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We derive several identities that feature irreducible characters of the general
linear, the symplectic, the orthogonal, and the special orthogonal groups. All of the
identities feature characters that are indexed by shapes that are “nearly” rectangu-
lar, by which we mean that the shapes are rectangles except for one row or column
that might be shorter than the others. As applications we prove new results in
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Bender—Knuth and MacMahon (ex-)conjectures.  © 1998 Academic Press
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1. INTRODUCTION

We prove identities that set into relation irreducible characters of
classical Lie groups. All of them feature a classical group character
indexed by a “nearly’” rectangular shape. What is remarkable about these
identities is that they have simple explicit forms (as opposed to many,
however more general, identities in the literature), and that many of them
exhibit multiplicity-free expansions, typically featuring sums of characters
indexed by shapes that have a fixed number of rows or columns of odd
length.
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2 C. KRATTENTHALER

There are three types of identities that we consider.

First, in Theorem 1, we express (irreducible) characters of the general
linear group GL(N) (these characters are also known as Schur functions)
of “nearly” rectangular shape in terms of (irreducible) characters of the
symplectic group Sp(N), and in terms of (irreducible) characters of the
orthogonal group O(N). As may be expected, for the proofs of these
identities we utilize Littlewood’s [25] branching rules for restricting repre-
sentations of the general linear groups to representations of the symplectic
or orthogonal groups.

Second, in Theorem 2, we express (irreducible) characters of the sym-
plectic group Sp(N) (where N = 2n) and (irreducible) characters of the
special orthogonal group SO(N) (and its spin covering group) of “nearly”
rectangular shape in terms of (irreducible) characters of the general linear
group GL(N). For the proofs of these identities we use the tableaux
descriptions for symplectic characters developed by DeConcini and Procesi
[3, 4], and for special orthogonal characters as developed by Lakshmibai,
Musili, and Seshadri [22, 23, 21].

Finally, in Theorem 3, we express the product of two (irreducible)
characters of the symplectic group Sp(2n), respectively, of the special
orthogonal group SO(N) (and its spin covering group), of “nearly” rectan-
gular shape in terms of (irreducible) characters of the same type. For the
proofs of these identities, we rely on Littelmann’s extension [24] of the
Littlewood—Richardson rule for all classical group characters, which also
uses the tableaux by DeConcini, Procesi, Lakshmibai, Musili, and Seshadri.
In fact, as a first “approximation,” we convert Littelmann’s rule in the
special case of the product of an (irreducible) symplectic or special
orthogonal character of rectangular shape by an arbitrary (irreducible)
character of the same type to a simpler and more explicit form, the
coefficients in the expansion being expressed in terms of modified Little-
wood-Richardson coefficients. The resulting formulas are given in Propo-
sition 1 in Section 6.

We want to emphasize that it is particularly the tableaux descriptions by
DeConcini, Procesi, Lakshmibai, Musili, and Seshadri that turn out to be
very useful and effective here. The more classical rules (cf. [12, 13, 16])
involving Littlewood—Richardson coefficients, which would also apply to
the second and third problem types that we consider, are nice in theory but
useless in practice, since it seems to be impossible to keep track of the
cancellations that are caused by the application of modification rules.

As will become apparent, the reason that classical group characters
indexed by “nearly” rectangular shapes allow particularly nice identities is
because Littlewood—Richardson fillings and the above-mentioned tableaux
behave in a special way for “nearly” rectangular shapes. This fact was
previously observed by Proctor and Stanley [28, 29, 31] for rectangular
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shapes. Aside from these three papers, the inspiration for the current
paper comes from [20]. There it was discovered that symplectic characters
of “nearly” rectangular shape have a nice explicit expansion in terms of
general linear characters. This gave us the idea of exploring the other
identities there may be for classical group characters of “nearly” rectangu-
lar shapes.

Finally, we remark that Okada’s paper [27] may be considered as a
precursor to this paper, as it contains the specializations to rectangular
shapes of all of our identities. Okada, however, uses a completely different
approach (namely, he uses the minor summation formula of Ishikawa and
Wakayama [9]). It must be pointed out, on the other hand, that there is
one type of identity that Okada addresses, but |1 am not able to address.
This is restrictions of representations of G(N) (G can be GL, Sp, or SO)
to a representation of G(I) X G(N — I). Although computational evidence
exists that the respective identities of Okada can be extended from
rectangular shapes to “nearly” rectangular shapes as well, so far | have not
been able to prove anything because of the lack of an efficient combinato-
rial rule. (Again, the rules in [12, 16] are apparently useless.)

Our paper is organized as follows. In Section 2 we recall the definitions
of irreducible general linear, symplectic, orthogonal, and special orthogo-
nal characters. Then, in Section 3, we state our results. These are subse-
guently proved in Sections 4, 5, and 6. Section 7 contains applications of
our identities to plane partition theory, including new refinements of the
Bender—Knuth and MacMahon (ex-)conjectures. Finally, in the Appendix
we provide the necessary background information; in particular, we de-
scribe all of the different types of tableaux that we use, Littlewood-
Richardson fillings, the Littlewood-Richardson rule, Littelmann’s exten-
sion of it to other classical groups, and Littlewood’s branching rules for
restricting representations of the general linear groups to representations
of the symplectic or orthogonal groups.

2. GENERAL LINEAR CHARACTERS (SCHUR FUNCTIONS),
AND SYMPLECTIC, ORTHOGONAL, AND SPECIAL
ORTHOGONAL CHARACTERS

Here we recall the classical character formulas. We refer the reader to
[5; 6, Chap. 24; 13; 15; 33, Appendix; 39] for surveys and more detailed
background information concerning classical group characters.

In what follows, x = (x,, x,,...) will always be an infinite sequence of
indeterminates. We call a sequence A = (A, A,,..., A,) with A, > A, >

- > A, = 0 a partition if all of the A,’s are integers, and a half-partition if
all of the A,’s are half-integers, by which we mean numbers of the form
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k + 1/2, where k is an integer. For (ordinary) partitions we adopt the
convention that partitions that differ only by trailing zeros are considered
to be the same. The components A;, A,,... of A are also called the parts
of A. We call a sequence A = (A, Ay, ..., A) with Ay > A, > - = A, _;
> |A,| an r-orthogonal partition if all of the A/’s are integers, and an
r-orthogonal half-partition if all of the A;’s are half-integers.

Given a partition A = (A, A,,..., A,), we define the (formal) general
linear character, also called a Schur function, s(\; x) by (see [26, 1, (3.4)])
S = | det (i, (), (2.1)

where h,(0) =X, _, ..., x; -+ x; denotes the complete homogeneous

symmetric function of degreé m. f r'<n,
S(A;xq,%5,...,x,,0,0,...)

is the irreducible character for GL(n,C) indexed by A (see, e,qg., [6,
(24.10)]. Following King [13], we write

S,(AX) =s(A;x,%,,...,%,,0,0,...). (2.2)

n

Two further similar notations for Schur functions that we use are

Soa( A XED) = s( A xq, x7Y, xp, x50, X 1,0,0,...) (23)

nl i’l '

and

Sone (A XEY) = s(A g, 00t X, x50 x,, 2,0, 1,0,0,.00). (2.4)

Again, let A =(A;, A,,..., A,) be a partition. Following Koike and
Terada [15, Def. 2.1.1], we define the (formal) symplectic character sp(A; X)
by

sp(Aix) = det (fy i a(X) 2 By (%) + By _isjia(X). (25)
1<i,j<r '
Here, the notation of the determinant means that the first expression gives
the entries of the first column and the second the entries for the remaining
columns, j > 2. If r < n,

sp(Asx, xp x, x50 x,,x,1,0,0,.00)

n?

is the irreducible character for Sp(2n,C) indexed by A (see [6, Prop.
24.22]). We write

Paa(Asx =) = sp(A; x, x7% %, x50 %, x,1,0,0,..0). (2.6)
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fr<n+1,

) —1 _1 1
sp(A; xy, X0t X, x50 X, X 1,0,...)

n 1

is a character for Proctor’s odd symplectic group SSp(2n + 1, C) (see [30,
Prop.3.1, with x, = 1]). We write

Pans (LX) = sp( X xp, X7 Xy, x50, .0, x,, x,1,1,0,0,... ). (2.7)

n

Following Koike and Terada [15, Def. 2.1.1], we define the (formal)
orthogonal character o(A; X) by

o(A;x) = l<q(e]t<r(hA,—i+j(X) = Iy —i—i(%))- (28)
If r <n,
o(A;xy, x7t x5, x50 .0, x,,x,4,0,0,...)

is the irreducible character for O(2n, C) indexed by A (see [6, Ex. 24.46)),
for which we write

05, (L xEY) =o(X xp, 27t %, x50 0, x,,x,1,0,0,..). (29)

n

Similarly, if r < n,

o(A;xy, x7t xp, x50, x,,x,4,1,0,0,...)

is the irreducible character for O(2n + 1,C) indexed by A (see [6, Ex.
24.46)), for which we write

0gni1(AsXEY) = 0(A; xq, X7, x5, x5, .0, x,, x,1,1,0,0,... ). (2.10)

The character o,, . ,(A;x*1) is also the irreducible character for SO(2n
+ 1,C) indexed by A. Therefore we shall sometimes write so,, ., (A;x*1)
for o0,, . ,(A;x*1). However, for the spin covering group of SO(2n + 1,C)
there are also irreducible characters indexed by half-partitions. Let A =
(A;, ..., A,) be a half-partition; then the irreducible character
50,5, +(A; x*1) is given by the Weyl formula (see [6, (24.28))),

det x4,+n7i+1/2 _x.—(/\[+n7i+1/2))
1<i,j<n /

det (x{l—i+1/2 _x]_—(n—i+1/2))

1<i,j<n

$0gu ¢ 1(ATX 1) = - (211)

In fact (see again [6, (24.28)]), if A is an ordinary partition, then
50,, . (A; x*1) is given by the same formula.
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The situation is even more delicate for SO(2n,C). The irreducible
characters for SO(2n,C) and its spin covering group are indexed by
n-orthogonal partitions or half-partitions. Let A = (A}, A,,..., A,) be an
n-orthogonal partition or half-partition, i.e, A\, > A, > - > A,_; >[A,],
where the A;'s are integers, respectively half-integers. Then the irreducible
special orthogonal character so,,(A;x*!) is given by the Weyl formula
(see [6, (24.40)),

50,,(A;x*1)

det (x_)\,+n—i +x_—()\,+n—i)) +  det (x_/\,+n—i _x_—(/\,+n—i))
1<i,j<n - J 1<i,j<n !
det (xf’*" +x;(”*i))

1<ij<n® ’

(2.12)

The irreducible character for O(2n,C) indexed by the partition A,
0,,(A,x*1) equals the irreducible character for SO(2n, C) indexed by A,
50,,(A;x*1), if A, =0, but splits into two irreducible characters for
SO(@2n,C), if A, # 0, one indexed by A = (A, A,,..., A,), the other in-
dexed by A~, which by definition is (A, A,,..., A,_;, —A,) (see [6, first
paragraph on p. 411)).

The characters s(A; x), sp(A; x), o(A; x) are also called universal charac-
ters, meaning that by specializing one obtains the actual (general linear,
symplectic, orthogonal, respectively) characters for any dimension of the
corresponding group. There is no such thing in the even special orthogonal
case and for odd special orthogonal characters indexed by half-partitions.
Of course, it has to be mentioned that there is not only a Weyl formula for
son(X;x*1), but also for s,(A;x) (see [6, p. 403, (A.4); 26, 1, (3.1))) and
sp,,(A; X) (see [6, (24.18)]); the latter reads
lgqéjtgn (xAI+n i+1 _ xj (Aj+n l+l))

det (x{i*l“#l _xjf(nfz’Jrl))

1<ij<n '

n

pan(Aix*1) = (2.13)

Actually, the Weyl formulas for all of these characters allow a uniform
statement (see [6, Theorem 24.2; 39, Theorem 4.1]).

3. CHARACTER IDENTITIES

In this section we collect our identities for classical group characters of
“nearly” rectangular shapes. By “nearly” rectangular shapes we mean
partitions of the form (¢, ¢,...,c,c —p)or(c,...,c,c —1,...,c — D), ie,
partitions whose Ferrers diagram (see Section Al of the Appendix) is a
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rectangle, except that one row or column might be shorter. We write
(c"t,c — p) for the first partition (given that the partition has » compo-
nents) and (¢"~?,(c — 1)?) for the second (given that the partition has r
components, p of which are equal to ¢ — 1).

The first five identities express general linear characters (Schur func-
tions) in terms of symplectic, respectively, orthogonal characters. Most of
the “partition terminology” that we use here and henceforth is explained
in Section Al of the Appendix. Other terminology concerns the parity of
rows or columns: When we say “an odd (even) row” we mean ‘“a row of
odd (even) length.” We use the same convention with columns. For
convenience, we denote the number of odd rows of some (ordinary or
skew) shape o by oddrows(o) and the number of odd columns of o by
oddcols(o ), and the same with “even” instead of “odd.”

THEOREM 1. Let r, ¢, p be nonnegative integers. For ¢ > p there holds

s((c™te—p)ix) = Y sp(v;X), (3.1)

ve(eh)
oddcols((¢")/v)=p

and for r > p there holds

s((¢"7, (e = 1D)7)ix) = ) o(v;x). (3.2)

vc(ch
oddrows((¢")/v)=p

In particular, forr < N and ¢ > p there hold

sy((c"te—p)ixEh)

by spy(v;x 1) r<[N/2]
vc(ch)
oddcols((¢")/v)=p
= 3.3
Y x>z Y
Vg(Cwarl)
oddcols((c V™" /v)=c—p
and
Y spo(vix*Eh) r<n
Y\ - +1 Vg(Cr)
Sonea((€7);x*1) = y (3:4)

P, (VixEY) r>n

Vg(02n+l—r)
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Forp <r <|N/2] there holds

sn((e7 (e = 1)F)x*t) = Y oy(v;x*t). (35)

ve(ch
oddrows((¢")/v)=p

Remark 1. The identities (3.3)-(3.5) have obvious interpretations as
branching rules for the restriction of representation modules of GL(N, C)
to Sp(N, ©), Sp(N — 1, ©), respectively, O(N, C).

The case N = 2n, r < n of (3.3) is implicit in Proctor’s paper [28, Proof
of Lemma 4, Claim on p. 558]. In the same paper, there appear, explicitly,
the case N =2n, r<n, p=0 of (3.3) [28, Lemma 4, equation for
A,,_mw,)] and the case r <n of (3.4) [28, Lemma 4, equation for
A, (mw,)]. The cases N = 2n, r <n, p = 0 of (3.3)-(3.5) appear in [27,
Theorem 2.6].

The next four identities express symplectic and special orthogonal char-
acters in terms of general linear characters (Schur functions).

THEOREM 2. Let n, ¢, p be nonnegative integers. For n > p there holds

Pon((c 7 (e = D)X= = (o x,) 0 L s(vix)
ve(2e)™)
oddrows(v)=p

(3.6)

If ¢ is a nonnegative integer or half-integer and p is a nonnegative integer,
2c¢ = p, then there holds

505,((¢" e = p)ixF) = (x.x, x,) - Y s,(v;X).
vc(2c)")
oddcols(((2c)")/v)=p

(3.7)

Next, if ¢ is a nonnegative integer or half-integer and p is a nonnegative
integer, n > p, then there holds

s02n+1((c”_”, (c — 1)p); Xil)

= (xxp x,) X ay ) (v) s, (viX), (3:8)

vc(2e)")

where

v) = number of vertical strips of length p on the rim of v

an,p( . g
avoiding the (2c)th column.

(3.9)
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Finally, if ¢ is a nonnegative integer or half-integer and p is a nonnegative
integer, ¢ > p, then there holds

soZnH((c"_l,c _P);Xil) = (xyx, - xn)ic' )y b, ,(v) s5,(v;X),
v (2c)™)

(3.10)
where

b, ,(v) = number of hOfizontal strips of 'length pontherimof v
’ such that the ith cell of the strip ( counted from left to  (3.11)
right) comes before the (2¢ — 2p + 2i)th column.

Remark 2. The identities (3.6)—(3.8) and (3.10) have obvious interpreta-
tions as decomposition formulas for representation modules of Sp(2x, ©),
SO(2n,C), or SO(2n + 1,C) as representations of the subgroup GL(#n, C).
For the interested reader we add that, without much additional effort, it is
also possible to derive decomposition formulas for sp,,((c"~* ¢ — p);x 1)
and so,,((c"77,(c — 1)?);x *1!) that are in the spirit of (3.10), respectively,
(3.8), by slightly modifying the arguments in the proofs of (3.10) and (3.8).

Formula (3.6) appeared for the first time in [20], although it is implicit
already in [7, Theorem 2.6; 18, (2.2)]. The case p = 0 of (3.6) has already
appeared in a number of papers [31, Theorem 3; 37, Theorem 4.1; 38, Cor.
7.4.(b); 27, Theorem 2.3.(2)].

The case p = 0 of (3.8) and (3.10), which is

S02n+1((cn);xil) = (xpx, - xn)_c DY s,(vix),  (3.12)
vc(2e))

appeared also in a number of papers [31, Theorem 3; 38, Cor. 7.4.(a); 27,
Theorem 2.3.(1)].

Finally, the cases p = 0 and p = ¢ of (3.7) have previously appeared in
[1; 27, Theorem 2.3.(3)].

Our final identities of this section display the decomposition of the
product of a rectangularly shaped and a ‘“nearly” rectangularly shaped
(general linear, symplectic, respectively special orthogonal) character. As
will become apparent from the proofs, these identities follow rather easily
from decomposition formulas for the product of a rectangularly shaped
symplectic, respectively, special orthogonal, character and an arbitrarily
shaped symplectic, respectively, special orthogonal, character, which we
obtain in Proposition 1 in Section 6 from Littelmann’s decomposition
formula [24].
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THEOREM 3. Let n, ¢, d, p be nonnegative integers.
First let n > p. If ¢ < d, then there holds

P2a((c")iXE) “5p,, (((d + 1)7,d"77);x27)

= X pan(vix*1), (3.13)

(d=c)cvclc+d+1)")
oddrows(v/((d—c)")=p

and if c > d,
szn((Cn) » X il) ' szn((dn*p, (d - 1)‘”)’ X * 1)
= )y spaa(vix*h). (3.14)
(c—d))cvclc+d))
oddrows(v/((c —d)")=p

Next, if ¢, d are nonnegative integers or half-integers and p is an integer with
p < 2d, then there hold

502,((€");X*%) 50,5, ((d"" " d = p)ix*T)

= Y 50,,(v;x*1), (3.15)
(e—dlI" Y e—dovele+d)™
oddcols(((c+d)")/v)=p

with the understanding that v ranges over n-orthogonal partitions if ¢ + d is
an integer and over n-orthogonal half-partitions if ¢ + d is a half-integer, and

502,((€"7 1, =€) x 1) 505, ((d""*,d — p)ix*?)

= ) 505,((P1r- o0 ¥yo1 —2,) ;X 1) (3.16)

(e—dI" ! e—d)cvc(c+d)™
evencols(((c+d)")/v)=p

with the same understanding.
For ¢, d nonnegative integers or half-integers and for n > p there holds

$02,1((¢")ix*Y) '502n+1((dn_p! (d - 1)p);Xi1)

= Z cn,p(V).so2n+l(V;Xil)’
(lc=d"?,(max{c—d,d—c—1)P)cvc((c+d)")

(3.17)
where, with m (v) denoting the multiplicity of I in v,
¢, (V) = number of vertical strips of lengthp — m,_._,(v) that
e can be added to v to obtain another ( half-) partition, (3.18)

avoiding the (d — c)th, the (¢ — d + 1)th, and the
(¢ +d + 1)th columns of v.
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Again, the sum in (3.17) is understood to range over partitions if ¢ + d is an
integer and over half-partitions if ¢ + d is a half-integer.

Finally, for c,d nonnegative integers or half-integers and for d > p there
holds

502,1((€")ix*1) -505, 4((d" 71 d — p)ix*?)
- L d,, (V) =505, 1(V; x 1),

(e—d" Y max{c—d,d—c—ph)cvc(c+d)™)
(3.19)

where d,, (v) is the number of all horizontal strips o that can be added to v
to obtaln another (half-) partition, avoiding the (¢ + d + Dth column and
the nth row of v, and which satisfy the following inequalities: If o, denotes the
number of cells of the strip o in the ith row, i = 1,2,...,n — 1, and if |o|
denotes the total number of cells in o, then

l[lo|—c+d-pl<uy, v, +p—v,_,<lol<p, and
20, + +20'1+0+v>c—d+2p
fori=1,2,....,n—1. (3.20)

Again, the sum in (3.19) is understood to range over partitions if ¢ + d is an
integer and over half-partitions if ¢ + d is a half-integer.

Remark 3. All of these formulas, that is, (3.13)-(3.20) and (6.1)—(6.5),
have obvious interpretations as decomposition formulas for the tensor
product of two representation modules of Sp(2#n, C), SO(2x, C), or SO(2n
+ 1,C). For the interested reader we add that, without much additional
effort, it is also possible to derive decomposition formulas for
spz,,((c") x*h) - spZn((d” d — p)x*) and so0,,((c"); x*Y) -
50,,((d""7,(d — 1)P); x 1), WhICh are in the spirit of (3.19), respectively,
(3.17), by slightly modifying the arguments in the proofs of (3.19) and
3.17).

Formulas (3.13)—(3.20) generalize the symplectic and special orthogonal
decompositions of Okada [27, Theorem 2.5], who proved the p = 0 special
cases. Okada also proves a decomposition formula for the product of two
rectangularly shaped general linear characters (Schur functions), thus
generalizing Stanley’s results [36, Lemma 3.3]. More generally, Carini [2,
Sect. 3.3, p. 105ff] derived decomposition formulas for the product of two
“nearly” rectangularly shaped general linear characters.
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4. PROOF OF THEOREM 1

Here we use decomposition rules of Littlewood [25] (see Section A7 of
the Appendix). All of the notions that appear in this section, like Little-
wood-Richardson filling (LR-filling), Littlewood—Richardson condition
(LR-condition), content, etc., are also explained in the Appendix, mainly in
Section AG6.

Proof of (3.1). Implicitly, this was already proved in [28, Proof of
Lemma 4, Claim on p. 558]. However, since there is no explicit statement
in [28] and since one would have to translate things appropriately, we
include a detailed proof of (3.1) here.

According to (A.13) we have

S((Criva_P);X)=Zsp(v;x) Z LR(C e—p

v w, u even

Hence we have to show that

0 otherwise.

Y LR e {1 oddcols((c¢")/v) =p (4.1)

w, i even

To see this, suppose that u is a fixed partition whose Ferrers diagram
has only even columns. Consider a LR-filling of shape (¢""*,¢ — p)/u. By
the LR-condition, there is no choice for the entries in the first » — 1 rows;
i.e., all of the rows except for the rth row are uniquely determined in a way
that is exemplified in Fig. 1. There is only freedom in the rth row.

It should be observed that the content of the uniquely determined part
of the LR-filling equals @ == (¢ — w,_4,¢ — fy_p, ..., ¢ — wy). In particu-
lar, this implies that all of the columns in (¢") /i have odd length, except
for columns ¢ — pu,_; + 1,¢ — u,_; + 2,..., ¢ (which would have length
r), in the case where r is even.

>

79

—

* oo oo~
¥ o]k |w ol
* oo |||~
* |oo|~a|o|or|m|eo]to|m
* |oo||o|or|n |||
* |oo||o|or|x|eo|ro|—
|1 || |eo|ro =
w|-a|os|er|w ]|~
3 [ -3 EN] = (53 PN [ 1N P
oo~ ]|
w|a|ofa|e]w|of=

[\

*

T

FIGURE 1
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Suppose that » is the content of the complete LR-filling. Then the
LR-condition is equivalent to saying that »/m is a horizontal strip (see
Appendix Al for the definition of a horizontal strip). Moreover, this
horizontal strip is of length ¢ — p — u,, the length of the rth row of the
LR-filling. Hence, there are ¢ — (¢ —p — n,) =p + u, odd columns in
(¢")/v if c is odd, and there are ¢ —u,_, —(c—p—u)=p+ pu, —
u,_ 1 odd columns in (¢") /v if r is even. The latter is due to the fact that 1
cannot be an entry in the rth row of the LR-filling if r is even; hence the
horizontal strip has to avoid the first row. Actually, the number of odd
columns is p in both cases, since in case r odd we must have u, =0
because the Ferrers diagram of w has only even columns, and in case r
even we have u,_, = u, for the same reason. Thus we have shown that,
given a fixed w whose Ferrers diagram has only even columns, then
LR(C 7P £ 0 only if v is a partition such that the number of odd
columns in (¢")/v equals p. In particular, this establishes the “otherwise”
part of (4.1).

Conversely, given a partition »  (¢”) such that the number of odd
columns in (¢") /v equals p, we claim that there is exactly one partition m
whose Ferrers diagram has only even columns and such that LR(C hep)
0. And, more precisely, we have LR“ ¢=P) = 1, which means that there is
exactly one LR-filling of shape (¢"~*, ¢ — p)/u and content ». Altogether,
this would establish (4.1).

The claim is established by going through the preceding paragraphs,
backwards. Suppose that v < (¢”) is a partition with LR(; =P £, for
some p whose Ferrers diagram has only even columns. Then w, defined as
above as (¢ — u,_4,¢ — M,_p,...,C — Wy), iS @ partition in which (1) all
the columns have length = r mod 2, and (2) which is contained in » and
differs from v by a horizontal strip of length ¢ — p — u,. It is straight-
forward to see that (1) and (2) determine & uniquely. Hence,
My, Moy .-y M,_q are uniquely determined, thus also u,, since the Ferrers
diagram of u has to contain only even columns. To be precise, the latter
condition implies that w, equals w,_, if r is even, and O if r is odd

Let u be this uniquely determined partition. To show that LR(, =7
=1 it remains to see that there is exactly one LR-filling of shape
(¢ ¢ — p)/p with content ». In fact, as we already observed, the entries
of the first » — 1 rows of a LR-filling of shape (¢" % ¢ —p)/u are
uniquely determined. The content of this partial filling of these first r — 1
rows is . Since v, which should be the content of the complete LR-filling,
differs from & by a horizontal strip, also the entries of the r-th row are
uniquely determined. To be precise, the length of the i-th row of v/u
gives the multiplicity of i in the r-th row of the LR-filling.

All together, this establishes (4.1), and hence (3.1), as desired. |
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Proof of (3.2). According to (A.14) we have
s((c’*l’,(c - 1)p);x) =Yo(v;x) Y LRE D,
14 M, uoeven
Hence we have to show that
P (e 1 oddrows((c")/v) =p
LR 7ile=1F) = 4.2
2 ry {0 otherwise. (4.2)

M, ueven

We could prove this again directly, in a style similar to that of the proof of
(4.1). However, once (4.1) is already known, the companion (4.2) follows
straightforwardly from the well-known identity (see [8]) LR}, , = LRfLﬁ,V

For the proofs of (3.3) and (3.4) we utilize the following auxiliary result.

LeEmMMA 1. Let N be a positive integer. Then, for any partition A =
(A1, Ay, oty Ay) we have

SN((/\l' Azx----/\N);Xil)
=sN((/\1—/\N,/\l—/\N,l,...,/\l—/\z,O);xil). (4.3)
Proof. This identity follows upon little manipulation from the dual

Jacobi—Trudi identity (the Nagelsbach—Kostka identity, see [26, I, (3.5)])
for Schur functions,

A X) = det (X)), 4.4
S(Ax) = | det (e-,.,(0) (4.4)
where e, (X) =X, ; .....; x; - x; denotes the elementary symmetric
function of degree m. For by (4.4), and because of
ep(x Xt x x ) = ey (X xr x0T

and a similar identity for e, (x;, x;%,...,x, x,% 1), we have (in the
following calculation e, (x*') is short for e, (x;, x; %, ..., x,, x; 1), respec-
tively, for e, (x,, x;%, ..., x,, x; %, 1), depending on whether N is even or
odd)

SN(()‘lv Az:---v/\N);Xil)
= det (e)\’i—i+j(xil))

1<i,j<

= det (eN Nj+i— j(X_ ))

1<i,j<

= det (6 Y o o (x*! )
1<i,j<A, N=2Xy+1-it (M +1=-D—= (A +1 /)( )

= sy (A = Ays Ay = Ay g, A — 4,,0)5x 51,
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Proof of (3.3). In (3.1) we specialize x to (x;, x;%,..., x,, x,%,0,0,...)
if N=2n,and to (x,,x;%...,x,,x,%1,0,0,...) if N=2n+ 1, which
leads to

sy((¢"he—p)ix*tt) = )y spy(vix*h). (45)

vc(ch)
oddcols((¢")/v)=p

This gives (3.3) for r < [N /2] immediately. In the case where r > [N /2],
on the right-hand side of (4.5) the partition v could have more than [N /2]
parts, in which case one would have to apply modification rules for the
corresponding symplectic characters spy(v;x) (see, e.g., [10; 39, Theorem
5.4]). However, we circumvent this difficulty by appealing to Lemma 1. In
fact, by (4.3) and (4.5) we have for r > [N /2],

sv((eh e =p)ixt) = sy (e p)ix*?)
= b spy(vix*h),

l)g(cNfrJrl)
oddcols((c N~ /v)=c—p

which is (3.3) for r > [N/2]. 1
Proof of (3.4). In (3.1) we set N=2n+1, p=0, and substitute

(xp, x7t .00 x,,x,%,1,0,0,...) for x to obtain
Sanea((€7)ix 1) = ) Pansa( piXED). (4.6)
pc(ch

oddcols((c¢")/p)=0

Now first let r < n. The odd symplectic characters on the right-hand
side of (4.6) are known to decompose in terms of even symplectic charac-
ters as (see [30, Cor. 8.1; 32, Lemma 9.1, with z = 1 and b = 0]

Ponsa( pixEh) = > Pa (v xE1). (4.7)

vCp
p/v a horizontal strip

Combining this with (4.6) yields (3.4) for r < n, as for any subpartition v of
the rectangle (c¢") there is exactly one way of adding a horizontal strip to v
such that a partition p with oddcols((¢")/p) = 0 is obtained.

The case r > n of (3.4) then follows from the r < n case by use of (4.3)
with N=2n+1. 1

Proof of (35). Here, in (3.2) we specialize x to (x;, x;%
X, x,1,0,0,...) if N=2n,and to (x;, x;%,...,x,,x,%10,0,...) if
N=2n+1 1



16 C. KRATTENTHALER

5. PROOF OF THEOREM 2

In this section we combine the tableaux description of symplectic char-
acters due to DeConcini and Procesi [3, 4] (see Section A3 of the
Appendix) and tableaux descriptions of special orthogonal characters due
to Lakshmibai, Musili, and Seshadri [22, 23, 21] (see Sections A4 and A5 of
the Appendix) with Robinson—Schensted—Knuth-type algorithms. We re-
mark that while there are restriction rules that would apply here (they
involve ordinary Littlewood—Richardson coefficients; see [12, (4.20)-(4.22);
16, Theorem 2.1 with k = n, Theorem A1l]), these do not appear to be very
helpful for our purposes. This is because they involve modification rules
for characters, these cause alternating signs, and these in turn cause a lot
of cancellations, and all of this is simply not tractable for the applications
that we have in mind.

Proof of (3.6). By (A.4) we know that the left-hand side of (3.6) equals

Y (x4’ (5.1)

S a (2n)-symplectic tableau
of shape (¢"~7,(c—1)?)

On the other hand, by (A.2) we have that the right-hand side of (3.6)
equals

(x1x, =0 x,) )y xT. (52)
T an n-tableau
of shape »<((2¢)")
with oddrows(»)=p

Comparing (5.1) and (5.2), we see that (3.6) will be proved if we can find a
bijection, ® say, between (2n)-symplectic tableaux S of shape (¢"~?,(c —
1)?) and n-tableaux T with at most 2¢ columns and exactly p odd rows
such that

(x*H° = (xyx, - x,) CxT,  if T =d(S). (5.3)

The bijection that we are going to construct proceeds in two steps. In
the first step we map (2n)-symplectic tableaux of shape (¢"~7,(c — 1)?) to
certain pairs (see the paragraph including (5.4)) by analyzing how these
symplectic tableaux look. In the second step we map these pairs to the
above-described n-tableaux by a Robinson—Schensted—Knuth-type corre-
spondence.

First step. Let S be a (2n)-symplectic tableaux of shape (¢"~7,(c — 1)*).
By the definition of (2n)-symplectic tableaux in Section A3 of the Ap-
pendix, S is a (2n)-tableau of shape ((2¢)"~?,(2¢ — 2)?) such that columns
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2¢ — 1,2c, columns 2¢ — 3,2¢ — 2, etc., form (2n)-symplectic admissible
pairs. An example with n = 6, ¢ = 4, p = 2 is displayed in Fig. 2.

We claim that (2n)-symplectic tableaux S of shape (¢"~7,(c — 1)?) are
in bijection with pairs (T, {e,, e,, ..., ¢,}), by a bijection ®, say, where T is
an n-tableau whose shape has only even rows and is contained in
(2c)"77,(2c — 2)?), and where {e;, e,,...,¢,} is a set of numbers satisfy-
ing

l1<e <e < <e,<n,

and ¢, & [i(m),j(m)]forl<l<p, 1<m<s, (54)

given that
i(1) j(1)
i(s) J(s)
are the (2¢ — 1th and (2¢)th columns of T, such that
(th)s = (xyxp - x,,)_c Xy, X, XT,

it (T.{e1.es.....0,}) = Dy(S). (55)

The construction of the bijection ®, is based on an analysis of the
symplectic tableaux under consideration. By Observation 2 in Section A3
of the Appendix, both columns in a (2n)-symplectic admissible pair have
the same number of entries < n. Hence, the entries < n in S form an
n-tableau, T say, with only even rows. Of course, the shape of T is
contained in ((2¢)"~?,(2c — 2)?). In Fig. 2 we have marked the area that
is covered by entries < n by a bold line. The resulting tableau is displayed
in the left half of Fig. 3.
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The next observation is that, given 7, we can recover S almost com-
pletely; only the (2¢ — Dth and (2¢)th columns cannot be necessarily
recovered. For, all of the columns of S except columns 2¢ — 1 and 2¢ have
length n. Thus, by Observation 3 in Section A3 of the Appendix, if the
entries < n in a column of length n are {i(1),i(2),...,i(s)}, then the
entries >n are (n+1L,n+2,....200\{2n +1 —-iD,2n + 1 —
i(2),...,2n + 1 — i(s)}. Only for recovering columns 2¢ — 1 and 2¢ of S
from T do we need more information than just the (2¢ — 1)th and (2¢)th
columns of 7.

Let the (2¢ — Dth and (2¢)th column of S be

i(1) j(1)
: entries <n
i(s) Jj(s)
(5.6)
i(s+1) j(s+1)
. . entries > n

i(n—=p) j(n-p)
Observe that by definition of a (2n)-symplectic admissible pair (see Defini-
tion 1 in the Appendix) we have
{i(1),...,i(s),2n+1—-i(s+1),....2n+ 1 —i(n —p)}

={j(1),....j(s),2n+1—j(s+1),....2n+ 1 —j(n — p)}.

(5.7)
Let {ej, e;,...,€,} be the complement of this set in {1,2,...,n}. In other
words, ey, ¢,, ..., e, are the numbers e between 1 and n with the property

that neither e nor its “conjugate” 2n + 1 — e occurs in the (2¢ — Dth or

(2¢)th columns of S. Without loss of generality we may assume e, < e, <
- <e,. In our running example (recall p = 2) we have {e,, e,} = {2, 6}.
Obviously, because of (5.7) and the definition of T and {ej, e,,..., ¢},

all of the information about the (2¢ — D)th and the (2¢)th columns
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(displayed in (5.6)) is contained in the (2¢ — L)th and (2¢)th columns of T
(the entries <n in (5.6)) and {e,, e,,...,¢,}. Moreover, because of the
definition of a (2n)-symplectic admissible pair, we have e, & [i(m), j(m)]
for all / and m. And conversely, if we have
(1) j(1)
C, {erep,. . e}
i(s) Jj(s)
such that (5.4) is satisfied, then (5.6) with
{i(s+1),....,i(n —p)}
={n+1,....20}\{2n +1—i(1),....2n + 1 —i(s),
2n+1-—ey,...,2n + 1—ep}

{its+1),....j(n = p)}
={n+1,...2n}\{2n +1—j(1),....2n + 1 — j(s),

2n+1—-e),....2n+1—-e¢,}

will be a (2rn)-symplectic admissible pair.

Hence, we have defined the desired bijection ®,. It is easy to check that
the weight property (5.5) holds under this correspondence.

Our running example in Fig. 2 is mapped under &, to the pair in Fig. 3.

Second step. In the second step we construct a bijection ®, between
pairs (T, {ey, e,, ..., e,}) satisfying the above conditions including (5.4), and
n-tableaux 7' with at most 2¢ columns and exactly p odd rows, such that

T _ veex oxT
XD =0, X, X (5.8)
Let (T,{e,, ey, ..., e,}) be such a pair. We insert ¢, e,_;,..., ey, in this
order, into T, according to the following procedure. Let T, := T. Suppose
that, by inserting ¢, e,_;,...,e,_,,, we already formed 7,. Next we insert

e, into T, in the followmg way. Choose the first row (from top to
bottom) of 7, such that e,_; is less than the entry in the (2c¢ — Djth
column in that row of T,. If there is no such row, choose the first row that
does not have an entry in the (2c — 1th column of that row. Then,
starting with that row of 7,, ROW-INSERT ¢, , into T}, i.e. (cf. [14, p.
712; 19, pp. 87-88)), find the leftmost entry in that row that is larger than
e,_;, bump it, and replace it by e,_;; if there is none, then place e,_, at
the end of that row. If an entry was bumped, then repeat this same
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procedure with the bumped entry and the next row, etc. Thus one obtains
T),,. Finally, set T = ®,((T,{e;, e,,...,¢,))) == T,. Our running example
from Fig. 3 is mapped under @, to the tableau in Fig. 4.

Since T was an n-tableau with only even rows, and since later “insertion
paths” are (weakly) to the left of previous ones, T is an n-tableau with
exactly p odd rows. Trivially, (5.8) is satisfied.

To show that @, is a bijection, we have to construct the inverse
mapping. Take an n-tableau T with at most 2¢ columns and exactly p odd
rows. Choose the last row (from top to bottom) of T that has odd length.
Now, starting with that row, perform a slightly modified ROW-DELETE
(cf. [14, p. 713; 19, pp. 88]). Namely, remove the last entry, x say, from that
row and find the rightmost entry, y say, in the previous row that is less
than x, replace y by x, and repeat this same procedure with y and the row
before the row that contained y, etc., until no row is left to be considered
or until an entry in the (2¢)th column would be replaced. In the latter case
(this is the modification), do not replace the entry in the (2¢)th column,
but stop the procedure. Thus we obtain an n-tableau 7; with p — 1 odd
rows and an entry, e; say, that was replaced in the last step of the
procedure. This procedure is repeated with 7}, thus obtaining 7, and e,,
etc. In the end we obtain T, which is an n-tableau with only even rows,
and in the course of our algorithm we obtained the elements e, e,, ..., ¢e,.
By standard properties of ROW-INSERT and ROW-DELETE (cf. [34]), it
is not difficult to see that this algorithm exactly reverses ®,, step by step.
In particular, the start of ROW-INSERT in a row that is possibly different
from the first and the modified ending of ROW-DELETE complement
each other exactly.

The composition @, - @, is by definition the desired bijection between
(2n)-symplectic tableaux S of shape (¢"77,(c — 1)?) and n-tableaux T
with at most 2¢ columns and exactly p odd rows. From (5.5) and (5.8)
the weight property (5.3) follows immediately. This completes the proof
of 3.6). 1

Proof of (3.7). Using (A.6) and (A.2) in (3.7), we see that (3.7) will be
proved if we can find a bijection, ¥ say, between (2n)-orthogonal tableaux

[ AT R
[=>]

[0 - VLN I N
[=> ROL 3 I I N

FIGURE 4



IDENTITIES FOR CLASSICAL GROUP CHARACTERS 21

S of shape (¢"~ 1, ¢ — p) and n-tableaux T with at most 2¢ columns and
exactly p columns with parity different from »n (by which we mean that the
lengths of the columns have parity different from n) such that

(x*H° = (xx, - x,) CxT,if T =W(S). (5.9)

Again, the bijection that we are going to construct proceeds in two steps.
In the first step we map (2n)-orthogonal tableaux of shape (¢"~*,¢ — p) to
certain pairs (see the paragraph including (5.10)) by analyzing how these
orthogonal tableaux look. In the second step we map these pairs to the
above-described n-tableaux by Robinson—Schensted—Knuth insertion.

First step. Let S be a (2n)-orthogonal tableaux of shape (¢~ % ¢ — p).
By Observation 1 in Section A5 of the Appendix, S consists of a pair
(S5, S,) of (2n)-tableaux, S, being of shape ((2¢ — p)") and each column
of which containing an even number of entries > n, S, being of shape
(p™), each column of which containing an odd number of entries > n, and
all of the entries in the first row of §, being at most #n, such that the
concatenation S; U S) is a (2n)-tableau, where S is the tableau arising
from S, by replacing the topmost element, e; say, in column i of S, by its
“conjugate” 2n + 1 —e¢, for all i =1,2,..., p, and by rearranging the
columns in increasing order. An example with n =6, c =7/2, p=2is
displayed in the left half of Fig. 5. The right half shows the concatenation
S; U S, (note that ¢; = 1, e, = 2).

We claim that (2n)-orthogonal tableaux S of shape (¢" ", ¢ — p) are in
bijection with pairs (T',{e,, e,, ..., €,}), by a bijection ¥, say, where T is an
n-tableau whose shape has only columns with the same parity as n and is
contained in ((2¢)"~*,2¢ — p), and where {e,, e,,..., ¢,} is a set of num-
bers satisfying

l1<e, <e < <e,<n, (5.10)

e; has less than the topmost element of the (2¢ — p + i)th column of T,
such that

e A O I

it (T.{es.ep.....0,}) = Wi(S). (5.11)

The construction of the bijection ¥, is based on an analysis of the
orthogonal tableaux under consideration. By definition, all of the columns
in $; U S, contain an even number of entries > n. Hence, the entries
<n in S;U S, form an n-tableau, T say, with all columns having the
same parity as n. Of course, the shape of T is contained in (2¢)"~*,2¢ —
p). In the right half of Fig. 5 we have marked the area that is covered by
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entries < n by a bold line. The resulting tableau is displayed in the left
half of Fig. 6.

Now, let W¥,(S) be defined by (T, {e,, e,,..., e,}), where, as before, ¢, is
the topmost element of the ith column of S,. Our running example in Fig.
5 is mapped under W, to the pair in Fig. 6. It is obvious that (5.10) and
(5.11) hold under this mapping. Besides, it is trivial to recover S from
(T {ey e,..., e,}. Hence, W, is a bijection, as desired.

Second step. In the second step we construct a bijection ¥, between
pairs (T, {e;, e,, ..., e,}) satisfying the above conditions including (5.10),
and n-tableaux 7' with at most 2¢ columns and exactly p columns of parity
different from n, such that

x"=x, - x, -xI. (5.12)

Let (T',{e, e,,..., ¢,}) be such a pair. We ROW-INSERT ey, ¢,,..., ¢,
in this order, into T (The reader should observe the differences in the
algorithm in the second step of the proof of (3.6): here we use genuine
ROW-INSERT, without any modification, as opposed to the proof of (3.6).
Furthermore, the order in which the elements ey, ¢,, ..., e, are inserted is
exactly the reversed order in the proof of (3.6).) l.e. (cf. [14, p. 712; 19, pp.
87-88)), let T, = T. Suppose that, by inserting e,,e,,...,e, we have
already formed T,. Next we insert e,,, into T,. Namely, we find the

ot no | =
(20 I N
[ N N R

FIGURE 6
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leftmost entry in the first row of T, that is larger than e, ,, bump it, and
replace it by e,, ,; if there is none, we place e, , at the end of that row. If
an entry was bumped, then we repeat this same procedure with the
bumped entry and the next row, etc. Thus one obtains the tableau T, ;.
Finally, we set T = W,((T{e;, e;,...,¢,})) := T,. Our running example
from Fig. 6 is mapped under ¥, to the tableau in Fig. 7.

Since T was an n-tableau with all columns having the same parity as =,
and since later “insertion paths” are strictly to the right of previous ones,
T is an n-tableau with exactly p columns of parity different from n.
Moreover, since ¢; is less than the topmost element of the (2¢ — p + ith
column of T, the insertion process will at no stage produce more than 2¢
columns. Hence, T has at most 2¢ columns. Trivially, (5.12) is satisfied.

To show that V¥, is a bijection, we have to construct the inverse
mapping. Take an n-tableau T with at most 2¢ columns and exactly p
columns of parity different from n. Choose the rightmost column of T that
has parity different from n. Suppose that the bottommost entry in this
column is in row I. Now, starting with that row, perform ROW-DELETE,
i.e. (cf. [14, p. 713; 19, pp. 88]), remove the last entry, x, say, from the Ith
row and find the rightmost entry, x,_, say, in the (I — 1)th row that is less
than x,, replace x,_, by x,, and repeat this same procedure with x,_, and
the (I — 2)th row, etc., until no row is left to be considered. Thus we
obtain an n-tableau T, with p — 1 columns of parity different from » and
an entry, e, say, that was replaced in the last step of the procedure. This
procedure is repeated with 7}, thus obtaining 7, and e, _,, etc. In the end
we obtain 7, which is an n-tableau with all columns having the same
parity as n, and in the course of our algorithm we obtained the elements
€, €, 1,...,€. Again, by standard properties of ROW-INSERT and
ROW-DELETE (cf. [34]), it is not difficult to see that this algorithm
exactly reverses W,, step by step.

The composition ¥, o ¥, is by definition the desired bijection between
(2n)-orthogonal tableaux S of shape (¢~ %, ¢ — p) and n-tableaux T with
at most 2¢ columns and exactly p columns of parity different from n.
From (5.11) and (5.12) the weight property (5.9) follows immediately. This
completes the proof of (3.7). 1

1117111(2]3]|3
2(2]2 4|5
3444
415]|6

5

FIGURE 7
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Proof of (3.8). Here we have to deal with (2n + 1)-orthogonal tableaux.
Since these are not too far from (2n)-symplectic tableaux, the arguments
here are very similar to those in the proof of (3.6). In fact, the basic steps
are the same; only the details differ. So sometimes we shall be sketchy and
provide details only if necessary.

Using (A.5) and (A.2) in (3.8), we see that (3.8) will be proved if we can
find a bijection, ® say, between (2n + 1)-orthogonal tableaux S of shape
(c¢"?,(¢c — 1)?) and pairs (T, o), where T is an n-tableau whose shape is
contained in ((2¢)"), and where o is a vertical strip of length p on the rim
of v that avoids the (2¢)th column, such that

(x*H" = (xpx, - x,) X7, i (T, o) = O(S) forsome o. (5.13)

Again, we proceed in two steps.

First step. Let S be a (2n + 1)-orthogonal tableau of shape (¢"~7,(c —
1)?). By the definition of (2n + 1)-orthogonal tableaux in Section A4 of
the Appendix, S is a (2n)-tableau of shape ((2¢)"~?,(2¢ — 2)?) such that
columns 2¢ — 1, 2¢, columns 2¢ — 3, 2¢ — 2, etc,, form (2n + 1)-
orthogonal admissible pairs. An example with n =6, c =4, p=3 is
displayed in Fig. 8.

We claim that (2n + 1)-orthogonal tableaux S of shape (¢" 7, (c — 1)?)
are in bijection with pairs (T, {e;, e,, ..., ¢,}), by a bijection ©, say, where
T is an n-tableau contained in ((2¢)"?,(2c — 2)?), and where
{ej e5,...,¢,} is a set of numbers satisfying

l1<e <e, < <e, <n,
e, & [i(m), j(m)] forl<l<p, 1<mc<s, (5.14)
and e & [i(s+1),n] forl<I<p,

2¢

=——/\

111]1]1]3]3

2(2]2[3[4|5]5]5

3(3(4|6]7]7 212
"Wal5]5[8|8]9

5(6|6]9|11]11 P

6|9 [10]11]12[12

FIGURE 8
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given that
i i
i(:S) J'(:S)
i(s + 1)
i(;)

are the (2¢ — L)th and (2¢)th columns of T, such that

(Xil)s = (xlxz veo xn)ic.x e X, ‘XT,

25

if (T {e1.e5.....¢,}) = ©,(S). (5.15)

The construction of the bijection @, is based on an analysis of the
orthogonal tableaux under consideration. Clearly, the entries <n in §
form an n-tableau, T say, whose shape is contained in ((2¢)" =7, (2¢ — 2)?).
Note that in contrast to the symplectic case, here T is not necessarily a
tableau with only even rows. In Fig. 8 we have marked the area that is
covered by entries < n by a bold line. The resulting tableau is displayed in

the left half of Fig. 9.
Now, let the (2¢ — 1)th and (2¢)th columns of S be

i(1) j()
. . <n
n> .

: j(s)

i(t) j(s + 1)
Ii(r+1) :
] >n
1111 3|3({4]4
2l2]2(3|4]|5!5]5
3314 , {2,3,6}
4(5(5
5/6|6
6

FIGURE 9

(5.16)
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As in the symplectic case, we define {e;, e,,...,¢,} to be the set of
numbers e between 1 and n with the property that neither e nor its
“conjugate” 2n + 1 — e occurs in the (2¢ — Dth or (2¢)th columns of S.
Again, without loss of generality we may assume e; <e, < -+ <e,. In
our running example (recall p = 3) we have {e,, e,, e} = {2,3,6}. From
the definition of a (2n + 1)-orthogonal admissible pair (see Definition 2 in
the Appendix) it follows that the numbers e;, e,, ..., e, satisfy (5.14). Note
that (5.14) differs from the ‘“‘symplectic analogue” (5.4) by the additional
condition in the third line.

We define 0,(S) to be (T,{e, e,, ..., e,}). Our running example in Fig.
8 is mapped under ©, to the pair in Fig. 9.

As in the symplectic case, it can be shown that § can be uniquely
recovered from (7', {e;, e,,..., e }). Furthermore, it is easy to check that
the weight property (5.15) holds under this correspondence.

Second step. In the second step we construct a bijection ®, between
pairs (T, {e,, e,, ..., e,}) satisfying (5.14) as before, and pairs (T, o), where
T is an n-tableau whose shape is contained in ((2¢)"), and where o is a
vertical strip of length p on the rim of v that avoids the (2¢)th column,

such that

T

x'=x, = x, -xI. (5.17)

ep

To obtain T from such a pair (T, {e,, e,, ..., e,}) we use the mapping @,
from the second step of the proof of (3.6). On the other hand, o is defined
to be the vertical strip by which the shapes of T and T differ. Thus, our
running example from Fig. 9 is mapped under ®, to the pair in Fig. 10.
There, the vertical strip o is visualized by bold lines embedded in the
shape of T.

By definition of ®, (recall that an element is never inserted into the
(2¢)th column of some T)), o is a vertical strip on the rim of the shape of
T that avoids the (2¢)th column. It is obvious that (5.17) holds.

The composition ©, - 0, is by definition the desired bijection between
(2n + 1)-orthogonal tableaux S of shape (¢"~*,(c¢ — 1)*) and pairs (T, o),

DU W |

|||

||
[=>]

IR R R A

FIGURE 10
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where T is an n-tableau whose shape is contained in ((2¢)"), and where o
is a vertical strip of length p on the rim of » that avoids the (2¢)th
column. From (5.15) and (5.17) the weight property (5.13) follows immedi-
ately. This completes the proof of (3.8). 1

Proof of (3.10). Here we proceed very similarly to the preceding proof
of (3.8).

Using (A.5) and (A.2) in (3.10), we see that (3.10) will be proved if we
can find a bijection, Q say, between (2n + 1)-orthogonal tableaux S of
shape (¢" ", ¢ — p) and pairs (T, o), where T is an n-tableau whose shape
is contained in ((2¢)"), and where o is a horizontal strip of length p on
the rim of » such that the ith cell of the strip comes before the
(2¢ — 2p + 2i)th column, such that

(Xil)s = (X%, rx,) X, if (T,0) =Q(S) forsome o. (5.18)
Again, we proceed in two steps.

First step. Let S be a(2n + 1)-orthogonal tableau of shape (¢"~ %, ¢ — p).
By the definition of (2n + 1)-orthogonal tableaux in Section A4 of the
Appendix, S is a (2n)-tableau of shape ((2¢)"*,2¢ — 2p) such that
columns 2¢ — 1,2¢, columns 2¢ — 3,2¢ — 2, etc., form (2n + 1)-
orthogonal admissible pairs. An example with n =6, c =7/2, p =3 is
displayed in Fig. 11.

We claim that (2n + 1)-orthogonal tableaux S of shape (¢" % ¢ — p)
are in bijection with pairs (T,(ey, ey, ..., e,)), by a bijection (1, say, where
T is an n-tableau contained in ((2¢)"~! 2¢ — 2p), and where
(ey, €y,...,¢,) is a vector of numbers (we definitely mean vector here, i.e.,
the order of the numbers is important) satisfying

1Sel,ez,...,ep3n,
e, & [i;,(m),j(m)] forl<l<p, 1<m<s, (519)
e, & [i(s,+1),n] forl<l<p,

2¢

9 (10
11j11
10]10(11{12]12]12

Jjot|o|—
o BNl Roul U

|°\10’l»J>C»Jl\DH

2p
FIGURE 11
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and for all m,

{1,2,....m} \{e;, (1), ... ju(s)}]
<H{1.2,...om}\{epprnipia(D), o vipa(i )}, (5.20)

given that

(1) )

i(s) )

i(s; +1)

i(1)

are the (2c — 2p + 21 — Dth and (2¢ — 2p + 2Dth columns of T, such
that
(Xil)s = (xy%, - x,) Cox, e x, XD,

if (T, {er e,....0,}) = Q4(S). (5.21)

Again, the construction of the bijection (2, is based on an analysis of
the orthogonal tableaux under consideration. Clearly, the entries <n in §
form an n-tableau, T say, whose shape is contained in (2¢)"~ %, 2¢ — 2p).
In Fig. 11 we have marked the area that is covered by entries < n by a
bold line. The resulting tableau is displayed in the left half of Fig. 12.

If we apply the paragraph containing (5.16) with p = 1, then we see
that, with ¢; being the number that together with its conjugate 2n + 1 — ¢,
does not appear in the 2¢ — 2p + 2/ — Dth or (2¢ — 2p + 2Dth columns
of §,1=1,2,..., p, the map Q, defined by

S_>(T,(e1,e2,...,ep))

5|56 , (4, 3, 6)

[Cle]=]=]-

FIGURE 12
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defines the desired bijection. In particular, the fact that the entries > n in
S also form a (skew) tableau is reflected by condition (5.20). For, the
entries > n from the (2¢ — 2p + 2Dth column of S are

{n+1,n+2,...,2n} \
2n+1—-¢,2n+1—j(1),....2n + 1 —j(s)}

and the entries > n from the (2¢ — 2p + 21 + Dth column of S are

{(n+1,n+2,...,2n}\
2n+1—-e 1 ,2n+1—i,(1),....2n +1 =i, 4(1;,1)}

That all entries > n from the (2¢ — 2p + 2)th column of S are less than
or equal to their right neighbors from the (2¢ — 2p + 2/ + 1)th column of
S, is exactly equivalent to requiring

l{2n,2n —1,...,2n — m} \
2n+1—-e¢,2n+1—j(1),....2n + 1 —j,(s)}|
<|{2n,2n - 1,...,2n — m}
\{2n +1- el+1v2n +1- il+1(1)!""2n +1- i1+1(tl+1)}|

for all m, which is clearly equivalent to (5.20).

Again, it is easy to check that the weight property (5.21) holds under this
correspondence. Our running example in Fig. 11 is mapped under (), to
the pair in Fig. 12.

Second step. In the second step we construct a bijection 2, between
pairs (T, (e, e,, ..., e,)) satisfying (5.19) as before, and pairs (7, o), where
T is an n-tableau whose shape is contained in ((2¢)"), and where o is a
horizontal strip of length p on the rim of » such that the ith cell of the
strip comes before the (2¢ — 2p + 2i)th column, such that

xT=x, ---x, -x'. (5.22)

ey e,

Let (T'(ﬁ’ €,,...,e,)) be such a pair. We insert ey, e,,...,e,, in this
order, into 7, according to a procedure that is very similar to ®,, or 0,,
which were used in the proofs of (3.6), respectively, (3.8). That we have to
modify these procedures is due to the fact that e, satisfies a condition,
namely (5.19), that depends on the (2¢ — 2p + 21 — Dth and (2¢ — 2p +
2Dth columns of T, and not just on the (2¢ — 1)th and (2¢)th columns, as
was the case in (5.4) or (5.14). Let T, = T. Suppose that, by inserting
ey, e, ..., e We have already formed 7,. Next we insert ¢, , into 7, in the
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following way. Choose the first row (from top to bottom) of T such that
e;., is less than the entry in the (2¢ — 2p + 2/ — Dth column in that row
of T,. If there is no such row, choose the first row that does not have an
entry in the (2¢ — 2p + 21 — 1)th column of that row. Then, starting with
that row of T, ROW-INSERT ¢,, , into T; see the definition of ®, in the
second step of the proof of (3.6). Thus one obtains the tableau T, ,.
Finally, set 7 = Q,((T,(e;, e5,...,¢,)) == T,. On the other hand, o is
defined to be the vertical strip (it is indeed a vertical strip, as will be shown
in a moment) by which the shapes of T and T differ. Thus, our running
example from Fig. 12 is mapped under (), to the pair in Fig. 13. There, the
vertical strip o is visualized by bold lines embedded in the shape of T.

It is obvious that (5.22) holds under this correspondence. Moreover, it is
immediate from the definition of o as a result of the above insertion
procedure that the ith cell of o comes before the (2¢ — 2p + 2i)th
column. However, it is not so immediate that o is indeed a vertical strip.
This will be established next. We will be done if we are able to show that
later “insertion paths” are strictly to the right of previous ones. It suffices
to consider two successive insertion paths.

Let the columns 2¢ — 2p + 21— 1, 2¢ — 2p + 21, 2¢ — 2p + 21 + 1,
2¢ — 2p + 21 + 2 be given by the four columns in Fig. 14 (ignore for the
moment “e¢; — " and ‘¢, ;, > "

Suppose that the insertion of e, would start in row u, as is symbolized by
e, = i,(u) in Fig. 14, and that the subsequent insertion of ¢,, ; would start
in row v, as symbolized by e, — i, ,(v) in Fig. 14. This would mean that
we have

i = 1) <e <iy(u) (5.23)
and
Jisa(v = 1) <eppq <ipq(v). (5.24)

During the insertion of ¢, ,, first the element ¢, , bumps i, ,(v) (which is
an element of the (2¢ — 2p + 21 + Dth column of T) or an element to
the left of i,,,(v) in the same row. Let us further suppose that until row

1]1]1]1]2]3
212(2[3(5]5]5
34|55

4]5(6 ’
5

FIGURE 13
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TGO R ¢V i1+1(1) Jiva(D)

€41 7 irr1(v) Jis1(v)
e = ip(u) Ji(u) iva(sivn)  Jiva(sien)
i1ty 1)
i(s1) JiCs)
i(s;+1)
i(1)
FIGURE 14

w — 1, w > v, elements of the (2¢c — 2p + 21 + Dth column are bumped,
i.e., i;.,(v) bumps i, (v + 1),...; finally, i,, (w — 2) bumps i, ,(w — 1).
This would mean

Ji(o+1) <ipq(v)i(w = 1) <ipg(w = 2). (5.25)

We suppose that then in row w the insertion path jumps to the left of the
(2c — 2p + 21 + Dth column (note that the case w = v covers the case
that ¢,, , bumps an element to the left of i,, ,(v)), which means that

i(w—1) <ji(w), ore.,, <j(v)incasew =v. (5.26)

We do not care what happens afterward.

We claim that u < w and that ¢, <i,, (w — 1), respectively, ¢, < e, ,
in case w = v. This would imply that in the uth row the insertion path
caused by e, , is strictly to the right of the insertion path caused by e, and
therefore has to stay strictly to the right from there on, by an elementary
property of ROW-INSERT. And this is what we want to show.

To prove the claim we consider (5.20) with m =i, ,(w — 1), respec-
tively, m = e, , in case w = v. For this choice of m, the right-hand side of
(5.20) equals i,, ,(w — 1) — w, since we have

i01(1) <ipq(2) < 0 <dpg(w - 1),
and by (5.24),

errq <ippg(v) < - <dpg(w—1),
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respectively, equals ¢,, ; — v in case w = v, since by (5.24) we have

i01(1) < - <ipg(v = 1) <o = 1) <eppy <ipq(v).

Hence, the left-hand side of (5.20) is bounded above by i, (w — 1) — w,
respectively, e,,, — v in case w = v.

On the other hand, the left-hand side of (5.20) is at least i, (w — 1) — w,
respectively, e;,, — v in case w = v, and equal to the lower bound only if
e, <i,,,(w — 1), respectively, e, < e, , in case w = v. For, by (5.25) and
(5.26) we have

Ji(1) < o <G(w = 1) <idp(w = 2) <ipq(w— 1) <ji(w),

and in case w = v we have, by (5.24) and (5.26),

Ji(1) < - <ji(v = 1) <ja(v—1) <epyq <ji(v).

So the lower bound can only be reached if e, < i,,,(w — 1), respectively,
e, < e, ., in case w = v, which is what we wanted to show.

Summarizing, we have shown that indeed e, < i,,,(w — 1), respectively,
e, < e, in case w = v. Combining this with (5.23) and (5.26), we obtain
the inequality chain

Ji(u = 1) <e; <ip4(w— 1) (respectively, e, ;) <j,(w);

hence j,(u — 1) < j,(w). Since columns are strictly increasing, this immedi-
ately implies u < w, as desired.

To show that W, is a bijection, we have to construct the inverse
mapping. Experienced with three other similar proofs, this is rather
straightforward. Let (T, o) be a pair, where T is an n-tableau whose shape
is contained in ((2¢)"), and where o is a horizontal strip of length p on
the rim of » such that the ith cell of the strip comes before the
(2c — 2p + 2i)th column. For [ = 1,2,..., p start a ROW-DELETE with
the entry of T that is located in the cell corresponding to the /th cell of o
(counted from the right), but stop before an entry in the (2¢ — 21 + 2)th
column would be bumped. This procedure reverses the algorithm (},, step
by step.

The composition , o £, is by definition the desired bijection between
(2n + 1)-orthogonal tableaux S of shape (¢"~* ¢ — p) and pairs (T, o),
where T is an n-tableau whose shape is contained in ((2¢)"), and where o
is a horizontal strip of length p on the rim of v such that the ith cell of
the strip comes before the (2¢ — 2i + 2)th column. From (5.21) and (5.22)
the weight property (5.18) follows immediately. This completes the proof
of (3.10). 1
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6. PROOF OF THEOREM 3

In this section we use Littelmann’s extension [24] of the Littlewood—
Richardson rule to symplectic and special orthogonal characters. This
extension is described in Section A6 of the Appendix. We remark that
while there are other rules for the decomposition of the product of two
symplectic or orthogonal characters involving ordinary Littlewood-
Richardson coefficients (the Newell-Littlewood rules; see [13, Theorem 4.1;
15, Cor. 2.5.3/Prop. 2.5.2; 39, Theorem 5.3]), these do not appear to be
very helpful for our purposes. Again, this is because they involve modifica-
tion rules for characters, these cause alternating signs, and these in turn
cause a lot of cancellations, and all of this is simply not tractable for the
applications that we have in mind.

Before we move on to the proofs of (3.13)—(3.20), in Proposition 1 we
supply decomposition formulas for the product of a rectangularly shaped
symplectic, respectively, special orthogonal, character and an arbitrarily
shaped character of the same type. All of these expansions involve slightly
modified Littlewood—-Richardson coefficients, which even reduce to ordi-
nary Littlewood—Richardson coefficients in a number of cases; see Re-
mark 4. But there are no alternating signs here, and hence there is no
cancellation. The formulas (3.13)-(3.20) then follow rather easily from
(6.1-(6.5).

PropPosITION 1. For any nonnegative integer c and any partition \ with at
most n parts, there holds

(€)X =) sspy, (A xEh) = X spy,(vix®h) X m;fu(cn)(c)
vCA+(c" we(@e)
w even

(6.1)

(“w even” means that all of the rows of w are even), where LRy (c) is the
number of LR-fillings F of shape (v + (c"))/A with content u and with the
additional property that
If there is an entry e in the nth row of F, in column j
say (see Section Al in the Appendix for how columns (6.2)
are counted), then F must contain at least 2¢ — 2j + 1
other entries e to the right of column j.
Next, for any nonnegative integer or half-integer ¢ and any partition or
half-partition A with at most n parts, there holds

505, 1((€")X 1) »505, 4 1(A; X FT)

= Y soua(vix*h) X IRL(e),  (63)

vCA+(c™) nwc(@e)
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with the understanding that v ranges over partitions if A + (¢") is a partition
and over half-partitions if A + (c") is a half-partition, and where LRx '\ (c)
is defined as before. (Again, see Section Al in the Appendix for how columns
are counted; in particular, in condition (6.2) the column index j ranges over
the integers if A is a partition and over half-integers if A is a half-partition.)

Finally, for any nonnegative integer or half-integer ¢ and any (2n)-orthogo-
nal partition or half-partition A with at most n parts, there holds

502,((€"); X *7) + 505, (A x5 1)

— T sop(vixth) Y IRL (0], (64)

vca+(c™ pc(@e))
oddcols(((2¢)™)/u)=0

where LR (¢ is the number of LR-fillings F of shape (v + (¢™)) /A with
content u and with the additional property that forl = 1,2, ..., 2c there holds

If the subfilling that arises from F by deleting the

rightmost 2c — [ entries 1, the rightmost 2¢ — [ entries

2,..., the rightmost 2c¢ — I entries n (if there are fewer (6.5)

than 2c — I entries of some size, then delete all of

these) has shape v(1) /A, then v(l),_, + v(]), > I.
Again, the sum in (6.4) is understood to range over n-orthogonal partitions if
A + (¢™) is an n-orthogonal partition and over n-orthogonal half-partitions if
A + (¢™) is an n-orthogonal half-partition.

Remark 4. 1t should be noted that in case A, > ¢ the condition (6.2) is
void, so that the coefficients LRA (¢) that appear in (6.1) and (6.3)
reduce to the ordinary Littlewood-Richardson coefficients LR}"(". Like-
wise, if A,_; + A, > 2¢ the condition (6.5) is void, so that the coefficients
LR{W(c) that appear in (6.4) reduce to the ordinary Littlewood—
Richardson coefficients LR} (",

Proof of Proposition 1. For convenience, we start with the proof of (6.3).

Proof of (6.3). By (A.10) with x,(-) = s0,, . ,(-;x*1) we know that

502, +1((€")iX*1) =504, 1(A; X)) = 3505,,4(A + con(T);x*1),

T

(6.6)

where the sum is over all (2n + 1)-orthogonal tableaux T of shape (c¢")
such that for all 1 =1,2,...,2c¢ the vector v(I) := A + con(T(])) is in the
Weyl chamber (A.8) of type B, i.e., it satisfies

v(l)y=v(l),> -+ =v(l),>=0. (6.7)
The content con(7") of T is defined after (A.3).
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By comparing (6.6) with (6.3) we see that (6.3) will be proved once we
construct a bijection, T say, between (2n + 1)-orthogonal tableaux T of
shape (¢") and content p that satisfy (6.7) for / =1,2,...,2¢ and LR-
fillings F of shape (A + p + (c¢"))/A that satisfy property (6.2).

The bijection T is defined as follows. Let A be fixed and let T be a
(2n + 1)-orthogonal tableau of shape (¢") with content p. By Observation
2 in Section A4 of the Appendix, (2n + 1)-orthogonal tableaux of shape
(c¢™) are nothing but (2n)-tableaux of shape ((2¢)"), where each column
contains one of e or 2n + 1 —e for all e = 1,2,...,n. An example with
n =>5and ¢ =5/2 is displayed in the left half of Fig. 15. It satisfies the
required property that A + con(7°(1)) is in the Weyl chamber of type B,
[=1,2,...,2¢ for A = (4,4,3,1,1), as is easily checked.

To obtain the image of 7 under T, we construct a sequence
F,, F,, ..., F,,. offillings by reading 7 columnwise, from right to left. The
desired filling F will then be defined to be the last filling, F, . Define F,
to be the only filling of the shape A/A (which is, of course, the empty
filling). Suppose that we already constructed F,. To obtain F,, ,, we add for
i=1,2,...,nanentry e to row i of F, if i is an entry in the (2c — Dth
column and the eth row of 7. As already announced, we define F to be
F,.. Thus, with A = (4,4,3,1,1), our tableau in the left half of Fig. 15 is
mapped by T to the filling in the right half of Fig. 15.

It is straightforward from this construction that the mapping T can be
reversed, step by step. So we shall be done if we show that, given that T is
mapped to F by T, T is a (2n + 1)-orthogonal tableau of shape (c¢") with
content p if and only if F is a LR-filling of shape (A + p + (¢"))/A
satisfying (6.2). We provide the details only for the forward implication.
Since the arguments for the backward implication are similar, the reader
will have no difficulty filling in the respective details.

Let T be a (2n + 1)-orthogonal tableau of shape (c¢") with content p
that is mapped by T to the filling F. What we have to show is that F is an
n-tableau, i.e., that entries are weakly increasing along rows and strictly
increasing along columns, that the LR-condition holds, that the shape of F
is (A + con(T) + (¢")/A, and that F satisfies (6.2). The reader is advised

1[1]1]4]s 1[1]1]
2]3]4]8]|7 2
3/4[5[8]8 . 2
HEHBEE 1]2]3
7]9]9]10{10 3]4

FIGURE 15
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to keep the example of Fig. 15 in mind. It will help to follow the
subsequent arguments.

For the first statement, let e and f be entries in the ith row of F, e
being the left neighbor of f. Then, by construction of T, e was caused by
some entry i in the eth row and c,th column, say, of T, while f was caused
by some entry i in the fth row and c,th column, say, of T. Since f is to
the right of e, f was added “later”; hence ¢, <c,. Now, since T is a
tableau, the entry i in column ¢, cannot be higher than the entry i in
column c,. Therefore we have e < f. This holds for any left-right neigh-
bors in F, so rows are weakly increasing, as desired. To see that columns
of F are strictly increasing, we consider entries e and f in the same
column of F, e being the top neighbor of f. Let e be located in the ith
row of F (and, thus, f be located in the (i + Dth row of F). Then, by
construction of T, e was caused by some entry i in the eth row and c,th
column, say, of T, while f was caused by some entry (i + 1) in the fth row
and c,th column, say, of T It is easily seen by induction that for all / the
shape of the partial filling F, is given by (A + con(T())) + ((I/2)"))/A. In
particular, because of (6.7), this implies that the “outer shape” of F; is
always “well behaved” in the sense that lower rows always terminate
earlier than higher rows. Therefore the entry f of F was added “later”
than the entry e, which means that the column ¢, of 7" must be weakly to
the left of column c¢,. We already know that there is an entry i in column
¢, and an entry (i + 1) in column ¢s. Since column ¢, is located weakly to
the left of column c,, the entry (i + 1) must be in a lower row than the
entry i. As the entry (i + 1) is located in the fth row and the entry i is
located in the eth row, this means nothing more than e < f. This holds for
any top-bottom neighbors in F, so columns are strictly increasing, as
desired.

Now we turn to the LR-condition. We have to show that, while reading
the entries of F' row-wise from top to bottom, and in each row from right
to left, at any stage we have

number of 1’s > number of 2’s > number of 3’'s > ---.

Now, by construction of T, each entry in F corresponds to some entry in
T. Thus, to the above described reading of the entries of F there
corresponds the following reading of the entries of T: First read the
entries 1 in T, from left to right, then the entries 2, from left to right, then
the entries 3, etc. The LR-condition is equivalent to saying that at any
stage during this reading of T the number of entries read from the first
row is greater than or equal to the number of entries read from the second
row, which in turn is greater than or equal to the number of entries read
from the third row, etc. But this is obviously true because T is a tableau.
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With regard to the shape, we have already noticed that for all [ the
shape of F, is given by (A + con(T'(1)) + ((I/2)"))/A. Hence F = F,, has
shape (A + con(T) + (c™))/A.

Finally, we want to show that F satisfies (6.2). Let e be a fixed entry in
the nth row and jth column of F. Write again v(/) = A + con(T'(/)). By
assumption, »(/) lies in the Weyl chamber of type B; see (6.7). In
particular, we have v(I), > 0. Now we have already observed that

(A +con(T (1)) + ((1/2)")) /A= (v(1) + ((1/2)")) /A

is the shape of F,. Hence, the condition »(I), > 0 is equivalent to saying
that F, contains an entry in the nth row that is located in the (//2)th
(respectively, (I + 1) /2th) column (depending on whether A is a partition
or half-partition). (In passing, we note that the = 2¢ case of this fact
implies that F = F,. contains an entry in the cth (respectively, (¢ + 1/2)th)
column. Hence the shape of F can indeed by written in the form (v +
(¢"))/A, where v is a partition or half-partition.) On the other hand, F; is
the subfilling of F that arises by deleting the rightmost 2¢ — [ entries 1,
the rightmost 2¢ — [ entries 2,...,2c — [ entries e, etc., from F. Now,
suppose that the fixed entry e in the nth row and jth column is also
contained in F,, i.e., j < (I + 1)/2. Then there must be at least 2¢ —
entries e in F to the right of the jth column. This last property holds for
all I with j <( + 1)/2. Hence there must be at least 2¢ — (2j + 1)
entries e in F to the right of the jth column. This is exactly what we
wanted to show.
Thus, the proof of (6.3) is complete.

Proof of (6.1). By (A.10) with y,(-) = sp,,(-;x**) we know that

Pa((€)ixE) “spy, (A xEY) = ZSPZn(A +con(T);x*'), (6.8)
T

where the sum is over all (2n)-symplectic tableaux T of shape (¢") such
that for all / = 1,2,...,2c¢ the vector v(I) := A + con(T(1)) is in the Weyl
chamber (A.8) of type C, i.e., it satisfies (6.7). (Recall that the Weyl
chambers of types B and C are the same.) By comparing (6.8) with (6.1) we
see that (6.1) will be proved once we construct a bijection between
(2n)-symplectic tableaux T of shape (¢") with content p and LR-fillings F
of shape (A + p + (¢"))/A with even content that satisfy property (6.2).
As bijection we can take the mapping T from the preceding proof of
(6.3). We only have to observe (see Observation 3 in Section A3 of the
Appendix) that (2rn)-symplectic tableaux T of shape (¢") are the same as
(2n + 1)-orthogonal tableaux of shape (c¢"), with the additional property
that the entries < n form a subtableau with only even rows. Suppose that
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T is mapped by T to F. Then the length of the ith row of this subtableau
of T is the same as the number of occurrences of i in the filling F. In
other words, the shape of the subtableau equals the content of the
corresponding filling F. Since the shape of the subtableau is even, the
filling must have even content, as desired. The final observation is that
since (6.7) holds here, too, the filling must again satisfy (6.2).

Proof of (6.4). By (A.10) with x,(-) = s0,,(-;x*) we know that

505,((€")iXE) 505, (A;xEh) = ;Sozn()\ +con(T);x*h), (6.9)

where the sum is over all (2n)-orthogonal tableaux T of shape (¢") such
that for all / = 1,2,...,2c the vector v(I) := A + con(T'(])) is in the Weyl
chamber (A.9) of type D. By comparing (6.9) with (6.4) we see that (6.4)
will be proved once we construct a bijection between (2r)-orthogonal
tableaux T of shape (c¢") with content p and LR-fillings F of shape
(A + p + (c™)/A and content u, where all of the columns of u have the
same parity as n and where property (6.5) is satisfied.

Again, we can take the mapping T from the proof of (6.3) as the
bijection. Here, this is because of the observation (see Observation 1 in
Section A5 of the Appendix, with A,_, = A, = ¢) that (2n)-orthogonal
tableaux T of shape (¢") are the same as (2n + 1)-orthogonal tableaux of
shape (c¢"), with the additional property that the entries <n form a
subtableau whose shape has only columns of the same parity as n. Again,
since the shape of the subtableau equals the content of the corresponding
filling, the content w of the filling must have columns of the same parity as
n throughout, as desired. This time we have to impose (6.5) (instead of
(6.2)), since v(I) = A + con(7T'(6)) has to be in the Weyl chamber of type D
(and not of type B or C).

This completes the proof of Proposition 1. ||

Now we are in a position to prove (3.13)—(3.20).

Proof of (3.13). We apply (6.1) with A = ((d + 1)?,d" 7). Because of
the assumption ¢ < d, Remark 4 applies, which says that the coefficients
LR”(C (¢) reduce to ordinary Littlewood—Richardson coefficients
LRY*("). Then, obviously, (3.13) is equivalent to the claim

1 (d=c)')cvc((c+d+1)")

Y LRI arry ) = and oddrows( v/((d — c)")) =
nc(@c)™ .
@ even 0 otherwise.

(6.10)
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Let F be a LR-filling of shape (v + (¢"))/((d + 1)?,d"~?) with even
content. Because of the LR-condition, almost all of the entries of F are
uniquely determined. To be precise, except for the entries in column
d + 1, all of the entries in the ith row have to equal i throughout,
i=12,...,n,as exemplified in Fig. 16.

However, the entries in the (d + Dth column of F are also uniquely
determined because the content of F should be even. Namely, i occurs in
the (d + Dth column if and only if the number of the other entries i,
which is v; + ¢ — (d + 1), is odd. In our example in Fig. 16, the entries in
the (d + Dth column would have to be 1,2,5. Now, suppose that F
contains exactly g entries in the (d + Dth column, g < n — p, of course.
Equivalently, » = (v,,...,»,,,,d —c,...,d — c). Then there are exactly
g quantities v; +¢c —(d + 1), i <p + g, that are odd, plus n —p — ¢
guantities v, +c—-(d+ 1= —-1for i=p+qg+1, p+qg+2,...,n
Therefore, the number of odd rows in v/((d + 1 — ¢)") is exactly g +
(n —p —q)=n—p, or equivalently, the number of odd rows in v/((d —¢)")
is exactly p.

Summarizing, we have shown that the left-hand side in (6.10) is different
from zero only if ((d —¢)") cvc({(d + ¢ + 1)") and oddrows(v/((d —
¢)")) = p, the inclusions being trivial constraints. In addition, we have also
seen that there is exactly one LR-filling under those conditions. Thus,
(6.10) and thus also (3.13) are established. ||

Proof of (3.14). Here we apply (6.1) with A = (d"7,(d — 1)”). Now
the assumption is ¢ > d, so Remark 4 does not apply. We have to show

I ((e=d)"Ycvc((c+d)")

v+ (c")
Y. LR w-vmu(c) = and oddrows( v/ ((¢ —d)")) =p
rc@e)) .
p even 0 otherwise.
(6.11)
d+1
( 1{1f1]1]1]
rl2]2]2
3|3
n x| 44
a9 >[5
*
————
d

FIGURE 16
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From (6.10) it follows directly that the left-hand side in (6.11) can only be
nonzero if ((d —c —1)") cvc (¢ +d)") and if oddrows(v/((d — 1 —
¢)")) = n — p. Note that the latter condition is equivalent to
oddrows(v/((¢c — d)")) = p (if this makes sense, i.e., if ((c —d)") Cc v). It
also follows from (6.10) that if the left-hand side of (6.11) is nonzero, then
it can only be 1. So what remains to be seen is that it is nonzero if and only
if in addition ((c — d)") C v, or equivalently, ¢ — d < v,.

We begin with the forward implication. Suppose that there is a LR-
filling F of shape (v + (¢"))/(d"~?,(d — 1)?) with even content satisfying
(6.2). If ¢ = d there is nothing to show. So let ¢ > d. Then, by considering
the shape of F, we see that there must be an entry in the nth row and
(d + Dth column of F. (If there is no entry in the (d + 1)th column of F,
then v, + ¢ < d. So, v, < d — ¢ < 0, which is impossible, since v has to be
a partition.) Clearly, this entry equals n, since it is located in the last row
of a column of length . Now, condition (6.2) applied to this entry says that
there must be 2¢ — 2(d + 1) + 1 = 2¢ — 2d — 1 more entries n to the
right of this column. All of them necessarily have to be in the nth row of
F; hence v, + ¢ > (d + 1) + (2c — 2d — 1), or equivalently, v, > ¢ —d,
as desired.

For the backward implication, assume », > ¢ — d. We have to establish
the existence of a LR-filling of shape (v + (¢")/(d"~?,(d — 1)?) with
even content satisfying (6.2). This LR-filling can only be the uniquely
determined filling that was described in the proof of (3.13). In fact, the
arguments of the first paragraph of this proof and those in the proof of
(3.13) actually show that this uniquely determined LR-filling satisfies all of
the required properties, except for, possibly, (6.2) for the entry in the dth
column.

We now verify (6.2) for this entry, e say, by distinguishing between two
cases. First let e # n. Condition (6.2) would require that there are 2¢ —
2d + 1 more entries e to the right. All of these entries necessarily have to
be located in the eth row. Hence, condition (6.2) would require v, + ¢ — d
> 2c — 2d + 1. Now, because of v, >c —d,we have y, + c —d > v, +
¢ —d > 2c — 2d. So the total number of e’s, whichis v, + ¢ —d + 1, is
at least 2c¢ — 2d + 1. Since the content of the filling is even, this number
must be even. So it is actually at least 2¢ — 2d + 2. Hence, v, + ¢ — d +
1> 2c — 2d + 2, or equivalently, v, + ¢ —d > 2c — 2d + 1, as required.

Now let ¢ = n. Condition (6.2) would require that there are 2¢ — 2d + 1
more entries n to the right. Now, the total number of »’s (all of them are
located in the nth row) equals v, + ¢ — d + 1. Because of v, > ¢ — d this
number is at least 2¢ — 2d + 1. Again, since the content of the filling is
even, this number must be even. So it is actually at least 2¢ — 2d + 2.
Hence, there are at least 2¢ — 2d + 1 more n’s to the right of the » in the
dth column, as required.

This completes the proof of (3.14). 1
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Proof of (3.15). We apply (6.4) with A = (d"~ %, d — p). Thus, we have
to show that

—~—v+(c")
)y LRt a-p), u(c)
nc(@e)
oddcols(((2¢)")/u)=0

1 (Ic—dl"il,c—d)gvg((c+d)n)
= and oddcols(((c + d)")/v) =p (6.12)
0 otherwise.

Let F be a LR-filling of shape (v + (¢"))/(d"~*,d — p) with content pu,
where oddcols(((2¢)")/u) = 0. For later use we note right here that the
left-hand side of (6.12) can only be nonzero if

v ((c+a)"). (6.13)

Similarly here, because of the LR-condition, the entries in the first
n — 1 rows are uniquely determined. To be precise, all of the entries in the
ith row have to equal i,i = 1,2,...,n — 1, as is exemplified in Fig. 17.

However, the entries in the nth row of F are also uniquely determined
because the content w of F should satisfy oddcols(((2¢)")/u) = 0. For
convenience, let F denote the subfilling of F consisting of the first n — 1
rows of F. Namely, there have to be as many entries i in the nth row of F
as there are columns in F of length i — 1 with parity different from n,
i=1,2,...,n. (In passing, we note that therefore all of the entries in the
nth row have the same parity as #.) In our examples in Fig. 17, the entries
in the nth row would have to be 2,2,4,6 and 2,2,4,6, 6,6, respectively.
Now, suppose that F contains exactly g entries in the nth row. Then there
are exactly g columns in F with parity different from n. If g < p, then the
number of columns of F whose parity is different from n equals the
aforementioned ¢ columns plus the p — g empty columns d — p + g +
1,d—p+q+2,...,d; see the left filling in Fig. 17. If g > p, then the
number of columns of F whose parity is different from n equals the

d d
1lfaj1faf1] IAARRAARN
212(2]2 21212[2]212]
" ng " O
LA 5 4 51515
l****| [ ] [ ]| %
R g
q q

FIGURE 17
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aforementioned ¢ columns minus the ¢ —p columns d + 1,d + 2,...,
d + g — p of length n; see the right filling in Fig. 17. Hence, in both cases
the number of columns of F whose parity is different from n equals p, or
equivalently, oddcols(((¢c + d)")/v) = p. (Recall that by (6.13) the shape »
is indeed contained in ((¢c + d)").)

Summarizing, we have shown that the left-hand side of (6.12) is different
from zero only if v € ((¢ + d)") and oddcols(((¢c + d)")/v) = p. We have
also shown that if the left-hand side is nonzero, it can only be 1 since there
is at most one LR-filling. So, what remains is to show that it is nonzero if
and only if in addition (jc — d|""*, ¢ — d) C ».

Again, we begin with the forward implication. Suppose that there is a
LR-filling F of shape (v + (¢")/(d" ", d — p) with oddcols((2¢)") /u) =
0, where w is the content of F, satisfying (6.5). Because of (d"~1,d — p) C
v+ (c"), we have ((d — ¢)""',d — ¢ — p) C v. Hence, we will be done if
we can show ¢ —d < v,.

We have already noted that the first » — 1 rows of F are uniquely
determined; in particular, the (n — Dth row of F contains only entries
n — 1. Now we apply condition (6.5) with [ = ¢ + d — v,_,. (Note that in
(6.5) this choice of [/ has the effect of removing 2¢c —l=v,_;+c—d
entries of each size. In particular, all of the entries from the (n — 1)th row
are removed.) Since the content u of F satisfies oddcols(((2¢)")/u) = 0,
the number of n’s must equal the number of (n — 1)'s in F. Therefore the
number of n’s, all of which have to be in the nth row, is at least as large as
the number of (n — 1)'s in the (n — Dth row of F, the latter being
v,_, + ¢ — d. Therefore condition (6.5) with [ = ¢ + d — v,_, reads

n

(C+ Vn—l_(vn—l+c_d))+(c+ Vn_(Vn—l—i—C_d))

>c+d-—vy,_,.

Simplifying, we obtain v, > ¢ — d, which is what we wanted.

For the backward implication, assume v, > ¢ — d. Recall that there is a
uniquely determined LR-filling of shape (v + (¢™))/(d"*,d — p) with
content w, where oddcols(((2¢)")/u) = 0. What has to be shown is that it
also satisfies (6.5). A careful reading of the previous paragraph reveals that
v, > ¢ — d is actually equivalent to condition (6.5) with / =c +d — y,_,.
Now, a moment’s thought will convince the reader that in our particular
situation (the (n — D)th row consists of (n — 1)’s throughout; / = ¢ + d —
v,_, in (6.5) therefore empties the complete (n — Dth row), condition
(6.5) holds for all I if and only if it holds for the particular choice
I=c+d— v,_,. Thus, (6.5) is established.

This completes the proof of (3.15). 1
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Proof of (3.16). Equation (3.16) is an easy corollary of Eq. (3.15) with p
replaced by 2d — p. This is due to the observation that the substitution
x, = 1/x, in a character so,,(A;x*!) has the effect

SOZn((/\ll s /\nfl' An);xil)|xn—>1/xn = SOZn((Al""’ )‘nfll _/\n);xil)'

which follows easily from the definition (2.12). |

Proof of (3.17). We apply (6.3) with A = (d"7?,(d — 1)?). Note that
the only difference between (6.3) and (6.1) is that in (6.1) the partition w is
required to be even. Hence, we can use those arguments from the proofs
of (3.13) (here one has to replace d by d — 1 and p by n — p) and (3.14)
that do not rely on this requirement.

Again, we have to consider LR-fillings F of shape (v + (¢"))/(d""?,
(d — 1)?) that satisfy (6.2), but with arbitrary content. So, again all entries
to the right of the dth column are uniquely determined, and in the same
way, see Fig. 16. But the entries in the dth column are not unique now. In
fact, there is almost complete freedom; the constraints are that the entries
along the columns have to be strictly increasing, i.e., each entry of a
particular size can occur only once, that the total content w of F has to be
a partition of course, and that (6.2) must be satisfied. It is easy to see that
the first and second constraints are equivalent to (u + (d"))/(v + (c¢"))
being a vertical strip of length p — m,_._,(v) avoiding the dth column
and, because of w < ((2¢)"), the (d + 2¢ + Dth column. Note that the
latter “‘avoidance” conditions give the first and third “‘avoidance” condition
in (3.18) when columns are counted with respect to v, i.e., when everything
is shifted back by c.

The inclusion (Jc — d|" " ?,(max{d — ¢ — 1,¢ — d})?) c v follows from
the trivial inclusion ((d — ¢)"*,(d — ¢ — 1)?) C v, and from the fact that
¢ —d < vy, if ¢ >d, which is shown in the same way as in the proof of
(3.14).

Finally, we claim that if ¢ > d the vertical strip (u + (d™) /(v + (¢"))
has to avoid the (2c —d + Dth column. Note that this “avoidance”
condition gives the second “avoidance” condition in (3.18) when columns
are counted with respect to v, i.e., when everything is shifted back by c.
The former “avoidance” condition comes from considering condition (6.2)
for the entry in the nth row and dth column of the filling F. See the
analogous considerations at the end of the proof of (3.14). The difference
here is that the content w can be arbitrary. Hence the argument in the
proof of (3.14) that the number of e’s or n’s is even does not apply here.
We leave the details to the reader.

This finishes the proof of (3.17). 1
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Sketch of Proof of (3.19). As in the preceding proof of (3.17) we apply
(6.3), this time with A = (d"',d — p). The arguments are very similar
here. We have to consider LR-fillings F of shape (v + (¢"))/(d""*,d — p)
with arbitrary content. As in the proof of (3.15), all of the entries in the
first n — 1 rows of such a filling are uniquely determined, and in the same
way, see Fig. 17. But the entries in the nth row are not. They can be
chosen arbitrarily as long as the LR-condition and (6.2) are satisfied. The
LR-condition implies that, with u denoting the content of the filling,
(py+d,... o1+ /vy +c,...,v,_, + ¢)is a horizontal strip, o say.
Of course, the length of o, which equals the number of entries <n — 1
in the nth row of the LR-filling, is at most v, + ¢ — d + p, the length of
the nth row of the filling. Note that this is one part of the first inequality
in (3.20). At the same time, the length of o is at most p. For there cannot
be more than p entries <n — 1 in the nth row, since the entry in the
(d + Dth column (which is a column of length n) and the nth row has to
be n. Note that this proves the second part of the second inequality in
(3.20). Moreover, the LR-condition applied to entries n — 1 and n implies
the first part of the second inequality in (3.20). Finally, condition (6.2)
implies the third inequality in (3.20) and, when applied to the first entry n
in the nth row, that the length of o is at least ¢ — d + p — v,, the latter
being the missing part of the first inequality in (3.20). We leave it to the
reader to check this in detail.

The inclusion (lc —d|""*, max{c —d,d — ¢ — p}) C v follows on the
one hand from the trivial inclusion ((d — ¢)""%,d — ¢ — p) C v, and on
the other hand from ¢ —d < v,, which is derived from the first and
second inequalities in (3.20) as follows: v, > —|o|+c—d +p >c —d.

7. APPLICATIONS TO PLANE PARTITIONS AND
TABLEAUX ENUMERATION

We now apply results from Section 3 to derive some enumeration results
for plane partitions of trapezoidal shape and for tableaux. Recall [28] that
the trapezoidal shape (N, N — 2,..., N — 2r + 2) is an array of cells with r
rows, each row indented by one cell to the right with respect to the
previous row, and N — 2i + 2 cells in row i. A plane partition of shape
(N,N—-2,...,N—2r+ 2) is a filling of the trapezoidal shape (N, N —
2,..., N — 2r + 2) with nonnegative integers (note that we allow 0 as an
entry) such that entries along rows and columns are weakly decreasing.

We begin with an application of (3.3). The second statement in the
theorem below, (7.2), is a result of Proctor [28, Corollary on p. 554].
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THEOREM 4. The number of plane partitions of trapezoidal shape (N,
N —2,...,N — 2r + 2) with entries between 0 and ¢ and where the entries
on the main diagonal form a partition with exactly p columns of parity different
from r (equivalently, Y_ (=1 """'a, =p if r is even, respectively
Yi_(=1""la,. =pifris odd, with a;; denoting the first entry in row i),
equals

(p+r—1)
N—-i+j
()t 11t (1)
p (N—r+c)1si$,l+]—l
p l<j<c

In particular, the number of plane partitions of trapezoidal shape (N, N —
2,...,N — 2r + 2) with entries between 0 and c equals

N+1—i+j

7.2
1<i<r i +j -1 ( )

l<j<c

Proof. We use (3.3) with x; =1,i=1,2,...,| N/2]. For this choice of
x;'s, the Schur functions reduce to a number (which is the dimension of the
corresponding irreducible representation of GL(N,C)) that has a nice
closed form (see [6, Ex. A.30.(ii); 26, I, Ex. 4 on p. 45; 39, Theorem 4.4)),
and is therefore easily computed. Thus, the left-hand side of (3.3) turns
into (7.1). On the right-hand side of (3.3), we have a certain sum of
symplectic characters evaluated at x; =1, i =1,2,...,IN/2]. Now, be-
sides the (2n)-symplectic tableaux of DeConcini and Procesi in Section A3
of the Appendix, there are other symplectic tableaux. Namely, the (even)
symplectic characters sp,,(A;x*') can also be described by King's [11]
symplectic tableaux of shape A (see also [33, Theorem 4.2; 39, Theorem
2.3]), and the (odd) symplectic characters sp,,.,(A;x*!) can also be
described by Proctor’s [30] odd symplectic tableaux of shape A (see also
[33, Theorem 4.2 with z = 1]). There is a uniform definition. Let N = 2n
or N = 2n + 1. Then a King/Proctor symplectic tableau of shape A is an
N-tableau of shape A such that the entries in the ith row are at least
2i — 1 for all i. Thus, the right-hand side of (3.3) can be interpreted as the
number of King/Proctor symplectic tableaux with entries < N and of
some shape v, where v is contained in (¢”) and oddcols((¢")/v) = p.
These tableaux are now translated into plane partitions of trapezoidal
shape as described in [31, bottom of p. 295]. Namely, given such a
King/Proctor symplectic tableau, replace each entry e by 2n + 1 — e,
then interpret each row of the resulting array as a partition and replace it
by its conjugate partition. Next, shift the ith row by (i — 1) cells to the
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right, i = 1,2,..., to obtain a plane partition of “shifted” shape that is
contained in the trapezoidal shape (N, N — 2,..., N — 2r + 2). Finally,
place a zero in each cell of the trapezoidal shape that is not yet filled. It is
easy to see that during this transformation the lengths of the rows of a
King/Proctor symplectic tableau become the entries on the main diagonal
of the resulting plane partition of trapezoidal shape. This establishes the
first assertion of Theorem 4.

The number in (7.2) is obtained by summing the numbers in (7.1) over
all p, by means of the Vandermonde sum (cf. [35, (1.7.7)]). This completes
the proof of Theorem 4. |

The next two theorems give applications of Theorem 2. For the proof of
these theorems we need a few determinant evaluations that are listed in
Lemma 2. We remark that the evaluations (7.3), (7.4), (7.5) are basically
the Weyl denominator factorizations of types C, B, D, respectively (cf. [6,
Lemma 24.3, Ex. A.52, Ex. A.62, Ex. A.66)).

LEMMA 2. The following identities hold true:

det (x/ —x;/)

1<i,j<n

= (x; - xn)_n 1_[ ((Xi _xj)(l _xixj))if[l(xiz - 1): (7.3)

l<i<j<n

det (x/~1/2 — x;(~1/2)

1<i,j<n
= (x; x,) Y2 1 1:[ ((x,—x)(1 _xixf))l_[l(xi - 1),
<i<j<n i=
(7.4)
det 714 x-U=D
lsi,ejsn(XI %i )
=2-(x "'xn)inﬂl 1:[ ((xi_xj)(l_xixj))’ (7.5)
<i<j<n

det (x/ +x;7)

1<i,j<n

=(x, - x,) " ) n ((xl- -x)(1 —xixj))kioek(xl,...,xn)z,

<i<j<n
(7.6)



IDENTITIES FOR CLASSICAL GROUP CHARACTERS 47

det (xi~1/2 + xi(~1/2)

1<i,j<n

= (x xn)7n+l/2 I'1 ((xi —x;)(1 —x,-xj))ll_i[l(xi +1).

1<i<j<n
(7.7)

Proof. Identities (7.3)—(7.5) and (7.7) are readily proved by the stan-
dard argument that proves Vandermonde-type determinant evaluations.

For (7.6) there is a little work to do. First, by reversing the order of
columns, and adding some factors, we rewrite the determinant in (7.6) as

(g) det (xl,""'l—f +xi_("+l_j))

1<i,j<n

(-1

- » det (x" 7 +x7"=D). (7.8
det (xin—] +xl_*(n*])) 1Si,j5n( i i ) ( )
1<i,j<n

Next we observe that because of (2.12) the quotient of determinants is
one-half of the orthogonal character o,,((1,1,...,1);x*") (recall that
0,,(A;x*1) is the sum of so,,(A;x*1) and so,,(A7;x*) if A, # 0). In
addition, we reverse the order of columns in the single determinant in (7.8)
to obtain for (7.8),

205,((1,1,...,1);x%Y) det (x/7' +x7U7D). (7.9)
1<i,j<n
By the “orthogonal Jacobi—Trudi identity” [6, Cor. 24.45; 15, Theorem
2.3.3, (6)], the orthogonal character in (7.9) is nothing but the elementary
symmetric function e, (x,, x;*,..., x,, x,*). Moreover, the determinant in
(7.9) can be evaluated by (7.5). Thus, the expression (7.9) becomes

e”(xl,xil,...,xn,xgl)'(xl "’xn)7n+l I1 ((xi_xj)(l_xixj))'

1<i<j<n

(7.10)

The elementary symmetric function in (7.10) can be transformed as fol-
lows:

n

e(xp, xit o x ) = ey, x,) e, (X0 x )
k=0
-1 v 2
= (xyx,) " Xy x,)"

k=0

Plugging this into (7.10) completes the proof of (7.6). |
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As a first application of Theorem 2 we give new proofs of two theorems
of the author [19, Theorems 21 and 11] by means of (3.6). These are
refinements of the Bender—Knuth and MacMahon (ex-)conjectures; see
[19, Sections 3.3, 4.3] for more information and references. To be able to
formulate the Theorem, we have to introduce a few g-notations. We write
[a], =1-q% [n],'=I[1][2], ---[n],, [0],!=1, and

[n]q' [n— 1]q o [n—k+ 1]q

R —-
0 k < 0.

k>0

The base ¢q in [«],, [n],!, and
the base is different from ¢ wil

| will in most cases be omitted. Only if
it be stated explicitly.

THEOREM 5. Let n(T') denote the sum of all of the entries of a tableau T.
The generating function Y.q" " for tableaux T with p odd rows, with at most c
columns, and with entries between 1 and n, is given by

n+ 2r
(p}l) [2r] 71, " M o
q [2r+P][p}[n+2r+p} 15!1391 [i+/] ifc =2r
(7.11)

and

(p;l)[z]l l_l [2r +i+]]

— ifc=2r+1. 7.12
<i<j<n [l +]] ( )

q

The generating function ¥.q™ " for tableaux T with p odd rows, with at most
¢ columns, and with only odd entries that lie between 1 and 2n — 1, is given

by

n+2r
pz [21‘+ 2p](12[l’]q2 |:n} n ]qz
[2r + plelr + plez LP 12| n+ 2r +p
n 72
[r+il, [2r + i+ )],

<11

_ M ifc =2r (7.13
=1 [iler 1<i<ien [ +7]e 4 (713)



IDENTITIES FOR CLASSICAL GROUP CHARACTERS 49

and

[r+i]y [2r +i+ )],

[ilpe 1<i<i<n  [i+ile

o [p] TT

ifc=2r+1. (7.14)

Proof. To prove (7.11), replace x; by ¢', i =1,2,...,n, in (3.6). By
(2.13), the left-hand side of (3.6) can be written as a quotient of two
determinants, which for this choice of x;’s factor by means of (7.3). On the
other hand, by (A.2) the right-hand side of (3.6) with x, = ¢',i = 1,2,...,n
clearly equals the generating function for the tableaux in the first assertion
of Theorem 5.

The expression (7.12) is obtained without much effort from the p = 0
case of (7.11) as described in [19, Proof of (4.3.2b)].

The proof of (7.13) proceeds in the same way as the proof of (7.11). To
point out the differences, instead of substituting g’ now substitute g?'~!
forx;,,i =1,2,...,n,and use (7.4) instead of (7.3). The expression (7.14) is
obtamed Wlthout much effort from the p = 0 case of (7.13) as described in
[19, Proof of (3.3.30)]. 1

Our second application of Theorem 2 leads to different refinements of
the Bender—Knuth and MacMahon (ex-)conjectures that are new. What
we do is use (3.7) to obtain a “column-analogue” of Theorem 5. Now, the
tableaux generating functions in question do not factor completely in
terms of cyclotomic polynomials, but it is still possible to write the results
in a reasonably compact form.

THEOREM 6. Let n(T') denote the sum of all of the entries of a tableau T.
The generating function ©.q" " for tableaux T with at most ¢ columns, p of
which are odd, and with entries between 1 and n, is given by

p+tn—1|lc—p+n-1
) p c—p I [ce+i+)—2]
2[C+Z_1] 1<i<j<n [i+j]

B 2o i)

+(1 —qczﬂ)ﬁ(l —q”Zi)). (7.15)

The generating function Y.q" " for tableaux T with at most ¢ columns, p of
which are odd, and with only odd entries that lie between 1 and 2n — 1, is
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given by
[p+n—1} [c—p+n—1]
qP p 7 c—p 7
c+n-—1
¢ P
" 1 [c+i+)—2];
o ey

qz(l b l<i<j<n [l +j - 2]q2

<@g TTasa )+ (- g ) TTa-a)
(7.16)

Proof.  Since it is simpler, we start with the proof of (7.16). Replace ¢
by c¢/2 and substitute g2 ~* for x, in (3.7), i = 1,2,...,n. By (2.12), the
left-hand side of (3.7) can be written as a quotient of a sum of two
determinants by another determinant. The determinants, with this choice
of x,'s, factor by means of (7.4) and (7.7), respectively. After simplification
we arrive at the expression

p+tn—-1 c—p+n-1
P 7 c—p 7

p
1 [c+n—1]
Cc q?2
" 1 [c+i+)—2];
1=_I 2(1 1)

l<i<j<n [l +j - 2]q2

n—1 n—1
< (1 +qc—2p) 1:—[1 (1 +qc+2i) + (_1)”(1 _ qc—Zp) l:—[l (1 _qc+2i) .
(7.17)

Note that the only difference from (7.16) is the term (—1)" in the last line
of (7.17).

On the other hand, by (A.2) the right-hand side of (3.7) with ¢ replaced
by c¢/2 and with x;, = ¢**~!,i = 1,2,..., n, equals the generating function
for tableaux with at most ¢ columns, p of which have parity different from
n, and with only odd entries that lie between 1 and 2n — 1. Now we
distinguish between n even or odd. If n is even, then the right-hand side of
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(3.7) with these replacements equals the generating function for the
tableaux in the second assertion of Theorem 6, and the expressions (7.17)
and (7.16) agree. If n is odd, then the right-hand side of (3.7), with the
above replacements and with p replaced by ¢ — p, equals the generating
function for the tableaux in the second assertion of Theorem 6, and, as a
few manipulations show, the expressions (7.17), with p replaced by ¢ — p,
and (7.16) agree.

For the proof of (7.15) we proceed in the same manner, but things are
more complicated here. Now we replace ¢ by ¢/2 and substitute ¢’ for x;,
i=1,2,...,n,in (3.7). Again, by (2.12), the left-hand side of (3.7) can be
written as a quotient of a sum of two determinants by another determi-
nant. The determinant in the denominator, with this choice of x,’s, can be
evaluated by means of (7.5). The second determinant in the numerator,
with this choice of x,'s, can be evaluated by means of (7.3). The first
determinant in the numerator is evaluated by means of (7.6). After
simplification we arrive at the expression

. p c—p } I [c+z'+].—2]
2[0 tn— 1] 1<i<j<n [i +J]
c

Eeolel el

[p—kn—ch—p%—n—l

fevasgenTie-em) o

Again, note that the only difference from (7.15) is the term (—21)" in the
last line of (7.18).

On the other hand, by (A.2) the right-hand side of (3.7) with ¢ replaced
by c¢/2 and with x; = ¢, i = 1,2,..., n, equals the generating function for
tableaux with at most ¢ columns, p of which have parity different from =,
and with entries between 1 and n. Again, we distinguish between n even or
odd. If n is even, then the right-hand side of (3.7) with these replacements
equals the generating function for the tableaux in the first assertion of
Theorem 6, and the expressions (7.18) and (7.15) agree. If n is odd, then
the right-hand side of (3.7), with the above replacements and with p
replaced by ¢ — p, equals the generating function for the tableaux in the
first assertion of Theorem 6, and, as a few manipulations show, the
expressions (7.18), with p replaced by ¢ — p, and (7.15) agree. In particu-
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lar, in the last step we use the fact that

n 2
kk+c—n| k|n —1 —c+pln —1
ool e i )

n 2
— ,—Cct+2p k(k+c—1) k|n — 1 -p|n — 1
T S R )

which is verified by expanding the squares.
This finishes the proof of Theorem 6. |

Since the results in Theorem 6 are completely combinatorial in nature,
it would of course be desirable to find a combinatorial proof of Theorem 6.
The papers [19, 20] (see also [18]) contain combinatorial proofs for the
assertions in Theorem 5, in particular avoiding representation theory. But
these are already quite difficult. The fact that the expressions in (7.15) and
(7.16) are more complicated than those in (7.11)—(7.14) supports the
suspicion that it will be even much harder to find combinatorial proofs for
the assertions of Theorem 6.

We conclude by providing an application of Theorem 3, (3.13), (3.14).

THEOREM 7. The number of plane partitions of trapezoidal shape (2n,
2n — 2,...,2) with entries between 0 and N, where the entries on the main
diagonal are at least M and exactly p of them have parity different from N, is

N—-M+n
(n) nt 1 i (N+M+i+j)(N-M+i+j)
p N-M+n+p) 1<i<j<n (i+j)2
n+1

if N+ Miseven (7.19)

and

(N+M+n+1)

(n) n+1
P/](N+M+1+n+p
n+1
(N+M+1+i+j)(N=-M—1+i+j)
X
l<i<jsn (l'-i—j)2

if N+ Misodd. (7.20)
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In particular, the number of plane partitions of trapezoidal shape (2n,2n —
2,...,2) with entries between 0 and N, where the entries on the main diagonal
are at least M, equals

N+M+i+)(N-M-1+i+]j
> T1 ( I( J)

l<i<jsn (i+j)2

(7.21)

Proof. We set ¢ =(N+M)/2, d=(N-M)/2, x;,=1, i =
1,2,...,n,in(314),andwesetc=(N-M -1 /2,d=(N+ M- 1)/2,
x;=1i=1,2,...,n,and replace p by n — p in (3.13). For this choice of
x,'s, a symplectic character reduces to a number (which is the dimension of
the corresponding irreducible representation of Sp(2#n, C)) that has a nice
closed form (see [6, Ex. 24.20; 39, Theorem 4.5.(1)]) and is therefore easily
computed. Thus, the left-hand sides of (3.14) and (3.13) turn into (7.19)
and (7.20), respectively. On the right-hand sides of (3.14) and (3.13), we
have certain sums of symplectic characters evaluated at x;, =1, i =
1,2,...,n. In the same way as in the proof of Theorem 4, these sums can
be interpreted as the cardinalities of certain sets of plane partitions of
trapezoidal shape. These are exactly the plane partitions in the first
assertion of Theorem 7; they are counted by the specialized right-hand
side of (3.14) if N + M is even, and by the specialized right-hand side of
(3.13) if N + M is odd. This proves the first assertion of Theorem 7.

To obtain (7.21), we sum the respective expressions in (7.19) and (7.20)
by means of Kummer’s very well-poised ,F,[—1] summation (cf. [35,
(2.3.2.9), Appendix (111.5)]). Thus, Theorem 7 is proved. 1

It would be easy to generalize the above theorem to trace generating
functions of the type appearing in [31, Theorem 1; 17, Sect. 5] by replacing
x; by ¢' or ¢*~ ' in (3.13) and (3.14). We omit the details here.

APPENDIX

AL. Partitions and their Diagrams

In Section 2 we already defined a partition to be a sequence A =
(A1, Ay, ..., A) of integers such that A, > A, > -+ > A, > 0. A partition
can be viewed geometrically, in terms of its Ferrers diagram. The Ferrers
diagram of a partition A = (A, A,,..., A,) is an array of cells with
left-justified rows and A, cells in row i. Figure A.a shows the Ferrers
diagram corresponding to (4,3,3,1). We identify partitions with their
Ferrers diagram. For example, if we say “the first row of the partition A,”
then we mean ‘“the first row of the Ferrers diagram of the partition A.”
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(@) (b) © (G))

FIG.A. a. Ferrersdiagram b. Skew Ferrers diagrams c¢.(4,3,3,1)/(2,1). d.(5,4,4,2)/
3,2,1,1).

The conjugate of a partition A is the partition X' = (A7, Xy, ..., X} ), where
A; is the length of the jth column in the Ferrers diagram of A.

Given two partitions, half-partitions, or orthogonal (half-)partitions A =
(A, Ay, o) and w= (g, o, ...), we write A + p for the vector sum
(A + g Ay + g, .0). We write pw € A if w; < A, for all i. Given two
partitions A, u with w C A, the skew Ferrers diagram M\ /p consists of all
cells that are contained in (the Ferrers diagram of) A but not in (the
Ferrers diagram of) w. Figure A.b shows the skew Ferrers diagram
(4,3,3,1)/(2,1). Of course, it also shows the skew Ferrers diagram
(5,4,4,2)/(3,2,1,1). So, the notation for skew Ferrers diagrams is not
unigue. We might even allow vectors containing negative coordinates for
denoting skew Ferrers diagrams, e.g., (3,2,2,0)/(1,0, —1, —1) for the
same skew Ferrers diagram in Fig. A.b, or vectors with half-integer
coordinates, e.g., (9/2,7/2,7/2,3/2)/(5/2,3/2,1/2,1/2) for the same
skew Ferrers diagram. We do all this freely in the text, without further
notice. However, when we count columns of skew Ferrers diagrams A/ p,
we do distinguish between the different notations for the same skew
Ferrers diagram. Each column gets the number that it has as a column of
A. Thus, the first cell in the second row of the skew Ferrers diagram in Fig.
A.b is located in the second column of (4,3,3,1)/(2,1) (see Fig. A.c), in
the third column of (5,4,4,2)/(3,2,1,1) (see Fig. A.d), in the first column
of (3,2,2,0)/(1,0, -1, —1), in the 5/2th column of
(9/2,7/2,7/2,3/2)/(5/2,3/2,1/2,1/2), etc. A horizontal strip is a skew
Ferrers diagram with no more than one cell in each of its columns. A
vertical strip is a skew Ferrers diagram with no more than one cell in each
of its rows.

A2. n-Tableaux (Ordinary Tableaux)

Let A, u be partitions with w € A. An n-tableau of shape A (respectively,
of shape A/ ) is a filling of the cells of A (respectively, A/u) with integers
between 1 and n such that entries along rows are weakly increasing and
entries along columns are strictly increasing. If we just say fableau instead
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of n-tableau, then we mean the same but without requiring that the entries
are bounded above by n. Figure 4 shows a 6-tableau (7-tableau,...) of
shape (8, 8,5, 3,2).

The weight x” for an n-tableau T is defined by

XT = xf(l‘sin T)x;#(Z’sin T) ... xf(n’sin T). (Al)

The vector (#(1's in T), #(2’sin T),...,#(n’s in T)) of exponents in (A.1)
is called the content of T and is denoted by con(T"). For example, the
weight and content of the tableau in Fig. 4 are xjxjx3xSxixZ and
(4,4,5,6,5, 2), respectively.

As is well known (see [26, (5.12) with u = 0; 34, Def. 4.4.1]), the
irreducible general linear character (Schur function) s,(A;x) equals the
generating function for all n-tableaux of shape A,

s,(A;X) = Y. xT, (A.2)

T an n-tableau
of shape A

with x7 as defined in (A.1).

A3. 2n)-Symplectic Tableaux

Let A = (A, Ay, ..., A,) be a partition. A (2n)-symplectic tableau of
shape A is a (2n)-tableau of shape 2A = (2A;,2A,,...,2A,) such that
columns 1,2, columns 3,4,..., columns 2A, — 1,2 A, form (2n)-symplectic
admissible pairs.

DeriNITION 1. A pair (C, D) of two columns of the length k <n is
called a (2n)-symplectic admissible pair if the following conditions are
satisfied:

(a) Entries in C and D are between 1 and 2xn and in strictly
increasing order.

(b) Ifeisin D then 2n + 1 — e is not in D. The same holds for C.

(c) C arises from D by a (possibly empty) sequence of operations O
of the following type: The operation O to be described applies only to
columns E and integers e, e, with e, < e, <n,where ¢; € E, 2n + 1 —
e, € E, and for all ¢ between e, and e, either ¢ or 2n + 1 — ¢ belongs to
E. The operation O itself consists of forming the new column O(E) out of
E by replacing e, by e, and 2n + 1 — ¢, by 2n + 1 — ¢, and rearranging
the new set of entries in strictly increasing order.

For example, Fig. 2 displays a 12-symplectic tableau of shape

(4,4,4,4,3,3). There, the next-to-last column arises from the last by one
operation, as described in item (c) of Definition 1, with e; = 4, ¢, = 3.
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Remark 5. Our description of (2n)-symplectic admissible pairs follows
Lakshmibai [21]. The description in [24, Appendix A.2] is equivalent. Note
that Littelmann’s rows are our columns.

There are a few observations that are immediate from Definition 1.

OBSERVATION 1. C < D, meaning that if the entries of C are
€1, €y, - .-, ¢, (from top to bottom) and those of D are d,, d,, ..., d, (from
top to bottom), then ¢; < d; for all i.

OBSERVATION 2. If (C, D) is a (2n)-symplectic admissible pair, then the
number of entries < n in C is the same as that in D.

OsserRVATION 3. If C and D are columns of length » that satisfy (a),
(b) in Definition 1, C < D, and have the same number of entries < n,
then (C, D) is a (2n)-symplectic admissible pair, i.e., condition (c) is
satisfied automatically in this situation. This is due to the fact that a
column of length n must contain either ¢t or 2n + 1 —¢, for all ¢t =
1,2,...,n. Hence, the most obvious way to transform D into C is a legal
sequence of operations according to (c): namely, apply the operation O
described in (c) first with e, the topmost entry of C and e, the topmost
entry of D (unless e, = e,), then apply O with e, the next-to-the top entry
of C and e, the next-to-the-top entry of D, etc.

The weight (x*1)S for a (2n)-symplectic tableau S is defined by

(X + 1)S — x&l/Z)(#(l’s in $)—#(2n)’sin S))x(21/2)(#(2's in $)—#((2n—-1)’sin §))

(A3)
N x’(11/2)(#(n's in $)=#((n+1)'sin $)

Again, the vector
(#(Lsin ) — #((2n)’sin S), #(2'sin S) — #((2n — 1)’sin §),
o #(n’sinS) — #((n +1)’sin §))

of exponents in (A.3) is called the content of S and is denoted by con(S$).
For example, the weight and content of the tableau in Fig. 2 are x,x3x,x; 2
and (0,0, 1,2,1, —2), respectively.

It is a theorem (see [3, 4, 23]) that the irreducible symplectic character
sp,,(A;x*1) equals the generating function for all (27r)-symplectic tableaux
of shape A,

spou(Aix 1) = Y (x*h°*, (A4)

S a (2n)-symplectic tableau
of shape A

with (x )% as defined in (A.3).
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A4, 2n + 1)-Orthogonal Tableaux

Let A = (A, A,,..., A,) be a partition or half-partition. A (2n + 1)-
orthogonal tableau of shape A is a (2n)-tableau of shape 2A =
(2M,21,,...,21,) such that columns 2, — 1,2, columns 2A, — 3,
2N — 2,..., form 2n + D-orthogonal admissible pairs.

DEFINITION 2. A pair (C, D) of two columns of the length k < n is
called a (2n + 1)-orthogonal admissible pair if the following conditions are
satisfied:

(a) Entries in C and D are between 1 and 2xn and in strictly
increasing order.

(b) Ifeisin D then2n + 1 — e is not in D. The same holds for C.

(c) C arises from D by a (possibly empty) sequence of operations
that can be either operations of the type that are described in Definition 1
(c) or operations O of the following type: The operation O to be described
applies only to columns E and an entry e of E, e > n, where for all ¢
between n + 1 and e, n + 1 included, either ¢ or 2n + 1 — ¢t belongs to
E. The operation O itself consists of forming the new column O(E) out of
E by replacing e by 2n + 1 — e and rearranging the new set of entries in
strictly increasing order.

For example, Fig. 11 displays a 13-orthogonal tableau of shape
(7/2,7/2,7/2,7/2,7/2,1/2). There, the 4th column arises from the 5th
by one operation as in item (c) of Definition 2, with ¢ = 7, and by one
operation as in Definition 1 (¢), with e, = 2, e, = 1.

Remark 6. Again, our description of (2n + 1)-orthogonal admissible
pairs follows Lakshmibai [21]. The description in [24, Appendix, Spin,,, .. ;-
standard Young tableaux] is equivalent. Again, note that Littelmann’s rows
are our columns.

We make similar observations here, also immediate from Definition 2.

OBserRVATION 1. C < D, meaning that if the entries of C are
€1, €y, .-, ¢, (from top to bottom) and those of D are d,, d,, ..., d, (from
top to bottom), then ¢, < d, for all i.

OBseRVATION 2. If C and D are columns of length » that satisfy (a),
(b) in Definition 2, and C < D, then (C,D) is a (2n + 1)-orthogonal
admissible pair, i.e., condition (c) is satisfied automatically in this situation.

The weight (x*1) for a (2n + 1)-orthogonal tableau S is again defined
by (A.3). Also here, the vector of exponents in (A.3) is called the content of
S and is denoted by con(S).
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It is a theorem (see [23]) that the irreducible orthogonal character
50,, (A x*1) equals the generating function for all (2n + 1)-orthogonal
tableaux of shape A,

502 1(A;x 1) = Y (x=)",  (AB)

S a (2n+ 1)-orthogonal tableau
of shape A

with (x £1)S as defined in (A.3).

A5. (2n)-Orthogonal Tableaux

The definition of (2n)-orthogonal tableaux is the most intricate one. We
provide the full definition for the sake of completeness. However, in the
current paper we actually need only a special case, the one that is
discussed in Observation 1 below. The reader who is only interested in this
paper’s applications of (2r)-orthogonal tableaux can safely skip the full
definition and move on directly to Observation 1.

We basically reproduce Littelmann’s description [24, Appendix, A.3],
with a little modification in the description of (2n)-orthogonal admissible
pairs, where we follow [21]. Note again that Littelmann’s rows are our
columns.

Let A = (A, Ay, ..., A,) be an n-orthogonal partition or half-partition.
A (2n)-orthogonal tableau of shape A is a triple (S3, S,, S;) of (2n)-tableaux
of respective shapes ((A,_; + A,)"), ((A,_; — A)D"), and (2A; —
2M,_1,20) —2A,_4,...,2A,_, — 2A,_,), subject to conditions (0)—(4) be-
low. Note that when S;, S,, and S, are glued together, in that order, an
array of shape (2A;,2A,,...,21,_,,2A,_4,2A,_,) is obtained.

n—1
(0) If e is an element of a column of S, S,, or S;,then 2n + 1 —e¢
is not an element of the column.
(1) Columns 1,2, columns 3,4,..., columns 2A;, —2A,_; — 1,2,

— 2),_, of S, form (2n)-orthogonal admissible pairs (see Definition 3). In
addition, for i =1,2,...,A;, — A,_; — 1, let the entries of the (2i)th

column of §; be (from top to bottom) k,, k,, ..., k,, and let the entries of
the (2i + Dth column be (again, from top to bottom) /,,1,,...,1,, s < t.
Then for all sequences 1 <j; < -+ <j, <s with

n+l—qg<k; <-- <qu£n+q
and

n+l-qg<l, < - <qu£n+q,

one has k; + - +k; =1, +- +lj mod 2. (Note that this condition is
empty if nelther n nor n + lis an entry in one of the columns.)
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(2) The number of entries > n in each column of S, is odd. In
addition, denote by R the column (of length n) that arises from the
leftmost column of S, by adding all integers e,n +1 <e < 2n, that
together with their “conjugate” 2n + 1 — e do not already appear in the
leftmost column of §;, arranging everything in strictly increasing order,
and replacing the smallest added element, f say, by 2n + 1 — f in the case
where the number of entries > n would be odd otherwise. Denote by x
the element of R that is closest to n + 1/2. To be precise, let k,, k,, ..., k,
be the entries (from top to bottom) of the leftmost column of §,. Then R
consists of the entries kq,..., k., 1,,...,1,_;_;, x with the following prop-
erties:

2nz1l; > - >0, ,>nl,_ . >x 1, ,>2n+1-x]
#k; and x#k; for all 1<i<n-s-11<j<s and if
e € R, then 2n + 1 — e & R. Furthermore, if the number of
integers strictly greater than n in R\ {x} is odd, then x > n; else
x<n.

Let R’ be the column with entries (R \ {x}) U {2rn + 1 — x} in increas-
ing order. Then the concatenation S, U R’ forms a (2n)-tableau. By the
concatenation S, U R’ we mean that R’ is glued from the right to .S, such
that the topmost entries in each column are aligned in one row.

(3) The number of entries > n in each column of §; is even.
Denote by S the tableau of shape ((A,_, — A, + 1)") obtained from S,
as follows. The rightmost column of S is R. Now assume that 1 <i <
A_1 — A, and the (A,_, — A, + 2 — i)th column of S’ has already been
defined. The (A,_; — A, + 1 — ith column of S/, consists of the entries of
the (A,_; — A, + 1 — Dth column of S, with one entry e replaced by
2n + 1 — e, arranged in strictly increasing order. The entry e to be chosen
is the smallest possible such that rows will be weakly increasing (so that S
indeed becomes a tableau). Then the concatenation S; U S) is a (2n)-
tableau. By the concatenation S; U S, we mean that S, is glued to the left
to S such that the topmost entries in each column are aligned in one row.

DerINITION 3. A pair (C, D) of two columns of length k < n is called a
(2n)-orthogonal admissible pair if the following conditions are satisfied:

(@) Entries in C and D are between 1 and 2n and in strictly
increasing order.

(b) Ifeisin D then 2n + 1 — ¢ is not in D. The same holds for C.
(c) C arises from D by a (possibly empty) sequence of operations

that can be either operations of the type that are described in Definition 1
(c) or operations O of the following type: The operation O to be described
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applies only to columns E and entries e;, e, of E, n < e, < e,, where for
all ¢+ between n + 1 and e,, n + 1 included, either ¢ or 2n + 1 —¢
belongs to E. The operation O itself consists of forming the new column
O(E) out of E by replacing e; by 2n + 1 — ¢, and ¢, by 2n + 1 — ¢,, and
rearranging the new set of entries in strictly increasing order.

OBseRVATION 1. (2n)-orthogonal tableaux of shape (A,_,, ...,
A,_1, A,) are just pairs (S5, S,) of (2n)-tableaux of respective shapes
(A,_; + 20D and ((A,_; — A,)") such that each column of S, or S, does
not contain 2n + 1 — e if it contains e, such that the number of entries
> n in S, is odd and each entry in the first row of S, is < n, such that the
number of entries > n in S, is even, and where the concatenation S; U S
is a (2n)-tableau, with §’, the tableau that arises from S, by replacing the
topmost element, e, say, in column i of S, by its “conjugate” 2n + 1 — ¢,
forall i =1,2,...,A,_, — A,, and by rearranging the columns in increas-
ing order. For in the case of the above particular shape, the tableau S, is
empty; hence R equals {n + 1,n + 2,...,2n} or {n,n + 2,...,2n}, de-
pending on whether »n is even or odd. Thus, R does not restrict S, in item
(2) above, except that for odd » it forces all of the entries in the first row
to be at most n. If n is even, then all of the entries in the first row have to
be < n as well. For in each column the number of entries > n is odd,
with n being even. This implies that the number of entries < n has to be
odd as well; in particular, it has to be at least 1. Finally, in item (3) above,
when forming S, out of §,, the smallest element in each column can
always be replaced by its “conjugate.”

The weight (x*1)S for a (2n)-orthogonal tableau S is again defined by
(A.3). Also here, the vector of exponents in (A.3) is called the content of S
and is denoted by con(S).

It is a theorem (see [23]) that the irreducible orthogonal character
s0,,(X; x*1) equals the generating function for all (2r)-orthogonal tableaux
of shape A,

503( XX E) = )y (x*h*, (A6)

S a (2n)-orthogonal tableau
of shape A

with (x£1)S as defined in (A.3).

A6. Littelmann’s Decomposition Rule and the Littlewood—Richardson Rule

Littelmann’s rule [24] for the decomposition of the product of two
general linear, two symplectic, or two special orthogonal characters can be
stated uniformly. (In fact, it is also valid for the simple, simply connected
algebraic groups of type G, and E;.) What is needed in the formulation of
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Littelmann’s theorem is the notion of a (dominant) Weyl chamber associ-
ated with each of the characters.

The (dominant) Weyl chamber of type A, which is associated with s,(-; x),
is the set of points (cf. [6, p. 215])

{(x1, x5, x,) 0, 20, > =+ >x,}. (A7)

The (dominant) Weyl chamber of type C, which is associated with
sp,,(+;x*1), is the set of points (cf. [6, p. 243, (16.5)])

{(x1, x5, x,) i x, 2x, > -+ >x, > 0}. (A.8)

The (dominant) Weyl chamber of type B, which is associated with
50,,+.(-;x*1), is the same set (A.8) of points (cf. [6, p. 272)).

Finally, the (dominant) Weyl chamber of type D, which is associated with
s50,,(+;x*1), is the set of points (cf. [6, p. 272])

{(xy,xp,.00,x,) x>0, > -+ > x|} (A.9)

Furthermore, if T is a tableau, then by T(/) we denote the tableau that
consists of the last [ columns of T.
Now we are in a position to state Littelmann’s theorem.

THEOREM (Littelmann [24, Theorem (), p. 346]). Let x,(-) be any of
the characters s,(+;X), sp,,(+;X*1), s0,,. (- ;x*Y), or s0,,(+;x*1). Then

Xu(A)  x(m) = 2 xu(A + con(T)), (A.10)
T

where the sum is over all corresponding tableaux (that is, n-tableaux in case
X, () = 5,(+;%), @n)-symplectic tableaux in case x,(-) = sp,,(-;x*1), etc.)
of shape w such that A + con(T(1)) is in the Weyl chamber of the correspond-
ing type for all 1.

In case y,(-) =s,(-;x) this rule translates to the classical Littlewood-

Richardson rule (cf. [26, I, Sect. 9; 34, (4.26) + Theorem 4.9.4]), which we
want to describe next.

DEFINITION 4. A Littlewood—Richardson filling (LR-filling) of shape v/ A
and content w is an (ordinary) tableau F of shape v/A and content u
where the Littlewood—Richardson condition (LR-condition) is satisfied. The
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latter condition is the following:

Read the entries of F row-wise from top to bottom and in each
row from right to left. Then at any stage during the reading the
number of 1's is greater than or equal to the number of 2’s, which
in turn is greater than or equal to the number of 3’s, etc.

Furthermore, define the Littlewood—Richardson coefficient LRY , by

LRY , = number of LR-fillings of shape »/A and content n. (A.11)

Then the Littlewood—Richardson rule reads as follows:
S, (A %) =5, (s x) = LRy s, (v:X). (A.12)

The translation from (A.10) with x,(-) = 5,(-;x) to (A.12) proceeds as
follows. It is basically the same idea as the one we use in the proof of
Proposition 1. What we do is construct, for any fixed A, u, v, a bijection
between n-tableaux T of shape w, with » = A + con(T), and where
A + con(T(1)) is in the Weyl chamber (A.7) of type A for all I, and
LR-fillings F of shape »/A and content w. Clearly, this would establish the
equivalence of (A.10) with x,(-) = s,(-;x) and (A.12).

Given T as above, we construct a sequence Fy, Fy,..., F, of fillings by
reading 7' column-wise, from right to left. The desired filling F will then
be defined to be the last filling F, . Define F, to be the only filling of the
shape A/A (which is, of course, the empty filling). Suppose that we have
already constructed F,. To obtain F,,,, we add for i = 1,2,...,n an entry
e torow i of F, if i is an entry occurring in the /th last column and the eth
row of 7. As already announced, we define F to be F, .

AT. Littlewood’s branching rules

Here we quote the branching rules for the restriction of Schur functions
to symplectic or orthogonal characters, which we use in Section 4.

THEoOREM (Littlewood). There holds (see [25, Appendix, p. 295; 13,
(3.8b); 39, Theorem 3.13]

s(Ax) = Ysp(vix) X LRy, (A.13)

v w, 1 even

(“w even” means that all of the columns of u are even), and (see [25, p. 240,
(11); 13, (3.8a); 39, Theorem 3.16))

s(A;x) = Yo(vix) Y LR., (A.14)

v M, 4 even
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, 7 . A
w even” means that all of the rows of u are even), with LR}, , the

Littlewood—Richardson coefficients as defined in (A.11).
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