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In this paper we study graded Betti numbers of any nondegen-
erate 3-regular algebraic set X in a projective space P". More
concretely, via Generic initial ideals (Gins) method we mainly
consider ‘tailing’ Betti numbers, whose homological index is at
least codim (X, P™). For this purpose, we first introduce a key
definition ‘ND(1) property’, which provides a suitable ground
where one can generalize the concepts such as ‘being nonde-
generate’ or ‘of minimal degree’ from the case of varieties to
the case of more general closed subschemes and give a clear
interpretation on the tailing Betti numbers. Next, we recall
basic notions and facts on Gins theory and we analyze the
generation structure of the reverse lexicographic (rlex) Gins
of 3-regular ND(1) subschemes. As a result, we present exact
formulae for these tailing Betti numbers, which connect them
with linear normality of general linear sections of X NA with a
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linear subspace A of dimension at least codim (X, P™). Finally,
we consider some applications and related examples.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout this paper, we will work with a closed subscheme X of codimension e in P™
over an algebraically closed field k of char(k) = 0. Let Ix be @,;_o H°(Jx/pn(m)), the
defining ideal of X in the polynomial ring R = k[xq, z1, . .., Z,]. We mean (co)dimension
and degree of X C P" by the definitions deducing from Hilbert polynomial of R/Ix (see
Convention in Section 2).

Suppose that X is 3-regular (in the sense of Castelnuovo—Mumford), that is

H'(Ix/pn (3 — 1)) =0 for all i > 1.

The set of 3-regular subschemes is quite large. It contains many known examples such as
(embedded) curves of high degree, secants of rational normal scrolls, and del Pezzo vari-
eties. Until now, 3-regularity seems not to be well-understood. For instance, in contrast
with 2-regularity, there is no classification for 3-regularity even in the category of vari-
eties. So, it is worthwhile to investigate graded Betti numbers of 3-regular subschemes.

When X is 3-regular, we could present the Betti table of X with 3 rows (e.g. see
[5, Chap. 4]) and divide the whole table into four quadrants (by dashed lines) as in
Fig. 1.

Once X is nondegenerate (i.e. Ix has no linear forms), in the first row all the Betti
numbers except [y, are zeros. For the other entries of 1st-quadrant, it was first known
by Green’s K, 1-theorem for compact complex manifolds in [10] that they are also all
zeros; we prove this in a more general category using our method (see Theorem 3.2 and
Remark 3.3). In 2nd-quadrant the part corresponding to 811,021, - is called linear
strand of the table and many authors have studied on this subject of linear syzygies (e.g.
see [5, Chap. 8, 9] for an overview of its connection toward Green and Green-Lazarsfeld
conjectures of curves or see [14] for its relevance to classification of varieties of small
degree). For 3rd-quadrant, there is a nice geometric interpretation related to the existence
of a degenerate secant plane X NA, which is a finite scheme with length(XNA) > dim A+1
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| 0 1 2 cee a at+l cee e | e+l cee n-1 n n+l |
o1 0 0 0 0 | 0 0 0 0
_1 J( 0 _Pra_ Bea o Paa Parra oo Per | Petin . _Pa-anr _Pax O
210 0 0 - 0 Bat1,2 0 Be2 | Betiz 0 Pa—1,2 Ba2 0

Fig. 1. A typical Betti table of any nondegenerate 3-regular projective scheme X in P™. Here f8; ; denotes
the graded Betti number of X dimy Torf(R/Ix,k)it;, e = codim(X,P™). a = a(X) is often called Green—
Lazarsfeld index of X C P™.

for a linear subspace A of dimension < e (see e.g. [13, Theorem 2], [6, Theorem 1.1]).
Recently, the first author and S. Kwak obtained a more refined result on Betti numbers
in the 3rd-quadrant in this viewpoint (see [1, Theorem 1.2 and Example 3.4]).

In this paper, to complete the picture of Betti tables of 3-regular schemes, we focus
on the interpretation of the B¢ 2, Bet1,2, -+, Bn,2 (we call these tailing Betti numbers) in
the remaining part, i.e. fourth quadrant.

ND(1) property. As usual, we would like to assume X to be nondegenerate. But, to
generalize what we have and expect in varieties to more general schemes, in many cases
it is not enough. Therefore, let us begin this study by introducing a definition:

Definition 1.1 (ND(1) property). Let k be any field as above. We say that a closed
subscheme X C P} satisfies ND(1) property if for a general linear section A of each
dimension > e

X N A is nondegenerate (i.e. H(Ixna/a(1)) = 0).

Note that by definition X C P itself is nondegenerate if X satisfies ND(1) property.
We also remark that every general linear section of X N A also has the same property in
case that X has ND(1) property.

This definition of ND(1) property is very natural. For example, every nondegener-
ate integral (i.e. irreducible and reduced) variety has ND(1) property. In fact, the set
of closed subschemes having ND(1) property is quite large; we do not need to assume
our subscheme X to be irreducible, equi-dimensional, or even reduced necessarily (see
Example 1.2). Further, this is also natural in the sense that via this property one could
generalize the concepts such as ‘being nondegenerate’ and ‘of minimal degree’ (i.e. de-
gree is no less than codimension +1) to more general reducible subschemes and give a
very clear meaning of the tailing Betti numbers (see Proposition 3.1, Theorem 3.2 and
Theorem 4.1).

Example 1.2 (Subschemes with ND(1) property). We list the following examples of sub-
schemes with ND(1) property:

(a) In case of X being a nondegenerate integral variety, ND(1) property of X can be
deduced from Bertini type theorem. More generally, if any algebraic set X has a
nondegenerate top dimensional component, then X also satisfies ND(1) property.

(b) (Case of all the components degenerate) There are algebraic sets satisfying ND(1)
whose all components are degenerate. For example, consider the following saturated
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ideal
I= (L1L2L3a L1L2L47 L1L4L57 L4L5L63 L1L2L7)a
where L; is a generic linear form for each ¢ = 1,...,7 in R = k[xg, z1, T2, x3]. Then

the algebraic set X C P2 defined by the ideal I is the union of 5 lines and one point
such that its minimal free resolution is given by

Note that all the components of X are degenerate in P3. But, a general hyperplane
section X N H is a set of 5-points in P? and it is nondegenerate. Hence, X satisfies
ND(1) property.

(¢) (Non-reduced case) A closed subscheme satisfying ND(1) is not necessarily reduced.
A simple example is a non-reduced scheme X in P? defined by the following saturated
monomial ideal

3.2 2 3 .2
Ix = (x5, x§x1, Toxy, 27, 2522) C R = klxg, x1, 22, 23],

then X is a one-dimensional nondegenerate closed subscheme in P3 (i.e.
codim(X,P?) = 2). Since Ix is a Borel fixed monomial ideal, we can verify
Gin(Ixnp/m) = (23, zox?, #1), which has no linear form. So does Ixnpg, g (i.e. XNH
is nondegenerate in H). Hence X satisfies ND(1).

We also give some examples of subschemes without ND(1) property (see Example 3.4).
Main results. Now, we present our main results on Betti numbers of ND(1) sub-
schemes:

Theorem 1.3 (Theorems 3.2 and 4.1). Let X be any closed subscheme of codimension e
in P™ satisfying ND(1) property and let Ix be the (saturated) defining ideal of X. Then,
we have

(a) (Kp,i-theorem for subschemes with ND(1) property)
Bii(R/Ix) =0 for any i > e.

(b) (Formulae for tailing Betti numbers) Suppose that X is 3-regular. For each i > e,

n

Bi2(R/Ix) = Z (?) dim H' (Ixnpe/ae (1)),

a=1

where A% is a general linear space of dimension «.
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In particular, the tailing Betti numbers of 3-regular scheme X with ND(1) property
depend only on dim H*(Jxnpa /A (1)), the failure of 1-normality of each general linear
section X NA® with e < a < n.

Here is an immediate corollary of Theorem 1.3 as follows:

Corollary 1.4. Let X be any closed subscheme of codimension e in P™ satisfying ND(1)
property and let Ix be the (saturated) defining ideal of X. Suppose that X is 3-regular.
Let b and h be two row vectors as given below:

b= [Bc2(R/Ix),Ber12(R/Ix), , Bn-12(R/Ix), Bn2(R/Ix)]
h = [h' (Txane/ae (1)), b (Txanesrjnes1 (1)), -+ A (Txpan—1/an—1(1)), At (Tx/pe (1))],

where h'(Txnpn—ijan—i(1)) denotes dim H*(Jxppn—ijan-i(1)). Then, we have identi-
ties

b” =Z(n,e)-hT and h’ = Z(n,e)~! - b7, (1.1)

where bT (resp. h™) is the transpose of bT (resp. of hT) and Z(n,e) is the invertible
(n—e+1) x (n— e+ 1)-matriz such as

(o) () () - |
(o) () - (
N (Z?) (7;3
L | _.ﬁ(

Note that any nondegenerate connected in codimension 1 algebraic set X has also
ND(1) property. Further, using these tailing Betti numbers 8. 2(R/Ix), -, Bn2(R/Ix),
we can determine Px(t), Hilbert polynomial of any 3-regular subscheme X C P™ from
this ND(1) property as follows:

Corollary 1.5 (Corollary 4.5). Let X be any 3-regular closed subscheme in P™ satisfying
ND(1) property. Set r = dim X and e = n — r, the codimension. Then, Px(t), Hilbert
polynomial of X C P™ can be computed as



J. Ahn, K. Han / Journal of Algebra 440 (2015) 642—-667 647

Px(t) = {e+ L+ i(—l)i_e(i>5i,2(R/Ix)} ("

r—1 " |
+Z 1—Bn—i- 1,2 R/IX + Z ] n+z<]+1>ﬁj2(R/IX) <t+21>
=0

n 7
Jj=n—1i

In particular, the degree of X C P"™ can be given by

1t é(—l)“ (et

and the arithmetic genus p,(X) in case of X being a curve and the irreqularity q(X) in
case of X being a surface can be given by Bn_12(R/Ix) — (”:1)671,2(1%/];().

For this purpose, in Section 2 we briefly review Generic initial ideals (Gins) theory
and develop some combinatorial methods to study tailing Betti numbers using Gins with
reverse lexicographic order (rlex). In Section 3, we first regard some properties of ND(1)
subschemes, next consider results which connect these Betti numbers with those of rlex
Gins, and in the end we prove an important proposition which describes the generation
structure of the rlex Gins of 3-regular subschemes virtually. Finally, in Section 4, we give
a proof on our main result and consider some applications and examples (see Exam-
ple 4.8). Note that, in case of arithmetically Cohen—-Macaulay (ACM) or arithmetically
Gorenstein (AG), there exists only one tailing Betti number . 2(R/Ix) and the mean-
ing is well-known. Since we consider a general situation which is not necessarily ACM
nor AG, our approach uses combinatorial rlex Gins techniques instead of using duality
theorems and our results can cover more general cases.

2. Generic initial ideals: a brief review
Convention. We will work with the following conventions:

o (d-normality) We say that X C P" is d-normal if the restriction map
H®(Opn(d)) — H°(Ox(d))

is surjective (i.e. H'(Jxpn(d)) = 0). If X is 1-normal then it is also called linearly
normal. The failure of 1-normality of X C P" can be measured by dim H' (Jxp»(1)).
o For a coherent sheaf F on a projective scheme X over k, h*(X,F) means
dimy, HY (X, F).
o (Betti numbers) For a graded R-module M, we define graded Betti numbers ﬁZR](M)
of M by dimy Torf*(M, k);1;. We denote it as B;;(M) or B;; if it is obvious. For
a homogeneous ideal I C R, note that Tor; (R/I,k);1; = Tori' (I, k)i—11j+1. S0

(R/I) 71— 1]+1(I)
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(Dimension and degree) When we call the dimension of a closed subscheme X C P,
denoted by dim X, it means the degree of the Hilbert polynomial of R/Ix. The
codimension of X is n —dim X. We also define the degree of X, denoted by deg(X),
as (dim X)! times the leading coefficient of this Hilbert polynomial.

(Arithmetic depth) When we refer the depth of X C P", denoted by depthy(X) or
simply depth(X), we mean the arithmetic depth of X, i.e. depthp(R/Ix).

(Generic initial ideal) Given a homogeneous ideal I C R and a term order 7, there
is a Zariski open subset U C GL,4+1(k) such that in,(g(I)) for g € U is constant.
We will call this constant in,(g(I)) the generic initial ideal of I and denote it by
Gin(I).

(Borel fixed property) The generic initial ideal Gin,(I) of I has Borel fixed property,
which is a nice combinatorial property. In characteristic 0, we say that a monomial
ideal J has Borel-fixed property if 2;m € J for a monomial m, then z;m € J for all
j <

(Term order) Unless otherwise stated, we always assume the generic initial ideal
with respect to the reverse lexicographic order (e.g. see [11]) and denote it simply by
Gin(I).

(Saturation and quotient) For a Borel fixed monomial ideal J C R, we will simply
denote Jy—o(J : z%) and (J,2,,)/(n) by J|z,—1 and J|,, 0 respectively.

If K = (ko,...,k,) then we denote by x¥ the monomial x¥ = xlgo -oogknand
denote by |K| its degree |K| = 37 k;. For monomial xX | we define max(x%) =

max{j : k; > 0}.

(Monomial generators set) Let J be any monomial ideal of R. Then, we have a set
of minimal monomial generators of J. We write this set as G(J). For each d > 0, we
also write G(J)q for the subset of minimal monomial generators of degree d.

For a Borel fixed monomial ideal .J, we denote the subset {x® € G(J)g |
max(xX) =i} of §(J)4 by M;(d, J). Thus, it holds that §(J)s = U}, Mi(d, J).

In general, a great deal of fundamental information about a homogeneous ideal I

can be obtained from Gin(/). Now we recall some known facts concerning generic

initial ideals from [4,11], which will be used throughout the remaining parts of the pa-

per:

Theorem 2.1. (See [4,11].) Let I be a homogeneous ideal and L be a general linear form

n

R = k[xo,...,x,]. Consider the ideal I = (I,L)/(L) as a homogeneous ideal of

polynomial ring S = k[xg, ..., Zn_1]. Then we have

a)

(
(
(c) I
(

b)

Gin(I) = 5L = Gin(1)]4,, -0
G

() = Ui o(Gin(T) : 2 _y) = (GIn(1)]a 0)lan_, 1
is saturated if and only if no generator of Gin(I) involves x,;

d) reg(I) = reg(Gin(I)) = the maximal degree of generators of Gin(I).



J. Ahn, K. Han / Journal of Algebra 440 (2015) 642—-667 649

Remark 2.2. By a slight abuse of notation, we denote by (Gin(I)|s,—0)|s, ,—1 the
saturation of a monomial ideal % in k[xo,...,Tn—1]. Note that we see from the
definition that it could contain some monomials divisible by z,_1, even though there is
no such monomial in a minimal generating set. This notation was introduced by M. Green

in [12].

From the following result we can compute the graded Betti numbers of Borel fixed
monomial ideals. Note that generic initial ideals have the Borel fixed property (see e.g.

Theorem 2.3 (Eliahou and Kervaire). Let J be a Borel fized monomial ideal of R =
klxo,...,xyn]. Denote by G(J) the set of minimal (monomial) generators of J and by
G(J), the elements of G(J) having degree d. Then,

Bia(R/T) = Bicran(J) = Y <maX(T))-

1—1
T€S(J) gqy
Proof. See the main result in [7]. O

Now, we present a useful lemma for the remaining part, which also comes from the
Borel fixed property.

Lemma 2.4. Let J C R = k[zo,...,zy,] be a Borel fited monomial ideal and T € Ry \ J4
be a monomial of degree d. Suppose that Tx; € Jgi1 for some j > max(T). Then we
have

Txz; € G(J)gs1 for every i such that max(T) < i < j.

Proof. Let us write T" as xy, T, - - - £k, where ky < kg < --- < kg = max(T'). Since Tz; €
Ja+1, by the Borel fixed property, we see that Tx; € Jy11 for each ¢ with max(T) < i < j.
Suppose that Tz; is not a minimal generator of J for some max(7") < ¢ < j. Then there
is a monomial M € J; such that T'z; = Mz, for some variable 2y € R;. Since T' ¢ Jg, we
see that M # T (so, x; # x;). Now we could write M = xy, Tk, - - Ty - - - g, x; for some
k1 < £ < kq. So, using the Borel fixed property again, we see that T' = x, Tk, - - - Tr, € Ju,
which contradicts T ¢ J4. O

Remark 2.5. In Lemma 2.4, if we replace the condition T'z; € Jqi1 with Tz; € G(J)a41,
then we do not need the hypothesis T ¢ J;. Therefore, Lemma 2.4 can be also used to
show a variant as follows:

“Let J C R = Ek[zg,...,z,] be a Borel fixed monomial ideal and T' € R4 be a
monomial. Suppose that Tz; € §(J)441 for some j > max(7"). Then, we have

Tz; € G(J)a41 for each i with max(T) <i < j.”
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Let I be a homogeneous ideal of R. For any monomial term order 7 there exists a flat
family of ideals I; with Iy = in,(I) (the initial ideal of I) and I; canonically isomorphic
to I for all t # 0 (this implies that in.(I) has the same Hilbert function as that of I).
Using this result, we have

Theorem 2.6 (The cancellation principle). (See [11, Corollary 1.21].) Choose any mono-
mial term order 7. For any homogeneous ideal I and any i and d, there is a complex of
k-modules V& such that

Vi ~ Torf(in, (1), k)a, Hi(VE) ~ Torl (I, k).
In particular, this implies that

Bi.a(R/I) < Bia(R/in.(I)) for any i,d.

Example 2.7. Consider a complete intersection X of type (2,2,2) in P*. The following
are Betti tables of Iy and Gin(Ix).

IX Gin(Ix)

[o 1 2 3 [o 1 2 3 ...
o[t o 0 0 o[t o 0 0
1|0 3 0 0 < 1|0 3 20
200 0 3 0 200 2 4 2
3]0 0 0 1 3]0 1 2 1

The cancellation principle says that the minimal free resolution of Iy is obtained from
that of Gin(Ix) by canceling some adjacent terms of the same shift in the free resolution.
These terms are diagonally adjacent in the Betti table.

Remark 2.8. From Theorem 2.6, we see that 3; ¢(R/I) < 5, ¢(R/Gin(I)) for any ¢, d. We
can ask when the equality holds. One case that we want to describe is the following. If
we have

Br—1,m+1(R/Gin(l)) = Brt1,m-1(R/Gin(I)) = 0, for some k,m

then B m(R/I) = Brm(R/Gin(I)) by the cancellation principle. For example, if Gin(I)
has a linear resolution then I also has the same graded Betti numbers as those of Gin(I).

Another case is the following, which will be used in this paper.

Lemma 2.9 (Marginal Betti number). For a homogeneous ideal I C R, suppose that I is
(d + 1)-regular and the projective dimension of R/I is at most p. Then we have

Op.a(R/T) = Bp,a(R/Gin(I)).
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|[o 1 2 ... p1 p pH
0 1 0 0 0
1 0 * * * * 0
d-1 | 0 % x ... * * 0
d 0 *x * B 0
d+1 | 0 0 0 0

Fig. 2. We call B the marginal Betti number of R/I.

Proof. Note that the projective dimension of R/I is the same as that of R/Gin(I) (see
e.g. [2, Corollary 2.8]). So, Bpt1,4-1(R/Gin(I)) = 0. Since I is (d + 1)-regular, from the
result of Bayer and Stillman (Theorem 2.1(d)), Gin([) is also (d + 1)-regular. Hence we
have Bp_1,4+1(R/Gin(I)) = 0. Then, it follows from Remark 2.8 that 8 = B, 4(R/I) =
Bp.a(R/Gin(I)). (See Fig. 2.) O

3. ND(1) property and structures of reverse lexicographic Gins of 3-regular
subschemes

We begin with the following result.

Proposition 3.1 (Basic inequality for degrees of ND(1) subschemes). Let X be a closed
subscheme of codimension e in P™ satisfying ND(1) property. Then, the following holds

deg(X) > e+ 1.

Proof. Let us prove by induction on dim X. First, if dimX = 0 (so, e = n), then
by ND(1) property of X, H°(Jx/pn(1)) = 0 and the sequence 0 — H°(Opn (1)) —
H°(Ox(1)) tells us that deg(X) > n+1 = e + 1, as we wish. Now, suppose that the
statement holds for any ND(1) subscheme of dimension < k for some k > 0. Then, let
us consider a ND(1) subscheme X of dimension k + 1. For a general hyperplane section
X N H still satisfies ND(1) property and has the same codimension and degree as those
of X; by induction hypothesis we have

deg(X)=deg(XNH)>e+1,
and the assertion is proved. O
Note that this is not true in general (see Example 3.4).

Theorem 3.2 (K, 1-theorem for ND(1) subscheme). Let X be a closed subscheme of codi-
mension e in P™ satisfying ND(1) property. Then we have

Bi1(R/Gin(Ix)) =0 for any i > e = codim(X,P").

Therefore, we also have B;1(R/Ix) =0 for any i > e.
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Proof. The cancellation principle (Theorem 2.6) implies that
Bir(R/Ix) < Bi1(R/Gin(Ix)) for any i.
Therefore, it suffices to show that
Bi1(R/Gin(Ix)) = 0 for any i > e.

Note that the assumption on ND(1) property of X guarantees that the linear section
X N A is nondegenerate for a general linear subspace A of dimension > e.
Suppose that 5; 1(R/Ix) # 0 for some ¢ > e. Then, from Theorem 2.3 we have

0 < Bi1(R/Gin(Ix)) = ) <max(T)>

1—1
TeS(CGin(Ix))2
= 3T, € 9(Gin(Ix))2 such that max(Tp) > ¢ —1>e.

By the Borel fixed property we may assume that Ty = x12;—1 in Gin(Ix)2. Consider a
general linear section X N A with dim A = ¢ — 1. Then, by Theorem 2.1(a) and (b),

Gin(IXnA/A) =

b

(Gin(Ix),Ti, Tiy1,- .- ,xn)]sat _ [(Gin(IX),xi, Tigly-eesTn)
(xi;mi+l7"'7xn) (xiaxi+17"')$n) zi_1—1

and thus Ty gives 21 € Gin(/xn/a), which implies that Ixnx/4 has a linear form. This
contradicts that X N A is nondegenerate. O

Remark 3.3. This was first known by Green’s K, ;-theorem for compact complex man-
ifolds [10] and later by Nagel and Pitteloud for a more general setting [16]. Here, by
utilizing ND(1) assumption, the proof of Theorem 3.2 is quite simple. Further, it can be
used to claim the result for more general cases than those treated in [10,16]. For example,
a case such as (¢) in Example 1.2, a subscheme whose ideal contains some power of a
linear form, cannot be covered by previous results, while this method can do.

Example 3.4 (Non-ND(1) subschemes). If a closed subscheme X C P™ does not satisfy
ND(1), then Theorem 3.2 is no longer true. For examples:

(a) (Two planes in P*) Let X C P* be a closed subscheme defined by
Ix = (0, 21) N (z2,23) C R = k[xo, 21, 2,23, T4].

Since X is a union of two planes in four space meeting in a single point, we see
that X and X N H are nondegenerate for a general hyperplane H. However, because
X N H is a union of two skew lines in H, for a general 2-plane A the intersection
X N A is a set of two points, degenerate. Thus, X does not satisfy ND(1) property.
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We see that deg(X) =2 and 2 # 2+ 1, so the inequality in Proposition 3.1 does not
hold for this non-ND(1) subscheme. The Betti table of X is given by

Note that codimension of X is two but f3 1 # 0, that is, Theorem 3.2 does not hold.
(b) Consider the following non-reduced closed subscheme X € P? defined by the ideal
Ix = (2oT2, T129, T3, ToT1 — ToT?)
= (w0, w2) N (21, 32) N (w0 — 21, 22) N (20, 71, 2).
Then X is a union of three lines in a plane x5 = 0 with an embedded point at the

origin. Since a general hyperplane section gives 3-collinear points in a line, we see
that X does not satisfy ND(1). On the other hand, Betti table of R/Ix is given by

[o 1 2 3 4
o[t 0 0 0 0
1|0 3 3 1 0
2|0 11 00

such that Bey11(R/Ix) =1 # 0, Bey12(R/Ix) = 0 and B.2(R/Ix) = 1. In this
case, Theorem 1.3(a) is not true. But, by a simple computation, we also see that
h'(Ixsps(1)) = 0 and h'(Ixnm (1)) = 1. So, even though X is non-ND(1), the
relation in Theorem 1.3(b) still holds.

Corollary 3.5. Let X be a closed scheme of codimension e inP™ satisfying ND(1) property.
Suppose that X is 3-reqular. Then we have

Bi2(R/Ix) = Bi2(R/Gin(Ix)) for any i > e.

Proof. For each i > e, we see from Theorem 3.2 that 5,41 1(R/Gin(Ix)) = 0. Since X is
3-regular we also have §;_1 3(R/Gin(Ix)) = 0 for any ¢. Then it follows from Remark 2.8
that B;2(R/Ix) is equal to 5; 2(R/Gin(Ix)), as we wished. O

Once X is (d + 1)-regular, X is m-normal for all m > d (see e.g. [15, p. 100]).
Then, what can we say about h'(Jx/pn(d — 1))? It is quite remarkable that the failure
of (d — 1)-normality h'(Jx/pn(d — 1)) can be read off from the generation structure of
Gin(Ix), as the following proposition says:

Proposition 3.6. Let X be any closed subscheme in P™ and Ix be the saturated defining
ideal of X. Suppose that X is (d + 1)-regular for some d > 1. Then, we have

(a) h*(Ix/pn(d—1)) = [Mp_1(d+1,Gin(Ix))|;
(b) (Marginal Betti number) Bn a(R/Ix) = h'(Ix pn(d — 1)).
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Proof. (a) Let H be the hyperplane defined by a general linear form L, I = (I(XL’)L ) and

Mnfl(d + ]., Gln(Ix)) = {Tlftn,l,TQZL'n,l, PN ,TrfEn,l}.

Since X is (d+ 1)-regular, X is also d-normal, that is H'(Jx/pn(d)) = 0. Then, from the
exact sequence

0 = HO(Ix/pe (d— 1)) —= HO(Ix/pe (d)) = HO I/ (d) — H' (Ixgpn(d — 1)) =0,
it follows that

R (Ix/pn (d — 1)) = dimy (I°*/1)q = dimy,(Gin(I**)/Gin([))4

(Gin(Zx)|x, -0)
Gin(IX)lzn*)O d

Tp—1—1

= dimy, (by Theorem 2.1(a), (b)) --- ()

Now, we claim that (x) is equal to |M,,_1(d + 1, Gin(Ix))|.

It is clear that each element of M,,_1(d+1, Gin(Ix)) contributes to () by one. For the
converse, choose any degree d monomial T' € [(Gin(Ix)|z,—0)|zn_1—1 \ Gin(Ix )|z, 0],
so that max(T) < n—1, T ¢ Gin(Ix)g and Tak_, € Gin(Ix )41y for some k > 1. Let
ko be the minimum of such k’s. Then, we are enough to show that ky = 1, for this also
implies Tx,—1 € My,_1(d+ 1,Gin(Ix)) by Lemma 2.4.

Suppose that ky > 2. By the result of Bayer and Stillman (Theorem 2.1(d)), Gin(Ix)
is also (d + 1)-regular and we could write Tz | as Mz, for some M € Gin(Ix)g ik, 1
and some z; € R;. Due to minimality of kg, note that xy # x,—1 (i.e. £ <n —1). Then,
(T/x() - 2™ | € Gin(Ix) and by the Borel fixed property T - 27! = (T/z) - zpazto !
also belong to Gin(Ix ), which is again a contradiction to minimality of kq.

(b) Since I'x is a saturated ideal, depth(R/Ix) > 1, which implies that the projective
dimension of R/Ix is at most n. Hence, we see that

Bn,a(R/Ix) = Bna(R/Gin(Ix)) (by Lemma 2.9)
= Z (maX(T)) (by Theorem 2.3)

. n—1
TeS(Gin(Ix))a+1
= #{x® € §(Gin(Ix))ay1 | max(x*) =n -1}
— M a(d+ 1, Gin(Tx))| = B (Txsen (d— 1)) (by (a),

as we wished. O
Remark 3.7.

(a) With the same notation as in Proposition 3.6, the argument used in the proof of
Proposition 3.6(a) actually shows that
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(Gin(fs“t)/Gin(f))d is exactly the same as the k-vector space (T1,T5,..., ),

where M,,_1(d + 1,Gin(Ix)) = {T1@n-1,To%n_1,- -, TpTp_1}.

(b) Proposition 3.6(b) can be also shown using local duality (see e.g. [5, Appendix A]
for the statement of local duality). Here, the proof is given by a completely different
method using combinatorial properties of Gins.

Example 3.8 (Fuailure of quadratic normality of a rational curve). Consider a smooth
rational curve C' C P? of degree 5 defined by the map:

[5,t] — [s°, s, st 19].
Then, using Macaulay 2 [9] we know that I and Gin(I¢) are minimally generated as:

4 3 3 2.2 2 2 3 4 3
o Ic = (T172 — Tox3, Ty — T1T5, LTy — TIX5, TGTs — LT3, L] — THTa)

e Gin(Ig) = (22, wox}, a1, Toxias, v525)

and the Betti table of R/I¢ is given by

Note that Mz (4, Gin(I¢)) = {z3xa, moz3x2}. Since the maximal degree of generators of
Gin(I¢) is 4, we know that I is 4-regular (Theorem 2.1(d)), as we see in the table
above. Then, by Proposition 3.6 we compute the failure of 2-normality of C' C P3

h'(Jcps(2)) = [M2(4, Gin(Ic))| = 2,
which also coincides with the marginal Betti number f5 3(R/I¢).

The following proposition is a crucial part of obtaining formulae in the main The-
orem 4.1. It describes a peculiar aspect of the generation structure of the reverse
lexicographic Gins of 3-regular ND(1)-subschemes: a set of generators of Gin(Ixng/m)
can be obtained by taking the minimal generators of Gin(Ix) (which have degrees 2, 3),
and setting x,,_1 = 1. We prove this by exploiting the Borel fixed property of Gins and
our key definition, ND(1) property.

Proposition 3.9. Let X be a closed subscheme of codimension e in P™ satisfying ND(1)
property. If H is a general hyperplane in P™ and

Mn_1(3, Gin(Ix)) = {Tlxn_l, T2x7L_1’ ‘e ,Trxn_l},

then we have (here, | | means “disjoint union”):
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(a) For any Tpxp—1 € M,—1(3,Gin(Ix)), max(Ty) <e—1;
(b) Foreache—1<i<n-—1, Tpz; € M;(3,Gin(Ix)).

Now, further suppose that X is 3-regular. Then, as a set of monomials we have the
followings:

(c) (degree 2 level) S(Gin(Ixnm/m))2 = S(Gin(Ix))2 LI{T1,Ts, ..., T} };
(d) (degree 3 level) S(Gin(Ixnm/m))3 C S(Gin(Ix))s;
(e) (degree 3 level, continued) Moreover, for every e —1 <14 <n — 1, we have

Mi(& Gin([_x)) = Ml(?), Gin<IXﬂH/H)) |_| {Tlxi, TQQ’,‘Z*, N ,Tra:i}.
In particular, we obtain
|Mi(3, Gln(IX))‘ = ‘Ml(g, Gin(IXmH/H))| + hl (Jx/[pm (1))
Proof. (a): Suppose that max (7)) = j > e for some j. Then by the Borel fixed property,

we may assume that Gin(7x) contains a monomial xlx?. For a general linear space A of
dimension j, it follows from Theorem 2.1(a) and (b),

Gin(Ixna/a) =

)

(GIH(IX)a Ljt1y--- axn)]sat _ |:(GIH(I)(), Tjr1y.-- ,mn)
(Tjg1s---52Tn) (Tjg1y-. 0, %0) zj—1

and thus 21 € Gin(Ixna/a), which implies that Ixna/a has a linear form. This contra-
dicts that X satisfies ND(1) property.

(b): From Remark 2.5, we can say Trx; € §(Gin(Ix))s (i.e. Tpx; € M;(3,Gin(Ix)))
for each i > e — 1.

(c)—(e): A set of minimal generators of Gin(Ixnp, ) can be obtained by taking the
minimal generators of Gin(/x) and setting z,—1 = 1. Note that we can only consider
the generators having degree < 3 from the assumption that X is 3-regular. Moreover,
none of these generators can have degree 1 by the ND(1) property, so the ones of degree
2 in Gin( XNH/ g) are automatically minimal. It is then clear that the new minimal
generators of degree 2 are {T1, Ty, ..., T,}. Now some of the generators of Gin(Ix) (that
do not involve z,_1) will no longer be minimal in Gin(Ixng,/p), and this happens
precisely when they are divisible by one of T7,T5,...,T,.. We can then use part (b) to
obtain the conclusions. O

Remark 3.10. Note that if the regularity of X is at least 4, it could be

h*(Ix (1)) > |M,,_1(3,Gin(Ix))|,
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and we do not expect similar results. For example, if we consider the smooth rational
curve C' C P? of degree 5 given by Example 3.8 then one can verify that h'(Jo(1)) = 2
but |M2(3, Gin(Ix))| = 0.

4. Failure of 1-normality of general linear sections and tailing Betti numbers

Now we are ready to prove our main result.

Theorem 4.1 (Formulae for tailing Betti numbers). Let X be a closed subscheme of
codimension e in P™ satisfying ND(1) property. Suppose that X is 3-reqular. Then, for
any 1 > e we have

n

Bi2(R/Ix) = Z (?) A (Ixne/ae (1)), (4.1)

a=1

where A% is a general linear space of dimension «.

Proof. Let R = k[zq,---,x,]) and S = R/H for a general hyperplane H. We will give a
proof by induction on dim(X) > 0. Suppose that dim(X) = 0. In this case, we only have
to consider ¢ = n. Hence we have a tautological identity

n

5 (7)o e (1) = WO (1)

a=1

and the claim follows from Proposition 3.6(b) which says that 3, 2(R/Ix) = h'(Ixpn (1)).

Now assume that dim(X) > 1. Note that X N H is also 3-regular, has the same
codimension, and satisfies ND(1) property in the projective space H = P"~!. Then, for
any 7 > e we have

Bi2(R/Ix)
= Bi2(R/Gin(Ix)) (by Corollary 3.5)
= Z (max(T)) (by Theorem 2.3)

1—1
TEG(Gin(Ix))g

z_: <Z f 1) |Mr(3,Gin(Ix))| (. max(T) <n-—1forall T € §(Gin(Ix))s)

= i <Z f 1) <|Mk(3, Gin(Ixnm,m))| + hl(jX/]Pn(l))> (by Proposition 3.9(e))

k=i—1
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= Bi2(S/Ixnm/H) + (?) h'(Ix/pn (1)) (. X N H is also 3-regular with ND(1))

(?) G oneae (1) +<7Z>h1(gxmn(1)) (by inductive hypothesis)
(5) # @ sae i)

as we wished. O

"

h
hl

>

n—1
=i
o=t

Before considering some applications of Theorem 4.1, we would like to mention that
formula (4.1) can be restated in a more explicit way as follows:

Corollary 4.2. Let X be any closed subscheme of codimension e in P™ satisfying ND(1)
property. Suppose that X is 3-reqular. Let b and h be two row vectors as given below:

b= [fe2(R/Ix), Bet1,2(R/Ix), -, Bn-12(R/Ix), fn2(R/Ix)]
h = [h' (Ixrne/ae (1)), B Oxnacsr et (1), B (Txaan-1/an-1 (1)), A (Ixpa (1))].

Then, we have
b" =Z(n,e) b7,

where bT (resp. hT) is the transpose of bT (resp. of hT) and Z(n,e) is the invertible
(n—e+1) x (n— e+ 1)-matriz such as

() () () - (Y
() () () ()
()

0 0 <e+2>
E(n,e) = e+2

Now that det Z(n, e) = 1, there exists the inverse matrix Z(n,e)~!. In fact, the inverse

1

E(n,e)" ! is given as the form
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[1]

(n,e)”!
0 (1) (1) o) o)
(r) () e () co ()

+

o0 () e e

(4.3)

Therefore, h” uniquely determines b and vice versa. We have exact formulae for the
entries of h” as follows:

P e e (1) = 30 (1) o), (4.4

=

where e < o < n and A% is a general linear space of dimension «. In particular, we could
see that for some ¢ > e

Bi2(R/Ix) =0 for every n > i > { < hl(jXQAi/Ai(l)) =0 for every n > i > (.
Keeping in mind this correspondence, we consider the following corollaries:

Corollary 4.3. Let X be any 3-regular closed subscheme of codimension e in P™ satisfying
ND(1) property. Let £y be the projective dimension of R-module R/Ix. Then, we have:

(a) (Rigidity on 2-regqularity) The vanishing of Be 2(R/Ix) implies that X is 2-regular;

(b) (Lower bounds for tailing Betti numbers) Suppose that X is a connected in codimen-
sion 1 algebraic set. Unless X is 2-reqular, then for any e <1i < £y

b+ 1
st/ = (7))

Proof. (a) First, note that for any o > e and ¢ > 0 we have
H'(Ixapa/ae (2 — 1) = H T (Ixapas ot (1 =14)) = H T (Ixnpertjpes (2 — i) =0,

for X N A®*! is also 3-regular. Thus,
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R (Ixane e (2 — 1) = BT (Ixpettjpos (2 — (i + 1))

Y

> W (O pn (2 — (41— a))). (4.5)

By formula (4.1) and inequality (4.5), we know that

Be2(R/Ix) > Z (j) R (Ix/pn (2 — (140 — @),

a positive combination of cohomologies of some twists of the ideal sheaf Jx. Hence, the
vanishing . o(R/Ix) = 0 forces that

H'(Jx/pn(2—i)) =0foralli=1,---,dim X +1,
which implies 2-regularity of X.

(b) We will first show h'(Jxqae/ae(1)) > 0 for every £ with e < £ < £y by backward
induction on ¢ = dim(A*). Suppose that h'(Jxnae/ae(1)) > 0 with i < £ < £y. By the
assumption that X is a connected in codimension 1 algebraic set, we see that

hO(OXmAH»l/AH»I) =1
for every i with e < i < £y. From the following exact sequence
0= HO(jXQAH»l/AiJrl) — HO(OAi+1) — HO(OXmAi+1/Ai+1) — Hl(ijAi+1/Ai+1) — 0,
we have hl(jXQAiJrl/AiJrl) = 0. If we now apply the induction hypothesis to
0=H'(Ixnpitrpier) = H (Ixpaeeaee (1) = H (Txaaijai (1))

then we have that ' (Txai/ai (1)) > h' (Txnpi+r air (1)) > 0.
Consequently, it follows from formula (4.1) that for each e <14 < {g,

BialB/Ix) = ZZ (4) 1 0xone o) 2 ZZ ()= (%7))

as we wished. O

Remark 4.4.

(a) Let X be a 3-regular closed subscheme in P". Then Corollary 4.3(a) shows that
if X satisfies the ND(1) property and fe2(R/Ix) = 0 then there is some sort of
rigidity on the shape of the resolution; in this case X is 2-regular and arithmetically
Cohen—Macaulay (aCM). This means the following Betti diagrams are equivalent;
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Property ND(1) and B 2(R/Ix) =0 X is 2-regular and aCM
01 2 ... e—1 e e+1 e+2 ... 01 2 e—1 e e+1 e+2
o1 o 0 0 o0 0 o1 o 0 0 o0 0
110 = * * 0 0 < 110 =* * * 0 0
210 =% * 0 * * 2(0 0 0 0 0 0
3/0 0 0o 0 o0 0 3|0 0 0o o0 o0 0

(b) Let C be a rational normal curve and Z be a set of general 4 points in P? (see

[1, Example 3.11]). Using Macaulay 2, we can compute the Betti table of X = CUZ
as follows:

This example shows that the condition S 4(R/Ix) = 0 does not imply d-regularity
in general, even though X is a (d 4 1)-regular closed subscheme satisfying property
ND(1).

The lower bound in Corollary 4.3(b) is sharp: see Example 4.8(c).

(d) In Corollary 4.3(b), the condition “connected in codimension 1”7 is essential and

cannot be weakened. For example, let X C P be an algebraic set of codimension 2
defined by the ideal

Ix = (L1Lo,L1L3, LsLyLs, L3LaLg, LsLsL7),

where L; is a generic linear form for each ¢ =1,...,7. X is a union of three general
3-planes and a line, which is not connected in codimension 1. Since Ix is a generic
distraction of the stable monomial ideal J = (23, zoz1, 73, 2379, 73 73), we have that
Gin(Ix) = J (see [3]). In this case, X satisfies ND(1) property. However, we see from
the Betti table of X given by

|0 1 2 3 4
1
2 1 . .
36 4 1
that the inequality (b) in Corollary 4.3 does not hold as 32 =4 # (4+1).

3+1

The tailing Betti numbers determine Hilbert polynomial of any 3-regular ND(1)-closed

subscheme X C P™ precisely, so that we can read off some intrinsic invariants of X such

as

arithmetic genus in case of X being a curve or irregularity in case of X being a surface

from these Betti numbers.

Let us recall some basic facts. Say r = dim X. It is well-known that there exist

unique integers x,(X,0x(1)),- -, xo(X,0x (1)), which determine Hilbert polynomial of

X

cpr
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. t+j—1 : t+j—1
Px(t) =) x;(X, oX(1))< ; > or briefly, ij(X)< ; > (4.6)
§=0 §=0

and that x;(X,0x(1)) = x;—1(X N H,Oxnu (1)) for each 1 < j < r, because we have
the relation x(Ox(¢)) — x(Ox(t — 1)) = x(Oxnu(t)) from the exact sequence

0— O0x(-1) BN Ox = Oxng — 0 (H: a general hyperplane of P").

Thus, the determination of Px(t) is equivalent to decide all the x,(X), -+, xo(X) in
(4.6).

Corollary 4.5. Let X be any 3-regular closed subscheme in P™ satisfying ND(1) prop-
erty. Set r = dim X and e = n — r, the codimension. Then, the tailing Betti numbers
Be2(R/Ix), -, Bn2(R/Ix) completely determine Px(t), Hilbert polynomial of X C P"
as follows:

Px(t) = {e +14 i(—l)i—@ C) Bi,g(R/IX)} (t +:_ 1>

+:_: — Bn—i-12(R/Ix) +j_§::l )’ "+’<2+1>ﬂ]2(R/IX) (Hi_l)
(4.7)
In particular, the degree of X C P™ can be given by
e+ 1030~ atr/mo (49
and the arithmetic genus p,(X) = (—=1)"(x(0x) — 1) can be computed by
(=D {(n+1)Bn2(R/Ix) = Pn-12(R/Ix)}. (4.9)

Proof. First of all, we recall the formula (4.4): for each a (e < a < n)

P e e (1) = 1077 (1) /1),

Jj=a

where A® is a general linear space of dimension a. To get the Hilbert polynomial
Px(t), it is enough to determine all the coefficients x,(X),---,x0(X) in (4.6) from
ﬁe,Q(R/IX)7 T 7671,2(R/IX)
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For the top coefficient x,.(X), we see that

Xr(X) = xo(X MA®) = Pxnpe(0) = x(Oxnae)
= h%(Oxpae) = h(Oxrac(1)) = h%(Onc (1)) + B (Txnac (1))

et 14 2 (D) alr/n) by (1)

Next, note that X N A"~ is also d-regular for all d > 3 for any 0 <4 < 7. Thus, we have

0 — H'(Ixnan-1) = H' (Ixann-i(1)) = H'(Ixaan-i-1(1) = H*(Txran-:)
= H?*(Ixnan-i(1)) =0,

for each 0 < i < r. We also recall that h°(O xqan—:) = h'(Ixnpn—i)+1 from the standard
exact sequence. Using these facts, we calculate x,;(X) as

Xi(X) = xo(X NA"") = x(Oxnan—i) = h®(Oxrpn-i) — K (Oxnnn-i)
= hO(OXmA"*i) - hz(ijA"*i)
= h2(Oxpan-) = {1 (Txpan-i-1(1)) = h* (Ixnan—i (1)) + h' (Txman—)}

_1_{ 3 L (R P

j=n—1i—1

Sy e n+1( Jé)ﬁm(R/IX)} by (4.4)

j=n—1

—l_ﬁn i—1,2 R/IX + Z j n+z< 1>BJ,2(R/IX) g

j=n—1i

In addition, we could express or bound the cohomologies H*(Jx/pn (2 —1i)) for 1 <14 <
dim(X) + 1, which is a measure on the deviation of X from 2-regularity, with the tailing
Betti numbers. For instance, for a small ¢ < 3, we can get simple formulae or bounds as
below:

Corollary 4.6. Let X be any nondegenerate 3-regular connected in codimension 1 algebraic
set in P™. Then, we know that

(a) h'(Ix/pn (1)) = Bn2(R/Ix);
(b) P*(Ix/en) = Ba-12(R/Ix) — (n+1)Bn2(R/Ix) if dim X > 1;
(¢) B3 (Ixypn(=1)) = Bu-22(R/Ix) = (n+ 1)Bn-12(R/Ix) + ("3%) Bn,2(R/Ix) and
W (Ixen (—1)) < Bn22(R/Ix) = nfn-12(R/Ix) + ("5") Br2(R/Ix) if dim X > 2.
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Proof. First, we recall that any nondegenerate connected in codimension 1 algebraic set
has ND(1) property. So, (a) comes from part (b) of Proposition 3.6. For (b) and (c), by
the assumption that X is connected in codimension 1, we see that

hO(OXmAi+1/Ai+1) =1 (i.e. hl(ijAi+1/Ai+1) = O)

for every ¢ with e < i < n. From the proof of Corollary 4.5 we also know that

R*(Ix/pn) = h' (Ixan-1/an-1(1)) — R (Ix/pn (1)),
R (Ixnan—1/an-1) = B (Txpan-2/an-2(1)) = ' (Txnpn-1/an-1(1)).

So, (b) is straightforward by formula (4.4). For h*(Jy/p= (—1)), we have a similar sequence
as

H?(Ix/pn(—1)) = H*(Ixjpn) = H*(Ixppn—1/an-1) = H*(Ix/pn(—1))
— H*(Ix/pn) =0,

since X is 3-regular. Thus, we see that

h2(jXﬁAnfl/An71> - h2(jX/Pn) S hs(jX/Pn(_l)> g hz(ijAnfl/Anfl),
so that lower and upper bounds in (c) can be obtained by formula (4.4). O

Remark 4.7. Both lower and upper bounds for h3(Jy/pn(—1)) in Corollary 4.6(c) are
sharp. See Example 4.8(b) for an optimal case of the lower bound and Example 4.8(c)
for the upper bound.

Example 4.8 (with Macaulay 2). We check our results with some examples;

(a) Let C be a rational normal curve in P*3 and S™(C) be the mth higher secant variety
of dimension min{2m — 1,13}. Now choose four points ¢1, g2, ¢3, ¢4 such that

@ € PP\ SC), g2,q5 € S°(C)\SP(C), i€ S°(C)\ S*O)
If we let ¥ = {(q1, 2, g3, q4), then we know that C' = Wg(é) C P? is a smooth rational
curve of degree 13 (e = 8) and, using Macaulay 2, we can compute its 3-regular
Betti table

o1 2 3 4 5 6 7 8 9
oltr . . ...
1|. 28 103 161 13¢ 50 6 . . .~
2 3 39 190 414 518 385 168 40 4
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where we denote the tailing Betti numbers as boldface. Now, we verify our theo-
rems by this example. Since 7y, is an isomorphic projection from P, we get that
1-normality hl(f]c/]pg(l)) = 4 and hl(JCmH/H(l)) = h(Ocnu (1)) — K (Ox(1)) =
13 — 9 = 4. Then, by Corollary 4.2 we can see that

[58,2:| —2(9,8) - |:h1(jCﬂH/H(1)):| _ {1 9} {4] _ {40]

Bo.2 7 ht(Jcpo (1)) 0 1|4 4]’

which coincides with tailing Betti numbers in the table above. Moreover, deg(C') can
also be read off from 8 + 1 + (2) P32 — (2)59,2 = 13 and the (arithmetic) genus of C
by Bs2 — (9;1),69,2 = 0 as Corollary 4.5 says.

Let S be a smooth surface in P® (e = 6), which is Segre embedding of C; x Cy where
(4 is a randomly chosen plane conic (i.e. smooth rational) curve and Cj is a random

plane cubic (i.e. elliptic) curve using Macaulay 2. The surface S is 3-regular and its
Betti table is given by

o 1 2 3 4 5 6 78
olt . . . .
1|. 15 40 45 24 5 .
2 7 36 75 80 45 12 1 0

which shows that S is linearly normal, but not ACM surface. By Degree formula in
Corollary 4.5, we can check deg(S) =6 + 1+ (2) <12 — (g) -1+ (2) -0 = 12. The
irregularity ¢(S) is also given using tailing Betti numbers as 1 — (8 +1)-0=1. In
general, Hilbert polynomial can be given as

Ps(t) = 12(“;1) - 3(1)

by Corollary 4.5. Now, let us check the cohomology values h*(Jg/ps (2—1)). We already
know that hl(JS/Em(l)) =0, h2(js/]p8) = hl(os/]ps) = 1. What is h3(jS/Ps(—1))? By
lower and upper bounds in Corollary 4.6(c), we can bound it as

2 1
3:12—(8+1)-1+<8; )~0§h3(ﬂs/Ps(—1))§12—8-1+(8; >.0=4.

But, by Serre’s duality and Kiinneth’s formula, we know that

h3(Isps(—1)) = B*(Og/ps (1)) = B (ws (1)) = k% (we, (1)) - ¥ (we, (1))
=h"(O0c,p2(2—3+1)) - h%(Oc,p2(3—3+1))=1-3=3,

and this shows that the lower bound in Corollary 4.6(c) is sharp.
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Let X C P! be a smooth Segre 5-fold (e = 5), which is a generic projection of the
variety P2 x P? C P! into P¥. The degree of X C P! is (*}?) = 10 and X has a
3-regular Betti table of the projective dimension ¢y = 10 as follows:

1 2 3 4 5 6 7 8 9 10
0 0 0 0 0 0 0 0 0 O
6 0 0 0 0 0 0 0 0 O
20 140 331 471 465 330 165 55 11 1

0
01
110
2|0

First, we would like to mention that all the tailing Betti numbers 3; » except 35 2 co-
incide with the lower bound (ef:f) in Corollary 4.3(b) in this case; that is, this lower
bound is optimal. Second, by Corollary 4.2, we calculate 1-normalities of general
linear sections

h*(Ix s /a5 (1)) Bs.2 ]
h*(Ixnne/as(1)) Bs,2
hl(ijAV/M(l)) ::(10 5)—1. 57,2
h*(Ixnas/as(1)) Y B8,2
h* (Ixnnao /a0 (1)) Bo,2
A (Ix/pro(1)) ] | Bio.2 |

1 -6 21 —56 126 2527 [465] [4]

0 1 -7 28 -84 210 | |330 1

oo 1 -8 36 —120| [165]| |1

{00 0 1 -9 45 5 | |1

o0 0 o0 1 —10|]|11 1

oo o o o 1 |[1] [1]

and from these sectional 1-normalities we can compute many invariants of X; deg(X)
is recovered by h(Oxnas(1)) = h'(Txnas/as(1)) + h%(0ps(1)) = 4+ 6 = 10 and
the sectional genus of X, gs(X) can be obtained by h'(Oxnas) = h?(Ixnas/as) =
h'(Ixans/as(1)) — K (Ixns/as(1)) = 4 — 1 = 3. More generally, by Corollary 4.5
the Hilbert polynomial of X can be computed as

PX(t):10<th4) _Q(tj;?)) +<t4;2) N (t;l) N G)J’l?

which tells us x(Ox) = 1 so that the irregularity h'(Ox) = 0. Finally, using
Corollary 4.6 we check the cohomology values h'(Jx/pio(1)) = 1, h*(Tx/po) =
11 — (10+1) -1 = 0, and A*(Ixpro(—1)) < 55 —10-11 + (*%") - 1 = 0. Thus,
h*(Ixpro(—1)) = 0, which shows that the upper bound in Corollary 4.6(c) is also

sharp.
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