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1. Formulation of results

This section contains Introduction (Subsect. 1.1), Notation (Subsect. 1.2), formula-
tion of results (Subsect. 1.3-1.8), additional comments and links with other works, and
discussion of similar objects (Subsect. 1.9-1.13).

1.1. Introduction

Denote by F a finite field with ¢ = p' elements, where p is prime. Consider the linear
space V over F consisting of two-sided sequences

(---71}—17U07U17~-~)a

where v; = 0 for sufficiently large j. The space V is locally compact with respect to the
natural topology.® So it has a unique up to a scalar factor Haar measure (i.e., a measure
invariant with respect to all translations). Denote by GL° the group of all continuous
linear operators in V, by GL its subgroup consisting of transformations preserving the
Haar measure. Clearly GL is a normal subgroup in GL', and

GL'/GL ~ Z.

The group GL was introduced in [33] as the maximal group of symmetries of a certain
infinite-dimensional Grassmannian over a finite field.

Now there exist well-developed theories of unitary representations of infinite-
dimensional real classical groups and of infinite symmetric groups, these two theories
are parallel one to another. Infinite-dimensional classical groups over finite fields were
topics of many attacks since [48], 1976, see, e.g., [46], [7], [52], [53], [10], [13], [33], [50]
(we present a brief survey of various versions of such groups in Subsect. 1.11), but a
picture remains to be less transparent, less connected, and less rich than for real groups
and symmetric groups.

The present paper contains an attempt to classify all unitary representations of GL.
For an irreducible unitary representation p of GL we assign a number z satisfying 0 <
z < 1. Next,

— if z > 0, then we assign a canonically defined pair (k, o), where k is a non-negative
integer and o is an irreducible representation of GL(k,F);

— the case z = 0 is slightly different, we assign two integers [ > m and an irreducible
representation of the group GL(I —m,F).

3 An infinite locally compact separable linear space over F can be discrete (such space V is the direct
sum of a countable number of copies of F), compact (such space V¢ is isomorphic to the direct product
of a countable number of copies of ), or isomorphic to V. Groups GL(V) and GL(V®) are discussed in
Subsect. 1.11.
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Data of such type uniquely determine a representation p, but we do not know, which
(k, o) actually correspond to representations of GL for z > 0.

The proof is based on the following phenomenon, which is interesting by itself. Denote
by W) C V the subspace consisting of all vectors v satisfying v; = 0 for 7 > k. For a
pair of subspaces Wy D W; we denote by @l)k C GL the subgroup consisting of all ¢
such that

1) gWi, = Wy, gW = W.
2) g induces the unit operator in the quotient space Wy /W;.

In other words, we consider the group of all invertible matrices of the block form

* % %
(0 1 *)
0 0 =x

We show that there is a natural associative multiplication of double coset spaces

@zl,kl\@/@zmz X @lg,kg\ﬁ/@l3,k3 — @ll,kl\ﬁ/alg,kg'

In this way we get a category GL, whose objects are pairs (I, k) and sets of morphisms
(I2,k2) — (l1, k1) are double coset spaces Qi k, \GL/Q,, 1,- Unitary representations of
the group GL are in a canonical one-to-one correspondence with *-representations of the

category GL.

Next, we obtain a transparent description of the category GL. For any double coset
Q1,9 Q1 1, We assign a linear subspace in Wi, /Wi, ® Wy, /Wy, (a linear relation) and
a non-negative integer. These data uniquely determine a double coset, and the category
GL is equivalent to a certain ‘central extension’ of the category of linear relations. This
relatively easily implies the statement about representations mentioned above.

Remark. Multiplication of double cosets is a fairly common phenomenon for infinite-
dimensional groups, we briefly discuss this in Subsect. 1.10, but our case is unusual
inside a collection of known examples. X

1.2. Notation

Below Z. denotes the set of non-negative integers, C* denotes the multiplicative
group of complex numbers C.

By 1, we denote the unit matrix of order k, sometimes we omit a subscript k, also
sometimes we write 1. The symbol 1 denotes also units in groups and semigroups. For
a matrix A denote by A’ the transposed matrix. In particular, for a vector-row v we
denote by v! the corresponding vector-column.

Denote by F a finite field with ¢ = p' elements, where p is prime. Denote by F* its
multiplicative group.
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We are mainly interested in groups of infinite matrices over the finite field . How-
ever, some nontrivial considerations (see Theorems 1.1, 1.5, 1.6) are valid in a wider
generality.” Denote by o an arbitrary commutative ring with unit, by k an arbitrary

field.
g11  gi12

Denote by GL(o0, 0) the group of infinite matrices g = | 921 922 --- | over a ring

0 such that g — 1 has finite number of non-zero matrix elements. We call such matrices
g finitary.

Denote by GL(200,0) the group of all finitary two-sided infinite matrices g over o.
Of course, a bijection between N and Z induces an isomorphism between GL(o0, 0) and
GL(200,0). By 0> we denote the space of two-sided sequences {v;};cz consisting of
elements of o such that v; = 0 for sufficiently large |j|. The group GL(200,0) acts on
this space by multiplication of columns by matrices.

For a finite matrix g € GL(«, 0) we define matrices

1 0 O
0 oo
g~ = (g 100) € GL(00,0), g, = ( 8 g 10 ) € GL(200,0).

By So we denote the group of permutations of N with finite support. By S, we
denote the group of all permutations, equipped with a natural topology (a sequence
0; € So converges to o if for each n € N we have o;n = on starting some 7).

Let G be a group, K, L its subgroups. By G//K we denote the space of conjugacy
classes of G with respect to K, by K\G/L the double coset space with respect to K
and L.

A Hilbert space means a separable Hilbert space.
1.8. Multiplication of double cosets
Denote by A the set of all pairs a— < a of integers, we denote them by
o= (a_,ay).
Denote
la] =y —a_.
Define a partial order on A assuming that

B <« if the segment [3_ + 1, 84] is contained in [a— + 1, 4 ].

4 In particular, a wider generality can be interesting in a context of p-adic classical groups, see [31].
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Fix a € A. Split Z into segments,
—o<k<a_+1, o +1<k<ay, ay<k<oo (1.1)

of lengths 0o, ap — a_, oo. According (1.1), we split our space 02> into a direct sum of
3 subspaces consisting of sequences of the form

0, (oo sVa—2,0a_ —1,Va_y 0,0, oo );
T 10,0,V 41,Va_ 425+ 5Vay, 0,0, );
+ .

0, ¢ ( ....................................... 707 O, Ua7+171}a7+2,...).

Denote by Qa_, o, = Qa the subgroup in GL(200, 0) consisting of block matrices of
the following form:

* * *
0 1‘0“ * 5 (12)
0 0 =

the blocks correspond to the decompositions

200

0°® =0, B0 P of.

We wish to show that for each a, 8, v € A there is a natural multiplication on double
coset spaces

Qa\GL(200,0)/@s x Qp\GL(200,0)/Qy — Qa\GL(200,0)/Q~,

defined in the following way. For a double coset a € Qa\GL(200,0) / Qg we choose a
representative

N

ail a2 ai

A= |aan a2 axs]| |, (1.3)
a31 a3z a33/

a size of the matrix has the form

(N + o] + Ny) x (M_ + || + M),

where

N_—a_=M_-p_, Ny +ap =M+ 54
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Notice that for any p, v > 0 the expression

<1, 0] o]0 o
_ 0 app|app|az 0
A= 0 ao1|ax|as O
0 asz1|as|azgs O
0 0 0 0o 1,

determines the same element of GL(200, 0).
Consider two double cosets

a € Qa\GL(200,0)/Qp, be Qp\GL(200,0)/Q~.

Choose their representatives
Nan arn ais N /by
A= [a2 a2 a3 , B= | ba
az1 azy a3/ b31

We can assume that sizes of matrices A, B are

(N, + || + N+) X (M, + 18|+ M+)

and

(M- +181+ My ) x (K- + v+ K+ ),

b12
bao
b32

bi3
bo3
b33

).

375

(1.5)

otherwise we apply the transformation (1.4). We wish to define a product of double

cosets

axb € Qa\GL(200,0)/Q~.

For matrices A, B we denote

1y O 0 0 0
0 an|ap|az O
A° = 0 as1 | azs | ao3 0
0 as1|azx|azgs O
0 0|00 1.

and
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b11 0 bi2 0 b13
0 1pm_| O 0 0
B0 = b21 0 b22 0 b23 (17)
0 0 0 [1pm, O
bsi 0 |bsa| O  bss
Then a x b is the double coset containing the matrix
A% B :="[A°BO\,. (1.8)

Theorem 1.1. a) A double coset a x b defined above does not depend on the choice of
representatives A and B.

b) The x-multiplication is associative, i.e., for

a € Qa\GL(200,0)/Qp, be Qp\GL(200,0)/Q~, ¢€ Qy\GL(200,0)/Qs
we have
(axb)xc=ax*(bxc).

The proof of the theorem occupy Section 2.

Thus we get a category GL = GL(0), the set Ob(GL) of its objects is A, the sets of
morphisms are

Mor (B, a) := Qo \GL(200,0)/Qp.

We also denote by End(a) := Mor(e, o) the set of endomorphisms of o and by Aut(c)
the group of automorphisms. The unit 1, € End(a) is the double coset containing the
unit matrix. It is easy to see that Aut(a) ~ GL(|a/, 0).

The map A — A~! determines the maps a — a* of double coset spaces
Qa\GL(200,0)/Qs — Qp\GL(20,0)/Qa.-
Proposition 1.2. The maps a — a* define an involution in the category GL, i.e.,
(axb)" =b"%a™.
The proof is contained in Subsect. 2.1.
1.4. Description of the category GL(k)

Now we consider only groups of matrices over a field k. In notation of the previous
subsection we replace o by k, for instance, we write k¢, instead of 04,. In this case we are
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able to present a transparent description of the category GL = GL(k) in the language of
linear relations.

Recall some simple notions. Let V, W be linear spaces over k. A linear relation
P :V = W is a linear subspace in V@ W. Let P: V =2 W, Q : W = Y be linear
relations. Their product QP : V = Y is the set of all (v,y) € V @Y, for which there
exists w € W such that (v,w) € P, (w,y) € Q.

For a linear relation P : V = W we define:

— the kernel ker P=PNV;

— the image im P is the projection of P to W along V;

— the domain of definiteness dom P is the projection of P to V along W;
— the indefiniteness indef P = PN W,

— the rank

rk P = dim P — dim ker P — dim indef P =
= dimdom P — dim ker P = dimim P — dim indef P.

We also define the pseudoinverse linear relation P2 : W = V as the set of all pairs
(w, v) such that (v,w) € P.

Remark. A graph of a linear operator T : V. — W is a linear relation, in this case
dom A =V, indef A = 0. A product of operators is a special case of products of linear
relations. If an operator is invertible, then its pseudoinverse linear relation is the graph
of the inverse operator. X

For an element A given by (1.3) of GL(200, k) we define a characteristic linear relation’
X(A4) 1 kg = ke

as the set of all pairs (v,u) € kg @ kq, for which there exist z € kg, y € kg such that

x a11 a2 aig Yy
U = a21 G222 423 v). (19)
0 a3y asy ass 0

Lemma 1.3. The linear relation x(A) depends only on the double coset a € Qo \GL(200, k)
/Qp containing A.

A double coset is not determined by the characteristic relation and we need an addi-
tional invariant of a double coset, namely

7](0.) =1k asy.

® See an extension of this construction in [40].
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Proposition 1.4. Any pair (x(a),n(a)) satisfies the condition

n(a) > B- — a_ + dimker x(a) — dim indef x(a). (1.10)
This is a unique restriction for such pairs.
Theorem 1.5. The pair (x(a)m(a)) completely determines a double coset a.

Theorem 1.6. Let a € Qo \GL(200,k)/Qg, b € Qg\GL(200,k)/Q~. Then
a) x(axb) = x(a)x(b).
b) n(ab) = n(a) + n(b) + dim(indef x(b)/(indef x(b) N dom x(a))).
)EI

c) We have x(a*) = x(a)= and

n(a*) = n(a) + dimindef y — dimker xy — f_ + «. (1.11)

Remark. The category of double cosets admits a more natural description in terms of
polyhomomorphisms, see below Subsect. 1.13. X

Proofs of statements of this subsection are contained in Section 3.
1.5. The group GL

Now we again reduce our generality and consider groups of matrices over a finite field
F. Our next purpose is to define the topological group GL, which is the main object of
the paper.

Denote by V the direct sum of a countable number of copies of the field F. We regard
V' as the space of all vectors

v = (vy,v2,0s,...),

where v; € F and v; = 0 for all but a finite number of j. The group V is countable, we
equip it with the discrete topology. By V¢ we denote the direct product of an infinite
number of copies of F. We regard V¢ as the space of all vectors

Ve = ( sy V2,V1, 'l)()),

where v; € F. We equip V° with the product topology and get a compact group. The

groups V and V¢ are Pontryagin dual (on the Pontryagin duality, see, e.g., [25] or [19],
Subsect. 12.1). More precisely, there is a pairing V' x V° — F, defined by

S(v,w) = Zvj_Hw_j. (1.12)
=0
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(a sum actually is finite). Choosing an arbitrary nontrivial homomorphism x of the
additive group of F to C* we write the duality V x V® — C* by

(v, w) = x{S(v,w)}.
The direct sum
V=vVeapV
can be regarded as the space of all two-sided sequences
(.., V_9,0_1,00,V1,V2,...), (1.13)
where v; € F and v, = 0 for sufficiently large m. The group V is a locally compact
Abelian group.

Denote by GL’ the group of all continuous linear transformations® of V, for details,
see [33]. We write elements of V° & V as columns, matrices act by multiplications from

the left:
($)=o()=( (%) 114

1) the matrix b: V' — V*° can be arbitrary;

In this notation:

2) ¢: V° = V contains only a finite number of nonzero elements;

3) each row of a : V° — V° contains only a finite number nonzero elements;
4) each column of d : V' — V contains a finite number of nonzero elements.
Also ¢ has an inverse matrix satisfying the same properties.

We equip the group GL’ with the topology of uniform convergence on compact sets’
(since V° @V is an Abelian topological group, the uniform convergence is well defined,
see e.g., [19], Subsect. 2.6, or [25], Sect. 8). Denote by W, the subgroup in V consisting
of all sequences (1.13) such that v; = 0 for j > m. We get an exhausting sequence

~~'CWkCWk+1CWk+2C...

of compact subsets (subgroups) in V. A sequence g; € GL® converges to 1, if for any
a = (a_,ay) for sufficiently large j for each w € W, we have (g; — 1)w € W,_41.

8 If the order of F is prime, then GL° is the group of all automorphisms of the Abelian group V.

7 Topologies on such groups are determined by groups themselves. More precisely, the statement Any
homomorphism of Polish groups is continuous is compatible with the Zermelo—Fraenkel system plus the
axiom of dependent choice. Any reasonable complete topology invented by the reader for GL(V) will be the
same, see [55].
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Equivalently, we consider the subgroups @), consisting of block matrices of the form

o1
* * *

0 1o * | asabove, see (1.2). Then such subgroups form a fundamental system of
0 0 =
open neighborhoods of unit. The closure of Q4 is @,

Normalize a Haar measure on V by the assumption: the measure of V° is 1. We prefer
to work with a subgroup

GLc GL’

consisting of transformations preserving the Haar measure on V. Generally, an element
g € GL’ sends a set of measure « to a set of measure q*a, where k = k(g) € Z, see a
general statement [2], Subsect. VII.1.4.

Below we need the following a more precise description of the subgroup GL (for details,
see [33]). For a matrix a =: a(g) in (1.14) there is the following analog of the Fredholm
index (see [28], Subsects. 2.4-2.7) defined by

inda(g) := codimima(g) — dimker a(g)

(both numbers are finite). It is easy to verify that g — inda(g) is a homomorphism
GL® — 7,

inda(g1g2) = ind a(g1) + ind a(gs).

We define the group GL as the kernel of this homomorphism.
Consider the shift operator

T {0} o {op1} (1.15)

in the space of sequences (1.13). It is contained in GL° but not in GL, in fact we have a
semidirect product

GL’° ~ Z x GL,
where Z is the group generated by the shift.

1.6. Multiplicativity

Here we show that unitary representations of the group GL can be reduced to repre-
sentations of the category GL(F).

Lemma 1.7. a) Any double coset a € @a\@/@ﬁ contains an element of GL(200,F).

b) If Ay, Ay € GL(200) are contained in one double coset a € Q,\GL/Qg, then they
are contained in one double coset € Qa\GL(200,F)/ Qpg.
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Therefore the following sets coincide:

Let p be a unitary representation of GL in a Hilbert space H. Denote by H, C H
the subspace of Q,-fixed vectors. Obviously,

{[3 > a} = {HB D Ha}.
Denote by P, the operator of orthogonal projection H — H.

Lemma 1.8. For a unitary representation p of GL(200,F) in a Hilbert space H the fol-
lowing statements are equivalent:

1) p has a continuous extension to the group GL;

2) the subspace UoHy is dense in H.

For a € Q,\GL/Qg we define the operator

Pa,gla): Hg — Hqy

ﬁa,ﬁ(a) = Pap(A)‘HB, where A € a.

It can be readily checked that this operator does not depend on the choice of a repre-
sentative A € a. The following multiplicativity theorem holds:

Theorem 1.9. a) For any a, 8, v € A and any
ac @a\ﬁ/@ﬁa be @3\@/@7
we have
Pot5() Py (8) = Paay (% B).
b) For any o, B and any a € @a\@/aﬁ we have
Peep (@) = D). (1.16)
¢) [Pap(a)ll < 1.

The statement a) requires a proof, b) and ¢) are obvious.
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In other words we get a representation of the category GL(FF), i.e., a functor from
the category GL(F) to the category of Hilbert spaces and bounded linear operators (the
first statement of the theorem). This representation is compatible with the involution
(we also use the term x-representations for such representations., i.e., representations
satisfying (1.16)).

Proofs of statements of this subsection are contained in Section 4.
1.7. The spherical character of irreducible representations of GL

Here for any unitary representation of GL in a Hilbert space H we assign a canonical
intertwining operator 3 : H — H. By the Schur lemma, for an irreducible representation
p this operator is scalar, 3 = z-1. We call the number z = z(p) by the spherical character

of p.
Denote by ¢ the double coset defined by

N /00 1y B
¢ =0Q,- ( 0 lio O ) Q. (1.17)
L 0 0/

The following statement is straightforward:

Proposition 1.10. a) The element (& is contained in the center of the semigroup

End(a) = Q,\GL/ Q,, and
Caxla =G
b) For each a, B and a € Mor(3, o) we have
Cf; *0=ax Cg.
¢) The characteristic linear relation x(C) is the graph of the unit operator, n(Ck) = k.

The statement b) means that for ¢ < 8 we have

ﬁ,&ﬁ(gg) o = ./D\a,a(cga)'

Therefore we have well defined self-adjoint operators 3* in H satisfying

3| =PaalE), 3% <1,  3F30 =3k

HQ

commuting with the representation p. In particular, for irreducible representations such
operators 3% must be scalar operators,

3%h = 2Fh, where —1 < z < 1.
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Lemma 1.11. The number z(p) satisfies to the condition 0 < z < 1.

The proof of the lemma is given in Subsect. 5.2.

k

Conjecture 1.12. The number z(p) has the form q—", where k € Z 4., or z = 0.

Remarks. a) It is easy to see that for the (reducible) representation of GL in the space
?2(V) we have z = ¢~ !; for the irreducible representations of GL constructed in [33] we
also have z = ¢~!. Problems of harmonic analysis discussed in Subsect. 1.9.1)-2) produce
many representations with z = ¢~!. Irreducible representations with z = 0 are described
in Proposition 1.17.

b) There is an explicit compact semigroup I' O G with separately continuous mul-
tiplication, such that G is dense in I" and any unitary representation admits a weakly
continuous extension to T, see [39]. This semigroup has a center isomorphic to Z, the
center acts in unitary representations of G' by operators 3*.

¢) An existence of such ‘spherical character’ is a general phenomenon for infinite-
dimensional groups, see [45], Subsect. 2.10, [28], Subsect. 1.12, [34], Subsect. 3.17.
However, usually these characters depend on an infinite number of parameters. X.

1.8. Data determining irreducible representations of the group GL

Thus Theorem 1.9 reduces unitary representations of the group GL to representations
of the category GL(F). Here we discuss some corollaries from this reduction.

Proposition 1.13. Let p be an irreducible unitary representation of GL in a Hilbert
space H. If Hy # 0, then p is uniquely determined by the representation of End()
in Hy,, (which is automatically irreducible).

This is an automatic statement in the spirit of: ‘an irreducible unitary representation
o of a group G is determined by any its matrix element ((g)v,v)" See, e.g., [34] Lemma
2.7.

For a representation p denote by Z(p) the set of all e such that H, # 0. Clearly, if
a € Z(p) and B > «, then B € Z(p).

Lemma 1.14. Let o be a minimal element of Z(p). Let for a € End(a) we have p(a) # 0.
Then® x(a) € GL(|a|, F).

If additionally p is irreducible, then we have an irreducible representation of the

semigroup GL(|a|) x Z4. It is determined by an irreducible representation of GL(|cx|)
and a number z € [0,1], defining a representation of Z .

8 Formally, we must say x(a) is a graph of an invertible operator.
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Fig. 1. To Theorem 1.15 A set E(p) for z > 0 and z = 0.

Theorem 1.15. Let p be an irreducible unitary representation of GL.

a) Let z(p) > 0. Then there is k > 0 such that set Z(p) consists of all a such that
la| = k. If |a| = |&'| = k, then the representations of GL(k,F) in He and Hys are
equivalent.

b) Let z(p) = 0. Then there is o such that Z(p) consists of all B > o

See, Fig. 1.

Thus, for z > 0 an irreducible representation p of GL is uniquely determined by a triple
(z,k,7), where 7 is an irreducible representation of GL(k, F). For z = 0 a representation p
is determined by a triple (0, ¢, 7), where 7 is an irreducible representation of GL(|a|, F).

Remark. Let J : V — V be the shift operator, see (1.15). Then the map g — JgJ ! is
an automorphism of the group GL. In particular for any irreducible representation p(g)
of GL we have a representation p”(g) := p(JgJ~1). If z # 0, then p” is equivalent to p.
It is easy to show that p can be extended to a unitary representation of the group GL".
If z = 0, then p’ is not equivalent to p. The set Z(p”’) (see Fig. 1.b) is obtained from
E(p) by the shift (a_,ay)— (e +1,ay +1) X

Corollary 1.16. The subgroup @o,o is spherical’ in GL.

Indeed, the corresponding semigroup End(0) = GL(0,F) x Z is Z, its irreducible
representations are one-dimensional and a spherical representation is determined by its
spherical character. O

Return to a general situation. The case z = 0 is rather simple. Consider the subgroup

Ps D Q,, consisting of matrices of the form

9 A subgroup H in a topological group G is spherical if for any irreducible unitary representation of G
the dimension of the subspace of H-fixed vectors is < 1. The definition assumes that H-fixed vectors exist
in some representations of G. In our case this is so, for instance the natural representation of GL in ZQ(V)
has a Qq,o-fixed vector, see also [33].
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Po/Q, =~ GL(|af, F).

Then Q,, is normal in Pg, and

A representation 7 of GL(,F) can be regarded as a representation of Pg. It is easy
to see that the homogeneous space GL/ P, is countable, therefore the induction of
representations from P, to GL makes sense.

Proposition 1.17. The representation of GL corresponding to a triple (0, T) is the
representation induced from the representation T of the subgroup Py.

Representation theory of finite groups GL(n,F) (see, e.g., [21], Chapter IV) does not
appear in our considerations. It seems that it must be reflected in a final form of a

classification of representations.'®

Conjecture 1.18. For a given k and an irreducible representation 7 of GL(k,F) the set
of z > 0 such that the triple (z,k,T) corresponds to a unitary representation of GL has

-l

the form q~*, where l is integer ranging in a set of form I = m, where m = m(k, 7).

Theorem 1.19. a) The group GL has'' type I.

b) Any irreducible unitary representation of GL is a direct integral of irreducible rep-
resentations.

Remark. If Conjecture 1.12 is the truth, then any unitary representation of GL is a direct
sum of irreducible representations (this is clear from the proof in Subsect. 5.5). X

Statements of this subsection are proved in Section 5.

At this point we end the presentation of theorems of the paper, our next purpose is
additional remarks and some links, formal and heuristic, with other works on infinite-
dimensional groups.

1.9. Some problems of harmonic analysis for the group GL

In this paper we do not discuss constructions of irreducible representations of the
group GL, except Subsect. 5.6. In any case, there are the following problems of harmonic
analysis, which provide us a way to obtain a lot of irreducible representations in their
spectra.

10 and in problems of harmonic analysis discussed in the next subsection.

11 For the definition and discussion of types of representation and groups, see, e.g., [23], [4].
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1) HOWE DUALITY. Let the characteristic of F be # 2. Define a skew-symmetric
bilinear form on V=V° @& V by

{(vl,wl), (vg,wz)} = S(vy,wa) — S(vg, w1),

where S(-,-) is the pairing V° x V — [, see (1.12). Denote by Sp = Sp(V) the subgroup
of GL consisting of operators in V preserving this form. For this group the Weil repre-
sentation is well defined: since V' and V' are locally compact, the construction of Weil
[54] remains to be valid in this case. As it was shown in [36], this representation admits
an extension to a certain category of ‘Lagrangian’ linear relations V = V.

The group GL admits a natural embedding to Sp. Namely, consider the space V :=
V¢ @V and its dual

Ve=(VaV)?°~xVapVe~V.

For A € GL consider the dual operator A* in V° and its inverse (A*)~!. The group GL
acts in V & V° by operators

preserving the duality V x V¢ — F. On the other hand
VaVe=VaV)a (Ve V)~V aV)e(VaeV)~V,

since V@V ~ V. We get the desired embedding GL(V) — Sp(V & V).

Next, fix m, consider the space (V @ V) @ F™, consider the Weil representation of
Sp((Ve®V)®F™) and restrict it to the subgroup GL(V) x GL(m, F). We come to a ques-
tion of the Howe duality type (see, e.g., [16], [12]). The Howe duality for groups over finite
fields was a topic of numerous works (see, e.g., [1]). Notice that finite-dimensional coun-
terparts of our objects are not pairs (GL(NV,F), GL(m,F)) but (Endg.(a), GL(m,F)).
May be our problem is more similar to the initial Howe’s work [15].

2) FLAG SPACES. In [33] there were constructed GL-invariant measures on certain
spaces of flags in V. Namely, there were considered (finite or infinite) flags of discrete
cocompact'? subspaces

"'CLj_1CLjCLj+1C...

in V. There arises a problem about explicit decompositions of the corresponding spaces
L2. For the Grassmannians this problem has an explicit solution in terms of Carlitz—Al

12 Te., quotients V/L; are compact.
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Salam g-hypergeometric orthogonal polynomials, the spectrum consists of (o o-spherical
representations.

3) OTHER SPACES OF FLAGS. We can also consider finite flags
M, C---C My

of compact subspaces in V of positive Haar measure. Such spaces of flags are countable
and Mackey’s argumentation [22] (see also [5]) reduces the decomposition of £2 to certain
questions about finite groups GL(n,F). It seems that this problem is less interesting than
1) and 2).
1.10. General remarks on multiplication of conjugacy classes and double cosets

Here we discuss some standard facts related to classical groups. Let k be a field and

o C k be a subring with unit (the most important case is'> k = o = C). Denote by
GL(m+ 00, k) the same group GL(00, k) considered as a group of finitary block matrices

<Z Z) of size m 4+ oo. Denote by K the subgroup, consisting of matrices of the form

(16” Ig), where H is a matrix over o,
K ~ GL(o0, 0).
We claim that the set of conjugacy classes

G//K = GL(m + 00, k) //GL(c0, 0)

is a semigroup with respect to the following o-multiplication. For two matrices

(£0) . (1) cormee

we define their o-product by
a b 0 p 0 ¢
c d 0 010
0 0 1 r 0 t

(£ 1) 1), -

Theorem 1.20. a) The o-multiplication is a well-defined associative operation on the set
of conjugacy classes GL(m + 00, k) //GL(o0, 0).

N r |0 t

13 The case when k is a p-adic field Q, and o is a ring of p-adic integers was discussed in [35].
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b) The o-multiplication is a well-defined associative operation on the set of conjugacy
classes U(m + 00)//U(c0).

The statement (as soon as it is formulated) is more-or-less obvious. Various versions

of these semigroups are classical topics of system theory and operator theory, see, e.g.,
[3], [8], Chapter 19, [11], Part VII, [14], [47], see also [35].

If o = k, then the multiplication o can be clarified in the following way. For g =

(a Z) we write the following'* ‘perverse equation for eigenvalues’:

O-CHE

Eliminating = we get a relation of the type
P = Xg(Ng,
where x : k — GL(m, k) is the ‘Livshits characteristic function’ or ‘transfer-function’
Xg(A) = a+ Ab(1 — \d) e
Theorem 1.21.
Xgoh(A) = Xg(A) xn(A)-

MULTIPLICATIONS OF DOUBLE COSETS. We denote:

— U(o0) € GL(00,C) is the group of finitary unitary matrices over C;

— O(00) € GL(o0,R) is the group of finitary real orthogonal matrices;

— O(00,C) C GL(00,C) is the group of finitary complex orthogonal matrices.

Theorem 1.22. a) The o-multiplication is a well-defined associative operation on double
coset spaces GL(00, 0)\GL(m + o0, k)/ GL(00, 0).

b) The formula (1.18) determines an associative operation on double cosets
O(c0)\U(m + 00)/0O(0). (1.20)

¢) The formula (1.18) determines an associative operation on double cosets O(oco, C)\

GL(m + 00,C)/0(00,C).

14 Cf. the definition (1.9) of the characteristic linear relation.
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In the case of O(00)\U(m + 00)/O(c0) we have a ‘multiplicativity theorem’ as we
discussed above. See [44], for details, see [26], Section IX.4.

According [44], theorems of this type hold for all infinite-dimensional limits of sym-
metric pairs G D K. Recently [42], [43], [27], [28], [27], [34] it was observed that these
phenomena are quite general. For instance, there is a well defined multiplication on the
double cosets space

diag U(o0) \ GL(m 4 00,C) x --- x GL(m + o0, C) / diag U(c0), (1.21)

m times

where diag U(oco) is the subgroup
diag U(o0) C diag GL(00, C) C diag GL(m + oo, C)

in the diagonal diag GL(m 4 o0, C) of the direct product. Such multiplication can be
described in terms of semigroups of matrix-valued rational functions of matrix argument.

In all known cases we have double cosets with respect to infinite dimensional analogs
K of certain simple or reductive groups as

U(n), U(n)xU(n), O(n), Spn), S, ... (1.22)

It seems natural to continue this list by GL(n,F). However, we consider groups of
block matrices over F having the form

* * *
0 1 *]. (1.23)
0 0 =%
This family of subgroups naturally arose in the context of [33]. Lemma 4.2 below provides
us an a priori explanation: any vector in a representation of GL fixed by all matrices of

* 00
the form <0 1 0) is also fixed by all matrices of the form (1.23).
0 0 =

Another unexpected place is the proof of Theorem 1.1.a (which claims that the prod-
uct of double cosets is well defined). The proof is not difficult, but meets an obstacle,
which is not observable in previously known cases, see below Remark after Lemma 2.1.
In particular, I do not see a possibility to produce counterparts of semigroups (1.21)
considering double cosets with respect to subgroups of the type (1.23).

1.11. What is an infinite-dimensional group GL over a finite field?

The group

GL(oc, F) = lim GL(n, F)
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of finitary matrices is not'® of type I. So a representation theory in the usual sense
for this group is impossible. There were several approaches to formulate problems of
representation theory for this group.

A. UNITARY REPRESENTATIONS OF COMPLETIONS. Define the following completions
of GL(00,F):

1) The group GL(V') of all linear operators in the space V (recall that V is the direct
sum of a countable number of copies of F). In other words, we consider the group of
all invertible matrices ¢ such that g and ¢g—! have only finite number of nonzero matrix
elements in each column.

2) The group GL(V?) of all linear operators in the space V° (recall that V° is the
direct product of a countable number of copies of F). The groups GL(V°) and GL(V)
are isomorphic, the isomorphism is given by g — (g*) .

3) The group
GL(V U V®) == GL(V) N GL(V°).

In this case g and g~ ! have only finite number of nonzero matrix elements in each column

and each row.!¢

Denote by Gy, Qu, P, the subgroups in GL (oo, F) consisting of block matrices of size
a + 0o having the form

(62)

For a unitary representation of GL(co,F) in a Hilbert space H we denote by H%> (resp.

* % .
(0 *> respectively.

H®<) the subspaces in H consisting of G-fixed (resp. Q.-fixed) vectors.

Classification of unitary representations of the group GL(V') was obtained in 2012 by
Tsankov [50] as a special case of his general theorem on oligomorphic groups. The answer
is simple: any irreducible representation is induced from a representation of a subgroup
P, (for some o =0, 1, 2, ...) trivial on Q4.

It can be shown (this is a simplified version of Theorem 1.1) that double cosets

Qa\GL(20,F)/Qp

15 The simplest proof: the group PGL(co,F) = GL(oco,F)/F* has infinite conjugacy classes except the
unit. This easily implies that the left regular representation of PGL(oco, ) generates a Murray-von Neumann
factor of the type II;, see [23], Corollary on page 62. On the hand by the Thoma criterion a discrete group
has type I iff it has an Abelian subgroup of finite index.

16 For completeness, we say definitions of topologies. The group GL(V) acts by permutations of a countable
set V, its topology is induced from the symmetric group. The group GL(V U V°) has two different actions
on V, namely, v — gv and v — (gt)flv. So it acts on a countable space V LIV, the topology also is induced
from the symmetric group.
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form a category and *x-representations of this category are in a one-to-one correspondence
with unitary representations of GL(V). Explicit description of this category is simple:
this is the category of partial isomorphisms'” of finite-dimensional linear spaces over F.

The same work of Tsankov covers the group GL(V U V°), but in a certain sense
unitary representations of this group were described by Olshanski [46], 1991. Olshanski
considered the class of unitary representations of the group GL(oco,F) admissible in
the following sense: the subspace U,H% is dense in H. The paper [46] contains a
classification of all admissible representations (see, also Dudko [7]).

Proposition 1.23. A unitary representation of GL(0co,F) is Olshanski admissible if and
only if it admits a continuous extension to GL(V LU V?).

Olshanski noted the arrow =-. Tsankov observed the arrow <, which follows from
coincidence of classifications of admissible representations of GL(200,F) and represen-
tations of GL(V U V?°). For a clarification of the picture, we present an a priori proof in
Subsect. 4.4.

In this case double cosets
Go\GL(00,F)/Gg

form a category (this is a special case of Theorem 1.22.a), admissible representations
of GL(o00,F) are in one-to-one correspondence with x-representations of this category.
This category has not faithful *-representations.'® Consider the common kernel of all
representations and the quotient category by the kernel. This leads to the following
category. Denote by Y, the space F™, by Y,? the dual space. Denote by {-,-} the pairing
Y xY*® — F. An object of the category is the direct sum Y,, ®Y,°. A morphism Y, &Y, —
Y., @ Y2 is a pair of partial isomorphisms o : Y,, = Y;,,, 0°: Y, — Y,° such that

{0(2),0°(2°)} = {7, 2°}, where z € dom o, z° € domo®.

Our group GL contains a subgroup GL(V) x GL(V?). If to look to the analogy with
real classical groups (see [26]), it seems that GL(V) is a counterpart of heavy groups and
GL is a counterpart of the Olshanski infinite-dimensional classical groups. On the other
hand the set of parameters of representations of GL seems small comparatively infinite
dimensional real groups or infinite symmetric groups.

B. INFINITE-DIMENSIONAL HECKE ALGEBRAS. Thoma [49], 1964, classified all repre-
sentations of the infinite symmetric group S, generating Murray—von Neumann factors'”

A partial isomorphism of linear spaces R : X — Y is a bijection of a subspace in X to a subspace in
Y. In other words it is a linear relation with ker R = 0, indef R = 0.
18

19

The same phenomenon arises for infinite-dimensional p-adic groups, see [38].
For definitions, see, e.g., [23] or [4].
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of type II;. This is equivalent to a description of extreme points of the set of central pos-
itive definite functions on S... Olshanski [45] noticed that this problem also is equivalent
to a description of representations of the double S, X So spherical with respect to the
diagonal S.. Skudlarek [48] in 1976 tried to extend the Thoma approach to GL(oco,F)
but his list of positive definite central functions was trivial. Nevertheless, such extension
exists.

Define some groups and subgroups:

— denote by GLB(oo,F) the group of all matrices having only finite number of
nonzero elements under the diagonal; this completion of GL(co,F) is the next topic
of our overview;

— denote by B(co,F) € GLB(0o,F) the group consisting of upper triangular matrices.

— let GLB(n,F) € GLB(00,F) be the group generated by GL(n,F) and B(oco, F),
i.e., the group of all infinite invertible matrices g;; such that g;; = 0 whenever ¢ > j,
1> n.

Then GLB(0o,F) is the inductive limit
GLB(00,F) = lim GLB(n,F).
—

The groups B(co,F), GLB(n,F) are compact, GLB(oo, F) is locally compact and is not
a group of type L.

For a locally compact group G and its compact open subgroup K denote by
A(K\G/K) the convolution algebra consisting of compactly supported continuous func-
tions, which are constant on double cosets K - ¢g - K. In other words, we consider the
algebra of K-biinvariant functions f on G: for k1, ko € K, we have f(k1gks) = f(9g)-

If G = GL(n,F,) and K = B(n,F,) is the group of upper triangular matrices, then

A(B(n,Fg)\GL(n,F,)/B(n,F,))
is the well-known Hecke—-Twahori algebra Hq(n) of dimension n!, see, Iwahori, [18], 1964.

It is generated by double cosets s; := B(n,F,)o;B(n,F,), where o; € GL(n,F,) is the
permutation of j-th and (j + 1)-th basis elements in ", relations are

8j8j+15] = Sj+15;8j+1; (1.25)
s7 = (q—1)s; + ge, (1.26)

where e is the double coset B(n,F,) - 1 - B(n,F;). We also have an antilinear involution
defined by o = s;, (ab)* = b*a*. Initially, H,(n) was defined for ¢ = p' being a power
of prime. But relations allow to consider this algebra for any ¢ € C. Clearly, for ¢ = 1
this algebra H;(n) is the group algebra of the symmetric group S,.
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On the other hand (see [13], Proposition 2.5)
A(B(00,F¢)\GLB(n,Fy)/B(co, F,)) ~ A(B(n,F,)\GL(n,F,)/B(n,F,)).
We have inclusions
B(oo,F)\GLB(n,F)/B(c0,F) C B(oo,F)\GLB(n + 1,F)/B(cc,F),

this allows to regard the algebra of GLB(oco,TF)-bi-invariant functions on the group
GLB(00, F) as the inductive limit

A(B(50, F)\GLB(00, F)/ B(00, F)) = lim A(B(c0, F)\GLB(n, F)/B(c0, F)) =

= U2 A(B(00, F)\GLB(n, F) /B(c0, F)). (1.27)

This algebra H,(c0) is generated by s1, s, ... ; relations are given by the same formulas
(1.24)—(1.26).

Vershik and Kerov in 1988 [51] obtained a classification of all extreme positive traces
(extreme traces of Hq(n) correspond to irreducible characters of GL(n,F,)) on Hq(c0),
for ¢ > 0 (a trace T is positive if T(aa*) > 0). If ¢ = 1, then the classification coincides
with the Thoma’s classification for S,,. Any extreme positive trace canonically gener-
ates a representation of the double Hq(c0) ® H,(00), an explicit construction of such
representations is contained in [41].

Some further works?’

are [52], [13], [6]; according [13] (see, also [41]) any extreme
positive trace on H,(0o) generates an irreducible unitary representation of the dou-
ble GLB(o0,F;) x GLB(00,F); the restriction of such a representation to a single
GLB(o0,F,) generates a Murray-von Neumann of the type Il (except the trivial one-

dimensional representation and the Steinberg representation®').

C. FEW WORDS ABOUT A COMPARISON. It seems (at least in the present moment),
that the stories with GLB (oo, F) and GL are orthogonal. In any case, both of them are
based on limits of algebras of the type A(K(n)\G(n)/K(n)), where G(1) C G(2) C ...
is a chain of locally compact groups and K (1) C K(2) C ... is a chain of open compact
subgroups. Rather often in the limit where arises a multiplication of double cosets (as
in Subsect. 1.3, 1.10, 1.11 above), in such cases a limit convolution algebra naturally
degenerates to a semigroup algebra®’. A mechanism of degeneration is explained in [46],
[29]. In a certain sense, for sufficiently large values of n a convolution of uniform measures
on given double cosets K (n)g1 K (n) and K (n)g2K (n) is concentrated near a third double

20 8. V. Kerov died in 2000, Vershik published text [52] based on his posthumous notes.

21 For a model of the Steinberg representation of GLB(IF), see [32].

22 Let I be a countable semigroup, then we have a natural structure of algebra on the linear space of all
finite linear combinations Zj c;vj, where v; € T', ¢; € R.
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coset K(n)gsK(n). On the other hand a double coset K(00)gK (00) generates a well-
defined operator in the space of K(oco)-fixed vectors in a unitary representation, and
quite often the set of such operators is closed with respect to multiplication.??

The inductive limit (1.27) for GLB(oo,F) is unusual in the existing picture in the
following sense: only groups G(n) = GLB(n,F) change, the prelimit compact subgroups
K(n) = B(oo,F) remain to be the same. For this reason, algebras A(...) range into an
inductive limit (1.27).

A degeneration of convolutions of double cosets to products simplifies the situation.
On the other hand, this allows to enrich picture, since we can include to consideration
objects of the type (1.20)-(1.21) or numerous examples in [34]. In such cases prelimit
objects seem to be unapproachable (at least in the present moment).

1.12. Infinite-dimensional Chevalley groups

There are the following groups, for which our approach must work, at least partially.
1) The symplectic group Sp(200) defined in Subset. 1.9.

2) The orthogonal group O(200) of the space V, i.e., the group of operators in V
preserving the bilinear form

[(v1,w1), (v2,w2)] == S(v1,wa) + S(v2, w1).

We also can add a one dimensional summand to this space and get an infinite orthogonal
group of ‘odd order’ O(200 + 1).

3) If ¢ = p*, then the field F has an automorphism of order 2, namely
z s T =P

In this case we also have the ‘unitary’ group U(200,F,) C GL consisting of matrices
preserving the sesquilinear form

[(’Ul, wl), (’UQ, ’wg)] = 5(1)1,@2) + S(’wl,ﬁg).
1.13. The category GL(F) as a category of polyhomomorphisms

Here we present another interpretation of invariants x(a), n(a), the inequality (1.10)
for these invariants, and the formula (1.11).

Normalize a Haar measure on V assuming that the measure of Wy is 1. Our spaces
Fo are quotients W, /W,_. The Haar measure determines a uniform measure fio on

23 Firstly, this phenomenon arose in the work by Ismagilov, [17], he considered G = SL(2,K), where K is
a complete normed field having infinite ring of residues. The subgroup K is SL(2) over integers of the field.
The semigroup of double cosets in this case is Z .
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each quotient: the measure of each point is ¢®~, the total measure of W, /W, _ is ¢**.
Fix o, 8. Let A € GL. Consider the subspace Y = A*IW,LF NWps_ C V and consider
the map

S:Y = Wg, @ W,,
given by S : y — (y, Ay). Passing to quotients, we get a map
g:Y = Wg, /W @ Wq, [Wq,.
This a rephrasing of equation (1.9) determining the characteristic linear relation. So

o(Y) = x(a). But the space Y is also equipped with a Haar measure, its image under

o is a canonically defined uniform measure v, on the subspace x(a). A measure of each
point is gf-—7(a)—dimindef x(a)

{projection of vy to Fﬂ} =q " ug domx(a)
om x(a

{projection of vy to Fa} = q”’(a*)ga .
im x(a)

On this language, the passage a — a* is simply the permutation Fg @ Foq — Fo @ Fg.

We also see that projections of v, are dominated by po and pg (and this explains the

inequality (1.10)).

Let G1, G2 be locally compact groups equipped with fixed two-side invariant
Haar measures dg;, dgs respectively. According [39] a polyhomomorphism (H,dh) :
(G1,dg1) = (Ga,dgs) is a closed subgroup H C Hy x Hy with a fixed Haar measure dh
such that projection of dh to G (resp. to G2) is dominated by dg; (resp. by dgs). For
polyhomomorphisms (H,dh) : (G1,dg1) — (Ga2,dgz2), (K,dk) : (G2,dg2) — (Gs,dgs)
there is a well-defined product and the product obtained in Theorem 1.6 is a special case
of the product of polyhomomorphisms.

1.14. The further structure of the paper

In Section 2 we prove Theorem 1.1 about products of double cosets. The description
of this product in terms of linear relations is derived in Section 3. Multiplicativity is
proved in Section 4. The statements (Theorem 1.15-1.19) on representations of GL are
obtained in Section 5.

2. Multiplication of double cosets

Here we prove the statements of Subsect. 1.3, i.e., we show that the category of double
cosets is well defined.
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2.1. Rewriting of the definition
Recall, see (1.8), that
A% B="[A°BY],

where A° is defined by (1.6) and B¢ by (1.7). Denote

0 1,00 O
L, 0 0 0
Jﬁ(l/, u) = 0 0 15 0 0
0 000 1,
0 0|01, 0

We have

B® = Jg(My,M_)B°Jg(M,,M_)
Therefore we can rewrite (2.1) as

Ax B="N[A°Jg(My, M_)B°Jg(My, M_)],.

Since Jg(M4, M_) € Qg, the same double coset is given by the formula

Qo+ N[A%g (M, MO)BCL, - Qy
This implies Proposition 1.2 about the involution.
2.2. Proof of Theorem 1.1.a

Denote the expression in the square brackets in (2.3) by
A® B = A°Jg(M,, M_)B°.

It is sufficient to prove the following statement

Lemma 2.1. Let A, P € GL(c0,0) and ® € Qg. Then
a) There exists I' € QQ~ such that

(A-d)®@P=(A®P)T.

b) There exists A € Qq such that A® (®-P)=A-(A® P).
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Remark. In all statements of this type known earlier, the factor I' in (2.4) depends only
on ®. In our case this factor depends on ® and P, see (2.7), (2.9). K

By the symmetry in formula (2.3), it is sufficient to prove the first statement. To avoid
subscripts (as in (1.5)) consider matrices

a b ¢ p q T
A=|d e f], P=|u v w (2.5)
g h j Ty oz
Then

p 0|l q |0 r
bu al|lbv|c bw
A®P=]eu d|lev|f ew
hu g | hv|j hw
z 0|y |0 =z

It is sufficient to prove the lemma for ® ranging in a collection of generators

p 0 0 1 ¢ 0 10 6 10 0
o1 o), {(o10]), [010], (01 % (2.6)
00 v 00 1 00 1 00 1

of the group @Qg. Here the size of matrices is M_ + |3| + M, the matrices u, v range in
GL(M4x, 0); matrices ¢, ¢, 6 are arbitrary matrices (of appropriate size).

We examine these generators case by case.

First,

p 0 ¢qg O r
bu ap bv v bw
@P=|eu du ev fr ew | =A®P)
hu gu hv jv hw
z 0 y 0 z

oo oo
SoOoOOoOx®T O©
OO, OO
oYX oo o
oo oo

the (K_ + M_ + |v| + My + K, )-matrix in the right-hand side is contained in the

subgroup Qg.
Second,

A.<

bu+apu a b+apv ¢ bw+apw
@P=|eut+dpu d e+dpv f ew+dow | =
hu+gpu g h+gpv j hw+gew

1 ¢ 0
01 0
0 1

)
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=(A®P)- , (2.7)

ooo"g —

coorOo
S

co~R o

o~ooO
AS)

—ooRQ o
g

the (K- + M_ + |v| + My + K, )-matrix in the right-hand side is contained in the

subgroup @)g.

Next,
p 0 ¢ 0 r
1 0 6 bu a b c+al bw
A [0 1 O)J|l®eP=]eu d ev f+4+d) ew |=
0 0 1 hu g hv j+g90 hw
z 0 y 0 z
1 0 0 0 O
010 6 0
=(A®P)-10 0 1 0 O
000 10
0 00 01
Examine the last generator of the list (2.6). We have
p 0 ¢ 0 r
1 0 0 bu a bv c+bp bw
A- [0 1 v )|®@P=]euw d ev fH+ep ew (2.8)
0 0 1 hu g hv j+hy hw
z 0 y 0 z
Denote
poag o\ (P QR
u vow =(U V W|.
x Yy z XY Z
Then the right-hand side of (2.8) is
p 0 ¢qgq 0 r 1 0 0 Qv O
bu a bv ¢ bw 010 0 0
eu d ev f ew 001 Vg O (2.9)
hu g hv j hw 000 1 0
z 0 y 0 =z 0 00 Yy 1

(the first factor is A ® P). To verify this, we must evaluate 4th column of the product.

We get

pQ +qV +rY =0;

buQv + bvVip + ¢+ bwY vy = ¢+ b(u@ + vV + wY)p = ¢+
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euQy + evVio + f+ewYy = f + e(u@Q + vV + wY ) = f + ex;
hu@Qy + hoVip + j + hwYy = j + h(u@Q + vV + wY )y = j + ha);
zQ +yV +2Y =0,

and this completes the proof.
2.8. Associativity

A group Qg contains a product S, of two copies of the symmetric group S(oc0), it

u 0 0
0 Lo O].
0 0 w

To verify the statement b) of Theorem 1.1, we must show that for representatives A,
B, C of cosets a, b, ¢ there exist matrices Il € Qq, I' € Q5 such that

consists of 0-1-matrices of the form

Ax(B+xC)=1II-(AxB)*xC-T.
It is more-or-less clear that we can choose desired II € Sq, ) € S5.
3. Description of the category of double cosets

Here we prove the statements of Subsect. 1.4. The proof of completeness of the system
of invariants (Theorem 1.5) is relatively long. We observe that the group GL(|a|,F) x
GL(|B],F) acts in both the double coset space Qq\GL(c0,F)/Qg and in the target space
(a linear relation plus an invariant € Z). Next we observe that GL x GL-orbits in two
spaces are in one-to-one correspondence and show that stabilizers of orbits coincide.

Proof of Theorem 1.6 (isomorphism of categories of double cosets and of extended
linear relations) is parallel to proofs of previously known statements in this spirit in [26],
Sect. IX.4, and in [27].

3.1. The characteristic linear relation

Here we prove that the characteristic linear relation x(-) is an invariant of a double
coset a (Lemma 1.3).

We consider an element A € GL(200, k), and write the corresponding equation (1.9)
for another element of the same double coset,

’ -1 /
x di1 dip di3 a11 a2 a3 €11 C12 (13 Yy
u = 0 1 d23 ag1 Q22 23 0 1 Co3 v 5 (31)
0 0 0 d33 a3; asz2 ass 0 0 C33 0
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A !
dy12” + dyou air a2 Q13 c11y + c12v
u = a921 a922 a3 v .
0 azy azz2 433 0

Thus for a given u, v solutions z, y and 2/, ¢’ of systems (1.9) and (3.1) are connected
by

or, equivalently,

/ /
T =dna +dpu y =cny + ciav.
Since matrices di1, ¢11 are invertible, we get that w, v in both cases are same.
3.2. The discrete invariant

Proposition 3.1. Numbers

rk (as1), rtk (as1 asz), rk(am), rk(a21 azz)

a31 az1 as2

are invariants of double cosets.

PROOF Indeed, let
din diz dis ailp a2 a3 €11 Ci12 (13
A/ = 0 1 d23 as1 as2 a23 0 1 C23 .
0 0 dss az1 Gz ass 0 0 oe33

!/ !/
dos = dontar ¢ as G\ _ (1 doz) (a:n a2 (e cx
31 33W31€11, agl ag2 0 d33 as,  ass 0 1 5

etc. The statement becomes obvious. O

Then

3.83. Completeness of the system of invariants

Here we prove Theorem 1.5, i.e., show that the characteristic linear relation x(a) and
the invariant n(a) € Z4 completely determine a double coset a.
Consider ‘parabolic’ groups Py D @ consisting of matrices

€11 Ci2 C13
0 coo c23 |, co2 € GL(Je|, k).
O O C33

Clearly, Q¢ is a normal subgroup in P,, the quotient is GL(|a|,k). This implies the
following observation:
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Lemma 3.2. Let R ranges in GL(|a|, k), S in GL(|8|,k). Then the map

1 0 0N ' /1 0 0
A= (0 R 1] 40 s 1
0 0 1 0 0 1

induces an action of the group GL(|la|,k) x GL(|B|, k) on the double coset space

Qo \GL(200,k)/Qp.

401

On the other hand the same group acts on the set of linear relations L : kI8l = Kkle

by

L+~ R'LS.

The following statement also is obvious.

Lemma 3.3. The map a — x(a) is GL(|a, k) x GL(|8|, k)-equivariant.

Let us describe double cosets Po\GL(200,k)/Pgs.

Lemma 3.4. Any double coset in Po\GL(200,k)/Pg has a unique representative as a

0-1-matriz of the form

<

X

|
o o oloo oo or
o o oloo rlooo
o oMo ooooo
o o olocoolokro

O O OO = OO O O
O = OO0 © OO © O
O O OO O O O O
O O O O O O O

where sizes ;5 2 0 of units in ¢j-blocks satisfy conditions

i1+ g + 23 = M

= O OO O ol O O

o1 + 2o + 293 = || = oy — o

31 + 32 + 33

11 + 221 + 231

»12 + 92 + 33 =

13 + x93 + 33

= M,;
1Bl =B+ — B-;
= N,.

4

(3.2)

(3.3.rowl)
(3.3.row2)
(3.3.row3)
(3.3.coll)
(3.3.col2)
(3.3.col3)
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Recall that a4, S+ are fixed and M, Ny satisfy conditions

M_—a_=N_—8_; (3.4.)
MJr + a4 = N+ + ﬂ+. (34+)

The lemma follows from the Gauss reduction of systems of linear equation and we
omit its proof. 0O

Remark. Replacing 11 — 591 + 1 (resp., s33 — 333 + 1) does not change the matrix
J,. (due to the presence arrows N, \, in (3.2)). In particular, we can set s; = 0,
n33=0 KX
Lemma 3.5. The linear relation x(J,.) from

kg = k™ @ k™ ¢ k*??
to

ko = k™2 @ k™22 @ k™
consists of all vectors of the form

(v,u,0) ® (w,u,0).
In particular,
tk x(J,.) = 522, dimindef x(J,.) = »21, dimker x(J,.) = s12. (3.5)

This follows from a straightforward calculation. O

Notice that each orbit of the group GL(]a|, k) x GL(]8], k) on the set of linear relations
kP = k* has a unique representative of the form x(.J,.).
Theorem 1.5 is a corollary of the following lemma.

Lemma 3.6. The map a — x(a) is a bijection on each GL(|a|, k) x GL(|8|, k)-orbit.

Proof. It is sufficient to show that the stabilizer M(J,.) of a double coset Qq - Ji - Qg
coincides with the stabilizer N'(.J,.) of the linear relation x(/,.). The inclusion M(.J,.) C
N (J,,) follows from the equivariance. Let us prove the inclusion.

The stabilizer N(3¢) consists of pairs (R, S) € GL(|a|, k) x GL(|8], k) having the form

11 T2 Ti13 S11 S12 813
0 T92 T923 y 0 S99  S93 5 where T92 = S9239.
0 0 r33 0 0 S33



Y.A. Neretin / Journal of Algebra 585 (2021) 370—421 403

Indeed, a matrix S must preserve the flag ker x(J,,) C dom x(J,.), a matrix R must
preserve the flag indef x(.J,,) C im x(J,.). This implies triangular forms of our matrices.
The linear map

dom x(J5)/ ker x(J,.) — im x(J,.)/ indef x(Js.)

in our case is identical and this implies roo = S92.
Let us show that such pairs stabilize the double coset Qq - J.. - @g. Without loss of
generality we can assume s¢;; = 233 = 0. Denote T'= R™!, 50 tgg = 32_21. Then

0 0 S11 S12 513 0 0

0 0] 0 0 0 1 0

1 0 0 1 0 0 t1nr 0| O  ti12s22 t12523 | 0 tq3
(0 T O) S (0 S 0>= 0 0] 0 1 toosoz | O tog
010 0 10 0o olo o0 0 |0 t
0 1] 0 0 0 0 O

0 0 O 0 S33 0 0

It is more or less clear that multiplying such matrices by elements of @, from the left
and elements of ()g from the right we can reduce this matrix to the form J,,. Formally,
the last product is equal to

s11 0|0 s12 —siatostsy |0 s13
0 1]0 O 0 0 0
0 0|1 O 0 0 0
0 0]0 1 0 0 togsos | X
0 0]0 O 1 0 0
0 0]0 O 0 1 0
0 0lo o 0 0t
t11 0] 0 t12822 t12823 | 0 f13
0O 11]0 0 0 0 0
0 01 0 0 0 O
X J,. 0O 010 1 0 0 tog
0O 010 0 1 0 O
0 0|0 0 0 1 0
0 0|0 0 0 0 ts3

and this completes the proof. O
3.4. The expression for n(a*)

Here we prove the statement c) of Theorem 1.6. We can assume that A has form
J,e, see (3.2). Extracting S_ from both sides of (3.3.rowl) and a_ from both sides of
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(3.3.coll) and keeping in the mind the equality N_ — _ = M_ — a_, see (3.4_), we
come to

sy + 01 + 31 — B = sy + s+ 3 — o,
or
n(a®) =sa3 =501 + 531 — f- — 2+ a_ = (3.6)
= dim indef x(a) + n(a) — f_ — dimker x(a) + a4 (3.7)

The last line is formula (1.11).
3.5. Inequalities for n(a)

Here we prove Proposition 1.4 about possible domain for n(a) if x(a) is fixed. The
expression in the line (3.7) must be > 0, and this implies the desired inequality (1.10).
We must show that this is sufficient.

Lemma 3.7. Denote by = the set of all 13-ples of

#ij €Ly, wherel<14,j7 <3 and Ny, My € Z4,

satisfying 10 equations (3.3.row1)—(3.3.col3), (3.4_)—(3.4y). Then possible sub-tuples
(5221, 22, 731, 212) are precisely integer points of the cone A defined by equalities

79120, 300020, 33120, 30020 (3.8.ineql)
19 + 92 < 5+ - ﬂ,, 19 + 99 < oy — o] (3.8.ineq2)
Mo + 231 — B_ — 10+ O 2 0. (381116(]3)

Proof. All steps of the proof are obvious but the result is not clear until steps are
preformed.

We notice that our 8 equations are dependent: the sum of 3 equations (3.3.rowl)—
(3.3.row3) minus the sum of 3 equations (3.3.coll)—(3.3.col2) coincides with the sum of
(3.4_) and (3.4,).

Next, fix a point (a1, 599, 531, 712) € A and construct a point of = over it. Let assign
the remaining coordinates step by step.

1) 5223, s32. We find them from the equations (3.3.col2) and (3.3.row2). By (3.8.ineq2),
o3, 39 € L.

2) Set 511 = 3233 = 0.

3) M4, N_. We find them from equations (3.3.row3) and (3.3.coll). Obviously, they
are in Z .
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4) M_. We evaluate it from the equation (3.4_). Positivity of M_ in this moment is
not obvious.

5) We find 3 from the equation (3.3.rowl) and get 313 = 3091 + 331 — B— — 312+
(in fact this calculation is present in the previous subsection). The condition (3.8.ineq3)
claims that it is positive. Therefore M_ is positive by (3.3.row1).

6) N;. We find it from (3.3.col3). Obviously, Ny € Z .

Thus we get a vector in Z!3. We used 7 equations, (3.3.row1)—(3.3.col3) and (3.4_).
So they are satisfied. The 8-th equation is satisfied automatically. O

3.6. Characteristic linear relations of products of double cosets

Let
T air a2 Q13 Y2 T bir bz b3 Y1
(A = a21 Q22 Q23 v s v = bgl b22 b23 w . (39)
0 as1 asy ass 0 0 b31  bza das 0
Then
" bir 0 bz 0 b3 " -
Y2 0 1 0 0 0 Y2 Y2
140B<> w = A° b21 0 b22 0 b23 w = A° v = (310)
8 0 0 0 1 0 8 8
bs1 0 bza 0 b33
1 0 0 0 O
T I
0 a1 a2 a3 O Yo To
= 0 a21 Q22 Q23 0 v = U (311)
0 az1 azx azz O 8 8
0 0 0 0 1

Therefore (w,u) € x(a*b).

Conversely, let the right hand side of the equation (3.10)—(3.11) equals to the left
hand side. Then applying B® to a column (y1  y2 w 0 O)t, we get a column of the
form (z1 y2 ¢ O S)t. Applying A° to this column, we get an expression of the form
(z21 29 1 5)". But we must get a vector of a form (z1 22 u O O)t7 ie,t=0,
s = 0. Hence

2o a1 a2 a3 Y2 x b1 bz bi3 Y1
r | =|an ax as q ], g | = (b2 baa b3 w |.
0 as1 a3z as3 0 0 b31 b3z ds3 0

Therefore (w, q) € x(b), (¢,7) € x(a). O
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3.7. The invariant n of a product of double cosets

It remains to prove the formula
n(a*b) =n(a) + n(b) + dim indef b/(indef b N dom a). (3.12)

Let us pass to another invariant

&(a) =1k (Zi) = n(a) + dim indef x(a)

(the identity is clear from the canonical forms). It is easy to see that for any linear
relations P: X =2 Y, Q : Y = Z we have

dim indef QP = dim indef @ + dim(indef P N dom Q) — dim(indef P N ker Q).
Hence
dim indef (x(a)x(b)) = dim indef x(a) + dim indef x(b)—
— dim (indef x(b)/(indef x(b) N dom x(a))) — dim (indef x(b) Nker x(a)).
Therefore (3.12) can be written as
£(axb) = &(a) + £(b) — dim (ker x(a) N indef x(b)). (3.13)

We wish to prove the last identity.
Consider the space M(a) of all y, for which there exists = such that

T a1l Q12 013 Y
0 = a1 a9 a23 O . (314)
0 as1 asz2 asz/ \0

We can say the same in a shorter way, M is defined by the equation

o= (i) -

Clearly, £(a) is the codimension of M in the space of all y.
We must evaluate the codimension of the subspace M (ab) of all (y1,y2) such that
there exists (x1,x2) satisfying

- (4°B°)

coogZ B
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Applying the matrix B¢ to a vector (y1 y2 0 0 O)t we get a vector of the form
(21 y2 p 0 ha)'. Applying A° we come to a vector of the form (21 2z ¢ h1  ha)".
We want hy = 0, ho = 0, and ¢ = 0. Therefore we have

Z2 a1 a2 13 Y2 x1 bii biz bis Y1
0| =/(axn a2 as D |, p | =|0bar bao b2 0. (3.15)
0 az1  aszy asz 0 0 b31 b3z b33 0

We see that p € indef x(b) Nker x(a).
Clearly M(a*b) D M(a) ® M(b). Moreover, we have a surjective map

7w M(axb) — indef x(b) N ker x(a),
and kerm D M(a) & M(b). Conversely, let (Z;) € kerw. Then it satisfies two equations
(3.15) with p = 0. Therefore y; € M(b) and y; € M(a), and
M(a*b)/(M(a) @ M(b)) ~ indef x(b) Nker x(a).
This completes the proof of Theorem 1.6.b.

4. The group GL and multiplicativity

Here we prove statements of Subsect. 1.6. The key place is ‘Mautner phenomenon’,
see Subsect. 4.3 and Lemma 4.2. After this the proof of Theorem 1.9 (multiplicativity)
becomes automatic.

Subsection 4.4 contains two observations outside the main topic of the paper, the first
is devoted to the group GL(V LI V®) (see Subsect. 1.11), the second is related to groups
of infinite matrices over p-adic integers.

4.1. Proof of Lemma 1.7
a) We must show that for any s € GL the double coset Q,, - s - @ﬂ contains a finitary
matriz. Without loss of generality we can assume that a = 8. Otherwise we take « such

that v > a, v = B and examine the double coset @Q., - s - Q.. Thus let represent s as a
block matrix of size (0o + || + 00) X (00 + || + 00),

Transformations
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send
-1 -1
S U] aug, k— ki kva.

The matrices a, k are Fredholm matrices in the sense of [33], Subsects. 2.4-2.7, their
Fredholm indices are 0. Therefore we can reduce a and & to the forms

1w 0 (0 0
a=<0 0)7 d‘(o 1oo>’

where two 0’s are square matrices (see [33], Lemma 2.7). Hence our double coset contains
a matrix of the form

1 0 b ci1 ci2

0 0 b2 co1 c22

s’ = dq do € fi fa
g1 giz2 hi 0 0

g21 g2 hi 0 1

Multiplying such matrices from the left and right by matrices of the form

€ Qa;

[ Nev e Narll
oSO oo
OO O ¥
O~ OO %
— O % ¥ X%

we can make zero from by, c11, c12, co2, fo. The blocks e, ba, co1, f1 have finite sizes,

the definition of GL implies that the blocks (d1 d2), <g11 912), (€1> contain only
g21  g22 €2

finite numbers of nonzero matrix elements. Thus we get a finitary matrix.

b) By Theorem 1.5, the invariants x(a) and 7(a) separate double cosets Qq\
GL(200,F)/Qp. However, x(a) and n(a) also are invariants of double cosets @a\@/@ﬁ
(our proof in Subsect. 3.1 is valid in this case).

4.2. Proof of Lemma 1.8

Recall that H, denotes the space of Q-fixed vectors in a representation of GL (oo, F).
We must show that for a unitary representation of GL(0co0,F) the continuity in the topol-
ogy of GL is equivalent to density of the space UqHy .

THE STATEMENT =-. The subgroups @, C GL are open and form a fundamental
system of neighborhoods of unit in GL. This is sufficient for application of Proposition
VIIIL.1.2 from [26], which immediately gives the desired statement.

THE STATEMENT <=. Conversely, let UoHy be dense. We must verify that matrix
elements (p(g)h1, he) are continuous in the topology of GL. It is sufficient to do this for
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h1, he ranging in a dense subspace in H, in particular in the subspace UH,. However,
if h1 € Hg, hy € H, then our matrix element is a function on a countable space

Q+\GL(200,F)/Qp ~ Q,\GL/Qg.

Since subgroups Q5 C GL are open, the double coset space in the right hand side is
discrete, and all functions on this space are continuous.

4.8. The Mautner phenomenon. Coincidence of spaces of fixed vectors

Recall the following phenomenon related to Lie groups, which was discovered by
Gelfand and Fomin [9] and investigated in details by Mautner and Moore, see [24].
Let G be a Lie group, H a non-compact subgroup. Then very often a vector in a unitary
representation fixed by H is automatically fixed by a larger subgroup Hca.

Recall that GL(V) denotes the group of all linear operators in the countable linear
space V over F. By GL(V°) we denote the group of all continuous linear operators in the
dual space V°, see Subsect. 1.11. Both groups are present in Q,, as subgroups consisting
of matrices of the form

1 0 0 a 0 O
0 1‘,1‘ 0 and 0 1‘0[‘ 0
0 0 d 0 0 1

Lemma 4.1. For a unitary representation of the group GL(V), any Ss-fized vector is
fized by the whole group GL(V).

respectively.

The statement can be derived from Tsankov’s classification [50] of unitary represen-
tations of GL(V), however, we present a simple direct proof.
For each group Q,, consider the subgroup g[a] consisting of 0-1-matrices of the form

* 0 0
0 Lig O].
0 0 *

By S|a) denote its (dense) subgroup consisting of finitary matrices.

Lemma 4.2. Let p be a unitary representation of the group Q,, in a Hilbert space H. Let
h € H be an Sjq-fized vector. Then h is Q,,-fized.

Proofs of these lemmas are based on the following statement.

Proposition 4.3. Let a countable discrete group I' act by automorphisms on a compact
Abelian group N. Let N be the Pontryagin dual group, i.e. the group of characters of N.
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Assume that all orbits of T' on the discrete group N except the orbit of the trivial character
are infinite. Then for any unitary representation of the semidirect product I' x N, any
I'-fized vector is fixed by the whole group I' x N.

Proof of Proposition 4.3. The group I' x N is locally compact. Therefore a unitary
representation of this group can be decomposed into a direct integral of irreducible rep-
resentations (see, e.g., [23], Sect 2.6, [19], Subsect. 8.4). We claim that any irreducible
representation p of I' X N having an I'-fixed vector is trivial.

According the Mackey theorem about a unitary dual of locally compact group with
an Abelian normal subgroup (see, e.g., [19], Theorem 13.3.1), any irreducible unitary
representations of the group I' x N can be realized in the following way. Consider an
orbit 2 of I' on Z\Af, fix xo € Q. Denote by A the stabilizer of xo in I', fix an irreducible
unitary representation 7 of A in a Hilbert space K. Consider the space ¢2(€2, K) of ¢2-
functions on the discrete set @ = A\I' taking values in K. The Abelian subgroup N acts
in this space by multiplications

n: F(x) = x(n)F(v), (4.1)

where x(n) denotes the value of a character x € N on an element n € N. The group I
acts by transformations of the form

v F(x) = Ty, ) F(x7)s

where T is a function from I' x 2 to the unitary group of the space K satisfying the
cocycle identity

T(m72,x) =T (71, x72) T(72, %)

and the condition

T(v,x0) =7(y) foryeA.

The norm of a function F € £2(Q, K) is given by

1F 12 .00 = D IIF OO -
XEN

If F' is I'-fixed, then all summands in the right-hand side coincide. Therefore F' = 0 or {2
consists of one point (the trivial character), 2(Q, K) is K. By (4.1), the representation
is trivial on the normal divisor N. O

Proof of Lemma 4.1. Consider the subgroup in GL(V) generated by S, and the group
N of all diagonal matrices, so IV is a countable direct product of multiplicative groups
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F* ~ Z,_1. Applying Proposition 4.3 to the group So x (F*)>°, we get that a vector
fixed by S, is also fixed by all diagonal matrices.
Next, we consider the subgroup Z C GL(V), consisting of all block (1 + oo)-matrices

having the form <(1) ﬁ), where ¢ ranges in the group of finitary 0-1-matrices, and

x = (x1 x2 ...)is arbitrary. So x is contained in the direct product of a countable
number of copies of F. Applying Proposition 4.3 to this group, we get that a vector

fixed by S is also fixed by all matrices of the form ((1) 316 . In particular, we can

choose z = (5,0,0...). Conjugating this matrix by elements of S, we can get arbitrary
matrices of the form 1+ sFEj;, where k # [ and E}y,; is the matrix having 1 on ki-th place.

Therefore a vector fixed by S, is fixed by all Chevalley generators of GL. Hence it is
fixed by the whole group GL(co,F). By continuity, it is fixed by GL(V). O

Proof of Lemma 4.2. We apply Proposition 4.3 to two subgroups H;, Hs consisting of

o1 * ok 1 0 =«
0 1 0 and 0 1 =
0 0 1 0 0 o9

respectively, where o1, o9 a finitary 0-1-matrices. This implies that a S-fixed vector &

matrices

is fixed by the subgroups consisting of all matrices of the form

1 * * 1 0 =%
(0 1 0) and (0 1 *)
0 0 0 0 0 1

respectively. Therefore £ is fixed by the product of these subgroups, i.e., by the group of
all strictly upper triangular block matrices.
It remains to apply Lemma 4.1 to two subgroups Sy in Qq. O

4.4. Some digressions. Admissibility in the Olshanski sense for the group GL(V U V?®)
and its p-adic analogs

THE GROUP GL(V UV?®). Here we discuss some corollaries of Proposition 4.3 outside
the main topic of this paper. Recall that GL(V L V°) denotes the group of all infinite
matrices over ' having a finite number of elements in each row and in each column, see
Subsect. 1.11.

Lemma 4.4. For any unitary representation of the group GL(V UV ®) any Su.-fized vector
is fized by the whole group GL(V UV *®).
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Proof. We can not literally repeat the proof the similar statement for GL(V), i.e.,
Lemma 4.1, since the subgroup of (1 + oo)-block matrices (é :f) now is not com-

pact. We modify this place of the proof in the following way.

Let us split the space V as a direct sum of two-dimensional subspaces, V = @®;W;.
We regard subspaces W; as canonically isomorphic. Consider the subgroup ¥ C GL(V)
consisting of finitary permutations of subspaces W;. Consider the subgroup A consisting

of block diagonal matrices, whose diagonal entries have the form (1) xlj . We apply

Proposition 4.3 to the semidirect product ¥ x A and observe that A also is contained
in the stabilizer of £. Next, we set 1 = s, x2 = x3 = --- = 0 and get that a Chevalley
generator 1+ sFE1s also is contained in the stabilizer. The remaining part of the proof is
the same. 0O

Corollary 4.5. Unitary representations of GL(V U V®) are admissible in the Olshanski
sense.

Proof. Denote by G" the subgroup in GL(V U V°) consisting of block matrices of size
a+ oo having the form <(1) 2) . Denote gzo =G NSs. For a unitary representation of

GL(VUV?®) in a Hilbert space H denote by H|a] the subspace of St -fixed vectors. Then
U H|o] is dense in H, see, e.g. [26], Proposition VII.1.2. It remains to apply Lemma 4.4
to each subgroup G~. O

Lemma 4.6. Any double coset G, \GL(V UV?®)/G,, contains a finitary matriz.

We omit a non-interesting proof (in particular the statement follows from slightly
more difficult p-adic Lemma 4.1.a from [37]).

Corollary 4.7. A unitary representation of GL(oo,F) admissible in the Olshanski sense
admits a continuous extension to GL(V LUV®).

It is sufficient to apply the argument from Subsect. 4.2, the second statement. 0O

GROUPS OF INFINITE p-ADIC MATRICES WITH INTEGER ELEMENTS. Now let t be a
compact commutative local ring. We keep in mind rings of integers in locally compact
non-Archimedean fields and their finite quotients as Z/p"Z or truncated polynomial
rings F[t]/t"F[t] (it seems that matrix groups over general local rings are not a topic of
theory of unitary representations). Denote by [ = [(t) the module of all sequences in t
converging to 0. By GL(IUI®) we denote the group of matrices g such that g, g* € GL(I).

Lemma 4.8. For any unitary representation of the group GL(IU [°) any Ss-fived vector
is fized by the whole group GL(IU [°).

The proof of Lemma 4.4 remains to be valid in this case.
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The lemma implies the Olshanski admissibility of unitary representations of the group
GL(IU[°). This statement is the main result of the paper [37].

4.5. Multiplicativity

Denote by Sg(o0) C S(oo) the subgroup consisting of permutations fixing 1, ...,
5 € N. Denote

1, 0 0 3
IP:=({0 0 1nx)| €8s0)
0 Iv 0/

We use the following statement (see [26], Theorem 1.4.c.

Let p be a unitary representation of the group S(co) in a Hilbert space H. Denote by
Hg C H the subspace of all Sg(oo)-fived vectors, let Il be the operator of orthogonal
projection to Hg. Then p(I](\?)) weakly converges to Ilg.

The group S(oco) has type I (see [20]), therefore S(o0) x S(o00) also has type I (see,

g., [23], Sect. 3.1). Therefore (see [4], 13.1.8) irreducible unitary representations of

S(00) x S(00) are tensor products of irreducible representations of factors. This implies
the following statement:

Corollary 4.9. Let 7 be a unitary representation of the group S(co) x S(c0) in a Hilbert
space K. Denote by Kz C K the subspace of all S(00) x Sg(00)-fized vectors, let I be
the operator of orthogonal projection to Kg. Then T(IJ(VB), I](\'?)) weakly converges to Ilg.

Let Jg(u,v) € GL be as above (2.2),

0 1,00 O
1, 0 0 0
Jglv,p)=10 0 |1g]| 0 O
0 0jlo0|0 1,
0 0]0/[1, 0

Corollary 4.10. Let p be a unitary representation of the group GL in a Hilbert space H.
Then the sequence p(Jg(n,n)) weakly converges to Pg as n — oo.

Proof. By the previous corollary this sequence converges to the projector to the subspace
of g[m—ﬁxed vectors. By Lemma 4.2, subspaces of g[ﬁ]—ﬁxed vectors and Gﬁ—ﬁxed vectors
coincide. 0O

Proof of Theorem 1.9. Consider two double cosets a € Q,\GL/Qg, b € Q5\GL/Q+.
Choose finitary representatives A € a, B € b (see Lemma 1.7). We must evaluate
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Py p(A) Pg p(B) Py = lim Py p(A) nl;n;o p(Js(n,n)) p(B) Py =

n—oo

=P, nhﬁngo p(A Jg(n,n) B) P,
This sequence is eventually constant. Its limit is
Pa p(AJs(N,N) B) P,
for sufficiently large N. By (2.3), AJg(N,N)B € axb. O
5. Representations of GL

Here we prove statements formulated in Subsect. 1.8, i.e., upper estimates of the set
of unitary representations of GL. The category GL(F) of double cosets is an ordered
category in the sense of book [26], the statements of Subsect. 1.8 are a kind of ‘general
nonsense’ related to ordered categories.

5.1. Notation

We will regard each space Fy, as a space with a distinguished basis eq_41,...,€q, -
Let us assign circles on the integer ‘line’ Z to basis elements of Fy:

o« +« + +«+ O O O O O O O O O O
a_ oy

In this section we use several linear relations x(a) : Fo = Fp, which are spanned by
vectors of the type

e; 0,e; Dep, 0D ep,.

We represent such relations as two-line diagrams:

— having a vector e; ® ey, we connect the corresponding circles in the upper row and

lower row;
— for a vector e; ® 0 we draw a black circle at i-th position in the upper row;
— for 0 ® e,, we draw a black circle at m-th position of lower row.

To draw a pair (x(a),n(a)) we also add to the diagram 7(a) copies of the simbol @:

O o O

[ ]
m

For a passage to the adjoint morphism, we must permute rows and evaluate a new
number of @’s with Theorem 1.6.c.
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5.2. Proof of Lemma 1.11
Now we must prove that the number z determining a spherical character is nonnega-

tive. Consider an & = (a—, a4) such that Hy # 0. Denote o’ := (a— — 1, a4). Consider
a morphism m : & — &’ defined by the diagram

fo'H o e e e e e e e e o
LTI ’
os + + O e e e e e e
Then m* corresponds to the diagram

oo LTTITI

The product m* = m is

[s'H o e e D T Y
@
[s'H o e e D

)

i.e., m* * m coincides with the central element ¢} defined by (1.17). We have
0< p(m*) plm) = p(CL) = 2(p) - 1.
5.8. The structure of ordered category on GL(IF)
Let B < a. Consider the morphism
A B — «
defined by
A =Qn-1-Qp.
The corresponding diagram has the form
ﬁ:.....IIII....
[o'H - 0 o e o O O O
In the notation we write a > -larger object « is superscript, and a smaller object in the

subscript.
Denote

Hg = ()\g)* € Mor(a, B).
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The corresponding diagram is
ai"...IiIIOOOO
O e
Finally, define 65 € End(cx) by
05 == A\§ * ug,
it corresponds to the diagram
[o'N « - @ o o O O O O
ai-'...IiiIOOOO
Then we have
Ag x g =03, pg x Ag = lg, (9%)2293;
() =ug.  (05) =05
For v < 8 < a we have

g*)\gz)\g‘, ug*ugzlg, 0g x 05 =05

This means that GL(F) is an ordered category with involution in the sense of [26],
Sect. II1.4.>* This (see [26], Lemma II1.4.5, Proposition I11.4.6) implies the following
statement.

Lemma 5.1. a) Let 8 < . Then the map

Lip g X PG

is an embedding of semigroups End(8) — End(a).

b) Let p be a x-representation of the category GL(F). For each object o denote by
H(ax) corresponding Hilbert space. Then the operator p(Ag) : Hg — H, is an opera-
tor of isometric embedding intertwining the representation of End(B) in H(B) with the
representation of 1(End(B8)) in the image of the projector p(og).

Proof of Lemma 1.14.b. Let 6 = (§_,0+) be a minimal element of Z(p). We must show
that if a € End(6) satisfy p(a) # 0, then x(a) is an invertible matriz.

24 In that definition a set of objects is linear ordered, but a partial order with existence of maximum for
any pair of elements is sufficient. In any case, for Lemma 5.1 below it is sufficient to consider a subcategory
with two objects, 8, .



Y.A. Neretin / Journal of Algebra 585 (2021) 370—421 417

By Lemma 5.1 for all € < § we have p(62) = 0. Assume that p(a) # 0. Without loss
of a generality we can assume a* = a, otherwise we can pass to a* x a. For a self-adjoint
a the linear relation y(a) satisfies x(a)® = x(a). Applying an appropriate conjugation
by an element of GL, we can reduce such a linear relation to a form of the type

o o o o O O O

e o o I I I I o O O O

The invariant n(a) can be nonzero, so a itself has the form
0h 5"
where 1 < d. But ﬁ(@g) =0 by Lemma 5.1. O

Remark. Lemma 1.14 is a counterpart of [45], Theorem 4.3, the proofs also are simi-
lar. X

5.4. Proof of Theorem 1.15

Recall that we wish to describe possible sets Z(p) of a, for which the space of Q,,-fized
vectors is non-zero.

Let § be a minimal element of the set Z(p). Let 3¢ := (§_ + m, 1 +m), so || = |J|.
To be definite, assume m > 0. Consider the following morphism tv: § — 3¢.

S

The adjoint morphism has the form
2 . . . . . . . . . . .
(the number of @’es is m). We have

t**t:an7 t*r*:(}':’

therefore

If z > 0, then the operator z~™/2p(t) is a unitary operator Hs — H,,. This proves the
first statement of the theorem.

Now let z = 0. Then p(tr) = 0. Consider a morphism ¢ : § — 3. If x(c) is not a graph
of an invertible operator, then x(¢* x ¢) also is not a graph of an invertible operator.
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n
I,

T n
.

> . . . [ ] —>
a) 0 b) Iy I I I I3 Is

Fig. 2. Ref. to proof of Lemma 5.2.

Therefore p(c¢* x¢) = 0 and p(c) = 0. If x(c) is invertible, then it differs from x(t) by
an element of GL(]4|,F), and p(c) = 0. Thus all operators p(c) are zero, and therefore
H, =0.

Thus (for z = 0), if  a minimal element of the set E(p), then for v € E(p) we have

v =4 or |v| > |d|. In particular, Z(p) contains a unique minimal element. This proves
the second statement of Theorem.

5.5. The group GL has type I

Lemma 5.2. There exists a (noncanonical) linear order < on A compatible with the partial
order < satisfying the condition: for each o € A the set of all B € A such that B < «,
is finite.

Proof of Lemma. For o € A denote by m := a_, n := ay — a_. Then (m,n) ranges
in the set Z x Z,. A set B < a is drawn on Fig. 2.a. Now define a linear order < in
the following way. We consider the sequence of segments Iy, I, I2, ...as it is drawn on
Fig. 2.b and enumerate integer points of the upper half-plane in the following way: the
unique point of Iy, then we pass I; in upper direction, I5 in upper direction, etc. O

Proof of Theorem 1.19. We must examine the von Neumann algebra 9 of all operators
commuting with all operators p(g), where g € GL.
Keeping in mind Lemma 5.2, we write a sequence

o1 Jog <oz <...

containing all a € A. Let us decompose the Hilbert space H into a countable direct sum
H = @32, K; according the following inductive rule. Consider the subspace Ho, and its
GL-cyclic span K;. Next, consider H © K1, the subspace (H © K1)q, and its GL-cyclic
span K5. Then we consider the cyclic span Ks of (H © K1 © K3)a,. Etc.

Clearly, elements of 91 leave all subspaces K; invariant, and 91 = ©91;, where 9; are
induced von Neumann algebras in K;. Therefore, we must examine 91;. It is easy to see
that this algebra is isomorphic to the algebra of operators in (Kj;)q,; commuting with
End(c;). The latter semigroup is GL(|a;|, F) x Z 4. Evidently the von Neumann algebra
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generated by this semigroup has type I, therefore its commutant 91; also has type I. This
proves the statement a) of the theorem (the group GL has type I).

The statement b) follows from the same considerations. It is clear that any *-pre-
sentation of GL(|a;[,F) X Zy in He,; can be decomposed into a direct integral. A simple
watching shows that this induces a decomposition of the whole space K into a direct
integral. O

5.6. Constructions of all representations of GL with z = 0

A proof of Proposition 1.17 is an exercise on induced representations. The homoge-
neous space

X = Po\GL ~ P,\GL(c0, F)

is discrete (it consists of two-terms flags of the form Y D Z, where Y C V is a compact
subspace of volume ¢“~ and Z is a compact subspace of volume ¢“+). This allows to apply
the usual construction of induced representations in functions on a discrete homogeneous
space, see [22], [19], Subsect. 13.1.

It is easy to see that all orbits of P, on P, \GL are infinite except the orbit of the
initial point (i.e., of the point P - 1). Now irreducibility follows from [5], Theorem 2.
By the same infinity of orbits the space of fixed vectors consists of functions supported
by the initial point.
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