposition 7.5.
(i) The map Go.m transforms Nr(m*® A’) to the Mickelsson algebra Z,, (A), and
Qoem (2) = qor.m (2)qa.m () for any z € Nr(m™ A'), u e A'.

(ii) The restriction of the map Qu,m to the normalizer Nr(m** A') defines an isomorphism of the
algebras Z,,5« (A) and Z,,_(A), satisfying the relations

(4, Go,m ()] = Go,m ([, ¥1), do,m (¥d) = Goa,m(X)Ta(d), deD. (7.1

For any w € W, satisfying the condition (4.16), and its reduced decomposition (4.17), we
define a map Qu,m : m* A\ A" — m_A"\ A by the relation
Qu,m =dyp,my  Gyoomy - Ayom,, s

where the positive roots y, and the maximal nilpotent subalgebras m; are defined by the pre-
scriptions (4.18)—(4.19). This map does not depend on the choice of a reduced decomposition of
w and satisfies the relations

Quw.m = Qu/,mly o> i L(W'w) =1(W") +1(w), (7.12)
[, Qu,m ()] = Gu,m ([, x1), Qu,m (dX) = Tw/ (p)—w'w(p) (@) - Gwm(x),  (7.13)

forany x € A, hebhandd € D.

The restriction of Gy, m to the normalizer Nr (m* A") defines an isomorphism of the algebras
Zaw(A) and Zy,_ (A), satisfying (7.13). We denote Gy = Qu.n-

The following counterpart of Proposition 4.6 is valid.

Proposition 7.6. Let g be a finite-dimensional reductive Lie algebra. Let wq be the longest ele-
ment of the Weyl group W. Then

(i) The map Qy, defines an isomorphism of the algebras n_ Ay and Z,_(A), such that for any
x€n Ay, deDandveV

[d, (leo (x)] = (leg([da x])» Elw() (dx) = Tp—wo(p) (d)(NIw() (x),
Quo (V) =75, (7.14)
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(ii) The restriction of Qu, to the normalizer Nr (nA’) defines an isomorphism of the algebras
Zw(A) and Z,,_(A), satisfying (7.14), such that

~ ~ =~/
Quo(@Znw) =2y, VEV.

Here Z, , are the generators of the Mickelsson algebra Z, (A) of the ‘first type,” see Proposi-
tion 7.2(1), Z;,,u are the generators of the Mickelsson algebra Z,,_ (A) of the ‘second type,” see
Proposition 7.2(ii).

7.3. Braid group action

Keep the notation of Section 6. We suppose again that the automorphisms 7; : U (g) — U (g),
i=1,...,r, see Section 2.1, admit extensions to automorphisms 7; : A — A of a g-admissible
algebra A, satisfying the braid group relations (6.1).

Then for each maximal nilpotent subalgebra m = n”, where w € W, and any root «, such that
the root vector e, is a simple positive root vector of m, we have the relations:

Joom = Tyl @) T - (7.15)

For each «; € IT define the operators §; :n_ A"\ A" - n_ A"\ A and ¢y, :n_ A\ A" > n_ A"\ A
as

q:’:EIsai'Tiv (iw:(iw'Tuy

The operators (; satisfy the braid group relations,

—— N

mi,j mi,j
that is,
Qu'w = Gu'quw» if [(w'w) =1(w") +1(w).
Forany we W,x € Z,_(A), yen_A"\ A and d € D we have by Proposition 7.5:
Gu(lh, x1) =[wh), qQw@®)],  quldx)=wod)-qux),

Qu(xy) = Gu () - qu (). (7.16)
Corollary 7.7.
(1) The restriction of Q; to Zy_(A) defines an automorphism of the algebra Z,_(A), satisfying

(7.16).
(ii) Forany y € Z,,_(A) we have

B () = (he, + 1) THy) (ha, +1).
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The following proposition describes the action of the automorphisms ¢; on the canonical
generators of the Mickelsson algebra Z,,_(A).

Proposition 7.8.

(1) Assume that A satisfies the LW condition. Then

qi (Zv) = L) 1-p)(T, @1

(ii) Assume that the element Z,, € Z,_(A) is defined. Then q;(Z,)) is also defined and is given by
the relation

$.(3) = 3/
4(%) B 1T, 0)®1)

The operators C;l; [A] and B(il(l [A] were defined in Section 3.5.

Remark. Let w = s, - - - 5o, be a reduced decomposition of an element w € W. Let yq, ..., v,
be the corresponding sequence of positive roots: y1 = a1, y2 =Sq, (02), .... Then the properties
of the maps ; imply the following relations:

o e AN,
qu(Z0) = L) 1=p1-CY), [-p)(T, )1 () = B 1p1-BY, (01T, &)

8. Standard modules and dynamical Weyl group
8.1. Double coset space
Recall the notation ,_A, =n_A"\ A’/ A'n of Section 3.3.

Lemma 8.1. The multiplication in A" equips the double coset space _ Ay, with the structure of
a left Zy_(A)-module and of a right Z™(A)-module.

Proof. It follows from the definition of normalizers. O

If A satisfies the HW condition, Proposition 3.2 says that the double coset space ,,_.Ay is a
free right Z™ (A)-module of rank one, generated by the class of 1. If A satisfies the LW condition,
Proposition 7.1 says that the double coset space ,_.A, is a free left Z,,_ (A)-module of rank one,
generated by the class of 1.

Lemma 6.4 says that the operators §; : A’ /An — A /Anand §;:n_ A\ A —>n_ A\ A
correctly define operators on the double coset space ,,_.A;,. We denote them by the same symbol.
According to definitions, they are given by the formulas

y — (=D", " D
qi(x)=2 ——¢ (Y}(x))-efafgn,ai mod n_ A"+ A'n,

| i
n=0

o

. 1 N

qi(x) = E ;gn,a,- ey e, (Tl (x)) mod n_A" + A'n,
n=0 "
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where g, o, = (hg; (he; — 1)+ - (he; —n + 1) Equivalently,

o0
1
Qi) =) =& & (T,() - gney modn_A'+ A'n, 3.1)
=0 n!
o0
v 1 An AN / /
HOEDY —8na 8,0, (T;(x)) modn_A"+ A'n. (8.2)
n=0

They satisfy all the properties, mentioned in Propositions 6.1, 6.2, Corollary 6.3.
In the notation of Section 3.5, the formulas (8.1) and (8.2) mean that for any v € V we have
the following equalities in ,_Ay:

v v 1
G =m(CP-pI(1® ;). & =m(CY [-p) (T, ®1)). (83
wherem:D®V — A andm:V ® D — A’ are the multiplication maps.
Let M be a module over an associative algebra U. Denote by &), the corresponding homo-
morphism &y, : U — End(M). Let T : U — U be an automorphism of the algebra U. Denote

by MT the U-module M, conjugated by the automorphism T'. It can be described as follows.
MT coincides with M as a vector space, while the map &,,7 : U — End(M) =End(M7) is

5 MT = EM -T.
In this notation, Proposition 6.2 states the equivariance of the maps §; and ;:
Proposition 8.2.
(1) The map q;, given by (8.1) is a morphism of the right Z"(A)-modules:
GiinAn = (oA
(ii) The map q;, given by (8.2) is a morphism of the left Z,,_(A)-modules:
GinAn = (oA

The same statement holds for the operators {,, and q,,, defined as products of (8.1) and (8.2),
forany w e W.

Let 1 € h* be a generic weight, that is, (hy, A) ¢ Z for all @ € A. Then the following quotients
of the double coset space are well defined:

noAng =0 ANAYA (0 (h= (B W) )
aon_An = ((h = (h, 2)) ], o ) A\ A/ A'n, (8.4)

The space _.An » is aleft Z,,_(A)-module, the space j n_.A, is a right Z" (A)-module.
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Corollary 8.3. For a generic A € h*,
(1) the map (8.1) defines a morphism of the right Z"(A)-modules:
QixansAn = G, orn A
(ii) the map (8.2) defines a morphism of the left Z,_(A)-modules:
Qi inoAns = (noAn s, o).
Due to (8.3), we have
i1 (V) = P [ — p1(T; (v)), Qi x(v) = P—g; [2 — PI(T; (v)),

that is,

D" Hon _
(V]i’)\(v)ZZ(n) l_[(hai+<h0!i7)"_lo>+k) lézaiézi(Ti(v)),

B L _
i@ = Y S [ (o + a2 = ) +0) 222", (T,0).

n=0 k=1

More generally, for any element w € W, the maps qy : A’ /A'n — A/ An and Gy :n_A"\
A = n_A"\ A" define morphisms of modules over Mickelsson algebras qu.» :x.n_An —
(won.n_ An)q"«' and Q. i n_Anar — (n_.Awo)Hn)q"«'. For a reduced decomposition w = s, - - - Sg,
of an element w € W and a corresponding sequence of positive roots y1, ..., ¥, we have

Qw1 (V) =Py, 2 — p1- - Py, [1 — P)(T, (V).
Qi n (V) =Py, [A — p]-+ Py, [A — p)(T, (V).

Remark. By the definition, the double coset space nJZln, r=n_A\ A/ Anis aleft S;,_(A) and
aright S"(A) module. Its quotients

noAng =1 ANA/A- (v, (B = (0, 1) cp)-
oA = (noy (h = (b, 1)) }heh)A \ A/An

coincide with the spaces (8.4) for generic A: nffln,)h =qn_An and A,nffln = .n_An. They
have the structure of a left S;,_(A) and a right S"(A) module, correspondingly. The module
n_ An, » can be interpreted as a space of n_-coinvariants in the left A-module M, ,(A) =.A/A-
(n,h — (h, A) | h € h). The module A,n_fln can be interpreted as a space of n-coinvariants in the
right A-module M, (A) = (n_,h — (h, 1) |h € h) A\ A.

For each i, the operators §; and ¢; define homomorphisms of Mickelsson algebras S™(A) and
Su_(A) to their localizations with respect to denominators, generated by monomials (hy; + k),
k € Z.If A € b* satisfies the condition (hy,, 1) ¢ Z, these localizations act on (Sal- O,\,n_ﬂn)qi and
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(n_ flm Sa; o) correspondingly. In this sense the operators §; and ¢; define morphisms of the
right S™(A) modules and of the left S,,_ (A) modules:

(VJi,)L ZA,n_fIn - (saio)»,n_jn)éi and (Vli,)» : n_-fzin,)» - (n_-/zln,sul. o)»)q[‘ (8.5)

One can regard (8.5) as a family of operators with the meromorphic dependence on a parameter A,
study their singularities, residues, etc.

8.2. Quotients of free modules

As any associative algebra with unit, the Mickelsson algebra is a free left and a free right
module over itself of rank one. Let us restrict ourselves to the Mickelsson algebra Z"(A) and the
corresponding free right module of rank one.

Let A € h* be a generic weight. Consider the following quotient of the free right Z"(A)-
module

@ = (h = (h, )],y 2" (A \ Z"(A). (8.6)

It can be realized as follows. The multiplication m in A induces an isomorphism of the two left
U (g)-modules:

V® Ma(g) = Ma(A), (8.7

where M, (g) is the ‘universal Verma module’ U’(g)/ U’ (g)n, Mn(A’) = A’/ A’'n, and the mod-
ule structure of V is the restriction of the adjoint representation of g in .A. The map (8.7) is also
an isomorphism of the right D-modules, where the structure of D-modules in the left-hand side
of (8.7) is given by the rule (W®m) -d =v ® (m -d) for any v € V, m € M (g), d € D. The
Mickelsson algebra is the space of highest weight vectors in My (A’), so with the identification
(8.7) we have the following isomorphism of D-bimodules:

Z"A= (Ve Ma(@)". (8.8)
Recall that Z"(A) is a U (h)-bimodule and admits the weight decomposition with respect to

the adjoint action of . This implies that the right Z"(A)-module &, (A) is a semisimple right
U (h)-module and admits a decomposition

D) = @ D a—v,
v

where the sum is taken over the weights v of A such that for any ¢ € @, , we have

and @, , coincides with the double coset
Prp = (=1 1))|yeg - ZANZA/ZNA) - (h = (hy 1) ]y

Analogously, the left Z"(A)-module @ "
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G =ZMA)/ZMA) - (h = (B 10) ]y

admits a presentation
Q= @ P,
v

With the identification (8.8), the relation (8.9) can be interpreted as follows: any element
¢ € ®, ,, is a highest weight vector in the tensor product V ® M), of the weight A. Here M, =
U(@/U(g)-(m, (h—(h, u))h € b) is the Verma module of g with the highest weight . We have
proved

Lemma 8.4. Let A € h* be generic and v € b* a weight of Z"(A). Then the weight space ®;. ;—,
of the right Z" (A)-module @, is isomorphic to the space of intertwining operators

Dy j—v EHOInU(g)(M)\,V(X)M)L_V). (8.10)

Denote by I, the class of unit 1 € Z"(A) in @,.. The vector [, generates @, as Z"(.4)-module.
For any v € V denote by @, the element of the right Z" (A)-module @;,, obtained by applying of
the element z/, to I. It is equal to the class of z/, in @, Let v be the weight of v. In the description
(8.10) of @ ;_,, the element @} corresponds to a map from Hom y(g)(M;,V ® M; _,), such
that

&/ (1)) =v® 1, +lot
where 1, is the highest weight vector of Verma module M, and l.o.t. means the terms which
have lower weight on the second tensor component.

The properties of the operators q,, imply that q,, (D5, ) = Pwor,wop. SO that each operator gy,
defines the morphisms of the right and left Z" (A)-modules:

G @ = @uo) ™, G B = (Puo) (A). @.11)
Proposition 6.6 gives a formula for transformations of vectors @;':

3 By Dot p1-poy [t 21T,y ()
Gu.r (PF) = @y ’ : (8.12)

where yi, ..., ¥, is the sequence of positive roots, attached to a reduced decomposition w =
Say, * " Sa, by the standard rule y; = «;,, y2 = Sa, (@iy), ..

8.3. Connections to dynamical Weyl group

Let V be a U (g)-module algebra with a locally nilpotent action of real root vectors and Ay =
U (g) x V be a smash product of U (g) and V, see Example 2 in Section 3.1.

The typical examples are: the tensor algebra of an integrable highest weight representation of
g and the symmetric algebra of an integrable highest weight representation of g.
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Due to assumptions above, the g-module structure in ) lifts to an action of the Weyl group of
g in V by standard formulas

~

T; = expeéy, - €Xp —€_q; * eXp ey, . (8.13)

Due to (8.13), the operators T; are automorphisms of the algebra V.

The operators 7; admit lifts to automorphisms of the algebra A by the relation 7;(gv) =
Ti(g)f"i(v), where g € U(g), v € V, and T;(g) is the automorphism of U (g), as in Section 2.1.
Actually, they are given by the same relation (8.13) with respect to the adjoint action of g on .A.

The elements of the right Z"(A)-modules @, (A) are known in this case as the intertwining
operators. The morphisms ., form the dynamical Weyl group action, see [EV,TV].

The space of intertwining operators @, (A) form an algebroid with respect to the composition
operation. The composition of intertwining operators can be described as follows.

For a generic A € h*, any morphism ¢; : M;,, — V ® M, _, of g-modules admits a lift to a
morphism @, :V @ M, — V ® M,_, of A’-modules by the rule @, (v ® m) = v - ¢, (m) for
any m € M, . Then the composition (p;\_u o ¢; of the intertwining operators ¢; € @, ,—, and
@5, € Ps_ys—v—y is an element ¢} € ®; ,_,_,/, such that
Py =Py 0 Pi
The composition of intertwining operators coincides with the structure multiplication map of the
right Z"(A)-module in @, . Namely, in the notation of the previous section, for any x € Z"(A)
denote by @7 its class in &@;, considered as intertwining operator. Then we have

Proposition 8.5. (See [K].) Let 7/, 7" € Z"(A) and the weight of 7’ with respect to the adjoint
action of §y is v. Then

77 7 7
Y

In this context the statement that the maps qy, . are morphisms of Z" (A)-modules, see (8.11),
is equivalent to the compatibility of the dynamical Weyl group action with the composition of
intertwining operators.

9. Quantum group settings
9.1. Notation and assumptions

In this section we announce basic results of this paper for Mickelsson algebras, related to
reductions relative to quantized universal enveloping algebras. We restrict our attention to the
Mickelsson algebras Z"(A).

Keep the notation of Section 2.1. Let ¢ be an indeterminate; d; € N are defined by the condi-
tion that the matrix (@;, @) = d;a; j = dja; ; is symmetric. Here g; ; is the Cartan matrix of g.

Forany root y € Aputg, =¢%)/2 [a], = ’:l__[f:la ,and (@), = % for any symbols a and p.

We also use the notation ¢; = qq; = g% for simple roots o;.
Denote by U, (g) the Hopf algebra, generated by the Chevalley generators ey, € Uy (n), e_y; €

+hg,
Us;(n_) kE! =gq; ' €Uyb), where o; € IT, so that

s Raj
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kg — k!
[ea,” efotj] = Si,j[hai]qi, where [hoti]qi = 1
qdi — 4;
—1 +a; j +(a;,a;
ka,-eiotj o :qi eiaj :q (67 j)eiotj’

k
e .
> (=1 el exael) =0, i), whereel), :=%,
qi-

r+s=1—aqa; ;

A(ea,-) = ea,- ® 1 +k0l,' ® eC(l'v A(e—ol,') = 1 ® e—oz,- + e—a,- ®k;l’
Alkay) =ka; @ kay,  Slhey) =k,
S(ea)) =—ky' e, Sle—w;) =—€_oka;.

The adjoint action (3.1) of the Chevalley generators has the form

A ~1
eq; (x) = ade, (x) = eq;x — ko Xky, €q;,

6oy (¥) =ade_, (1) = [e_y. x] - kay ©.1)

Let T; = T; : Uy (g) — Uy (g) be automorphisms of U, (g), defined by the relations

Ti(ea,-) = _ka,-e—a,- s Ti(e—a,-) = —€q; Jil» Ti(kotj) = kSa,- (aj)»
Tiea)= ) (=D'qfefeq;el), i#],
r+s=-—aj, j
Tit-a)= 3. (~1'q e eaels, i#] 9.2)
r+s=—aj, j

Here we use the Cartan generators k,,, y € A. They are defined by the rules k_, =k, I and
katp =kokg.

In Lusztig’s notation [L], 7; = Tl’ - Forany w € W they define automorphisms 7y, : Uq4 (g) —
U, (9), as in Section 6.1.

Denote by D, the localization of the commutative algebra U, (h) relative to the multiplicative
set of denominators, generated by

{lhe +klg, |0 € A, keZ}.

Denote by U, (; (g) the extension of U, (g) by means of D,:
U,; (9) = Uq(9) ®u,h) Dg = Dg ®u, (1) Ug(9).

As well as in the undeformed case (¢ = 1), there exists an extension Fg,n of the alge-
bra U; (g) and an element P =P, € Fg,n (the extremal projector), satisfying the conditions
eq;P =Pe_,, =0, P> =P, see [KT].

In particular, for the algebra U, (sly), generated by e+, and k(f], we have two projection
operators, P =Py [p], and P_ = P_,[p], where
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o0

_1 n
Paltl=) ([n]—)'q; ek =P) fo nlhle” el
n=0 o
o (—1)"
Pralil= Y0 ool ganlrlesel, 93)
n=0 o
and
n | n 1
fanD=[]lhe + a2y + 7] ganlM =] [[ha + thas 1) + /], -
j=1 j=1

Let A be an associative algebra, containing U, (g). We call A a U, (g)-admissible algebra if:

(a) there is a subspace V C A, invariant with respect to the adjoint action of Uy (g), such that the
multiplication m in A induces isomorphisms of vector spaces

@l) m:Uy(9 @V — A, (@2) m:VQU,(g) = A;

(b) the adjoint action on V of all real root vectors e, € U,(g), related to any fixed normal or-
dering of the root system, is locally nilpotent. The adjoint action of the Cartan subalgebra
Uy (h) on V is semisimple.

In particular, 4 is isomorphic to U, (g) ® V and to V ® Uy (g) as a U, (g)-module with respect to
the adjoint action.

Denote by n the linear subspace of U,(g) generated by the elements ey, o; € IT. Denote
by n_ the linear subspace of U, (g) generated by the elements e_,, i € I1. Let U, (n) be the
subalgebra of U, (g), generated by n and U, (n_) the subalgebra of U, (g), generated by n_.

For any U, (g)-admissible algebra A put A" = A ®y, ) Dy and define the Mickelsson alge-
bras S"(A) and Z"(A), as in Section 3.2:

S"(A) = Nr(An)/An, Z"(A) =Nr(A'n)/A'n,
and the double coset algebra ,,_.A,, see Section 3.3,
wAn=n_A\NA/An=A/n_A + A'n),
equipped with the multiplication structure (3.7).
With the conditions of Section 3.4, the Mickelsson algebra Z"(.4) has distinguished genera-
tors zy, z;, v € V, determined by the relations (3.9) and (3.10).

9.2. Basic constructions

Let @ € IT be a simple root, ny, = Ce,, n_y = Ce_,. Let x € A be an element of A, finite
with respect to the adjoint action of e,. Denote by g, (x) the following element of A’/ A'n:

D"~ n ’
Qo (x) = Z % (k;lea) (x)e—agn,a mod A'ng, 94
n>0 o
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where g, o = ([halg[ha — g, - - [he — 1 + l]qa)_l. The assignment (9.4) has the properties

(i) galxe—q) =0,

(i) Gulrky') =ae@ky'az?  dalky'x) =457k da ),
(iii)  qo(xky) =qga(x)ky, Qo (kyx) =kyqu(x), if (he,y) =0,
(iv) kg 'eaQu(x) =qq (kg eax) =0.

We extend the assignment (9.4) to the map qq : A" — A’/ A'n, with a help of the properties (ii)
and (iii). It satisfies the properties

Qo (xd) = o (X) 7 (d), Qo (dx) = Ta(d)qu(x), d € Dy, 9.5)

where 7, : Dy, — Dy, i € h* is uniquely characterized by the conditions
T (ky) = q(ﬂ,y)ky.

Due to the property (iv) the map q, defines a map qq : n, An_, — Z"*(A). We have an analog
of Theorem 5.1:

Proposition 9.1. The map
Qo “ng An_a — Z" (A)
is an isomorphism of algebras.

In the following we assume that the automorphisms (9.2) admit extensions 7;: A" — A/,
which satisfy the braid group relations (6.1), though, as well as in the case g = 1, part of the
results below do not depend on such an extension.

Let w € W be an element of the Weyl group of g, o € IT a simple root, such that [(wsy) =
I(w) + 1. Set y = w(@), e+y = Ty(exy) and T), = TwTaTujl. Denote by m = n" the linear
span of the vectors Ty (e, ), @; € IT and by m®» the space T, (m). Let q, w be the linear map
qQy,m : A — A’/ A'm, defined by the rule:

—D" . -
q}/,m(x) = Z ( ) (k;léy) (x)e_ygn,y

|
50 [n]qy.

1 _ _
= Z Sl n(hy "H)é’; (x)e’iyg,,,y mod A'm,
[n]qy

for all x € A, which are adjoint finite with respect to e,,. In general we present any y € A" as
y =dx with x € A being adjoint finite with respect to e,, and d € D, and then use the properties,
analogous to (i) and (ii) for the map q. Here g, , = ([hy]qy [hy — g, -+ [hy —n+ l]qy)’l.
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Proposition 9.2.

(i) We have q, m(A'm*) =0, so that q, w defines a map qy m: A'JAMY - A’/ A'm;
(ii) For @ = w~'(y) we have the equality

qQy,m = TwQa,nTuj]~ 9.6)
Remark. Note that the statement (ii) is nontrivial for g # 1, since

Tyad, T, ' () # adr, (1) ().

The proof of (ii) uses coalgebraic properties of Lusztig automorphisms.
Let w = {w, w = 54 So;, -+ Sa;, } be @ pair, consisting of an element w of the Weyl group

and of a reduced decomposition of w. Let yy, ..., y, be a related sequence of positive roots:
VU= Qigs oo V=S, " Sy, (aj,), . ... Proposition 9.2(i) implies that there is a well-defined
map

A AW 1y A _ _ ) ,
qw : A /A ne— A /A n qw - qyl’nqyz,l‘léyl o 'qyn,néynfl Sy .

Proposition 9.3. Let g be of finite dimension. Then for any reduced decomposition wy of the
longest element wo of W the map q;, sends a vector v € V to the generator z,, of the Mickelsson
algebra Z™(A).

Proposition 9.3 implies that the maps g, ,, satisfy the cocycle conditions, that is, the map qg
does not depend on a reduced decomposition w of w € W; hence it can be denoted as qy,.
Set §; =qy,, - T : A'/A'n — A’/ A'n. Then we have the braid group relations:

4iqj--=q;q -+ i#J,
—_—  ——

mi,j mi,j

and, due to Proposition 9.1, the restriction of §; to Z"(.A) is an automorphism of the Mickelsson
algebra, such that

i (dx) = (s¢; 0 d) - Gi (x), Qi (xd) =i (x) - (so; od) ford e Dy, x € A’

Here w o d is the natural extension of the shifted action of w € W on h*, see (6.8), to the auto-
morphism of D, defined by the conditions

(y.w(p—p))

wok,, =kw(y)~qy .

9.3. Some calculations

There is a standard construction of the extension of the Hopf algebra U,(g) by means of
automorphisms 7;. Namely, let U, qW (g) be the smash product of U, (g) with the algebra, generated

by the elements Tiﬂ , satisfying the braid group relations

-

T,Tj-- =TT, i#J.
—_—— —_———

mi,j mi, j
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The cross-product relations are
TigT; ' =Ti(e). g€ Uyo). 9.7)

Due to the coalgebraic properties of Lusztig automorphisms [L], the smash product U, qW (g) can
be equipped with a structure of a Hopf algebra, if we put

ATH)=T; ®T; - R;,
where
—1\n
- _1 (gi —q; )
Ri = equi_z((q,' —q7 e s, ®ea;) = Tiz!e’iai ® ey, -
4q;

n=0

In the same way we extend the algebra A’ to the cross-product A%, using the relations (9.7).
Since U ;V is a Hopf algebra, the adjoint action T; of T; on A" is well defined. It preserves

the subalgebra A’ ¢ AY: Ti(A) c A'. The following statement is nontrivial for ¢ # 1 and is
important for calculations of the maps ;.

Proposition 9.4. For any x € A" we have
qi(x) =q; (Tifol) =q;(Ti()).
Now we describe the squares of the automorphisms ¢; : Z"(A) — Z"(A). Assume that the

elements vy, j € V, m € Z>o, j =0,1,...,m form a finite-dimensional representation of the
algebra U, (sl), generated by ey, and k;ﬁl with respect to the adjoint action, such that:

S o ) =" O ) =0, ey (o) = (1 — 2] v . 9.8)

o

In particular, v, = vy, is the highest weight vector of this representation, and v, ; = é(_j;l_ (vm).
Define the operator ¢; evaluating the parity of the dimension of a representation of this U, (s),
gi(vm,j) = (_1)mvm,j-

Proposition 9.5. Assume that vy, j €V satisfy (9.8). Then
7 (om,j) =g~/ IAD=UEDOD e 1) T (o) - Ty + U, 9.9)
The property (9.9) simplifies under the natural assumptions on operators T,:V— V. Namely,
suppose that the operators T; : )V — V satisfy the properties of Lusztig symmetries Tl’ 4> that is,
(see [L, Section 5.2.2]),
Tiom, ) = (=17 ¢7 "D vy (9.10)
Corollary 9.6. With the conditions (9.10) for any x € Z"(A) we have

G ) =lhe + 115" - £ (0) - Tha; + 1. (9.11)
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Keep the notation (3.12) of Section 3.4. For a real root o« € A™, set

n

FOu1 =42 ()" T~ 1D + ) +4],)
k=1

n

gl = () TTAD + 1 + (o) + 4], )7
k=1

Here fl(z) ad(Z) is the adjoint action of k4 in V, h(l) is the operator of multiplication by Ay

in D. For u € f)* define operators C(Z)[,u] D®V— D®Y and B(z) [u]:D®Y — D®YV by
the relations (3.16):

CPu) = i([ ]) Fialm(@5)" @),
L%

1
B0 = 3 () €)'
neo0 "4a

Proposition 9.7. For any v € V we have
p4 . / —_— / ~ . —
ai(z) = B2 nenay ¥ (@) =20 paen0)°
9.4. Another adjoint action
In this section we sketch the modifications of the above constructions for the second adjoint
action.

Let U;p (g) be the Hopf algebra U, (g), described in Section 9.1, with the same multiplication
and opposite comultiplication,

A% () =ky; @ €q; +€a; R 1, AP (e_g) =€_q; @ k(;[l +1®e ;.
The adjoint action (3.1) for the algebra U(;p (g) looks slightly different:

6y () = ade, (x) = [eq; X1 - Ky |

é_g;(x)= ade_, (x) = e_g;x — k;ilxkaie,ai. (9.12)

Let A be a U;p (g)-admissible algebra. We define the Zhelobenko operators, starting from the
assignment

%(x)-Z( )(eO,)"( )€ oka) gn,c

n>=0 [I’l]

_1\n
Z( D A”( )e_aqg(h“ "+1)g .o mod A'ng.
n>0
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The corresponding maps q,, m satisfy the cocycle conditions, such that the operators

Eli = qot,',n : Tl‘71

are automorphisms of the Mickelsson algebra Z"(.A), satisfying the braid group relations.
9.5. Relations to dynamical Weyl group

Let V be a U, (g)-module algebra with a locally nilpotent action of real root vectors of U, (g).
It means that V is an associative algebra and a U, (g)-module, such that for any g € U,(g),
v1, v2 € V, we have the equality

g v) =Y &) § ().

Here A(g) =) ;g ® g/, and g(v) is an action of g € U,(g) on v € V. Suppose that V is
equipped with an action of operators T;, which are automorphisms of the algebra V, satisfy the
braid group relations, and form an equivariant family with respect to operators (9.2), that is, for
anyv eV, geU,(g),

Ti(8(v) = Ti(9)Ti (v),

where T;(g) means the application of operators (9.2).

These conditions imply, that V is a module algebra over U ;V (g). So we have a well-defined
smash product U ;V (g) x V, which contains U, (g) X V and the elements T;. The automorphisms
T,-:U;V(g) XV — U;V(g) x V), given as

T;(x) =TixT; ',

preserve the subalgebra U, (g) x V. Moreover, the restriction of the adjoint action of T; on V co-
incides with f",-, that is: T ly = f", Thus the smash product A = U, (g) x V is a U, (g)-admissible
algebra.

The elements of the right Z"(A)-module @, (A), defined in (8.6), are intertwining operators
@) : M) — V ® M,.. The operators §; give rise to the operators q; ; of the dynamical Weyl group

. P—a; [A+01(T; (v))
A4in(P}) = Py,

and

. Pyy [Atp1+-D—y [A+p) (T (1))

qw,)\(é)lj) = cDwo);\l ’ ?
where y1, ..., ¥, is the sequence of positive roots, attached to a reduced decomposition w =
Say, * " Sa, by the standard rule y; = «;,, y2 = Sai, (@iy), ..., and p_y, [A + p] is the adjoint

action of the operator (9.3), e+, = T%.1 e Taik—l (eiﬁlik) are the Cartan—Weyl generators.
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10. Concluding remarks

We conclude with remarks on the assumptions on a g-admissible algebra A, used in the paper.
They are listed in Section 3.1.

The assumption (a) requires an existence of an ad-invariant subspace ¥V C A, such that the
multiplication m in A induces isomorphisms of vector spaces

@@l) m:Uy(e) @V — A, (@2) m:V® Uy(g) — A

The assumptions (al) and (a2) are not of equal importance. For the Mickelsson algebra Z"(A)
we need the condition (al) only when we use the generators z,, that is, in Proposition 3.3, The-
orem 3.6, Corollary 4.7, in Section 6.2 and in the corresponding statements of Section 9. On
the contrary, the construction of the Zhelobenko operators for the algebra Z™(A) requires the
condition (al) from the very beginning. The condition (a2) is necessary for the existence of the
generators z/,.

For the algebra Z,,_(.A) the situation is opposite. We need the condition (al) for the construc-
tion of the Zhelobenko maps and generators Z/,, while the condition (a2) is related only to the
generators Z,. Both conditions (al) and (a2) are satisfied for basic examples, listed in Section 3.1.

The condition (b) requires local nilpotency of the adjoint action of real root vectors in V. It is
always satisfied if the space V is a sum of integrable representations or an affinization V (z) of a
locally finite representation of an affine algebra U {; (g) with the grading element excluded.

In the latter case the generators z, and z,, do not formally exist, since neither the highest
weight condition (HW) from Section 3.3 nor the lowest weight condition (LW) from Section 7.1
is satisfied. Nevertheless, in this case the generators of the Mickelsson algebra exist as formal
series and could be used with a proper attention to convergence.
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