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1. Introduction

The topic of this manuscript is related to a broad generalization of commutator the-
ory called higher commutator theory. Higher commutators are used to define a condition
called supernilpotence, called such because it is usually a stronger condition than nilpo-
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tence. We construct algebras to demonstrate that supernilpotence and nilpotence are in
general independent of one another and that this independence is preserved even if one
considers ‘higher dimensional” analogues of nilpotence.

Historically, a specific notion of commutator was used to study a specific variety of
algebras, (e.g. a class of similar algebraic structures that satisfy some set of equational
laws or identities), such as the variety of groups, rings, or Lie algebras. In each of these
classes the notion of a commutator has led to important structural results, as it can be
used to measure ‘abelianness’ and define generalizations of abelianness such as solvability
and nilpotence. For example, a classical theorem of group theory states that a finite group
is nilpotent if and only if it is the direct product of its Sylow subgroups.

Actually, each of these commutator theories is a special case of a commutator that
may be formulated for any algebraic structure. The strength of the theory depends not
on the similarity type of the algebra, but on the identities that it satisfies. The initial
insight is due to Smith. In [18], he shows it is possible to define a commutator for any
variety of algebras in which every member has a Mal’cev operation, that is, an operation
p(z,y, z) built from the basic operations that satisfies the identities

p(z,z,y) = p(y,z,x) =y,

and that this commutator retains all the essential features of the examples known at the
time, all of which were for algebras with a Mal’cev operation.

Commutator theory for universal algebras has grown substantially since then and we
do not attempt a survey in this introduction. We refer the reader to the text Freese and
McKenzie [4] and the text Gumm [5] for two different approaches to commutator theory
for congruence modular varieties of algebras. For the development of commutator theory
outside of the context of congruence modularity, the reader is referred to the monograph
Kiss and Kearnes [8].

Such a general commutator theory comes equipped with the naturally generalized
versions of abelianness, solvability, and nilpotence. Under some additional assumptions,
finite nilpotent algebras are very similar in their structure to finite nilpotent groups. For
example, Lyndon [11] shows that the equational theory of a nilpotent group is finitely
based and Freese and McKenzie [4] shows that if a finite algebra of finite type (belonging
to a congruence modular variety) is nilpotent and is the direct product of nilpotent alge-
bras of prime power order, then it has a finitely based equational theory. Such algebras
are now known to be examples of supernilpotent algebras.

Supernilpotence is an analogue of abelianness that is definable with a higher arity
commutator that generalizes the classical binary commutator. Such commutators were
first introduced by Bulatov in [2]. In [1], Aichinger and Mudrinksi develop analogues of
those properties shown to be essential for the binary commutator for the higher commu-
tator (in a Mal'cev variety). In the same paper every supernilpotent algebra belonging
to a Mal’cev variety is shown to be nilpotent. Using earlier results of Kearnes from [7],
Aichinger and Mudrinksi go on to prove that every finite supernilpotent Mal’cev algebra
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of finite type is a product of prime power order nilpotent Mal’cev algebras, and vice
versa.

Supernilpotent Mal’cev algebras of finite type share other properties with nilpotent
groups. For example, Michael Kompatscher shows in [10] that there is a polynomial time
algorithm that checks if equations over finite supernilpotent Mal'cev algebras of finite
type have a solution. Equation solvability and related problems emphasize the need
to understand the differences between nilpotence and supernilpotence, see Idziak and
Krzaczkowski [6] for additional details.

The theory of the higher commutator has been recently extended to varieties that
are not Mal’cev. In [13], the second author extends most of the theory of the higher
commutator to congruence modular varieties. In [14], the second author develops a rela-
tional description of the modular ternary commutator and uses this to show that (2)-step
supernilpotence implies (2)-step nilpotence in a congruence modular variety. In Wires
[19], several properties of higher commutators are developed outside of the context of
congruence modularity. Implicit in the results of Wires is that supernilpotence implies
nilpotence for congruence modular varieties. More recently, Kearnes and Szendrei have
announced that any finite supernilpotent algebra is nilpotent, which is to appear in [9].
It turns out that supernilpotence is a stronger condition than nilpotence for any variety
of algebras that satisfies a nontrivial idempotent equational condition [15].

Each of the algebras we construct in this paper is therefore infinite and does not gen-
erate a Taylor variety. In Section 2 we develop notation and state definitions. In Section 3
we discuss different notions of nilpotence and solvability. In Section 4 we construct an
algebra that is not solvable but is supernilpotent. The final section 5 generalizes this
example to ‘higher dimensions’.

2. Definitions
2.1. Notation

In this paper the set of natural numbers is denoted by w and has as its least element
the empty set, or 0. The finite ordinal n is the set of its predecessors and we will often
write i € n instead of 0 < ¢ <n —1.

Some familiarity with the basics of Universal Algebra is assumed. Good references
on the subject are [3] and [12]. An algebra is a set with some structure provided by
a set of finitary operations. These two ingredients are usually written as a pair, e.g.
A = (A;{fi}icr). Product, subalgebra, and homomorphism are defined in the obvious
way.

Let A be an algebra, n € w, and R C A™ be a set of tuples over A of length n. If R is
a subalgebra of A™ we say that R is an A-invariant relation, or just an invariant relation
if there is no possibility for confusion.

The invariant equivalence relations of an algebra are called congruences and deter-
mine its possible homomorphic images. The lattice of all congruences of an algebra is
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denoted by Con(A), with the largest congruence and least congruence denoted by 1 and
0, respectively.

2.2. The higher commutator

The higher commutator is an operation on the lattice of congruences of an algebra
and is usually defined via the so-called term condition, see [2] for the first instance in the
literature. The main construction of this paper is most naturally presented by defining
the commutator via a special invariant relation which we now describe. The commutator
definition given here is equivalent to the usual one and the reader is referred to [13] or
[17] for more details.

Let A = (A; {f;}icr) be an algebra and n € w a natural number. An invariant relation

R S Azn,

is said to be an (n)-dimensional invariant relation. The reason for this terminology is
that the set of functions 2" is a natural coordinate system for the (n)-dimensional cube,
where two functions are connected by an edge if and only if they differ in exactly one
argument. A particular element

he A%

is therefore thought of as a vertex labeled (n)-dimensional cube. Less formally, we will
sometimes refer to h simply as an (n)-dimensional cube, or (when the dimension is clear)
a just a cube.

A total function f € 2" specifies the coordinates of a particular vertex of such an
h € A?", and we denote the value of h at f by h¢. This notation may be extended
to partial functions, and in doing so one may specify inside of h the location of lower
dimensional vertex labeled cubes. That is, for S C n and f: S — 2 define

hfzz{hg:ge2”andf§g}.

Less formally, a partial function f : n — 2 determines some of the coordinates for a
vertex in h. The coordinates that are not yet determined may be specified by those
g € 2™ that extend f. We hope that the reader alarmed by the potential ambiguity of
this notation will find no ambiguity in its use.

We distinguish for any domain S the function 1 : S — 2 that takes the constant value
1. Take some h € A%" and i # j € n. Define

Lines;(h) := {hf ‘fe Qn\{i}}

_ {hf L feonMib f o 1} U {h1 1€ 2"\{1'}} and
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Fig. 1. (2)-cross section lines and (0,1)-cross section squares decomposed into support and pivot sets. Ori-
entation of the labeled cube is given by the coordinate axes, n = 3 = {0, 1, 2}.

Squaresi’j(h) = {hf (fe 2"\{ivj}}

={npipe i prabufn e,

These sets are called the (i)-cross section lines and the (i, j)-cross section squares of h,
respectively. The set of (#)-cross section lines is the disjoint union of two sets. The first set
we denote by S-Lines; (h) and its members are called (i)-support lines; the single member
of the second set is called the (7)-pivot line. Similarly, the set of (¢, j)-cross section lines
is composed of (i, j)-support squares and a single (i, j)-pivot square. See Fig. 1. We say
that a line, square, or (generally) a cube is constant if all of the vertices have the same
value. We call a set of lines, squares, or cubes constant if all of its members are.

Remark. We will often write equations in which terms are evaluated at vertex labeled
cubes which are drawn as actual cubes. This notation is a different way of writing
equations involving tuples in a product and is intended to emphasize the geometry of
the relations that are being analyzed.

Let (0o, ...,0,—1) € Con(A)™ be a sequence of congruences. The relation used to define
the higher commutator is a certain (n)-dimensional invariant relation that is generated
by special vertex labeled (n)-dimensional cubes. For each i € n, let

gCube? (z,y) € AY"

be the vertex labeled (n)-dimensional cube such that

x if f(4)
y if f(i) = 1.

(gCube?(x, y))f = {
Now set

M(Qo,. . .,01) = SgAzn (U {gCubef(m,y) : <(E,y> S 91}> .

1EN
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1 Yy—1y
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01l 4, gCube? (z,y) = ‘ ‘
02 9 r——x
a b d—d e 6
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Fig. 2. Examples of a gCube and the generators of the (3)-dimensional (0o, 01, 62)-matrix relation. Orien-
tation is indicated by the coordinate axes. Elements of A connected by a line parallel to the i axis are
members of 6;.

This (n)-dimensional relation is called the algebra of (6p,...,6,_1)-matrices. See Fig. 2.
We can now formulate the centrality condition used to define the higher commutator.

Definition 2.1 (Centrality). Let A be an algebra, 2 < n € w, § € Con(A) and
(0o, ...,0h—1) € Con(A)™ a sequence of congruences with M(fo,...,0,_1) defined as
above. Let o € S, be a permutation of n. We say that 0,),...,05¢,—2) centralize
0 (n—1) modulo ¢ provided the following condition holds:

If h € M(0y,...,0,-1) is such that every (o(n — 1))-support line of h is a d-pair, then
the (o(n — 1))-pivot line of A is also a d-pair.

This condition is abbreviated as C(05(0), - - - , 0o (n—2), O (n-1;9)-

Definition 2.2 (Higher Commutator). Under the same assumptions given in Defini-
tion 2.2, set

[00(0); - - - > Oo(n—1)] := /\ {6:Co(0), - - -+ 00(n—2), 0o(n-1); 0) }-

There is some potential for confusion with this definition, because there are several
distinct algebras of matrices that can be used to define the same commutator. Each of
these algebras of matrices can be obtained from the other by a permutation of coordi-
nates, however. We therefore prefer, for a given set of congruences {6; : i € n}, to fix a
coordinate system at the outset. All centrality conditions involving the n-many congru-
ences belonging to {6; : i € n} may then be formulated with respect to M(6y,...,0,-1).
This is best explained through example — see Figs. 3 and 4.

The following properties are immediate consequences of Definition 2.2.

Proposition 2.3. Let A be an algebra and oo € Con(A). The following hold:
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Fig. 3. The condition C(6o, 01, 02;6). That is, (0g, 01) centralize f3 modulo §. In Definition 2.1, o = id.
1 2
01 92
0 0
0 —1
[% [%
20 o=(012) ’ o
e
J

d b

d--
N i\ &F N

f- ~h f——h
a/T\C-., a } C\A
\6Ag (gk\ g

Fig. 4. The condition C(61, 02, 6; ). That is, (61, 62) centralize 6y modulo §. In Definition 2.1, o = (0 1 2).
Applying o to the coordinate axes gives a picture similar to Fig. 3.

(].) [Oéo,...,Oékfl] S /\ «;,

0<i<k—1
(2) For ap < Bo,...,ak—1 < Br—1 in Con(A), we have

[Ot(), sy ak—l] S [/803 ) 5]6—1]-

That is, the commutator is monotone in each argument.
(3) [ao, .. yap—1] < lag, ..., ap-1].

k-ary (k—1)-ary
2.8. Nilpotence, supernilpotence, and solvability

Let A be an algebra and let & € Con(A). Recursively define over w the congruences
[a]o := a =: (a]o,

[]nt1 = [[a]m [a]n], and (alpt1 = [Oz, (a]n}

to produce two descending chains, called the derived and lower central series of «,
respectively:

ol 2ol = > oy > and (e = (a)i 2> (aly > o
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If [a], = 0 or (o], = 0, then « is said to be (n)-step solvable or (n)-step nilpotent,
respectively. Since the binary commutator is monotonic in each of its arguments, it
follows that nilpotence is a stronger condition than solvability.

A congruence a of A is said to be (n)-step supernilpotent if it satisfies

(n—1)-ary

The reason for this terminology can be found in Aichinger and Mudrinksi [1], where it is
shown that for a congruence permutable variety, all higher commutators of appropriate
arity satisfy what they call HC8, which is an inequality involving nested commutators:

(00,01, [Bms - On1]] < [B0s -+, O] (HCS)

Therefore, for congruence permutable varieties an easy induction shows that if a congru-
ence « is (n)-step supernilpotent then it must also be (n)-step nilpotent (and hence also
(n)-step solvable).

If o = 1 we simply say that the algebra A is (n)-step nilpotent, solvable, or supernilpo-
tent, as the case may be. We conclude this section with a description of supernilpotence
using the vocabulary that has been developed in this paper. The proof is only a trans-
lation of definitions and is therefore omitted.

Proposition 2.4. Let A be an algebra, n > 2 a natural number, and ¢ € n. The algebra A is
(n—1)-step supernilpotent if and only if there is no (n)-dimensional cube h € M(1,...,1)
such that

(1) every line belonging to S-Linesy(h) is constant, and
(2) the (k)-pivot of h line is not constant.

3. Generalized nilpotence and solvability

The main goal of this section is to demonstrate that the condition of nilpotence can be
quite complicated and that, for our purposes, the condition of solvability is more useful.
As noted in Section 1, the properties of nilpotence and solvability can be defined with
the term condition commutator.

A choice was made in our definition of nilpotence to consistently evaluate the first
argument of the binary commutator at o and the second argument at («],. If the com-
mutator for A is symmetric then this choice is immaterial, but if the commutator fails
to be symmetric then this choice is important. In the non-symmetric case, our definition
of nilpotence is demoted to what we call left nilpotence. The notion of right nilpotence
is defined in the obvious analogous way.
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Left and right nilpotence are not the same, as demonstrated by the following example.
Let G and {o} be disjoint sets with G infinite. Let A = G U {o} and fix some injection
s: A% — G. Let A = (A;t) be the algebra with binary operation t defined by

0 if x =o,
t(x,y):{

s(z,y) otherwise.

A is not left nilpotent, because for each n € w there is a (1],-class with infinitely many
elements, namely {t(a,y) : y € A} for a € G via

However, A is right nilpotent. To see this, let § be the congruence with classes G and {o}.
It is a routine exercise to show that C(1,1;6) holds and that [d,1] = 0. A consequence
of this is that [1,1] < § and now (2) of Proposition 2.3 leads to the conclusion that
[[1,1],1] = 0.

A moment’s reflection will reveal that the situation can be complicated. Let 7). j({z})
be the collection of all single-variable terms in the binary operation symbol [-,-]. The
previous definitions of solvability and nilpotence are statements of the form

Con(A) = (#(1) = 0)

for some special t(z) € 7} .;({z}), and the example above shows that nilpotence witnessed
by a particular term ¢(x) need not imply that all terms of a particular depth evaluate to 0.
The addition of higher arity commutators to the language allows for more complicated
terms. That is, let

n-ary

be the set of commutator operation symbols of arity at most n and Tz ({z}) be the set
of all single variable terms in the operation symbols appearing in £,. We can now ask
whether

for some t(x) € Tz, ({z}).
Our aim in this article is not to explore these complexities in full detail, but rather
to construct algebras A, such that for all t(z) € Tz, ({z}),

Con(A) F (t(1) =0)
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but

(n+1)-ary

These two conditions say that A,, fails to be nilpotent for any definition one could produce
involving commutators up to arity n, but is nevertheless (n)-step supernilpotent.

We can simplify the problem by introducing a generalization of solvability. For n > 2
and a € Con(A), define [a]] := a. Now recursively define over w the descending chain
of congruences

(@l = [l [al3]
e

n-ary
If [, = 0 for some m,n € w we say that « is (m)-step solvable in dimension 7.

Lemma 3.1. Let A be an algebra, a € Con(A), and n > 2 be a natural number. For all
t(z) € Tz, ({x}) there exists m € w such that

Con(A) k= (lal, < t(a)).

Proof. The proof proceeds by induction on the complexity of terms. It is clear that the
Lemma holds when ¢(z) = z, establishing the basis. Suppose that

t(z) = [so(x),...,sk—1(x)]

for some terms sg,...,Sk_1, where k& < n. By the inductive hypothesis there exist
mg,...,Mg_1 € w such that

Con(A) ([oz]?ni < Si(Oé))7

for each i € k. Set m to be the maximum of mq, ..., mg_1. It follows from (2) and (3)
of Proposition 2.3 that

Con(a) = ( oo [alh] < [l .. [ol3] < ).

n-ary k-ary

This completes the proof. O

Proposition 3.2. Let A be an algebra, o € Con(A), and let n > 2 be a natural number.
For all t(z) € Tr, {z}),
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if and only if a fails to be (m)-step solvable in dimension n for all m € w.

Proof. One direction is obvious. For the other direction, suppose that there is some
t(z) € Tz, ({z}) such that

Con(A) = (t(a) = 0).

By Lemma 3.1 there is an m € w such that

Con(4) | ([aly, < t(a)).
This forces a to be (m)-step solvable in dimension n. O
4. The algebra A,

Let O, R,G be disjoint countably infinite sets where the elements of O and R are
indexed as follows:
O={0:i,j cw} and R={rl:i,jecw}

Define Ay = OU RUG and let Ay = (As;t) be the algebra with underlying set As and
a binary operation ¢ : (42)? — Ay defined below.

(1) For all i,j € w,

t(ryis 1) = Hrag Thise) 2= 07,

J JN . Jt1
t(rgiposmy) =10,

J J o Jtl
t(Thiyos Thive) =TIy -

This can be written compactly as

J J J J J Jj+1
T4; Tai+2 Tai Tai o5 T3
t R =
J J J J 7 j+1
Tai Taiv2  Taiy2 T4i42 0 Tit1

(2) Otherwise, t(x,y) := s(z,y) for some injective function s : (42)? — G.

See Fig. 5.
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J J
T T4 Thit2
Yiot(z,y)
J | 7 J+1
T4 0; L
J 1 J J+1
T4it2 0; Tit1

Fig. 5. Partial Multiplication Table for ¢.

4.1. As is not solvable

We will prove that the algebra A, fails to be (n)-step solvable (in dimension 2) for all
n € w. Recall that the derived series of As is the sequence of congruences

I=[loz-2[Un =1z,
where [Uns1 = [[1n, [1n]-

Lemma 4.1. Let Ay = (Ag;t) be the algebra defined at the start of this section. For each
J €w, the set RI = {r! :i € w} C R is contained in a [1];-class.

Proof. The proof proceeds by induction on j. The Lemma clearly holds for j = 0,
establishing the basis. Suppose that [1]; has a class that contains the set RY = {r] :i €
w}. It follows that

J J J J
T4i T4it2 T4i T4i

€ M ([1];, [1];)

)

J J J J
L Taiv2  Tait2) Thit2

for each i € w. Therefore,

Jo_d J J J___ Jt1
T4 Thive T T4 0; i
t ; = € M([1];, [1];)-
j J J J j Jj+1
i Taiv2  Taiy2 Thi+2 o] Tit1

Since (0,0 ) € [[1];,[1];], we conclude that <Tf+1,rf_t11> € [1],41 for each i € w. Equiv-
alence relations are transitively closed, so it follows that <r8+1, 7! +1> € [1]41 for each
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i € w. Therefore, RIt" = {r/™' . i € w} is a subset of the class of [1];4; that is
represented by rf)'H. This completes the induction and the proof. O

Theorem 4.2. The algebra Ay = (Ag;t) is not solvable (in dimension 2).
Proof. If Ay were solvable then there would exist an n € w such that
1], = 0.

In particular, every class of [1],, would contain exactly one element, but Lemma 4.1
ensures the existence of a class with infinitely many elements. O

4.2. As is supernilpotent

We will now prove that the algebra A, is (2)-step supernilpotent. The proof is an
induction on the complexity of terms that generate the algebra of (1,1, 1)-matrices (i.e.
M(1,1,1)). Before embarking on the proof, however, we must build up some of the
necessary machinery. The following lemmas are proved in full generality in Section 5 at
the start of Subsection 5.2. There is not a strong geometrical intuition that can be gained
from examining the lower-dimension proofs, so we refer the reader to the next section
for detailed justification of these lemmas.

Lemma 4.3. Let Ay = (Ag;t) be the algebra defined at the start of this section.

Lemma 4.4. If

‘ € M(1,1) for some c € As,

then j =€ and |i — k| € {0,1}.
Lemma 4.5. If

k
5 Ty

h= € M(1,1)

u
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for some rfﬂ"lk,r}j € R and a € Ay, then

h €

cx,y € Ag

<L —<

We are now ready to prove that A, is not (2)-step supernilpotent. Although the proof
of this theorem can be worked out from the proof of the higher-dimensional Theorem 5.7,
we include it here in the hope that it will provide some geometrical intuition for the
general case.

Theorem 4.6. The algebra As = (Ag;t) is (2)-step supernilpotent.

Proof. By Proposition 2.4, A, is (2)-step supernilpotent if and only if

implies e = d. In other words, if the vertical support lines are constant, then the vertical
pivot line is constant as well. Set

Xo =

Yy
‘ tx,y € Ag and
Y

<
8

Xpy1 =X, U {t(a,b) ta,be Xn}.

By definition, M(1,1,1) = Sg(A2)23 (X) = U, eny Xn- We proceed by induction on n.

For a cube h € Xj it is true that having constant vertical support lines implies a
constant vertical pivot line, establishing the basis. Suppose now that this implication
holds for X,, and that

We will show that d = e. We have that
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b ay — bj aj — b}
N N ‘ N

AN

€1
.|

AN -

do c1 —dy

/
1

/
(&) €0

bo

- d Co

where the two argument cubes are elements of X,,. From Lemma 4.3, it must be that
ag = af, by = by, and ¢g = ¢. Applying the inductive hypothesis to the first argument
cube now yields eg = dy, so the first argument cube has its bottom face equal to its top
face. Observe that we need only prove that e; = dy since eg = d already. The situation
is now

b ap — by aj — b}

AN N \
do

Co

€1

.
AN
do c1 —dy

/
S

)

(4.1)

ao bg

d Co

Let S be the set of vertical support lines of the second argument cube and let D be the
set of constant lines:

We will proceed with a case analysis of SN D.

Case SN D # (J: In this case, there is a constant vertical support line of the second
argument cube, say ¢; = ¢}. Suppose towards a contradiction that a; # aj. Since h has
all constant vertical support lines, ¢ evaluated at this line must be a failure of injectivity.
By Lemma 4.3, it must be that (modulo vertical reflection) a = 0!, ag = %, a1 = 7.,
and o) = rii+2. Equation (4.1) is now

N N N N N N
—¢ ‘ do

) s i
j j
T4, bo. ‘ Ty

d co — dop c1 —dy

If we apply Lemma 4.4 to the left face of the second cube, we obtain a contradiction,
since |4i + 2 — 4i| = 2 & {0,1}. It follows that a; = af. We can continue around the
cube in this manner to obtain all constant vertical support lines, forcing e; = d; by
the inductive hypothesis. This, in turn, implies that e = d. At the start of this case
we assumed that the (¢, ¢}) line was the constant vertical support line, but the above
argument works no matter which support line is constant.

Case SN D = (: In this case, from the definition of + and Lemma 4.3, equation 4.1
looks like
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£ mn 0 n A n
0y, on, Tie — Tdm Takrp — Tdmts
AN . N S AN
J J J N
o] e T do Thitr el
h = = t 5 5
a4 n 4 n L n
O Om T4k Tam T4k+a T4771+'Y
AN \ ., N
) ) ) J
0; d T do Tdite d

where {0,2} = {a, 8} = {v,0} = {¢,7}. Applying Lemma 4.5 to the leftmost face, we
obtain 74, = 74, and 7§, 5 = 4, . Similarly, the back face implies that r§,, , =
Tt~ and rh, +8 = Tims- The situation is now (modulo vertically flipping the second
cube)

4 0
o o T4 Tk Tak+2 = Tak+2
N N \ AN N AN
ot e rt d s e1
k 4k 0 4k+2
h = =t ,
0 0 0 ’ Vi 0
Ok O Tak T4k T4k T4k
AN . \ N .
ot d T dy rt d
k 4k 0 4k 1

Applying Lemma 4.5 to the top and bottom faces of the first argument cube implies that

do = ¢, . Applying Lemma 4.5 to the top and bottom faces of the second argument cube

implies that dy = r{, and e; = rf,_,. Evaluating it all gives us e = of, = d, as desired.
This completes the case analysis and the induction. O

5. The algebra A,

Let n € w. Let O, R, G be disjoint sets, indexed as follows

O:{0{7g:i,j€w,g€2”_1} and R:{rj:LjEw}.

(3

Define A, = OURUG and let A, = (A,;t) be the algebra with underlying set A4,, and
an n-ary operation ¢ : (4,)" — A, with values given by the cube equation

<t< gCubeg(er, rii+2), ...,gCube; (Tiﬁ Tii+2)> >
f

rt G f=(1,...,1,0) € 27,

=y = aner. G
0{79 if f|n71 = g # 1 c 271/\{71,—1}7

and otherwise ¢ takes the value of some fixed injection s : (4,,)" — G. See Fig. 6.
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1 (05130)7(17170)
AN N
(07 17 1) T (17 17 1)
0 (0,0,0) 1 (1,0,0)
N :
2 (07071)7(1707 1)
J J J ) J J _J+1
Ty Thito T4it2 T4it2 Ty T4 9,(0,1) L
AN N N ~ AY N . N
J J J g J g J oJ+1
y T4i T4i12 T4iq2 T4it2 T4iq2 T4it2 9i,(0,1) Tir1
. b b - . .
J J J J J J J J
T4 T4it2 T4 T4s T4 T4s 93,(0,0) 1" 94,(1,0)
N - N - N . .
J J J J J o d J )
T4 Thit2 Th4 Ty Thit2 Thiy2 03,0,0) ~ 9i,(1,0)

Fig. 6. Equation (5.1) with associated (n)-dimensional cube coordinate system for n = 3.

5.1. A,, is not solvable in dimension n

In this section we prove that the algebra A,, fails to be (j)-step solvable in dimension
n for all j € w. Recall that the (n)-dimensional generalization of the derived series of A,
is the sequence of congruences

N A A

where [1]7,; = [[1];’, ce [1]?] (n-ary). We now repeat the same analysis that we did in

the previous section.

Lemma 5.1. Let A, = (A,;t) be the algebra defined above. For each j € w, the set
RI = {r] :i € w} C R is contained in a [1]}-class.

Proof. The proof proceeds by induction on j. The Lemma clearly holds for j = 0,
establishing the basis. Suppose that [1]7* has a class that contains the set R/ = {r] : i €
w}. It follows that

{gCubeZ(rii,rii+2) ke n} CM([1)7,..., [1]7)
—_———

n

for each i € w. Therefore,
h = t(gCubeg(rii, Tii+2)> . 7gCube271(rii, Tii+2)) eM ([1]?, o [1]?)

By the definition of ¢, every element of S-Lines,,_1(h) is constant. It follows that the pair

determined by the (n — 1)-pivot line of h must belong to [[1]%,...,[1]"] (n-ary). The
pair determined by the (n — 1)-pivot line of h is <rf + rfill >, so we have shown that
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i1 1
<’“z?+ vrgi1> € [}

It follows that () I+ rj+1> € [1];41 for each i € w. Therefore, RIT! = {#/T' i € w} is

01
a subset of the class of [1]7 741 that is represented by ) It This completes the induction
and the proof. O

Theorem 5.2. The algebra A,, = (A,;t) is not solvable (in dimension n).
Proof. If A,, were solvable in dimension n then there would exist an m € w such that

(1] = 0.

In particular, every class of [1]? would contain exactly one element, but Lemma 5.1

ensures the existence of a class with infinitely many elements. O
5.2. A, is (n)-step supernilpotent

‘We now prove versions of Lemmas 4.3, 4.4, and 4.5 for A,,. These lemmas describe in
detail the exact manner in which the operation ¢ fails to be injective, and the different
kinds of squares that can appear in M(1,1). The following Lemma follows immediately
from the definition of A,, and is therefore omitted.

Lemma 5.3. Let A, = (A,,;t) be the algebra defined at the start of this section.

@) € RUO thena e R™.

@) =t(b) ¢ O thena="b.

@) = t(b) and @ # b, then

o t(@) = t(E):o forsomeo €0,

e ap=1by € {7“4Z7r4z+2} for all k: €(n—1), and

{an 1,bn— 1} {7"42,7’41_,'_2}

We are now ready to begin our analysis of the squares in M(1,1).
Lemma 5.4. If

[

‘ € M(1,1) for some c € A,,

then j =€ and |i — k| € {0,1}.

Proof. The proof shall be by induction on the level at which h first appears during
subalgebra generation. Let
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X{
=X

Xm+1

8

8

cx,y € Ap and

9

.
mU {t(a) ae (Xm)"}.

By definition, M(1,1) = Sg, )22(Xo) = U,e, Xm- We will proceed by induction on

n

L—«

<

m. The Lemma clearly holds for h € X, establishing the basis. Suppose now that the
Lemma holds for X, and that

| € Xot1 \ X

We will prove that j = ¢ and |i — k| € {0,1}.
From Lemma 5.3, it must be that

j jo—1 jn—2—1

r! ap — 1 On—2 L bn—1 B
| =t ‘ | ‘ | ‘ ‘
4 fo—1 lp_n—1

'f‘i ap — ’f‘,ug An—2 — TUZ—; an—1 —

€EXm

c

(note that the last square need not have equal vertical lines). Applying the inductive
hypothesis to the first (n — 1) argument squares gives us j, = ¢, and |u, — v,| € {0,1}
for all p € (n —1).

Consider the evaluation of ¢ on the rightmost vertical lines of the argument squares:

Jn-2—1

Jo—1 . J

Tu% Tup o B i
t S = \ .

Lo—1 lp_o—1

7.0 ror 3 « Tﬁ

Vo

From Lemma 5.3 and the definition of ¢, the only way that this is possible is if there are
some €, 7 € {0,1} such that for all p € (n — 1)

Jp =1Js up =41 —€) + 2, o= Iri(i—e)—i—Ze’
b, =1, v, =4k — 1) + 2, B=Thtk_ryr2r

The reader is encouraged to consult Fig. 6. Combining this with the conclusions from
the end of the previous paragraph, we have that j = £ and

|up—vp|:‘(4(1’—6)4—2)—(4(/6—7’)—1—2)’:4|(i—k)—(e—7')| e {0,1}.

This implies that ¢ —k = e—7. For all possibilities of €, 7 € {0, 1}, we have |i—k| € {0, 1}.
This completes the induction, and finishes the proof. O
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Lemma 5.5. If

for some rg,rlk,rz € R and a € A,, then

8

8
8

he cxT,y € Ay

)

< —«

y——U

8

Proof. The proof is similar to the proof of Lemma 5.4, and we begin the same way. Let

8

8
8

Xo= cx,y € A, and

i

y—— =z

Xomi1 = X U {t(a) 1ac (Xm)”}7

<L—

so that M(1,1) = Sg, )22 (X0) = Uimew Xm- We proceed by induction on m. The Lemma
trivially holds for h € X, establishing the basis. Suppose now that the Lemma holds for
X,, and that

r{ —_— rf
h = S Xm+1 \Xm
s a

We will prove that h € Xp. As in Lemma 5.4, this implies (from the definition of ¢ and
by Lemma 5.3) that

J k
T‘Z- TZ
v
’I"u a
j—1 k—1 j—1 k-1 j—1 k-1
TaGi—m)+2 — Ta(—o)+2 Ta—m)+2 — Tag—o)+2  Ta(i—r)+2r — Ta(t—0)+20
=t RPN ,
v—1 v—1 v—1
T4(u—e)+2 ao T4(u—e)+2 (n—2 T4(u—e)+2¢ Gn—1

EX’"L

for some €,7,0 € {0,1}. The reader is encouraged to consult Fig. 6. The inductive
hypothesis applies to each of the argument squares, so for each square the columns are
constant or the rows are constant.
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By symmetry, we may assume without loss of generality that the last argument square
has constant columns. This implies that j = v and that 4(i — 7) + 27 = 4(u — €) + 2e.
This last equation reduces to 2i — 7 = 2u — €. Since €,7 € {0,1}, we have that 7 = €
and thus ¢ = u. This forces the first column of all the argument squares to be constant,
which in turn (by the inductive hypothesis) forces the second columns of all the argument
squares to be constant. Hence h has constant columns, and so h € Xy, completing the
induction. 0O

In the previous section, the above n = 2 version of Lemma 5.5 above was sufficient to
analyze the cubes in Theorem 4.6 since the faces of (3)-dimensional cubes are squares.
The faces of (n + 1)-dimensional cubes, however, are (n)-dimensional cubes. The anal-
ysis which must be performed is therefore aided by generalizing the above lemma to
(n)-dimensional cubes rather than squares.

Lemma 5.6. Let

be an (n)-dimensional cube for n > 2. If we have S-Lines,_1(h) C R? then h =
gCube:,l(r/’T//) fO’I" some i € n and T’,T” cR.

Proof. Observe that when n = 2, this is just Lemma 5.5. We first show that h € R?".
Since S-Lines,,_1(h) C R?, we need only show that the (n — 1)-pivot line of h lies in R2.
The two vertices of this line are hy and hy where 1 € 2" and f = (1,...,1,0) € 2". The
(0, 1)-pivot square and (0,n — 1)-pivot square of h are

r" h1 r'" h1
and ‘
' oz r hf
| —_———
(0, 1)-pivot (0, n — 1)-pivot

Applying Lemma 5.5 to the first square and then the second yields ki, hy € R, proving
that h € R?". Lemma 5.5 applied to all the cross section squares of h proves that each
cross section square must be of the form gCube? (1, ") for some i € 2 and +/,7" € R.
The proof will be finished after we establish the following claim.

Claim. Let m > 2 be an integer, S a set, and h € S*" an (m)-dimensional cube. If
every cross section square is of the form gCube?(a,b) for some i € 2 and a,b € S then
h = gCube]*(c,d) for some j € n and c,d € S.

Proof of claim. We proceed by induction on the dimension m. The claim is trivial if
m = 2. Assume now that it holds for m > 2 and take h € $2" satisfying the hypotheses
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of the claim. Denote by (m — 0) and (m — 1) the functions from the singleton {m} into
2 that assign m the value 0 and 1, respectively. The inductive assumption implies that

P (mis0) = gCube’ (ao, bo) and h(ms1) = gCubel (a1, b1)

for some jg,j51 € m and ag,b1,a1,01 € S. If both ay = by and a; = by then h =
gCubeﬂH(ao,al). We therefore assume that ag # bg. A typical (m, jo)-cross section
square of h looks like

bo

d

Y

ao c

where (ag, bo) and (c, d) are (jo)-cross section lines of h(,,0) and A1), respectively.
By hypothesis, this square must be of the form gCube?(ag7 by)- Since ag # bo, it must be
that i = 1, af = ag = ¢, and bj; = by = d. Applying the same argument to a (m, j1)-cross
section square yields ag = a; and by = b;. In turn, this now implies j; = jo. Putting it
all together, we have h = gCube%H(ao, by), proving the claim. 0O

We are now ready to prove the general version of Theorem 4.6.
Theorem 5.7. The algebra A,, = (A,;t) is (n)-step supernilpotent.
Proof. By Proposition 2.4, we must show that for all (n + 1)-dimensional cubes

heM(l,...,1),
N——
n+1

if S-Lines, (h) has all constant edges, then the (n)-pivot line is constant as well. Let
Xo = {gCube?H(x,y) cx,y € Ap, i €En+ 1} and
X1 = Xom U {t(a) de (Xm)”}.

Note that M(1,...,1) = Sg(An)gnﬂ(XO) =U
m.

mew Xm- We will proceed by induction on

For h € Xy it is true that having constant (n)-support lines implies having a constant
(n)-pivot line, establishing the basis. Suppose now that this implication holds for X,
and that

he Xmir\ X

has S-Lines,,(h) constant. We will show that the (n)-pivot line must also be constant.
Since h € Xp41 \ Xim, there are cubes ¢y, ..., c,—1 € X, such that
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h = t(Co, N ,Cn,Q,Cnfl).

Now, the (n)-support line of hy for a particular f € 2+ DN} g of the form

ao an—1
hy=t ‘ . ,
bO bn—l

where for each d € n, <ad, bd> is the (n)-support line of (¢q)s. Lemma 5.3 implies that
ag = bg for all d € (n — 1) and either a,—1 = by—1 or {an—1,bp_1} = {rii,riHQ} for
some i,j € w. The inductive hypothesis applied to ¢gq for d € (n — 1) implies that the
(n)-pivot line of ¢q (that is, (¢4)1) is constant. Succinctly, we have determined that

C
Lines, (cq) C { ‘ tc€ An} forall d € (n — 1) and

[

rJz T
S-Lines,, (¢p—1) C { ic€ An} U { 4.‘+ 2, €w, {e,7}= {0,2}}.

J
Tdite

oO—0

Observe that if the (n)-pivot line of ¢, is constant then the (n)-pivot line of h will be
constant as well. Let D be the set of constant lines:

C
D:{ :ceAn}.
C

We now proceed with a case analysis of S-Lines,,(¢,—1) N D.

Case S-Lines,, (¢,—1) N D # 0: In this case, there is some constant (n)-support line of
¢n—1. This is enough to force every (n)-support line of ¢,,_1 to be constant. To see this,
notice that the hypercube 2" is path connected, where a path connecting two functions
f,g € 2™ is a sequence of ‘bit flips’, or functions

J=20,21,--,2¢-1=¢
such that two consecutive functions differ in exactly one argument.

Claim. Let f, g € 2" = 20tUM"} pe functions that differ in ezactly one argument. If the
(n)-support line (cp—1)s is constant then the (n)-support line (cn—1)4 is also constant.

Proof of claim. Suppose that k € n is the unique argument such that f(k) # g(k). We
may assume without loss of generality that

7,.]
di+4T
, and (tn—1)g = |

Q

f(k) =0, g(k) =1, (Cn—l)f =

J
a Thite
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for some a € A, i,j € w, and €,7 € {0,2}. Since f and g agree everywhere on n \ {k},
there is h € 20*U\MEn} guch that f and g extend h. This means that (c,_1); and
(n—1)q will be the columns of the (k,n)-cross section square

J
a Thigr

J
a Thite

(Cnfl)h -

Applying Lemma 5.4 to this we obtain € = 7, which proves the claim. O

An induction using the above claim shows that if (¢,—1) is a constant (n)-support
line and g is connected to f by a path in 2" then (¢,—1)4 is also a constant (n)-support
line. Since 2" is path connected, this forces every (n)-support line of ¢,,_1 to be constant.
The inductive hypothesis applied to ¢,—1 now implies that the (n)-pivot line of ¢, is
also constant, which finishes the proof in this case.

Case S-Lines,, (¢,—1)ND = (: The condition for this case is equivalent to the statement

Tii+‘r
S-Lines,, (¢,—1) C I i, €w, {e,7}=10,2} ;.

J
r4i+e

For f € 2™ the (n)-support line of h at f is therefore

ag an—2 Tii+7
hf:t((CO)fa"'a(cn72)fa(cnfl)f):t ‘ Yoy ‘ y I
ao an—2

J
Thite

for some ag,...,an—2 € Ap, 1,7 € w, and {e, 7} = {0,2}. By assumption h; is constant,
so an application of Lemma 5.3 yields ag,...,a,—2 € R. This reasoning works for any
f € 2™\ {1}, so we conclude that

,r,//
S-Linesy, (cq) C { | " e R}
,r/

for all d € n. Applying Lemma 5.6 to this we obtain that ¢y € X for all d € n.
The situation now is that all of the c¢g,...,c,—1 are generators of M(1,...,1). For
d # n — 1 we know that S-Lines,,(cq) is constant, so it follows that

Ccq = gCube?'H (aq,bq)

for some i # n and aq4,bq € A,,. We have also assumed (in the paragraph before the case
analysis) that the (n)-pivot line of ¢,_; is not constant, so we also know that

n+1 (Tj

_ J
Cp—1 = gcuben 4i+e€? r4i+'r)
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for some 4, j € w and {¢,7} = {0, 2}.

Each of the ¢q with d # n — 1 is an (n + 1)-dimensional cube that is constant in all
but a single dimension in (n + 1) \ {n}. There are n — 1 many such ¢4 and n + 1 many
dimensions, so there is at least one k € (n+ 1) \ {n} such that all of the ¢4 are constant
in dimension k. It follows that, for each d # n — 1, any (k, n)-cross section square of ¢4
is constant. In particular, for 1 € 2(+D\{k.n}

by — by
(Cd)l =

bg — bg

for some byg € A,. Hence, the (k,n)-pivot square of h is

bo —— bo bn—g —bn—2 Tii+77T1i+T
h1:t< S R )

bO — bO bnf2 - bn—2 Tii+€ _— 'r'ii+€
t(bos -+ s bn—2,7}, ) —— t(bo, . 2,77, )
t(bU: ey bn72, Tii+€) — t(bo, ey b"’*z’TiiJre)

One of the columns of the (k,n)-pivot square of h is an (n)-support line and the other
is the (n)-pivot column. Since these columns are equal and we have assumed that the
(n)-support lines of h are constant, it follows that the (n)-pivot line is constant as well.

This completes the case analysis. In all cases, we showed that if all the (n)-support
lines of h are constant, then the (n)-pivot line of h is constant as well. From the remarks
at the start of the proof, this is enough to show that A, is (n)-step supernilpotent. 0O

6. Concluding remarks

In [15], the second author shows that supernilpotence implies nilpotence in varieties
that satisfy a nontrivial idempotent equational condition. Such varieties are called Taylor
varieties in the literature. In [16], Olsdk produces a strong Mal’cev condition character-
izing the class of Taylor varieties. We ask the question: If [V] is a chapter in the lattice
of interpretability of types that does not lie in the interval above OlSak’s term, is there
a variety W € [V] with a supernilpotent algebra that is not nilpotent?

Acknowledgments
The authors would like to thank the following people:

e Jakub Bulin and Alexandr Kazda, for hosting both authors at the Charles University
Mathematics Department, where the first of these results were obtained;



250 M. Moore, A. Moorhead / Journal of Algebra 535 (2019) 225-250

e Alexandr Kazda and Keith Kearnes, for useful discussions relating to this topic.

References

[1] Erhard Aichinger, Neboj$a Mudrinski, Some applications of higher commutators in Mal’cev algebras,
Algebra Universalis 63 (4) (2010) 367-403. MR 2734303.

[2] Andrei Bulatov, On the number of finite Mal’tsev algebras, in: Contributions to General Algebra,
vol. 13, Velké Karlovice, 1999/Dresden, 2000, Heyn, Klagenfurt, 2001, pp. 41-54. MR 1854568.

[3] Stanley Burris, H.P. Sankappanavar, A Course in Universal Algebra, Graduate Texts in Mathemat-
ics, vol. 78, Springer-Verlag, New York-Berlin, 1981. MR 648287.

[4] Ralph Freese, Ralph McKenzie, Commutator Theory for Congruence Modular Varieties, London
Mathematical Society Lecture Note Series, vol. 125, Cambridge University Press, Cambridge, 1987.
MR 909290.

[5] H. Peter Gumm, Geometrical methods in congruence modular algebras, Mem. Amer. Math. Soc.
45 (286) (1983) viii+79. MR 714648.

[6] Pawel M. Idziak, Jacek Krzaczkowski, Satisfiability in Multi-Valued Circuits, in: LICS’18—33rd
Annual ACM/IEEE Symposium on Logic in Computer Science, ACM, New York, 2018 [9 pp.]. MR
3883762.

[7] Keith A. Kearnes, Congruence modular varieties with small free spectra, Algebra Universalis 42 (3)
(1999) 165-181. MR 1736712.

[8] Keith A. Kearnes, Emil W. Kiss, The shape of congruence lattices, Mem. Amer. Math. Soc.
222 (1046) (2013) viii+169. MR3076179.

[9] Keith A. Kearnes, Agnes Szendrei, Is supernilpotence super nilpotence? Manuscript in preparation.

[10] Michael Kompatscher, The equation solvability problem over supernilpotent algebras with Mal’cev
term, Internat. J. Algebra Comput. 28 (6) (2018) 1005-1015. MR 3855005.

[11] R.C. Lyndon, Two notes on nilpotent groups, Proc. Amer. Math. Soc. 3 (1952) 579-583. MR
0049889.

[12] Ralph N. McKenzie, George F. McNulty, Walter F. Taylor, Algebras, Lattices, Varieties. Vol. I,
The Wadsworth & Brooks/Cole Mathematics Series, Wadsworth & Brooks/Cole Advanced Books
& Software, Monterey, CA, 1987. MR, 883644.

[13] Andrew Moorhead, Higher commutator theory for congruence modular varieties, J. Algebra 513
(2018) 133-158.

[14] Andrew Moorhead, Some notes on the ternary modular commutator, arXiv e-prints, available at
https://arxiv.org/abs/1808.01407, 2018.

[15] Andrew Moorhead, Supernilpotent Taylor algebras are nilpotent, arXiv e-prints, available at
https://arxiv.org/abs/1906.09163, 2019.

[16] Miroslav Olsék, The weakest nontrivial idempotent equations, Bull. Lond. Math. Soc. 49 (6) (2017)
1028-1047.

[17] Jakub Oprsal, A relational description of higher commutators in Mal’cev varieties, Algebra Univer-
salis 76 (3) (2016) 367-383. MR 3556818.

[18] Jonathan D.H. Smith, Mal’cev Varieties, Lecture Notes in Mathematics, vol. 554, Springer-Verlag,
Berlin-New York, 1976. MR 0432511.

[19] Alexander Wires, On supernilpotent algebras, Algebra Universalis 80 (1) (2019), Art. 1, 37, MR
3892989.


http://refhub.elsevier.com/S0021-8693(19)30369-2/bib616963686D7564s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib616963686D7564s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib62756C646566s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib62756C646566s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6275727273616Es1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6275727273616Es1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib666Ds1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib666Ds1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib666Ds1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib67756D6Ds1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib67756D6Ds1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib49647A69616B4B727As1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib49647A69616B4B727As1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib49647A69616B4B727As1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib736D616C6C6672656573706563s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib736D616C6C6672656573706563s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6B6561726E65736B697373s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6B6561726E65736B697373s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6B6F6D70617473636865725375704E696Cs1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6B6F6D70617473636865725375704E696Cs1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6C796E646F6E6E696C67726F7570s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6C796E646F6E6E696C67726F7570s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib616C76s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib616C76s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib616C76s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6D6F6F72686561644843s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6D6F6F72686561644843s1
https://arxiv.org/abs/1808.01407
https://arxiv.org/abs/1906.09163
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6F6C73616Bs1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6F6C73616Bs1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6F7273616C72656Cs1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6F7273616C72656Cs1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6A6468736D697468s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib6A6468736D697468s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib5769726573s1
http://refhub.elsevier.com/S0021-8693(19)30369-2/bib5769726573s1

	Supernilpotence need not imply nilpotence
	1 Introduction
	2 Deﬁnitions
	2.1 Notation
	2.2 The higher commutator
	2.3 Nilpotence, supernilpotence, and solvability

	3 Generalized nilpotence and solvability
	4 The algebra A2
	4.1 A2 is not solvable
	4.2 A2 is supernilpotent

	5 The algebra An
	5.1 An is not solvable in dimension n
	5.2 An is (n)-step supernilpotent

	6 Concluding remarks
	Acknowledgments
	References


