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The representation theory of .7, closely resembles (and informs) the modular representation theory
of Wj,. This theory was first explored in detail by Dipper and James, whose account [D]1] we closely
follow. In particular, they define a ‘permutation module’ M* for each composition A of n, and a Specht
module S# for each partition & of n. Understanding the structure of Specht modules is an important
goal in understanding the representation theory of .7%;, and one well-studied aspect of this is the
examination of .77;-homomorphisms between Specht modules.

The aim of this paper is to provide a ‘straightening’ result which yields (as long as q = —1) a fast
algorithm to determine Hom sy (S¥, S*). This result actually concerns the space of homomorphisms
from S# to M*; an important family of such homomorphisms is labelled by p-tableaux of type A;
when q # —1, this family spans the space Hom gz (S#, M%) [DJ2, Corollary 8.2]. Regardless of g, the
space spanned by the tableau homomorphisms has a basis consisting of the homomorphisms labelled
by semistandard tableaux. However, existing proofs of this result involve a loss of information which
means that it is not easy to express a given tableau homomorphism explicitly in terms of semis-
tandard homomorphisms. In this paper we prove a relation between tableau homomorphisms which
allows us to do exactly this; this closely resembles the Garnir relations which are typically used to
straighten elements of the Specht module.

In the next section, we very briefly recall the background information that we need, referring to
[DJ1] for most of it. In Section 3 we prove our Garnir-like relation for tableaux with only two rows.
In Section 4 we prove the necessary results concerning row removal to show that our Garnir relation
holds generally. Finally, in Section 5 we give an algorithm for expressing a tableau homomorphism as
a linear combination of semistandard homomorphisms.

2. Background
2.1. Basic definitions

We take almost all of our notation from [D]1], with only very minor modifications. We provide a
brief index here of most of the notation, referring the reader to [DJ1] for definitions. Homomorphisms
are considered in more detail below. Note that we follow [DJ1] by considering right modules and
having all functions act on the right.

Wiy the symmetric group on {1,...,n}

l the (Coxeter) length function on Wp

AEN A is a composition of n

Abn A is a partition of n

A the conjugate partition to A

W the standard Young subgroup of W, defined by A Fn

D, the set of minimal-length right coset representatives for W, in Wj

~ the row-equivalence relation on tableaux

t the A-tableau which has 1,...,n in order along successive rows, for A Fn
t the A-tableau which has 1, ...,n in order down successive columns, for A - n!
Wiy the permutation such that #w; =t;

I the Iwahori-Hecke algebra of W, over F with parameter q

T1,...,Th—q the standard generators of J7;

Tw standard basis element of .77, for w € W,

X1 ZWEW,\ Tw

Vi > wew, (9T,

M* the ‘permutation module’ x; .77

Sh the Specht module x; Ty, ¥/ /5

1 N.b. this notation is not defined in [DJ1], although this tableau is used there. This notation is standard elsewhere.
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2.2. Multisets

In this paper we frequently employ multisets of positive integers. If C is a multiset of positive
integers, then we write C; for the number of is in C. Given multisets C, D, we write Cu D for the
multiset with (Cu D); = C; + D; for each i. If A is a tableau, we write A’ for the multiset of entries
in row i of A.

2.3. Quantum binomial coefficients

Given our fixed g, we write [n]=1+4q + --- +¢* ! for any non-negative integer n, and [n]! =
]—I'f:1 [i]. These expressions are useful in the study of .4, since we have [n]! = ZweWn q'™). Fur-
thermore, if A F n, then any w € W, can be written uniquely as vd with v € W;, d € %, and
I(w) =1(v) +1(d), so we have

Iw) _ [n]!
2 L

WE@)L

Note that the right-hand side of this expression is a polynomial in g, so makes sense even when
[T;[2i1! is zero.
If g is an indeterminate and n >r > 0, then we can define the quantum binomial coefficient

[n] _ [
rlT rim=r

In fact, this is a polynomial in g, so we can extend the definition to arbitrary g by defining [':] to be
the specialisation of this polynomial.

2.4. Homomorphisms between permutation modules

We now recall the definitions from [D]J1, §3] on homomorphisms between permutation modules.
Throughout this subsection we fix A, u En.

Recall that a p-tableau A of type A is row-standard if its entries increase weakly along the rows.
We write 7;(u,A) for the set of row-standard p-tableaux of type A. If in addition @ - n, then we
say that a u-tableau of type A is semistandard if its entries are weakly increasing along the rows and
strictly increasing down the columns, and we write To(u, A) for the set of semistandard p-tableaux
of type A.

Given a p-tableau A of type A, we define the permutation 14 by specifying that t*1, is the row-
standard A-tableau (of type 1") in which i belongs to row r if the position occupied by i in t* is
occupied by r in A. For example, if

then

t)“lA =

[w]no]—=
)

so that 14, =(2 4 (3 5 6).
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The map A — 14 defines a bijection from 7:(u, 1) to the set 2, N .,@/;1 of minimal-length (W,
W) double coset representatives in Wj. For later use we record the simple fact that if A € Tr(u, A),
then

[(p)=)"> ASAl

g<hi<j

Now we consider homomorphisms. If A € 7;(u,2), then we define an J%-homomorphism
éa: M* — M* by

Xuda= Y Tw. (H1)

weW,;1,W,

We call this a tableau homomorphism. In the case where u is a partition, we write q3A for the restric-
tion of ¢ to the Specht module S#. We remark that in more recent literature ¢4, ¢4 are written as
Oa, Op.

Now we have the following theorem.

Theorem 2.1. (See [D]1, Theorem 3.4], [DJ2, Corollary 8.7].)

(1) If w, » En, then the set {4 | A € Tr(w, A)} is a basis for Hom z2 (M*, M.

(2) If w = n and A E n, then the set {<73A | A € To(u, M)} is a basis for the subspace of Hom yz (S*, M)
spanned by {¢a | A € Ti(i. M)}

(3) If uwt=n, A Enand q # —1, then every -homomorphism S* — M? can be extended to a homomor-
phism M* — M*. Hence {¢4 | A € To(t, M)} is a basis for Hom, ¢ (S*, M™Y.

The focus of this paper is part (2) of the above theorem; we provide an explicit algorithm for
writing a given homomorphism ¢4 as a linear combination of semistandard homomorphisms. Of
course, the proof of Theorem 2.1(2) does yield an algorithm for ‘semistandardising’ a tableau homo-
morphism, but it is rather slow, even in the symmetric group case ¢ = 1; one must consider the
image of a polytabloid under the different homomorphisms ¢4, and keep track of the coefficients of
various tabloids in these images. Our algorithm involves just manipulation of row-standard tableaux,
forgetting the underlying homomorphisms. In simple computer experiments, our algorithm seems
considerably quicker.

There are several other useful ways to write the image x,¢. From [DJ1, p. 30], we have

Xuba= Y xT1,. (H2)

A°~A

By considering the row permutations sending A to the various A°, we can also write this (following
[DJ1, Theorem 3.4]) as

Xupa=xT1, Y, Tuw, (H3)
weNW,,

where v is the ‘composition defined by reading A along rows’, i.e. the composition
(Al AS AL, ... A2 A3 A3, .. A} A, ...

We will often use the expression (H3), and write the term Zwe%mwﬂ Tw as |A).
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Symmetrically, we have

Xuba= Y TwTixu (H4)
we@;]ﬂw~A

where 7 is the composition

1 a2 A3 1 22 43 1 52
(A1, AT AT, ... AL A3 AS, ... AS AS, ).

We shall write the factor Zwe@,ﬂrﬂwl Tw as {(A|.
Our main interest is in understanding linear combinations Zgzl Cipa; (Where A1, ..., Ar e Tr(u, A)
and cq,...,c € F) for which 21721 cié,qi = 0. Since S* is generated by x,JWMyM/, this condition

amounts to saying that ZLI CiXu¢a; is annihilated by Tw, y ..
3. A Garnir-type relation for tableaux with two rows

Now we come to our main result. We begin with tableaux having only two rows.

Theorem 3.1. Suppose , = (m,n — m) is a partition, and R, S, T are multisets of positive integers with
IR|+|S| 4+ |T| =nand |S| > m. Let S be the set of all pairs (U, V) such that S=U UV and |U| =m — |R|.
Foreach (U, V) € S, let A[U, V] denote the row-standard (-tableau with

A[U,V]'=RuUU, A[U,VIP=TuV.

Then

Ri+U; [ Ti+ Vi VTV A
) H[ IR,- l][ lTi I}HQR’U'”’V’WW,V]:Q

U,V)es i i<j

An example of this theorem is given in Section 5. The way we prove the theorem will be to express
the given homomorphism (extended to M*) as a composition v x such that y|su = 0. To do this, we
need a few simple results concerning composition of tableau homomorphisms. Some of these are
probably known, but we prove everything in order to keep our account self-contained.

Our first result shows how to use a tableau of the form ‘1 ‘ 1 ‘ ‘1 ‘2‘ ‘2‘ to merge two
rows of a tableau.

Proposition 3.2. Suppose & = (r,m — r) is a two-part composition of m, and C is a row-standard & -tableau
of type o Em. Let B be the unique row-standard (m)-tableau of type &, and A the unique row-standard (m)-
tableau of type «.. Then

1
¢pdc =] [’2:1 } nqc}C?(/,A.

i i

Proof. Eq. (H1) shows that for a row-standard (m)-tableau D of any type, we have

X(m)yPD = X(m)-
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So we just need to show that x(n)¢pec is the appropriate scalar multiple of x(,). We have

Xm)$B = Xg Z Tw

weDs

by (H3), while (H4) gives

Xepc = Z TwTicxe,
weZyz 'NWy

where 7 is the composition (C}, CZ,C,C3,C1,C2,...). So

X(m)$poPc = Z TwT1cxe Z Ty = Z TwT1cXm)-

weZ; ' NW, WEPg we2; ' NW,

To evaluate this expression, we use the fact that Tyxm) = ql("")x(m) for w € Wy,. The length of 1¢ is

i C}.Ciz, and since W, < Wy, we have

I
R et T G
wea='nw Zsewﬂ q® Tl i C;
The result follows. O

The next result is a more complicated version of the result above.

Proposition 3.3. Suppose (r, u, v, t) is a composition of n. Let C be a row-standard (r, u, v, t)-tableau of type
A En, and let B be the row-standard (r 4+ u, v + t)-tableau in which there are r 1s and u 2s in the first row,
and v 3s and t 4s in the second. Let A be the row-standard (r + u, v + t)-tableau with A' = C' L C2 and
A% =C3UC* Then

Al A2 c24c3ch
¢)3¢C=l_[[c!li| [Cé]l_[chq+ch ¢A'
. i i

i Ui

Proof. Since 15 =1, (H3) gives

X(r+u, v+ PB = X(r,u,v,b) Z Tw

WEDruv.ty W (r4u,v+1)

and (H4) gives

Xruv.nbc = Z TwTicXeuv.p,
we@;]ﬂwA

where 7 is the composition (C}, C2,C3, ¢4, €1, C2,C3,C5.Ch,C2,C3,C4,...). So
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Xr,u,v,)PBPCc = Z TwT1X@,u,v.0) Z Tw
we2z nw, WED i uw ) "Wt v+)
= Z TwT1cX(+u,v+0)-
we@;lﬂWA

T, factorises as Tq,Tq, where d € W1y, vr), SO the above expression becomes

I(d I(d
q @ Z TwT1, X +u,v+t) =4 @ Z Tw Z TwT1,X@+u,v+t)
we@;lﬂWA W€@5]QW)L we@;lﬁwp

where p is the composition (A}, A2, A}, A2 . ), and I(d) = Zi<j(C}Ci2 + C?le‘). Now 1, conjugates
the pair (W, W,) to the pair (W4, W¢), where

o=(Cl,ct.c.c3.¢.c3,....¢.cl.c3.c3.G3.c5,..),
T=(A], A} AL ... AT A% A5, ),

and this gives

> Twli,=Ti, Y. Tu

we@;lﬂwp we@;lﬁwf

W is contained in W4y, v+), SO

Al
Z TwXgyuvit) = Z ql(w)x(r+u,v+t) = 1_[ [Cll ]

AZ
[Ca ] X(r+u,v+t)-

We@;lﬁwr we@;lmwr i
So we have
_ , l cjc+cict
X@r,u,v,t)PBPC = ]_[ c3 1_[61 Z TwT1, X0 +u,v+t)
i 1 l i<j we@glﬂW;L
cjci+cict
1—[[ M@h_[q 5 Xuvn®a O
i<j

The next result effectively enables us to split a row of a tableau in two, using a tableau of the
form

1[1] -~ [1[1
2|2 —2[2]
202 - [2]2] -
3[3]---[3]3

Lemma 3.4. Suppose (r, u, v, t) is a composition of n, and let D be the unique (r, u, v, t)-tableau in which the
entries in row 1 are equal to 1, the entries in rows 2 and 3 are all equal to 2, and the entries in row 4 are all
equal to 3. Let E be a row-standard (r,u + v, t)-tableau of any type, and let C be the set of all row-standard
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(r,u, v, t)-tableaux C such that
c'=E', c*uCc=E? Cc*=E.

Then

$pdE =) dc.

CeC

Proof. We have Xy v.t)¢0p = X(r,u+v,t)» SO by (H2)

Xeuv®0$E =% ) Tig,
E°~E
where 1 is the type of E. But it is easy to see that

EC~E}=| [{1c

CeC

(12

ce~c}

SO

XeavodpPe =% Y Tie=Y % Y Tie=Y xéc. O

CeCcCe~C CeC (C°~C CeC

The preceding results allow us to express the homomorphism of Theorem 3.1 as a composition of
homomorphisms indexed by row-standard tableaux.

Proposition 3.5. Suppose R, T, S, S are as in Theorem 3.1, and let r = |R|, s =|S|, t =|T|, u=m—r,
v=n—m—t. Let E be the row-standard (r, s, t)-tableau which has (E!, E2, E3) = (R, S, T), let B be the
(r +u, v + t)-tableau from Proposition 3.3, and let D be the (r, u, v, t)-tableau from Lemma 3.4. Then

o R

U, V)eS i i<j

Proof. From Lemma 3.4, we have

$pPE =) _ o

CeC

each tableau C e C satisfies (C!,C2,C3,C% = (R,U,V,T) for some pair (U, V) € S. When we com-
pose ¢p with ¢c using Proposition 3.3, the tableau A we obtain is precisely A[U, V], and the
coefficient of ¢4 is the coefficient of ¢4y v; in the proposition. O

Proof of Theorem 3.1. Using Proposition 3.5, we must show that the composition ¢pppor kills SH.
In fact, we will show that ¢g¢p kills S#. The codomain of ¢g¢p is the permutation module M50,
while the Specht module S* is generated by X, Tw, Y, so it suffices to show that M(r’“)yw =0. But
this is straightforward: M is spanned by elements X(r,s,tyTa which correspond to (r, s, t)-tabloids
(this correspondence is introduced on [DJ1, p. 31]). If u is an (r, s, t)-tabloid, then because s > m there
must be some pair (i, i 4 1) which lie in the same column of t, and both lie in the second row of u.
Y, may be factorised as (1 — q~'Tj)h, and the fact that i,i+ 1 both lie in the same row of u means
that uT; = qu. Hence uy,, =u(1 —¢~'T)h=0. O
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Remark. The argument used here to show that M(r*s’t)ylu =0 is a special case of [DJ1, Lemma 4.1]
which shows that M"y,, =0 whenever v’ £ /.

4. Row removal

In this section, we prove a result which allows us to apply our Garnir-type relation to tableaux
with more than two rows. Using the results of this section, we will be able to prove a g-analogue of
[FM, Lemma 4], which essentially says that given a linear relation between homomorphisms @4, we
can add a fixed combination of rows to each of the tableaux and preserve the relation.

We remark that row-removal for tableau homomorphisms has been considered at length, by the
author and Lyle [FL1] for the symmetric group, and by Lyle and Mathas [LM] for the Hecke algebra.
However, the result we prove here seems not to have appeared before.

We need to introduce some more notation. Given m < n and 0 <r <n — m, we define the ho-
momorphism [} : 5, — 5% by T; — Tiyr. So Ip is the usual embedding of J7, in J7;,. Clearly we
have I;Ty = I4s for any r,s. We will also occasionally use I} to denote the corresponding map
Wmnm — Wp.

4.1. Adding a row at the top
The main result we want to prove here is the following.

Proposition 4.1. Suppose (+ =n and A = n, and A1, ..., Ay are row-standard ji-tableaux of type A which are
identical inrow 1. Write i = (42, U3, ...),andlet Aq, ..., Ar be theA;l—tableaux obtained lgy deleting the first
row from each of A1, ..., Ar. If c1, ..., cr € F are such that 3 ;_, ci¢;, =0, then Y i_qcida, =0.

In order to prove Proposition 4.1, we make two comparisons:

e we compare X, ¢4 with x;¢5, for a row-standard ju-tableau A;
e we compare the term Ty, y,s which defines the Specht module with Tw, Y-

Proposition 4.2. Suppose A is a row-standard (i-tableau of type 1. Write = (2, U3, ...), and let A be the
[L-tableau obtained by deleting the first row of A. Let A be the type of A. Then we have

Xupa =hI, (Xpdz)
for some h € %, depending only on [, A, A.

The way we prove Proposition 4.2 is to express ¢4 as a composition of tableau homomorphisms.
Let B be the p-tableau which is obtained from A by replacing every entry in the first row with a 1
and adding 1 to every entry below the first row, and let C be the tableau whose first row is the same
as the first row of A, and whose ith row consists of A;_1 (i — 1)s, for i > 2. Note that both the type
of B and the shape of C equal the composition « = (141, A1, A2, ...).

Example. Suppose = (4,4,2,1), A=(3,4,2,1,1) and

13
4

N N‘N

1]
1
2

1]
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Then % = (2,3,0,1,1), and

3[3]

—_
U | -

—_
N—= N

2]

W
I
[N]w[n]=
w(lWw
o
(@)
Il
(G| 1 [o]=]=

Lemma 4.3. With the notation above, we have ¢pgpc = Pa.
Proof. Using (H3), we get

Xupppc =X.T1.1C)T1,|B).

Since the entries in the ith row of C are constant for i > 2, we have |C) € JZ,,. On the other hand,
since the entries in the first row of B all equal 1, we have

T1p = Iy (T1y) € Ly (Hn—py)-

So |C) and Ty, commute. It is not too hard to see that T1.Tq, = T1,, and it is immediate from the
definition of |A) that |C)|B) = |A), so

XuPppc =X, T1,1A) =Xxupa. O
Proof of Proposition 4.2. We can write x,¢c as (C|T1.X,, SO

Xupa =xuPpdpc = (C|T1.X T15|B).

We have X = X(;;)I 4, (x7); as noted in the proof of Lemma 4.3, Ty, is just I}, (Tq,), and it is
immediate that |B) = I'y, (|A). Putting this together, we get

Xua = (CIT1cXquy Ty (%3 T1;14));
the tableau C depends only on u, A, A, so the result follows. O
The next thing we need in order to prove Proposition 4.1 is the following.

Proposition 4.4. Suppose [ is a partition of n, and write fi = (42, 13, ...). Then

TWI,,y/.L’ € Fm(TWﬂJ’[u)%~

To prove this, it will be helpful to generalise to skew partitions. For us, a skew partition is an
ordered pair of partitions (written w/A) where w@; > XA; for each i. We define the Young diagram
[m/A] to be the set difference [w] \ [A]. We identify two skew-partitions which have the same Young
diagram, so that for example (3,22)/(3,1") = (23,1)/(2,13). If u/x is a skew-partition, then we
define its conjugate (u/A) to be u'/A/. We say that a skew partition [ is obtained from a skew
partition w by translation if for some i, j we have [i] = {(r+1i,c+ j) | (r,c) € [i]}. For most purposes
[t and p can be treated as equal in this case.
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If 0 is a skew partition, then the tableaux t*, t,, and hence the permutation w/, can be defined
in the obvious way, and so can y . Note that if [ is a skew-partition obtained from u by translation,
then wy =wy and y =y,

Now Proposition 4.4 follows by applying the next lemma f times.

Lemma 4.5. Suppose w is a skew partition of n > 0, and let v be the skew partition obtained by removing the
first node from the first non-empty row of []. Then Ty, ¥, € ' (Tw, Yv) 5

Proof. Suppose the node removed from [u] to obtain [v] is (r,c). Then t*I7(w,) is the stan-

dard tableau in which the number 1 appears in position (r,c), while the numbers 2,...,n appear
in order down successive columns. So, if the entry at the bottom of column ¢ — 1 is m, then
wy = I''(wy)w, where w is the cycle (m m —1 ... 1). Moreover, we have I(w,) =Il(w,) 4+ I(w),

$0 Tw, = N (Tw,)Tw=1(Tw,)T1T2... T;m-1.

Now y, is the commuting product of factors yj, where y; = Zsew(k)(—q)—“”n (with W (k)
being the group of permutations of the entries in column k of t,). y,  is the product of factors
Vi defined similarly. For k > ¢ we have y, = I't1(yi), and y, commutes with T,. For k =c, we can
factorise yy as I'i(yx)y using right coset representatives, and I'j(yy) again commutes with T,,. For
k <c we have yy =y and Ty yx = 1 (k) Tw. And so

Tw,Yw =T1(Tw)Tw [ [y =N Tw) [ [ G0Twy € N(Tw,y0) . O
k k

Example. Let yu = (32, 2)/(1), so that v = (32, 2)/(2). Then w, = (1 5 2)(4 6), and

1 1
tr(wy)=[3]4[5/263)57)=2[4[7], wup=T1(wy)(132).
617 5

We have y,» = y1y2y3 and y,» = y1y2y3, where
yi=y1=1-q7'Ty,
Yyo=1-q'Ts,  y2=32(1—q 'Ta+q 2T4T3),
y3=1—q 'Ts, y3=1—q 'Te=T1(73).

So
Tw, Y =1(Tw,yu)T1T2(1 — q ' Ta + g 2T4T3).
Proof of Proposition 4.1. S* is generated by x, Tw, Y, so we need to show that
r
( Z Cixupri) TW,L Yw=0.
i=1
Using Propositions 4.2 and 4.4, this equals

(th,ﬂ“ (x,m,;i)) Ty (Tu, vk,

i=1



M. Fayers / Journal of Algebra 364 (2012) 38-51 49

where h,k € J%,. Note that h is independent of i: because Aq,..., A; all have the same first row,
A1, ..., A, all have the same type. So we have

r
hFlM (X/l Zci¢AiTWﬂyﬂ’>k'

i=1
The term in the middle is (x; Tw,Yi) > c,-¢>;‘,_, which is zero by assumption. O

4.2. Adding a row at the bottom

We now consider a counterpart to Proposition 4.1 in which we remove a row from the bottom of
a tableau.

Proposition 4.6. Suppose (1 - n and A E n, and let | be maximal such that pu; > 0. Suppose A1, ..., A, are
row-standard p-tableaux of type A which are identical in row l. Write ji = (i1, ..., 41-1,0,0,...), and let
A1, ..., A; be the [i-tableaux obtained by deleting the Ith row from each of A1, ..., A;. If c1,...,cr € F are

such that Y }_; Cid;;,i =0, then 3_; cida, =0.

This is proved in a very similar way to Proposition 4.1; the proof is in fact slightly simpler, because
we do not need the functions Iy, and we can more easily avoid skew partitions. So we just give the
two main propositions which are analogous to Propositions 4.2 and 4.4, and leave the reader to fill in
the remaining details.

Proposition 4.7. Suppose A is a row-standard (i-tableau of type A, and let | be maximal such that @, > 0.

Write i = (U1, ..., -1,0,0,...), and let A be the ji-tableau obtained by deleting the last row of A. Let A
be the type of A. Then we have

Xuda =hx;;
where h € %, depends only on [, A, A.

Proposition 4.8. Suppose 1 is a partition of n, and write (L = (i1, ..., 11, 0,0, ...), where | is maximal such
that j¢; > 0. Then

Tw,Yw € Tw, Y.
5. Expressing a homomorphism as a linear combination of semistandard homomorphisms
5.1. Two-part partitions

We now explain how to use Theorem 3.1 to write a row-standard homomorphism 43,4 as a linear
combination of semistandard homomorphisms. We begin by considering two-part partitions.

Suppose @ = (m,n —m) is a two-part partition, and A is a row-standard p-tableau of arbitrary
type. If A is not semistandard, then there is some i <n —m such that the (1, i)-entry of A is at least
as large as the (2, i)-entry. Suppose the (1,i)-entry equals j. Now define the following multisets:

R={keA|k<j}
S={keA' k> jjulke A?|k<j};
T={keA®|k> j}.
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Then |R| <i and |[T|<n—m—1i, so R, S, T satisfy the conditions of Theorem 3.1. Moreover, the
tableau A arises as A[Ug, Vo], where

Uo={ke A |k>j}, Vo= {keA? | k< j};

note in particular that Uy consists of the |Ug| largest elements of S. Note also that all the elements
of R are strictly less than all the elements of Ug, and the same is true for Vo and T, so the coefficient
of ¢4 in Theorem 3.1 is 1.

So Theorem 3.1 allows us to express éA as a linear combination of homomorphisms qEB, for row-
standard tableaux B satisfying

Zk< Zk.

keB! keAl
We can repeat the process for each B which is not semistandard, and eventually express ¢3A as a linear
combination of semistandard homomorphisms. The above inequality guarantees that this process will
terminate.

Example. For this example, we abuse notation and write a homomorphism ¢z just as B. Suppose

1[2]2]3]4]

A=

Applying Theorem 3.1 with

R=9, $={1,1,2,2,3,4}, T=({3,33},

we get
A 4111224\ 1[1]2]3]4] S[1]1]2][2]3]
ea=-1413731313] —[2[31313] ~9[3]33/4 -
Applying Theorem 3.1 again, we have
1]1[2]3]4] 2111223| . 1[2]2]4] [1]1]2]3]3]
2131313] - PRI3[337a ~PE33133] 2334
so that
- 1[1]2[2]4] 1[1]2]2]3] [1]1]2]3]3]
2 3 3
¢a=—("+0)33/313] +(+a-9)3313[4] +]2[3(34] -

5.2. Arbitrary partitions

Now we consider generalising this to arbitrary partitions, using the results of Section 4. By apply-
ing Propositions 4.1 and 4.6 repeatedly, we obtain the following theorem.

Theorem 5.1. Suppose w -n and L En, and 1 <1 < m. Let fi be the partition (wu;, ti+1, ---, Um,0,0,...).
Suppose Aq, ..., Ar are row-standard i-tableaux of type A which are identical outside rows [,1 +1,...,m,
and let Ay, ..., A, be the Ji-tableaux obtained by deleting rows 1,...,1 — 1 and m+ 1,m + 2,... of
A1,...,Ardfc1, ..., cr e Faresuch that Y |, ciqg;‘i =0, then Y_I_, cipa, = 0.
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Now suppose A is a row-standard jt-tableau. If A is not semistandard, then there must be some
I such that the tableau A consisting of rows I, [+ 1 of A is not semistandard. Using the algorithm
described above, we can express ¢A as a linear combination of homomorphlsms of the form ¢B where
each B satisfies D okepr k< Zkem k. Applying Theorem 5.1, we can express ¢A as a linear combination

of homomorphisms ¢p where each B satisfies

D> k=" k.

i21keBi i1 keAl
So by induction we can express ¢4 as a linear combination of semistandard homomorphisms.
5.3. Computing the space of homomorphisms between two Specht modules

We now explain briefly how to compute the space of Z;-homomorphisms between two Specht
modules when q # —1, which is the main motivation for proving the results in this paper. A more
detailed discussion of this topic can be found in the paper [L2] by Lyle.

Suppose u, A +n. Theorem 2.1(2) says that the set

{qAﬁA | Ais a semistandard p-tableau of type 1A}

is a basis for Hom sz (S#, M*) as long as q # —1. Since S* € M*, an % -homomorphism from S*
to S* is simply a linear combination of semistandard homomorphisms whose image lies inside the
Specht module S*. Fortunately, there is a straightforward way to check this condition: S* may be
characterised [DJ1, Theorem 7.5] as the intersection of the kernels of certain tableau homomorphisms
¥i j from M”* to other permutation modules M". Given a tableau homomorphism ¢4 : M* — M*, it is
known how to compose ¢4 with v; ;; this result is [L1, Proposition 2.14], generalising the result [FM,
Lemma 5] proved for the symmetric group. However, this composition is given as a linear combination
of tableau homomorphisms which are not always semistandard (even if A is semistandard). Since the
set {¢pa | A€ Te(u, 2)} is linearly dependent in general, this can make it difficult to tell whether
a given linear combination )", chASAl//,'J is non-zero. But using the results in this paper, one can
quickly express this homomorphism as a linear combination of semistandard homomorphisms, and
hence discover whether it is non-zero.

So one has a reasonably fast algorithm for computing the space of .7 -homomorphisms between
two Specht modules when q # —1. The author has implemented this in a small package for the GAP4
system [GAP2008]. This package has already yielded new results on homomorphisms between Specht
modules [FL2,L3,DF].
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