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1. Introduction
Let us denote by F(R?,n) the space of n-tuples of pairwise different points in R?:

F(R?,n) ={(p1,...,pn) € (R®)™ : p; # p; for i # j}.

It is called the ordered configuration space of n points on a plane.

The pure braid group P, can be defined as the fundamental group of the ordered
configuration space P, = 7 (F(R? n). The symmetric group ¥, acts on F(R?,n) by
permutations and Artin’s braid group [1,2] is the fundamental group of the orbits of
this action B,, = m1(F(R?,n)/%,. Artin gave a presentation of the braid group which

became standard, it has generators o;, i = 1,...,n — 1 and two types of relations:
00 =00 if |i—j]>1,
{ i0j j0i | | (1.1)
0i0i+10; = 0i4+10i0i41-

Generator o; permutes the strands with numbers ¢ and i 4+ 1 leaving all the rest non-
permuted and unlinked.
Let us define the elements a; j, 1 < i < j <, of the braid group B,, by the formula:
;5 = 0j71'~-0—i+10—1'20—;+11~'~0;_11-
These elements belong to the pure braid group and together with the following Burau
relations [7,22]:

aijar; = aga; ;5 fori <j <k <lori<k<l<yj,
Qi Qi k05 k = Qi k05 kA j for i < 7 < k‘,
Qi k@ kG5 5 = A kA5 jQ; & for i < j< k,

1 —1 . .
Qi kG kOG0 = G5 kG510 1 Gi fori<j<k<l,

give a presentation of the pure braid group.

Geometrically generator of this type is depicted at Fig. 1.

A Draid is called Brunnian if (1) it is a pure braid and (2) it becomes trivial braid by
removing any of its strands. Since the composition of any two Brunnian braids and the
inverse of a Brunnian braid are still Brunnian, the set of Brunnian braids is a subgroup
of the braid group which is denoted by Brun,,. By a direct geometric observation, Brun,,
is a normal subgroup of P,. It is proved that, as a subgroup of P,, Brun,, is the normal
closure of finitely many elements given by iterated commutators [3,15].

Brunnian braids have connections with homotopy theory as described in [4,16,3].

We recall that for a group G the descending central series

G=TI12Ty>--->21 2141 > ...
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Fig. 1. Generator ay ;.

is defined by the formulae
I =G, iy =[Gl

The descending central series of a discrete group G gives rise to the associated graded
Lie algebra (over Z) L(G)

Li(G) = Ti(G)/Ti+1(G).

The descending central series and the associated Lie algebras of the pure braid groups
have been studied in particular in the works [8,10,13,14,21]. It is also an ingredient in
the study of Vassiliev invariants of braids. The associated graded algebra of the Vassiliev
filtration for the pure braid group ring coincides with the associated algebra of the
filtration by the powers of augmentation ideal of the group ring of pure braids. The
latter by Quillen’s theorem [18] is connected with the universal enveloping algebra of the
associated Lie algebra of the descending central series of the pure braid group.

In this work, we consider the restriction {I'y(P,) N Brun,} of the descending central
series of P, to Brun,. This gives a relative Lie algebra

LP(Brun,) = @(FQ(PH) N Brun,,)/(T¢+1(F,) N Brun,), (1.3)
qg=1

which is a two-sided Lie ideal of L(P,). The purpose of this article is to study the Lie
algebra LY (Brun,,).

We remark that the group Brun, is a free group of infinite rank for n > 4 and so
the associated Lie algebra L(Brun,,) is an infinitely generated free Lie algebra for n > 4.
The relative Lie algebra L¥ (Brun,) has better features, in particular it is of finite type
(in graded sense).

The main aim of the paper is to look at Brunnian braids at the level of Lie algebras.
Propositions 2.2, 2.3 and 2.5 as well as some subsequent statements are the Lie algebra
analogues of the corresponding facts for Brunnian braid groups.
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2. Lie algebra L¥ (Brun,,)

A presentation of the Lie algebra L(P,,) for the pure braid group can be described as
follows [14]. It is the quotient of the free Lie algebra L[A; ;|1 < i < j < n| generated
by elements A; ; with 1 < ¢ < j < n modulo the “infinitesimal braid relations” or
“horizontal 47 relations” given by the following relations of three types:

[4;,Ass) =0, if {5,5} N {s, t} =0,
[Aij, Ak +Aj k] =0, ifi < j <k, (2.1)
[Aik, Aij+Ajr] =0, ifi <j<k.

Here, A; ; is the image of a; j in L1(P,).

Proposition 2.1. Let G be a group with filtration w (in the sense of Serre [19, p. 7]). For
any subgroup H of G the restriction on H of the filtration w defines a filtration on H.

Define a filtration wp on Brun,, as the restriction of the filtration on P,, defined as the
descending central series. The fact that LT (Brun,) as defined in (1.3) is a Lie algebra is
a corollary of the above evident statement.

Proposition 2.2. LY (Brun,) is a Lie algebra defined by the filtration wg, it is a two-sided
Lie ideal in L(P,).

Proof. The statement follows from the fact that Brun, is a normal subgroup of P,. O

We call LY (Brun,) relative Lie algebra associated with the Brunnian subgroup of the
pure braid group.
The removing-strand operation on braids induces an operation

dy: L(P,) — L(Pa_y)

formulated by

Aij if 1<j<k
0 if k=j
di(Aij) = Aij1 if i<k<y (2.2)
0 if k=i
Aici -1 i kE<i<y

A sequence of sets S = {5, },>0 is called a bi-A-set if there are faces 0; : S, = Sp—1
and co-faces 07 : S,,_1 — S, for 0 < j < n such that the following identities hold:

(1) 0;0; = 0;0j41 for j > i;
(2) 999" = 9" for j < i
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8i‘18j if  j<i,
(3) 9;0" =1 id if j=4i,
8i6j_1 if  j>q.

In other words, S is a A-set as well as a co-A-set with the mixed relation (3). Moreover
a sequence of groups G is called a bi-A-group if G is a bi-A-set such that all faces and
co-faces are group homomorphisms.

Let P,, = P,41. According to [24, Example 1.2.8], the sequence of groups P = {P,, },,>0
with faces relabeled as {9p,01,...} and co-faces relabeled as {9°8',...} forms a
bi-A-group structure. Here the face operation 0; : P, — P17 = dij41 : Poy1 — Py
is obtained by deleting the ¢ + 1st string, the co-face operation 8° : P,,_; — P, is
obtained by adding a trivial i + 1st string in front of the other strings (i =0,1,2,---,n).

Proposition 2.3. The relative Lie algebra L¥ (Brun,) is the Lie subalgebra (), ker(d; :
L(P,) = L(P,_1)).

Proof. The assertion follows from [24, Proposition 1.2.10]. O

Our next step is to determine a set of generators for the Lie algebra LF (Brun,). We
start to recall the following fact that was proved by Falk and Randell [9, Theorem 3.1]
and Thara [12, Lemma 3.1.1]. We give it in the form of Thara.

Lemma 2.4. Let

1-N—-G—H-—1 (2.3)

be an exact sequence of groups such that

(i) [G,N]=[N,N],
(ii) L(N) has trivial center.

Then the natural homomorphism
L(N) = L(G)
is injective; hence (2.3) induces an exact sequence
0— L(N) = L(G) —» L(H) — 0. (2.4)

The following fact is a Lie algebra analogue of the theorem proved by A.A. Markov
[17] for the pure braid group.

Proposition 2.5. The kernel of the homomorphism d,, : L(P,) — L(P,_1) is a free Lie
algebra, generated by the free generators A, for1<i<n-—1.

Ker(dy, : L(P,) = L(Pp—1)) = L[A1 n, - - -, A0
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Let Z be an arbitrary set, and let X and Y be nonempty (possibly infinite) subsets
of Z such that XNY =0, X UY = Z. We are interested in studying the kernel of the
Lie homomorphism of the free Lie algebras

7 L[Z] — L[Y]

7 such that 7(z) =0 for x € X and n(y) =y fory € Y.

The following lemma is not new: for the case of Lie algebras over a field and when X
consists of one element this is Lemma 2.6.2 in [5]. For completeness of our exposition we
are giving our proof here.

Lemma 2.6. The kernel of w is a free Lie algebra, generated by the following family of
free generators:

N B F 7Y R T (2.5)

forxe X,y €Y for1 <i<t.

Proof. Observe that the kernel Ker(r) is the two-sided ideal generated by the elements
x € X. Let us prove that it is generated as a Lie algebra by the elements (2.5). We
prove this by induction on the length of monomials M, sums of which give the ideal.
For the lengths 1 and 2 one can see this directly. Let the length of M be at least 3:
M = [A, B] such that A contains some x € X. We may assume that the length of A is
at least 2. If not, then A = z for some & € X and B = [By, Bs] and M = [z, [By, Bs]] =
[[Bz, x|, B1] + [[x, B1], B2] and it is reduced to the case when A contains some z € X
with its length at least 2. Since A € Ker(7) with its length strictly less than that of M,
it is a linear combination of the products of the form [Aj, As] of the generators (2.5)
with both A; and A containing some (possibly different) element(s) in X by induction.
Consider the equality

[[AlﬂA2]ﬂB] = _HA%B]’AI] - HB7A1]7A2]'

The elements [As, B] and [B, A;] have length strictly less than that of M and by induction
they are given by linear combinations of products of the generators (2.5). Thus M =
[A, B] is a linear combination of products of the generators (2.5).
Let us prove now that the elements (2.5) freely generate our ideal Ker(m). Let us define
a free Lie algebra (over Z) that is freely generated by formal elements {C(z), C(z,y1, y2,
sy hx e X, y1,. ..,y €Y with t > 1, which are in one-to-one correspondence with
the elements (2.5)

F=L[C(z), C(z,y1,Y2,---,yt) |t € X, y1,..., 0 €Y, t > 1].

Let us define an action of the free Lie algebra L[X UY] on F by the formulae which
mimic the action of L[X UY] on the elements (2.5):
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{[C(x’ylay%"'ayt),m_C(xvyhy%"'aytay)’ yGY (2 6)

[C(xayla Y2, .- 7yt)7xl] = [C('T7y1ay2, s 7yt)7 C(ZL'/)], x' € X’
where, for t = 0, C(x,y1,y2,...,y:) = C(z). Let us denote the generators (2.5) of our

ideal by B(x), B(x,y1,y2,---,4t), ¢ € X, y1,...,4 € Y with ¢ > 1. We claim that the
element B(x,y1,y2,-..,y:) acts on F the same way as the inner derivation by C(z, y1, ya,

C Y
[C(xlvy;.’ s ayé’)7B(x7y1a s 7yt)] = [C(Z‘l,yi, <. 'ayé')ac(x7y1a . '7yt)]'

The proof is by induction on the length ¢ of B(z,y1,...,y:). For the length ¢ = 0
it follows from the definition of the action. Let it be proved for the lengths less than ¢
with t > 0. Let D = C(2',91,...,4;), C = C(x,y1,...,4), B' = B(z,y1,...,4-1) and
C'=C(x,y1,- -, Yt—1)-

(D, B(z,y1,--,y)] = [D,[Byl]

[[D, B'],y:] — [[D, ], B]

[[D,C"]ye] = [[D, e, €]
(by induction)

(D, [C', y4]]

[D, C].

The induction is finished.

Let D(F') be the Lie algebra of all derivations of the algebra F' and let x : F' — D(F)
be the homomorphism defined by taking inner derivations. We define a homomorphism
¢: F — L[X UY] by the formulae

¢(C(x)) =B(z) =2 and
QS(C(x?ylv“'vyt)) = B(x7y17‘~‘7yt) = [ [‘T?yl]?"'uyt]

and let 6 : L[X UY] — D(F) be the homomorphism defined by the action (2.6). There
is a commutative diagram:

F ¢ LIX UY]

N A

D(F).

The homomorphism x is a monomorphism as free Lie algebras with more than 2 gen-
erators have trivial center [6, Exercice 3, Ch. I, §3, p. 79]. So ¢ is also a monomorphism
and hence it is an isomorphism on the ideal generated by B(z,y1,...,y:). O
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Proposition 2.7. The intersection of the kernels of the homomorphisms d,, and di, k # n,
is a free Lie algebra, generated by the following infinite family of free generators:

Ak,'ru [ o [Ak,n7 Ajl,n]a o ;AjmJJ (27)
forji#£kn; i <n—14i<m;m>1:

Ker(d,) NKer(dy) =
LlAkn, [ [Akns Ajynls ooy Ajponl | G #F kyms Ji <n— 1,4 <m; m > 1], (2.8)
Proof. Let us suppose for simplicity that £ = n — 1 and denote A;, by B;. Then the

algebra from Proposition 2.5 is the following free Lie algebra L[Bj,..., Bx], and the
homomorphism dj, can be expressed by the formulae

Bl '—>Bl,

By—1— Bjg-1,
Bk — 0.

The assertion follows from Lemma 2.6. O

Another set of free generators of Ker(d,,) N Ker(dy) can be obtained using Hall bases

[6,11]. We recall the definition. We suppose that all Lie monomials on By, ..., By are
ordered lexicographically.

The Lie monomials By, ..., By are the standard monomials of degree 1. If we have
defined standard monomials of degrees 1,...,n — 1, then [u,v] is a standard monomial

if both of the following conditions hold:

(1) u and v are standard monomials and u > v.
(2) If u = [x,y] is the form of the standard monomial «, then v > y.

Standard monomials form the Hall basis of a free Lie algebra (also over Z). Examples of
standard monomials are the products of the type:

["'[Bj17Bj2]7Bj3]7"'7Bjt]7 jl > j2 S]S S S jt' (29)

Proposition 2.8. The intersection Ker(d,,) NKer(dy), k # n, is a free Lie algebra, gener-
ated by the standard monomials on A; ,, that contain the letter Ay , only once. In other
words the free generators are standard monomials which are products of monomials of
type (2.9) where only one such monomial contains one copy of Ak n.
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Proof. We apply the procedure of constructing of a set of free generators for a Lie
subalgebra which was used by Shirshov [20] and Witt [23] in their proofs that a Lie
subalgebra of a free Lie algebra is free. O

Lemma 2.6 is useful for having an algorithm to recursively determine a set of free
generators for LY (Bruny,). A Lie monomial W on the letters A; 5, Aa ..., Ap_1,, means
W = A;, for some 1 <i <n—1ora Lie bracket W = [Aj, »,Aj, n,...,Aj, ] under
any possible bracket arrangements with entries taken from the letters 4, .

Definition 2.9. We recursively define the sets K(n)g, 1 < k < n, in the reverse order as
follows:

1) Let IC(n)n = {Al,na Agyn, ey An—l,n}-
2) Suppose that K(n)xy1 is defined as a subset of Lie monomials on the letters

Ain, A2, Apcin
with £ < n. Let
A ={W € K(n)k41 | W does not contain Ay, in its entries}.
3) Define
K(n)g ={W'and [--- [[W ,W1],Wa],..., W]}

for W' € K(n)g+1 ~ Ax and Wy, Wo, ..., W, € Ay with ¢t > 1. Note that K(n) is
again a subset of Lie monomials on letters A; ,, A2, ..., An_1n.

Example 2.10. Let n = 3. The set K(3); is constructed by the following steps:

2) AQ = {A1,3}7 IC(S)Q = {A273, [[AQ“?” Al_’g], SN A173]}.
3) Al = {Agyg}, ]C(?))l = [ . [A2’3, A1’3], ceey Alyg], A2’3], ceey Ag’g}}, Where the length
of the entries A 3 in the brackets is > 0.

Remark 2.11. All elements of K(3); under the canonical inclusion LY (Brun,) < L(Ps)
are mapped to the elements (not all) of a Hall basis for the free Lie subalgebra of L(Ps)
generated by A; 3 and A 3.

Theorem 2.12. The Lie algebra LY (Brun,) is a free Lie algebra generated by K(n), as a
set of free generators.

Proof. The assertion follows from the statement that K(n)y is a set of free generators
for
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Ker(d,) NKer(d,—1) N--- NKer(dy)

for 1 < k < n. We prove this statement by induction in reverse order. For k = n it
follows from Proposition 2.5. Suppose that the statement holds for k+ 1 with k£ < n. Let

A ={W € K(n)g+1 | W does not contain Ay, ,, in its entries}
and let By = K(n)k4+1 \ Ag. By induction,
Ker(d,) NKer(d,—1)N---NKer(dgt+1) = LIK(n) 1]

is a free Lie algebra freely generated by K(n)x,1. The Lie algebra generated by Ay is
a Lie subalgebra of the Lie algebra freely generated by A;,,...,Ap_1,. Thus the Lie
homomorphism

(b: L[.Ak] — L[Al,ny ey An—Ln]
with ¢(W) = W for W € Ay is a monomorphism with its image given by the Lie
subalgebra generated by Aj.
Consider the homomorphism
dk: L[Al,na B 7An71,n] — L[Al,nfly vy An72,n71]
given in formula (2.2). We show that the composite

dk o ¢Z L[Ak] — L[Al,nfla ceey An,Q,nfl]

is a monomorphism. By the definition of Ay, the image ¢(L[Ax]) is contained in the Lie

subalgebra
L{Ai ;. Ak—1n Aktin, - A1)

of L[A1 ..., An_1r]. Thus there is a commutative diagram of Lie algebras
LA i’ LlArm, . Ay )]

o

L[Al,n7 s 7Ak—1,na Ak+1,na sy An—l,n] - L[Al,n—la cee 7An—2,n—1]a

where ¢’ is defined by the same formula as ¢. Since ¢ is a monomorphism, so is ¢’. From
the definition, the restriction

dk‘: L[Al,’ru EREY Ak—l,n; Ak—i—l,n; s ;An—l,n] — L[Al,n—la sy An—2,n—1]



280 J.Y. Li et al. / Journal of Algebra 439 (2015) 270-293

is an isomorphism. It follows that dio¢: L[Ag] — L[A1n-1,. .., Ap—2n—_1] is a monomor-
phism.

Observe that dip(W) =0 for W € K(n)g+1 ~ Ag. There is a commutative diagram of
Lie algebras

L[’C(n)k_t,q] e Ker(dn) n---N Ker(dk_‘_l)% L[Al,na ceay An—l,n]
\L di| \L
™ dy,
diod
L['Ak} ¢ - L[Al,n—la DRI An—Q,n—l]a

where 7(W) =0 for W € K(n)k1 ~ Ar and m#(W) =W for W € Ay. It follows that

Ker(d,)N---NKer(dg) =
= Ker(dk|: Ker(dn) n---N Ker(dk_H) — L[Al,n—la N An—2,n—1])

is given by the kernel of
m: LIK(n)g41] = LI(K(n) g1 ~ Ax) U Ax] — L[ Ag],
which is freely generated by K(n)x by Lemma 2.6. This finishes the proof. O

Example 2.13. Let n = 4. The set K(4); is constructed by the following steps:

1) K(4)s ={A14,A24,As4}.
2) A3 = {A1747 A2,4},
K4)s = {[[A3,4, Ajyals -  Ajoa] | 1 <Gy 5e <2, £ >0},

Where, fort = 0, [[A3747Aj174}7 [N ,Ath] = A374.

3) For constructing IC(4)q, let W = [[A34, Aj, 4],...,Aj, 4] € K(4)3. If W does not
contain 142’47 then W = A3’4 or W = [A3’4,Aj1,4],. . "Ajt’4] Wlth jl = jg R
jt =1. Let

ad’(b)(a) = [[a,b],b, ..., D]

with ¢ entries of b, where ad®(b)(a) = a. Then W does not contain As 4 if and only
if

W = adt (A1,4)(A374)

for t > 0. So Ay = {ad’(A; 4)(A3,4),t > 0}. From the definition, K(4), is given by
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HASA, Aj1’4], N aAjt,4] and
([[[A3,4, Ajy ], -5 Aj, a],ad™ (A1) (A34)]; - -, ad® (A14)(A3.4)],

where 1 < j1,...,7: < 2 with at least one j; =2, s51,...,5, >0 and g > 1.
4) For constructing K(4);, let W be an element of K(4)s,

W =[[[[As4, Ajy 4], -, Aj, 4], ad™ (A14)(As4)], - - ad® (Ar4)(Az,4)],
where, for ¢ =0, W = [[A3.4, Aj, 4],..., Aj, 4]. Then W does not contain A, 4 if and
only if g =0 and W = [[A3.4, Aj, 4], ..., Aj, 4] With ji = jo = -+ = j; = 2, namely
W = adt(AQA)(AgA)

for t > 1. So, A; = {ad’(A24)(As34),t > 1}. Thus K(4);, which is a set of free
generators for LY (Bruny), is given by

W and [[W,ad" (A2.4)(A3,4)], .. .,ad"” (A2.4)(As.4)],
where [; > 1 for 1 < i <pwith p>1and
W =1[[[A3,4,Aj, 4], -, Aj,.4],ad™ (A1 4)(As.4)],...,ad’ (A1,4)(As3.4)]
is an element of K(4)q, so that each of Ay 4 and A; 4 appears in W at least once.

From the above example, one can see that the set IC(n); is still complicated in the
sense that its elements involve the iterated operations of normal Lie brackets from left
toright [---[, ],..., |

Question 2.14. Determine a set of free generators for LY (Brun,) of the form |- - [[a1, as],
asl, . ..,as], where the a; are monomials of degree 1.

3. The symmetric Lie products of Lie ideals

Let L be a Lie algebra and I4,..., I, ideals of L. We define the notions of the fat
bracket sum and the symmetric bracket sum of ideals which are similar to the corre-
sponding fat commutator product and symmetric commutator product in groups [3,16].
Given a Lie algebra L, and a set of ideals Iy,...,I,, (n > 2), the fat bracket sum
[[I1, 2, ..., I,]] of these ideals is defined to be the Lie ideal of L generated by all of the
commutators

ﬂt(a'i17"'7ait)7 (31)

where
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1) 1<is<n,1<s<t

2) {i1,...,it} ={1,...,n}, so, each integer in {1,2,---,n} appears at least once among
the integers is;

3) a; € Ij;

4) % runs over all of the bracket arrangements of weight ¢ (with ¢t > n).

Here, the elements a; € I; appear once or more for each 1 < j < n. The symmetric
bracket sum of these ideals is defined as

[[Ilv IQ]? ERR) [l]S = Z [[Lf(l)v IO'(2)]7 SRR Io’(n)]’
oceX,

where ¥,, is the symmetric group on n letters.
As in [3,16] we can prove that the symmetric bracket sum of I,..., I, (n > 2) is the
same as the fat bracket sum.

Theorem 3.1. Let I, ..., 1, be Lie ideals of a Lie algebra L. Then
([, Is,..., L)) =11, 2], -, In]s-

To prove this theorem, we need some lemmas. The following statement follows from
the Jacobi identity.

Lemma 3.2. Let L be a Lie algebra and let A, B,C be Lie ideals of L. Then any one of
the Lie ideals [A,[B,C]], [[4, B],C] and [[A, C], B] is a Lie ideal of the sum of the other
two.
Lemma 3.3. Let Iy, ..., 1, be Lie ideals of L. Let a; € I; for 1 < j <n. Then

B (A1), -5 o(ny) € [[I1,I2], ..., Inls

for any 0 € ¥, and any bracket arrangement 8™ of weight n.

Proof. The proof is given by double induction. The first induction is on n. Clearly the
assertion holds for n = 1. Suppose that the assertion holds for m with m < n. Given an
element 3" (@ (1), - - Go(n)) as in the statement of the lemma we have

ﬂn(ao(l)v EERE ao(n)) = [ﬂp(aa(l)a cee ,aa(p))v Bn_p(ao(p-i-l)a BERE) ao(n))]

for some bracket arrangements P and " P with 1 < p < n — 1. The second induction
isonqg=n—p. If g =1, we have

B Haoys-- s on-1)) € [Lo1), Lo@))s - > Ion-1)]s
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by the first induction and so

ﬂn(aa(l)a ) ao(n)) - [ﬁnil(ao(l)a EERK ao(n—l))a aa(n)]

m

Loy Lo@)s -+ s Lon=1)]5) Lo(n)]

with

o1y Io@)], - -+ s Lo(n=1)]5s Lo(m)]
= | Xres, ey Irwenl - Ir@m—1)] Lo(n)

= Yres, ey Ireepls - Ir-1))s Lo
< (LB, Ils.
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Now suppose that the assertion holds for ¢’ = n —p’ < ¢q. By the first induction, we have

BP(ag(1)s -5 a0(p)) € [Lo)s Lo@)]s - - 5 Lo(p)]s

and

ﬂnip(aa(p-i-l)v SERE) aa(n)) € [[Io(p-‘rl)a Io’(p+2)]7 s 7IU(n)]S-

Thus

Bn(aa(l)a ce 7aa'(n)) € [[[10(1)7 IU(Z)]v ceey Ia(p)]Sa [[Io(p-‘rl), Ia(p+2)]7 B Io(n)]S] .

For shortening the notations, let [ay, - - -, a;]™ denote the left-to-right normal Lie bracket

[+ [[a1,a2],as],-..,an]. Then

n In In
B (a01ys s 8om) € D (e s Irtoon]™ Unopr1)ys- > Ipomp)™]

TEX,
pPEXn_p

where ¥,,_,, acts on {o(p+1),...,0(n)}. By applying the Jacobi identity, we have

o) Lro o)™ oo 1)) - -+ s Lo(o ()]

(1

o))+ s Iroon]™ oo 1)) - - s Iptotn-1)]™s oo )] ]
[[ o) o)™ oo 1)) - -+ Ip(o(n—1)]"] s Lo(o ()]

+ m]f(a(l))’ e s Lo o)™ Lo )] s Ut o)) - - Ipto(n—1)]™] -

IN

Note that

In In
A= {[rtoays > Irtoon ™ Htotpanys - oot ™ > Iotom |
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is generated by the elements of the form

/

! / In / / In
H[“T(o(l))’ c G o] [T (pr1)) - (o) } 7%(0(“))}

with a; € I;. By the second induction hypothesis for the case ¢ = 1, the above elements

lie in [[I1,I2],...,In]s and so
A<, L5),...,1In]s.
Similarly, by the second induction hypothesis,

In In
e o)y Iroon)] ™ Lot ] s Hotor1))s -+ -+ Lo n—1)]™]

is a Lie ideal of [[I1, 2], ..., I,]s. It follows that

[Ero@s - > Lroon]™ Hoto 1)) -+ s Tooan]™] < [T, s+ Tl
and so
ﬂn(aa(1)7 ceey aa’(n)) S [[Ilu 12]7 e a-ln}S“

Both the first and second inductions are finished, hence the result holds. 0O

Lemma 3.4. Let L be a Lie algebra and let Iy, ..., I, be Lie ideals of L. Let (i1, iz, . . .

be a sequence of integers with 1 < iy < n. Suppose that
{i1r,12,...,ip} ={1,2,...,n}.
Then

(Lirs Lin)s -5 L)) < (1, 12, Ins.

Proof. We also apply double induction. The first induction is on n. The assertion clearly

holds for n = 1. Suppose that the assertion holds for n—1 with n > 1. From the condition
{i1,42,...,1p} ={1,2,...,n}, we have p > n. When p =n, (41,...,1,) is a permutation

of (1,...,n) and so
Ly Iinls ooy 1] <[, Lo, - - - In]s-
Suppose that

[[Ij17Ij2]’ s >Ijq] < [[Ila[2]7 s ’In]s
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for any sequence (ji,...,Jq) with ¢ < p and {ji1,...,jq} = {1,...,n}. Let (i1,...,3p)
be a sequence with {i1,...,ip} ={1,...,n}. If i, € {i1,...,9p—1}, then {iy,...,ip_1} =
{1,...,n} and so

([ Liys Linls - I

Ip—1

| <1, I2],. . Inls
by the second induction hypothesis. As [[I1, I3], ..., I,]s is a Lie ideal, it follows that

iy Lin)s -5 L)) < (1, 12 - I s

11

If ip ¢ {i1,...,%p—1}, we may assume that i, = n. Then

{il,...,’ip_l}:{1,...,7171}

and so

iy, Lin) o5 Ly ] < ([0, I2), o Ina]s

by the first induction hypothesis. From Lemma 3.3, we have

Lo D)y 1) < [, T, -, L.

11
The double induction is finished, hence the result holds. O

Lemma 3.5. Let L be a Lie algebra and let Iy, ..., I, be Lie ideals of L with n > 2. Let
(41, ... ,1p) and (41, .., Jq) be sequences of integers such that {i1, ..., iy} U{j1,...,jq} =
{1,2,...,n}. Then

[[[IZNI] o 1 ] [[IJI7I ] "'anqHS[[Ilvlﬂv""]’n]s'

Proof. Again we use the double induction on n and ¢ with n > 2 and g > 1. First we
prove that the assertion holds for n = 2. If {41,...,4,} = {1,2} or {j1,...,4¢} = {1,2},
we have

[[IZNI ] -7Iip] S [[1712]5 or [[Ijl,I ] ~~~anq] S [[1712}5'

by Lemma 3.4 and so, as [I1, I5] is a Lie ideal,

([Lirs L], - -5 L 15 (s Lo - - - 45, )] < [T Il s
Otherwise, i; = --- =i, and ]1 = jq, since {i1,...,ipt U {j1,..., 43¢} = {1,2}, we
may assume that i1 =--- =i, =1, j; = = jq = 2, then

[[I I ] . Iip] S Il and [[IJI,I ] --~7Ijq] S 12

119
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and so
(s Lol oo L) (s I ), -5 I, )] < s Do) s
Suppose the assertion holds for n — 1, that is
ey Lig)s oo L s gy, Ll - - o5 15 01 < (s L)y -y Tl sy

when {i1,...,5p} U {j1,...,4¢} = {1,2,...,n — 1}. We shall use the second induc-
tion on ¢ to prove that the assertion holds for n. If ¢ = 1, the assertion follows by
Lemma 3.4. Suppose that the assertion holds for ¢—1. By Lemma 3.2, [[[I;,, I;,], ..., I;,],
([, 1j,)5 - -, I;,]] is a Lie ideal of the sum

H[Iiu R Iip]ln7 [Ij1 yoe e 7Ijq71]1n}7 Ijq] + H[Iiu s aIip]ln’ Ijq]7 [Ij1 A 7Ijq71]ln}'

By the second induction we have

([ Liys -y 1

p

]1n7 Ijq]’ [Ij17 s Ijqfl]ln] < [[Ilv 12]7 ceey IH]S'
If i1, .o ip U{d1, -, Jg—11 = {1,2,...,n}, by the second induction

[[Iilv' cey Iip]ln, [Iju cee anq—l]ln] < [[11712]7 e ’IH]S
and hence

iy, -, L

ip

[ V2R S L 0 P I [V ST 23 R 4 3
If {i1, ... ip U {d1, .., dg=1F #{1,2,...,n}, we may assume that
{ir, .. it U{j1,-- - dg-1} ={1,2,...,n— 1}
and j, = n. By the first induction,
Liyoeo o L)) Lgys oo L, M < (0L B Tna] s
Then, by Lemma 3.3,

([ Liys -y 1

) lp

]ln’ [Ij17 ceey Ijq—l]ln]7 Ijq] < [[Ilv -[2]7 cey In]s

It follows that [[[I;,, Ii,], ..., 13, ), [Lj,, Lj)s - -5 1, ]) < [[I1,I2],. .., In]s. The double in-
duction is finished, hence the result holds. O

Proof of Theorem 3.1. Clearly [[I1,I2],...,In]s < [[I1,I2,...,In]]. We prove by induc-
tion on n that
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(L, Lo, ..., L] < [, I2), - ., In]s.

The assertion holds for n = 1. We now make the first induction hypothesis that for all
1 < s < n and for any Lie ideals I,...,Is of L

(1, Iz, ..., L] <[[I1,1I2],- .., L]s. (3.2)

Let Iy,..., I, be arbitrary Lie ideals of L. By definition, [[I1, Is, ..., I,,]] is generated by
all commutators

ﬁt(ail, .. .,ait)

of weight t such that {i1,ds,...,4%} = {1,2,...,n} with a; € I;. To prove that each
generator ft(a;,,...,a;,) is in [[I1,I3],..., I,]s, we start the second induction on the
weight ¢ of Bt with ¢t > n. If t = n, then (i1, ...,4,) is a permutation of (1,...,n) and so
the assertion holds by Lemma 3.3. Now assume

B*ai,,. .. a;,) €[, L), .. In]s (3.3)
for all k£ such that n < k < ¢, where Bk(agl,...,agk) is any bracket arrangement of
weight k such that
1) 1<, <my
2) {21777’]’6} = {17‘”7”};

3) a;» S Ij.

Let B'(as,,...,a;,) be any bracket arrangement of weight ¢ with {i1,...,4;} =
{1,...,n} and a; € I; for 1 < j < n. From the definition of a bracket arrangement,
we have

Bt(ailv .. 'aait) = [ﬂp(aiu .. '7aip)a/6t7p(aip+17' . '70'1})}

for some bracket arrangements B8P and B'~P of weight p and t — p, respectively, with
1<p<n-—1.Let

A= {il,...,ip} and B = {ip+1,...,’it}.

Then both A and B are subsets of {1,...,n} with AUB = {1,...,n}.
Suppose that the cardinality |A| = n or |B| = n. We may assume that |A| = n. By
hypothesis (3.3),

Bp(ail,...,aip) € [[11,12],...7]'”}5.

Since [[I1,I2],...,I,]s is a Lie ideal of L, we have
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5t(ai1, ceey ait) = [ﬁp(ail, . ,aip),ﬁt_p(aip+l7 ey ait)] S [[Il, IQ], - ,]n}s.
This proves the result in this case.
Suppose that |A] < nand |B| < n.Let A = {l1,..., 0} with1 <[} <lp < -+ <

lo <nand 1 <a < n,and let B = {ky,...,kp} with 1 < k; < ko < -+ < kp and
1 < b < n. Observe that

B (aiys - yai,) € [y, Iy, -, 1, ])

By hypothesis (3.2),

iy Dy - I = (s Do)y - - -5 Il s
Thus

B (aiys - yaq,) € [y, I,), .., I, ] s
Similarly

B (@i, s ai,) € [Ty Tl - - -5 Iy ) s
It follows that
B aiyy - yai,) € [y Iy -5 I8y [Try s Tio)s - - -5 Iy )] -
From Lemma 3.5, we have
[[[Ilo(l),llg@)], o Do 1 ke s T o ) - - "Ikr(wH <|[M1,1I2),- -, In]s

for all o € ¥, and 7 € ¥, because {l1,...,l,} U{k1,...,ks} = AUB={1,2,...,n}. It
follows that

My 1)y - s Di)ss (kg s Tholy - -+ Iy s] < 11, L2, - - -y In] s
Thus
B (aiy,---sai,) € [I1, I, . .. Ip]s.
The induction is finished, hence Theorem 3.1 follows. O
Let us denote the ideal
LAk, [ [Aemns Ajynls oo s Ajnl | i F Ryny i <n—1,i <m; m > 1]

by Ij,. Then we have the following theorem.
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Theorem 3.6. The Lie subalgebra LY (Brun,) and the symmetric bracket sum [[I1, 2], . ..,
I,_1]s are equal as subalgebras in L(P,):

LY (Bruny) = [[I1, L), ..., In_1]s.

Proof. It is evident that the symmetric bracket sum [[I1, Io], ..., In—1]s lies in the kernels
of all d;. On the other hand, from Theorem 2.12, LF (Brun,,) is given as “fat Lie product”
of I,...,I,—1 because each element in K(n); is a Lie monomial containing each of
A1y oy Ap_1n. We know that K(n)r C [[{1,...,In-1]] = [[[1,12], ..., In—1]s. Thus
LY (Brun,) is contained in the symmetric bracket sum [[I1, 5], ..., I,_1]s. O

4. The rank of Lf;(Brunn)

Observe that the Lie algebra L(P) is of finite type in the sense that each homogeneous
component Lg(P,) is a free abelian group of finite rank. Thus the subgroup

LY (Brun,) N Ly (P,)

is a free abelian group of finite rank. The purpose of this section is to give a formula of
the rank of Lf;(Brunn).

4.1. A decomposition formula on bi-A-groups

By the definition of bi-A-groups and the face and co-face operation on P = {P,, },,>0,
we have the following lemma.

Lemma 4.1. For every g > 0, Ly(P) = {Ly(Py)}n>0 is a bi-A-group.

Let G = {G,}n>0 be a bi-A-group. Define

Z,(G) = [\ Ker(9;: G — Grn_1).

=0

The following statement on bi-A-groups is proved in [24, Proposition 1.2.9].

Theorem 4.2 (Decomposition theorem of bi-A-groups). Let G = {Gy, } >0 be a bi-A-group.
Then G, is the (iterated) semi-direct product of the subgroups

Bi"‘ai’“*l e ail (ank(g))’

0<i < <1 <n, 0< k< n, where the order of the product is lexicographic from
right.
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Corollary 4.3. Let G = {G, }n>0 be a bi-A-group such that each Gy, is an abelian group.
Then there is direct sum decomposition

Gn= P 070" 0"(2,1(9))

0<i; < <ip<n
0<k<n

for each n.
4.2. The rank of L} (Brun,,)

Let G = Ly(P). Then Z,(Ly(P)) = LY (Brun, 1) by Proposition 2.3. Let d* = &~ :
P,_1 = P, — P, = P,41 be the map obtained by adding a trivial ith string in front of the
other strings (i = 1,2,---,n+1). By Corollary 4.3, we have the following decomposition.

Proposition 4.4. There is a decomposition

Ly(P)= @  d*d*---d* (L] (Brun,y))

1<i; <---<ixg<n
0<k<n-—1

for each n and q.

Corollary 4.5. There is a formula

|
—

rank(Ly(P,)) = S (Z) rank(LE (Brun,,_))
k=0
for each n and q.
Theorem 4.6.
n—1
rank(LE (Brun,,)) = ;(71)’“ (Z) rank(Ly(Po_1))

for each n and q, where P, =0 and, for m > 2,

rank(Lq(Pp)) =

D

1

Q|

m—1
Sl

k=1 dlq

with p the Mdbis function.

Proof. From the semi-direct product decomposition of Lie algebras in Proposition 2.5,

L(Pp) 2 L(Ppn-1) ® L(Fn-1),
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we have

m—1
rank(L rank (L
k=1

for m > 2. Since L(F}) is the free Lie algebra on a set of k-elements [6, Théoreme 2,
Ch. 11, §3, p. 36],

rank(L Zu kq/d
d\q
and so
1 m—
rank (L, - Z Z,u(d)kq/d.
q k=1 d|q

Now let by(P,) = rank(Ly(P,)) and bf(Brun,_;) = rank(Lf (Brun,_y)). By Corol-
lary 4.5, we have

be(Pr) 1 (711) (g) e (nﬁl) b(I;(Brunn)
bg(Pn—1) 0 ) (")) bF (Brun,_1)
by(Pn—2) [ =0 O 1 (Z:?)) bF (Brun,,_)

be(Pr1) 0 O 0 e 1 bf;(Brunl)

Let A,, = (a;;) be the coefficient matrix of the above linear equations, a; ; = (”;i;l),
j >1i. Then

L O Y I ) (G Ve

e T B ) =02 (7))

I T T S o IR R O s

47=10 o 0 1 (—1)=4 (29
0 0 0 0 1

so, that if we denote A,' = (¢;;), then ¢;; = (—1)3'_1(”3 211) j > i. Hence the result
follows. O
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