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POWER SERIES OVER NOETHERIAN DOMAINS, NAGATA
RINGS, AND KRONECKER FUNCTION RINGS

GYU WHAN CHANG

ABSTRACT. Let D be a Noetherian domain, * be a star operation on D, X be
an indeterminate over D, D[X] be the power series ring over D, ¢(f) be the
ideal of D generated by the coefficients of f € D[X], and N« = {f € D[X] |
c(f)* = D}. Moreover, if * is e.a.b., then we let Kr((D,x*)) = {% | f,9 €
D[X],0 # g, and ¢(f) C c¢(g)*}. In this paper, we show that N, is a saturated
multiplicative set and Kr((D,)) is a Bezout domain. We then study some
ring-theoretic properties of D[X]y, and Kr((D, *)). For example, we prove
that every invertible ideal of D[X]p, is principal; dim(Kr((D,b))) = dim, (D);
and if V is a valuation overring of D, then V = {% | f,g € D[X],g9 # 0, and
c(f)V C c(g)V} is a valuation overring of D[X]; and Kr(D, %) = {V | V is
a x-valuation overring of D}.

0. INTRODUCTION

Let D be an integral domain, ¢f(D) be the quotient field of D, {X,} be a
nonempty set of indeterminates over D, and D[{X,}] be the polynomial ring over
D. For indeterminates X, ..., X, over D, let D[Xq,..., X};] be the power series
ring over D, and let D[{X,}]1 = UD[{Xa,}], where {X,,} runs over all finite
subsets of {X,}. Clearly, D[{X,}]1 is an integral domain such that D[{X,}] €
D[{X,}]1 and D[{Xs}]1 = D[{X.}] when {X,} is finite. For f € D[{X,}]1, let
ep(f) (simply, ¢(f)) denote the ideal of D generated by the coefficients of f.

Let % be a star operation on D. (Definitions related to star operations will be
reviewed in Section 1.) There are two purposes of this paper. One of them is to
generalize the Nagata ring to power series rings over a Noetherian domain. This also
generalizes the results of [11] that if { X, } is infinite, then N, := {f € D[{Xa}]1 |
c(f)*r = D} is a saturated multiplicative set such that Max((D[[{Xa}]]l)N*f) =
{(PHXaH)N., | P € #p-Max(D)}; every invertible ideal of (D[{Xa}]1)n., is
principal; and D is a Krull domain if and only if (D[{Xa}]1)w. , is a Priifer domain.
The other is to study the power series ring analog of Kronecker function rings.

Precisely, in Section 1, we review basic facts on star operations, Nagata rings,
and Kronecker function rings. Let % be a star operation on a Noetherian domain
D, D[{X.}] = D[{Xa}]1, and N, = {f € D[{Xa}] ’ e(f)* = D}. In Section
2, we show that (i) N, is a saturated multiplicative set and Max(D[{Xs}]n.)
= {P[{Xa}n. | P € +-Max(D)}; (ii) D[{Xa}]n~. is a Noetherian domain with
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2 G.W. CHANG

dim(D[{Xa}]n,) = #o-dim(D); (iii) if 0 # f € D[{X4}], then ¢(f) is *-invertible
if and only if fD[{Xs}]n. = e(f)D[{Xa}]n,; and (iv) every invertible ideal of
D[{Xa}]n. is principal.

We in Section 3 introduce the notion of Kronecker function rings of the power
series ring over a Noetherian domain. Let % be an e.a.b. star operation on a Noe-
therian domain, K = ¢f(D), X be an indeterminate over D, and

Kr(D,#) = {4 | f,g € D[X],0 # g, and ¢(f) C ¢(g)"}.
We show that (v) Kr((D,x)) is a Bezout domain such that Kr(D,*) N K = D,

Kr(D,*) N K(X) = Kr(D, %), and IKr((D,«)) N K = I* for all nonzero ideals I of
D:; (vi) for a valuation overring V' of D, if we let

V={L|fgeD[X],g#0,and c(f)V C c(g)V},

then V is a valuation domain such that VN K (X) = V(X), dim(V) = dim(V), and
V is discrete if and only if V is discrete; (vii) Kr((D, %)) = ({V | V is a -valuation
overring of D}; and (viil) Kr((D, b)) = D((X)) if and only if dim(D) = 1, if and only
if Kr(D, b)) = Kr((D,v)).

1. STAR OPERATIONS, NAGATA RINGS AND KRONECKER FUNCTION RINGS

Let D be an integral domain with quotient field K. Let F'(D) (resp., f(D))
be the set of nonzero (resp., nonzero finitely generated) fractional ideals of D; so
f(D) C F(D), and f(D) = F(D) if and only if D is Noetherian. A star operation
x on D is a mapping * : F'(D) — F(D), I — I* such that for all I,J € F(D)
and 0 # z € K, (i) (zD)* = 2D and (zl)* = xI*, (ii) I C I*, and I C J implies
I* C J*, and (iii) (/*)* = I*. Given a star operation * on D, one can construct
two new star operations sy and %, on D by setting I*f = [J{J* | J C I and
J e f(D)} and I*» = {x € K | zJ C I for some J € f(D) with J* = D} for
all I € F(D). We say that = is of finite type if x; = %. Clearly, *; and %,, are
of finite type. Also, if I € f(D), then I* = I*/, and thus every star operation on
a Noetherian domain is of finite type. An I € F(D) is called a *-ideal if I* = I,
while a *-ideal is a maximal *-ideal if it is maximal among proper integral x-ideals.
Let »-Max(D) be the set of maximal *-ideals of D. It is well known that if % = %
Or #y, then x-Max(D) # () when D is not a field; each maximal x-ideal is a prime
ideal; D = (\pe,max(p) Dri and #g-Max(D) = x,-Max(D) [4, Theorem 2.16]. Let
#-dim(D) = sup{n | P C P, C --- C P, is a chain of prime x-ideals of D}. Hence,
d-dim(D) (resp., d-Max(D)) is just the (Krull) dimension dim(D) (resp., Max(D),
the set of maximal ideals) of D. Also, #,-dim(D) = sup{htP | P € %,-Max(D)}
because P*» C D implies P*» = P for all nonzero prime ideals P of D.

The most well known examples of star operations include the v-, t-, w-, and
d-operations. For I € F(D), let I"! = {x € K | #I C D}; so I"! € F(D). The
v-operation is defined by IV = (I~1)~!, the t-operation (resp., w-operation) is given
by ¢t = vy (resp., w = v,), and the d-operation is the identity function on F(D),
ie., I9=1forall I € F(D);sod; =d, =d. Let *; and x5 be star operations on
D. We say that x; < o if [** C [*2 for all I € F(D). It is known that if % is a
star operation, then *, <y <, d <x <w, x; <t, and %, < w.
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An I € F(D) is said to be -invertible if (IT~1)* = D. We say that D is a Priifer
«-multiplication domain (P*MD) if each I € f(D) is *s-invertible. Let Inv*(D) be
the group of *-invertible fractional ideals of D under I x .J = (I.J)*, and let Prin(D)
be its subgroup of principal fractional ideals. Then the x-class group of D is an
abelian group CL.(D) = Inv*(D)/Prin(D). In particular, Cly(D) is the Picard
group Pic(D) of D. Clearly, Pic(D) C Cl.(D) C Cl;(D) for any star operation * on
D, Cl.(D) = {0} if and only if each *-invertible ideal of D is principal, and if D is
a Krull domain, then Cl;(D) is the usual divisor class group. Also, a Priifer (resp.,
Krull) domain D is a Bezout domain (resp., UFD) if and only if Cl,(D) = {0}.

1.1. Nagata rings. Let % be a star operation on D and N, = {f € D[{X.}] |
c(f)* = D}. The Dedekind-Mertens Lemma says that if f,g € D[{X,}], then
there exists an integer n = n(f, g) > 1 such that c¢(f)"**c(g) = ¢(f)"c(fg). Hence,
e(f)* = ¢(g)* = D if and only if ¢(fg)* = D, and thus N, is a saturated mul-
tiplicative subset of D[{X,}] such that N, = N., = N, . The ring D{Xa}]n,
is called the (%-)Nagata ring of D (with respect to *), and hence D[{X,}|n, is
just the Nagata ring D({X,}) of D. Recall from [19] that Max(D[{X.}|n.) =
{P{Xa}|n, | P € *p-Max(D)}; a nonzero ideal I of D is g-invertible if and only
if ID[{Xa}]n, is invertible; for 0 # f € D{X4}], c(f) is *s-invertible if and only
if e(f)D{Xa}INn, = [D{Xa}]nN,; every invertible ideal of D[{X,}]n, is principal;
and D is a P«MD if and only if D[{X,}]n, is a Prifer domain. It is obvious that
if %1 and %, are star operations with (x1)f < (*2)f, then Ny C Ny, € N,, C N,.

Lemma 1.1. The following statements are equivalent for star operations %1 and
*9 on D.

(1) Ny, = N,,.

(2) D{Xa}ln., = D{Xa}]n.,-

(3) (x1)f-Max(D) = (x2)f-Max(D).

(4) (+1)w = (*2)w-

Proof. (1) < (2) This follows from the fact that N,, is saturated for i = 1,2.

(1) = (3) Let M € (%1)p-Max(D). If M*2)s = D, then there is a nonzero
finitely generated ideal I C M such that I*> = D. So if we choose f € D[{X,}]
with ¢(f) = I, then ¢(f)*> = D. Hence, f € N,, = N,,, and thus D = ¢(f)* C
M*' = M, a contradiction. Thus, M (*2)s C D. A similar argument shows that
(MG2)5))5 ¢ D, and therefore, M*2)s = M and M € (*2);-Max(D). Thus,
(1) p-Max(D) C (*2)s-Max(D), and by a symmetric argument, we have equality.

(3) = (4) IfI'e F(D)’ then (+1)w = mPE(*l)f‘Max(D) IDp = nPE(*z)f‘Max(D) IDp
= I2)w [4, Corollary 2.10]. Thus, (*1)w = (¥2)w-

(4) = (1) Since *p-Max(D) = s*,-Max(D) for any star operation * on D,
c(f)*™ = D if and only if ¢(f)*f = D for all 0 # f € D[{X,}]. Hence, ¢(f)** =D
if and only if ¢(f)*2 = D, and thus, N,, = N,,. |

Corollary 1.2. If each maximal ideal of D is a t-ideal (e.g., dim(D) = 1), then
D{Xu.}In., = D({Xa}) for every star operation = on D.

Proof. This follows directly from Lemma 1.1 because Max(D) = t-Max(D) (and
hence d = *,, = w) by assumption. O
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It is shown that if D is a Noetherian domain with finitely many star operations,
then dim(D) = 1 [16, Theorem 2.1], and hence each maximal ideal of D is a t-ideal.
Thus, D{X,}|n. = D({X4.}) for any star operation * on D.

1.2. Kronecker function rings. A star operation % on D is said to be endlich
arithmetisch brauchbar (e.a.b.) if, for A,B,C € f(D), (AB)* C (AC)* implies
B* C C*. Clearly, * is e.a.b. if and only if ¢ is e.a.b.. We know that if D admits
an e.a.b. star operation, then D is integrally closed [15, Corollary 32.8]. Conversely,
if D is integrally closed, then the map b: F(D) — F(D) defined by I = {IV |V
is a valuation overring of D} is an e.a.b. star operation on D.

Lemma 1.3. [15, Theorem 32.12] Let * be an e.a.b. star operation of finite type on
an integrally closed domain D. Then there exists a set {Va} of valuation overrings
of D such that I* =, IV, for all I € F(D).

If % is an e.a.b. star operation on D, then
Kr(D,+) = {L | f,g € D{Xa}],g #0, and ¢(f) < c(9)*},
called the Kronecker function ring of D (with respect to %), is a Bezout domain
such that D[{X,}|n, C Kr(D,x), fKr(D,*) = c(f)Kr(D,*) for f € D[{X,}], and
D is a P«MD if and only if D[{X,}]n. = Kr(D, %).

Lemma 1.4. [15, Remark 32.7] Let %1 and 2 be e.a.b. star operations on D. Then
Kr(D, 1) = Kr(D, ) if and only if (1) = (*2)¢-

We recall that if D is an integrally closed Noetherian domain, then D is a Krull
domain, and hence each maximal t-ideal of D is of height-one, i.e., t-Max(D) =
XY(D), where X(D) is the set of height-one prime ideals of D.

Let eS(D) (resp., wS(D)) be the set of e.a.b. star operations of finite type (resp.,
star operations * with #,, = %) on D. Then, by Lemmas 1.1 and 1.4, the cardinality
of the set of Nagata rings (resp., Kronecker function rings) of D is equal to |wS(D)|
(resp., |eS(D)]). We next study how many Nagata rings and Kronecker functions
rings there are when D is an integrally closed Noetherian domain.

Proposition 1.5. Let D be an integrally closed Noetherian domain and let X (D)
be the set of height-two prime ideals of D. Then 21X(P) < |wS(D)| < |eS(D)|, and
hence if dim(D) > 3, then eS(D) and wS(D) are both uncountable.

Proof. Let A be a set of height-two prime ideals of D, i.e., A C X(D), and let
A={PeX'(D)|P¢ZQforall Qe A}. Then D =(\pcp,a Dp, and so if we let
I** = Npepua IDp for all I € F(D), then , is a star operation on D [3, Theorem
1] and #x-Max(D) = AU A (Proof. If P € AU A, then, clearly, P*» = P. Also,
if M is a prime ideal of D with P C M, then M** = D. Hence, P is a maximal
xp-ideal. Conversely, if Py is a maximal *j-ideal, then Py C P for some P € AUA,
and since P is a maximal x-ideal by the previous sentence, we have Py = P.).
Hence, if A1 and Ay are two distinct sets of height-two prime ideals of D, then
(¥, )w # (¥A,)w by Lemma 1.1. Thus, 2XP) < |wS(D)|. Next, recall from [8,
Lemma 3.1] that if % is a star operation of finite type, then we can construct an
e.a.b. star operation . such that *,, < %, and *-Max(D) = *.-Max(D). This means
that |[wS(D)| < |eS(D)|. Finally, note that if dimD > 3, then | X (D)| = oo [20,
Theorem 144], and thus eS(D) and wS(D) are both uncountable. O
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For more on Kronecker function rings and Nagata rings, see Fontana-Loper’s
interesting survey article [13] or [15, Section 32].

2. NAGATA RINGS

Let D be an integral domain, ¢f(D) = K, % be a star operation on D, {X,} be
a nonempty set of indeterminates over D,

D[{Xo}] = D[{Xa}]1 and N, = {f € D[{Xo}] | c(f)* = D}.

Let I be a nonzero ideal of D. Then I[{X,}] = {f € D[{Xa}] | ¢(f) € I}, and
hence I[{X,}] is an ideal of D[{X,}] such that ID[{X,}] C I[{Xa}]; equality
holds when [ is finitely generated; and I is a prime ideal if and only if I[{X,}] is
a prime ideal.

Lemma 2.1. Let D be a Noetherian domain.

(1) Nu = DX} \ Upes-ntasp) PI{Xa}]. Hence, N, is a saturated multi-
plicative subset of D[{X4}].
(2) Max(D[{Xa}In.) = {P[{Xa}]n. | P € *-Max(D)}.

Proof. (1) f € N, & ¢(f)* = D, & c(f) € P for all P € +-Max(D), & [ ¢
P[{Xo}] for all P € +-Max(D), < f € D[{Xa}] \Upecsntax(p) PI{Xa}]-

(2) Let A be an ideal of D[{X,}] such that A ¢ P[{X,}] for all P € «-Max(D).
By [15, Proposition 4.8], it suffices to show that there is an f € A such that
[ & P[{Xa}] for all P € %-Max(D); equivalently, ¢(f)* = D. Note that #; = %; so
we can choose some f1,..., f, € A such that (c(f1)+---+c(fn))* = D. Since D is
Noetherian, we can choose a polynomial g; € D[{X,}] such that ¢(g;) = ¢(f;) and
fi — gi does not have a monomial of degree < deg(g;). Let X € {X,} and

f=H+ f2xu(91)+1 + f3Xu(g1)+u(92)+2 I anu(m>+-~+u(g7,,71>+n717
where (1(g;) = deg(g;) fori=1,...,n — 1. Then f € A and ¢(f)* = D. O

As in the polynomial ring case, we call D[{ X, }]n, the (x-)Nagata ring of D with
respect to *. In particular, we denote by D(({X,}) the Nagata ring D[{X,}]n,
when * = d. The next corollary with Proposition 1.5 shows that a Noetherian
domain D has at least 21X(P)l Nagata rings, where X (D) is the set of height-two
prime ideals of D.

Corollary 2.2. Let %1, *o, and * be star operations on a Noetherian domain D.
(1) Ny C N, CN,.
(2) D{Xa}ln., = Dl{Xa}]nN., if and only if Ni, = N.,, if and only if ;-
Max(D) = x9-Max(D), if and only if (*1)w = (*2)w-
(3) If each mazimal ideal of D is a t-ideal, then D[{Xs}n. = D({Xa}))-

Proof. By Lemma 2.1, N, is a saturated multiplicative set of D[{X,}]. Hence, the
result can be proved by an argument similar to the proof of Lemma 1.1. |

We next give the Noetherian property of D[{X,}]~, that is already known when
[{Xa}| = 0o and *x = d [11, Theorem 2.6].
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Proposition 2.3. If D is a Noetherian domain, then D[{X.}]n, is a Noether-
ian domain and dim(D[{Xa.}]n.) = *w-dim(D). In particular, D({X.})) is a
Noetherian domain with dim(D({Xa}))) = dim(D).

Proof. Let P € %-Max(D). If {X,}| = oo, then ht(P[{X,}]) = htP < oo
and every prime ideal of D[{X,}] contained in P[{X,}] is finitely generated [11,
Lemma 2.4]. Also, if [{X,}| < oo, then D[{X,}] is Noetherian [7, Theorem 7] and
ht(P[{Xa}]) = htP < co. Thus, D[{X,}]w, is Noetherian and dim(D[{X,}]~.)
= #,-dim(D) by Lemma 2.1(2). O

The next result is the power series ring analog of [19, Theorem 2.12] that if

0 # f € D[X], then ¢(f) is *s-locally principal, i.e., ¢(f)Dp is principal for every
maximal #-ideal P of D if and only if fD[X|y., = ¢(f)D[X]n., if and only if
c(f)D[X]n, is principal.
Proposition 2.4. Let D be a Noetherian domain. Then the following statements
are equivalent for all 0 # f € D[{X4}].

(1) ¢(f) is x-invertible.

2) ¢(f) is x-locally principal.

(2) e(f)

(3) fPH{Xa}n. = c(f)D{Xa}]n. -
(4) e(f)D[{Xa}]nN, is principal.

(5) e(f)D[{Xa}]nN, is locally principal.

Proof. (1) < (2) This follows from [19, Proposition 2.6] because D is Noetherian
(hence * = %y and ¢(f) is finitely generated).

(2) = (3) Let P € x-Max(D) and ¢(f)Dp = aDp for some a € D. Since ¢(f)
is finitely generated, there is an s € D\ P such that s - ¢(L) = 2.c(f) € D.

a
Also, by [15, Propostion 7.4], we may assume that a is a coefficient of f. Hence,

L€ D{Xa}prixayr \ PH{Xa}ppix.p, and thus
(FPHXaHN)Prxan, = [PHXa}Prixay
= aD[{Xa}prixay
= o) DUXaHPrxn
= (c(f)DHXa}IN)PI{Xa}In, -
Thus, by Lemma 2.1 and [15, Theorem 4.10],
fDHXa}N. M PHXe}rrxan

Pex-Max(D)
= (N dHDPHXHrrx.
Pex-Max(D)

c(f)P[{Xa . -

(3) = (4) = (5) Clear.

(5) = (2) Let P € xMax(D). Then PD[{X,}]n. is a maximal ideal of
D[{Xa}]n. by Lemma 2.1, and hence c(f)D[{Xa} prix.y1 = e Xa}Prix.1]
for some a € ¢(f) [15, Proposition 7.4]. Thus, c(f)Dp = c(f)D[{ Xo}ppix.yy N E
= aD[[{Xa}]]pﬂ{Xa}]] NK =aDp. ([l



POWER SERIES OVER NOETHERIAN DOMAINS 7

Let * be a star operation on D. Then Pic(D[X]y,) = {0} [19, Theorem 2.14].
This was generalized to power series rings as follows: Let {X,} be an infinite
set of indeterminates over D, and let N,, = {f € D[{Xa}] | ¢(f)*/ = D}. Then
Pic(D[[{Xa}]]N*f) = {0}, i.e., every invertible ideal ofD[[{XQ}}]N*f is principal [11,
Proposition 3.6]. However, we don’t know if this result holds when {X,} is finite.
We next in Theorem 2.7 show that if D is Noetherian, then Pic(D[{X,}]n.) = {0}
for any set {X,} of indeterminates. To do this, we first need two lemmas.

Lemma 2.5. Lety be an indeterminate over D[{X,}] and N ={f € D[{Xa}][y] |
ep(f)" =D} If {Xa}| < oo, then

(1) N is a multiplicative subset of D[{X«}][y] and
2) (DHXa}n)() = (PEXaH )N -

Proof. (1) Note that D[{X,}][y] = D[{Xa}U{y}] [15, Exercise 11 on page 11] and
DI{X.Hly] € DI{XaHly]. Hence it we set N’ = 1 € DI{Xa}ul | en(f)” = D},
then N’ is a multiplicative set by Lemma 2.1 and N = N’ N D[{X,}][y]. Thus, N
is a multiplicative set.

(2) (©) Let w € (D[{Xa}]n.)(y). Then

go+ g1y +-+gmy™,, fot+ fry+-+ fuy”
( 3 )/( W )
P (go+ g1y + -+ gmy™)/P(fo+ fry+ -+ fuy"),

where h,h/ € N, and g;, f; € D[{X4}] such that (fo, f1,..., fn)D[{Xa}]n. =
D[{Xa}]n.. Note that (¢(fo) + c(f1) + -+ +c(fn))* = D by Lemma 2.1(2) and
ep(fot fry+- -+ fay") = c(fo) +c(fr) +- - +c(fu); so fot+ fry+- -+ fuy™ € N.
Thus, by (1), h(fo + fiy+ -+ fuy™) € N, and hence u € (D[{Xa}][y])n~-

(D) Let h = hg + hiy + - -+ hypy® € N, where h; € D[{X4}]. Clearly, cp(h) =
c(ho) + c(hy) + -+ + ¢(hg), and hence (c(hg) + ¢(h1) + -+ + ¢(hg))* = D. Thus,
h € (D{Xa} )W\ Upermax(p) (PH{Xa}n.)[yl, and since Max(D[{Xa}n.) =
{P[{Xo}]n. | P € «Max(D)} by Lemma 2.1(2), + € (D[{Xa}]n.)(y). Therefore
D{Xa}yln € (DX} N.)()- O

Lemma 2.6. Let V be a valuation domain, {X,} be a nonempty set of indetermi-
nates over V., and 0 # f,g € V[{Xa}]. If cv(f) and cy(g) are finitely generated,
then cv (fg) = cv(f)ev(g).

Proof. Let ¢(h) = cy(h) for h = f,g. Then ¢(f) = aV and ¢(g) = bV for some
0 # a,b € V because ¢(f) and ¢(g) are finitely generated. Hence c(%) =V and
(£) = V; equivalently, g, 2 e VI{Xa I\ M[{X,}], where M is the maximal ideal
of V. Note that V[{Xa}] \ M[{Xa}] is a multiplicative subset of V[{X,}]; so
5-% € V{Xa\M[{Xa}], and thus 0(5%) = V. Therefore ¢(fg) = ab-c(£~%) =
aV) (V) = e(f)e(g)- O
Theorem 2.7. Let D be a Noetherian domain. Then Pic(D[{Xa}]n.) = {0}, i.e.,
every invertible ideal of D[{Xa}] N, is principal.

u

Q

Proof. By [11, Proposition 3.6], we may assume that [{X,}| < oco. Let A =
(fos f1,-- -5 Jn)D[{Xa}]~. be an invertible ideal of D[{ X, }]n., where f; € D[{Xs}]-



8 G.W. CHANG

Let y be an indeterminate over D[{X,}] and g = fo + fiy + -+ + fuy™. Then, by
[2, Theorem 1], A(y) = g(D[{Xa}In.)(v):

Note that if weset N = {f € D[{Xa}][y] | co(f)* = D}, then (D[{Xua}]n.)(y) =
D[{Xa}][y]n by Lemma 2.5. Also, note that ¢(fo) is finitely generated; hence there
is an integer k1 > 1 such that c(fo + f1X*) = ¢(fo) + c(f1), where X € {X,}.
Repeating this process, there are positive integers ko, ..., k, such that if we let
f = fo+ fiXF 4+ o foXPn then c(f) = c(fy) + c(f1) + --- + ¢c(fn) and
DHXHlln € AW) = DX il

Let h € N and hy € D[{X,}]ly] be such that f = g - % or fh = ghy. We
claim that ep(hy)* = D. If not, there is a P € %-Max(D) with ¢p(hy) C P.
Let (V, M) be a valuation overring of D with M N D = P [15, Theorem 19.6];
so ey (h1) = ep(h1)V C M. However, note that cy(h) = V and cy(f) = cv(g);
hence cy (f) = cy(f)ev(h) = ey (fh) = ev(ght) = ev(g)ev(hi) = ev(f)ev(he)
by Lemma 2.6, and since cy (f) is finitely generated, we have cy(hy) = V, a
contradiction. Thus ¢p(hi)* = D and so f(D[{Xa}In,)(w) = A(y). Therefore
FDHXaHx. = F(DHXaHn.) () Naf(DHXoHx.) = Al Naf (DH{Xa}x.) = A
[15, Proposition 33.1(4)]. O

Let * be a star operation on D. A x-quasi-Prifer domain D is an integral domain
in which if Q) is a prime ideal in D[{X,}] and @ C P[{X,}], for some prime *-ideal
P of D, then Q = (QND)D[{X,}]. Asin [6], we say that an ideal A of D[{X,}]n,
is formally extended from D if A = I[{X,}]n, for some ideal I of D. Finally, D
is said to be of finite t-character if each nonzero nonunit of D is contained in only
finitely many maximal ¢-ideals of D. It is known that integral domains on which
t = v (e.g., Noetherian domains and Krull domains) are of finite ¢t-character [17,
Theorem 1.3].

Proposition 2.8. The following statements are equivalent for a Noetherian domain

D.

(1) D is a *-quasi-Prifer domain.
(2) Every prime x-ideal of D is a mazimal x-ideal, i.e., x-dim(D) = 1.
(3) Every prime ideal of D[{Xa}]nN, is formally extended from D.

Proof. (1) = (2) It is known that D is a x-quasi-Priifer domain if and only if
D is t-quasi-Priifer and *,, = w [9, Theorem 2.16]. Also, a Notherian domain
is a t-quasi-Priifer domain if and only if ¢-dim(D) = 1 [18, Theorem 3.7]. Thus,
«-dim(D) = 1.

(2) = (3) If M is a nonzero prime ideal of D[{X,}]n,, then M is maximal by
Proposition 2.3, and thus M = P[{X,}]n, for some P € *-Max(D) by Lemma 2.1.

(3) = (1) Let P be a maximal *-ideal of D. If P, = D, then we can choose
a,b € P so that (a,b), = D because Noetherian domains are of finite ¢-character.
Let @ be a prime ideal of D[{X,}] such that @ C P[{X,}] and @ is minimal over
a+bX where X € {X,}. Clearly, Q is a t-ideal, and since @ = P;[{X,}] for some
prime ideal Py of D by assumption, @ = Q: = (Pi[{Xa}]):t 2 ((a,0)D[{Xa}])w =
(a,0)u[{Xa}] = D[{Xa}], a contradiction (see [12, Proposition 2.1] for the fourth
equality). Hence, P, C D, and so P, = P because * < t. Thus, each maximal
x-ideal is a t-ideal, and therefore x,, = w.
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Next, if htP = n, then there are aj,...,a, € P such that P is minimal over
(at,...,an) [20, Theorem 153]. Let f = a; X +---+a, X™ and let @y be a minimal
prime ideal of fD[{X,}] such that Qy C P[{X,}]. Then Qo = (Qo N D)[{Xa}]
by assumption, and hence (ai,...,a,) € Qo N D C P. Since P is minimal over
(a1,...,an), we have Qo = P[{X,}]. Also, since D[{X,}] is Noetherian, 1 <n =
htP < ht(P[{X,}]) = htQo < 1. Hence, htP = 1, and therefore, t-dim(D) = 1.
Thus, D is a *-quasi-Priifer domain (see the proof of (1) = (2)). O

It is well known that an integrally closed Noetherian domain D is a Krull domain
[15, Theorem 43.4], and hence ¢t-dim(D) = 1.

Corollary 2.9. Let D be an integrally closed Noetherian domain.

(1) Every prime ideal of D[{Xa}]n, is formally extended from D if and only
if«x=vonD.
(2) D[{Xa}]n, is a principal ideal domain (PID).

Proof. (1) (=) The proof of (1) = (2) of Proposition 2.8 shows that #, = w.
Therefore, x = v because *,, < * < v and w =t = v on a Krull domain. (<) Since
D is a Krull domain, *dim(D) = t-dim(D) = 1. Thus, the result follows from
Proposition 2.8.

(2) Note that D[{X,}] is a Krull domain [14, Theorem 2.1], and so integrally
closed. Hence, D[{X,}]n, is a one-dimensional integrally closed Noetherian do-

main by Proposition 2.3, and so a Dedekind domain [15, Theorem 37.8]. Thus, by
Theorem 2.7, D[{X,}]n, is a PID. O

3. KRONECKER FUNCTION RINGS

Let D be an integral domain with quotient field K, X be an indeterminate over
D, and D[X] be the power series ring over D. Let * be an e.a.b. star operation on
D; in this case, D is integrally closed, and so if D is Noetherian, then D is a Krull
domain and t-Max(D) = X!(D).

Let D be an integrally closed Noetherian domain. In this section, we use an
e.a.b. star operation * on D to generalize the Kronecker function ring Kr(D, *) to
the power series ring Kr((D, *)). It is noteworthy that the results of this section can
be extended to D[{X,}]:1 and their proofs are the same as in the case of D[X].
Also, if R is an overring of D, then R[X] C ¢f(D[X]) if and only if D = R [22,
Theorem 3.4].

Lemma 3.1. Let x be an e.a.b. star operation on a Noetherian domain D.
(1) ep(fg)* = (ep(f)epn(g))* for all 0 # f,g € D[X].
(2) For A,B,C € F(D), if (AB)* C (AC)*, then B* C C*.
(3) The v-operation on D is an e.a.b. star operation.

Proof. (1) Clearly, x is of finite type, and hence there exists a family {V,} of
valuation overrings of D such that I* = (| IV, for all I € F(D) [15, Theorem
32.12]. Note that cy, (h) = ¢p(h)V, for all h € D[X]; so cv, (f) and ¢y, (g) are
finitely generated. Hence ¢y, (fg) = cv,(f)ev, (g) for all @ by Lemma 2.6, and

therefore c¢p(fg)* = (cp(f)ep(g))*.
(2) This follows because A, B, C are finitely generated.
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(3) Since D admits an e.a.b. star operation, D is integrally closed, and thus D
is a Krull domain. Hence, every nonzero fractional ideal of D is v-invertible. Thus,
v is an e.a.b. star operation. O

In [5, Theorem 2.13], the authors introduced the power series ring analog of the
Kronecker function ring for an integral domain D satisfying ¢(fg)" = (¢(f)e(g))?
for all 0 £ f,g € D[X] as follows:

D? = {% | f,g € D[X] with 0 # g and f =0 or ¢(f)” C ¢(g)"}.
They then showed that D? is a completely integrally closed Bezout domain.

Theorem 3.2. Let D be an integrally closed Noetherian domain, x be an e.a.b.
star operation on D, and

KWD#D:{glﬂQGIWXRO#g7mm@pﬁ)éqﬂ@ﬂ-

(1) Kr((D,x)) is a Bezout domain with D[X]|n, C Kr((D,x)) C q¢f

(2) Kr(D,*x) N K =D and Kr(D,*) N K(X) = Kr(D, ).

3) fKx(D, ) NK = c(f)* and fKr((D,*)) = e(f)*Kr(D, ) = c(f)Kr((D,*)
for all 0 # f € D[X].

(4) If I is a nonzero ideal of D, then IKr(D,*) N K = I*.

(5) Kr(D,b) € Kr((D,*)) € Kr(D,v)).

(DIX])-

Proof. (1) Claim 1. Kr((D,x)) is well-defined. (Proof. Let 0 # f,g,h,k € D[X]
be such that ¢(f) C ¢(g)* and % = £ Then fh = gk, and hence (c(g)c(k))* =
c(gh)” = c(fh)" = (c (f)C(h))* (c(g)e(h))*. Thus, c(k)* C c(h)*.)

Claim 2. Kr((D,*)) is an integral domain. (Proof. Assume that L 5 and E ar
nonzero elements of Kr((D, *)). Then c(fh + gk)* C (c(fh) + c(gk))* = ( ( h)
c(gk)*)" = ((e(f)e(h)* + (c(g)e(k))* € (elg)e(h)* = e(gh)*. Hence I + %
% € Kr((D, ). Also, c¢(fk)* = (c(f)e(k))* C (c(g)e(h))* = c¢(gh)*, and hence
Lg=05ek(D,x))

Claim 3. Kr((D,*)) is a Bezout domain. (Proof. It suffices to show that
(f,9)Kr((D, «)) is principal for all 0 # f,¢g € D[X]. Since D is Noetherian, ¢(f) is
finitely generated, and so there is an integer n > 1 such that if we let h = f +¢gX™,
then c(h) = ¢(f) + c(g). Clearly, h € (f, g)Kr((D,*)). Also, ﬁ, 4 € Kr((D, +)), and
hence (f, g)Kr((D,x)) C hKr((D, x)).)

Claim 4. D[X]n, € Kr((D,*)) C ¢f(D[X]). (Proof. This is clear.)

(2) Clearly, D C Kr((D,*)) N K. For the reverse containment, let 0 # u = 5 S
Kr(D,x) N K, where f,g € D[X] with ¢(f)* C ¢(g9)*. Then ug = f, and so
uc(g)* = e(f)* C e(g)*. Hence, u € uD C D, and thus Kr(D,*)) N K C D. Also,
it is obvious that Kr((D, *)) N K(X) = Kr(D, *).

(3) If a € ¢(f)*, then G € Kr((D, ), and hence o € fKr((D,*)). Thus, ¢(f)* C
JKr(D,*)) N K. Conversely, assume 0 # u € fKr((D,*)) N K. Then there are
some 0 # g,h € D[X] such that c¢(h)* C ¢(g)* and v = f - %. Hence, ug =
fh, and so uc(g)* = (c(f)e(h))* C (e(f)e(g))*. Thus, u € uD C e(f)*. Thus,
FKr(D,*)) N K = ¢(f)*. This also proves the second result because ¢(f) is finitely
generated.

H+
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(4) This is an immediate consequence of (3) because we can choose a power series
f € D[X] such that I = ¢(f).
(5) This follows because b < * < v. O

Corollary 3.3. If x; and %o are e.a.b. star operations on a Noetherian domain D
such that Kr(D,*1)) = Kr((D,*2)), then x; = *s.

Proof. Let I be a nonzero fractional ideal of D. If I C D, then there is an f € D[X]
such that ¢(f) = I, and hence I** = ¢(f)*t = fKr((D,*1)NK = fKr(D, ) NK =
c(f)*2 = I by Theorem 3.2. Next, if I ¢ D, then there is a 0 # d € D with
dI C D. Hence, dI** = (dI)** = (dI)*> = dI*?, and thus I** = I*2. Therefore,
K1 = *q. O

Remark 3.4. Let D be an integrally closed Noetherian domain. Then D is a
Krull domain, and hence the v-operation is an e.a.b. star operation. Note that
b-Max(D) = Max(D) and ¢-dim(D) = 1. Hence, b = v if and only if dim(D) = 1,
and in this case, Kr((D,b)) = Kr((D,v)) is a PID (see Corollaries 2.9 and 3.13).
Thus, if dim(D) > 2, then D has at least two distinct e.a.b. star operations b and
v, and by Corollary 3.3, Kr((D, b)) C Kr((D, v)). More precisely, by Proposition 1.5
and Corollary 3.3, there are at least 21X(P)l Kronecker function rings of D, where
X (D) is the set of height-two prime ideals of D.

Let v be a valuation on K, associated with V', and let X be an indeterminate
over V. For each f = ag+a1 X+---a, X" € V[X], let v*(f) = inf{v(a;)}. Then v*
is a valuation on K (X), called the trivial extension of v to K(X), and its valuation
ring is V(X); so V(X) = {% | f,g € D[X],g # 0, and ¢(f)V C ¢(g9)V}. Clearly,
the value group of v* is equal to that of v.

Let M be the maximal ideal of V. Then V(X) = V[X]yx] and V(X)) =
VIX]apxy- Hence V(X) is a valuation domain, while V(X)) is a valuation domain
if and only if V' is a rank one DVR [1, Theorems 1 and 2].

Proposition 3.5. Let V' be a valuation overring of a Noetherian domain D, v be
the valuation of V., and V = {5 | f,g€ D[X],9 #0, and c(f)V C c(g9)V}.

(1) V is a valuation domain such that V N K(X)=V(X).

(2) If M is the mazimal ideal of V', then M= {5 | f,g € D[X],g # 0, and
c(f)V Cc(g)V} is the mazimal ideal of V.

(3) If f € D[X], then c(f)V = aV for some coefficient a of f.

(4) For f € D[X], let v*(f) = v(a), where a € D with c(f)V = aV by (2).
Then v* is a valuation on qf(D[X]), associated with V, and its value group
is the same as that of v.

(5) dim(V) = dim(V).

(6) V is discrete if and only if V is discrete.
Proof. (1) Let 0 # f,g,h,k € D[X] be such that ¢y (f) C cy(g) and g =k
Then fh = gk, and hence, by Lemma 2.6, cv(g)ev (k) = cv(gk) = cv(fh) =
cv(f)ev(h) C ev(g)ech). Note that cy(g) is finitely generated, and so principal.

Hence, cy (h) C cy (k). This shows that V is well-defined and V N K (X) = V(X).
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Next, to show that V is a valuation domain, let 0 # f,g,h1,ha € D[X] be
such that 7- ,hi € V. Then, by Lemma 2.6, c(fg)V = cv(fg) = cv(f)ev(g) C
cv(hi)ey(ha) = ey (hihs) = ¢(hihe)V, and thus hil € V. Again, by Lemma
2.6, C(th + ghl)V = Cv(fhz + ghl) - Cv(fhg) + Cv(ghl) = Cv(f)CV(hQ)
ev(g)ev(h1) C ey (hi)ev(he) = cv(hihs), and hence hil +iZ € V. Thus, V is
an integral domain because VC qf(D[X]). Also, since V is a valuation domain,
either ¢(f)V C ¢(g9)V or ¢(g)V C e(f)V for all 0 # f,g € D[X]. Hence 5 eVor
% € ‘7, and therefore V is a valuation domain.

(2) Let 0 # f,g € D[X]. Then -5 is a unit of V if and only if c(f)V =c(g)V,
and since V is quasi-local by (1), M is the maximal ideal of V.

(3) This follows because ¢(f) is finitely generated.

(4) Let 0 # f,g € D[X], and let ¢(f)V = aV and c¢(g9)V = bV. Note that
c(fg)V =cv(fg) =cv(f)ev(g) = (aV) (V) = abV by Lemma 2.6; hence v*(fg) =
v(ab) = v(a) +v(b) = v*(f) + v*(g). Note also that c(f + g) = (a; + b;)V for some
a; € ¢(f) and b; € ¢(g) by (3). Hence v*(f + g) = v(a; + b;) > min{v(a;),v(b;)} >
min{v(a),v(b)} = min{v*(f),v*(g)}. Thus, v* is a valuation on ¢f(D[X]) whose
value group is the same as that of v. Next, g eV saV =c(f)V Celg)V = bV,
S o(§) >0, & v'(g) =v(b) <via) =v(f), & v*(g) > 0. Therefore, V is the
valuation ring of v*

(5) Tt is known that if G is the value group of v, then the rank of G (as a totally
ordered abelian group) is equal to dim(V') [21, Theorem 5.17]. Thus, by (4), dim(‘7)

= dim(V).
(6) This follows from [15, Exercise 22 on p. 205], because the value group of v*
is the same as that of v by (4). O

A valuation overring V' of D is called a *-valuation overring of D if I* C IV
for all I € f(D). It is known that if * is e.a.b., then Kr(D,x) = ([{V(X) |V is a
x-valuation overring of D} [13, Proposition 13].

Lemma 3.6. Let x be an e.a.b. star operation on a Noetherian domain D. Then
V is a x-valuation overring of D if and only if V is an overring of Kr((D,*)).

Proof. Assume that V is a x-valuation overring of D, and let 0 # f, g € D[X] with
5 € Kr(D,«)). Then c¢(f)V = c(f)*V C ¢(9)*V = ¢(g)V because ¢(f) and ¢(g)
are finitely generated, and hence § € V. Thus Kr(D,x)) C V. For the reverse
implication, it suffices to show that if 0 # h € D[X], then c¢(h)* C ¢(h)V. Recall
that ¢(h)* = hKr((D,*)) N K by Theorem 3.2(3); so if we let hy € D[X] with
c(hy) = ¢(h)* (note that ¢(h)* is finitely generated), then c¢(hq)* = ¢(h)*, and thus
b e Kr((D,*)) C V. Thus c(h)* C c(h)*V = c(h1)V C c(h)V. 0

We say that D has valuative dimension n, denoted by dim,(D) = n, if each
valuation overring of D has dimension at most n and if there is a valuation overring
V of D with dim(V) = n. It is known that if D is an n-dimensional Noetherian
domain, then dim, (D) = n [15, Corollary 30.10]. Let v be a valuation on K, where
K is the quotient field of a Noetherian domain D, associated with V', and let v*
be the valuation on ¢f(D[X]), associated with V. Then, as in the polynomial ring
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~

case, we will say that v* is the trivial extension of v to ¢f(D[X]) (equivalently, V'
is called the trivial extension of V' to ¢f(D[X])).

Corollary 3.7. Let  be an e.a.b. star operation on a Noetherian domain D, W
be a valuation overring of Kr((D,x)), and V. =W N K.

(1) W is the trivial extension of V to qf(D[X]), i.e., W = V.

(2) V is a x-valuation overring of D.
(3) dim(Kr((D,b))) = dim,(D).

Proof. (1) Let v* be the valuation on ¢f(D[X]) associated with W, and let v be
the restriction of v* to K. Let 0 # f € D[X]. Then ¢(f)V = aV for some a € D
by Proposition 3.5(3). Also, since ¢(f)Kr((D,*)) = fKr((D,*)) by Theorem 3.2(3),
aW = ¢(f)W = fW because Kr(D, ) € W. Thus, v*(f) = v*(a) = v(a). So if
0 # f,g9 € D[X], then % eW v (f) >v*(g9) @ c(f)V Ce(g)V & 5 € V. Thus,
W=V.

(2) This follows from (1) and Lemma 3.6.

(3) Since Kr((D,b)) is a Bezout domain by Theorem 3.2(1), the result follows
directly from (1), Lemma 3.6 and Proposition 3.5(5). a

Corollary 3.8. Let x be an e.a.b. star operation on a Noetherian domain D. Then
Kr(D, ) =({V | V is a *-valuation overring of D}.

Proof. This follows from Lemma 3.6 and Corollary 3.7 because Kr((D, *)) is inte-
grally closed and so the intersection of valuation overrings [15, Theorem 19.8]. [

It is known that if P is a height-one prime ideal of an integrally closed Noetherian
domain D, then Dp is a rank-one DVR, and hence IDp = (IDp)” = I"Dp for all
I € F(D); so Dp is a v-valuation overring of D.

Corollary 3.9. If D is an integrally closed Noetherian domain, then Kr((D,v)) is
a PID and Kr((D,v)) = D[X]n,.

Proof. By Corollary 2.9, it suffices to show that Kr((D,v)) = D[X]n,. Note
that D[X]n, = ﬂPeXl(D)D[[X]]p[[X]], because Max(D[X]n,) = {P[X]n~, | P €
X'(D)} by Lemma 2.1. Let P € X'(D). Then Dp and D[X]pyx) are both
rank-one DVRs. Also, obviously, D[X]pix] € l/); because ¢(f)Dp = Dp for all
f € D[X]\ P[X], and thus D[X]ppx; = Dp. So, by Theorem 3.2 and Corol-
lary 3.8, Kr(D,v) € ({Dp | P € X' (D)} = D[X]n, C Kr(D,v). Thus,
Kr(D,v) = D[X]x,. o

Corollary 3.10. Let % be an e.a.b. star operation on a Noetherian domain D. If
T is an overring of Kr((D,x)), then T = (), Va for some set {V,} of *-valuation
overrings of D containing T N K.

Proof. Clearly, T is integrally closed because T' is an overring of a Bezout domain.
Hence, if we let {W,} be the set of valuation overrings of T', then T' =", W,. Put
Vo =W,N K. Then V, is a x-valuation overring of D containing 7'N K such that
W, = ‘//; by Corollary 3.7. Thus, T' =, I//; O
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It is known that {V,} is a set of valuation overrings of D, then [V, (X) is a
Bezout domain (cf. [15, Theorem 32.11]).

Corollary 3.11. Let {V,} be a set of valuation overrings of a Noetherian domain
D, and let T = (\V,. Then T is a Bezout domain.

Proof. Let R =, Va, and let R= {g | frg € D[X],9 # 0, and ¢(f)Va C ¢(g)Va
for all a}. Then R is a Bezout domain by an argument similar to the proof of
Theorem 3.2(1). Clearly, T'= R, and thus T is a Bezout domain. O

Corollary 3.12. Let R be an integrally closed overring of a Noetherian domain D,
{Va} be the set of valuation overrings of R, and

:{i | f,9 € D[X],9 # 0, and c(f)Va C c(g)Va for all a}.
Then R is a Bezout domain such that RN K = R and D(X)) C RC qf (D[X]).

Proof. Clearly, R = ﬂI//\ and D(( ) CRC qf D[X]). Hence, R is a Bezout
domain by Corollary 3.11 and RN K = (ﬂV )N K = ﬂ(V NKX)NK) =
N(Va(X)N K) = (Vo = R by Proposition 3.5(1). O

Corollary 3.13. The following statements are equivalent for an integrally closed
Noetherian domain D.

(1) D is a Dedekind domain.

(2) Kr(D,b)) = D(X)).

(3) D((X)) is a Priifer domain.

(4) dim(D) = 1.

(5) Kr((D,b)) = Kr((D,v)).

Proof. (1) = (2) This follows from Corollary 3.9, because a Dedekind domain is a
Krull domain on which d =t = v.

(2) = (3) This is an immediate consequence of Theorem 3.2(1).

(3) = (1) [10, Corollary 7].

(1) & (4) Recall that an integrally closed Noetherian domain is a Krull domain;
hence the result follows from the fact that a Krull domain is a Dedekind domain if
and only if it is of dimension one.

(1) = (5) This follows because b = d = v on a Dedekind domain.

(5) = (4) Let M be a maximal ideal of D. If htM > 2, then M; = D, and so
there is a nonzero subideal I of M such that I, = D. Since [ is finitely generated,
there is a polynomial f € D[X] such that ¢(f) = I. Clearly, f € N,, and so % €
Kr((D,b)) by (5) and Corollary 3.9. Hence, c(f) = ¢(f)® = D, a contradiction.
Thus, ht M = 1, and so D is one-dimensional. O

Acknowledgement. The author would like to thank the referee for careful reading
and several valuable comments.

REFERENCES

[1] J. Arnold and J.W. Brewer, When (D[X]) px] is a valuation ring, Proc. Amer. Math. Soc.,
37 (1973), 326-332.



POWER SERIES OVER NOETHERIAN DOMAINS 15

[2] D.D. Anderson, Some remarks on the ring R(X), Comment. Math. Univ. St. Paul. 26 (1977),
137-140.

[3] D.D. Anderson, Star-operations induced by overrings, Comm. Algebra 16 (1988), 2535-2553.

[4] D.D. Anderson and S.J. Cook, Two star-operations and their induced lattices, Comm. Algebra
28 (2000), 2461-2475.

[5] D.D. Anderson and B.G. Kang, Content formulas for polynomials and power series and
complete integral closure, J. Algebra 181 (1996), 82-94.

[6] D.D. Anderson and B.G. Kang, Formally integrally closed domains and the rings D((X)) and
DX}, J. Algebra 200 (1998), 347-362.

[7] J.W. Brewer, Power Series over Commutative Rings, Dekker, New York, 1981.

[8] G.W. Chang, Priifer x-multiplication domains, Nagata rings, and Kronecker function rings,
J. Algebra 319 (2008), 309-319.

[9] G.W. Chang and M. Fontana, Uppers to zero in polynomial rings and Prifer-like domains,
Comm. Algebra 37 (2009), 164-192.

[10] G.W. Chang and D.Y. Oh, When D((X)) and D{X}} are Prifer domains, J. Pure Appl.
Algebra 216 (2012), 276-279.

[11] G.W. Chang and D.Y. Oh, The rings D((X)); and D{{X}};, J. Algebra Appl. 12 (2013),
1250147 (11pages).

[12] D.E. Dobbs and E. Houston, On t-Spec(R[X]), Canad. Math. Bull. 38 (1995), 187-195.

[13] M. Fontana and K.A. Loper, A historical overview of Kronecker function rings, Nagata
rings, and related star and semistar operations, in: J.W. Brewer, S. Glaz, W.J. Heinzer,
B.M. Olberding (Eds.), Multiplicative Ideal Theory in Commutative Algebra. A Tribute to
the Work of Robert Gilmer, Springer, 2006, pp. 169-187.

[14] R. Gilmer, Power series rings over a Krull domain, Pacific J. Math. 29 (1969), 543-549.

[15] R. Gilmer, Multiplicative Ideal Theory, Dekker, New York, 1972.

[16] E. Houston, A. Mimouni, and M.H. Park, Noetherian domains which admit only finitely
many star operations, J. Algebra 366 (2012), 78-93.

[17] E. Houston and M. Zafrullah, Integral domains in which each t-ideal is divisorial, Michigan
Math. J. 35 (1988), 291-300.

[18] E. Houston and M. Zafrullah, On t-invertibility II, Comm. Algebra 17(1989), 1955-1969.

[19] B.G. Kang, Prifer v-multiplication domains and the ring R[X|n,, J. Algebra 123 (1989),
151-170.

[20] I. Kaplansky, Commutative Rings, Revised Ed., Univ. of Chicago, Chicago, 1974.

[21] M.D. Larsen and P.J. McCarthy, Multiplicative Theory of Ideals, Academic Press, New York
and London, 1971.

[22] P.B. Sheldon, How changing D[X] changes its quotient field, Trans. Amer. Math. Soc. 159
(1971), 223-244.

v?

DEPARTMENT OF MATHEMATICS EDUCATION, INCHEON NATIONAL UNIVERSITY, INCHEON 22012,
REPUBLIC OF KOREA.
E-mail address: whan@inu.ac.kr



