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1. Introduction

The determination of the decomposition matrices and the study of the modular struc-

ture of permutation modules are two important open problems in the representation

theory of symmetric groups.

Young permutation modules were deeply studied by James in [13], Klyachko in [16]

and Grabmeier in [10]. They completely parametrized the indecomposable summands of

such modules (known as Young modules) and developed a Green correspondence for those
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summands. Their original description of the modular structure of Young modules was
based on Schur algebras. More recently Erdmann in [6] described completely the Young
modules using only the representation theory of the symmetric groups. In particular, it
is proved that the vertex of a given Young module of the symmetric group S,, of degree n
is always conjugate to a Sylow p-subgroup of Sy, x Sy, X --- x Sy, , where (A1,...,Ag)
is a partition of n.

The problem of finding decomposition numbers for symmetric groups in prime char-
acteristic has been studied extensively. The decomposition matrix of the symmetric
group S, in prime characteristic p has rows labelled by the partitions of n, and columns
by the p-regular partitions of n, namely, partitions of n with less than p parts of any
given size. The decomposition number d,, (equivalently denoted by [S* : D"]) is the
entry of the decomposition matrix that records the number of composition factors of
the Specht module S*, defined over a field of characteristic p, that are isomorphic to
the simple module D¥, defined by James in [15] as the unique top composition factor
of S”.

The main purpose of this paper is to continue the study, begun in a special case in [9],
of a new family of permutation modules known as Foulkes modules defined over fields
of prime characteristic. The new information obtained will allow us to draw corollaries
on decomposition numbers. In particular, we will give a new combinatorial description
of certain columns of the decomposition matrices of symmetric groups.

In characteristic zero the study of Foulkes modules has been mainly connected to
the long standing Foulkes’ Conjecture, stated by H.O. Foulkes in [7]. For some recent
advances on the ordinary character of the Foulkes modules see [8] and [17]. For any a
and n natural numbers the Foulkes module H(*") is obtained by inducing the trivial
representation of the wreath product S, S, up to the full symmetric group Sg,,. If the
prime p is the characteristic of the underlying field F, we observe that whenever n < p
then the indecomposable summands of the Foulkes module are Young modules, since
H©@") is isomorphic to a direct summand of the Young permutation module M(©@") in
this case. On the other hand, for n > p we do not have any precise information on the
non-projective indecomposable summands of H(®"). We will focus on the study of these
new indecomposable FS,,-modules. In particular, we will give the following description
of the possible vertices for all ¢ and n such that a < p < n.

Theorem 1.1. Let p be an odd prime and let a and n be natural numbers such that
a < p < n. Let U be an indecomposable non-projective summand of the FSg,-module
H") and let Q be a vertex of U. Then there exists s € {1,2,..., [%J} such that Q is
conjugate to a Sylow p-subgroup of Sg ! Ssp.

Moreover, the Green correspondent of U admits a tensor factorization VX Z as a
module for F((Ns,,,(Q)/Q) X Sa(n—sp)), where V is isomorphic to the projective cover
of the trivial F(Ns,,,(Q)/Q)-module and Z is an indecomposable projective summand of
H@" ™),
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This result should be compared with [9, Theorem 1.2] which studies summands of
certain twists by the sign character of the permutation module H2"). The main tool used
to study the vertices of H(®") and to prove Theorem 1.1 is the Brauer correspondence
for p-permutation modules as developed by Broué in [5].

It is clear by Theorem 1.1 that the non-projective indecomposable summands of the
permutation module H(*") are not Young modules for any a < p < n, since their vertices
are not Sylow p-subgroups of Young subgroups of Sg,,. This observation will be sufficient
to disprove the modular version of Foulkes’ Conjecture stated at the end of Section 2
below.

In order to present our new result on decomposition numbers we need to introduce the
following definition. Let 4 be a p-core partition and let ¢(®") be the ordinary character
afforded by the Foulkes module H(¢"). Denote by Fy(7) the set containing all the par-
titions p of an such that the p-core v(u) of u is equal to v and such that the irreducible
ordinary character of Sy, labelled by u has non-zero multiplicity in the decomposition
of ¢(@") as a sum of irreducible characters. In general, for any s € {0,1,. .., L%J} denote
by Fsp(7y) the set defined by

Fop(y) = {ut a(n = sp) :v(p) = 7 and (x*,¢*" ™)) # 0}.
The new results obtained in Theorem 1.1 will lead us to prove the following theorem.

Theorem 1.2. Let a, n be natural numbers and let p be a prime such that a < p < n.
Let \ be a p-regular partition of na. Denote by v the p-core of A. Suppose that for all
s €{L2,...,[3]} Fep() = 0. If X is maximal under the dominance order in Fo(7),
then the only non-zero entries in the column labelled by A of the decomposition matriz
of San are in the rows labelled by partitions u € Fo(y). Moreover,

[S“ : DA] < <¢(an),x“>.
Dealing with partitions of small p-weight we obtain the following sharper result.

Corollary 1.3. Let a, n be natural numbers and let p be a prime such that a < p < n. Let
A be a p-regular partition of na such that A has p-weight w < a. Denote by v the p-core
of A. If X is maximal in Fo(7y), then the only non-zero entries in the column labelled
by A\ of the decomposition matriz of Sa, are in the rows labelled by partitions u € Fo(7)-
Moreover,

[S“ : D)‘] < <¢(an),x“>.

Theorem 1.2 and Corollary 1.3 allow us to detect new information on decomposition
numbers from the study of the ordinary structure of the Foulkes character. In particu-
lar, the study of the zero-multiplicity characters in the decomposition of ¢(¢") leads to
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some new non-obvious zeros in certain columns of the decomposition matrix of Sy, (see
Corollary 4.3 and Example 4.4).

The paper is structured as follows. The necessary background on the Brauer cor-
respondence and a detailed description of the combinatorial structure of the Foulkes
modules are given in Section 2. In Section 3 we will prove Theorem 1.1. The proof is
split into a series of lemmas and propositions describing the structural properties of the
Foulkes modules. Finally in Section 4 we will prove Theorem 1.2, Corollary 1.3 and give
some applications.

2. Preliminaries

In this section we briefly present the theoretical tools that we will extensively use
to deduce our new results. A partition A of a natural number n is a weakly decreasing
sequence of positive numbers A = (A1, Ag, ..., Ag) such that Ele A; = n. Given a natural
number n and a partition A of n we will denote by S* the Specht module labelled by A
and by x* the ordinary character afforded by S*. This notation agrees with the notation
of [12] and we refer the reader to it for a comprehensive exposition of the general theory
of symmetric group representations.

2.1. Broué’s correspondence

As mentioned in the introduction we will study, in the next section, the vertices of
a family of p-permutation modules. One of the most important techniques used will be
the Brauer construction applied to p-permutation modules. Here we will summarize the
main results of Broué’s paper [5].

Let F be a field of prime characteristic p and G a finite group. An FG-module V is
called a p-permutation module if for every P € Syl,(G) there exists a linear basis Bp of V/
that is permuted by P. It is quite easy to derive from the definition that the direct sum
and the tensor product of p-permutation modules are p-permutation modules; if H < G
then the restriction to H of a p-permutation FG-module is a p-permutation module as
well as the induction from H to G of a p-permutation FH-module; in conclusion every
direct summand of a p-permutation module is a p-permutation module. A complete
characterization of such modules is contained in the following theorem.

Theorem 2.1. An indecomposable FG-module V is a p-permutation module if and only if
there exists P a p-subgroup of G such that V | F 1§.

We recall now the definition and the first basic properties of the Brauer construction
for FG-modules. Given an FG-module V and @ a p-subgroup of G, we denote by V©
the set of fixed elements {v € V | vg = v for all g € Q}. It is easy to see that V? is an
FNg(Q)-module on which @ acts trivially. For P a proper subgroup of @, the relative
trace map Trg : VP = V@ is the linear map defined by
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Tr(w) = v,

9geZ

where Z is a set of right coset representatives for P in Q. It is easy to notice that the
definition of the map does not depend on the choice of the set of representatives. We
observe that also

TV) =Y TE(VF)
P<Q

is an FNg(Q)-module on which @ acts trivially. Therefore we can define the
F(Ng(Q)/Q)-module called the Brauer quotient of V' with respect to @ by

V(Q) =V V).

For our scope it is very important to remark that if V' is an indecomposable FG-module
and @ is a p-subgroup of G, then V(Q) # 0 implies that @ is contained in a vertex of V.
Broué proved in [5] that the converse holds in the case of p-permutation modules.

Theorem 2.2. Let V' be an indecomposable p-permutation module and @Q be a vertex of V.
Let P be a p-subgroup of G, then V(P) # 0 if and only if P < Q7 for some g € G.

If V is an FG-module with p-permutation basis B with respect to a Sylow p-subgroup
P of G and R < P, then taking for each orbit of R on B the sum of the vectors in that
orbit, we obtain a basis for V. The sums over vectors lying in orbits of size p or more
are relative traces from proper subgroups of R, and so V(R) is isomorphic to the F-span
of

B(R) :={veB:vg=wforall g € R}.
Thus Theorem 2.2 has the following corollary,

Corollary 2.3. Let V be a p-permutation FG-module with p-permutation basis B with
respect to a Sylow p-subgroup P of G. Let R < P. Then the FNg(R)-module V(R) is equal
to (B(R)). Moreover, V' has an indecomposable summand with a vertex containing R if
and only if B(R) # @.

The next result [5, 3.4] explains what is now known as Broué’s correspondence.

Theorem 2.4. An indecomposable p-permutation module V' has vertex Q if and only if
V(Q) is a projective F(Ng(Q)/Q)-module. Furthermore

o The Brauer map sending V to V(Q) is a bijection between the set of indecomposable
p-permutation FG-modules with verter Q and the set of indecomposable projective
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F(Ng(Q)/Q)-modules. Regarded as an FNg(Q)-module, V(Q) is the Green corre-
spondent of V.

e Let 'V be a p-permutation FG-module and E an indecomposable projective
F(Ng(Q)/Q)-module. Then E is a direct summand of V(Q) if and only if its cor-
respondent U (i.e. the FG-module U such that U(Q) = E) is a direct summand
of V.

Some important consequences that we will use extensively in the next sections are
stated below.

Corollary 2.5. Let U be a p-permutation FG-module and let Q be a p-subgroup of G. The
Brauer correspondent U(Q) of U is a p-permutation FNg(Q)-module.

Proof. Let P’ be a Sylow p-subgroup of Ng(Q) and let P be a Sylow p-subgroup of G
containing P’. Denote by Bp a p-permutation basis of U with respect to P. By Corol-
lary 2.3 we have that the FN¢g(Q)-module U(Q) has linear basis Bp(Q). It is easy to
observe that Bp(Q) is a p-permutation basis with respect to P’. Let P” be another Sylow
p-subgroup of Ng(Q) and let g € Ng(Q) such that P” = P’9. Then we have that

B :={azg |z € Bp(Q)}

is a p-permutation basis of U(Q) with respect to P”. This completes the proof. O
Corollary 2.6. Let G and H be two finite groups and let C' be a subgroup of G. Let U
be an indecomposable p-permutation FG-module and V be a p-permutation FH -module.
Then

o IfU lec=W1 @ --- O Wy, then there exist a vertex R of U and vertices Q1, ..., Qk

of Wi, ..., Wy, respectively, such that Q; < R for all i € {1,2,...,k}.
e The indecomposable F(G x H)-module UXV has a vertex containing both Q and P,

vertices of U and V', respectively.

Lemma 2.7. Let U and V' be p-permutation FG-modules and let P be a p-subgroup of G,
then

UaV)(P)=UP)®V(P)
as F,(Ng(P))-modules.

The following lemma is stated in [9, Lemma 4.7]; we include the proof here to make
this article more self-contained.
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Lemma 2.8. Let Q and R be p-subgroups of a finite group G and let U be a p-permutation
FG-module. Let K = Ng(R). If R is normal in Q) then the Brauer correspondents U(Q)
and (U(R))(Q) are isomorphic as FNg(Q)-modules.

Proof. Let P be a Sylow p-subgroup of Ng(R) containing @) and let B be a p-permu-
tation basis for U with respect to P. By Corollary 2.3 we have U(Q) = (B(Q)) as an
FNg(Q)-module. In particular,

U(Q) Ing@= (B(Q))

as an FNg (Q)-module. On the other hand, U(R) = (B(R)) as an FNg(R)-module. Now
B(R) is a p-permutation basis for U(R) with respect to K N P. Since this subgroup con-
tains @ we have (U(R))(Q) = (B(R))(Q) = ((B(R))(Q)) = (B(Q)), as FN (Q)-modules,

as required. O

Lemma 2.9. Let G and G’ be finite groups and denote by U and U’ two p-permutation
modules for FG and FG’, respectively. If Q < G is a p-subgroup then

(URU)Q) =UQRU
where on the left-hand side Q is regarded as a subgroup of G x G’ in the obvious way.

Proof. This follows easily from Corollary 2.3 by taking p-permutation bases for U
and U'. O

Proposition 2.10. Let M be a p-permutation FG-module and let P be a p-subgroup of G.
If M(P) is an indecomposable F(Ng(P))-module then M has a unique indecomposable
summand U such that P is contained in a vertex of U.

Proof. Suppose for a contradiction that there exist V; and V5 indecomposable summands
of M with vertices Q1 and @2, respectively, such that P < @1, Q2. Then by Lemma 2.7
we have that

Vi(P) & Va(P) | M(P).

This contradicts the indecomposability of M (P) since by Theorem 2.4 we have that
Vi(P)#0forie{1,2}. O

An argument that we shall use several times is stated in the lemma below (see [11,
Theorem 8)):

Lemma 2.11. If P is a p-group and Q is a subgroup of P then the permutation module
F TS is indecomposable, with vertex Q. O



434 E. Giannelli / Journal of Algebra 422 (2015) 427-449

We conclude the section by recalling the definition and the basic properties of Scott
modules. We refer the reader to [5, Section 2] for a more detailed account. Given a
subgroup H of G there exists a unique indecomposable summand U of the permutation
module F 1§ such that the trivial FG-module is a submodule of U. We say that U is the
Secott module of G associated to H and we denote it by Sc(G, H). The following theorem
summarizes the main properties of Scott modules.

Theorem 2.12. Let G be a finite group, H a subgroup of G and P a Sylow p-subgroup of H.
Then the Scott module Sc(G, P) is isomorphic to Sc(G, H) and is uniquely determined
up to isomorphism by either of the following properties:

o The trivial FG-module is isomorphic to a submodule of Sc(G, P).
e The trivial FG-module is isomorphic to a quotient of Sc(G, P).

Moreover, Sc(G, P) has vertex P and the Broué correspondent (Sc(G, P))(P) is isomor-
phic to the projective cover of the trivial F(Ng(P)/P)-module

2.2. Blocks of symmetric groups

The blocks of symmetric groups are combinatorially described by the theorem known
as Nakayama’s Conjecture, first proved by Brauer and Robinson in [3] and [18]. In order
to state this result, we must recall some definitions.

Let A be a partition. A p-hook in )\ is a connected part of the rim of the Young diagram
of A consisting of exactly p boxes, whose removal leaves the diagram of a partition. By
repeatedly stripping off p-hooks from A we obtain the p-core of A; the number of hooks
we remove is the p-weight of .

Theorem 2.13 (Nakayama’s Conjecture). Let p be prime. The p-blocks of Sy, are labelled
by pairs (v,w), where v is a p-core and w € Nq is the associated p-weight, such that
|| +wp = n. Thus the Specht module S* lies in the block B(vy,w) if and only if A has
p-core v and p-weight w. O

Often it is best to consider partitions using James’ abacus: for a detailed account of
this tool see [14, pp. 76-78]. For example given a partition J, it is very easy to understand
its p-core v(\) by using the abacus.

The following result, first obtained in [4], will be important in the proof of our main
Theorem 1.2.

Theorem 2.14. Let V' be an indecomposable p-permutation module lying in the block
B(~,w) of Sy,. Suppose that R is a subgroup of a vertex of V' and that R moves exactly the
first rp elements of {1,...,n}; that is supp(R) = {1,...,7p}. Then N5, (R) = Ng,  (R)x
Sp—rp. Moreover,
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(i) Ns,,(R) has a unique block, b say.
(ii) The blocks b ® B(y,w — r) and B(y,w) are Brauer correspondents.
(iii) As an FNg, (R)-module, V(R) lies in b ® B(y,w — ).

The last useful fact is the following characterization of the defect group of blocks of
the symmetric group (see [14, Theorem 6.2.45]).

Theorem 2.15. The defect group of a symmetric group block of p-weight w is conjugate
to a Sylow p-subgroup of Syp.

2.8. The Foulkes module

Let K be a field and a, n two non-zero natural numbers. Let £2(¢") be the collection
of all set partitions of {1,2,...,an} into n sets of size a. We will denote an arbitrary
element w € 2(@") by

w={wi,wa,...,wn},

where w; C {1,2,...,an}, |w;| = a and w; Nw; = 0 for all 1 < i < j < n. We
will call w; a set of w. The symmetric group S,, acts transitively in a natural way on
20") by permuting the numbers in each set of every set partition. Let H(*") be the
KSan-permutation module generated as a K-vector space by the elements of 2(¢") with
the action of S,,, defined as the natural linear extension of the action on 2(¢"). The
module H") is called a Foulkes module. Since the action of S, is transitive on £2(¢")
and the stabilizer of any set partition w € £2(¢") is isomorphic to S, 1 S, it is easy to
deduce that

n

H@") 22 K 45

alSn

When the field K is the field of complex numbers C, the study of the decomposition
into irreducible direct summands of the Foulkes module is closely related to the problem
known as Foulkes’ Conjecture as stated firstly in [7] by H.O. Foulkes in 1950.

Conjecture. Let K = C and let a and n be natural numbers such that a < n. Then H™")
is a direct summand of H®").

If we replace C with F (a field of prime characteristic p) in the statement above we
obtain a modular version of Foulkes’ Conjecture. This version is known to be false but
we are not aware of any explicit reference in the literature. We will give a short proof of
this fact as a corollary of Theorem 1.1 (see the end of Section 3).
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3. On the indecomposable summands of H (™)

This section is devoted to the proof of Theorem 1.1. As explained in the introduction,
the proof is split into a series of lemmas and propositions. The structure of the section
is similar to Section 4 of [9] but different ideas and further ad hoc arguments are needed
here.

Throughout this section we let IF be a field of odd prime characteristic p and we assume
that a and n are natural numbers such that ¢ < p < n. This will be an implicit common
hypothesis of all the statements of this section. We also fix the following notation. Let
Sa 1S, be the subgroup of S,,, acting transitively and imprimitively on {1,2,... an}
and having as blocks of imprimitivity the sets

T = {j,n+42n+3j,...,(a—)n+j}

for j € {1,...,n}. In this setting we have that for any Sylow p-subgroup P of S, 1S,
there exists a Sylow p-subgroup @ of S(1,.. ), such that P is conjugate to

Q={z|zeqQ},

where (j+kn)Z = (j)x +kn forall j € {1,...,n} and all k € {0,1,...,a — 1}. Let p be
an element of order p in 5,1 Sy. By the above remarks there exists s € {1,2,...,[]}
such that p has sa orbits of order p and a(n — sp) fixed points in its natural action on
{1,2,...,an}.

For all j € N such that pj < an let z; be the p-cycle of S, defined by

z=(p( =)+ Lp(i = 1) +2,...,pj).

Denote by Ry the cyclic subgroup of S, of order p generated by 2125 - - - z,. We will denote
by O; the set supp(z;) for all j € {1,2,...,¢}. In particular, we have that Oi,...,O
are the p-orbits of Ry.

In the following lemma we will study the Broué correspondence for H(*") with respect
to Rg.

Lemma 3.1. Let ¢ be a natural number such that lp < an. If £ = as for some natural
number s, then

H(an)(Ras) ~ H(asp)(Ras) X H(anfsp)
as FNg, (Rqs)-modules. On the other hand, if ¢ is not an integer multiple of a then
HE)(Ry) = 0.

Proof. We already noticed that the number of p-orbits of an element of order p in S, .5,
must be a multiple of a. Therefore if £ is not an integer multiple of a then R, is not
conjugate to any subgroup of S, S,,. This implies that H*")(R,) = 0 by Theorem 2.2.
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Suppose now that £ = as for some s € N. Let w = {wy,ws,...,w,} € 2") be fixed
by Rus. Then there exist wj,,...,w;,, sets of w such that
sp
J wi. = supp(Ras)
i=1

since no set of a fixed set partition can contain two numbers z and y such that x €
supp(Ras) and y ¢ supp(Ras). So we can write each w € 2(%")(R,,) as w = uy, U v,
where

Uy = {wju cee ’szp} € “Q(asp)(Ras)v

and v, is a set partition in _eranisp), that is the collection of all the set partitions

of {asp + 1,...,an} into n — sp sets of size a. We will also denote by H(fnisp) the

—op)

FS{aspt1,...,any-permutation module generated by Q_(fn as a vector space. The map

n=sp)

¥ 2 (Rys) — 207 (Rys) x 21
that associates to each w € Q(“n)(Ras) the element u, X v, € Q(“SP)(RQS) X Qf"_sp>

is a well defined bijection. This factorization of the linear basis of H(®")(R,,) induces
an isomorphism of vector spaces between H(*")(R,,) and H(*")(R,,) X Hﬁ_ani&p) that

is compatible with the action of N, (Ras) = Ns,,, (Ras) X Sgn—sp)- Therefore we have
that

n=sp)

H(an)(Ras) ~ H(asp)(Ras) X H_(;'_a'

as F(Ns,, (Rqs))-modules. The proposition now follows after identifying Stasp+1,....an}
with Su(—sp) and H{® ) with HE@". o

Lemma 3.1 allows us to restrict our attention for the moment to the study of the
Broué correspondent H(*)(R,,) of H@"), In particular, we will now give a precise
description of its canonical basis 2(“")(R,,) comprising the set partitions fixed under
the action of R,s. In order to do this we need to introduce a new important concept.

Let § = {d1,02,...,05s} be a set partition of {1,2,...,as} into s sets of size a (i.e.
§ € 20¢)). Let Ay, Aa, ..., A, be subsets of {1,2,...,asp} of size a such that for each
ie€{l,...,s}tand j € {1,...,as} we have

1 ifj s,
'Amoj|{o it ¢,

In particular, each set A; contains at most one element of a given orbit of R,s. Consider
now w to be the element of 2“)(R,,) of the form

2 -1 -1 -1
w:{Al,Ala,Ala,...,Alop ,AQ,...,AQOP 7...,143,...,1450'17 },
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where 0 = 2129 - - - z45. We will say that the set partition w has type J. Notice that from
the type we can read how the orbits of R,y are relatively distributed in the sets of the
set partition w.

In the following lemma we will show that the set partitions of 2(¢™) that are fixed
by the action of R,s are precisely the ones of the form described above.

Lemma 3.2. Let the set partition w = {w1,...,ws} be an element of 24", Then w is
fized by R.s if and only if there exists a corresponding set partition 6 = {01,...,05s} €
20 and s sets Aq,..., Ay of w such that

1 ifjed,

'Amoj':{o ifj ¢ 6

and
2 -1 -1 -1
w:{Al,AlU,A10'7...,A10'p ,AQ,...,AQO’p 7...,143,...,1450'10 },
where 0 = 2129+ Zgs.-

Proof. Suppose that w is fixed by Rqs = (o). Let O; be an orbit of R, for some
Jj€{1,2,...,as} and let wj,,wj,,...,w;, be the sets of w such that w;, NO; # 0. Clearly
I < p because |O;| = p. Since wo = w we have that for all z € {ji,...,7} there exists
y € {j1,..., 1} such that  # y and w;,0 = w;, and no wj, is fixed by o because a < p.
In particular, we have that R,s acts without fixed points on the set {w;,,wj,,...,w; }.
Therefore there exists a number k£ > 1 such that

pk = |{wj1,wj2,...,wjl}| =1<p.

This immediately implies that [ = p and therefore that |w;, N O;| = 1 for all i €
{1,2,...,1}. This argument holds for all the R,s orbits 01,0, ..., O4s. Hence for all
x € {1,2,...,sp} the set w, of w contains a numbers no two of which are in the same
R,s-orbit. Consider one of those sets, say Aj, of w. Define the correspondent set §; of
size a as follows: for all i € {1,2,...,as}, let ¢ € 07 if and only if |[A; N O;| = 1. Observe
that since wo = w we have that A, Ajo,..., AjoP~! are p distinct sets of w such that
for all k € {0,1,...,p — 1} we have that

1 ifjed
Actno;| = ’
[A16" N O {0 if j ¢ o,
We now repeat the above construction by considering a set Ay of w such that Ay # A;c*
for any k € {0,1,...,p — 1} and defining the corresponding set Jy exactly as above.
After s iterations of the process we obtain the claim, where the set partition § € (")
corresponding to w is § = {d1,02,...,0s}.
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The converse is trivial since a set partition w of the form described in the hypothesis
is clearly fixed by the action of . O

From Lemma 3.2 we obtain that every w € 24)(R,,) is of a well defined type
§ € 2(%) In the next lemma we will fix a § € 2" and we will calculate explicitly the
number of set partitions of type § in Q(asp)(Ras).

Lemma 3.3. For every given 6 € 24 there are pl®=V% distinct set partitions in
Q@) (Rys) of type 6.

Proof. Define 6* € 2(¢) by
5*:{{1,1+s,...,1+(a—1)8},{2,2+s,...,2+(a—1)3},...,{3,28,...,a5}}.

By Lemma 3.2 we have that given any set partition w = {w1,...,ws} € 20¢7)(R,) of
type 0*, each set w; contains exactly one element lying in {1,2,..., sp}, the union of the
first s orbits O1,0s, ..., 04 of R,s. Therefore, without loss of generality, we can relabel
the indices of the sets of w in order to have for all j € {1,2,...,sp}
wj = {j,x},x?, e ,x;_l ,

where x; is a number lying in the R,s-orbit of j + isp for each ¢ € {1,2,...,a — 1}.
Notice that this implies that there are p possible different choices for each z. If we
fix j € {1,2,...,sp} such that j is not divisible by p then there exist unique natural
numbers t and k in {0,1,...,s—1} and {1,2,...,p—1}, respectively, such that j = tp+k.
Moreover, by definition of o it follows that ((t + 1)p)o® = j. Since wo” = w, we must
have w(¢41),0" = w;. Therefore for all i € {1,2,...,a — 1} we have that

i 0 k
.T;J —l‘(t+1)p0' .

Hence the set partition w is uniquely determined by its sets wp, wap, . .. ,wsp. This implies
that there are exactly p(~1# different set partitions of type 6* in 2(")(R,,). It is an
easy exercise to verify that, changing the labels, the argument above works for any other
type 8 in 2(¢9). o

Consider now the subgroup of N, (Rqs) defined by
C:=(21) X {22) X ... X {2qas)-

Notice that C' preserves the type of set partitions in its action on £2(¢")(Rg,). Therefore
we have that the sub-vector space Kj of H(®")(R,,) generated by all the set partitions
of type 4 is an FC-submodule of H*")(R,,) for any given §. Moreover, we deduce the
following result:
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Proposition 3.4. The following isomorphism of FC-modules holds:

H(“”’)(Ras)icg @ K;.
se82(a®)

Proof. For any given § € 2(¢) denote by Bs the subset of 2(*")(R,,) containing all
the set partitions of type d. Clearly H(*)(R,s) decomposes as a vector space into the
direct sum of all the Kj for 6 € £2(7). Moreover, we observe that the orbits of C' on
{1,2,...,asp} are exactly the same as the orbits of R,s and therefore if w € Bs then
wc € Bg for any ¢ € C. This implies that

H(Rys) o= P Ks
sen(a?)

as FC-modules, as desired. 0O

We will now define three p-subgroups of Sy, that will play a central role in the next
part of the section. For all j € {1,2,...,s} denote by 7; the p-element of C' given by

Tj = Zj = ZjZj4sZj+2s " Zjt(a—1)s-
Let Es be the elementary abelian subgroup of C of order p° defined by
Es = (m) X -+ X (7s).

Let P, be a Sylow p-subgroup of S, s») with base group (z1, ..., z,), chosen so that
2172+ 25 is in its centre. (The existence of such Sylow p-subgroups follows from the
construction of Sylow p-subgroups of symmetric groups as iterated wreath products in
[14, 4.1.19 and 4.1.20].)

Let Q4 be the group consisting of all permutations g where g lies in Ps. For the reader’s
convenience we recall that for all k € {0,1,...,a— 1} and all j € {1,2,...,sp}, we have
that

(j + ksp)g = (j)g + ksp.

In particular, we observe that this implies that § = gogi1 - - - ga—1, where for all k& € {0, 1,
...,a—1}, gi is the element of S, that fixes all the numbers outside {ksp+1, ksp+2,
..., (k+1)sp} and such that (j+ksp)gr = (j)g+kspforall j € {1,2,...,sp}. Notice that
Qs has E as normal base group by construction and clearly R,s < Es<C and R,s < Q.

We are now very close to deducing the indecomposability of H (“SP)(RQS) as an
FNs,,, (Rqs)-module. In order to prove this we need to observe an important structural
property of the FC-modules Kj for all § € 2(¢%),
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Proposition 3.5. For any 6 € 2(¢") there exists g € Ns,., (Ras) such that
Ks 2F 1%, .
Proof. As usual, define 6* € 2(¢") by
0* ={d1,02,...,0s},

where 6; = {i,i+s,i+2s,...,i+ (a—1)s} and let w* be any fixed element of Bs«. Then
by Lemma 3.2 we have that

w* = {AhAlO',...,Alo'pil,Ag,...,AQO’pil,...,AS,...,ASO'pil},
for some sets A1, Ao, ..., As such that

1 ifjedr
A; i| = '
|4: 0 0] {0 it j ¢ 6%,
This implies that we can equivalently rewrite w* as

* p—1 p—1 -1
w —{A17A17T1,...7A17T1 ,A27A27r27...71427r2 ,...,AS,...,ASTFE }

Therefore w* is fixed by the action of Es. Moreover, if we denote by L the stabilizer in
C of w* we have that as FC-modules

Kse 2 F 17

since C' acts transitively on the elements of Bjx.
Lemma 3.3 implies that dimg(Ks+) = p*(¢~1), therefore by [1, page 56| we have that

pile) = |C:L| <|C: E4 = psla=1),

Hence E;, = L and K5« = F Tgs as FC-modules. Since Ng,,, (Rqs) acts as the full
symmetric group on the set {01, Os,..., 04}, we obtain that for any 6 € 20" there
exists g € Ng,,, (Ras) such that any set partition of type & in 2(¢™)(Ry,) is fixed by EJ.
With an argument completely similar to the one used above we deduce that

Ks=F1G,. O

The following corollary of Proposition 3.5 will be extremely useful in the last part of
the section.

Corollary 3.6. Every indecomposable summand of H(“sp)(Ras) has vertex containing Ej.
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Proof. Let U be an indecomposable summand of H(")(R,,). By Lemma 2.11 and
Proposition 3.5 we observe that the restriction of U to C'is isomorphic to a direct sum of
indecomposable p-permutation FC-modules with vertices conjugate in N, (Ras) to Es.

Therefore by the first part of Corollary 2.6 we obtain that F, is contained in a vertex
of U. O

It is now possible to determine a vertex of H(®")(R,,) as an FNs,,, (Ras)-module.

Proposition 3.7. The FN, (Rqs)-module H@")(Ry,) is indecomposable and has vertex
Q. € 551,(S0 2 S.p)

Proof. Let 6* be the set partition of () defined at the beginning of the proof of
Proposition 3.5. Since w € 204" (Ry,) is fixed by E, if and only if w € Bs. and since
FEs < C, we have that

(H(asp)(RaS))(Es) \I/C: H(asp)(Ras) \LC (Es) = KJ* (Es) =F Tgsa

as FC-modules. By Lemma 2.11 we have that (H(®")(R,,))(E,) lc is indecomposable,
hence also (H@")(R,,))(E;) is indecomposable. Therefore by Proposition 2.10 there
exists a unique summand of H (“W)(Ras) with vertex containing E,, but this implies
that H(@")(R,,) is indecomposable by Corollary 3.6.

Let Q < Ns,.,(Ras) be a vertex of H®")(R,,). Consider w* to be the set partition
in 20¢)(R,,) defined by

w* = {w1,wa, ..., Wep s

where w; = {j,j+sp,j+2sp,...,j+(a—1)sp}, forall j € {1,2,..., sp}. By construction
we have that @, fixes w*. Therefore a conjugate of Q) is a subgroup of Q). On the other
hand, by Corollary 2.3 there exists w € 2(¢™)(R,,) such that @ fixes w. Since the
stabilizer of w in S,sp is isomorphic to S, ¢ Ssp, we deduce that @ is isomorphic to a
subgroup of a Sylow p-subgroup of S, ¢ Ssp. In particular, this implies that |Q] < |Qs]
and therefore we obtain that Q, is a vertex of H(@")(R,,). O

Corollary 3.8. The Foulkes module H'™") has a unique indecomposable summand U with
verter Qs € Syl,(S41Ssp). In particular, U is the Scott module Sc(Sasp, SalSsp) and we
have that

H(asp)(Qs) = U(Qs) =P

as F(Ns,,,(Qs)/Qs)-modules, where Pr denotes the projective cover of the trivial mod-
ule. Moreover, any other indecomposable summand of H®™") has vertex conjugate to a

subgroup of Q.
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Proof. Since H(*™") is isomorphic to the permutation module induced by the action of
Sasp on the cosets of S, ¢ Ssyp, it is clear that any vertex of an indecomposable summand
is contained in a Sylow p-subgroup of S, 1 Ss, and therefore is conjugate to a subgroup
of Q,. From Proposition 3.7 we have that H(®™")(R,,) is indecomposable. Therefore by
Proposition 2.10 we deduce that there exists a unique indecomposable summand U of
H@") such that R, is contained in a vertex of U. We know that R,s < Qs and certainly
the Scott module Sc(Sqsp, Sa ! Ssp) = Sc(Sasp, @s) is an indecomposable summand of
H@™") with vertex Q,. Therefore U = Sc(Sasp, @s) and by Theorem 2.12 we have that

H ) (Qs) =U(Qs) 2 Pr,
as F(Ns,,,(Qs)/Qs)-modules. O

In order to prove Theorem 1.1 we need the following technical lemma, which is anal-
ogous to [9, Lemma 4.6]. Denote by D, the group C' N Ng,, (Qs).

Lemma 3.9. Let p be a prime and let a and s be natural numbers such that a < p. Then
the unique Sylow p-subgroup of N, (Qs) is the subgroup (Ds,Qs) of Ns,,,(Ras)-

Proof. Keeping the notation introduced after Proposition 3.4, for every j € {1,2,...,as}
let O ={(j—1)p+1,...,jp} and for k € {1,...,s} let

a—1
Xk = U Oustk-
1=0
Since Qs normalizes F, it permutes the sets X1, ..., X as blocks for its action. Moreover,

given = € Ng,_ (Qs) we have that 7§ € (my,...,7s) for all j € {1,..., s}. Therefore also
Ns,,,(Qs) permutes as blocks for its action the sets X1,..., X;.
Let g be a p-element of Ng,,  (Qs). The group (Qs,g) permutes the sets in X :=

{X1,..., X} as blocks for its action. Let

7 :{Qs,9) = Sx

be the corresponding group homomorphism. By construction (s acts on the sets
Xi,...,Xs as a Sylow p-subgroup of Six,, .. x,}; hence Qs7 is a Sylow p-subgroup of
Sx. Therefore, since (Qs,g) is a p-group, there exists § € Qs such that gm = gm. Let
y = g~ . Since y acts trivially on the sets in X, we may write

Yy=91-.-Gs

where g; € Sx, for each j. The p-group (Qs,y) has as a subgroup (7;,y). The per-
mutation group induced by the subgroup on X;, namely (7;,g,), is a p-group acting
on a set of size ap. Since p > a, the unique Sylow p-subgroup of Sx, containing 7;
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is (2j,Zj4ss - Zjt(a—1)s)- Hence g; € (25, Zjts,- -+, Zj4(a—1)s) for each j € {1,...,s}.
Therefore

Yy e <21722~-~7Zas>:C-

We also know that y € (Qs,9) < Ns,,,(Qs). Therefore y € D,, and since § € Qs, it
follows that g € (Ds, Qs), as required. Conversely, the subgroup (D;, Q) is contained
in Ng,,,(Qs) because both D, and Qs are. It follows that (Dy, Q) is the unique Sylow
p-subgroup of Ns,  (Qs). O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. To simplify the notation we denote N,  (Ras) by K. Let U be
an indecomposable summand of H(*") with vertex Q. Let £ € {1,..., [%+]} be maximal
with respect to the property that Ry is a subgroup of (a conjugate of) the vertex @). The
Broué correspondent U(Ry) is a non-zero direct summand of H@")(R,) by Theorem 2.2.
Therefore we deduce by Lemma 3.1 that there exist a natural number s such that £ = as
and Z a non-zero summand of H(*" ™) such that

12

U(Ras) = H") (R, )R Z
as F(Ks X Sq(n—sp))-modules. Since R, is normal in @, it follows from Lemmas 2.8
and 2.9 that there is an isomorphism of F(Ng, (Qs) X Sq(n—sp))-modules

U(Qs) = (U(Rus))(Qs) = (H™)(Ras)) (Qs) B Z.

By Proposition 3.7 we deduce that H@)(Q,) X Z # 0. Hence we have that Q, < Q.

Let B be a p-permutation basis for the FK,-module H")(R,,) with respect to a
Sylow p-subgroup of K containing Q. It follows from Corollary 2.3 and Lemma 3.9
that C = B9 is a p-permutation basis for the FNg_(Q,)-module (H@)(R,:))(Qs)
with respect to the unique Sylow p-subgroup P := (D, Qs) of Nk (Qs). Let C' be a
p-permutation basis for Z with respect to P’, a Sylow p-subgroup of Siqspi1,... .an} =
Sa(n—sp)- Hence

CRC ={vav:velC, v el'}

is a p-permutation basis for (H(*™)(R,,))(Qs) X Z with respect to the Sylow p-subgroup
P x P’ of NKS (Qg) X Sa(n—sp)'

Suppose, for a contradiction, that @ strictly contains Q. Since @ is a p-group there
exists a p-element g € Ng(Qs) such that g & Q. Notice that Qs has orbits of length at
least pon {1,...,asp} and fixes {asp+1,...,an}. Since g permutes these orbits as blocks
for its action, we may factorize g as g = hh™ where h € Ng,  (Qs) and h™ € Sy(,_sp)-
By Lemma 3.9 we have that (Qs, h) < Ng(Qs).



E. Giannelli / Journal of Algebra 422 (2015) 427-449 445

Corollary 2.3 now implies that (C X C'){@=9) £ @. Let v® v’ € CKC' be such that
(v®v')g = v @0 Then v € B, But Q, is a vertex of H@")(R,,), so it follows
from Corollary 2.3 that h € Q5. Hence i’ is a non-identity element of Q. By taking an
appropriate power of i/ we find that ) contains a product of one or more p-cycles with
support contained in {asp + 1,...,an}. This contradicts our assumption that | = as was
maximal such that R,s is contained in a vertex of U. Therefore U has vertex Q.

We saw above that there is an isomorphism

U(Qs) = (H(asp)(Ras))(QJ XZ

of F(Nk,(Qs) X Sa(n—sp))-modules. This identifies U(Qs) as a vector space on which
Ns,, (Qs) = Ns,,,(Qs) X Sqm—sp) acts. It is clear from the isomorphism in Lemma 3.1
that Ng,,, (Qs) acts on the first tensor factor and Sy(,—sp) acts on the second.
Hence the action of N, (Qs) on (H@)(R,s))(Qs) extends to an action of Ng,_ (Qs)
on (H@")(R,s))(Qs) and we obtain a tensor factorization V X Z of U(Q,) as a
Ns,.,(Qs) X Sa(n—sp)-module. An outer tensor product of modules is projective if and
only if both factors are projective, so by Theorem 2.4 and Corollary 3.8, V' is isomor-
phic to the projective cover of the trivial F(Ng,,, (Qs)/Qs)-module, Z is a projective
FS,(n—spy-module, and U(Qs) is the Green correspondent of U. O

Notice that Theorem 1.1 implies that the only indecomposable summands of the
Foulkes module H(*") that are Young modules are the projective ones, because no non-
projective Young module can possibly have vertex of the form Qs € Syl,,(Sa 1 Ssp).

A second consequence of Theorem 1.1 is that the modular version of Foulkes’ Conjec-
ture, obtained by replacing C with a field of prime characteristic in the statement given
in Section 2, is false. In fact if we consider a < p < n then H™") cannot be a direct
summand of H(") since there exists a non-projective Young module Y in the direct sum
decomposition of H™"), namely the Scott module Sc(San, Sn 1 S4). As explained above
such Y cannot appear as a direct summand of H ("),

It is important to underline that for a given natural number a < p, Theorem 1.1 tells

n

us that an indecomposable summand U of H(@") has vertex Q, for some s € {1,..., L5}

but it does not guarantee that for every s € {1,...,[ ]} there exists an indecomposable
summand with vertex Q5. We believe that this is in fact the case. It will be material of
another article to prove this property for the modules H?") for any odd prime p and

any n € N.
4. Corollaries on the decomposition matrix

In this section we will give upper bounds to the entries of some columns of the de-
composition matrix of IF,S,, when a < p. In particular, we will prove Theorem 1.2.

Let IF), be the finite field of size p and let a be a natural number such that a < p. Let
B := B(v,w) be a block of the group algebra F,,S,, such that Fo(y) # 0 and Fs,(y) =0



446 E. Giannelli / Journal of Algebra 422 (2015) 427-449

for all s € {1,2,..., | 3]}, where Fy,(7) are the sets defined in the introduction, before
the statement of Theorem 1.2. For every p-regular partition v of an, we will denote by
PV the projective cover of the simple F,S;,-module D".

In order to prove Theorem 1.2, we will need Scott’s lifting theorem [2, Theorem 3.11.3].
For the reader’s convenience we state it below. We will denote by Z,, the ring of p-adic
integers.

Theorem 4.1. If U is a direct summand of a permutation F,G-module M then there is a
ZpG-module Uz, , unique up to isomorphism, such that Uz, is a direct summand of Mz,
and UZP ®z, F,=U.

Let PZ”p be the Z,-free Z,S.,-module whose reduction modulo p is P”. By Brauer
reciprocity (see for instance [19, §15.4]), the ordinary character of P} is

W= dux". (%)
15

It is well known that if d,, # 0 then v dominates u. Hence the sum may be taken over
those partitions p dominated by v.
An essential step towards the proof of Theorem 1.2 is the following proposition.

Proposition 4.2. The block component of H®") for the block B is projective.

Proof. We start by considering the special case where n = rp for some r € N and
B = B(,ar). In this situation the hypotheses of Theorem 1.2 are never satisfied since the
trivial partition (a(n—sp)) is always in F, (). Hence we can rule out this case. For all the
other possibilities we use the following argument: let U be an indecomposable summand
of H@") lying in the block B. Suppose that U is non-projective. Then by Theorem 1.1
there exists t € {1,..., L%J}, such that Q; € Syl, (S, 1 Sy,) is a vertex of U. Moreover,
we have that U(Q;) = Pr, ¥V, where V' is an indecomposable projective summand of
H@ ™™ lying in the block B(y,w — at), by Theorem 2.14. Using Theorem 4.1 to lift V'
?)

to a summand of Hg;nit lying in the p-block of S, _sp) With p-core v, we deduce that

") is of the form

the ordinary character of the summand Vz, of Hg;n_

xv = X" A X

for some pq, ..., us partitions of a(n — tp) such that (X“J‘,QS(QWW)} # 0 and v(u;) =~
for all j € {1,...,s}. This is a contradiction since Fy,(7) =0. O

We are now ready to prove Theorem 1.2.
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Proof of Theorem 1.2. Since Fy(y) # () the block component W of H") lying B is
non-zero. By Proposition 4.2 we have that W is projective. Let (1, ..., (s be the p-regular
partitions of an such that

W:PQ@PQ@_,_@PCS.

We can now use Theorem 4.1 to lift W to the summand Wz, of ngn). It follows that
the ordinary character of the summand of Héin) lying in the p-block of S, with p-core
v is

¢C1+...+¢Cs: Z ( d/»Q)X“-
1

REFo(y) \i=

By hypothesis A is a maximal partition in the dominance order on Fy(y), and by (x)
each 1% is a sum of ordinary irreducible characters y* for partitions ;1 dominated by G-
Therefore one of the partitions (; must equal A, as required.

Therefore P is a direct summand of H") and ¢” is a summand of the Foulkes
character ¢(®"). Hence

dux = (W x") < (o, xM),
for all = an. In particular, if u ¢ Fo(vy) then d,y =0. O

In order to prove Corollary 1.3 it will be enough to show that whenever the partition
X € Fo(7) has p-weight w < a then Fg,(y) =0 for all s € {1,..., L21}-

Proof of Corollary 1.3. The p-core vy of A is a partition of an — wp. Suppose for a
contradiction that exist s € {1,...,[%]} and p & a(n — sp) such that p € Fyp(y). It
follows that

|[v] = an —wp > a(n —p) > a(n — sp) = |ul|.

Hence the p-core v(u) of p cannot be equal to . This yields a contradiction. Since A is
maximal in Fy(7), by Theorem 1.1 we obtain the statement. O

As already mentioned in the introduction, Theorem 1.2 and Corollary 1.3 allow us to
recover new information on the decomposition numbers via the study of the ordinary
Foulkes character ¢(®"). An example of this possibility is the following result.

Corollary 4.3. Let X\ be a p-regular partition of na. Denote by ~ the p-core of \. If X is
mazimal in Fo(7y) and Fsp(y) = 0 for all s € {1,..., 3]}, then [S* : D* = 0 for all
wF na such that p has more than n parts.
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Proof. Tt is a well known fact (see for instance |8, Proposition 2.7]) that if x4 has more
than n parts then

<¢(a")7xﬂ> = 0.
The statement now follows from Theorem 1.2. O
We conclude with an explicit example.

Example 4.4. Let a = 4, n = p = 5 and let A = (18,2) be a weight 3 partition of 20.
The 5-core of A is v = (3,2) and the multiplicity of x* as an irreducible constituent of
o™ is 1, by [14, Theorem 5.4.34]. Therefore A € Fy(y) and it is clearly maximal under
the dominance order on Fy(y). By Corollary 4.3 we obtain a number of non-trivial zeros
in the column labelled by A of the decomposition matrix of Sog in characteristic 5. For
instance, all the partitions u obtained from (3,2, 1%) by adding two 5-hooks lie in Fo()
and are such that [S# : D] = 0.
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