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1. Preliminaries
1.1. Introduction

In [BW], Block and Wilson proved the conjecture raised by Kostrikin and Shafarevich in [KS] which
asserts all simple finite-dimensional Lie algebras over an algebraically closed field of characteristic
> 7 fall into two types of infinite series: classical type and Cartan type. The former are analogue of
complex simple Lie algebras, and the latter are Lie algebras of derivations on the truncated polynomial
algebras. Kac's classification result on finite-dimensional simple Lie superalgebras over the complex
numbers in [K] shows that a complex superversion of Kostrikin-Shafarevich conjecture is true. Cartan
type Lie superalgebras in prime characteristic can be given naturally (cf. [L] and [ZL]). One naturally
expects a supercounterpart of Kostrikin-Shafarevich conjecture on the simple finite-dimensional Lie
superalgebras over k.

Let g = W(n) be the Lie superalgebra of superderivations on the Grassmann algebra of rank n
over an algebraically closed filed k of characteristic p > 3, which is of simplest series in Cartan type
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Lie superalgebras over k. The aim of this paper is to study restricted representations of g, i.e. repre-
sentations of the restricted enveloping algebra u(g). Our work is motivated by Serganova’s work on
the complex Witt superalgebras. Recall that Bernstein and Leites studied the representations of this
complex Lie superalgebra W (n) early in 1983, giving a construction for all simple modules and giving
their dimensions (cf. [BL]). Serganova reworked with this subject, classifying all simple modules and
giving their character formulas for the Z-graded module category of Cartan type Lie supalgebras over
the complex numbers (cf. [S]). We apply Serganova’s arguments to the category (¥, u(g))-mod (to see
Definition 2.8) in the modular case, which is a refined version of the restricted module category for g,
subject to the admissibility with T-action for the canonical maximal torus ¥ of GL(n, k). We obtain
the character formulas for simple modules in this category. Then we study projective modules in
u(g)-module category, finally we obtain the Cartan invariants for this category, extending the result
on the restricted module category for the ordinary Witt algebra obtained by Nakano (cf. [N]).

1.2. The Witt superalgebra

In this subsection and next subsection, we record some basic properties of the Witt superalge-
bras and fix some notations. Let k be an algebraically closed field of characteristic p > 0. Let A(n)
be the free commutative superalgebra with n odd generators &1,...,&,; (isomorphic to the Grass-
mann algebra), and let W (n) be the Lie superalgebra of superderivations of /\(n). Then W (n) :=
{Z'f:] fidi | fi € A}, where 9; is a superderivation defined via 9;(&;) = §;;. The superstructure
on W(n) arises from the Z-grading over W (n) = Z?;L Wn); with W(n); = span-{&;, ---&,,,0s |
t; <ty <---<tjy1, s=1,...,n}, more precisely with convention deg(&;) =1 and deg(d;) = —1. Set
Wn)i = Z'};ll Wm)j, i=-1,0,1,...,n— 1. There is a natural filtered structure on Wy,: W(n) =
Wn) 'owmowm!o>---oWmn)io>---.

If n=1, then W (n) becomes a 2-dimensional Lie algebra. So we will always assume n > 2 throughout
the paper.

Recall that a Lie superalgebra g = g5 @ g7 is called restricted if gg is a restricted Lie algebra in
the usual sense (cf. [J] and [SF]), and gj is a restricted gz-module under the adjoint action. The
restricted enveloping algebra u(g) of g is defined to be a quotient of U(g) by the ideal generated by
(XP —XxPl| X e gg)- A supermodule (o, V) of g is said to be restricted if p satisfies for all X € gg

p(X)P — ,o(X“”) —0.

All restricted modules of g constitute a full subcategory of the g-module category, which coincides
with the u(g)-module category, denoted by u(g)-mod.

By a direct computation, we know that W (n) is a restricted Lie superalgebra. Especially, the
p-mapping [p] on W (n)g is just given as the usual pth power of derivations.

1.3. More structural information

letg=W(m),and g_1 =W_7 and g1 = Z@o W)it1, go = Wo. Then g5 =go+ ;.0 Wai, and g7 =
g—1+ g1. Recall that go = gl(n) under the map go — gl(n), &D; +— Ej;. Furthermore, go =n~ +bh+n*
for n= = ij k&Dj, b= ;kh; for hj = &D; and nt = ij &Dj, b* =n* + . (By convention,
bt can be simply denoted by b.) Set N~ :=g_1+n~, Nt :==nt 4+ W!; B-:=N~+} and B+ =
Nt +b; gt :=go+ W' (=WP), g~ :=go +g_1. Then N*, g* = g5 + g1 and g~ are all restricted
supersubalgebras of g.

The Cartan subalgebra h of go is also a Cartan subalgebra of g. We have a root decomposition
g=0b® ) yca go. Taking the standard basis {e1, ..., €} € h™ with €;(hj) = §;;, we have

A={e, +-+e€, —€|1<ip<--<ir < 1<, j<n)U{—¢|i=1,...,n}.

We recall some facts on the roots. A root « is either satisfying —a ¢ A, or satisfying —a € A,
which is by definition called nonessential, or essential, dependent on the corresponding situation. So all
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roots are of three basic types: nonessential, even essential and odd essential. If « is even essential,
then both g, and g_4 are in go, the multiplicity of o« and —« is 1 with g4, g—¢ generating a subalge-
bra isomorphic to s[(2). If « is odd essential, then one of the two spaces g, and g_, has dimension 1
and the other one has dimension n — 1. The corresponding root space belongs to g_1 in the former
case, or belongs to W in the later case. For an essential root «, dimbhy, =n—1 if « is old, and 1 if o
is even, where hy =[gu, g—«]. Clearly, an essential root is some one from the set {%¢;, =(¢; — €j)}.
Another important fact on g is that the restricted enveloping algebra u(g) can be formulated as

/\ (g-1) @k u(gh).

Convention. The terminology of ideals, subalgebras, modules etc. of a Lie superalgebra instead of
superideals, subsuperalgebras, supermodules, etc. is adopted in this paper. The notation A-mod will
stand for the module category for an algebraic object A.

2. Restricted representations and character formulas of irreducible modules for W (n)

Keep the notations as in the previous section. In particular, we always assume that k is an al-
gebraically closed field of characteristic p > 3, and all vector spaces are defined over k. Assume
g= W (n) in the sequel.

2.1. Restricted irreducible representations of W (n)

Recall that the iso-classes of all restricted simple modules of gy are parameterized by A :={A =
(AM,..., ) | Aj €Fp, i=1,...,n} which coincides with the set ]F’; (cf. [J2]). Take a set of representa-
tives of restricted simple modules: {L°(1) | » € A}. Precisely, L°(1) can be regarded as the simple head
of the baby Verma module Z(X) = u(go) ®u(p) k;.. Similarly, we can define L?nin(x) to be the simple
head of Z~ () =u(go) ®y(s-) ki.. And {L?mn(,\) | » € A} becomes another set of representatives of the
iso-classes of restricted simple modules of gg.

Since every element in W1 nilpotently acts on g. So each simple restricted module of gy can be
extended to the one of g+ = go + W with trivial action of W1. Define the Kac modules

as k-superspace

K* () =u(g) ®u(g+) L°O) N & L°0), (21)
A€ A. In some cases, KT(1) is written as K(A) for simplicity (note: both notations are used in the
text, dependent on different situations). The weight A can be expressed as A = Z?:] ri€; for € =
i1, - -+ 8in)-

Lemma 2.1. Let v, be a fixed maximal vector of L°()).

(1) Forany f e u(N~)N~, there exists a positive integer r such that f" =0.
(2) Set J(A) to be the sum of all proper submodules of K (A). Then J()) is a proper submodule of K ()).

Proof. (1) We observe that N~ has a decomposition of root spaces under the (adjoint) action
of b: N =3 ,ca- No where A= ={—¢;, 1<i<n; € —¢€j, 1<i<j<n}, and [Ny, Ng] =
Su+pen- trueNa+p, Where 8y gea- rue €quals 1 or O dependent on whether « + g lies in A™, or
not. Hence N~ is nilpotent. On the other hand, Di2 =0 and (§D;)? =0 in u(N™). Hence, u(N7) is a
local algebra with maximal ideal u(N~)N~ which is nilpotent.

(2) We first observe that any nonzero proper submodule M in K(A) is included in u(N")N~v;,
where v;_is the maximal vector of L°(A). Actually, suppose M ¢ u(N~)N~v,, then there is a nonzero
vector w=(1— f)v, e M, f e u(N7)N~. Accordingly, by (1), f e u(N")N~ satisfies f" =0 for some
positive integer r. So we have for f'=1+ f+---+ ff~ 1 eu(N7), f/'w=v,, and then M = K(}).
Obviously, u(N7)N~ v, is a proper subspace of K(1). So J(A) is really a proper submodule. O
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Thus, by the above lemma we know that K(1) has a unique simple quotient, denoted by L(}),
A € A. In the same way, we can define

KY (A = u(g) @ug+) Lyin (M), (2.2)

which admits a unique simple quotient denoted by LY (1). Note that there is a bijection o on A:
A+ o ()) which is defined via

oo =L (o).

Obviously, L9(1) admits a unique lowest weight vector f;v;, of weight o (1), up to scalar, where
fi € u(n™). Additionally, we have

K™ () := U(g) ®ug-) L°(). (2.3)
By the same reason, K~ (A) has a unique simple quotient denoted by LY (1).

Proposition 2.2. The family L()) constitute the set of iso-classes of restricted irreducible modules of g. Simi-
larly, the family LV (1) (resp. LY (1)) constitute the set of iso-classes of restricted irreducible modules of g.

Proof. It suffices to prove that A = if L(A) = L(u) for A, u € A.

By the hypothesis L(A) = L(w), there is an isomorphism K(1)/J(A) = L(). Thus there must exist
a vector wy, € K(A)\ J(A) with W+ n*)w,t e JA) and hw, € u(hywy + J(1), for h e h. We can
write

Wy =av,+ Y o ® fiva,

where a € k* (here and further, k* means the multiplicative group k\{0}) and w; ® fi € A\(g-1)g—1 ®
u(m™) + A(g=1) ® um™)n~. From hw;, — u(hyw, € J(1), it follows that A(h) = u(h) for all h e b,
thereby A =pu. O

Thus, we can define two bijections v and vV on A via: L(A) =LV (L) and L(n) = LY(Y).
Next, let us analyze the structure of L(A). Consider u(go)-submodules L . ,i=0,1,...,n which is

generated by the homomorphic image v; of the vector

vi=([D1AD2A---AD)® firvs
under the canonical projection of K(A) onto L()).

Call A regular, if A(h;)) #0,i=2,...,n, and A(h1,...,hp—1) #(1,1,...,1). We first have the fol-
lowing lemma.

Lemma 2.3. Assume o ()) is regular. Then all Lfmn are nonzero go-submodulesin L(1),i=0,1,...,n.

Proof. We need to prove that v; does not lie in J(A). This is to say, the g-submodule generated by v;
is the whole K(1). That is obvious for i = 0. Now fix i € {1,...,n — 1}. Denote K(»)! the g-submodule
generated by v!. Recall that n~ fyv; =0, and W'L%(1) = 0. We have the following calculation:
(&&iy1Dis1)Vy = (D1 A+ A D) ®&i11Dig1 f1V5
=o M) hip)vi .
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By induction, we know that K(A\)! =K() fori=0,1,...,n— 1.
Now consider the case when i =n. We have for j= 1, o.,n—1

EEDHVE = (D" (1 —a)(hp)v)!

which means that K ()" = K (). Thus, all go-submodules me are nonzero because the generators viA
are all nonzero. O

Furthermore, it's not hard to see that Linin is a lowest weight module with the lowest weight

vector E of weight A! where Al =0 (1) — 211 1€j, 1.e. n*v_; =0 and hv_f\ = )J'(h)v_"l for h € h. So there
is a canonical surjective homomorphism of go-module from me to the irreducible lowest weight
module L?nin(k'). Set K;nm the go-submodule in K(}) generated by v'A Then the above argument

i i i i H
for L. 1is true for K . . Furthermore, L . is the homomorphic image of K[ . under the canonical

surjective go-homomorphism from K(A) onto L(}).

Proposition 2.4. Maintain the above notations.

(1) KL, =i =10 ),

min min min

(2) Assume G(A) is regular, then as a go-module, SoCy(gq)(K(A)) = [as 0K

@1 0 mm

and Socy(gy) (LX) =

min

Proof. (1) Observe the fact that K (1) is a direct sum of all go-submodules Qi) = /\ (g-1) ® LO(n),
i=0,1,...,n. Obviously, K' Ne £21(2). Next, we assert that K' min is the simple socle of 210 as

go-module. For this, we con51der An-(21(0) :={v € 21(2) | n~v =0}. Clearly, kvi C A,-(21(1)).

Claim 1. A,-(221(1)) = kvi.
Assume w is a nonzero vector in A,- (£21(1)). Set wj:=Djy A---ADj for j={1<j1<j2<--<
Jji <n}. We may write

w = Z Ciwj @UjVy,
1<ji<jz<--<jisn

where c¢j €k, and uj e u(n™).

We first assert that j={1 <2 <--- <i} if ¢j #0. Set d(w) =max{q | jq =g for all j, with c; #0}
(appoint d(w) =0 if no such a q ex1sts) Then the assertion 1s equ1valent to say that d(w) =i. Suppose
d </, then there is j with cj#0 and jg4q1 >d+ 1. Fix ] with ]ﬂlJr1 =min{jg41(>d+1) | cj # 0},
and denote d(w) by d for simplicity. Then we have

(g9, Das)w =D —¢j(D1 A ADgAS
1

+2_cj@j @& Dariujvi
J

jasn 10, Dd+1 ADjy,, /\--'/\Dji)®ul~v,\

— W’-}- w”

where w’ and w” respectively denote the first and the second summation appearing on the RHS of

the first equation. By the choice of 10, we know w’ #£0 and d(w’) =d(w) + 1. And d(w”) =d(w)

if w” # 0, which implies w’ and w” are linearly independent. Thus we prove that (Ejg 1Dd+1)w #0
+
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which contradicts with the assumption of w. Hence our assertion is true. This is to say, w is of the
form

w=D1A---AD)® fv,

where f € u(n™). Then w € A,-(£2'(1)) means that fv; is the minimal vector of L°(\), thereby
fva €kfyvy. Hence w e kv).
Thus, we complete the proof of Claim 1.

Claim 2. Kﬁmn is a simple go-module, thereby isomorphic to Limn, both of which are isomorphic to
L?nin (A"). Furthermore, Socy(g,)(£2'(1)) = I(l'mn.‘

For any irreducible go-submodule L in Q'(A) must admit a nonzero vector annihilated by n™.
Thanks to the argument above, L contains kv}. Hence L includes K} . , which means that L coincides
with K . and K!. is an irreducible go-module. Thus, K. is a unique simple go-submodule in
£2'()), i.e. naturally becoming the simple socle. Furthermore, the analysis before the lemma implies
that both K . and L! . are isomorphic to L%, (A)).

(2) Recall that as a go-module, K(1) = EBLO £2%(0). Hence

n n
S0Cu(go) (K (1)) = EP Socu(gy) (2' 1)) = EP K-
i=0

i=0
The proof is completed. O

Proposition 2.5.

(1) Soc(K(W) =LY (A — 30, €).
(2) LY (o (W) ZLO).

Proof. (1) Observe that for any nonzero vector w € K(), u(g)w contains vi. We can write w =
Zle w; for wi(#£0) € KJi, j; < j, <--- < js. By the arguments in the proof of Proposition 2.4,
v3 € u(go)w. Hence, v € u(g)w. This means that u(g)v} = Soc(K(1)). Furthermore, v} is annihilated
by N~, with weight A — Y"1 ; €;. Hence u(g)v} is a homomorphic image of K~ (A — Y1, €). Thus,
Soc(K() =LV (A=Y 1 €).

(2) This is because L%, (c(2) =L°). O

Call & € A typical if K(1) = L(1). Otherwise, it is called atypical. By Proposition 2.5, we know
that AV =1 — ) ;¢ if A is typical (here and further, simply write y_; for Z'f:] ). Conversely, suppose
A=A — > i€. Then L(W) = LY. — > i€i). According to the structure of L(1), the weight vector of
weight A — )", ¢; must have a nonzero inverse image Wiy in K(%) of weight A — " €;. By the
previous analysis, such a weight vector in K(A) is contained in Soc K()), which implies that J(})
must be zero. Hence K(A) = L(A). Furthermore, we have by the same arguments as in [S] without any
change:

Proposition 2.6. Let ). € A. Then X is atypical if and only if A is of the form A = ae; + Z?:Hl €jforae
{0,1,2,...,p—1}andie{1,...,n}. Inthis case, .Y = —€1 —--- — €;_1 + a¢;.

Remark 2.7. The above result on simple modules and weights can be generalized to more general case
W (m;n) (cf. [SZ]).
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2.2. Rational T-module category

Let ¥ be the canonical maximal torus of GL(n,k), which consists of diagonal matrices
Diag(ty,...,tn), ti € k*. Recall that the character group X(¥) of ¥ is a free abelian group of
rank n, identified with Z". By definition, a rational ¥-module V means that V = P, x(x) Vi

where V;, ={veV |TW) = t?l ~-~t,§"v} for A = (Aq,...,An) € Z" and T = Diag(ty,...,ty). Set
We (V) = {1 € X(%) | Vi # 0} (sometimes simply denoted by W(V)). Set T := {t:= Diag(t,t,...,t) €
T |tek*}=k*. Then we have a Z-graded decomposition for a rational T-module V ="V, with
Vi={veV|tv=tv} and Wy (V) :={s€Z| Vs #0}.

Recall that the automorphism group of g contains a closed subgroup GL(n,k) which admits a
natural representation on the space k-span{&i, ..., &;}. The action of ¥ on g is given via T§; = t;§;,
and then

T (i, - §i,05) =ty "'tisf;15i1 -~ .05,

where T = Diag(t1, ..., ty). Obviously, Lie(¥) = (E;; = Diag(8i1,...,din), i=1,...,n) =b, we will iden-
tify both with each other, under the map Ej + &;9;. So for 7 € X(%) = Homygebraic groups (%, k™),
its differential dt : h — k, is a homomorphism of restricted Lie algebras and satisfies dt (h!Pl) =
(dr (h))!P!. This means that dT € A. The map ¢ : T > dt has kernel pX(%). And this induces a bijec-
tion X(%)/pX(%) = A. With identification h = Lie(¥), we may identify X(%)/pX(¥) with A. Sending
TeX®) toTeA=X(EX)/pX(X), we write dt(h) directly as T(h) without any confusion, and call
them restricted weights. (Sometimes, dA and A are not discriminated in use if no confusion happens in
context.)

Naturally, u(g) and its canonical subalgebras which will be used later become rational ¥-modules
with the action denoted by Ad(T)a for T € ¥ and a € u(g).

Let us introduce the full subcategory (u(g), ¥)-mod of the u(g)-module category u(g)-mod:

Definition 2.8.1 The category (u(g), ¥)-mod is defined as such a category whose objects are finite-
dimensional k-superspaces endowed with both u(g)-module and rational ¥-module structure satisfy-
ing the following compatibility conditions for V € (u(g), ¥)-mod:

(i) The action of u(h) coincides with the action of Lie(¥) induced from ¥.
(ii) Foraeu(g), Te ¥, and ve V: T(av) = (AdT(a))Tv.

The morphisms of (u(g), ¥)-mod are defined to be linear maps of k-superspaces acting as both
u(g)-module homomorphisms, and rational ¥-module homomorphisms.

Remark 2.9. (1) Let u be a Hopf subalgebra of u(g) containing u(h). We can define a category of
(u, T)-mod in the same way as above, of which each object is simply called a @i-module.

(2) The ii-module category can be realized a module category of the precise Hopf algebra i =
u # Dist(%), where Dist(¥) denotes the distribution algebra of ¥ as defined in [LN].

Example 2.10. According to the arguments in Section A.2 of Appendix A, we have rational ¥-modules
IA(%()L), IA('()L), and i(x) and i'(A), where o € {V, V}, for A € X(%).

For illustration, we explain the structure on one of them: IA<(1:) =1i(g) ®i(g+) io(r) for T € X(%)
where [9(7) is a simple ii(go)-module (i.e. a simple G;%-module in [J1], for G = GL(n, k)). Naturally,
f((r) is isomorphic to, as a u(g)-module, K(7), and is endowed with T-structure as long as defining
T-action as diagonal action for T € €, ie. T- (u® v) =Ad(T)u ® Tv for u € u(g) and v € L9(1).

1 With the same spirit of Jantzen’s idea, there are other formulations different from the category (u(g), ¥)-mod, such as the
G1%-module category (cf. [J1]), the Z-graded Ug(g)-module category (cf. [J2, §11]), and the u(g) # Dist(¥)-module category (cf.
[LN], see Remark 2.9(2)).
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For more information about the category (u(g), ¥)-mod, see Appendix A. The following basic facts
are clear.

Proposition 2.11.

(1) K () is irreducible if and only if K (T) is irreducible.

(2) The iso-classes of irreducible modules in (u(g), ¥)-mod are in one-to-one correspondence with X(%).
Precisely, each simple objects in (u(g), ¥)-mod is isomorphic to i(t)for TeX(®).

3) k(t)|u(g) = K(T), and i(r)|u(g) = L(T). Furthermore, sending T € X(¥) to T € A = X(%)/pX (%) gives
rise to the map Lty L®@) from the set of iso-classes of simple objects of (u(g), ¥)-mod and to those
of u(g)-mod.

By the above proposition, good understanding of (u(g), ¥)-mod can provide us the complete in-
formation on restricted simple modules of g. Naturally, we may call T € X(%) typical (resp. atypical) if
T is typical (resp. atypical). Set £2, := {t € X(%) | T is atypical}. By the same argument as in [S] with
aid of odd reflections (cf. [S, §5-7], or see Appendix A, Section A.1), we have:

Lemma 2.12.

(1) q={tei+€iy1+---+e€x|t€Z,i=1,...,n}L
(2) Forany nonzero T =tej+ €41+ + €, € 24, TV = —€1 — -+ - — €i_1 + L€;.

Definition 2.13. For V € (u(g), ¥)-mod, define the weight length £(V) = #W+g (V) — 1.

Lemma 2.14. Let T € X(%).

(1) e(L(1)) < n. Furthermore, T is typical if and only ife(L(r)) =n.
(2) If the nontrivial character T is atypical, then £(L(t)) =n — 1.

Proof. (1) Note L(t) is the unique simple quotient of R (1), the latter of which has weight length n.
Hence ¢(L(t)) < n. Furthermore, Wy (L(7)) = {|7| := YT Tl—=1,...,0tY|=21). So

(L) =It—|7Y| (2.4)

On the other hand, the number |t| — |tV| equals the number of typical odd reflections on the way
from 7 to tV. Since n is the number of all odd essential reflections (see Section A.2 of Appendix A),
it follows that |t| — |[t¥| =n if and only if T is typical.

(2) By Lemma 2.12(2), tV = —€1 —--- — €j_1 + t€; while T = t€; + €11+ - - - + €,. By (2.4), we have
¢i(t)=n—-1. O

Set m(t, v) :=[K(7): L(v)].
Lemma 2.15. Let T = t€; + €41 + - - - + €, € §24. The following statements on m(t, v) hold.

(1) Forv #0,m(t,v) #0ifandonlyift =vorv' =1 — Z?:] €;. In such cases, m(t,v) =1.
(2) Forv=0,m(t,0)=0ift#A1;m(r,0)=1ift=1.

Proof. (1) This follows directly from Lemmas 2.12 and 2.14.

(2) Suppose m(t,0) # 0. Then k(r) must contain a nonzero ii(b)-module primitive vector v of
weight 0, i.e. the submodule ii(b)v contains a maximal submodule M(v) such that u(b)v/M(v) is a
one-dimensional trivial b-module. Note that as i(go)-module, k(r) =AN@g-1)® io(r), and A(g—1)
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is a {i(b)-module. Especially, the weights of all possible &1(b)-module primitive vectors in A(g_1) are
—(€j, +---+€j,) with ji <--- < js, the set of which is denoted by P(/A(g—1)).

Recall that the weights of all possible ii(b)-module primitive vectors in IA((r) are of the form
8+t for § € P(/\(g—1)) by the modular version of Littlewood-Richardson rule (cf. [FH, p. 456] and
[G, D10]). Thus, m(t, 0) # 0 implies that T coincides with the negative one of a certain element from
P(/\(g-1)). Combining with T =te; +>;_; ; €j, we know that t =1, i.e. T =) "j_;€;

Next for 7 = Z?:i €, we assert that m(t, 0) = 1. This is because the following items are true:

(1°) In IA((‘L'), W=0;A---Ady ®V; is a ti(b)-module primitive vector. Hence m(t,0) > 1
(2°) On the other hand, Littlewood-Richardson rules tell us that m(z,0) <1. O

Corollary 2.16.

(1) For T =t€; + €41 + - - - + €n € 24, With t # 1, 0, there is the following exact sequence:

0— L(r — ) — K(t) — L(t) — 0. (2.5)
(2) Fort = Z’}:i €, withi > 1, there are two exact sequences:
0— J(r) — K(1) — L(r) —> 0; (2.6)
0— L(t —€i_1) — J(r) — L(0) —> 0. (2.7)
(3) Fort = Z?‘:l €j, there are the following two exact sequences:
0 —> L(—€y) — K(0) — L(0) —> 0; (2.8)
0—> L(0) — K(1) — L(r) — 0. (2.9)
Proof. (1) It's clear, by Proposition 2.5 and Lemma 2.15. A A
(2) By Proposition 2.5 and Lemma 2.12, SocK(t) = LV(z — Z?:] €;) = L(t — €j_1). Then
Lemma 2.15 gives rise to the statement. ) ) A
(3) The exact sequence (2.9) mainly follows from Proposition 2.5 because Soc K(7) = LY (0) = L(0).
Next Lemma 2.15 tells us that K(t) has two factors both of which have multiplicity one.
There is the same reason for Soc K(O) = LV( Z] 1€0) = L( €n), which gives rise to the exact
sequence (2.8). O
2.3. Character formula
Let V be an object in (u(g), T)-mod with V = ZreW(V) V. We denote the character of V by
ch(V) which is by definition equal to )__(dim V)eT.
Set IT:=TTi_; (1 +e €.
Theorem 2.17. Let T be typical. Then ch((v)) = ch(K (1)) = [T ch(I°(x)).
Proof. It follows directly from the definition of IA((‘L'). O
Theorem 2.18. Let T =t€; + €41 + -+ - + €, witht # 0.
(1) Ift € Z_, then
0 .
chi(r)y=m) (1)) ch(i% — je).

j=1
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(2) fteZ4 andi > 1, then

t—1 00
chi(r)= H(Z(—l)j chi® — je) + > (=) chi®(t —sei_y — (t — 1)6,’))

j=0 s=1
+ (=1 chL(0).
(3) IfteZ4 and i =1, then
t—1 ) [ee)
chi(r)= H(Z(—l)’ chi®(r — jen) + Y (=1)**ch LO(—sen)>.
j=0 s=0
Proof. (1) In this case, we have the following complex:
o — R(t —s€) —> - —> K(T —€)) — K(T) — 0
which gives a resolution of i(r). Hence we obtain the desired character formula.

(2) By Corollary 2.16(1) and (2), we have for T =te€; + €j+1 + - -+ + €, with i > 1, the following
complexes:

o — Kt = (= De —s€i_1) —> - —> K(t — (t — Dei — €_1) — 0
0— L(t—(t-De—¢€_1) — J(r — (t—1e) — L(0)— 0
0— J(t—(t—1De) — K(t — (t = D&) — -+ — K(T — &) — K(1) — 0.

Those complexes give rise to the desired character formula.
(3) When i =1, we have the following complex by Corollary 2.16(1) and (3):

co > K(—s€n) —> -+ —> K(0) —> K(€1+ -+ + &) —> -+
— K(te1 + -+ €2) — 0.
Such a complex gives a resolution of L(t). Hence we have the character formula. O

Corollary 2.19. The following formulas give rise to the complete calculation of characters, combining with
Theorem 2.18(1):

chL(0) =chK(0) — chi(—€;) =chK(&) —chL(&)
foré=3"1_1¢€;.
3. Projective representations and Cartan invariants for restricted representations of W (n)
3.1. General facts on projective supermodules
Let A be a finite-dimensional superalgebra over k, and A-mod the supermodule category of A. We
denote by |A| the underlying k-algebra of the superalgebra A and by |M| the underlying |A|-module
of the A-supermodule M.

Recall that there is a parity change functor m : A-mod — A-mod [Ma, 3.1.5], with 77 (M) being
the same underlying vector space but the new left A-action via a - m = (—1)1%am for homogeneous
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a € A (of parity |a| € Z,) and m € M. There is a linear map dy; : M — M on homogeneous vectors by
Sm(v) = (=1D)Vlv. Let N € M be a subspace. There is obviously a judgement that N is a subsuperspace
of M if and only if N is §y-stable.

Recall the Jacobson radical R of |A| can be characterized as the unique smallest superideal of A
such that A :=A/R is a semisimple superalgebra (cf. [BK, 2.6]).

Recall that the semisimple superalgebra A can be decomposed into a direct product of some simple
superalgebras of type M and of some simple algebras of type Q (cf. [Jo, 2.11]),

A=]Mailsn <[] a). (3.1)

And up to isomorphisms, simple supermodules over A are parameterized by I(r"s) = M(rils; )E”,
I=1,...,r; +s;, where El(l is an (rj|sj)-matrix with 1 at the (I,I) position and zero elsewhere, and
j(nf) = (""0) —H(n’lo)t I=1,...,nj, where t2 = —1. Here we use the isomorphism Qnj) EMn;j|0)®
Q), Q(l) =k + kt. Note that UJr : I,(njlo) and Uj; = I(n]‘ )
supermodule.

Furthermore, {V;;:= Imls") I=1,...,ri+s;},i=1,...,m, are irreducible supermodules of A, as
|Al-modules, and {U;; := ](n’) I=1,...,n;5}, j=1,...,m, are self-associative irreducible supermod-
ules. All V;;, U, above constitute a complete set of pairwise non-isomorphic simple supermodules in
A-mod.

Let P(S) denote the projective cover of simple module S in the |A|-module category. We assert
that P(V;)) is just a projective cover in the A-supermodule category, and that P(Uj)) := P(U l) +

t are simple |A|-modules, but not

P(Ujf,)t is just a projective cover of U;; in the A-supermodule category. For this, we only need
to show that P(V;;) and P(Uj ) are all supermodules of A. It can be seen from that |A| can be
decomposed into a direct sum of left ideas of |A|, ) ;Ae;; + Z] Ae], +Ae] ;» Where e;; and eJ,
are lifted primitive idempotents with respect to the primitive idempotent decomposition of identity,
corresponding to the primitive idempotents of the corresponding identity decomposition for A in (3.1)
(cf. [CR, §6A]). The assertion follows from the structures of V;; and Uj, and from the judgement of
supermodules. So we have the following facts:

Lemma 3.1. Keep the notations as above. Each simple module S in A-mod has a projective cover, which is
unique, up to isomorphism, denoted by Q (S).

Now, let A = u(g). Then the A-meod is just the restricted supermodule category of g. The above
lemma holds in the u(g)-meod. It's easily seen that the above lemma also holds for (u(g), ¥)-mod.

32. K -filtrations
We first need the following notations and facts:

Notations and Facts 3.2.

(1) Denote by Q(r) Qo (t) the projective cover of i(r) in (u(g), ¥)-mod, and the projective cover
of Lo(r) in (u(go), ‘I)—mod respectively.
(2) Set (1) := u(9) Qu(go) 0°(t), which is equal to

u(9) Qugt) (u(8") Buigy Q°(D)).
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(3) Set I%é(r) = () Qy(gt) 09(7), with trivial W'-action on Q°(t) for 123(7:), and with trivial
g_1-action on Q°(t) for I?a(r). It's obvious that IA(g(r) is the projective cover of the simple
object L(A) in the fi(gF)-module category.

(4) Set G:=g_1+ go + ga), where g :=k-span of {§h|i=1,...,n} for h = Z'}:l £jd;. One can
show that G =sl(n|1) is a classical Lie-subsuperalgebra of g with G5 = go, and G; = g_1 + gq).
Further set Bg =b* 4+ g(1), and Bg =g_1+b~. Denote in @(G)-mod

V(@) =u(9) @y st kr-
The iso-classes of simple @i(G)-modules can be parameterized by
{Lg(7) = the simple head of V;(r) |TeX(®}.

(5) Recall that B~ =N~"+h=g_1+n"+bh and Bt = Nt + = W' +nt + 5. Both B* are re-
stricted Lie superalgebras. The iso-classes of restricted irreducible B*-modules are represented
by {kz | T € X(%)}. The iso-classes of restricted irreducible g*-modules coincide with those
of restricted irreducible go-modules represented by {L9(%) | T € X(%)}, endowed with trivial
g_1-action (resp. Wl-action). In comparison with baby Verma modules for restricted Lie al-
gebra go: Vi(r) = u(go) Bu(pt) kr, T € X(T), we can define generalized baby Verma modules

Vgt (F) 1= u(g®) ®yp+) kz, and VE(T) 1= u(g) ®y(p+) ke. Similarly, we have V 4+ (1), VE(1).
Then we turn to a definition which will be necessary in the sequel.

Definition 3.3. Let M € (u(g), ¥)-mod. We say that M has a K+ -filtration (resp. JACE -filtration) if there
is a submodule filtration of M:

0=MCcM_1C---CMiCMy=M (3.2)

such that each sub-quotient M;/M;1q = k+(r;) (resp. I%a(ri)) for some 17; € X(%),i=0,1,...,1—1.
Denote by [M : IA<+(r,<)] (resp. [M : f(?l'(ri)]) the times of occurrence of f(*(r,-) (resp. I%JQr(r,')) in the

sub-quotients of the above filtration, called the multiplicity of I?*(T,-). Those numbers are independent
of the choice of KT -filtration (resp. ﬂcg—ﬁltration).2 The number [ in (3.2) is called the filtration

length, denoted by I(M) (resp. 1o (M)). In the same way, one can define K~ -filtration (resp. if(a—
filtration); and 1~ (M) (resp. 16 (M)).

In the same sense, we can say a module in {i(g*)-mod (resp. in ii(g)-mod) to admit a filtration or
to say it to be filtrable by V 4+ (resp. by V),

Next, we continue to list the last items of Notations and Facts 3.2:

(6) Regarded as a fi(g*)-module with trivial g.-action, QO(T) is filtrable by ngt(U), v e X(%).
Hence rA{I;(é(‘r) = u(g) ®u(g*) 0°(t) can be filtrable by V*(v), which equals u(g) Ou(gt) Vgi(U).
veX(%).

(7) For M € Ob(u(g)-mod) (resp. M € Ob(ii(g)-mod)), we have the correqunding element [M] in
the Grothendieck group G[u(g)-mod] (resp. the corresponding element [M] in the Grothendieck
group G[ii(g)-mod]).

2 This statement can be known from the fact that in the Grothendieck group G[(u(g), T)-mod], {K(7) | T € X()} constitute
a basis because of Theorems 2.17 and 2.18, along with Corollary 2.19.
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(8) In the category iig(go)-mod, [V?(A)] = [VO(—WOA—I—Z(p —1)p)], where wy is the longest element
of the Weyl group of go, and p is half-sum of all positive roots of gg, and [M] shares the same
meaning in the above item (7) for M € Ob(iip(go)-mod).

Lemma 3.4.

(1) The one-to-one correspondence & on X (%)

n
G:T —wo(T)+ ) € +2(p—1)p
i=1

gives rise to

[Vg@]=[V4(E®)]. (33)

where wy is the longest element of the Weyl group W of go, and ,0 is half sum of all positive roots of go.
2) Wy (m) : L0m1=[Ve(r): L°Cp)] and [Ki(f) VEWI=1Q%1): Vgz ()],

Proof. (1) Note that § = sl(n|1). The proof is similar to the one for the ordinary case as in Notations
and Facts 3.2(8). We give a sketchy argument here. Let w be an automorphism of GL(n, k) such that
(%) = T with (extended) derivative that acts on the G in the way w(xy) = X_w,e and w(hy) =
h_wqo. Then we can define for M € @i(G)-mod an w-dual “M of M, which has the ground space M*
and has w-twisted action defined via gg = (— 1)|g”‘P|(p o (—w(g)) (we denote 1gl, lol by the parity
of g€ G and ¢ € M*). Similar to the arguments of [AJS, 1.13], we have Vg(?,') = “’(VS (t—Y0 € —
2(p—1)p)*). On the other hand, by analogy of the arguments in the ordinary cases (cf. [J, 11.2.13]), w

can prove that there is an isomorphism in (G)-mod: Vg(t)* = ng(—wot). Combining the above
arguments, we can get the desired formula.

(2) Recall as k-vector spaces, Vgi (t) =u(gh) ®ug*) ke =um™) @ky = \79:(1:). On the other hand,
io(‘t) can be extended a {i(g*)-module by trivial W !-action or trivial g_1-action. So, the multiplicity
of Vg+ (1) by L°(1) in fi(g*)-mod is clearly equal to the multiplicity of V9 () by L°(7) in {i(go)-mod.
So the first equation holds. The argument for the second one is the same. O

We have some further results on filtrable modules.

Lemma 3.5.

1) The following formulas hold:3
(i) [V-(m]=[V*((r)]ifn=2,and
(i) [V-(D)]=p* "2 - [VY(@)]ifn > 2 wheres=dimNIT and t = dim N, and N*+ is de-
veA 0 1
fined by a decomposition of BY = Bg & NT+. More precisely, when n = 3, N*+ = Sty + W2 for
the decomposition W1 = G(1) @ 9;1). Whenn >3, Nttt = Na'+ ® N;r+ for N8'+ = Zj>1 Waj, and
N =G+ e Wajer A A
(2) VF@) LoDl =X pexm VO (@) : LYK T () : L(n)].
)
(3) For U~,r) e A [VT(w) : L(n)] = ps_"ZtZKeA[V"’(K) L] if n > 2. And [V~ (U) : L(n)] =
[VF(@ ) :Liplifn=2.

Proof. (1) Note that B~ = Bg=g-1+ b~. We have

3 The second formula happens in the u(g)-module category.
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V(1) = u(g) ®up-) ke
= 1(g) ®u(g) (1(9) By (g kr)-

By the argument of Lemma 3.4(1),

V() Zu(e) ®u) (1(9) By ko) (34)

= u(g) ®u(3+) (U(B+) ®u(B§) k(}(f)). (35)

Hence V‘(r) has a \7+(U)-ﬁltration. Furthermore, we assert

[V-®]=[VT(6()] ifn=2, (3.6)
[v-@]=>_p "2 [vi@)] ifn>2 (3.7)
veA

where s,t will be explained below.
The proof for (3.6) and (3.7) will be given below by steps:

Step 1. 1f n =2, then B* = B{. So (3.6) follows from Lemma 3.4(1).

Step 2. Now we assume n > 2 for (3.7). By (3.4), the multiplicity of VT (v) in the V*-filtration of
V= (1) is equal to the multiplicity of the one-dimensional factor k,, in the composition series of B :=
u(B™) ®u<B§) ks (7). Consider the decomposition B* = Bg @ N+, where N*+ is defined as below.

When n=3, N*t*+ = Sqy + W2 for the decomposition W1 = Gy ® G(;). When n >3, Nt = N(-J)r+ ®
(%51 ) _
Ni++ where N(f)rJr =5 Waj, and N{Jr =S4y + X5 Waj-1. Here [%51] means the greatest
positive integer not greater than % and (%) means the least positive integer not less than %
We can always take an ordered basis Xi,...,Xs in Ng+, and an ordered basis Yq,...,Y:
in N{* such that {X;; i=1,...,s} and {Yj; j=1,...,t} have weights in X(%) {o; i =
1,...,s} and {Bj; j=1,...,t}, and the restricted weights {@;; i=1,...,n} are k-linearly inde-
pendent. Actually, {X1,...,XnA} can be chosen to be {&1---£,0;,&1628303 |i=1,...,n — 1} when
n is odd, and to be {&---&j---&dy | j=1,...,n} when n is even and ptn — 2, and to be

(51--&j--&n0n, 51628002, 82 - - - 6q1&n0n—1 1 j=1,...,n—2} when n is even and p |n — 2. Set

U =k-span{ugp:= X" XEY ..y [0<ai<p—1,0<bj <1, i=1,....5 j=1,....t}.

As a u(h)-module, B is isomorphic to U, the latter of which has a direct-sum decomposition of
weight spaces Ug , of weights {Aqp := Zle a;o; + Z?:] bjB;} corresponding to the one-dimensional
space kugp. For each given choice of @’ :={a;, i=n+1,n+2,...,s} and b={bj, j=1,...,t}, the
corresponding space Uy p := k—span{Xf] s X Yf] e Yf‘} is a u(h)-module with all restricted weights
occurring and the restricted weight spaces all have dimension 1. Hence, U as u(h)-module admits a
weight space decomposition with all possible restricted weights occurring, and with all restricted
weight spaces having the same dimension. So the multiplicity in the composition series of B, all
irreducible factors are of the same multiplicity. As a result, this multiplicity is equal to ps~"2°.

Step 3. Note that V*(7) = u(g) ®y g+ kr = u(g) Qu(g+) Vg+(T). Hence V+(1) is filtrable by X+. And
[VH (@) : KT ()] =[Vg+ (1) : L°0)] = [VO(7) : L°(V)]. The last equation follows from statement (2) of
this lemma.
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(2) By the argument in Step 3 above, we finally have

[Vr@:Llop]= > [VH@: K@)k @) : L]

veX (%)

= > [V : L°@)][k* ) : Lap).

veX (%)
(3) This statement follows directly from the first two. O

3.3. Frobenius extensions

In this subsection we need some relation between coinduced modules and induced modules for re-
stricted superrepresentations. We first recall the notion of Frobenius extension on ring extensions. Let
R be a ring and S a subring of R, and suppose that 6 is an automorphism of S. If M is an S-module,
we let gM denote the S-module with a new action defined by s« m = 6(s)m. Let Homs(R, 9S) de-
note the set of additive maps f : R — S such that f(sr) =60(s)f(r) for all s € S, r € R. This is an
(R, S)-bimodule via the action (r - f - s)(x) = f (xr)s.

We say R is a 6-Frobenius extension of S if

(i) R is a finitely generated projective S-module, and
(ii) there exists an isomorphism ® : R — Homs(R, 4S) of (R, S)-bimodules.

Suppose R : S is a 6-Frobenius extension, and let V be an S-module. The theory of Frobenius exten-
sions [NT, p. 96f] provides a natural equivalence

R®s V = Homs(R, V). (3.8)

We return to the case with R = U(g) and S =U(g"). Note that g* contains g5 with codimension n
in g. Let f:g" — gl(g/g") =gl(W_1) be a map defined by f(a)(y +g"):=[a,y]+g" foraecg"
and y € g, which is a homomorphism of Lie superalgebras. We then have t: g" — k defined by
t(a) :=tr(f (a)) = —str(f (a)), which is a linear function on g* vanishing on [g*, g*7]+ g?. Then there
is a unique automorphism 6 in Aut(u(g™)) satisfying

a+t@1 forae ga“,
a) = (3.9)

(—=1D"a foraeg;“.

According to [BF, Theorem 2.2], the extension U(g) : U(g™) is a free §-Frobenius extension. We can
easily see that (3.9) gives rise to a unique automorphism of u(g™), still denoted by 6. This is because
raPhy=x@)P forae gg. Furthermore, we have the following result.

Lemma 3.6. Let R = u(g) and S = u(g™) be the restricted enveloping algebras of restricted Lie superalgebras
g and g* respectively. The following statements hold.

(1) The extension R : S is a free 6-Frobenius extension.
(2) Denote by K= () the coinduced module Coindy(gs)(L(%)) := Homygx, (u(g), L°(1)). Then K+ (i) =
K+ (» — &), where & = Z?zl €j.

Proof. (1) The proof is the same as that of Theorem 2.2 in [BF].
(2) According to (1) and the formula (3.8), we have

Homy g (u(g7), 0L°(1)) Z u(g) ®ug+) L°OV).
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Note that g* = g5 + g7 = go + W'. Obviously, we have 6 (x) = x for every xe W' =g U{W' N gg).
Hence ¢L%(%) is still an irreducible g*-module with trivial W!-action. We only need to consider the
u(go)-module structure on 4L%(1), which is still irreducible. The highest weight vector v of module
L°(») is a highest weight vector of highest weight A+ &. This is because each x € n* still annihilates v,
due to t(x) =tr(adx|y_,) =0. In the meantime, t(h) =tr(adh|y_,) = E(h) for h e b, and t(y) =0 for
y € n~. The proof is completed. O

Correspondingly, we can consider Frobenius extensions for ii(g)-mod. In particular, for K=(}) :=

Homﬁ(gi)(ﬁ(g), I:O(A)) we have IA(+()L) = IA(JF()L — &). Parallel to Nakano’s results [N, 1.3.6, 1.3.7] in the
Lie algebra case, we have a counterpart in the supercase as follows.

Proposition 3.7.

(1) Each projective module in (u(g), ¥)-mod has IJAC?E -filtration, and also has x* -filtration.
(2) For the projective module O (t), we have the following multiplicity formula offf(ﬁ -filtration:

[Q@): Kgm] = [kFa : LD)].

Proof. (1) Note that for v € X(%),
Ky () = i(g) ® ) Q) = 1i(gT) ®ygq) Q°(V), (3.10)

as 1i(gF)-module. Hence, I%g(u) is a projective {i(gT)-module. On the other hand,

Homg g+ (KE (V). L%(1)) = Homy g+ (u(5F) ®u(ge) Q° (). L))
= Homy g, (Q°(). L°()

=8y k.

This means that I?ac(v) is the projective cover of L%(v) in the i(gF)-module category. From this

observation, it follows that in the ii(gF)-module category, the projective module O(r) for any 7 €
X (%), must be a direct sum of the IA(E(U)'S (resp. IA((E (v)’s) for some v € X(¥). And Q(r) is Ké—
filtrable.

As to the second part, comparing the structure of IA(i(n) = u(g) Bu(g*) io(n) with IA(é(U) =

u(g) Qu(g*) 0%(), we easily know I?g(v) has a KF-filtration. Observing that u(gp) is a symmet-
ric algebra (cf. [Sch] and [FP]), we have the further fact which will be used later:

[K5 @) : k=] =[Q°w): %] =[Q°m) : I°(W)]. (3.11)
(2) We prove this statement in steps, with several assertions and their proofs.

1° Assertion. V € Ob((u(g), ¥)-mod) has a IJACjQE -filtration if and only if V is a projective module in

the ii(g¥)-module category. X
We have known that Kg(v) is a projective cover of simple object L%(v) in the fi(g¥)-module

category. So each projective module in this category has UACE -filtration. Conversely, assume that V €
Ob((u(g), ¥)-mod) has a fijQE -filtration, we show that V is a projective i(g*)-module by induction on
l:= lg(V). When [ =1, it's true because V = I?g(v) as i(gT)-module, for some v € X(%). Suppose
that the assertion is true for modules admitting such a filtration of length less than I. The inductive



668 B. Shu, C. Zhang / Journal of Algebra 324 (2010) 652-672

hypothesis, and the splitting property of any short exact sequence with the ending projective term
ensure that V is a projective ii(gF)-module.

2° Assertion. Suppose V has a j(g -filtration, then

[V : K& (p] = dimHomgg, (V. KF (). (3.12)
According to 1°, we know
[V : K5 ] =[Vlagr : Kg D lugs) ] = dimHomg g (V. L°(n)).
The last term is equal to
dim Homg g, (V, Coindy g7, (L°(m))) = dim Homy g (V, KF (1)),
from which (3.12) follows.
3°. In particular, for V = Q (t) in 2° we have

[Q () : kG ()] = dimHomy ) (Q (7). KF(1)).

The right hand side is equal to [K¥(n) : L(t)]. Hence we have proved

[Q@:kgm]=[k¥m:L®]. o
3.4. Cartan invariants
We turn to the u(g)-module category. We have the following primary result.
Proposition 3.8.

(1) Assume n > 2. The following formula holds

[Q@:Lp]=p"2" Y [KF Wi =& :L@][Q°w): VO (G (v) —€)]

v,U1€A

x> [Vo%@): Ln)][KT (@) : L]

w,w1€A

fort,ne A
(2) Letn=2.Then

[Q@m:Lop]= D> [kt @i —8&):L@D][Q°%wn): VO (G w) —¢)]

v,U1,U2€A

x [VO() : LO(up) |[K T (v2) : L]
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Proof. By Notations and Facts 3.2(6) we know I%é (7) is filtrable by V*(v). Furthermore, by Proposi-

tion 3.7(1), Q (7) is filtrable by fKé Hence we know that Q (7) is filtrable by VE(v), v € X(Z). The
calculation of multiplicity can be done as

[Q@:Lop]= D> [Q@: V- ][V ) :Lap)].

veX(%)

On the other hand, we have

[Q@):V-]= Y [Q@:Kyw][Kgw): V()]

v1EX(T)
Prop. 3.7 > [kt Lo)][Kg ) : V()]
v1eX(%)
Lem.3-4(2) Z [K+): L][Q°%w): ‘737(1))]
v1eX(%)
Lem. 3-4(2) Z [IA<+(U1) : i(r)][QO(UO : \79(1))]
v1eX(%)
= Y [k :LD][Q°wn) : VO (~wov +2(p — 1p)]
v1EX(T)
= Y [krn:Lm][Q°wn: Ve (E W) —¢€)].
v1€X(%)

According to Lemma 3.5(3), [V~ (v) : L] =p*"2' Y A [VT (@) : L] ifn > 2, [V~ (v): L(n)] =
[VT (G (v)): L(n)] if n = 2. With those formulas, we continue the arguments in two cases.
(1) For n > 2, we have

[Q@):Lmp]= D [Q@: V- ][V () : L]

veA

= Z( 3 [KFwn : Lo][Q%°wn) : V(6 ) — e)]>[v—(u) L]

veA “vjeA

220N (K on : L@][Q%wn : V(G ) - &)])p 2 Y [VF (@) : L]
v,U1€A weA
bem 2320 psmmpt S ([KFn : Lo)][Q%wn) : V(G (W) — €)])

U, U1EA

><< > [Vo(a)):Lo(co1)][1<+(w1)il(77)])

w,w1€EA

P38 psemat S ([KF (w1 — &) LD)][Q°w) : V(G () - €)))

U, U1EA

x> [VO%@) : Lon) ][KF (@) : Lap).

w,w1€A
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(2) For n =2, we have

[Q@):Lmp]= D [Q@: V- ][V ():L()]

veA
= Z( (K Lo][Q%wn) : V(G ) - E))[V (W) L(n)]>
veA “vieA
= Z [kt : LD][Q°w1) : V(6 () — &)][VT(6 () : L]
U, U1€EA
2@ S (K on : L[ : V(6 () - €)])
v, U1€A
x < D [VOE ) LPw)][K T (vy): L(n)])
UmeA

Lem. 3.6

> KT =& L@)][Q%w1): V(6 (v) - €)]

U,U1,U2€A

x [VO(6 ) : LPwy][Kt(wa): L] O

Suppose ay g :=[K(a) : L(B)] for a, B € A, which can be computed, according to Corollary 2.16.
And suppose by g :=[VO(a) : L°(B)] for e, B € A, which coincides with [Q°(8) : VO(@)], thanks to
the classical modular representation theory of classical Lie algebras.* Then we have matrices A =
(aa,ﬂ)zx!ﬁe/‘ and B = (ba,ﬂ)&!ﬁe/‘. Denote by Ag the column switched matrix of A by &-switching

right, this is to say Ag = (aa_g,,g)}mm. Similarly, we have B¢. Denote 6 (B) = (b (q),g)a.p- Then we

can state the main result of this section.

Theorem 3.9. Denote the Cartan invariants by cz, =[Q (7) : L()], T, n € A in the u(g)-module category.
Then the Cartan invariants can be given via the following matrix formula for C = (Czy)z pea:

(1) Assumen > 2.Then C = A¢ 6 (B)¢ PBA!, where P = (pS~"2!) is the square matrix of size # A, the entries
of which are all p5~"2¢;

(2) Assumen=2.Then C = A& (B)e6 (B)'Al.

Appendix A. 0dd reflections for (u(g), ¥)-mod

Maintain the notations in §1.3. Especially, g=b + >, 8o, and

A={en++e, —€|1<ii<---<ip<m 1<t j<nU{—¢|i=1,....n).
A.1. Borel subalgebras and odd reflections

Set Bax := b+ W1, This is a restricted supersubalgebra. We call Bm.x the maximal Borel sub-
algebra, which corresponds to the positive root set A(Bmax)+ =1{€; —€j |1 <i<j<n}U{e, +
o€, —€ 1< < <ip<n, 2<t<n, 1< j<n}. We simply denote A(Bmax)+ by Ay. Set
Ag = U?’:n—s-H {a+€jlaeApU0}}, s=1,...,n. And set Bg := Bmax, Bs=b+ Z?:n—s-H kaj +

4 When p satisfies some condition relevant to the Coxeter number h (=n here), the classical Cartan invariants are predicted
by Lusztig conjecture, which has not been completely proved yet (cf. [J1, 11.8.22]).
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ZaeA+\As o, S=1,...,n. Those B are called (lower) Borel subalgebras, associated with the posi-
tive root set A(Bs)+ :={AL\As} U{—€n—5+1, ..., —€n}. Naturally, we can set A(Bs)_ = A\A(Bs)+.
The following meaning is clear for a given Borel subalgebra 9B as above: g= Ny~ ®h® Ny ™, and
B=h@Np™ with Np* = Z%A(%)i g It's easily shown that all B are restricted Lie supersubal-
gebras.

Following Serganova [S], we define a sequence of odd reflections r;, i=1,...,n so that the corre-
sponding chain of Borel subalgebras can be produced, reflecting the different Kac modules.

Define r; by sending Bmax to 91, here 97 is actually obtained from . by removing €, from
A4+ and adding —e;. We can inductively define the ith odd reflection r; by sending ®8;_1 to B; by
removing €,_;j+1 from A(®8;_1) and adding —€;_;11. Then B, =ry0---0r1(Bmax) = b+ g—_1, denoted
by Bmin. Those subalgebras ®B; and 9B;,; are called adjacent Borel subalgebras. We may denote r; by
Te,_i,; iN more general setting (see [S] or see below).

We call a root @ € A simple for a given Borel subalgebra 95 if we may obtain a set of positive
roots for some other Borel subalgebra 98’ by removing « from A, and adding —« as long as such a
root exists. And denote the relation between Borel subalgebras by B’ = r, (8), which means a relation
from B to %B'. Call ry an even (essential) reflection if « is even essential, an odd (essential) reflection
if o is odd essential, and a nonessential reflection if o is nonessential.

A2. KB(O) and LB )

Keep the notations as above. Recall that the set of iso-classes of all simple modules in G;%-mod
have representatives {io(k),k € X(%)} for G =GL(k,n) (cf. [J1] and [J2]). And u(g), u(g™) naturally
become T-modules, compatible with the restricted g-module structure. Hence one naturally has i(g)-
module structure on IA(+()L) =1i(g) ®Bii(gH) L%(1), the projection on u(g)-mod of which coincides with
KT (dA). Note that each submodule in K*()) naturally admits T-module structure, compatible with
its u(g)-module structure. Hence we have ii(g)-module i*(k) which is the unique simple quotient of
K*(») in {i(g)-mod, so that the projection on u(g)-mod of L* (%) coincides with L*(dx). Similarly,
one can work with k%(k) = 1i(g) ®a(8) iO(A) and its unique simple quotient i%(k) for a Borel
subalgebra 8.

By the same arguments as in [S, 5.1], we have the following properties for the odd reflection,
which is helpful to understand Lemma 2.14:

Lemma A.1. (See [S, 5.1].) Let B and B’ be adjacent Borel subalgebras.

(1) If they are related by an odd reflection r,, for a simple o of B, then I;%(r) = é%:(r — ) ifT(hy) #0.
(2) If they are related by an odd reflection ry, for a simple o of 9B, then LB () = L% (1) if T (ho) = 0.

Proof. (1) Let o be an old essential root with T(hy) # 0. We might as well assume that g, € g_1.
Then dimg_1 = 1. Let Y be a nonzero element of g_,. By the assumption, we can find X € g, with
T([X,Y]) #0. Let v be a highest vector of I:‘B(‘l:). We have XYv =[X,Y]v —YXv=7(X,Y]) #0.
Hence Yv #0.

Furthermore, the nonzero vector Yv is a highest vector of 1%t —a). Actually, we can check that
Yv is annihilated by 9B'. For this, we only need to look at ZYv for Z € gg C B’ with g # —«a because
g_o =kY and Y2 =0, thereby ZYv € kY?v = 0. Hence we consider Z € gg C B NP, which implies
Zv=0,and [Z,Y]=0or [Z,Y] € B NDB'. We have

ZYv=[Z,Y]lv=0.
(2) By the same argument as above, we can prove this statement. 0O
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