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Abstract

Let L(n -1+ %, 0) be the vertex operator algebra associated to an affine Lie algebra of type Bl(l) at level
n—I1+ % for a positive integer n. We classify irreducible L(n — [/ + %, 0)-modules and show that every
Lin—1+ %, 0)-module is completely reducible. In the special case n = 1, we study a category of weak

L(—Il+ %, 0)-modules which are in the category O as modules for the associated affine Lie algebra. We
classity irreducible objects in that category and prove semisimplicity of that category.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let g be a simple finite-dimensional Lie algebra and g the associated affine Lie algebra. For
any complex number k, denote by L (k, 0) the irreducible highest weight g-module with the high-
est weight kAg. Then L(k, 0) has a natural vertex operator algebra structure for any k # —h".
The representation theory of L(k,0) heavily depends on the choice of level k € C. If k is a
positive integer, L(k,0) is a rational vertex operator algebra (cf. [10,21]), i.e. the category of
Z4-graded weak L(k,0)-modules is semisimple. Irreducible objects in that category are inte-
grable highest weight g-modules of level & (cf. [10,18]). The corresponding associative algebra
A(L(k,0)), defined in [21], is finite-dimensional (cf. [17]). In some cases such as k ¢ Q or
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k < —hV (studied in [13,14]), categories of L(k, 0)-modules have significantly different structure
then categories of L (k, 0)-modules for a positive integer k. But there are examples of rational lev-
els k such that the category of weak L (k, 0)-modules which are in the category O as g-modules,
has similar structure as the category of Z-graded weak L(k,0)-modules for positive integer
levels k. These are so-called admissible levels, defined by V. Kac and M. Wakimoto (cf. [15,16]).
D. Adamovi¢ (cf. [1,2]) studied vertex operator algebras associated to affine Lie algebras of type
C l(l) on admissible half-integer levels. D. Adamovi¢ and A. Milas [4], and C. Dong, H. Li and
G. Mason [6] studied vertex operator algebras associated to affine Lie algebras of type Agl) on
all admissible levels. It is shown that in these cases vertex operator algebra L(k, 0) has finitely
many irreducible weak modules from the category O and that every weak L (k, 0)-module from
the category O is completely reducible. One can say that these vertex operator algebras are ratio-
nal in the category O. In [4], authors gave a conjecture that vertex operator algebras L (k, 0), for
all admissible levels k, are rational in the category O. In this paper we give examples of a vertex
operator algebras L (k, 0) on admissible levels k for which we prove some parts of the conjecture
from [4]. Admissible modules for affine Lie algebras were also recently studied in [3,9,11,20].

We consider the case of an affine Lie algebra of type Bl(l) and the corresponding vertex
operator algebra L(n — [ + %, 0), for any positive integer n. We show that n — [ + % is an ad-
missible level for this affine Lie algebra. The results on admissible modules from [15] imply that
Ln—1+ %, 0) is a quotient of the generalized Verma module by the maximal ideal generated
by a singular vector. Using results from [10,21], we can identify the corresponding associative
algebra A(L(n —1+ % 0)) with a certain quotient of U (g). Algebra A(L(n —1+ % 0)) is infinite-
dimensional in this case. Using methods from [2,19] we get that irreducible A(L(n — [ + % 0))-
modules from the category O are in one-to-one correspondence with zeros of the certain set of
polynomials Py. By calculating certain polynomials from that set we obtain the classification of
irreducible finite-dimensional A(L(n — [ + % 0))-modules, and in the special case n = 1, the
classification of irreducible A(L(—I + % 0))-modules from the category O. Using results from
[21], we obtain the classification of irreducible L(n — I + % 0)-modules, and in the special case
n = 1, the classification of irreducible weak L(—I + % 0)-modules from the category O. Using
these classifications and results from [16], we show that every L(n — [ + % 0)-module is com-
pletely reducible, and in the case n = 1, that every weak L(—I/ + %, 0)-module from the category
O is completely reducible.

The method for classification of irreducible L(k, 0)-modules used in this paper depends on a
relatively simple formula for the singular vector in the generalized Verma module. For a general
admissible level k, a more global method for classification is needed.

2. Vertex operator algebras associated to affine Lie algebras

This section is preliminary. We recall some necessary definitions and fix the notation. We
review certain results about vertex operator algebras and corresponding modules. The emphasis
is on the class of vertex operator algebras associated to affine Lie algebras, because we study a
special case in that class in Sections 3 and 4.

2.1. Vertex operator algebras and modules

Let (V, 7,1, w) be a vertex operator algebra (cf. [5,7,8]). An ideal in a vertex operator algebra
V is a subspace I of V satisfying Y (a,z)I C I[z, z_lﬂ for any a € V. Given an ideal [ in V,
such that 1 ¢ I, w ¢ I, the quotient V /I admits a natural vertex operator algebra structure.
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Let (M, Y)r) be a weak module for a vertex operator algebra V (cf. [18]). A Z -graded weak
V-module (cf. [10]) is a weak V-module M together with a Z,-gradation M = @2‘;0 M(n)
such that

anMm) SMmn+r—m—1) foraeVy), mn,relZ,

where M (n) =0 for n < 0 by definition.

A weak V-module M is called a V-module if L(0) acts semisimply on M with the decom-
position into L(0)-eigenspaces M = @, .c M(«) such that for any o« € C, dim M(,) < oo and
M (q4n) = 0 for n € Z sufficiently small.

2.2. Zhu’s A(V) theory

Let V be a vertex operator algebra. Following [21], we define bilinear maps *:V x V — V
and o:V x V — V as follows. For any homogeneous a € V and for any b € V, let

1+ wta
aob=Res, %Y(a, 2)b,
b4

1 , wta
a xb=Res; ﬁY(a, 2)b
z

and extend to V x V — V by linearity. Denote by O (V) the linear span of elements of the form
a o b, and by A(V) the quotient space V/O (V). For a € V, denote by [a] the image of a under
the projection of V onto A(V). The multiplication * induces the multiplication on A(V) and
A(V) has a structure of an associative algebra.

Proposition 1. [10, Proposition 1.4.2] Let I be an ideal of V. Assume 1 ¢ I, w ¢ I. Then the
associative algebra A(V /1) is isomorphic to A(V)/A(I), where A(I) is the image of I in A(V).

For any homogeneous a € V we define o(a) = awiq—1 and extend this map linearly to V.
Proposition 2. [21, Theorems 2.1.2 and 2.2.1]

(a) Let M = @:OZO M(n) be a Z,-graded weak V-module. Then M(0) is an A(V)-module
defined as follows:

[a]l.v =0(a)v,

foranya eV and v e M(0).
(b) Let U be an A(V)-module. Then there exists a Z-graded weak V -module M such that the
A(V)-modules M (0) and U are isomorphic.

Proposition 3. [21, Theorem 2.2.2] The equivalence classes of the irreducible A(V)-modules
and the equivalence classes of the irreducible 7., -graded weak V-modules are in one-to-one
correspondence.
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2.3. Modules for affine Lie algebras

Let g be a simple Lie algebra over C with a triangular decompositiong=n_®hdn;.Let A
be the root system of (g, ), A+ C A the set of positive roots, 6 the highest root and (-,-): g x g —
C the Killing form, normalized by the condition (0, 6) = 2. Denote by IT = {«y, ..., oy} the set
of simple roots of g, and by ITY = {hy, ..., h;} the set of simple coroots of g.

The affine Lie algebra § associated to g is the vector space g ® C[z, '] @ Cc equipped with
the usual bracket operation and the canonical central element ¢ (cf. [12]). Let &Y be the dual
Coxeter number of §. Let § = i_ @ b @ fi be the corresponding triangular decomposition of §.

Denote by A the set of roots of §, by AA+ the set of positive roots of g, and by 11 the set of
simple roots of §. Denote by A™ the set of real roots of § and let Af = A™N A,. With oV
denote the coroot of a real root o € A™. For any A € 6* set D(A) = (A — D, cyna® | ng € Zy
Vo € I 1. N

We say that a g-module M is from the category O (cf. [12]) if Cartan subalgebra b acts semi-
simply on M with finite-dimensional weight spaces and there exists a finite number of elements
V1, ..., Vk € b* such that for every weight v of M holds v € Uf:l D(v;).

For every weight A € 6*, denote by M (A) the Verma module for g with highest weight A, and
by L()) the irreducible g-module with highest weight A.

Let U be a g-module, and let k € C. Let g = g ® tC[¢] act trivially on U and ¢ as the
scalar multiplication operator k. Considering U as a g @® Cc @ g, -module, we have the induced
g-module (so-called generalized Verma module)

Nk, U)=U (@) ®ugaccas,) U-

For a fixed u € h*, denote by V(u) the irreducible highest-weight g-module with high-
est weight . Denote by P, the set of dominant integral weights of g, i.e. P+ = {u € h* |
w(hi) € Zy, fori=1,...,1}. Denote by wy, ..., w; € P4 the fundamental weights of g, defined
bya)i(hj)zaij foralli,j: 1,...,[.

We shall use the notation N (k, i) to denote the g-module N (k, V (u)). Denote by J (k, 1) the
maximal proper subrpodule of N(k,w) and L(k, nw) = Nk, n)/J(k, ).

Denote by Ag € h* the weight defined by Ag(c) =1 and Ag(h) =0 for any h € h. N(k, )
is a highest-weight module with highest weight kAo + w, and a quotient of the Verma mod-
ule M (kAo + ). L(k, ) is the unique irreducible highest-weight module with highest weight
kAo + p,ie. L(k,u) = LkAg+ p).

2.4. Admissible modules for affine Lie algebras

Let AVre (respectively AAire) - 6 be the set of real (respectively positive real) coroots of §.
Fix A € h*. Let A}vre ={a e AV®| (A, a)€Z), AAAVI:’ = A}“e N AAfe, 1TV the set of simple
coroots in A Y™ and ﬁ/\V ={a € AA)LV ¥ |  not equal to a sum of several coroots from AAka )
Define p in the usual way, and denote by w.A the “shifted” action of an element w of the Weyl
group of g. A

Recall that a weight A € h* is called admissible (cf. [15,16,20]) if the following properties are
satisfied:

(A+p,a)¢—7Z, forallaeA)™,
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QA vre QHV

The irreducible g-module L(1) is called admissible if the weight A € 6* is admissible.
We shall use the following results of V. Kac and M. Wakimoto:

Proposition 4. [15, Corollary 2.1] Let A be an admissible weight. Then

M)

L) ==—""">—,
* Zaeﬁkv U(gh“

where v* € M (M) is a singular vector of weight ry.)\, the highest weight vector of M (ry.\) =
U@v® C M(2).

Proposition 5. [16, Theorem 4.1] Let M be a §-module from the category O such that for any
irreducible subquotient L(v) the weight v is admissible. Then M is completely reducible.

2.5. Vertex operator algebras N (k,0) and L(k,0), for k # —h"

Since V(0) is the one-dimensional trivial g-module, it can be identified with C. Denote
by 1=1® 1 € N(k,0). We note that N(k,0) is spanned by the elements of the form
x1(—n1 —1)---xpy(—ny — D1, where x1,...,x,, €gand ny, ..., n, € Z4, with x(n) denoting
the representation image of x ® ¢ for x € g and n € Z. Vertex operator map Y (-, z) : N(k,0) —
(End N (k, 0))[z, z~'] is uniquely determined by defining Y (1, z) to be the identity operator on
N (k,0) and

Y(x(=D1lz) =) x(mz""",

nez
for x € g. In the case that k = —h", N (k, 0) has a Virasoro element
1 dimg
=— (=21,
2k + 1Y) ; v
where {xi }i=1,....dim g 18 an arbitrary orthonormal basis of g with respect to the form (-,-). In [10],

the following results are proved:

Proposition 6. [10, Theorem 2.4.1] If k = —h", the quadruple (N (k,0), Y, 1, ) defined above
is a vertex operator algebra.

Proposition 7. [10, Theorem 3.1.1] The associative algebra A(N (k,0)) is canonically isomor-
phic to U(g). The isomorphism is given by F : A(N (k,0)) — U (g)

F([xl(—nl D xp(—npy, — 1)1]) — (_1)n1+-..+nmxm Xl

forany xi,...,xm €gandanyny,...,ny, € Zy.
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Since every g-submodule of N (k, 0) is also an ideal in the vertex operator algebra N (k, 0),
it follows that L(k, 0) is a vertex operator algebra, for any k # —h". The associative algebra
A(L(k,0)) is identified in the next proposition, in the case when the maximal g-submodule of
N (k,0) is generated by one singular vector.

Proposition 8. Assume that the maximal §-submodule of N (k,0) is generated by a singular
vector, i.e. J(k,0) = U(§)Vsing. Then

U(g)
A(L(k,0)) = —=,
( ) (0)
where (Q) is the two-sided ideal of U(g) generated by Q = F ([Vsing]).
Let U be a g-module. Then U is an A(L(k, 0))-module if and only if QU = 0.

3. Modules for vertex operator algebra L(n — [ + %, 0) associated to affine Lie algebra of
type Bl(l)

Let g be the simple Lie algebra of type By, and g the affine Lie algebra associated to g. In
this section we study the vertex operator algebra L(n — [ + %, 0) associated to g, for a positive
integer n. Using results from [10,21], we identify the corresponding associative algebra A(L(n —
I+ % 0)) with a quotient of U (g) by the ideal generated by a certain vector. Using methods from
[2,19], we show that the highest weights i € P, of irreducible finite-dimensional A(L(n —1 +
%, 0))-modules are characterized by the condition

1
g - =,
(n,e1)<n 5

where ¢€; is the maximal short root for g. Using Zhu’s theory we obtain the classification of
irreducible L(n — [ + %, 0)-modules. From this classification and results from [16], we obtain

the semisimplicity of the category of L(n — [ + %, 0)-modules. Using similar techniques, we
also show that there are finitely many irreducible weak L(n — [ 4 %, 0)-modules from the cate-
gory O.

3.1. Simple Lie algebra of type B;

Let A={=%e; |i=1,....,1}U{x(e; L€;) |i,j=1,...,1, i # j} be the root system of type
B,. Fix the set of positive roots Ay ={¢; |[i=1,..., [} U{e; —€; |i < jiU{e +€;|i#j}.
Then the simple roots are o] = €] — €3, ¥p = €2 — €3, ..., a1 = €)1 — €], o = €;. The highest
rootis @ = €1 + €2 = a1 + 200 + 203 + - - - + 201;.

Let g be the simple Lie algebra associated to the root system of type B;. Let ¢;, fi, hi, i =
1,...,[ be the Chevalley generators of g. Fix the root vectors:

Cej—e; = [e,', [e,'_H, [ .lej—2,ej1].. ]]], <],

eq; = [ei, [eir1, [ le—1, e ]]],

ee,‘+€_,‘ = E[eeia ee_/]a i < j7
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fe—e; =[fi—t: [fi—a. [ - Ufivns il )] i<
foo = [fi: [fimr: [ Ui, £l -]

1
f€i+6j:5[f€jaféi]v l<]

Denote by hy = ¥ = [eq, fol coroots, for any positive root « € A4. It is clear that hy, = h;.
Let g=n_ & h & n . be the corresponding triangular decomposition of g.

3.2. Vertex operator algebra L(n — 1 + %, 0) associated to affine Lie algebra of type Bl(l)

Let § be the affine Lie algebra associated to simple Lie algebra of type B;. We want to show
that the maximal §-submodule of N(n — [ + %, 0) for n € N is generated by a singular vector. We
need two lemmas to prove that.

Denote by A, the weight (n — [ + %)Ao forn e N. Then N(n — [ + %, 0) is a quotient of
M(hy) and L(n — 1+ ,0) = L(h).

Lemma 9. The weight A, = (n —1 + %)Ao is admissible and
ﬁ)LVH = {(5 — E])V’(x}/,o{;, ,Ollv},
for any n € N. Furthermore

(Xn—{—,o,oziv):l fori=1,...,1,
(bn +p, (6 —€)")=2n.
Proof. We have to show
(An+p,a")¢ —Zy foranyae Are,
QA =QIT".
Any positive real root & € A_rf of § is of the form & = o + mé, for m > 0 and @ € A or

m=0and a € A,. Denote by p the sum of fundamental weights of g. Then p =h¥ Ao+ p =
(2l —1) Ao+ p,and Ay +p = (n +1 — ) Ag + . We have

(An +p,&v)=<<n+l— %)Ao-l—ﬁ, (a+m8)v>

2 1 _
= @ (m<n+l— 5) +(,0,0[)).

Ifm=0anda € Ay, then (0, @) > 0, and it is clear that (A, + o, &") ¢ —Z.
Let m > 1. We have two cases: (o, ) =2 and (o, @) = 1.
If (@, ®) =2 and m is odd, then (A, + p,&") ¢ Z, which implies (A, + p,&") ¢ —Z.




222 O. Perse / Journal of Algebra 307 (2007) 215-248

If (o, @) =2 and m is even, then m > 2, and since (p, @) > —(2/ — 1) for any o € A, we have
y 1 _ 1
(An+p,a>=m n—i—l—i +(p,a) =2 n—i—l—i —QRI-1)=2n>=2,

which implies (A, + p,&") ¢ —Z.
If (o, ) =1, then ¢ = %¢; for some i =1, ..., [, which implies (p, «) > —I. Then

1 1
(xn+p,6ﬂ)=2(m<n+l—§)+(ﬁ,a)> >2<n+l—§—l>:2n—l>l,

which implies (A, + p,&") ¢ —Z.
Thus, (A, + p, &) ¢ —Z, forany @ € Af. Furthermore,

()»n-l-p,()l;/):l fori=1,...,1,
(n+p.6—€)")=2n€N,

which implies

ﬁfn = {(8 —El)v,ai/,azv,...,oz,v}.
It follows that QA = QITY =QIT¥. O
Lemma 10. Vector

1 n
Un = <_Z€el (_1)2 t+ee—e (—Dee 46, (=) + - + eelq(_l)eelJrel(_l)) 1

is a singular vectorin N(n — 1 + %, 0) for any n € N.
Proof. It is sufficient to show

ei(0)v, =0, i=1,...,1,
fo(1).v, =0.

‘We introduce the notation
1 N
u= _Zeel (_1)2 Fee—e(—Dee re, (1) + -+ ee)—g (—1ee, 1 (=1) € U(g).

It can easily be checked that vectors e; (0) commute with & in U (§) for any i =1, ..., I, which
implies

€i(0).v, =€ (0).u"1=[e; (0),u"|1=0, i=1,...,1L

Similarly, we can show
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3 1
[fo(D),u]= (k +1 - E)el(—l) —e1(=Dhej+60) = 5e4 (=1 fo (0)

— €eite; (_1)fez+€3 0) — 661763(_1)](62753 ) —---
— € tg (_1)f€2+€1 0) — €e1—¢ (_l)fez—e/ 0).

It can easily be checked that vectors fe, (0), fe,14¢;(0), fe,—e;(0), ..., fe4¢(0), fe,—¢(0) com-
mute with  in U (g) and that

[hei+e,(0), u™] =2mu™, form eN.

‘We have:

JoD)vy = fo(Dau"1=[fa(1),u"]1
=[fo(, u]u" "1+ ul fo(D), u]u" 21+ +u" [ fo(1), u]1

:(k—i—l—%)el(—l)u"_ll—Z(n—l)el(—l)u”_ll
+ <u<k+l - %)el(—l)u”_z —uey(—1)-2(n — 2)u"_2)1 4o
n—l( 3)
+u' k=3 Jer(=D1

:n(k+l - %)el(—l)u”_ll —2(( =1+ =2+ + er(=Du""'1

3 —1
_ <n<k+l— 5) o )”>e1<—1>u"‘1

1
:n(k+l—n — 5)61(—1)14”_11:0,

because k =n — [ + % Thus fi;.v, =0, and v, is a singular vector in N(n — [ + % 0). O

Theorem 11. The maximal §-submodule of N(n — [ + %, 0)isJ(n—1+ %, 0) = U (§)vy,, where

1 n
Up = (_del (—1)2 tee—e(—Dee 16, (—1) + -+ e —g (—Dee +¢ (_1)) I neN.

Proof. It follows from Proposition 4 and Lemma 9 that the maximal submodule of the Verma
module M (A,) is generated by / + 1 singular vectors with weights

Ts—ep-AnsTay-Ans ooy Tayhn.

It follows from Lemma 10 that v, is a singular vector of weight A, — 2né + 2ne; =rs—¢, . Ay.
Other singular vectors have weights

Faghn = =l +p, 0 i =y —ai, i=1,....1,
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so the images of these vectors under the projection of M (A,) onto N(n — [ + %, 0) are 0.
Therefore, the maximal submodule of N(n — [ + %,0) is generated by the vector v,, i.e.
Jn—1+%,0=U@v,. O

Using Theorem 11 and Proposition 8 we can identify the associative algebra A(L(n — [ +
1
2,0)):
2

Proposition 12. The associative algebra A(L(n — 1 + %,O)) is isomorphic to the algebra
U(g)/I,, where I, is the two-sided ideal of U (g) generated by

l n
1 2
v, = <_Zeel T lei—er€ei+e; Tt ey~ Ceite | -

3.3. Modules for associative algebra A(L(n —1 + % 0))

In this subsection we present the method from [2,4,19] for classification of irreducible
A(L(n — 1 + %, 0))-modules from the category O by solving certain systems of polynomial
equations.

Denote by ;, the adjoint action of U(g) on U(g) defined by X1 f =[X, f] for X € g and
f e U(g). Let R be a U(g)-submodule of U(g) generated by the vector v),. Clearly, R is an
irreducible finite-dimensional U (g)-module isomorphic to V (2ne1). Let Ry be the zero-weight
subspace of R.

Proposition 13. ([2, Proposition 2.4.1], [4, Lemma 3.4.3]) Let V(i) be an irreducible highest
weight U (g)-module with the highest weight vector v, for i € b*. The following statements are
equivalent:

(1) V() isan A(L(n — 1 + %, 0))-module,
() RV(n) =0,
(3) Rovy, =0.

Proof. The equivalence of (1) and (2) follows from the fact that R generates the ideal I,,. Clearly,
(2) implies (3). To prove the converse, suppose that Ryv, = 0. We claim that RV (u) is a g-
submodule of V(u). Letx € g,r € R and v € V (u). We get

x(rv) =[x, r]v+rxv).

Since R is a g-module, [x,r] € R, and that implies x(rv) € RV (u). Since V (u) is irreducible,
RV (u)=0o0r RV (u) = V(). To prove that RV (1) =0, it is enough to show that v, ¢ RV ().
Clearly,

RV (1) = RU(n_)v, =U(n_)Ru,,,

since R is a g-module under the adjoint action. Since R C U(g), the Poincaré—Birkhoff-Witt
theorem implies that every element of r € R can be written as a linear combination of elements
of the form ror_r, where rog € S(h), r— € U(n_) and r1 € U(ny). It follows that, if the weight
of r is positive, then rv, = 0, and if the weight of r is negative, then the weight of rv, is
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1+ wt (r) < p. From this we obtain that v, € RV (u) if and only if Rov,, # 0. Thus, Rov,, =0
implies v, ¢ RV (i), which implies RV (u) =0. O

Let r € Rp. Clearly there exists the unique polynomial p, € S(f) such that
rvy, = pr(W)vy.
Set Po={p, | r € Ry}. We have:
Corollary 14. There is one-to-one correspondence between

(1) irreducible A(L(n — 1 + %, 0))-modules from the category O,
(2) weights u € b* such that p(u) =0 for all p € Po.

3.4. Construction of some polynomials in Py
The following lemmas are obtained by direct calculations in U (g):

Lemma 5. Let X egand Y1, ..., Y, € U(g). Then

(X", (YY) = Y (lq " L )(Xkl)LY1~...~(Xk’")LYm.

Lemma 16.

(D) (e)L(fg) €m!-hy-...-(he —m+1)+U(g)eq, Vo € Ay,

(2) (€L (f™) e U(g)eq, fork>m andVa € Ay;

B) @)L (fE ) =(=DFQR) ek i=2,....1;

@) (e ™L(fhi) =0 for j>0andi=2,...,1;

(5) (ef)L(fE_ ) eU@ny, forr>0andi=2,...,1;

(6) efp(h) = p(h —ka(h)e, Vp € S(h);

D) (K )L (fe ) =mm — 1) (m —k+ 1) f7F (& fori=3,....landk <m;
®) (X 1)L (f_ ) €Uy, fori=3,....l and k > 0;

) (e )L (fl ) eU@ee se fori=3,....land k > 0;

10) ) (fMyemm—1)---(m—k+1D)f"* . (hg —m+k)-...- (hg —m+1)+U(g)eq,
Ya € Ay and k < m;

(1) (el _)(fE )=kt . fori=3,...1
(12) (& _ ) (fr- ) eUgmy, fori=3,....l and k > 0.

Lemma 17. Let B1, ..., Br, V1, .-, Ym € Ay such that Zle Bi =3I, vi- Let Y1, Y, € U(g)
such that

Yi=ep, --ep,, leg,ep;1=0, forall i, j,
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Y2=f}/1"'f)/ms [f)/,',fy_,-]zo, forall l,]

Then

YiLY2€ep ---eg fr - [y T U@04,
YarYie(=D)"ep ---ep fy -+ [y, + U@

In the following lemma we calculate / 4+ 1 polynomials in the set Py. This is a crucial technical
result needed for classification of irreducible L(n — I + % 0)-modules.

Lemma 18. Let

1
Mgmy= > g (e =2k = =2k (e =20 1)
(k1o k))EZL,
Zki:n
(hey—q —ki—1— - —ka) - (he—gg —kiI—1 =~k =k + 1) ...

chej—ey oo (hej—ey — k2 + 1),
1
(2)p,-(h):h,~(h,~—1)~...-(h,-—n+l)(hei+ei+,+l—i—§)
.3 o1
. h5i+€i+l+l—l—§ h€i+€i+1+l—n—l+§ )

fori=1,...,1—1,
By pih)y=hithy—1)-...-(hy —2n+1).

Then p1, ..., p1,q € Po.

Proof. (1) We claim that

1 n
(egf’ €4ln)L <_Zezl Tl —erCeite Tt e€1€le€1+€1) €cqh)+U(g)ng,

for some ¢ # 0.
We introduce the notation:

1
~ 2
U=——€ T e €cite; T T ci—Cei+¢ € U(g).

4

It can easily be checked that
_ 1
(f€41)Lu = 24<_Zf521 + f61—62f61+€2 +- 4+ f€1—61f61+€[>

and (f2 )i = 0, which implies
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1 n
4n 2
( € )L (_Zeel + Cei—er€ei+ey T -t Cei— e +¢

(4n)!

= (7, @) = G ()"

1 n
= (4n)!(_zf€2l + fa—afatea+ 0+ fel—elfe|+el> .

Therefore,
1 n
2n g4n 2
(eél € )L <_Zee1 + eej—er€ei e T 661—616614—61)
2 1o "
/

=cC (eeln)L(_Zfel + f€1—62f61+62 +---+ f61—€1f61+61> ) (l)

where ¢’ # 0. Since all root vectors fe,, fe,—es» fe,+ers -+ fer—e» fei+¢ € @ commute, we have

1 n
(_Zfezl + f€1*€2f€1+62 +---+ f61€1f61+61>

Z n Lo
N (kl kl>(_1) 14k1 féllffl 62f1+€2 ) 61 €1f1+€1 @)
, Yy

(TP ki)EZ,

We calculate the action of e2 ec' on every summand above. By using claim (5) from Lemma 16 we
obtain

(€) (fite+ fel-a) € U@, 7 >0,

which implies

(egln)L( 2 €| 62f1+62 e — €1f1+€l)
z(eG?)L(fezlklerez f1+e/ 61 e’ €k|]—€l)
e[(egln)L(feznklfﬁrEz f1+61)]( - 61 61)+U(9)n+ 3)

Using Lemma 15 we can calculate:

(e2n) (f€21k1f1+€2 f1+61)
( ) (f€1+€2 f€1+€1 2kl)

o (mlznm,)[( ), (F200) - (), (F5 ) (em), (F2)]-

(my,...m)eZ!,

> mi=2n
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It follows from claims (2) and (4) from Lemma 16 that only nontrivial summand above is for
=2k, my =2k, ..., m; = 2k;. By using claims (1) and (3) from Lemma 16 we obtain:

(ezfl)L (fezlkl f61+62 feHrez)

(2n)!
Em( 2k2) (felJrez) ’ (Zkl) (f€1+€1)( 2kl)L(leq)_|'U(g)e€|
€ 2m)(=1)"~ k'eel o ..e’gg_el.hq-..(hq—2k1+1)+U(g)eq.

By putting the expression above in relation (3), we obtain:

(eZn) (fezlklfel 62f1+€2 ’ 61 ezf1+ez)

ki
€ (2”1)‘( 1)” kleel 62 . 661761 : hEl e (hel _2k1 + 1)f€1 62 ' 61 —€] + U(g)n""

By using claims (6) and (1) from Lemma 16, we have:

(Zn) (kalfel €2f61+€2 : el 61f61+€[)

e CmN(=1)""K1(hey —2ky — - = 2k;) -+ (he, —2n 4 1)
k k k
) 6612762 T eellfel qlfel e el —e, T U(giny
€ @mI=1)" (he, —2ky — -+ —2kp) -+ (he, — 20+ 1)
ki ki
~ef]2_62 . ~~e€i —161_1 . (kz!hel_e, oo (he—q — ki + 1)) 611_161_] X 61 o tU(@n4
€ QN (=1)""F Il (he, — 2ky — -+ — 2kp) -+ (he, — 2n + 1)
“(hey—g — ki1 _"'_kZ)"'(hel—e] —ki—1 = —ky—k +1)
k ki ko
'eeffez"'eellflel,l' ellflel,l : E] 52+U(g)n+
€ N =D)"F kgl dyl(he, — 2ky — - —2k) - (he, —2n+ 1)
(hep—qg —ki1—-—k)- .. (he—qg k11— —ko =k —1)- ...

chej—ey oo (hej—ey —ko + 1) + U(g)ng.

It follows from relation (2) that

1 n
(ezln)L<_Zf€21 +fa-afara +-+ ffle’f€1+q)

1
e(=D"Cm)n!t Y g (e =2k == 2) e (hey =204 1)
(ky,eeskp)€Z,
> ki=n
(hej—qg —ki1—-—ka) (e g — ki1 =~k =k —1)- ...

hej—ey ot (hej—eg —k2 + 1)+ U(g)n.

Finally, relation (1) implies
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1 n
2n p4n 2
(eel fl )L<__651 + €ei—e)Cei 46 +--- 4+ €e1—€1€e+¢

4
1
ec Y m-(hq—2k2—--.—2k,).....(hq—2n+1)
(ke k))EZL,
> ki=n
(hey—q —ki—1— -+ —ka) - (hey—qg k11— —ko— kg — 1) - ...

: helfez Teest (hqfcz - k2 + 1) + U(g)n+,

for some ¢ # 0, and the proof is complete.
(2) First notice that

1 n
n n 2
(f61—62f€1+€2)L (—Zeel + i —r e 4y T €e—€e,+¢, | € Ro.

Lemma 17 implies that we can calculate the corresponding polynomial from

1 n

2 n

<_é_leel Tt lei—er€eitey Tt Ce—e ey tg (f€1—€2f61+62)
L

n kLo k k k k
. k1>(_1) : 471( e et e —aera) L (fa—a fita)-
“4)
By using claims (7) and (8) from Lemma 16, we have

2ky ko ko ki ki n n
(eél Cei—eCeiter eelfeleélJrez)L(f61—62f€|+62)

(K ki 2ky k2 ki1
_(661—62"'eél—eleellesl+52"'eel+61 1 €1+€1) (f61+ezfel ez)

ko ki 2ky k2 k/ 1

€ (661—62 T e — Eleelle€1+62 T Ceite 1) (n(n—l)-~-(n—k1~|—1)
f€1+62f62 elfel—ez) +U(gny

_ (k2 ki 2ky k2 ki—2

= (eé]—éz e — ] €eiter eel+q_2)L(n(n —D-(n—=k+1)

ki—kj—1 pki—
=k =k — kg D AT A AR )+ Uy

I3 k k
= (e ¢, ree el ), (n(n D)=k — - —k3+ 1)

n—kj—--—kj3 ki1
f1+€2 f€2 &3 T Jer—€ 62 elfel 62)+U(g)n+

k k k
= (€ el gt eie,)  (nn = 1) (ki + ko + 1)
k1+k ki
'f611+622f€2 —e "’ 621—16171 62 Elfel 62) +U(gny.

Claims (9), (8), (10) and (6) from Lemma 16 imply
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ko ki 2ky k2 ki—1
(661—62 T e — El€€|1661+62 T Ceide €1+€1) (fe1+ezfe1 ez)

k,
€ (e, eed ), (n<n — D) (ki ko 1)

ky+k k-
'(€1+€z) (f 11+€22) E2 e’ €2[*|€171 €— €1f€1 62)+U(g)n+
:(eff_éz-~efi_€,eff”)L(n~'(k1 +hka+ 1) (ki +k2) - (k1 + 1)f]+52
ki
heyre, — k) (hepsey — ki —ka + DS - Q’_L,_l oo fl o) U@y

k k ki— k
= (€ ey €l 8) (1 = 1) O+ D fil ey ey - f e foe £

e—€_1Jea—€elej—e
-(hﬂm—kl—k3—~--—k1)---<he]+62—k1—kz—k3—-~-—k1+1>)+U(g>n+
k k 2k kj—
=(6612_62~--eei_€leE]l)L(n(n—1) (k1+1)f€1+€2 62 e’ 621—16171 62 €1f61 —€

(hepre —n+k2) - (hepre, —n+ 1)) + Ug)ny.
It follows from claims (3) and (5) from Lemma 16 that

ko k; 2ky k2 ki1
(661—62“'661—6166118614—62"'e€1+€1 1 E1+61) (f€1+€2f61 62)

e (el e ), (nn— 1)y + D(=DR1 @R fE

e—e3 " 52 €lf€1 —€
: (h61+62 —n +k2) e (h€1+€2 —n+ 1)) + U(g)ﬂ+

By using claims (11), (12), (10) and (1) from Lemma 16, we obtain

(616(12—62 ’ efll éleg{<|e/;2+€2 ’ eg;léz 1 e1+61) (f€1+€2f€1 ez)
e(e’gf_q---e’g’qu ) (=1 G+ D(=DR kLl 1o i
k! El oSt (here —n k) (hey e —n 4+ 1)) + U(g)ng
= (e ), (=) D(=DR @kt e

ki 1'661 ezkl 661 ezfe1*ez(h€1+€2_n+k2)"'(h€1+€2_n+1))+U(g)n+="'
= (2,) (1 = 1)+ Gy + (=DM @k sl Klel!_ el oo ef

€1 —€27€1—€2 €1 —€2

Sl (hepye, —n4 ko) (hej 1o, —n+ 1)+ U(g)ny
=n(n =1 (o + DD @R Jted 22, (62 ,)  (F-e,)

herve, =1+ k2) - (heyrey — 1+ 1) + U@y
=nn—1)(y + D(=DF Q)3 ke 2 nn—1) - (n—kp + 1) [0

€1—€2 €1—€2

. (l’lel—ez —n—+ky)--- (/’lel—ez —n+ 1)(h€1+€2 —n+ky)--- (h€1+62 —n+ 1)+ Ugn,
n!
= k_ﬂ(_l)kl QRkDks! - ky!nlhe —ey -+ (hey—ey —n + 1)

(here, —n+ka) - (heyey —n+ 1) + U@y,
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It follows from relation (4) that

1 n
2 n n
<_4_le€1 + le)—erei ey Tt Cej—¢ e +¢ L(f€1_€2f€1+52)

€ (M) hey—cy+ (hey—ey =+ 1)

2k1\ 1
Z (kl )4](, k> |( €1+e2 T ”+k2)"'(hel+ez—n+1)+U(g)n+.

> ki=n
Since
2kiy 1 1
Z k 4k1 i |(h51+€2 n+k2)...(h€1+62 —n+1)
(k1,....k1)€eZl,
> ki=n
= 2 n—ki =kt =3 2k 1 (heve, —ntk2
= n —k] —k2 kl 4k1 k2
(k1 k2)€Z3
ki+ky<n
Z( e~ n+k2> Z (n—kl —k2+l—3)<2k1> 1
- —ky — Ak
k=0 n—ki—ky ky ) 4k
Z 61+62_n+k2 n—k2+1_% B he|+52+l—%
- n—ky o n ’
we get

1 n
( €— ezfeﬁ—ez)L(_Zea + eej—er€ei e T +e€|—€z€€1+61)
3 1
EClhgl_Q'...'(l’lel_gz—l’l—i-l) h€l+€2+l—§ h€l+€2+l—n—§ +U(g)ﬂ+
=cipi(h) +U(g)ny, 5

for some ¢y # 0.
Thus, p; € Po. Let us prove p; € Py, for | =2,...,1 — 1. Using notation

1
2
= _Zeel T lei—erCeitey T T Cep—e et

N

as in (1), we have
2 —
(f61+€i)L B <__fe, ey—e; fer+ei = T Ceiy—¢; fei1+e;

+ fe[—e,'_H f€[+6,’+| +--- 4+ f€[—6[f€[+6[)
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and (f€31+€l.)L12 =0,for 1 =2,...,/ — 1, which implies

1 n
2
(f 1+€l) <_Zee1 + e —er€ci+e; Tt ey —¢Cei+¢

n @n)! -\
= () @) = G (f2 ). 7)

1
= (zn)'<_2f521 — €ei—¢; fel-'réi — T e —¢ f61_|+€i
n
+ fei—6i+1f€i+6,‘+1 +--- 4+ fei—élf€i+él> .

Since all root Vectors f;,€e;—¢;s fejteis--+sCei1—€is Jeiiteis fei—einrs feiteisrs oo fei—ers
Jei+e € g commute, we get

1 n
2
<_Zfei — Ce—¢ f€|+€i T Tl —¢ fe,'_|+e,- + fe,-—e,'_H fe,'+e,~+] +---+ fei_el f€i+6[
= Z n (_1)k1+~-~+k f2k ki f B f
o ki,....k Cei—€i Jer+e; e, 1 €iJei_ 1+e,
(k1o k) EZ,
Zk/-:n
ki1 ki1 ki ki
’ f€i*€i+1f€i+5i+l i Jei—eJeite (©)
If any of indices ki, ..., k;—1 is nonzero, then the corresponding summand in (6) is an element

of U(g)n4. Thus we obtain

n
(f2" ) _124_ 4+t
a+e)L 4861 €e—er€e1+e) €e|—¢ e +e

I
c@mt ) <k- N kl>(_l)ki4k

(ki y-o. ki) €7
Y kj=n

kiy1 ki1 ki
i —€i f€i+€i+1 T Jei—¢ e,+e[ + U(g)ng

1 n
= (2’1)'<_1fe2, + fé,‘—ei+1 f€i+€i+1 + -+ fé,'—elfé,'-l—el) + U(g)n+

Let g’ be the subalgebra of g associated to roots «;, ..., a;. Then g’ is a simple Lie algebra
of type Bi_i41. Let g =n’_ @ b’ @ n/_ be the corresponding triangular decomposition of g'.
Universal enveloping algebra U (g’) is embedded in U (g) in the natural way. Vector

1 n
<_Zf€2i + fGi—€i+1f€,’+€i+] +---+ fe;—e;fe;-ﬁ-e/) € U(g/)
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is the lowest weight vector for g'. Let R’ be a g’-module generated with this vector, and R
zero-weight subspace of R’. R’ is then a g’-module with highest weight 2¢; and highest weight
vector

1 n
<_Ze€, + efl_EH»leel +€it1 + + eel_éle€l+€] :

Clearly,
1 n
n n /
<f€i—€i+1f€i+€i+l)[,( 4 6, +e€z_€l+le€z+€l+l +- —i_efz_eleE +€I> € RO'

If we apply relation (5) to subalgebra g’ of type B;_; 1, we get

(o fhie) L2y +o '
€—€ir1J€+€411/)L 4 €, Cei—eiy1Ceiteiy Cei—¢1Ceite¢

1
€cthe—cyy - (he—euy —n+ 1)(h€i+6i+1 +l—i— 5) :

1
: <hei+€i+1 +l—n—i+ 5) + U(g/)n/+
=c1pi(h) +U(gHn';.
Clearly, there exists Y € U (n’y) such that

1 n
YL <_Zf52, + fEi—€i+1 f6i+6i+1 +---+ fei—€1f6i+61)
1 n
= (ferffelur] f€’§+€i+1 )L < 4 e, + ¢ *€t+1€€z +€it1 +eot Cei—¢ eft+€l> ’
which implies
1, "
(Yfe1+e,) <_Zee1 Tl —Ceite Tt 96161661+€1>

1 n
S (2]1)'YL <_Zf52, + féi—€i+] f€[+€i+] + -4 fei—qfé,'-i-e[) + U(g)n-i-

=c¢ipith)+ U@’y +U(gny
=cipi(h) + U(gny, @)

for some ¢; # 0. Thus p; € Py, fori =2,...,1 — 1.
(3) We claim that

] n
( fe1+61) (_Zezl te—er€etey + o +e€1—6ze€1+€1> ecpi(h) +U(gn,,

for some ¢; # 0.
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Using notation

1
-~ 2
u= _Zegl + el —erCei ey Tt Cey—¢e 1 € U(P),

asin (1), we have
1 2
(f€|+61)L =-2 fel + fatalea—a t fatata—a+ -+ fo1+e e 1—a

and (ff, )Lt =0, which implies

n
( 2n ) _l 2 + N
feH—E[ L 4661 €e1—€)Ce+€) €e1—€1€ei+e

n -n (2n)! —\"
= (f€2]+€1)L(u ) = (zfl)n ((f€21+51)Lu)

1 n
= (—1)”(2”)'(Zf€21 + f€|+61661—61 +-+ f61_1+6[e€[_1—61> .
‘We obtain
I, n
( f1+ez) _Zeel T lei—er€e ity T T Cej— ey te
1 n
= (_1)n(2n)y(ezln)L <Zf521 + f€1+61961—61 + f62+61662—61 +- f61_1+61661_|—61> .
Clearly,

1 n
2

—fe Jer+ei€ei—e T fertaCea—e +  + fe_i+e€ei1—e

47 €l

n
_ Z 2k; ki1 k/ 1
o (kls k)4kl fé/ f1+€1 E1 €’ fz 1+eCe_1—«
Toeees 1 +
> ki=n
— Z n f2k1f . fklfl ekl . .ekl—l (8)
- l ki,....k 4k1 € Jeite €—1t€ T €1—¢ €—1—€r”
(k1. skp)€Z),
Zki:n

If any of indices ki ...k;—1 is nonzero, then the corresponding summand above is an element of

U (g)ny. It follows that

1 n
2
( ! fe 1+€1) <_Zeel T lei—erCeiter T T ey —¢1 et

e (- 1>"<2n>'—( (2" + Uiy
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By using claim (1) from Lemma 16, we obtain

4
ecthi(hy —1)-...-(h —2n+ 1)+ U(g)ns,

1 n
2n p2n 2
(esl €1+61)L <__661 + €e1—erCe1 46y +--+ Cei—¢ Cei+¢

for some ¢; # 0, and the proof is complete. O

Proposition 19. There are finitely many irreducible A(L(n — | + %, 0))-modules from the cate-
gory O.

Proof. It follows from Corollary 14 that highest weights u € h* of irreducible A(L(n — [ +
%, 0))-modules V (u) satisfy p(u) =0 for all p € Pyp. Lemma 18 implies that pj(u) = p2(n) =

-+« = pi(p) = 0 for such weights . Every weight p € h* is uniquely determined by its values
wi = wu(hi),fori =1,...,1. The equation p;(n) =01is

iy —1) .- (u—2n+1) =0,

which implies that there are 2n distinct values for u;. The equation p;_1 () =0 1is

1 3
Mz—l--~-~(Mz-1—n+1)<M1—1+M1+§>~----(M1—1+M1—n+5)=0,

which implies that for every fixed u;, there are 2n distinct values for p;—1. If we continue this
procedure, at the end we get that equation p1(u) =0 is

3
Mn---(m—n+1)<M1+2/L2+~-~+2M1—1+/L1+l—5>----

1
'<M1+2/A2+~'+2M1—1+M1+l—n——)=0,

2
which implies that for fixed s, ..., iy, there are 2n distinct values for 1.
Thus, there are at most (2n)’ weights © € b* such that p1(u) = po(n) =--- = pi(n) =0,

which implies the claim of the theorem. O
It follows from Zhu’s theory that:

Theorem 20. There are finitely many irreducible weak L(n — [ + %, 0)-modules from the cate-
gory O.

3.5. Classification of irreducible L(n — [ + % 0)-modules

In this section we classify irreducible L(n — [ + %, 0)-modules. It follows from Proposition 3
that irreducible Z -graded weak L(n — [+ %, 0)-modules are in one-to-one correspondence with
irreducible A(L(n — [ + %, 0))-modules. Specially, irreducible L(n — [ + %, 0)-modules are in
one-to-one correspondence with finite-dimensional irreducible A(L(n —1 + %, 0))-modules.
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It follows from Proposition 12 that A(L(n — 1+ %, 0)= %lg)’ which implies that every finite-

dimensional irreducible A(L(n —[ + %, 0))-module is a finite-dimensional irreducible g-module,
and therefore is of the form V (i), where u € Py is a dominant integral weight of g.

Lemma 21. Assume that V (), u € Py isan A(L(n — [ + %, 0))-module. Then (u,€1) <n— %

Proof. If V(u),u € Py isan A(L(n — [ + %, 0))-module, then Corollary 14 and Lemma 18
imply that g () = 0. Thus,

1
0= > m.(p,(hq)—2k2—---—2k,)....-(u(hq)—znﬂ)
(k1o k)EZL,
Zki:n
'(M(helfel)_klfl_"'_k2)'”-'(M(hqfé])_klfl_"'_kZ_kl_l)"”

: M(hel—ez) BERE (M(hﬂ—ez) — ko + l)
We claim that this relation implies (u, €1) <n — %, or equivalently p(he,) < 2n — 1. Suppose
that p(he,) = 2n. We claim that, under that assumption, all the summands above are nonnegative.
Let (ky,...,k) € Zl+ be any /-tuple, such that Zé:l ki = n. It is clear that

(he)) —2ky — - —2k;) ... (u(he)) —2n+1) = 0.

Assume that

(u’(helfél)_klfl __kZ) (M(helfsl) —k[,] _"'_kz_kl - 1)
'/L(hél—éz) et (H/(hél—éz) _k2 + l) 750

Then, from p(he,—e,) - ... - (U(hej—ey) — ko + 1) # 0, and from w(he, —¢,) € Z follows
w(he,—¢,) = ko, which implies p(he—e,) « ... - (U(hej—ey) — ko + 1) > 0. Since he—e; =
hé]—éz +h62—639 we have M(hel—e3) = M(hél—éz) = k2~ From M(h51_53 - k2) BERRE (M(h51_53) -

kp — k3 + 1) #0, and from w(he,—¢;) = ko follows pu(he,—e;) = ko + k3, which implies
wlhe—es — ko) - ... - (u(he;—e3) — ko — k3 + 1) > 0. Inductively, we obtain
(M(hélfél)_klfl __kZ) (I‘L(hGI*G]) —k[,] _"'_kz_kl - 1)
: H“(hﬂ—éz) Teeet (H“(hﬂ—ez) - k2 + 1) > 0.

Thus, we have shown that all the summands above are nonnegative.
On the other hand, for ky =n, kp = k3 =--- =k; =0, we have the summand

n!4n,u(h€l) . ...-(u(hq) —2n+ 1) > 0.

Therefore
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1
o< > m-(,u(hel)—2k2—~~-—2k1)-...~(,u(hﬂ)—Zn—i—l)
(k1. k) EZL,
Zk;:n
(uhey—e) —ki—1 = —ka) - (wlhey—q) — ki1 — - —ka—k; — 1) ...

. /*L(hel—ez) Teeet (,U«(hel—ez) - k2 + 1)7
which is a contradiction. Thus, (1, €1) <n — % O

The converse of Lemma 21 also holds:

Lemma 22. Let € Py, such that (i, €1) <n— % Then V() isan A(L(n —1 + % 0))-module.

Proof. Since A(L(n — 1 + % 0) = %, we have to show I,,.V (u) = 0. Since the ideal I, is
generated by the vector v},, it is sufficient to show that v), annihilates V (1).

Suppose that there exists a vector u € V (i), such that v),.u # 0. From the structure of the root
system of type B; follows that the lowest weight in the module V (u) is —u. Then the weight of
the vector u is of the form —p + Zle kiaj, where k; € Z4 fori =1, ...,1, and the weight of the
vector v),.u has to be of the form u — Zi:l tio;, where t; € Z fori =1, ..., 1. Since v}, has the
weight 2ne, we obtain the equation: —p + Zle kioi +2ne; = pu — 25:1 tja;, or equivalently

)
2u —2ne; = Zmiai,

i=1

where m; = k; +t; € Z4 for i = 1,...,1. It follows from the equation above that (2u —
2ner, €1) = (Zﬁzlmiai,el). Since (a1,€1) =1 and (o;,€1) =0 for i =2,...,[, we obtain
2(u,€1) —2n=my. From (u,€1) <n— % we obtain

my=2(u,€1) —2n < —1,

which is a contradiction with m; € Z4 fori =1,...,1.
Thus, v), annihilates V (u), and V(@) isan A(L(n — 1 + % 0))-module. O

Proposition 23. The set
1
V(I‘L) MGP'F’ (Mael)gn_ E

provides the complete list of irreducible finite-dimensional A(L(n — 1 + %, 0))-modules.
It follows from Zhu’s theory that:

Theorem 24. The set
1 1
L n_l+§’l’L /’LGP+’ (/Lvel)gn_z

provides the complete list of irreducible L(n — 1 + %, 0)-modules.
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3.6. Complete reducibility in category of L(n — [ + %, 0)-modules

In this subsection we show that every L(n — [ + %, 0)-module is completely reducible. The
following lemma is crucial for proving complete reducibility.

Lemma 25. Let L(A) bea L(n — I + %, 0)-module. Then the weight A is admissible.

Proof. If L(1)isa L(n—I+ ,0)-module, then Theorem 24 implies that A = (n — I + $) Ao+ 1,
for some weight i € P4, such that (u,€1) <n — % It follows that

(A +p.0)=(n, o)) +1eN fori=1,....1,
(A+p.8—€)Y)=2n—2(u,€e) €N,

which implies that A is admissible weight and that ﬁ)t/ ={—enV, o) ay,...,)}. DO
Lemma 26. Let M bea L(n — 1 + %, 0)-module. Then M is from the category O as a §-module.

Proof. Let M = @, M(s), where L(0)u = au for any u € My, dim My) < oo forany o € C
and M,y = 0 for n € Z sufficiently small. It follows from a,, M (o) C Mg 4wta—m—1) fora € V,
that My is a g-module, for any o € C. Since My is finite-dimensional, b acts semisimply on

M q), which implies that la acts semisimply on M with finite-dimensional weight spaces. Let

v € M be a singular vector of weight A € 6* Then L() is an irreducible subquotient of M,
which implies that L(}) isa L(n — [ + %, 0)-module. It follows from Theorem 24 that there

are finitely many irreducible L(n — [ + %, 0)-modules, which implies that there exists a finite

number of weights vy, ..., v € 6* such that for every weight v of M holds v € Ule D(v;).
Thus g-module M is from the category O. O

Theorem 27. Let M bea L(n — 1 + % 0)-module. Then M is completely reducible.

Proof. Let L()) be some irreducible subquotient of M. Then L(A)isa L(n — [+ %, 0)-module,
and Lemma 25 implies that A is admissible weight. It follows from Lemma 26 that M is from
the category O, and then Proposition 5 implies that M is completely reducible. O

4. Weak L(—-I + %, 0)-modules from category O

In this section we study the special case n = 1, i.e. the smallest admissible half-integer level
-1+ % In this case we find a basis for the vector space Py, defined in Section 3.3, from which

we get the classification of irreducible weak L(—I+ %, 0)-modules from the category O. We also
show that every weak L(—[ + %, 0)-module from the category O is completely reducible.

4.1. Classification of irreducible weak L(—I1 + %, 0)-modules from category O

It follows from Corollary 14 that irreducible A(L(—I + %, 0))-modules are in one-to-one cor-
respondence with weights u € h* such that p(u) = 0 for all p € Py, where Py = {p, | r € Ro}.
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In this case, R is a highest weight U (g)-module with the highest weight 2¢; = 2w, and Ry is
zero-weight subspace of R.

Lemma 28.
dim Ry < 1.

Proof. In this proof we use induction on /. We use the notation V;(u) for the highest weight
module for simple Lie algebra of type By, with the highest weight u € h*.

For [ = 2 it is easily checked that dim R = 14 and dim Ry = 2. Assume that the claim of
this lemma holds for simple Lie algebra of type B;_1, [ — 1 > 2. Let g be simple Lie algebra of
type B;. Let g’ be the subalgebra of g associated to roots ay, .. ., o;. g is then a simple Lie algebra
of type B;—1. We can decompose g-module V;(2w;) into the direct sum of irreducible g’-modules.
If we denote by v the highest weight vector of g-module V;(2w1), then it can be easily checked
that f62|—e2-vs Jei—e s f€2] Jei—e, 05 0, f:tv and (—iff, + fe—e fa+ea T+ fer—a fei+e)-v
are highest weight vectors for g’, which generate g’-modules isomorphic to V;—; 2w1), Vi—1(w1),
Vi—i(w1), Vi—1(0), V;—1(0) and V;_1(0), respectively. It follows from Weyl’s formula for the
dimension of irreducible module that dim V;(2w;) = 2/ + 31 and dim V;(w;) = 2/ + 1, which
implies that the direct sum of g’-modules above is V;(2w). Clearly, there are no zero-weight
vectors for g in g’-modules generated by highest weight vectors fe,—,.v, ffl fei—e;-v, v and
ffl .v. The inductive assumption implies that there are at most / — 1 linearly independent zero-
weight vectors for g in g’-module V;_{(2w{), which impliesdim Ry < (I — 1)+ 1=1. O

In the next lemma we find a basis for the vector space Py.

Lemma 29.
Po = spanc{p1, ..., pi}
where
.1 .

pith)y =hil hejyey +1—0— ) fori=1,...,1—1,

pi(h) =hi(h; — 1).
Proof. Lemma 18 implies that py, ..., p; are linearly independent polynomials in the set Py.
It follows from the definition of the set Pg that dim Py < dim Ry, and using Lemma 28 we get
dim Py < I. Thus, polynomials pjq, ..., p; form a basis for Py. O
Proposition 30. For every subset S = {i1,...,ix} € {1,2,...,1 — 1}, i1 <--- < i, we define
weights

k k
us=z<i/~+2 > (—1)S‘fis+(—1)k‘f“(1—%))wi,,
j=1

s=j+1
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k k ' _ |
W= Z(ij +2 Z (=1 ig + (=DF T (l + E))O)ij + oy,
s=j+1
where w1, ..., w; are fundamental weights for g. Then the set
(Virs), V(s) | Scil,2,....1—1}}
provides the complete list of irreducible A(L(—I + %, 0))-modules from the category O.
Proof. Since
heivey =hi +2hip1+---+2hj 1 + Ry,

it follows from Corollary 14 and Lemma 29 that highest weights u € h* of irreducible
A(L(—I + %, 0))-modules V (u) are in one-to-one correspondence with solutions of the system
of polynomial equations

3
h1<h1 +2hy + -+ 20 +h1+l—§>=0,

5
h2<h2+2h3+-~-+2h1_1 +h+1— 5) =0,
1
hi— <h11 +h + 5) =0,
hi(hy — 1) =0.

Clearly, h; € {0, 1}. Let S ={i1, ..., ik}, i1 <--- <iy be the subset of {1,2, ...,/ — 1} such that
hi=0fori ¢ Sandh; #0fori € S.
First consider the case #; = 0. Then we have the system

1
hi1+2hi2+"'+2hik +l_l1_§:O,

1
hi2+2hi3+~--+2hik+l—i2—§=0,

1
hi_y + 2hj, +1 —ig—1 — 3 =0,

1
hik+l—ik—§=0. )

The solution of this triangular system is

k
. . 1
. . k— .
hi; =i;+2 E.H(—l)s Tig +(=1) J+1<l—§), forj=1,...,k.
s=j
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It follows that V (uy) is irreducible A(L(—I + %, 0))-module.
In the case when h; = 1, we have the system

1
hil +2hi2+"'+2hik +1—1 +§ =0,
1
hi2+2hi3 ++2hlk +l_l2+§ ZO,
. 1
hik—l + 2hik +1—ir_1+ 5 =0,
. 1
hik—l—l—lk—i—E:O,
whose solution is
: 1
hi;=ij+2 Z (=) ig + (=Dk7H! <l+ E)’ forj=1,...,k.
s=j+1
It follows that V(/L’S) is irreducible A(L(—I + %, 0))-module, which completes the proof. O
It follows from Zhu’s theory that:

Theorem 31. The set

3 3
{L(—l+§,,us>,L<—l+§,/ﬂS> ‘Sg{l,z,...,l—l}}

provides the complete list of irreducible weak L(—I + %, 0)-modules from the category O.

Theorem 31 implies that there are 2! jrreducible weak L(—I + %, 0)-modules from the cate-
gory O.

4.2. Complete reducibility of weak L(—I + % 0)-modules from category O

We introduce the notation Ag = (—I + %)Ao + s and Ay = (=1 + %)Ao + s, for every
Sc{l,2,...,1—1}. The following lemma is crucial for proving complete reducibility.

Lemma 32. Weights Ls, M € 6* are admissible, for every S C {1,2,...,1 — 1}.

Proof. We will prove that the weight Ag is admissible for every S € {1, 2,...,[ — 1}. The proof
of admissibility of weights )JS forevery S € {1,2,...,] — 1} is similar. We have to show

(As+p.a")¢ —Z; foranya €A™, (10)
QA =QITY. (11)
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Let us prove first the relation (10). Any positive real root & € AAf of g is of the form & = o +mé,
form>0anda € Aorm=0and o € A. It can be easily checked, as in Lemma 9, that

- 2 1 _
(As+p.a")= m(l+ <)+ + (us,a) ), (12)
(o, &) 2
where p is the sum of fundamental weights of g. Let S = {if,...,ix} S {1,2,...,] — 1}, i1 <

-+ - < ir. Proposition 30 implies that g = Zf‘:l h,-j Wi where
k ‘ . 1
hi,=ij+2 Z (—1)”is+(—1)"f“<z-§), forj=1,...,k.
s=j+1
From the system (9) easily follows
hij+hi_i+1:_(ij+l_ij) forj=1,...,k—1. (13)

We will consider three cases in this proof.
Case 1. The root « is of the form o = £(¢; —¢;), fori, j=1,...,1,i < j.

Then (p,€; —€;) = j—1i.Lets,t €{l,..., k} beindices suchthat SN{i,i +1,...,j—1} =
{is,...,it}. Clearly, iy > i and i; < j — 1. Furthermore, (us, €; —€;) =h; +--- +h;,.

First consider the case « = ¢; —€;,i < jand m > 0.
If t — s + 1 is even, then using relation (13) we obtain

(s, € —€j) = —(s41 —ig) — - — (G —ir—1) = — (I — i),
and relation (12) implies
(As+p.aY)=(p.ei —€j) + (ns. & —€j) = (j —i) — (iy — iy)
= —i)+ s —i)>0.

Suppose now that  —s+1is odd. Then (us, €; —€;) ¢ Z,and if m = 0, then (As+p,&@") ¢ Z.
Letm > 1. Then

(us,€i —€j) =hi + -+ hj_, +hi, = (541 —iy) =+ — (11 —i1-2) + hj,

> —(l—1 —is) + hy,.

If k —t is even, we get

1 1
hi, =iy + 2042 —ir41) + -+ 20k — ik—1) — (l— —) > —(l— —>,
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which implies

1
w&ﬂ-sﬂ>—@1—5y—c—§)

We obtain
v 1
(As+p.aV)=1+ §+(p,ei —€j)+ (s, € —¢€j)

1 . . . 1
>l+5+o—n—ohrﬂg_c_§>
= —i-D)+ U —0)+1>0.

If k — ¢ is odd, then

1 1
hi, =i + 2042 — ip41) + -+ 2(k—1 — ig—2) — 20 + <l - 5) =1 - 5~ 2y,

which implies
. . 1 :
(s, € —€j) =2 —(—1 —is) +1 — 3 2ig.
We obtain
oy 1 _
(As+p.a )>l+§+(p,€i —€;) + (s, € —€j)

1 1
15+ (= i) = Gt i) 1 = 5 = 2i

=2(—ir)+( —ir—1) + (s —i) > 0.

Thus, we have proved that, if « =€; —€;,i < j and m > 0, then (A5 + p, av) ¢ —7Zy.
Now, let us consider the case & = —(¢; —€;),i < jandm > 1.
Then

. 1 _
(ks + ,o,ozv> :m(l + 5) — (0,6 —€j) — (s, € —€;).

If t —s + 1is even, then (ig, €; —€;) is an integer and (us, €; — €;) <0, so if m is odd, then
(As + p,a") ¢ Z.If m is even, then m > 2, and we get

- 1 . . .
<)»5+,0,0év>>2<l+§)—(]—l):(l—])+l+l+l>0.

If t — s+ 1isodd, then (us,€e; —€;) =hj, +---+h;,_, +h;, <h;,. If k —1tis even, then
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1
hi, =iy +2(ir42 —iry1) + - + 20k —ik—1) — (l — E)

1
S+ 2k — ir41) — <l— E)’

which implies

1

(s, € —€j) <ip + 20k —ir1) — (1— 5)-

It follows

1 1
(ks+p,&v)>l+§—(j—i)— <it+2(ik_it+1)_<l_§))
=20 — i) + (g1 — i) + g1 — j) +i > 0.

If k — ¢ is odd, then

. : ) ) ) . 1
hi, =i +2@i42 — ir41) + - + 2(k—1 — ik—2) — 2ix + (l — 5)

1
<ip 4+ 2(ik—1 — ir41) — 2ix + (1 - §>,

which implies

) . ) . 1
(s, € —€j) <ip+2(k—1 —ir41) — 20 + <l - 5)-
It follows

- 1 . . ) . . 1

(As+p.a¥)=i+ S—U=D- (zt+2<zk_1 —ip1) =20k + (1— 5))
=2(ik — ix—1) + (g1 — i) + (i1 = (G = 1)) +i > 0.

We have proved that, if « = —(¢; —€;),i < j and m > 1, then (Ag +p,av) ¢ —Z,.

Case 2. The root « is of the form o = +¢;, fori =1, ..., 1.

Then (,5,6,-):1—1'+%.Letse{l,...,k} be the index such that SN {i,i +1,...,] — 1} =
{is,...,ir}. Clearly, i;_1 <i <i,. Furthermore, (s, €;) =h; + -+ h;,.

First consider the case « = ¢; and m > 0.

Then

1
<k5+p,&v)=2<m(l+§)+(,5,ei)+(,us,e,-)). (14)

If k — s + 1 is even, then using relation (13) we obtain
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(us, €)= —(sp1 —is) — - — (ik —ig—1) = — (g —iy),

which implies

(hs+p.@") 225, &)+ 2(us, €) = 21 = 2i + 1) = 2(ix — i)
=2(—ix)+2(;—i)+1>0.

If k — s+ 1is odd, then
(us,€)=hi 4+ +hy_, +hjy =—(igy1 —is) — - = (ix—1 — ix—2) + hy,
1 1
2 — (k-1 —is) + <_l+ik+§) :_l+§+ik_ik—1+iw
which implies
- _ . Lo .
(As+p.aY)>2(0,€)+2(us &) = QL —2i+ 1) — 1+ 5 Hik =ik s
: . .
=(l_l)+(lk_lk71)+(ls_l)‘l‘i>0‘
Thus, we have proved that, if « = ¢; and m > 0, then (As + p,&") ¢ —Z..

Now, let us consider the case @« = —¢; and m > 1. Since h;, < 0, using relation (13) we get
(ws,€) =hi, +---+h;, <O0.It follows

- 1 _
(As+p.aY)= 2<M(1 + 5) —(p, &) — (s, 6i)>
>2l+1—-QI-2i+1)=2i >0,

which implies that (As + p, &@") ¢ —Z. holds in this case.

Case 3. The root « is of the form o = £(¢; +¢€;), fori, j=1,...,1,i < j.

Then (p,€; +€j) =2l — j—i+ 1. Lets,t € {1,...,k} be indices such that SN {i,i + 1,

. J =1y ={i,...,i;}. Clearly, iy > i and i; < j — 1. Furthermore, (us, €; +€;) =h; +---+

hi, + 2R,y + -+ Ry,

First consider the case « = ¢; +¢;,i < j and m > 0.
Then

. 1 _
<)\5+,0,0lv>=m<l+§>+(,0,€i+6j)+(lis,€i+6j)
22 —j—i+1+(us, € +e€j).

Suppose that ¢ — s 4 1 is even. If k — ¢ is also even, then using relation (13) we obtain

(s, € +€j) = = —is) = 2(ik — i141),
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which implies

(As+p.a¥)=2—j—i+1—(—ig)—2(x—irt1)
=2(1 — i) + (is — i) + (1 — i) + (g1 — j) + 1> 0.

If kK — ¢ is odd, then using relation (13) we obtain
(us, € +€j) 2 =iy — is) = 2(ik—1 — ir41) + 2hjy,
= —(ir —is) = 2(ik—1 — ir+1) + 2(—1 +ix + %)
which implies

(As+p.a¥)=2—j—i+1—(i—iy)—2(x—1 —ir41) — 20 + 2 + 1
=2(ik — ig—1) + (1 — i) + Gry1 — ) + (@ — 1) +2> 0.

Suppose now that t — s + 1 is odd. Then

(s, € +e€j)=hi +---+hj_, + (hi, +2h;, +---+2h;).

By using relation (13) and system (9) we get
(s, € +€j) =2 —(r—1 —is) + (hi, +2h4,, + -+ +2h;)
: . .
=—(l—1 —is) + _l+lt+§ .
It follows
v . . . .
(hs+p.@")220—j—it =G —i) = l+ir+5
Ny 3
= (= )+ (i = i) + (s =) + 5 > 0.

Thus, we have proved that, if @« =€; +¢€;,i < j and m > 0, then (As + p, avy¢ —7Z,.
The only case leftis & = —(¢; +€;),i < j and m > 1. Then

- 1 _
(?»s+,0,0lv>ZM(l+§) —(p,€i +€j) — (us, € +€;).

If t — s+ 11is even, then (us, €; +€;) € Z, so if m is odd, then (Ag + p, av) ¢ 7. Let m be
even. Then m > 2. Clearly

(MS?ei +6]) Z(his +"'+hik)+(hi,+l ++hlk) gov
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which implies
(As—l—p,&v)}Z(l—i—%)—(21—j—i+1)=i+j>0.
If t — s + 1 is odd, then using relation (13) and system (9) we obtain

. 1
(ns,€ +e€j)=(hi;+---+hi_ )+ (i, + 2k + -+ +2h; ) < =1+ i + 3
It follows

s 1 o 1
(As+p,av>><l+5>—(21—]—l+1)—(—l+lz+§>
=(—-1—i)+i>0.

We have proved that, if « = —(¢; +€;),i < jandm > 1, then (As + p,@") ¢ —Z.
Thus, we have proved the relation (10). Moreover, it can be easily checked that coroots

G-V, j=1,....k
ai\;—i—aijﬁ—i—uo—i—ay j=1,...k—1,

Lj+1’
af, i¢S, ie{l,2,...,]1}

i

are elements of the set A )\Vé ® which implies QA )\vé e — QI7V, and the relation (11) is proved. O

Theorem 33. Let M be a weak L(—I + %, 0)-module from the category O. Then M is completely
reducible.

Proof. Let L()\) be some irreducible subquotient of M. Then L(A) is a L(—/ + % 0)-module,
and Theorem 31 implies that there exists S € {1,2,...,/ — 1} such that A = (- + %)Ao + s or
A=(—1l+ %)Ao + ,u/S. It follows from Lemma 32 that such A is admissible. Proposition 5 now
implies that M is completely reducible. O
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