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Abstract
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and obtain the necessary and sufficient conditions for V()) to be irreducible, and also find its maximal
proper submodule when V (1) is reducible. Then using graded dual module of V (1) we deduce the necessary
and sufficient conditions for V (1) to be irreducible.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Deformed Kac—Moody algebra; Invariant symmetric bilinear form; Lowest (respectively highest) weight
Verma module; Irreducible module

* Research supported by NSERC, and NSF of China (Grant 10431040).
* Corresponding author at: Department of Mathematics, Wilfrid Laurier University, Waterloo, ON, Canada N2L 3C5.
E-mail addresses: jbliu@amss.ac.cn (J. Liu), kzhao@wlu.ca (K. Zhao).

0021-8693/$ — see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2008.01.009



J. Liu, K. Zhao / Journal of Algebra 319 (2008) 4692-4711 4693

1. Introduction

Nowadays Kac—Moody algebras are widely used in many other mathematics branches and
physics. The theory of finite and affine types of Kac-Moody algebras has been well developed.
On the other hand, it is well known that the structure of non-symmetrizable Kac-Moody algebras
(indefinite type) is very complicated (see [5,10,11]). Even we do not know the multiplicities of
imaginary roots of these Kac—Moody algebras (see [1,2]). Our purpose of this paper is to expect
to understand the structure of Kac—-Moody algebras by studying related Lie algebras with simpler
structure.

Recently, a class of interesting Lie algebras corresponding to symmetrizable Kac—Moody
algebras was studied by Lu [6-8] and Zhang [12,13] where they studied finite-dimensional non-
degenerate solvable Lie algebras. A finite-dimensional solvable Lie algebra g over the field C of
complex numbers is called a solvable Lie algebra with a non-degenerate invariant bilinear form
(or simply, a non-degenerate solvable Lie algebra) if there exists a non-degenerate symmetric
bilinear form (-,-) : g x g — C satisfying ([a, b], ¢) = (a, [b, c]) fora, b, c € g.

Generalizing their constructions, we define the so-called deformed Kac—-Moody algebras
B (A) associated to generalized Cartan matrices A. For the triangular decomposition of the Kac—
Moody algebra g(A) =n; @ hPdn_, we denote b =n @ h. Using the graded dual b -module
b_ = (b;)* we have the deformed Kac—Moody algebras &(A) = by & b_ where b_ is abelian
and a b -module.

Note that when A is of finite type (&(A), by, b_) gives the Manin triple associated to the
canonical Poisson Lie group structure on b_ >~ (b)) (see e.g. Section 11 of [3]). It will be mean-
ingful to study the triple (&(A), b, b_) for non-finite type A.

The Lie algebra &(A) has much simpler structure than the corresponding Kac—Moody alge-
bra g(A), but has the same root spaces with g(A). In particular, it has the abelian subalgebra b_
which is of “half size” of the whole algebra. We hope that some new progress will be achieved
on the structure of the Kac—Moody algebras of indefinite types by further studying their corre-
sponding simpler algebras &(A). The present paper is just a beginning of this project.

This paper is arranged as follows: In Section 2, associated to a generalized Cartan matrix A,
we introduce the deformed Kac—-Moody algebra &(A). When A is a finite type GCM this algebra
was introduced in [12] which is a finite-dimensional non-degenerate solvable Lie algebra. In
other cases, &(A) is not solvable.

In Section 3, we show that &(A) has a non-degenerate invariant symmetric bilinear form if
and only if A is symmetrizable.

In Section 4, we prove that (X1) = &(X>) if and only if the GCMs X and X are the same
up to a permutation of rows and columns.

In Section 5, we study the lowest weight Verma module V(1) over B(A), obtain the nec-
essary and sufficient conditions for V(1) to be irreducible, and determine the maximal proper
submodule of V (1) when it is reducible.

In Section 6, we study the highest weight Verma module V(L) over &(A). Unlike the lowest
weight module V (1), we cannot directly obtain the necessary and sufficient conditions for V (1)
to be irreducible. Fortunately, we can employ the graded dual module of the irreducible lowest
weight module L (1) to get the necessary and sufficient conditions for V (1) to be irreducible. But
in this case we are not able to explicitly give the maximal proper submodule of V(1) when it is
reducible.

In Section 7, we obtain better form of our results established in previous sections in the case
of symmetrizable A.
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2. Deformed Kac—Moody algebras & (A)

Definition 2.1. An n x n integral matrix A = (a; j);f =1 is called a generalized Cartan matrix
(GCM) if

(C1) a;; =2,foralli=1,2,...,n;
(C2) a;j <0, foralli # j;
(C3) a;j =0implies a;; =0.

In this paper we always assume that A is an n x n GCM, unless otherwise stated.

Let g(A) be the Kac—Moody algebra associated to A, b the Cartan subalgebra of g(A),
IT = {ay,a2,...,0,} € b* the root basis, [TV = {a), ), ..., ,} € b the coroot basis, and
e1,e,...,ens f1, fa,..., fu the Chevalley generators of g(A). Note that (oziv,ozj) = a;j. De-
note by A, Ay and A_ the sets of all roots, positive roots and negative roots respectively. Set
Q=YY" Zai, Qxr =Y ' | Z+o; where Z, (respectively Z_) is the set of all nonnegative
(respectively nonpositive) integers. Then A = A, U A_ (a disjoint union), A_ = —A, and
Ay = AN Q4. The root space decomposition of g(A) with respect to § is

gA) =) 0. Dh® Y g @1

acAy acA

Let ny =3 pcn, Gas M= = D gep, 8-« and by = b @ ny. Then ny (respectively n_)
is the subalgebra of g(A) generated by ey, ez, ..., e, (respectively fi, fo,..., fn), and gq
is the linear span of the elements of the form [e;, [e;,, [---[ei,_,ei]-- 1] (respectively
[firs [fis [ Lfioys fi ]+ -11D) with @, + oty + -+ + o, = o (respectively = —a). In partic-
ular, go; =Cej, g—o; =Cfi, fori=1,2,...,n.

Let (g(A), ad) be the adjoint representation of g(A). Under this adjoint action, g(A) can be
regarded as a b -module. As a b;-module, g(A) has a submodule n. Hence we can obtain a
b4-quotient module

b =g(A)/n, =hoi_. 2.2)
It is clear that the set of weights of b_ with respectto his P(b_) ={0}UA_ and b - h = {0}.
For simplicity, we write the action of bj-module b_ as x - v, Vx e by, veb_.
Now let us define the deformed Kac—Moody algebras &(A) associated to A as follows.
Set
B(A)=brDb_. 2.3)

Define the following bracket operator [-,-] on &(A):

[x’y]:[an]O, Vx,y€b+;
[v,,v,]=0, Yv,,v, €b_; 2.4)
[x,v]=—[v,x]=x-v, Vxeby, Vveb_,

where [:,-], is the bracket operator on g(A). It is easy to show that &(A) becomes a Lie algebra
under the above bracket operator [-,-].



J. Liu, K. Zhao / Journal of Algebra 319 (2008) 4692-4711 4695

It is clear that, as vector spaces, h @ n_ = b_. Let m be the canonical homomorphism
from g(A) onto b_. Then 0 = 7 |pgn_ is an isomorphism between f @ n_ and b_, such that

h=o0o(h), n_ =o(n_). We see that

[x,o]=0(x.y])), forxegs, yeg_g a<pB, a,feA,. (2.5)
By the construction of g(A), (h, 1, IT") is a realization of A. We supplement e, |, ..., a5, ; to
TV ={a),ay,...,a)} to form a basis of h, where [ is the rank of GCM A. Denote z; = o ("),
1<i<2n—1. Thus zy, 22, ..., 2, form a basis of 5 For any y € n_, we still write its image

o(y)in n_ as y, i.e., write elements in n_ as elements in the Lie algebra (n_, [-,-],) by using
f1, f2, ..., fn- Using these notations, we deduce that

lei, fil=0ijzi, forl<i<n. (2.6)

Let $ = b @ h. We can consider §) as a Cartan subalgebra of &(A). For any « € A, define
& € H* such that @|p = « and &|5 =0. Thus A = {+& € §* | @ € AL} is the set of all roots
of &(A). In addition, for any @ € A, the root space attached to & (respectively —@) is &5 = g,
(respectively &_g = g_). Hence, &, —& and A can be identified with o, —a and A respectively.
So we get the root space decomposition of &(A) with respect to $:

BA)= > G, dHD Y G, 2.7)
acA L acA L
Denote & =), A G, & =D e Ay ®_,. Then we have the triangular decomposition
of B(A):
6A) =6, 0H06_. (2.8)

Hence the universal enveloping algebra U (&(A)) of (A) can be factored as
U(B(A) =U(®4) @ U5 @ U®-). (2.9)
Now we collect some properties of &(A) in the following lemma.

Lemma 2.1.

(1) The set of all roots of &(A) with respect to $) is A,
(2) as vector spaces, & _ is isomorphic ton_;
(3) b &_ is an abelian subalgebra of ®(A), Y is in the center of &(A);

4) b® &_isabh® & -module, and & - h = {0}.

Recall that A has a partial order: o > g iff « — 8 is a sum of positive roots (equivalently, of
simple roots) or o = .

In order to study the representations of & (A), we need the following identities which are easy
to prove.

Lemma 2.2. Fora,f € Ay, r € Ly, eq € &y and e_g € &_g, we have the following identities
in U(B(A)):
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(1) lea,e”g1=0,ifa > B, ora—p ¢ Aanda#p;
) leq, ’_t)] =(r+ e’ lea, eal;
3) [eq, er';l] =+ l)ea,ﬂeiﬁ,for some ey g€ By_p, ifa—pfeAanda < B.

Corollary 2.3. The following identities hold in U (B(A)), fora € Ay, r€Z4, 1 <1i, j <n:

(1) [ei,fjr]=0, when i # j;

) [ear £ = 80a (r + 1) f 2i5
(3) if o € A is not a simple root, and 0 # e_y € & _, then there exist some e; and 0 # ey, o €
By, —a such that

[ei, er_zl] =+ Dey—a€,, forreZs. (2.10)

Lemma 2.4. Fora,B € Ay, r € Z,, eq € &y and e_g € &_g, we have the following identities
inU(B(A)):

(D) [e—pg,e,]=0,ifa>p,ora—p ¢Aanda##p;
Q) le—a, r+‘]——(r+1)e lea: €—al;
3) [e— ,3,6"“]—2 —0ChCa—pey i forsomeey_ge®y_g,ifa—pfeAanda < p.

Corollary 2.5. For a, B, B —a € Ay, r € Z4, there exist some €y p € Qﬁi%ﬁ such that we have
the following identity in U (G(A)):

.
r .
e_yely=> (=1) (i>e; L pn (2.11)
i=0

wheree,, , =0if p—ia ¢ AU{0}

Proof. For x € &(A) we write Ry, L, for the right and left multiplication by x in U (®(A))
respectively. Then R, = L, —ad(x). Denote e;4_g = (adey)'e_g. Note that if 8 is an imaginary
root, e;q—p may not be 0 even if B — i« is O or a negative root. Applying binomial formula to
R, e—p = (L, —ad(ey)) e_p we easily obtain (2.11) where ej4—p = 0if B —ia # AU{0}. O

3. Invariant bilinear forms on &(A)

Recall that a C-valued symmetric bilinear form (-,-) on a complex Lie algebra g is said to be
invariant if

(Ix,y1,z) = (x,[y.z]), forallx,y,zeg. (3.1

Also recall that a complex n x n matrix A is called symmetrizable if there exist a non-singular
n x n diagonal matrix D and an n x n symmetric matrix B such that

A=DB. (3.2)
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Lemma 3.1. (See [11].) Let A = (a,-j);’j:1 be a symmetrizable GCM. Then the diagonal ma-
trix D = diag(ey, €2, ..., &) in (3.2) can be chosen so that €1, €2, ..., &, are positive rational
numbers. If, further, A is indecomposable, then the matrix D is unique up to a constant factor.

Theorem 3.2. The Lie algebra ®(A) has a non-degenerate symmetric invariant bilinear form
(-,+) if and only if A is symmetrizable.

Proof. “=" Suppose (-,-) is a non-degenerate symmetric invariant bilinear form on &(A). It is
easy to see that (&4, &g) = {0} if o + B # 0. Recall that we denote by [,-], the bracket operator

on g(A), [-,-] the bracket operator on & (A).
First, in g(A), we have the following identities: for i # j,

lei. Lfis £1)o), = [leis fidos £1), + [fisLeis £i)o), = [ fi], = —le’ @) fi = —aij ]
and
lej. Lfis £1)o), = [less filos £i], + [ fisles filo], = [fis o) ], = (o} ai) fi = aji fi.
Hence, by the invariance of (-,-), we deduce that
(leiej1. Ufis £115) = (eis [ej. Lfi fi10]) = (eivej - Lfi £i10) = (e [ej. i £i),],)
=aji(ei, fi);
but
(lei.ej), Lfis fily) = —(lej. ei). Lfis fi))) = —(ej. [ei. Lfin filo]) = —(ej.ei - [ fi i)
=—(ej. [ei. [fis £1),))) = aij(ej. f)-
So, fori, j=1,2,...,n, we have
aji(ei, fi) = aij(ej, fj). (3.3)
Lete; = (e;, fi),i =1,2,...,n. Then the matrix
Adiag(er, €2, ...,6n) (3.4)

is symmetric. We claim that ¢; # 0 for i = 1,2, ..., n. Instead, if ; = (e;, fi) = 0 for some i
(1 <i < n), then ¢;, f; are in the kernel of (-,-), which is impossible. Thus
diag(e; ', e5'h ey )A (3.5)
is symmetric, then A is symmetrizable.
“«<” Now we assume that A is symmetrizable. It is well known that the Kac—-Moody algebra

g(A) associated to A has a non-degenerate symmetric invariant bilinear form (-,-),. Let us use
(+,+), to define a non-degenerate symmetric invariant bilinear form on &(A). Recall that o is the
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vector space isomorphism from h @ n_ onto f_) @ &_. We define the bilinear form (-,-) on &(A)
as follows:

b+&,.b+6)={0}, (H+6_.h+6_)={0}, (3.6)
(u,v) = (v,u) = (u,o_l(v))o, Vueh+&,, veh+G_. (3.7)

It is easy to see that (-,-) is a non-degenerate symmetric bilinear form on &(A). We need only to
show that (-,-) is invariant.

Note that (&, &_g) = {0} if o, B € A with a # B. Since all other cases are trivial, we need
only to verify that for any x € &, y € &g, z € &_4_pg where o, 8, + f € A, we have
([x, ¥1,2) = (x, [y, z]). Let 0 (z') = z for some 7’ € n_. Using (2.5) we have

(I, ¥1,2) = (1%, 31,2 = (2, 19, %) = (v, 0 7 Iy, 21)), = (s [y, 21).
The theorem holds. O

Note that there are actually other non-degenerate symmetric invariant bilinear forms on ®(A),
they are not induced from those of g(A) if A is degenerate.

4. Isomorphism problem on &(A)

In this section we solve the isomorphism problem on &(A), i.e., determine the conditions on
GCMs X and X, for &(X1) = &(X»). Here Moody’s results in [9] play a crucial role.

Fori =1,2, let X; be an n; x n; GCM of rank /;. Then the deformed Kac—-Moody algebra
B(X;) associated to X; has the decomposition:

GX)=06" @b ohos, @.1
where ! = Z?Zfl’ (Czj. is in the center of &(X;). Denote &(X;)® = &(X;) and &(X;)VU+D =
[6(X)Y), &(X:)P] (j € Zy). From the definition of &(X;), we know that (X)) = &', &
> Cz; DG,

First, we give a simple fact in Kac-Moody algebra.

Lemma 4.1. Let A be an indecomposable non-finite type GCM, and g(A) =b + Y, 1 8a the
Kac—Moody algebra associated to A. Then for each 0 # ey € g4, @ € A, there exists some i
(1 <i < n) such that [e;, eq] # 0.

Proof. Suppose that there exists some 0 # ey, € gy, @ € A4, such that [e;,e,] = 0 for all
1 <i < n.Let I be the ideal of g(A) generated by e,. By Lemma 1.5 in [5], there exist some
firs figs ooy fi, A<y, ... iy < n) such that 0 # [f;., [fiy, [+ [fiy» €al---111 € (Cozivl. Hence
ozl.vl € I. Since A is indecomposable, we can deduce that ey, ez, ...,e, € I. It follows that
Za€A+ go € 1. From the fact that for every 1 <i < n, [¢;,ey] =0, we see that gg & I for
B € Ay with ht 8 > hta, which is a contradiction. Hence for each 0 # ¢, € g, @ € A4, there
exists some i (1 <i < n) such that [e;, e, ] # 0. This completes the proof of this lemma. O



J. Liu, K. Zhao / Journal of Algebra 319 (2008) 4692-4711 4699

Table 1

Type of g dimg Rank of g
Ap (n=1) n+1%-1 n
Bp (n>2) 22 +n n
Cp (n2=3) 22 +n n
D, (n>4) 22 —n n
Eg 78 6
Eq 133 7
Eg 248 8
Fy 52 4
Gy 14 2

Lemma 4.2. (See Chapter 3 in [4].) The type, the dimension, and the rank of a finite-dimensional
simple Lie algebra g are as in Table 1.

Lemma 4.3. Let X| and X, be Cartan matrices B, and C, (n > 3) types respectively. Then
B(X1) and &(X>) cannot be isomorphic.

Proof. Suppose thzgt Y is an isomorphism of Lie alge_bras from &(X1) onto &(X>3). Then we
see that 1/f(Q5£X1)(J)) = 6(X2_)(/) for j € Z. Since b' is the_center of &(X;), we know that
V(B(X1)Y/hh) = B(X2)P) /b2, Tt follows that dim & (X 1)) /b = dim & (X)) /p>.

Let ITy = {o1, o2, ..., 0y} and 1> = {B1, B2, ..., By} be the root bases of B, and C,, respec-
tively. Then it is well known that all positive roots of B, and C,, are:

AXDy={oi+aip1+-Fa; [ 1<i<j<n}
Ulai + oy +aj1 + 2+ +20, | 1 <i < j<n}
and
AX) 4 ={Bi +Bit1+---+Bj 1 <i<j<n}
ULBi +Bivi 4+ Bj-1 +26j + -+ 2B+ B l1<i<j<sn—1}
Denote by 01 and 6, the highest roots in A(X 1)+ and A(X7)4 respectively. Then
O =ar +2ar +2a3+---+2a, and 6, =2B1+2B+ - +2Bu_1 + B

Now, fori =1, 2, we can check that

sxpV/p=6les = Y &e Y o
yeA(Xi)+ yeA(Xi)4
and
ex)@pi= > e Y &,

YEA(Xi)+, hty#1 yeAXi)+, y#0i
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Hence dim &(X )V /h! = dim &(X2) " /h? = 2n? and dim & (X )P /h! = dim & (X,)? /h% =
2 —n—1.
Next we can get that

6/’ = Y sje Y &,

BEA(X2)+, ht =24 BEA(X2)4+\A2

where A% = {8 € A(X3)4 | ht 8 =ht6, — 1 or ht6, — 2}. But we notice that there are two special
elements in A(X1)4+:

a=0oy_o+oy_1+20, and o =y +a3+20s+ -+ 20,-1 + 20,

where « cannot be written as the sum of two positive roots with height 2 and 8 cannot be gotten
from o1 4+ o + 203 + 2004 + - - - + 20— 1 + 200, by decreasing a positive root with height 2. Let
Al ={y € A(X1); | hty =ht@; — 1 or htd; — 2} U {&’}. Then

69®670(1 @670[37 n=37

3 /pl — ] i
BX)™/b {Z veatns, Oy ® Y eacal €y n24
hty >4 but y#«o

It is straightforward to check that

(3
dime(x)P/p! =17
mOXDT/O =102 3,4 psa

and

(7 =3
dim&(X2)P/h* =1 ’
MO/ = 002 Z 30, w4
Thus dim&(X)® /b # dim &(X,)® /h2. It is a contradiction. Hence there cannot exist an
isomorphism of Lie algebras from &(X;) onto & (X5). This lemma holds. O

Theorem 4.4. For i = 1,2, let X; be an n; X n; indecomposable GCM of rank l;. Then &(X1)
and B(X») are isomorphic if and only if X and X, are the same up to a permutation of rows
and columns.

Proof. “<” Suppose that X; and X» are the same up to a permutation of rows and columns. For
i=1,2,letg(X;) = n @ f)i ® nﬂ_ be the Kac—Moody algebra associated to X;. Then there exists
a Lie algebra isomorphism v : g(X1) — g(X2) such that ¥ (h') = h? and ¥ (nl.) = n%. Apply the
construction in Section 2 to g(X1) and g(X») to get the deformed Kac—Moody algebras & (X )
and &(X>»). It follows that &(X) and &(X>) are isomorphic.

“=" Assume that &(X ) and &(X>) have the decompositions as in (4.1) and ¢ : & (X)) —
B(X>) is an isomorphism of Lie algebras.

Case 1. X and X are finite type GCMs.
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In this case, &(X)V = & @ h' @ & for i = 1,2, and p(B(X1)V) = &(X2). So
dim & (X)) = dim&(X,). Since the codimension of & (X)) in &(X;) is dimb’ = n;,
we deduce that n; = n», i.e.,, X1 and X, have the same size n = n; = ny. By Lemma 4.2,
we know that if X| and X, are different finite type GCMs (except for B, and C,), then
dim&(X1) # dim&(X3). In addition, if X; and X, are B, and C, types respectively, then,
by Lemma 4.3, &(X1) 22 &(X>). So X and X»> must be the same type GCMs. Hence X and
X, are the same up to a permutation of rows and columns.

Case 2. X and X, are non-finite type GCMs.

Note that &(X;)V = &/, @ Y| Cz!, @ &' for i = 1,2. Since the center of &(X;)! is

Z;“:l (Cz;. with dimension n;, we see that ny = ny. Now assume that n = n; = ny. Denote
K ={x e (X" | dim(x) < o0},

where (x) is the ideal of &(X;)(!) generated by x. We shall show that K; = &' @ 27:1 (Cz;..
In fact, since 21}:1 (sz is in the center of &(X;), and by Lemma 2.2, we can deduce that
L) Z’}:l (Cz; C K;. On the other hand, by Lemma 4.1, we get that for any x € & x ¢ K;.
Hence K; =6 @ }}_, Cz,.
Obviously, ¢(K1) = K». Since K; is an ideal of &(X;)1, we deduce that p(&(X)V /K1)
= Qﬁ(Xz)(])/Kz. Hence QSL and Qﬁi are isomorphic. By Theorem 8.2 in [9], we deduce that X

and X are the same up to a permutation of rows and columns. This completes the proof of this
theorem. O

From the proof of the previous theorem, we have obtained the following.

Corollary 4.5. Let X1 and X, be indecomposable GCMs. Then &(X1) and &(X,) are isomor-
phic if and only if &(X1)V and &(X>)V are isomorphic.

Lemma 4.6. Let A = (a,-j)l'.’j:1 be an indecomposable GCM of rank I, and &(A) the deformed

Kac-Moody algebra associated to A. Then &AW is an indecomposable ideal, i.e., &A)WD
cannot be written as QS(A)(I) =11 ® I, where I} and 1> are nonzero ideals of &(A).

Proof. Note that G(A) = &, ® h® h ® &_ where h = Y 7' Cz;. Then &(A)V = 6, @
' Czi @ &_. Suppose that &(A)D can be written as: &(A)D =1, & I, where I} and I»
are nonzero ideals of (A). We know that I} and I, are h* graded ideals. Hence there exist non-
empty sets Py ={e;,...,e¢;;} CIyand P, ={ej,,...,e},} C Ir,suchthat LU P, = {ey, ..., e}
(a disjoint union) and [e; ,, ¢, ] =0 for ¢;, € Py, e;, € P>. It follows that g; , j, = 0. This contra-
dicts the fact that A is indecomposable. Hence &(A)V is indecomposable. [

Now we are ready to give the main result in this section.

Theorem 4.7. Let X1 and X> be GCMs. Then &(X1) and &(X3) are isomorphic if and only if
X1 and X, are the same up to a permutation of rows and columns.
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Proof. The sufficiency is clear. We need only to consider the necessity.
Assume that X| and X, have the following direct sum decompositions of indecomposable
matrices:
Xi=MioM,®---dMy; and X =N BN, D ---dN;, fors,t>1.
Then we have the corresponding decompositions:

BX)=6M)BEM)B---PB(M;) and &(X2)=O(N)DEWN2)SB--- D B(N).

Clearly, &(M;) (i =1,2,...,k) are ideals of &(Xy), and [&(M;), &(M;)] = {0} for i # j.
Hence

sxnV=swm)Veosm)Ve. . oawm,)?.

By Lemma 4.6, we can see that &M;)D is an indecomposable ideal of & (X YD Tt is straight-
forward to check that

[6) D, &(X1)] =&M) . 42)
Moreover, we claim that &(M;)" is a maximal indecomposable ideal of &(X )1 with the

property (4.2). Let us take &(M;)! as an example. In fact, suppose that / is an indecomposable
ideal of &(X )" with [, (X )] = I, which contains & (M;)D properly. Then

I = [1, SM)DB(M2)D--- D Q5(Ms)] = [1, ®(M1)] @ [1, 05(M2)] b---D [1, @(Ms)]
=MV [LsM)] @ - &1, 8M,)]

Thus M)V £ T and [I, B(M2)]® --- & [1, B(M)] # I are ideals of &(X1)D. This contra-
dicts the fact that / is indecomposable.

Similarly,

86XV =6V o6V & @ BN,
and &(N;)D (1 <i <¢) are maximal indecomposable ideals of & (X)WL with
[6(N)D, & (X2)]=&W)D.

Let ¢ be an isomorphism from & (X ) onto &(X7). Then we know that
p(6M) V)@ p(@M) V)@ - @p(6(M)V)=6(NDP @ B(N)V & - B B(N)D.
Since &(M;)) is a maximal indecomposable ideal of &(X )" with [&(M)D, &(X )] =
&MY, we can deduce that ga((’j(Ml)(])) is a maximal indecomposable ideal of & (X)W

with [p(&(M)D), B(X2)] = o(&(M;)!D). Hence

(MDD =[p(BMNDV), 8N ] @ - @ [p(8M)D), B(N)].
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Since <p(®(M1)(l)) is indecomposable, there exists a matrix N; such that (p(Qi(Ml)(l)) =
[p(&M)D), B(N))] and [p(& M) D), B(NY)] = {0} for k # j. Hence p(B(M)V) C
&(Ny)D. By the maximality of (& (M;)D) we can see that o (& (M) D) = &(N;)V. By The-
orem 4.4 and Corollary 4.5, N; is the same up to a permutation of rows and columns with M.

In addition, ¢(Q§(X1)/G5(M1)) = &(X3)/G(N;). By induction on s, we can deduce that s =¢
and M; (i =1,2,...,s) is the same up to a permutation of rows and columns with some N;. It
follows that X and X, are the same up to a permutation of rows and columns. This completes
the proof of this theorem. 0O

5. The lowest weight modules over & (A)

In this section we study the lowest weight Verma modules V (1) over &(A) for any A € H*.
More precisely, we obtain the necessary and sufficient conditions for V (1) to be an irreducible
®(A)-module, and determine the maximal proper submodule of V (A) when it is reducible.

For any linear function A € $*, we define the 1-dimensional () @ & _)-module Cw, via

G_-wp=0; x-w)y=AX)w,, ifxeH. (5.1)
Thus we have the induced & (A)-module

V(1) =Indg oy Cay =U(S(A) ®unes.) Co,. (5.2)

This &(A)-module V (1) is called a lowest weight Verma module with lowest weight A.
Note that by (2.9), condition (5.2) can be replaced by

VM) =U(®,) ® Cwy. (5.3)

It is clear that V(1) = U(®.) as vector spaces. Hence we have the decomposition of weight
spaces

V=P V. (5.4)

nen*

where V(A)# ={weVQ)|x- -v=puk)v, Vx e H}. It is clear that V(A)# = {0}, for u < ;
dim V()\.)M < 00, for u > 1, and V(1) = Cwy.

Since the weight space with weight A is 1-dimensional, the module V () has a unique maxi-
mal proper submodule J. Then we obtain the irreducible module

L) =VQ)/J. (5.5)

It is clear that L(A) is uniquely determined by the linear function A.
Prior to our main result in this section, we first give a fact in linear algebra.

Lemma 5.1. Let W and V be two vector spaces over C with dimW =dimV =r, and f any
bilinear function on W x V. Then for any fixed nonzero vector x1 € W, there exist a basis
X1,X2, ..., X% of W and a basis y1, y2, ..., yr of V, such that

fxisyj) =0, fori#ji,j=12,....r
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Proof. The result is obvious when f is trivial on W x V, so we can assume that f(W, V) # {0}.
We shall prove this lemma by induction on r. Clearly, it is true for r = 1.

Suppose that the lemma holds for dimW =dimV < r (r > 2). Now consider the case that
dimW =dimV =r.If f(x1, V) # {0}, there exists some y; € V satisfying f(x1, y1) # 0. Then
we can find the complementary subspace W, (respectively V;) of Cx; (respectively Cy;), such
that f(x1, Vi) = {0} and f (W, y1) = {0}. Since dim Wi = dim V; = r — 1 and the restriction
of f to W x Vj is also a bilinear function, by inductive hypothesis, there exist a basis x7, ..., X,
of Wi and a basis y», ..., y of V1, such that

fxi,y))=0, fori#j;i,j=2,...,r.

Hence x1, x2,...,x, of W and y1, y2, ..., ¥ of V are the bases desired.

If f(x1,V) = {0}, then there exists some y; € V such that f(W, y;) = {0}. Thus we can
take any complementary subspace W (respectively V) of Cx; (respectively Cy;). Applying the
induction, we obtain the result in this case. This completes the proof. 0O

Corollary 5.2. Suppose a € A, A € $H*. For any fixed nonzero e(gl) € &, there exist a basis
e,gl), eéz), .. (r) of &, and a basis e(_‘;, e<_23[, e, (_r; of &_y, where r =dim &, =dim&_,,

such that
w([e, e D)) =0, fori#jiij=1,2,...,r (5.6)

Proof. It is clear that A([-,-]) is a bilinear function on &, x &_,. Applying Lemma 5.1 we can
easily obtain the corollary. O

Recall that for @ = Y/, kja; € Ay, the positive integer hta := Y, k; is called the height
of . Fora=Y"7_  kioj, B=) i_,lia; € A4, we define a new order < on A

a<pB iff hta <htf, or hto =ht g and the first nonzero [; — k; is positive. 5.7

This is a total order on A. Note that o, < otj;—1 < -+ < .
Since dim®, = dim®_, < oo for any o € A4, by Corollary 5.2, we can fix a basis

eV e? el of B, and a basis eﬁl;, e(};, e (r) of B_, such that A([e{, (’)]) =0, for
i#ji,j= 1, 2, ...,r, where r =dim &, = dim Qﬁ_a Thus the order < on A4 can induce an

order on the basis of &, still write as <,

@) ()

ey <eg iff a<pB, ora=pBandi < j. (5.8)
Set
Byp={e, e, ....el) |r=dim&,, a € AL} (5.9)

Then B is an ordered basis of &_. Hence, by PBW Theorem,

{xfle ]Y -y |x1 <Xy < <X, X €EBy, ji€Zy, 1<i Ss} (5.10)

forms a basis of V(1).
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Moreover, we can define an order on the above basis of V(A). Ifx; <xp <. <x5,x €By,
define

iy i .. iy J1.J2 ]r
XXy Xy < xy' Xy -y,

iff  ix = jk,ik+1 = Jkt1- -, 0s = Js, DUtigp_1 < jk—1, forsome k, 1 <k <s. (5.11)
It is clear that w,, is the least nonzero element under the above order.

Theorem 5.3. V (1) is irreducible if and only if for each o € A, the bilinear form A([-, ]|, x&_,
is non-degenerate.

Proof. “=" Suppose that there exist « € A4 and 0 # ¢, € B, such that A([e,, &_4]) = 0. Let
U (B4 )e, be the left ideal of U (6.) generated by e,. Denote

N=U(GB ey - w).

We shall prove that N is a nonzero proper submodule of V (1).
First, applying Lemma 2.4 and Corollary 2.5, we deduce that

e ﬁxilxlzz- A eUG DI+ UG-, forpeAs, x;€By, ijels.

In addition, from the fact that A([ey, e_4]) =0 forevery e_, € &_,, thenforall B A ,e_g €
&_g,

e_peq - Wy =eqe_pg-wy +e_p, eq] - wp = —8par(lew, e—al) - wp =0.

Hence, for any v = Zk 1alxll‘xéz xeq-wy €N, Be Ay, wehave

k K
e_g-v= Zaie_,gxilx'zz .- ~x§>‘ea -y € Z U(Q§+)f_)ea co) +U(BL)G ey - wp
i=1 j=1
CUG ey -wy =N.

It is clear that x N € N for any x € & + $. Since w, ¢ N, hence N is a proper submodule
of V(1). This direction follows.

“«<=" Suppose that for each 0 # ¢, € &, o € A4, there exists some e_, € &_, such that
M([eq, e—¢]) # 0, and that N is a nonzero submodule of V(A). Any nonzero element v e N can
be written as v = Y ¥_ aix!x2 .. x¥ . w, satisfying Gldz ol i) << MR

i=1%i4 A2 s 2 12 12
xk - w;,) under the order defined in (5.11), where @; € C\ {0} and x; € B withx; <xp <--- <
xs. Let us call x| x§2 xfé - w), the leading term of v.

We may choose v € N such that its leading term is minimum among the elements in N. If the
leading term of v is w;, then k = 1 and v € Cw, . Therefore w) € N and N = V(A).

If the leading term of v is greater than w,, there exists some i (1 < i < k) with i #£ 0.
Assume that x| € &,. From Lemma 2.4 and Corollary 5.2, there exists some y € &_, such that
Ax1, ¥D) #0, A([xi, y]) =0 if x; € B, with i > 1, and [x;, y] =0 if x; ¢ &,. So we deduce

that0 #£y.-v = Zk LAy, xl])xll ! lz .. x5 . &, € N whose leading term is clearly less than
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that of v. This contradicts the choice of v. Hence N = V(). This completes the proof of this
theorem. O

Now we can further determine the maximal submodule of V ().
Forany @ € A and X € H*, by Corollary 5.2, we can fix a basis eél), eéz), e eg) of &, and

M 2 ei’; of &_ such that

abasise’ ,,e’,, ...,
)»([eg), e(fo)t]) =4;j, fori,j=1,2,...,t (0<t<r), and
A[e®. o)) =2([a. e®]) =0, t+1<k<r,
where r =dim &, = dim &_. Denote
B ={e,... e}, BP0y =1V, ... el’) and
B, (W) =BL ) UBD ).
Thus B, (1) is a basis of &,. Put

BP0 =J 3P0 ad 3P0 =) BP0,

aeAy acAL
Then the basis of & given in (5.9) can be written as
B,.0) =81 UusP0). (5.12)

From the proof of the previous theorem we see that

J= Y UGDen o, (5.13)
€a€®a, Ol€A+
3(Tear B_o =0

is a submodule of V(). We also know that if A([ey, ®_,1) =0 for some ¢, € &, then ¢, can

be written as a linear combination of elements in %&2) (A). Hence the submodule in (5.13) can be
simplified as

J= > UG x o= Y U@Gx o). (5.14)

acA,, xeBP () xeBP0)
In the following theorem, we shall prove that J is maximal.

Theorem 5.4. Let A € H*. Then

J= Y U®Gx o (5.15)
xeBP0)

is the maximal submodule of V (}.).
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Proof. We only need to prove that J is maximal. Assume that N is a submodule of V (%) which
contains J properly. By PBW Theorem, every element v € V(1) can be written as

k

_E i ir 14l i
V= ajX| - X xl+1~-~x;-a);”
i=1

where x; € B (W), 1 <i <155, € BP0, t+1<j <s3a,€C\{0}, 1 <i <k Then we

have a nonzero vector v =y aixy' -+ x;" - w, € N where a; € C\ {0}, ij € Zy. As in

e8P0
the proof of “<” of the_previous theorem, we can deduce that N = V (L). Therefore J is the
maximal submodule of V (A). This completes the proof. 0O

Corollary 5.5. If A € $H* with )\|5 =0, then V()) is reducible, and has the maximal proper
submodule J such that V() /J is the 1-dimensional trivial module.

6. The highest weight modules over & (A)

In this section we shall study highest weight Verma modules V (1) over &(A) for any A € H*,
and employ the graded dual module of the irreducible lowest weight module L(A) to get the
necessary and sufficient conditions for V(%) to be irreducible.

For any linear function A € $*, we define the 1-dimensional () ® & )-module Cw, via

By -0, =0;, x-0)=rx)wv,, ifxe$. (6.1)

Then the highest weight Verma module with highest weight X is defined as

Vo) =Indgye Co = U(B(A) ®uses ) Ciy. (6.2)

It is clear that V(1) = U (&_) as vector spaces. Hence we also have the decomposition of weight
spaces

Vo) =P VR, 6.3)

HEH*

where V(1) = {ve V(L) | x - v = pu(x)v, Vx € H). It is clear that V (1), = {0}, for u > A;
dim V (1), < 0o, for t < A, and V (1);, = Cay.

Since the weight space with weight A is 1-dimensional, the module V (1) has a unique maxi-
mal proper submodule J. Then we obtain the irreducible module

VM) =V (6.4)

It is clear that V (X) is uniquely determined by the linear function A.
For any @ € A, since dim®&_, < oo, we can fix a basis e(_l;, e(_zgl, ...,e(_rt)x of &_,, where

r = dim &_,. Thus the order < on A also induces an order on the basis of &_, still write as <,

e <) iff a<B,ora=pBandi < j 6.5
o _ﬂ k] - .]‘ ( . )
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Set

%7 { (1) 6(2) (V) ‘r_d1m®7ot, (YGA+} (66)

—Dl’ —a ’ _a

Then B_ is an ordered basis of &_. Since &_ is an abelian subalgebra of &(A), U(&_) is

(ORI (r)

isomorphic to polynomial algebra with infinitely many indeterminates e e ., r=

T €l €y
dim®_,, o € A;. Hence

I3l -an |y <ya<-- <y, yi€B_, ji€Zy, 1<i<s) (6.7)
forms a basis of V(A).

Unlike Theorem 5.3, we are not able to give a direct proof of a result similar to that. We
have to employ the graded dual module of L()), where L(A) is the irreducible lowest weight
module with lowest weight A defined in (5.5). The dual space L(1)* of L(X) can be made into a
®(A)-module under the following action

x-fHw)=—f(x-v), forall feL)* xec®(A)andve L(}). (6.8)

In general, we call L(1)* the & (A)-module contragredient to L(}).
Recall that we have the weight space decomposition of L(A):

Ly =EP LMy, 6.9)

nZr

with L(A), = Cw; and dim L(X),, < co. Denote by P(1) =: {iu € $* | L(A), # {0}} the weight
set of L(A). Foreach u € P()), we can identify the dual space L(A)Z of L(A), with {f € L(W)* |
f(LA)y) =0, forall v # pu}. Then the subspace

o= Lw; (6.10)

=

of L(A)* is a weight submodule over &(A). We call L*(A) the graded dual module of L(}).
It is straightforward to check that L*(A) is irreducible. In addition, for any 0 # a)j € L(A)j,
one has

&4 -wf=0; x -0y =—-A(x)w], forxe$. 6.11)

Hence L*(1) is an irreducible highest weight module over &(A) with highest weight —X. By the
universal property of Verma module, there exists an epimorphism from V(—A) onto L*(1). We
deduce that V (—1) is irreducible iff L* (1) = V(=A). Comparing the dimension of weight spaces
of these two modules, since dim &, = dim & _,, we see that dim V (—A) _,_o = dim V (A) 4o for
any o € Q. It follows that V( 1) is irreducible iff V (1) is irreducible. Hence we have proved
the following theorem:

Theorem 6.1. V ()) is irreducible if and only if V(—21) is irreducible, if and only if for each
a € AL, the bilinear form A([-,-])|e,xe_, is non-degenerate.

Question. What is the maximal proper submodule of V (1) when it is reducible?
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7. The case that A is a symmetrizable GCM

In this section, we assume that A is an n X n symmetrizable GCM.

We use the construction in the proof of Theorem 3.2. For any fixed non-degenerate symmetric
invariant bilinear form (-,-), on g(A), we have a non-degenerate symmetric invariant bilinear
form (-,-) on &(A) such that

@)y =(x.0(y)., Vx€ga, yEgp. a.pEAy (7.1)
(h1,h2)y = (h1,0(h2), Vhi hy €. (7.2)
Clearly, for any x € §), we can uniquely determine an element in $)*, denote by . (x), such that
(v, @)=, %), Vye9n. (7.3)

Thus we have a vector space isomorphism
wiH—H* x> pu(x). (7.4)

Now u induces in a natural way a non-degenerate bilinear form on $*, still denote by (-,-),
satisfying

O 22) = (07 D), 1 (), VAL A € BT (7.5)
It is clear that for any «, B € A, we have
(@ )= (" @,u'(B) =0. (7.6)

This is very different from the case of Kac—Moody algebras (see Chapter 2 in [5]).
Similar to the Kac—-Moody algebra case, we have the following lemma.

Lemma 7.1. Let A be a symmetrizable GCM, &(A) the deformed Kac—-Moody algebra asso-
ciated to A, (-,-) a non-degenerate symmetric invariant bilinear form on &(A). Then for any
aeA xeb, yeb_gy we have

L, yl = (e, p™ (@) (7.7)
Proof. It is clear that two sides of the above identity are in §). Hence we only need to check that
(h+z.0x.y]) = (h+2z.(x. )" (@), Vhebh,zeh.
We have
(h+z[x,y])=(h+z.x],y) =ah)(x,y)
and

(h+z, @) =@, »(h+z, 0 @) =a®)(x,y). O
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It is clear that (-,-)|s,x®_, 1S non-degenerate and (~,~)|q5a><q‘;_ﬁ is trivial if o, B € A with

a+ B #0.Forany a =) ! ki € A4, we can get a basis eél), eéz), ey eg)

eV e? ") of B_,, where r = dim B, = dim &_,,, such that

T €y

of &, and a basis

(0, eD) =85, i j=1,2,...,r. (1.8)
Thus, by the previous lemma,
[0, e D] =6in " (@) €h, i,j=12,....r (1.9)

We see that A([Bg, B_o]) = CA (" (@) = C(, ).
Hence we can simplify the theorems in the previous two sections.

Theorem 7.2. Let A be a symmetrizable GCM, &(A) the deformed Kac—Moody algebras asso-
ciated to A, » € H*.

(a) The lowest weight Verma module V(_A) over ®(A) is irreducible if and only if for every
€Ay, A, a)= A(M_l(a)) # 0. If V(L) is reducible, then the maximal proper submodule
of V(L) is

I= ) UGG,

(A,a)=0, Ay

(b) The highest weight Verma module V(L) over B(A) is irreducible if and only if for every
aeAy, (A a)=ru Ya) #0.
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