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1. Introduction

We fix a positive integer n. The symmetric group of degree n is denoted Sym(n). For
a partition A = (A1, Ag,...) of n we have the Young subgroup, i.e., the group Sym(\) =
Sym(A1) xSym(Ag) x - - -, regarded as a subgroup of Sym(n) in the usual way. By a Young
Sym(n)-set we mean a finite Sym(n)-set such that each point stabiliser is conjugate to
a Young subgroup. Let R be a commutative ring. Our interest is in the endomorphism
algebra Endgym,(,) (R Q) of the permutation module R on a Young Sym(n)-set 2. We
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shall show that Endgym(,)(Z €2) has a cellular structure, Theorem 6.3, hence by base
change so has Endgym ) (R ), for an arbitrary commutative ring R.

Taking the base ring now to be a field k of positive characteristic, we give a criterion for
Endgym(n)(k€2) to be a quasi-hereditary algebra, in terms of the set of partitions X of n for
which Sym(\) occurs as a point stabiliser, and the characteristic p of k, see Theorem 6.5.
This is applied to the case Q = I(n,r), the set of maps from {1,...,7} to {1,...,n}, for a
positive integer r, with Sym(n) acting by composition of maps. The permutation module
kI(n,r) may be regarded as the rth tensor power E®" of an n-dimensional vector space
E, and we thus determine when Endgyp, () (E®T) is quasi-hereditary, see Proposition 7.3.

We conclude by addressing two points raised by the referee, to whom I am most
grateful. The first point is to relate quasihereditary endomorphism algebras of Young
permutation modules to generalised Schur algebras and the second is to note that the
decomposition numbers for the endomorphism algebra of an arbitrary Young permuta-
tion module are decomposition numbers for general linear groups.

Our procedure is to analyse the endomorphism algebra of a Young permutation mod-
ule in the spirit of the Schur algebra S(n,r) (which is a special case). Of particular
importance to us will be the fact that the Schur algebra is quasi-hereditary. There are
several approaches to this (see e.g. [7, Section A5] and [20]) but for us the most con-
venient is that of Green, [11]. This has the advantage of being a purely combinatorial
account carried out over an arbitrary commutative base ring. So we regard what fol-
lows as a modest generalisation of some aspects of [11]: we follow Green’s approach and
notation to a large extent.

2. Preliminaries

We write mod(S) for the category of finitely generated modules over a ring S.

Let G be a finite group and K a field of characteristic 0. Let X be a finitely generated
KG-module. Suppose that all composition factors of X are absolutely irreducible. Let
Uip,...,Uq be a complete set of pairwise non-isomorphic composition factors of X. We
write X as a direct sum of simple modules X = X;®---®X},. For 1 < i < d let m; be the
number of elements r € {1,...,h} such that X, is isomorphic to U;. Let S = Endg(X).
Then S is isomorphic to the product of the matrix algebras M,,, (K), ..., My, (K). We
have an exact functor from f : mod(KG) — mod(S), given on objects by f(Z) =
Homgymn)(Z, X). Moreover we have S = f(X) = @?:1 Homg (X, X). It follows that
the modules L; = fU; = Homg(U;, X), 1 < i < d, form a complete set of pairwise
non-isomorphic irreducible S-modules.

The situation in positive characteristic is similar, cf. [10, (3.4) Proposition]. Suppose
now that F' is any field which is a splitting field for G. Let Y be a finitely generated
K G-module in which every indecomposable summand is absolutely indecomposable. Let
Vi,..., Ve be a complete set of pairwise non-isomorphic indecomposable summands of Y.
We write Y as a direct sum of indecomposable modules Y =Y ®--- @Y. For1 < j <e
let n; be the number of elements r € {1,...,k} such that Y, is isomorphic to Vj. Let
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T = Endg(Y). Then each P; = Homg(V;,Y) is naturally a T-module and the modules
Py, ..., P, form a complete set of pairwise non-isomorphic projective T-modules. Let N;
be the head of P;, 1 < j < e. Then the modules Ny,..., N, form a complete set of
pairwise non-isomorphic irreducible T-modules. The dimension of IN; over F' is n;.

We now fix a positive integer n. We write Par(n) for the set of partitions of n. By
the support ((2) of a Young Sym(n)-set  we mean the set of A € Par(n) such that
the Young subgroup Sym(\) is a point stabiliser. Let R be a commutative ring. For a
Young Sym(n)-set 2 we write So g for the endomorphism algebra Endgym () (R€2) of the
permutation module R(). For A € Par(n) we write M (\)g for the permutation module
R Sym(n)/Sym(}\).

We have the usual dominance partial order < on Par(n). Thus, for A = (A1, Aa,...),u =
(12, ...) € Par(n), we write A Qpif My + -+ X <pg 4+ -+ pg forall 1 <a<n.

Recall that the Specht modules Sp(A)g, A € Par(n), form a complete set of pairwise
irreducible QSym(n)-modules. For A € Par(n) we have M (A)g = Sp(A)g @ C, where C
is a direct sum of modules of the form Sp(u) with A < u, and moreover every Specht
module Sp(p)g with A <y occurs in C' (see for example [14, 14.1]).

For a Young Sym(n)-set © we define

CB(Q) = {u € Par(n) | u > X for some A € ((Q)}.

Thus the set of composition factors of QQ is {Sp(u)g |ux € ¢Z(2)} and, setting
Va(u)g = Homgym n) (Sp(1) @, Q€2), we have the following.

Lemma 2.1. The modules Vo(N)g, A € ¢2(Q), form a complete set of pairwise non-
isomorphic irreducible Sq q-modules.

Remark 2.2. Since Sg, @ is a direct sum of matrix algebras over Q it is semisimple, all irre-
ducible modules are absolutely irreducible and dimg So,@ = >_)ece (o) (dimg Va(N)g)%

We now let k be a field of characteristic p > 0. For A € Par(n) we have the Young
module Y () for kSym(n), labelled by A, as described in [7, Section 4.4] for example.
Then we have M (\), =Y (A) @ C, where C' is a direct sum of Young modules Y (i), with
A <, see for example [7, Section 4.4 (1) (v)]. A partition A = (A1, Mg, ...) will be called
p-restricted (also called column p-regular) if A\; — \;41 < p for all ¢ > 1. A partition A
has a unique expression

A= pA3i)

i>0

where each A(7) is a p-restricted partition. This is called the base p (or p-adic) expansion
of A.

We write A(n) for the set of all n-tuples of non-negative integers. An expression
A= Y50P™(i), with all v(i) € A(n) (but not necessarily restricted) will be called a
weak p expansion.
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For an n-tuple of non-negative integers v we write 7 for the partition obtained by
arranging the entries in descending order.

Definition 2.3. For A\, i € Par(n) we shall say that p p-dominates A, and write p >, A

(or A <, p) if there exists a weak p expansion A = Y, p'y(i), such that p(i) > (i) for
all i > 0, where g = >, p'u(i) is the base p expansion of .

Note that A <, 1 implies A < p.
By [6, Section 3, Remark], for A\, i € Par(n), the module Y (1) appears as a component
of M(\) if and only if A <, u. For a Young Sym(n)-set Q we define

¢Br(Q) = {u € Par(n) | >, X for some A € ((Q)}.

Writing Po (1) = Homgym(n) (Y (1), kS2) and writing Lo (u) for the head of Po(u), for
u € 27 (Q) we have the following.

Lemma 2.4. The modules Lo()\), A € (Z»(Q), form a complete set of pairwise non-
isomorphic irreducible Sq 1-modules.

3. Basic constructions

We fix a positive integer n and a Young Sym(n)-set Q2. Here we assume the base ring
R is either the ring integers Z or the field of rational numbers Q. We write Mq g, or just
Mp for the permutation module R over RSym(n). We also just write M for Mq 7.
We shall sometimes write simply Sg for Sq r and just S for Sz. We identify S with a
subring or Sg in the natural way.

Let {O, | a € Aq} be a complete set of orbits in Q. For A € {(Q) we pick a(\) € Ag
such that Sym()) is a point stabiliser of some element of Oy »).

We put My r = RO,, and sometimes write just M, for M, z, for « € Aq. For
B8 € Aq we define the element g of Sr to be the projection onto Mg r coming from
the decomposition Mr =
orthogonal decomposition:

wEhg Mg, r. Then each &, is idempotent and we have the

For a left Sg-module V and 8 € Ag we have the  weight space #V = &3V and the
weight space decomposition

V= @ ay,

aElq

For A € Par(n) we define
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0, otherwise.
Similar remarks apply to weight spaces of right Sg-modules.
Lemma 3.1. Let A € (5(R2). Then we have:
(Z) dimQ /\VQ()\)Q = 1,’ and
(i) if u € Par(n) and *Vo(N)g # 0 then u < A.

Proof. Let y € Par(n) and suppose #*Vq(A)g # 0. Thus &, Homgym ) (Sp(N)q, Mg) # 0
i.e., Homgym(n) (Sp(N)q, M (1)) # 0 and so pu > A, giving (ii). Moreover

EAHomSym(n)<Sp(/\)Q7 MQ) = Homsym(n)(Sp(/\)Q’ M(/\)Q) =Q
giving (i). O

For A\ € Par(n) we set

B {sam, if A€ ¢(Q):
&=

0, otherwise.

For A € Par(n) we set Sg(\) = SrérSk and for o C Par(n) set

Sr(0) =3 Sr(N).

A€o

We also write simply S(A) for Sz(\) and S(o) for Sz (o).

Let < be a partial order on Par(n) which is a refinement of the dominance partial
order. For A € {(R2) we set Sg(> A) = Sg(c), where 0 = {u € Par(n)|p > A}, and
Sr(> A\) = Sgr(7), where 7 = {u € Par(n) | u > A}. Thus

Sr(> X)) = Sré\SR + Sr(> A).
We set Vg(\) = Sr(> \)/Sr(> \). So we have

Ve(M)? = (Sréx + Sr(> N)/Sr(> A),
MVr(N) = (ExSk + Sr(> ) /Sr(> A

and the multiplication map Sr€y X £,S5r — Sgr induces a surjective map
Pr(N) : VRN @r *VR(A) = Va(A).

For left Sgp-modules P, @ and A € Par(n) we define Homg‘ym(n)(P,Q) to be the
R-submodule of Homgyym)(P, Q) spanned by all composite maps f o g, with f €
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Homgyun) (M (MR, Q) and g € Homgyyn) (P, M(A)g). For a subset o of Par(n) we
set

HomSym n) P Q Z HomSym (n) (P Q)
A€o

We note some similarity of our approach here via these groups of homomorphisms
with the approach to Schur algebras due to Erdmann, [8], via stratification.
For A € Par(n) we define Homgy);n(n)(P,Q) = Homg,,,,(,,) (P, Q), where 0 = {u €

Par(n) |pn > A}, and Homsym(n (P, Q) = Hom{ () (P, ), where 7 = {1 € Par(n) | u >

A}
Note that if A ¢ ¢(2) then Vr(X) = 0. Suppose A € ¢(€2). Then we have

SrREVSR = Z Homgym(n)(Ma,r, Ma,r)ExHomgym (n) (M, R, M5, R)
a,B,v,0€Aq

Z Homgym(n) (Ma,rs Max))xHomgym ) (Mar), M5, r)
a,0€Nq

@ Homg\ym(n) (Ma,Rv MﬁyR)
a,BEAq

and hence

@ Homgym(n) (MQ7R7Mﬁ,R) (1)
a,BE€Aq

for o C Par(n). In particular we have

@ HomSym (n) MDA,RaMB,R)

a,BEAq
and
@ Homgy)\m(n)(Ma,RaMﬁ7R)
a,BEANQ
and hence
= @ Homg),, ) (Ma,r, Mp,g)/Homg), ) (Ma,r, Mp,g). 2)

a,fENq

Example 3.2. Of crucial importance is the motivating example of the usual Schur algebra
S(n,r). Let R be a commutative ring and let Er be a free R-module of rank n. Then
Sym(r) acts on the r-fold tensor product E5" = Er ® --- @ Eg by place permutation,
and the Schur algebra Sg(n,r) may be realised as Endsym(r)(Ef%T).
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We choose an R-basis ey,...,e, of Er. We write I(n,r) for the set of maps from
{1,...,r} to {1,...,n}. We regard i € I(n,r) as an r-tuple of elements (i1, ...,%,) with
entries in {1,...,n} (where i, =i(a), 1 < a < r). The group Sym(r) acts on I(n,r) by
composition of maps, i.e., by w-i =iow™!, for w € Sym(r), i € I(n,r). For i € I(n,r)
we write e; for e;; ® --- ® ;.. Then we have w - e; = €;0,,-1, for i € I(n, ).

Thus we may regard Eg’r as the RSym(r) permutation module RS2 on Q = I(n,r).
Note that ¢(Q) = AT (n,r), the set of partitions of r with at most n parts. We write
A(n,r) for the set of weights, i.e., the set of n-tuples of non-negative integers o =
(a1...,ay,) such that a3 + -+ 4+ a;, = r. An element ¢ of I(n,r) has weight wt(i) =
(a1,...,apn) € A(n,r), where a, = i~ 1(a)|, for 1 < a < n. For o € A(n,r) we have the
orbit O, consisting or all i € I(n,r) such that wt(i) = a. Then RQ =P, ) 2O0a-

4. Groups of homomorphisms between Young permutation modules

In the situation of the Example 3.2 it follows from the quasi-hereditary structure of
Sz (n,r) that Vz()) is a free abelian group - indeed an explicit basis is given by Green
n [11, (7.3) Theorem, (ii), (iii)]. Thus, taking r = n, from Section 3, (2), we have the
following.

Lemma 4.1. For all A\, i, 7 € Par(n) the quotient

HOmSZy)\m(n) (M(N’)? M(T))/Homgykm(n) (M(M)> M(T))

is torsion free.

We can improve on this somewhat. A subset o of Par(n) will be called cosaturated
(also said to be a coideal) if whenever A, € o, A € o and A < p then p € 0.

Proposition 4.2. Let 0,7 be cosaturated subsets of Par(n) with the 7 C o. Then, for all
w,v € Par(n), the quotient

Homgym(n) (M(M)7 M(V))/Homgym(n) (M(M)v M(V))
is torsion free.
Proof. If there is a cosaturated subset § with 7 C  C o (and 6 # o, 7) and if

Homg ) (M (1), M (v)) /HomS ) (M (1), M (v))

and

Homgym(n) (M(/’L)v M(V))/Homgym(n) (M(/’L)v M(V))
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are torsion free then so is

Homsg () (M (1), M (v)) /Homg 1, () (M (), M (v))-

Thus we are reduced to the case T = o\ {\}, where X is a minimal element of . We choose
a total order =< on Par(n) refining < such that, writing out the elements of Par(n) in
descending order A! = A2... = A we have 7 = {\},... ) AF}, o = {1, AFF1Y (so
A = A*1) for some k. Then we have

Homg, 1,y (M (1), M (v)) /Homg g () (M (1), M ()
= Homg, ) (M (), M(v))/Homg)), () (M (), M (v)

which is torsion free by the Lemma. O

Returning to the general situation we have, by the Proposition and Section 3, (2), the
following results.

Corollary 4.3. The S-module V(\) is torsion free.

Corollary 4.4. Let o be a cosaturated set (with respect to <). Then S(o) is a pure sub-
module of S.

5. Cosaturated Sym(n)-sets

From Corollary 4.4, if o is any cosaturated subset of Par(n) then we may identify
Q ®z S(o) with an Sg @-submodule of S @ via the natural map Q ®z S(o) — Sg.

We now suppose that Q is cosaturated, by which we mean that ((2) is a cosaturated
subset of Par(n). We check that much of the structure, described by Green for the Schur
algebras in [11], still stands in this more general case.

Let o be a cosaturated subset of the support ¢(€2) of Q. Let p € {(Q2). If Va(u)o
is a composition factor of Sg(c) then it is a composition factor of Sg(A) and hence of
Sgén, for some A € ¢. Thus we have Homgym(n)(Soér, Va(r)g) # 0 and so pu > A,
Lemma 3.1(ii), and therefore y € o.

We fix A € ¢(2). Then Homgym(n) (Soéx, Va(ANe) = *Va(A)e = Q, by Lemma 3.1(i),
so that V(M) is a composition factor of S(> A)g, but not of Sg(> A). Now we can
write Sg(> A) = Sg(> A) @ I for some ideal I which, as a left Sgp-module, has only the
composition factor V(). Hence I is isomorphic to the matrix algebra My(Q), where
d =dim Vq(\)g, and, as a left Sgp-module Sg(> \)/Sq(> A) is a direct sum of d copies
of Va(M)g. Hence

= ddimg Homgy, () (Sgéx, Va(A)g)
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= ddimg *Vo(\)g = d.
Thus dim Vg (A\)* ®@g *Vo()\) = dim Vg ()\) and we have:
the natural map Vo(\)* ®o *Vo(\) — Vo ()) is an isomorphism. (1)

We now consider the integral version. We have the natural surjective map V(\)* ®z
AV(A) — V(A). But the rank of V()\)* is the dimension of Vg (\)?, the rank of *V/(\)
is the dimension of *Vg()), and the rank of V()) is the dimension of V() so that, by
(1), V(N* ®z *V()\) and V()\) have the same rank. Thus the surjective map V(\)* @z
AV (A) — V()) is an isomorphism.

We have shown the following.

Proposition 5.1. Assume Q is cosaturated. Then, for each A € Par(n), the map
VI @z V() = V()
induced by multiplication in S, is an isomorphism.

Remark 5.2. If k is a field then the corresponding algebras Sq j over k are Morita equiv-
alent to those considered by Mathas and Soriano in [17]. There they determined the
blocks of such algebras (for the Schur algebras themselves this was done in [5], and for

f3

the quantised Schur algebras by Cox in [2]).
6. Cellularity of endomorphism algebras of Young permutation modules

We now establish our main result, namely that the endomorphism algebra of a Young
permutation module has the structure of a cellular algebra. We first recall the notion of
a cellular algebra due to Graham and Lehrer, [9]. (We have made some minor notational
changes to be consistent with the notation above. The most serious of these is the reversal
of the partial order from the definition given in [9].)

Definition 6.1. Let A be an algebra over a commutative ring R. A cell datum for
(AT, N,C, *) for A consists of the following.

(C1) A partially ordered set AT and for each A € AT a finite set N(\) and an injective
map C: [T ca+ N(A) x N(A) = A with image an R-basis of A.

(C2) For A € AT and t,u € N(\) we write C(t,u) = C}, € R. Then * is an R-linear
anti-involution of A such that (Ct)‘u)* = Cit.

(C3) If A € AT and t,u € N()) then for any element a € A we have

aCl, = > ra(t,)CP,  (mod A(>N))

tEN(N)
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where r,(t',t) € R is independent of u and where A(> \) is the R-submodule of A
generated by {Cl, . |p€ AT, u> Xand t”,u” € N(p)}.

1"
U

We say that A is a cellular R-algebra if it admits a cell datum.

Let G be a finite group. Let 2 be a finite G-set and let R be a commutative ring. Now
G acts on 2 x Q. If A C Q x Q is G-stable then we have an element a4 € Endg(RQ)
satisfying

aa(x) =y

where the sum is over all y € Q such that (y,z) € A. We write Orbg(Q2 x Q) for the set
of G-orbits in 2 x Q. Then Endga (R Q) free over R on basis a4, A € Orbg (€2 x Q). We
have an involution on € x §2 defined by (z,v)* = (y,z), z,y € Q. For a G-stable subset
A of © x Q we write A* for the G-stable set {(z,y)* | (z,y) € A}.

For A, B € Orbg(€2 x ) we have

§ : C
apap = nA,BaC
CeOrba(2xQ)

where, for fixed x € A, y € B, the coefficient nELB is the cardinality of the set
{z €C|(x,2) € Aand (z,y) € B}. It follows that Endrg(R ) has an involutory anti-
automorphism satisfying a7, = ap-, for a G-stable subset D of {2 x €.

The notion of cellularity has built into it an involutory anti-automorphism * and in
the case of endomorphism algebras of permutation modules, we shall always use the one
just defined.

We now restrict to the case G = Sym(n) with  a Young Sym(n)-set as usual and
label by O,, a € Ag, the G-orbits in 2. Now, for a € Ag and = € 2 we have

€)= {sc, if x € Oy;

0, otherwise.

Hence &, = a4, where A = {(z,z) |z € O,} and therefore & = &,. In particular we
have £§ = &, for A € ¢(2). Thus we also have Sq r(0)* = Sq, r(0), for ¢ C Par(n).

Note that if I" is a G-stable subset of {2 then we have the idempotent er € Sq g given
on elements of € by

(2) xz, ifx el
er(x) =
g 0, ifx ¢T.

Thus er = a¢ where C = {(y,y) |y € T'} and e = er.
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So now let T be a Young Sym(n)-set and let 2 be a cosaturated Young Sym(n)-set con-
taining I'. We have the idempotent e = er € S r as above and Sr g = Endgymn)(RI)
is naturally identified with eSq ge.

Lemma 6.2. For \ € ((2) we have erVa(\)g # 0 if and only if A € (2(T).

Proof. We have er = > .y &a- Hence erVa(A)q # 0 if and only if {aVa(A)g # 0
ie., ZBGAQ EaHomgym ) (SP(N) g, Ms@) # 0, for some o € Ap. Hence erVo(N)g #
0 if and only if Homgym(,)(Sp(A)q, Ms,@) # 0 for some g € Ar, ie., if and only if
Homgym () (Sp(A), M (1)) # 0 for some p € ((I'), i.e., if and only if there exists p € ((T")
such that p < A. O

We fix a partial order < on ((Q2) refining the partial order <.

Let A € ¢(©2). We have the section V(\) = S(> \)/S(> \) of S = Sq.

We write J°P for the opposite ring of a ring J. We write SV for the enveloping
algebra S ®z S°P. We identify an (5, S)-bimodule with a left S°™V-module in the usual
way.

We have the idempotent & = e®e € S and hence the Schur functor f : mod(S°") —
mod(ES®™¢é) as in [12, Chapter 6]. Moreover, £S°™é = eSe @7 (eSe)°P. Now f is exact
so applying it to the isomorphism V(A\)* @z *V(A\) — V()) of Proposition 5.1 we obtain
an isomorphism

eVIN* @z V(N e — eV (Ne. (1)

Now £,5 + S(> A) = (S&, + S(> A))* so that eV (A)e # 0 if and only if eV (A)* # 0.
Moreover, V(\)* is a Z-form of V(\)g so that eV ()\)e # 0 if and only if eVq(A)g # 0.
Hence by, Lemma 6.2:

eV(Ne # 0 if and only if A € ¢Z(T). (2)

We now assemble our cell data. We have the set AT = ¢Z(T') with partial order
induced from the partial order < on () (and also denoted <). Let A € A*. We let
ny = dimg eVq(A)g and set N(\) = {1,...,n)}. The rank of eV (A\)* is ny. We choose
elements dy 1, ...,dx n, of eSE, such that the elements dy 1 +S(> A),...,dxn, +5(> N)
form a Z-basis of eV(A)* = (eS&x 4+ S(> A))/S(> A). Then dj ;,...,d; ,, belong to
(eS€x)" = &xSe and the elements d3 ;| + S(> A),...,d} ., + S(> A) form a Z-basis of
AV (Ne = (€xSe+ S(> N))/S(> A). The product dyd ,, belongs to eSEySe. We define
C: Ilear N(A) x N(X) = eSe by C(t,u) = C}, = drdy . for t,u € N(A).

Let M be the Z-span of all CP,, A € AT, t,u € N(\). We claim that M = eSe.
We have S = Z/\GAQ SE,S so that if the claim is false then there exists A € Aq such
that eS¢\Se € M. In that case we choose A minimal with this property. First suppose
that A ¢ ¢Z(I'). Then we have eV (A)e = 0, by (2), i.e., eS&Se € S(> A) and so
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eS&Se C eS(> Ae. However, eS(> Ne =) ., eS¢, Se C M, by minimality of A and
so eS& Se C M. Thus we have A € AT = ¢(&(T).
Now by (1) the map

(eSEx + S(> \) @z (EaSe + S(> A)) — eSExSe + S(> A)

induced by multiplication is surjective. Moreover we have eSE,+S(> A) = D02 Zdy 4+
S(>A) and £xSe + S(> \) = Y02 Zd3 ,, + S(> A) so that

LN UDN
eSE\Se € > Zdaydy, +S(>N) = > ZCY, +S(> )

t,u=1 t,u=1

and hence

nx
eS6\Se © > LCY, +eS(> Ne.
t,u=1
But now 222:1 ZC},, C M by definition and again eS(> A)e C M by the minimality
of A so that eS¢, Se C M and the claim is established.

The elements C{\,ua A€ At 1 <t u < ny form a spanning set of eSqge = Sr. But
the rank of eSe is the Q-dimension of eSge, i.e., the Q-dimension of St g and this is
> sea+ (dimeVa(A))? by Remark 2.2. Hence the elements C7,,, with A € AT, t,u € N(X),
form a Z-basis of eSe.

We have now checked the defining properties (C1) and (C2) of cell structure and it
remains to check (C3). We fix A € A" and let 1 < ¢,u < ny. Let a € eSe. Then we have

aCt):u = adyd} ,,-
Now we have Y./ Zdy; + S(> X) = eS& + S(> A) so we may write ady; =

S ra(t' t)dr ey + y for some integers r,(t',t) and an element y of S(> ). Thus
we have

LN
a’Ct):u :ad)\ytdi,u = Z Ta(t/, t)d)vt’d;,u + yd;,u
t'=1
N
= Z Tu(t/a t)ct)>,u + ydi,u
t'=1
and hence
[N
aCp, = Z ro(t',)CP,,  (mod S(> \)).
t'=1

We have thus checked defining property (C3) and hence proved the following.
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Theorem 6.3. Let I' be a Young Sym(n)-set. Then (AT, N,C,*) is a cell structure on
SF,Z = QSQ’ZG = Endsym(n) (ZF)

One now obtains a cell structure on Endgym,)(RI'), for any commutative ring R by
base change.

Remark 6.4. This implies that, over a field, any endomorphism algebra of a Young
Sym(n)-set is Schurian, i.e., every irreducible module is absolutely irreducible, by [9,
(3.2) Proposition (ii) and (3.4) Theorem (i)]. One may also deduce this from eSe-theory
as in [12, Section 6.2] and the result for Schur algebras (cf. [12, 3.5 Remarks (i)]).

There is also the question of when an endomorphism algebra over a field k is quasi-
hereditary. If £ has characteristic 0 then Endgy, () (kT') is semisimple and there is nothing
to consider. We assume now that the characteristic of k is p > 0. By [9, Remark 3.10] (see
also [15], [16]) Endgym(n) (kL) is quasi-hereditary if and only if the number of irreducible
Endgym(n) (kI')-modules (up to isomorphism) is equal to the length of the cell chain, i.e.,
|¢®(I)|. By Lemma 2.4, the number of irreducible Endgym () (kI')-modules is [¢Z»(T')|.
Moreover, we have (Z#(I') C (2(T') and so Endgy(n) (kT is quasi-hereditary if and only
if ¢2(I") C ¢&#(T'). We spell this out in the following result.

Theorem 6.5. Let k be a field of characteristic p > 0 and let T be a Young Sym(n)-set.
Then the endomorphism algebra Endgymn) (k') of the permutation module kI is quasi-
hereditary if and only if for every partition X of n such that the Young subgroup Sym(\)
appears as the stabiliser of a point of I' and every partition u > X there exists a partition
T such that Sym(7) appears as a point stabiliser and such that p p-dominates T, i.e.,

there exists a weak p expansion T = Zizopi’y(i), with v(i) € A(n), and v(i) < p(i) for

alli (where =", p'p(i) is the base p-expansion of p and where (i) is the partition
obtained by writing the parts of v(i) in descending order, for i >0).

Remark 6.6. We emphasise that the above gives a criterion for the endomorphism algebra
Endgym(n) (kI') of the Young permutation module I to be quasi-hereditary with respect
to any labelling of the simple modules by a partially ordered set (which may have nothing
to do with those considered above) thanks to the result of Koénig and Xi, [16, Theorem
3]. Thus if I" does not satisfy the condition above then St j can not have finite global
dimension by [16, Theorem 3] and hence is not quasi-hereditary.

7. Example: tensor powers

Let R be a commutative ring and let Er be a free R-module on basis e g, ..., e g.
Let r be a positive integer and let I(n,r) be the set described in Example 3.2. Then the
r-fold tensor product E%r =Ep®r® - Qr Er has R-basise,; p =€;, r ® - ® €;, R,
i € I(n,r), and we thus identify E%T with RI(n,r), the free R-module on I(n,r).
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Remark 7.1. The symmetric group Sym(r) acts on E%T by place permutations, i.e.,
W e R = €ow-1r, for w € Sym(r), i € I(n,r). Thus we may regard ES" as the
permutation module RI(n,r), with Sym(r), acting on I(n,r) by w-i = i o w™!. The
endomorphism algebra Endgym () (ER") is the Schur algebra Sg(n,r).

The stabiliser of ¢ € I(n,r) is the direct product of the symmetric groups on the
fibres of i (regarded as a subgroup of Sym(r) in the usual way). Hence I(n,r) is a Young
Sym(r)-set. Hence ES" is a Young permutation module and hence Sg(n,r) is cellular.
Moreover, ¢(I(n,)) is the set A*(n,r) of all partitions of 7 with at most n parts. This is a
cosaturated set and hence for a prime p we have ((I(n,7)) = ¢Z(I(n,r)) = (¢ (I(n,7)).
Hence, for a field k of characteristic p the Schur algebra Si(n,r) is quasi-hereditary.

However, this is not a new proof since our treatment relies crucially on a detail from
Green’s analysis of Sz (n,r) as in [11], at least in the case n = r. (See Example 3.2 above
and the proofs of the results of Section 4.)

We now regard Er as an RSym(n)-module with Sym(n) permuting the basis
€1,R,---,€en,r in the natural way. This action induces an action on the tensor prod-
uct E%T. Specifically, we have w-e; g = €yoi,r, for w € Sym(n), i € I(n,r), and we thus
regard E" as the permutation module RI(n,r). For w € Sym(n), i € I(n,r) we have
wo1i =1 if and only if w acts as the identity on the image of 7, so that the stabiliser of i
is the group of symmetries of the complement of the image of 7 in {1,...,n}, identified
with a subgroup of Sym(n) in the usual way. Thus I(n,r) is a Young Sym(n)-set so we
have the following consequence of Theorem 6.3, answering a question raised in [1].

Proposition 7.2. The endomorphism algebra Endsym(n)(E%T) = Endgym(n) (RI(n,7)) is
a cellular algebra.

The support of I(n,r) consists of hook partitions, more precisely we have
C(I(n,7) ={(a,1®) Ja+b=mn,1<b<r}.
Hence we have
CE(I(n,r)) = {A= (A1, Az,...) € Par(n) |\ > n —r}.

Let k be a field of characteristic p > 0. Then Endgyn () (E,?T) is quasi-hereditary if and
only if ¢Z(I(n,r)) C ¢Z»(I(n,r), i.e., if and only if for every p = (u1,pa,...) € Par(n)
with 11 > n — r there exists some A = (a,1%), 1 < b < r, such that A\ <, p.

We are able to give an explicit list of quasi-hereditary algebras arising in the above
manner.

Proposition 7.3. Let k be a field of characteristic p > 0. Let n be a positive integer and
E an n-dimensional k-vector space with basis eq,...,e,. We regard E as a kSym(n)-
module with Sym(n) permuting the basis in the obvious way. For r > 1 we regard the
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rth tensor power E®" as a kSym(n)-module via the usual tensor product action. Then
Endgym(n)(E®T) s quasi-hereditary if and only if:

(i) p does not divide n; and

(ii) either n < 2p (and r is arbitrary) or n > 2p and r < p.

Proof. We see this in a number of steps. We regard E®" as the permutation module
kI(n,r), as above, with Sym(n) acting by w -4 = w o4, for w € Sym(n), i € I(n,r). We
shall say that I(n,r) is quasi-hereditary if Endgym ) (E®") is.

Step 1. If p divides n then I(n,r) is not quasi-hereditary.

We have (n —1,1) € ((I(n,7)) and (n,0) > (n — 1,1) so that (n,0) € ¢Z(I(n,r)).
Now n = pm, for some positive integer m, so that p = (n,0) = p(m,0) has base p
expansion (n,0) = Y, p'u(i), with restricted part p(0) = 0. Thus if 7 = (a,1%) has
weak p-expansion 7 = 3,0, p'y(i) and (i) < p(i), for all 4, then 4(0) = 0 and 7 is
divisible by p. However, this is not the case so no such weak p-expansion exists and
p € CE(I(n,r))\¢E?(I(n,7)). Thus ¢E(I(n,r)) # (Z#(I(n,r)) and I(n,r) is not quasi-
hereditary.

Step 2. If p does not divide n then I(n,1) is quasi-hereditary.

We have ((I(n,1)) = {(n — 1,1)}. If u € ¢E(I(n,1))\¢E»(I(n,r)) then pu = (n,0).
Now n has base p expansion n =) .., ping, with 0 < n; < pforalli>0and ng #0
and p has base p expansion y = Zi>gpiu(i), with u(i) = (n4,0), for all ¢ > 0.

But now we write -

r=(n=11) = (ng~ L,1)+ > p'(n;,0)

i>1

and 7 has weak p-expansion 7 = 37,5 p*y(i), with ¥(0) = (no — 1,1), v(i) = (n;,0) for

i > 1. Moreover (i) < (i), for all i so that (n,0) € ¢®»(I(n,1)). Thus ¢®(I(n,1)) =
¢®»(I(n,1)) and I(n,1) is quasi-hereditary.

Step 3. If u € ¢&(I(n,r)) is p-restricted then p € ¢&»(I(n,r))

We have p > (a,1%) for some n = a +b, 1 < b < r. The partition p has base p
expansion p = Y ,5,p'p(i), with p(i) = 0 for all ¢ > 1.

But now 7 = (a,1%) has weak p-expansion 7 = 3,5, p'y(4), with 7(0) = (a,1°) and

v(i) = 0 for all i > 1. Furthermore we have (i) <0 u(i) for all i > 0 so u € (Z»(I(n,7)).

Step 4. If n < p then I(n,r) is quasi-hereditary.
This follows from Step 3 since all elements of Par(n) are restricted.

Step 5. If p < n < 2p then I(n,r) is quasi-hereditary.
For a contradiction suppose not and let y = (1, pi2,...) € ¢Z(I(n,7))\(Z» (I(n,7)).
We have p > (a, 1°) for some a, b with n = a+b, 1 < b < r. Choose a, b with this property
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with b > 1 minimal. If b = 1 then p € (2(I(n, 1)), which by Step 2 is ¢®»(I(n,1)). Thus
we have b > 2.

We claim that 1 = a. Since p > (a,1°) the length [, say, of y is at most the length
of (a,1%),ie., b+ 1. Put £ = (&,&,...) = (a+ 1,157, If 3 > a then py > & and, for
1 < <, we have

Sou>&=(a+1, lb_l), which is a contradiction, and the claim is established.

Note that p is non-restricted, by Step 3, and, since p is a partition of n < 2p in the
base p expansion pu = Y, p'p(i) of p, we must have (1) = (1,0) and p(i) = 0 for
i >2. Let 7 = (a,1%). Then 7 < g implies that 7 — (p,0) < — (p,0) = w(0). But now

7= (a,1°) = (a — p, 1) + p(1,0)

so we have the weak p expansion 7 = Zizopi’y(i) with v(0) = (a — p,1%), (1) = (1,0)

and (i) = 0 for i > 1. Since (i) < (i) for all i > 0 we have (a,1°) <, pu and so
w € ¢B»(I(n,r)), a contradiction.

Step 6. If n > 2p and r > p then I(n,r) is not quasi-hereditary.

Note that ¢(I(n,r)) contains (n —p, 17) and hence ¢Z(I(n,r)) contains p = (n—p, p).
Now we have p = (n—2p,0) +p(1,1) and so pu = p(0) + p&, where (0) has at most one
part and £ has two parts. Hence in the base p expansion y = Zi>0p’p(i), there is for
some j > 1, such that p(j) has two parts. -

Now if i € ¢B»(I(n,r)) then there exists some 7 = (a,1%) with weak p expansion
T = Y 5oP"y(i) such that (i) < (i) for all 4 > 0. But then ~(j) must have at
least twoiparts. Since j > 1, the partition 7 = (a, 1°) has two parts of size at least p.
This is not the case so there is no such weak p expansion and pu ¢ ¢Z»(I(n,7)). Thus

CB(I(n,r)) # ¢Zr(I(n,r)) and I(n,r) is not quasi-hereditary.

Step 7. If n > 2p, if p does not divide n and if r < p, then I(n,r) is quasi-hereditary.

If not there exists u = (p1, pi2,...) € CE(I(n,))\¢Z»(I(n,r)). Thus p > (a,1°), for
some n = a+b, b > 1 and, as in Step 5, we choose such (a,1°) with b minimal. Again,
by Step 2, we have b > 2.

We claim that 1 = a. If not, we get > (a+ 1,1°71) as in Step 5, contradicting the
minimality of b.

Thus we have ps+- - -+ pun = n—u1 = b < p, in particular we have u; < p forall s > 1.
Hence in the base p expansion = Y, p'u(i), for all i > 1 we have u(i) = (¢;,0, .. .,0),
for some 0 < ¢; < p. Also, u(0) = (k,p_g, .« vy ), for some k > 0.

Now we have

7= (a,1") = (k+)_p'c;,1°) = (k,1°) + > p'(c;,0,...,0).

i>1 i>1
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Thus we have the weak p-expansion 7 = Zizopi’y(i), with v(0) = (k,1°) and ~(i) =

(¢i,0,...,0), for i > 1. Furthermore, (i) < (i), for all i > 0 so that u € ¢Z»(I(n,r))
and therefore ¢Z(I(n,r)) = ¢&»(I(n,r)) and I(n,r) is quasi-hereditary. O

Let k be a field. Recall that, for § € k, and r a positive integer we have the partition
algebra P,.(d) over k. One may find a detailed account of the construction and properties
of P.(§) in for example the papers by Paul P. Martin, [18], [19], and [13], [1]. Suppose
now that k has characteristic p > 0 and § = nly, for some positive integer n. Let E,
be an n-dimensional vector space with basis e1,...,e,. Then P.(n) = P.(nly) acts on
E®". By a result of Halverson-Ram, [13, Theorem 3.6] the image of the representation
P.(n) — Endi(EF") is Endgym(n)(E®"). Moreover, for n > 0 the action of P,(n) is
faithful. Let N = n + ps, for s suitably large, so that P.(n) = P.(N) acts faithfully
on E%T. Thus P,.(n) is quasi-hereditary if and only if Endgym( N)(E%T) is. Hence from
Proposition 7.3 we have the following, which is a special case of a result of Kénig and
Xi, [16, Theorem 1.4].

Corollary 7.4. The partition algebra P.(n) is quasi-hereditary if and only if n is prime
top and r < p.

8. Quasi-hereditary endomorphism algebras of Young permutation modules and
generalised Schur algebras

This section and the next were prompted by two questions raised by the referee, to
whom I am most grateful.

The first point is to relate quasi-hereditary endomorphism algebras of Young permu-
tation modules to generalised Schur algebras, as in [3], [4], [6], and second is to note that
the decomposition numbers for endomorphism algebras of Young permutation modules
are decomposition numbers for general linear groups.

We fix a positive integer n and a field k of characteristic p > 0. We write ks for the
sign module for Sym(n) i.e., the field k regarded as the one dimensional kSym(n)-module
on which a permutation acts according to sign. For a finite dimensional kSym(n)-module
Y, the endomorphism algebra Endgym ) (Y') is isomorphic to the endomorphism algebra
Endgym(n) (ks ®Y). Let o be a subset of Par(n). We consider the endomorphism algebra
Endgym(n)(Y), where Y is a kSym(n)-module of the form Y = @, ., Y/(A)(®), with
dx #0, for all A € 0.

We now bring into play the representation theory of the Schur algebra S(n,r) over
k, for 7 > 1. We write AT (n,r) for the set of partitions of r with at most n parts.
For A € A*(n,r) we have an irreducible module L, ()), as in [7]. The modules L, (\),
A € AT (n,r), form a complete set of pairwise non-isomorphic irreducible modules. The
algebra S(n,r) is quasi-hereditary with respect to the partial order < on A*(n,r) and
this labelling of the irreducible modules. We have the costandard module V,(\) and
tilting module T, (), for A € Par(n).
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As in [12] we may realise the group algebra kSym(n) as the algebra eS(n,n)e,
for a certain idempotent e € S(n,n) and as in [12, Chapter 6] we have the Schur
functor f : mod(S(n,n)) — mod(kSym(n)), given on objects by fV = eV. For
A € Par(n) we write N for the transpose partition. For a subset 7 of Par(n) we
set 71 = {N|X € 7}. We have fT,(\) = ks ® Y(X), for A € Par(n), by [6, (3.6)
Lemma (ii)]. Hence we have k, ® Y = @, ., fT(A)®), where 7 = ¢’. Moreover, for
A, € Par(n) the Schur functor induces an isomorphism from Homg, »)(Tn(X), Tr (1))
to Homgym ) (fTn(A), fTn(t)), by [7, 4.4(1)(ii)]. Thus Endgym,)(Y) is isomorphic to
Endg(n,n)(T), where T = @, . T (A) ().

We now assume that o is cosaturated. Let S(m) be the generalised Schur algebra,
defined by the saturated set m, as in [3], [4]. We say that a finite dimensional S(n,n)-
module V belongs to 7 if each composition factor of V' has the form L, (u) for some
€ . For A € w the module T,,(\) belongs to 7 and so is naturally a module for S(m),
and indeed T}, () is the indecomposable tilting module for S(x) labelled by A. Thus T is
a full tilting module for S(7) and Endgyy,n)(Y') is, up to Morita equivalence, the Ringel
dual of S(7). We have shown:

Proposition 8.1. Let o be a cosaturated subset of Par(n). Let Y be a module of the form
DPrco Y(N)D) | with dy # 0 for all X € 0. Then Endgymn)(Y) is (up to Morita equiva-
lence) the Ringel dual of the generalised Schur algebra S(w), where m = o’.

Corollary 8.2. Let Q2 be a Young Sym(n)-set. If the algebra Endgym ) (kQ?) is quasihered-
itary then it is, up to Morita equivalence, the Ringel dual of the generalised Schur algebra
S(7), for GL,(k), where m = o', with o = ¢Z(Q).

Proof. The summands of k{2 are the Young modules Y (), A € ¢2#(Q), by Theorem 6.3,
and the condition for Endgym (k€2) to be quasihereditary is that (27 (Q) is the cosaturated
set (Z(Q), whence the result. O

9. Decomposition numbers of endomorpism algebras of Young permutation modules

The point here is to check that the decomposition numbers for endomorphism al-
gebras of Young permutation modules, in particular the partition algebras considered
in Section 7, are decomposition numbers for general linear groups. One may see this
as a generalisation of the Theorem of James for symmetric groups, see e.g., [12, (6.6g)
Theorem].

Our first task is to show that our labelling of simple modules in the case I = I(n,n),
with action w -4 = i o w™!, agrees with the usual labelling of simple modules for the
Schur algebra S = S(n,n), by highest weight. For i € I, let e; be the corresponding basis
element of the permutation module kI. We have A; = A(n,n), the set of sequences of
elements of {1,...,n} of length n, whose sum is n. The content of ¢ = (1,...,14y) is the
element o = (aq,...,ay) € A(n,n), where «; is the number of 1s in ¢, where ap is the
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number of 2s, etc. For a € A(n,n) the corresponding orbit O, is the set of i € I(n,n)
with content a. For a € A(n,n) weight space &, (kI) is the span of the elements e;,
with i € I(n,n) having content a. For A € Par(n) we have {,Homgy, ) (M (N),kI) =
Homgyyn) (M (), € (k1)). By Frobenius reciprocity we have

dim gaHomSym(n) (M()‘>7 kI) = dim HomSym(/\) (ka o (kI))

and £, (kI) is the permutation module on the Sym(A)-set on the set of i € I(n,n)
that have content . Hence dim &,Homgym,(,)(M(A), k1) is the number N (X, a), say of
Sym(A)-orbits of elements of ¢ € I(n,n) which have content a.

Now the o weight space of S is £,5¢\. This has k-basis consisting of all &;; such
that 4 has content o and j has content A\. We recall from, [12, Section 2.3], that for
i,7', 5,7 € I(n,n) we have &, = & if and only if there exists w € Sym(n) such that
i =iow and j' = jow. We write jy for the element (1,...,1,2,...,...) of I(n,n) whose
entries are weakly increasing and in which 1 occurs A\; times, 2 occurs A, times, and
so on. Thus if ¢,j € I(n,n) have contents «, A then we may write &;; = &, , for some
h € I(n,n) with content « and, for h, h’ € I(n,n) with content o we have &, = &urj, if
and only if there exists w € Sym(\) such that A’ = h o w. Hence the dimension of £,.S¢y
is equal N(a, A). Thus the projective modules Homgym, () (M (A), kI) and Sy have the
same weight space multiplicities. It follows from the classification of irreducible S(n,n)-
modules by highest weight that finite dimensional modules with the same weight space
multiplicities have the same composition factors (counted according to multiplicity).
Moreover, the Cartan matrix of S(n,n) is non-singular (e.g., by [7, Proposition A 2.2
(iv)]) so that finite dimensional projective modules with the same composition factors
(counted according to multiplicity) are isomorphic. Hence Homgyy(n) (M (A), k1) and SEx
are isomorphic.

For A € Par(n) we write Q(\) for the projective cover of L,,(\). Now, for A, u € Par(n),
we have dim Homg(S¢y, Ly, (1)) = dim L, (2)* so that

Sé\ = @ Q(p) ™)

nePar(n)

where my,, = dim L, (u)*. Since L, ()\) has unique highest weight A and this occurs with
multiplicity one we have

Homgym(n) (M (A), kI) = Q(\) D ED Q1) ™))

>

But we also have

by [7, 4.4 (1)(v)], and hence
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Homsym(n) (M()\), k])

= Homsym(n) (Y (A), kI) @D (ED Homgyum() (Y (1), k1)),
>

Thus we have

@ @Q (mm) @ @PI (mxu)

> >

Now it follows by descending induction that Q(\) = P;(\), for all A € Par(n). Hence we
have:

Li(A\) = Ly(N), for all A € Par(n). (1)

We briefly consider the more general case of permutation modules over a finite group
G. Let Q) be a finite G-set and J a commutative ring. We write Sq_j, or just Sq for
Endg(JQ). For a G-stable subset O of  x Q we write ap o for the element of Sq
given on an element z € Q by ap,a(z) = >_, y, with the sum over all y € Q such that
(y,z) € O. Then, as in Section 6, Sq has J-basis ap o, with O ranging over the G-orbits
in Q x Q.

Let T' be a G-stable subset of 2. We have the idempotent er € Sq, whose value on
z e Qiszif x € T and 0 otherwise. For an orbit O in Q x ) we have

aopn, if OCI'xT

erap.ger = { )
0, otherwise.
We identify the J-algebra St with erSqer by identifying ap r with ap q, for a G-orbit
O in T' x I'. We have the Schur functor for : mod(Sq) — mod(Sr), as in [12, Chapter
6], given on objects by forZ = erZ. (One should perhaps write er ; and for s for er
and fo,r but we hope that in what follows the base ring will be clear from the context.)
Note that if I' C I C Q are G-sets then for = frro far.
Let F be a field. Let V' be a finite dimensional F'G-module. Then Homg(V, FQ) is
naturally an Sg-module. We leave the details of the following to the reader.

We have an isomorphism of Sp-modules from Homg(V, FT))
to forHomg(V, FQ), taking 0 € Homg(V, FT) to (2)
106 € Homg(V, FQ), where i : FT' — FQ is inclusion.

We now restrict attention to the case in which G = Sym(n) and €2 is a Young Sym(n)-
set. Let R be a principal ideal domain with characteristic 0 field of fractions K. Let m be
a maximal ideal of R and let k be a field containing the residue field R/m and suppose
that k has characteristic p > 0. The modules Po(\) = Homg (Y (\),kQ), A € ¢Br(Q)
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form a complete set of pairwise non-isomorphic projective indecomposable Sq-modules
and, writing Lo(\) for the head of Po()\), the modules Lo(A), A € ¢Z#(Q), form a
complete set of pairwise non-isomorphic irreducible Sg-modules (see Section 1).

Lemma 9.1. Let T be a Young Sym(n)-subset of the Young Sym(n)-set 2. Then we have:
(i) Pr(A) = farPa(\), for A € ¢5r(T);
(ZZ) VF(A)K = fQIVQ()\)K, fO?" A €E CIZ(F), and
(iii) farLa(A) = Lr(A) for A € ¢Zr (D).

Proof. (i) For A € ¢&#(I'), we have from (2) that erHomg (Y ()), k) is isomorphic to
Homg (Y (M), kD) ie., Pr(A) = farPa(X).

(ii) Similar.

(iii) We first note that in order to show that the pair (2,T) of Young Sym(n)-sets
has the desired property (i.e., forLa(\) = Lr()), for all A € ¢E#(I")) it is enough to
show that erLo(X) # 0 for all A € ¢B»(T). If that is the case then, for A € (&»(T), since
Pq(X) maps onto Lo (A) the module fo rPa(A) = Pr(\) maps onto the non-zero simple
module forLa(A). But Pr(A) has simple head Ly(A) and hence forLa(A) = Lr(A).

Suppose that Q@ = I = I(n,n) and ' C I(n,n). We take Aq = A(n,n) and, for
a € A(n,n), take Oy 1 to the set of all ¢ € I with content a. We take Ar to the set of all
a € I such that Oy CT and O, = O4 q, for a € Ap. Then, for A € Par(n) we have
erLr(X\) # 0 if and only if £,L;(X) # 0, for some p € {(I') and the condition for this is
A € ¢Z»(T), by [6, Section 3, Remark]. Thus the pair (2, ) has the desired property.

Now suppose that ¢(Z7(Q) = ¢Z¢(I'). Then S and St have the same number of
isomorphism classes of irreducible modules. Hence foLq(\) is a non-zero irreducible Sp-
module, for all A € (&»(Q) = ¢Z¢(T), by [12, (6.2g) Theorem]. Thus the pair ({2, T) has
the desired property. Note that this applies in two important cases.

In the first we may take I' = I = I(n,n) and  any Young Sym(n)-set containing I.

We shall say that a Sym(n) is basic if for each A € ((2) there is only one orbit con-
taining an element with point stabilizer Sym(\). In the second case we take Q arbitrary
and I' C Q any basic Sym(n)-subset.

We now consider the general case. We take I'y C I' to be a basic Sym(n)-subset.
Suppose that the pair (2,Ty) has the desired property. Then, for A € ¢Z# (") = ¢Z»(Ty)
we have frr,forLa(A) # 0 and hence forLa(A) # 0. Hence (Q,T') has the desired
property.

Thus we may assume that I' is basic. Now choosing a basic Sym(n)-subset g of Q
containing I' and repeating the argument we get that it is enough to know that (£,I")
has the desired property. Thus we may assume that I' C Q C I. But now, from the first
case considered above we know that, for A € ¢%#(T") we have froL;(\) = Lo(\) and
farfroLi(\) #0. Hence forLa(\) # 0 for all A € ¢®#(T'), and we are done. O

We note in passing the following.
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If o and B € Aq are such that O, and Og have a common point stabiliser then for a
finite dimensional Sq-module V' we have

dim *V = dim #V. (3)

Proof. (i) We set X = (Z¢(Q). For V € mod(Sq) we define g,(V) = dim®V and
g5(V) = dim PV By additivity of weight space multiplicities on short exact sequences,
it is enough to prove that go(V) = gg(V) for V irreducible. We set go.x = ga(L(N)),
98, = g3(L(N)) and Gox = ga(P(X)), Ggx = gg(P(N)), for A € X. Now we have

Ga,)\ = dim faHomsym(n) (Y()\), kQ) = dim Homsym(n) (Y()\), k:(’)a)

and for the same reason G\ = dim Homgyy,n) (Y (), kOp). But O, and Op are iso-
morphic Sym(n)-set so that kO, and kOgs are isomorphic Sym(n)-modules and so
Ga})\ = Gﬁ)\, for all A € X.

For A, € X we have the Cartan integer c,,, the multiplicity of Lo(u) are a compo-
sition factor of Po()). Again by additivity we have

Gax= ga(P(N)) = Z CA#QQ(LQ(N)) = Z CapYa,p

pneX nex

and Gg = >, cx caugs,u- Hence we have

Z CapYo,p = Z Cxu9B,1

pex pnex

for all A € X. Since Sq is cellular, its Cartan matrix C' = (¢x,)a pex is non-singular by
[16, Proposition 1.2] and hence go x = gg,x for all A € X, ie., go(V) = gg(V), for all
irreducible Sg-modules, as required. O

Note that the same result works over a field of characteristic 0.

To A € ¢B(Q2) and p € ¢Z#(Q2) we have attached the simple Sq g-module V(M)
and simple Sq = Sq p-module Lo(A). We have the natural map Sg(2) — Sq giving
rise to an isomorphism k ® g Sq.r — S, of k-algebras by which we identify k ®r Sq.r
and Sq . Let Vo(A)r be a R-form of Vq(A)k. Then the multiplicity of Lq(u), as
a composition factor of k @r V(M) g is independent of the choice of R-form and we
denote it [Va(N)k : La(u)]-

For A\, u € AT (n,r) we have the multiplicity [V, (A i : L, ()]s of Ly, (1) as a compo-
sition factor of a modular reduction of V,,(A) k. For N > n we have [V, () : L, (p)]n =
[VN(A) : Ly (p)]n, by [12, (6.6¢) Theorem (i)]. For partitions A, u of the same degree we
write simply [A : p] for the decomposition number [V,,(A) : Ly, (1)), where n is at least
the number of parts of A and of pu.

We shall show that these numbers are also the decomposition numbers for the endo-
morphism algebra of an arbitrary Sym(n)-set.
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Proposition 9.2. Let Q be a Young Sym(n)-set. Then for A € (Z(Q) and p € (Z#(Q) we
have

[VaNk : La(w)] = (A pl.

The result holds for Q = I = I(n,n) by definition. We now argue by repeated appli-
cation of the theorem of T. Martins, [12, (6.6d) Theorem]. Suppose that € is a Young
Sym(n)-set containing I = I(n,n). Then ((Q) = ((I) = ¢&(Q) = ¢E(I) = Par(n) and
for A\, u € Par(n) we have

VoM ki : La(N)] = [farV(Vk : farLa(p)] = [Vi(N)k : Li(p)]

by [12, (6.6d) Theorem]|, and this we already know to be [A : u]. Now suppose that Q is
arbitrary and choose Q a Young Sym(n)-set containing Q and I. Then we have shown
VoM La(n)] = [\, for A € CZ(), € ¢2#(), and hence

VoMK : La(p)] = [fa,oVa(N Kk : fa ala(n)]
=[Va(N K : Lg ()]
=y

by [12, (6.6d) Theorem| again.

References

[1] C. Bowman, S.R. Doty, S. Martin, Integral Schur-Weyl duality for partition algebras, arXiv:1906.
00457v1, 2019.

[2] A.G. Cox, The blocks of the g-Schur algebra, J. Algebra 207 (1998) 306-325.

[3] S. Donkin, On Schur algebras and related algebras I, J. Algebra 104 (1986) 310-328.

[4] S. Donkin, On Schur algebras and related algebras II, J. Algebra 111 (1987) 354-364.

[5] S. Donkin, On Schur algebras and related algebras IV: the blocks of the Schur algebras, J. Algebra
168 (1994) 400-429.

[6] S. Donkin, On tilting modules for algebraic groups, Math. Z. 212 (1993) 39-60.

[7] S. Donkin, The ¢-Schur Algebra, LMS Lecture Notes, vol. 253, Cambridge University Press, 1998.

[8] Karin Erdmann, Stratifying systems, filtration multiplicities and symmetric groups, J. Algebra Appl.
5 (2005) 551-555.

[9] J.J. Graham, G.I. Lehrer, Cellular algebras, Invent. Math. 123 (1996) 1-34.

[10] J.A. Green, A theorem on modular endomorphism rings, Ill. J. Math. 32 (1988) 510-519.

[11] J.A. Green, Combinatorics and the Schur algebra, J. Pure Appl. Algebra 88 (1993) 89-106.

[12] J.A. Green, Polynomial Representations of GL,,, second edition, Lecture Notes in Mathematics,
vol. 830, Springer, 2007, with an Appendix on Schenstead Correspondence and Littelmann Paths
by K. Erdmann, J.A. Green and M. Schocker.

[13] T. Halverson, A. Ram, Partition algebras, Eur. J. Comb. 28 (2005) 869-921.

[14] G.D. James, The Representation Theory of the Symmetric Groups, Lecture Notes in Mathematics,
vol. 682, Springer, 1970.

[15] Steffen Konig, Changchang Xi, On the structure of cellular algebras, in: I. Reiten, S. Smalg, O.
Solberg (Eds.), Algebras and Modules II, in: Canadian Math. Society Conference Proceedings,
vol. 24, 1998, pp. 365—386.

[16] Steffen Konig, Changchang Xi, When is a cellular algebra quasi-hereditary, Math. Ann. 315 (1999)
281-293.


http://refhub.elsevier.com/S0021-8693(20)30606-2/bib50DA550C18CC55D6202D622223FB407Ds1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib50DA550C18CC55D6202D622223FB407Ds1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib700C1B54B088CAAF50AE4DB7039A6B00s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibE3103B411E257ED923E0C3AF01985DF4s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibCFE11E7B9B1B43FCAF75CE9DB4596102s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib34C5F75214316C54B9B51076CA5EC3CDs1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib34C5F75214316C54B9B51076CA5EC3CDs1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib2C6BD93F2E7A28CB39D5D6DCBC09126As1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib97061E3A2563B3A01673ECF0C1AC887As1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib80DC9CDC1D458A2F9E5F1A3BFAB09D0As1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib80DC9CDC1D458A2F9E5F1A3BFAB09D0As1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibAD70939237C6F0D638FE79884D91449Bs1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib5CB5FA1F3DBB1CAFD6D5240F8141716Fs1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibE41EE28E036AAB0388BEA90110A2EC74s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib7F6FA29EFDA216AA4C7395352BC0EFC6s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib7F6FA29EFDA216AA4C7395352BC0EFC6s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib7F6FA29EFDA216AA4C7395352BC0EFC6s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibFD4C638DA5F85D025963F99FE90B1B1As1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibD52E32F3A96A64786814AE9B5279FBE5s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibD52E32F3A96A64786814AE9B5279FBE5s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib074B7C4A0FCE5717971FAFB061A093F2s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib074B7C4A0FCE5717971FAFB061A093F2s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib074B7C4A0FCE5717971FAFB061A093F2s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib71E59B75A47EEFBE4706B98134814A4Bs1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib71E59B75A47EEFBE4706B98134814A4Bs1

S. Donkin / Journal of Algebra 572 (2021) 36-59 59

[17] Andrew Mathas, Marcos Soriano, Blocks of truncated g-Schur algebras of type A, in: Vyjayanthi
Chari, Jacob Greenstein, Kallash C. Misra, K.N. Raghavan, Sankaran Viswananth (Eds.), Recent
Developments in Algebraic and Combinatorial Aspects of Representations Theory, in: Contemporary
Mathematics, vol. 602, 2013, pp. 123-142.

[18] P. Martin, Potts Models and Related Problems in Statistical Mechanics, Series on Advances in
Statistical Mechanics, vol. 5, World Scientific Publishing Co., Inc., Teaneck, NJ, 1991.

[19] P. Martin, Temperley-Lieb algebras for nonplanar statistical mechanics - the partition algebra con-
struction, J. Knot Theory Ramif. 3 (1) (1994) 51-82.

[20] B. Parshall, Finite Dimensional Algebras and Algebraic Groups, Contemporary Math., vol. 82, 1989,
pp. 97-114.


http://refhub.elsevier.com/S0021-8693(20)30606-2/bibCBBF74CDB7019A21297B164013AE75B7s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibCBBF74CDB7019A21297B164013AE75B7s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibCBBF74CDB7019A21297B164013AE75B7s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibCBBF74CDB7019A21297B164013AE75B7s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib2895EE31187A1AF6581CE14FA8BEF4E6s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib2895EE31187A1AF6581CE14FA8BEF4E6s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibA5E201EFD55F07EE7858973BDEF23985s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bibA5E201EFD55F07EE7858973BDEF23985s1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib6E258485842D66BCBCF8D437C86BD86As1
http://refhub.elsevier.com/S0021-8693(20)30606-2/bib6E258485842D66BCBCF8D437C86BD86As1

	Cellularity of endomorphism algebras of Young permutation modules
	1 Introduction
	2 Preliminaries
	3 Basic constructions
	4 Groups of homomorphisms between Young permutation modules
	5 Cosaturated Sym(n)-sets
	6 Cellularity of endomorphism algebras of Young permutation modules
	7 Example: tensor powers
	8 Quasi-hereditary endomorphism algebras of Young permutation modules and generalised Schur algebras
	9 Decomposition numbers of endomorpism algebras of Young permutation modules
	References


