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Introduction

Our paper is devoted to the following problem. Let IFy[x, y] be the polynomial algebra in two variables
over the finite field Fq with q elements. We would like to determine the number of Fq-automorphisms ¢ =
(f, 8 of Fylx, y] satisfying deg(¢) := max{deg(f), deg(g)} =n. Here ¢ = (f, g) means that f = ¢(x),
g=9.

Our consideration is motivated by Arnaud Bodin [B], who raised the question to determine the
number of Fg-automorphisms ¢ with deg(¢) <n.

In the sequel all automorphisms are Fg-automorphisms. The theorem of Jung and van der Kulk
[J.K] states that the automorphisms of the polynomial algebra K[x, y] over any field K are tame. In
other words the group Aut(K[x, y]) is generated by the subgroup A of affine automorphisms

* Corresponding author.

E-mail addresses: drensky@math.bas.bg (V. Drensky), yujt@hkucc.hku.hk (J.-T. Yu).
1 The research of Vesselin Drensky was partially supported by Grant MI-1503/2005 of the Bulgarian National Science Fund.
2 The research of Jie-Tai Yu was partially supported by an RGC-CERG grant.

0021-8693/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2008.08.026


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:drensky@math.bas.bg
mailto:yujt@hkucc.hku.hk
http://dx.doi.org/10.1016/j.jalgebra.2008.08.026

V. Drensky, J.-T. Yu / Journal of Algebra 321 (2009) 292-302 293

o= (@x+b1y+ci,axx+byy-+c2), ajbi,cieK, aiby #azbq,
and the subgroup B of triangular automorphisms
B=(ax+h(y),by+b1), 0#abek, by €K, h(y)eKl[yl.
The proof of van der Kulk [K] gives that Aut(K[x, y]) has the following nice structure, see e.g. [C]:
Aut(K[x,y])=AxcB, C=ANB,

where A #c B is the free product of A and B with amalgamated subgroup C = A N B. Using the
canonical form of the elements of Aut(K[x, y]) we have calculated explicitly the number p, of auto-
morphisms of degree n:

p1=¢@-D*q+1),

1\
pn:(q(q_l)(q+l))22(q7> gttt opsq,

where the summation is on all ordered factorizations n =ny ---ny of n, with ny,...,n, > 1.

It is natural to express the sequence p,, n=1,2,..., in terms of its generating function. When
the elements p, of the sequence involve sums on the divisors of the index n it is convenient to work
with the Dirichlet series generating function, i.e., with the formal series

p
p(s) = n—;‘

n>1

For the Riemann zeta function £(s) the coefficients of ¢¥(s) count the number of ordered factoriza-
tions n =nj ---ny in k factors. (We have to take (¢(s) — 1)* if we want to count only factorizations
with n; > 2.) Similarly, the coefficients of the kth power p¥(s) of the formal Dirichlet series

qn
pO=)_

n>2

are equal to g™ in the expression of p,. Hence p(s) may be considered as a g-analogue of Z(s),
although it does not satisfy many of the nice properties of the Riemann zeta function (because the
sequence q" is not multiplicative) and for q > 1 is not convergent for any nonzero s (because its
coefficients grow faster than n®). We have found that

q- 1 )
=(qq@-D(@+1) -
p(s)=(q(q — (g )(;; 0k (s) o

—((—1>(+1>)2( ! —])
=(qa(q q TTTm at

and have given an estimate for the growth of p,. Forn>2
@—1D’@+ D" <pu<@— D@+ D" + (logy ) °82"g" />,
Hence for a fixed q and any ¢ > 0,

pn=(q— 1@+ D"+ O(g"1/2*9),
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The main contribution (q — 1)3>(q + 1)2¢™*! to p, comes from the number of automorphisms of the
form

(m1x+ b1y + c1 +a1h(y), aax + bay + c2 + azh(y)),
(b1x+ (a1 +aby)y + c1 + a1h(x+ay), bax + (a2 + aby)y + ¢2 + azh(x + ay)),

where a, a;, b;, ¢; € Fq, a1by # azby,

h(y) =hny" +hn_1y" 1+ + hyy? € y*Fylyl, hn#0.

Based on the above result, we have also calculated explicitly the number [, of coordinates of
degree n and obtained its Dirichlet series generating function, i.e., with the formal series

I(s) = li

s
n>1

By the theorem of Czerniakiewicz and Makar-Limanov [Cz,ML] for the tameness of the automor-
phisms of K (x, y) over any field K and the isomorphism Aut(K[x, y]) = Aut(K(x, y)) which preserves
the degree of the automorphisms we derive immediately that the same results hold for the number
of automorphisms of degree n of the free associative algebra Fq(x, y).

It is easy to obtain an analogue of the formula for the number of automorphisms p, of degree n
for free algebras with two generators over Fy if the algebra satisfies the Nielsen-Schreier property.
Examples of such algebras are the free Lie algebra and the free anti-commutative algebra (where p; =
q(@—1?(@+1) and p, =0 for n > 1), free nonassociative algebras and free commutative algebras.

In a forthcoming paper we are going to give an algebraic geometrical analogue of the main results
of the present paper for infinite fields.

1. Canonical forms of automorphisms

The group G is the free product of its subgroups A and B with amalgamated subgroup C=ANB
(notation G = A x¢ B), if G is generated by A and B and if for any ay,...,ax41 € A, b1,..., by € B,
k > 1, such that ay, ..., ax, b1,..., by do not belong to C, the product g =aib; ---axbyax+1 does not
belong to C.

For the following description of G = A %¢ B see e.g. [MKS, p. 201, Theorem 4.4] and its corollaries.
Lemma 1.1. Let G = A ¢ B, C= AN B, and let

Ao={l,a5cAliel} Bo={1,bjeB|je ]}

be, respectively, left coset representative systems for A and B modulo C. Then each g € G can be presented in
a unique way in the form

g =81 8kC,
where 1 £ gi € ApUBo,i=1,...,k, gi, gi+1 are neither both in Ag, nor both in By, c € C.

We write the automorphisms of K[x, y] over any field K as functions. If ¢ = (f1(x, y), g1(x, ¥)),
¥ = (f2%,¥), 82(x,¥)), then ¢ o ¥ (u) = ¢y (u)), u € K[, y], and hence

pov =(f2(fix. y). g1(x. ), g2(f1x. y). g1(x. y))).

The following presentation of the automorphisms of K[x, y] is well known, see e.g. Wright [Wr]. We
include the proof for self-containness of the exposition.
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Proposition 1.2. Define the sets of automorphisms of K[x, y]
Ap={t=(y), a=(y.x+ay) |ack},
Bo={B=(x+h),y) [h(y) € y*KIy1}.
Every automorphism ¢ of K[x, y] can be presented in a unique way as a composition
p=(f,8=aroproayofro---oagopfroA,

where a; € Ag, &, ..., 0 #L, i € Bo, B1,.... B # L, A € A If B = (x + hi(y), y) and deg(h;(y)) = n;,
then the degree of ¢

n = deg(p) = max{deg(f), deg(g)} =ny---ni

is equal to the product of the degrees of B;.

Proof. First we shall show that Ag and By are, respectively, left coset representative systems for the
group A of affine automorphisms and the group B of triangular automorphisms modulo the intersec-
tion C=ANB.

Since ¢ is the identity automorphism, o = (y,x+ay) ¢ C and

1

o oar =y, x+ar1y) o (y.x+a2y) = (x, (a1 +az2)x +y)

does not belong to C when a; # ay, to show the statement for Ay it is sufficient to verify that for any

A € A there exist o € Ap and y € C such that A=« oy. We choose o« =t and y =1 if » € C and have
the presentation

A= (a1x+b1y +c1,a2x+ b2y +c2)

b2 a1b2
=|y.x+—=y)o(|b1—— Jx+tmy+ci,my+c
ap ap

when A ¢ C (and hence a; # 0). Similarly, for By it is sufficient to use that 8 = (x+h(y), y) ¢ C when
0#h(y) € y*K[yl,

Byl opr= (><+f11(y),y)_1 o(x+ha(»),y)=(x—hi(y) +ha(y).y) ¢ C
for h1(y) # ha(y) (because hy and h, have no monomials of degree < 2) and to see that
(ax+h(y). by +b1) = (x+k(¥). y) o (ax+h1y + ho, by +b1) € Bgo C,

where a,b,b1 €K, a,b #0, h(y) =h,y" +---+hyy +hg and
1 n 3 2
k(y) = E(hny + -+ h3y® + hay?).
Lemma 1.1 gives that every automorphism ¢ of K[x, y] has a unique presentation

p=(f.g =ajopfroazofro---oagofrodrsioy,

where «; € Ao, Bi € Bo, B1,®2, ..., 0, Bx # 1, ¥ € C. Since A =ak4q oY € A, we obtain the presenta-
tion.
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Finally, if
A=(mx+biy+ci,ax+by+c).  B=(x+h®y).y). a=y.x+ay),

h=hpy"+---+hyy?%, h; #0, then the degree of Box and woBox is n and homogeneous components
of maximal degree of these automorphisms are, respectively,

Boir=(ahay", azhny"),  @opBoi=(arha(x+ay)", azhn(x+ay)").

They are different from 0 because (ay, az) # (0, 0). If the homogeneous component of maximal degree
of y =ajofjo---oagofroiis

¥ = (di(x+aoy)". d2(x +aoy)™),
then for B oy and « o 8 oy we obtain
B oy = (dihyy™, dahy™),
aoB oy = (dih) x+ay)™, dah} (x +ay)™)
and we apply induction. O
2. The main results

Now we give a formula for the number of automorphisms of degree n for Fy[x, y] and the corre-
sponding Dirichlet series generating function.

Theorem 2.1.

(i) The number py of automorphisms ¢ = (f, g) of degree n of Fg[x, y], i.e., such that
n=max{deg(f), deg(g)}
is given by the formulas
pi=0’@-D*@+0),

k
2 -1
pnz(q(q—l)(q—f—l)) Z(%) ght -t pn>1,

where the summation is on all ordered factorizations n =ny ---ny of n, withnq, ..., n; > 1.
(ii) The Dirichlet series generating function p(s) of the sequence p,,n=1,2,...,1s
Pn 2 1 1
P& =) —~=(a@-D@+1) < - - )
where

qﬂ
pO=)

n=2
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Proof. (i) Applying Proposition 1.2, p, is a sum on all ordered factorizations n =ny ---ng, n; > 1, of
the number of automorphisms of the form

p=(f.8 =aSoBroaropfro---oayopfrol,

where: o; = (y,x+a;y), a; € Fg, § is 1 or 0, depending on whether or not « participates in the
decomposition of ¢; B; = (x + hi(y)y), hi(y) € yle‘q[y], deg(hj) =n;; XA is an affine automorphism.
We have q+ 1= |Fq| + 1 possibilities for af and q = |Fg| possibilities for the other «;. The number
of polynomials hy, (y) = hn, ;Y™ + hn,—1,iy™ "1 + -+ + hp, 2y% of degree n; is (q — 1)g" 2 (because
hy,.i # 0). Finally, the cardinality of the affine group is

IAl=(a* - 1)(¢* —9)* =*@ - D*(@ + D).

If A = (a1x + b1y + c1,a2x + bay + ¢3), then we have g2 — 1 possibilities for the nonzero element
ai1x + b1y, q*> — q possibilities for a;x + b,y which is linearly independent with ajx + b1y and g>
possibilities for cq, cp. Hence, for n=1

p1=lAl=¢@-1?@+1),

k
pn= Y. <q+1>q"‘1(]‘[(q—l)q“f‘z)q%q—1>2(q+1>
i=1

ny--np=n

=@+’ Z (q— 1)k+2q”1+"'+nk7k+2

Ny -mp=n
2 q—1\"
=(@@-D@+n)" Y (—) g
nme=n\ 4
when n > 1.
(ii) If ay, by, n=1,2,..., are two sequences, then, see e.g. [W], the product of their Dirichlet series

generating functions a(s), b(s) is

o~ (5)(E2) -3

n>1 n>1 n>1

n—1
1
(Za,-bn_,) E

i=1
Applied to pX(s) this gives
pory (3 )L
n>2 \nyjomg=n n
Hence

_ k
Zﬁ—?=(q(q—1)(q+1>)22(%) (Z )3 qn1+..-+nk%)

n>2 k>1 n>22Mn-Ng=n

1 k
=(@@q-Da@+1)* Y (== o).
q

k>1



298 V. Drensky, J.-T. Yu / Journal of Algebra 321 (2009) 292-302

p(S)=Z%=p1+Z%

n>1 n>2
1 —1\K
=(q(q - 1)(q+1))2<—m +1 +Z<qT> p"(s))
k>1
2 ql)k K 1 )
= —1D@+1 i _
(q@q—D@+1) (,§)< ; 0k (s) T
2 1 1
=(q(@—1@+1 - .
(a@—D(@+1) (1_%1)(3) q+1>

As a consequence of the above theorem, we also give a formula for the number of coordinates
with degree n in Fy[x, y] and the corresponding Dirichlet series generating function.

Theorem 2.2.

(i) The number I, of coordinates with degree n in Fy[x, y], is given by the formulas

li=@-1)q@+1),

k

DPn q—1

h=—————=q(@@-1)(@+1 § ) gt 1,
@-Daq+D t@-Da+D ( q )q "

where the summation takes on all ordered factorizationsn =ny - --ni of n, withnq, ..., n, > 1.
(ii) The Dirichlet series generating function I(s) of the sequence I,,n=1,2,...,1is
In 1 1
Is)= —=q(q—1)(q+1)( - )
; n 1-%lps) a+1

where

p(s)=ZZ—Z.

n>2

Proof. (i) According to the well-known theorem of Jung and van der Kulk [J,K], for a coordinate f €
K[x, y] with deg(f) > 1, two automorphisms (f, g) and (f, g1) with deg(g) < deg(f) and deg(g1) <
deg(f) if and only if g1 =cg +d where c € K — {0}, d € K (so (c,d) has (q — 1)q choices), hence for a
fixed coordinate f € Fy[x, y] with deg(f) > 1, there are (q — 1)q automorphisms (f, g) with deg(g) <
deg(f), therefore I, = (qf—"])q, where z, is the number of automorphisms (f, g) with deg(f) =n >
deg(g).

Now we can determine z, as follows. Tracing back to the proof of Theorem 2.1, we can see in
the current case a‘f = (y,x+a1y)? only has one choice (i.e. § =0) instead of (g + 1) choices in the

decomposition as we have deg(f) > deg(g) now, so z, = q’_i”l. Therefore,

o _ 1
T@-1q @-naq+n’

—_1\*
=q(q—1)(q+1)2(qT> qn1+A.A+nk.

In
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When n =1, for coordinates ax + by +c (a, b, c € Fq, (a,b) # (0, 0)), we have (g — 1)q choices for
(a, b), q choices for c, hence

h=q(@®—1)=@-Da@+D.
(ii) It follows from (i), and by similar calculation in the proof of Theorem 2.1(ii). O
The following theorem gives an estimate for the growth of p,.
Theorem 2.3. For n > 2 the number of automorphisms of degree n of Fq[x, y] satisfies the inequalities
@=1°@+D*q"" <pa < @=1D’@+ D¢ + (logy n)°8"q"2+,
For a fixed q and any ¢ > 0,
n=(q—13@q+1%"" + O(qn(1/2+s))'

Proof. By Theorem 2.1(i), for n > 2

—_1\*
Pn=(q(q—1)(q+1))22<q7> s

where the summation is on all ordered factorizations n =ny ---ny of n, with nq,...,n, > 1. For k=1
we obtain the summand (g — 1)3(q + 1)2¢™*!. Hence it is sufficient to show that for the number f(n)
of ordered factorizations n =ny ---n, with k > 2 satisfies

f() < (logy m)*8" = O(nf),

and for k > 2

k
2(q—1
(‘I(q—l)(qul)) (qT> q”l+ g gqn/2+8.

If n=pi1---pm is the factorization of n in primes, then the number k in the ordered factorizations
is bounded by m. The number of factorizations f(n) is bounded by the number of factorizations n =
ny---nm in m parts, allowing n; =1 for some i. Hence f(n) <m™ (because each p; may participate
as a factor of any n;). Since

2" < p1--pm=n, m<logyn,

we derive the inequality for f(n). Let & > 0. Writing n in the form n = 2¢, t = log, n, we obtain
t' =log, n'°%2" For a > 1 and for n sufficiently large (and hence t sufficiently large)

log, f(n) <logy(t') =tlog,t
< t2 < Zteloga q= loga(qus) — loga (qns)
which gives the estimate for f(n). For the second inequality, we have

-1
@m—nm+nf=fmﬁ4f<f,9?—<n
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hence we have to show that
n
ny - +ng < 5—1—2
for n=nq---ng, where n; > 2 and k > 2. We consider the function

n
U, ..o tgm1) =t + -+ tg +t17

US|
n
2<t < S Shk=—
t1 - tr—1
Hence
t(tr - te—1) <1,

ou _ n <0

ot ity teer)
with du/dty =0 for t; = --- = ty_1 = n/k only. Considered as a function of t;, the function
u(ty, ..., ux—1) decreases for t1 € [2, t2] and has its maximal value for t; = 2. Hence

n
ulty,....tkm)=ti+to+--+t <2+ 2+ + ), t2"'tl<=§~

If k=2 we already have
n
t1+t < 5 + 2.

For k > 3 we have n > 8, n/4 > 2 and by induction

n n
th+ -+t <—+2=-+2,
2+ +k\2.2+ 4+

n n n n
t ty+ -+ t) <2 -+2)< - - +2)==-+2.
1+ 2+ + ) +(4+> 4+<4+> 2+ O

The main contribution (g — 1)3(q + 1)2¢"*! to p, comes from the case when k = 1. By Proposi-
tion 1.2 this means that such automorphisms are of the form

p=(f,g=aofol,

where @ =t =(x,y) or a = (y,x+ay), acFq, B=x+h(y),y), h(y) € yqu[y] is a polynomial of
degree n and A is an affine automorphism, i.e., ¢ has the form from the introduction.

3. Free Nielsen-Schreier algebras

Recall that a variety of algebras over a field K is the class of all (maybe nonassociative) alge-
bras satisfying a given system of polynomial identities. Examples of varieties are the classes of all
commutative-associative algebras, all associative algebras, all Lie algebras, all nonassociative algebras,
etc. The variety satisfies the Nielsen-Schreier property if the subalgebras of its free algebras are free in
the same variety. See, for instance, [MSY]. If a Nielsen-Schreier variety is defined by a homogeneous
(with respect to each variable) system of polynomial identities, then the automorphisms of the finitely
generated free algebras are tame, see Lewin [L]. We have the following analogue of Theorem 2.1:
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Theorem 3.1. Let F(x, y) be the free Fg-algebra with two generators in a Nielsen-Schreier variety defined by a
homogeneous system of polynomial identities and let F (x, y) # 0. Let c,, be the dimension of all homogeneous
polynomials u(x) in one variable of degree n in F(x, y).

(i) The number p;, of automorphisms ¢ = (f, g) of degree n of F(x, y) is given by the formulas

p1=¢3@@—=1)%(q+1) forunitary algebras,

p1=q(q@—1%@+1) fornonunitary algebras,

k
Pn=pi1(g+1) qu—l H((qcni _ ])qC2+-..+Crll~—1)’ n>1,
i=1

where the summation is on all ordered factorizationsn =ny ---n, of n, withnq, ..., n, > 1.
(ii) The Dirichlet series generating function p(s) of the sequence p,,n=1,2,...,1is

_ b q+1
pw‘?@—w@‘ﬂ’

where

o(s) = Z(an _ 1)q52+"'+fn71 l

ns
n=2

Proof. One of the important properties of free algebras in Nielsen-Schreier varieties defined by homo-
geneous polynomial identities is the following. If several homogeneous elements in the free algebra
are algebraically dependent, then one of them is a polynomial of the others. This fact implies that
the automorphisms of finitely generated free algebras are tame. Applied to the free algebra F(x, y)
with two generators, this gives that Aut(F(x, y)) = A %¢c B, where A is the affine group if we consider
unitary algebras and the general linear group when we allow nonunitary algebras, B is the group of
triangular automorphisms and C = AN B. Hence we have an analogue of Proposition 1.2. Counting the
elements of degree n in Aut(F(x, y)) we obtain that p; is the number q3(q — 1)2(q + 1) of elements
of the affine group if the algebra F(x, y) has 1 and the number q(q — 1)2(q + 1) of elements of the
general linear group GL(IFg) for nonunitary algebras. Then the proof follows the steps of the proof of
Theorem 2.1, taking into account that the number of polynomials h(y) = h,y" +- - - +hyy? of degree n
is (qcn _ ])qcn—l .. .qcz. O

The free Lie algebra and the free anti-commutative algebra in two variables have no elements in
one variable of degree > 1 and all automorphisms are linear. Hence

p1=q@—-1%*@q+1), pn=0, n>1.

For the free nonassociative algebra the number ¢, is equal to the number of nonassociative and
noncommutative monomials in one variable, or to the Catalan number and

1/2n-2
= — >
Cn < 1), n>1.

No explicit expression is known for the number ¢, of nonassociative commutative monomials of de-
gree n.
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