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1. Introduction

Exceptional collections appear frequently in algebraic and symplectic geometry as well
as in representation theory. For example, they appear in the process of identifying certain
Fukaya—Seidel categories, see e.g. [48]. In algebraic geometry, starting with the example
of the projective space by A. Beilinson [4,5], (strong) exceptional collections are used to
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realise derived categories of coherent sheaves as derived categories of finite dimensional
algebras [9]. In representation theory, the main source of examples for exceptional collec-
tions are quasi-hereditary algebras. In this situation, the exceptional collections consist
of so-called standard modules. Examples of quasi-hereditary algebras are Schur algebras
and algebras of global dimension smaller than or equal to two. Also, blocks of BGG cat-
egory O are equivalent to categories of modules over quasi-hereditary algebras. In work
with S. Koenig and S. Ovsienko [30], the second author showed that quasi-hereditary
algebras can equivalently be described as the right (or left) algebras of directed corings
(also called bocses for ‘bimodule over category with coalgebra structure’). In this descrip-
tion, the category of modules filtered by standard modules is equivalent to the category
of modules over the directed bocs, i.e. the Kleisli category of the corresponding comonad,
see Definition 4.1 for the definition of a directed bocs, Theorem 4.5 for the main theorem
of [30] and Proposition 5.1 for a quiver theoretic perspective on the category of modules
over a bocs. Let A be a quasi-hereditary algebra and D the (graded) dual of the bar
resolution of the Ext-algebra of the standard modules over A, equipped with its canon-
ical Ayo-structure. The directed bocs 21 of A is obtained from the quotient of D by the
differential ideal generated by the negative degree part. The inclusion mod 2 — mod A
yields an equivalence D’(mod 2) ~ D°(mod A).

An important concept in the theory of exceptional collections is the (left and right)
mutation introduced by A. Bondal in [9]. For an exceptional collection (Ay,...,A,) in
a triangulated category, its left mutation at i is the exceptional collection (Af,..., Al)
with Al = Ay forall 1 #i,i+ 1 and A}, ; = A;. Mutations of exceptional collections
induce an action of the braid group on the set of exceptional collections in a triangulated
category. Given an exceptional collection, there are two distinguished other collections,
the left and the right (Koszul) dual. They are obtained by mutating the exceptional
collection along the ‘global half-twist’ 8,1 (Sa—280—1) - (B2 Pu—1)(B1 - Bo—1) € Bry,
or its inverse. For the collection of standard modules over a quasi-hereditary algebra
A elements of the right Koszul dual exceptional collection are again modules — the
costandard modules over A denoted by V. There is in fact another quasi-hereditary
algebra, derived equivalent to A, having the exceptional collection of costandard mod-
ules as standard modules. It was introduced by C. Ringel in [42] and is therefore called
the Ringel dual of the original quasi-hereditary algebra. In the language of directed
bocses, the Ringel dual of the right algebra of a directed bocs is given by its left alge-
bra.

Let (A, V) be a directed bocs. In [39], S. Ovsienko proposed a construction of a bocs
B = (B, W), whose right algebra is Morita equivalent to the left algebra of (A, V) and
vice versa. But his paper is lacking a lot of details in the proof of the construction. This
paper provides full details of the proof of the following theorem.

Theorem. Let A be a quasi-hereditary algebra. Let A = (A, V) be the corresponding
directed bocs. Denote by V the kernel of the counit. Let D be the dual of the bar resolution

of the differential graded algebra TA(V). The quotient of D by the DG ideal generated by
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the negative degree part provides a combinatorial construction for a bocs (B, W) having
the Ringel dual of A as the right algebra.

Note that since the directed coring (A,V) provides the same information as
the Ago-structure on Ext} (A, A), this gives a combinatorial method to obtain the
Aoo-structure on Ext} (V, V) from the A-structure on Ext™(A, A). This result should
be compared with S. Oppermann’s combinatorial construction in [38] of the silting muta-
tion of a differential graded algebra. As noted in [30, Appendix A.2], there is not a unique
directed bocs associated to a quasi-hereditary algebra. Thus, there cannot be a unique
lift of Ringel duality to the level of bocses. Uniqueness of directed bocses associated to
quasi-hereditary algebras will be discussed in [31].

The proof of the above theorem is divided into several steps which we find of inde-
pendent interest. First, we consider explicit complexes O] of 2-modules and prove that
they are homotopically projective. Since in the bocs description, standard modules cor-
respond to simple modules over the bocs, we conclude that the complexes O] form an
exceptional collection left dual to the exceptional collection of standard modules. (Recall
that since A is of finite global dimension, D°(mod A) admits a Serre functor.) Therefore,
0] is the Serre dual of the costandard module V;. If we denote by <; the k-duals of the
analogously defined 2A°P-modules then F (<) ~ F(V). As Ringel duality yields an equiv-
alence F(Va) ~ F(Ag(n)), in order to find the dual bocs we present the category F(<)
as the category of right modules over a bocs. To this end we prove (see Theorem 6.1 for
the precise statement):

Theorem. The category F(O) is equivalent to the category of complexes N* of A-modules
such that N9 = 74 ®LY, for an L-module Y. The differential N7 — NI+ is encoded
inamapey: Y - VeLY.

In the next step we further simplify the description of F(0O) and with Theorem 6.3
show

Theorem. The category F(O) is equivalent to a category N () whose objects are pairs
(Y,ey) of an L-module and a map ¢y : Y — V@Y satisfying some additional condition.

Finally, we show that N'(2() is equivalent to the category R(2) whose objects are
L-modules Y together with a map sy € Hompgp(DV, Homy(Y,Y)) while morphisms
(Y,sy) — (Z,sz) are represented by elements of Homygy, (DA, Homy (Y, Z)). This, to-
gether with the quiver theoretic description of mod A in Proposition 5.1, suggests that
R(2A) is equivalent to the category of a bocs (B, W) where B is an algebra generated
by DV and W is a bimodule generated by DA. In other words, the bocs (B, W) is the
quotient of the dual of the bar resolution of the bocs (A, V) by the differential ideal
generated by negative degrees. Hence, from the point of view of bocses, Ringel duality
is a special case of Koszul duality for DG algebras.
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For a quasi-hereditary algebra A the t-structure on D’(mod A) glued along the
filtration (A(1)) C (A(1),A(2)) C ... € (A(1),...,A(n—1)) C D’(modA) from
the standard t-structures on (A(i)) ~ D’(modk) is the standard ¢-structure, while
the t-structure glued along a similar filtration for the right dual collection (V(n)) C
(V(@n),V(@m—-1)) C ... C (V(n),...,V(2)) C D’(modA) is the t-structure where the
characteristic tilting A-module is the projective generator for the heart, cf. [3]. In other
words, Ringel duality can be viewed as passing to the right dual exceptional collection.
With our main theorem we show that it yields Koszul duality on the level of bocses.

The idea that passing to the dual exceptional collection corresponds to Koszul duality
goes back to A. Bondal who proved in [9] that the full exceptional collection of simple
modules over a path algebra of a directed quiver is right dual to the full exceptional col-
lection of projective modules. The relation between Koszul duality and dual exceptional
collections was further studied by A. Beilinson, D. Ginzburg and V. Schechtman in [7]
for so-called mixed DG algebras. Also in the case of quasi-hereditary algebras, a relation
between Koszul duality and Ringel duality (and also Serre duality) has been observed in
a particular instance, namely that of strict polynomial functors (or equivalently Schur
algebras of symmetric groups S(n,d) for n > d). In this special case, it is more closely
related to classical Koszul duality between the exterior algebra and the polynomial ring:
(derived) tensoring with the exterior power A? induces an autoequivalence of the derived
category of strict polynomial functors whose square, (derived) tensoring with symmetric
power gives a Serre functor on this derived category. This is work by M. Chatupnik [16]
and A. Touzé [49], see also the summary by H. Krause, [32].

The strategy of our proof for the part on Ringel duality follows [39]. As already re-
marked, in his paper, the proofs of all statements except for the well-definedness in
Theorem 6.3 are sketches. Here we provide explicit calculations. Furthermore, in the
proofs of Theorem 6.1 and the equivalence of 6.3 we chose to incline to explicit calcula-
tions and the known theory of quasi-hereditary algebras instead of referring to a yet to
be developed derived homological algebra for bocses.

As mentioned earlier, in algebraic geometry, exceptional collections are used to realise
derived categories of coherent sheaves on projective varieties as derived categories of finite
dimensional algebras. In [9], A. Bondal proved that full strong exceptional collections
yield such derived equivalences. Here an exceptional collection is called full if it classically
generates the derived category and strong if Hom(A;, A;[s]) = 0 for all i and 1 and
every s # 0. The next step is considering full almost strong exceptional collections, i.e.
collections where Hom(A;, A;[s]) = 0 for all i and 1 and every s # 0, 1. In representation
theory, quasi-hereditary algebras with such a set of standard modules are called left
strongly quasi-hereditary. They appear in O. Iyama’s proof of finiteness of representation
dimension, see [27,43].

In algebraic geometry, examples of almost strong exceptional collections are given by
exceptional collections of line bundles on smooth rational surfaces. Recall that every
smooth rational surface X (except for P2 which has a strong exceptional collection by
the work of A. Beilinson [4,5]) is obtained from a Hirzebruch surface F, by a sequence
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of blow-ups, i.e. there exists a birational morphism f: X — F,. It is well-known that
the derived category of a Hirzebruch surface admits a full strong exceptional collection
(Fy,..., Fy), see e.g. [25]. In [25,26], L. Hille and M. Perling showed how to obtain a full
almost strong exceptional in D°(Coh X) from such a full strong exceptional collection
on F,. In [8], the first author proved that this exceptional collection on X can be mu-
tated to a collection (Ag,...,An—a, f*(F1),..., [*(Fa)). The collection (Ay,...,Ap_4)
is almost strong and the full subcategory of D°(Coh X) generated by (Aq,..., Ay 4) is
equivalent to the derived category of modules over a quasi-hereditary algebra Ay. The
objects Ay, ..., An_4 correspond to the standard modules over Ay and the dimension of
both Homx (Az, A;) and Ext} (A;, A;) is at most one for any pair (i,1). Finally, the cat-
egory of Ag-modules admits a duality which preserves simple modules. As the morphism
f is a contraction of a curve, we call algebras satisfying the above properties curve-like.

As an application of the main result of our paper, we illustrate how to obtain re-
strictions on the possible A,.-structures on the Ext-algebras of standard modules over
curve-like algebras. We use them to classify all possible curve-like algebras with up to 4
simple modules.

Theorem. There is one curve-like algebra with two simple modules, there are three curve-
like algebras with three simple modules and thirteen curve-like algebras with four simple
modules. All algebras with two and three simple modules are Morita equivalent to an
algebra Ay or its Ringel dual for a birational morphism f of smooth surfaces. There are
four curve-like algebras with four simple modules which are not Morita equivalent to Ay
or its Ringel dual for any f. In the classification of Section 9.2 these are algebras Al,
B1, B2 and G1.

The paper is structured as follows. In Section 2 we fix our notation. In Section 3 we
recall the necessary background on quasi-hereditary algebras. In particular, we identify
the costandard modules in the derived category. Section 4 is devoted to recalling the
main results of [30] describing quasi-hereditary algebras in terms of directed bocses. In
Section 5 we describe the Serre duals of V; as objects of the derived category of the
module category of the bocs. In Section 6 we describe the category of modules filtered
by costandard modules in terms of a “category of comodules” N (21). In Section 7 we
use a standard isomorphism to translate NV (2() into the category R(2) closer to quiver
representations. Section 8 defines the bocs corresponding to the Ringel dual of a quasi-
hereditary algebra given the datum of the bocs of a quasi-hereditary algebra. Finally,
in Section 9 we apply our results to obtain restrictions on the A.-algebra structures on
Ext-algebras of standard modules over curve-like algebras.

2. Notation

We work over an algebraically closed field k. We consider k-algebras which are always
assumed to be unital, associative, and finite dimensional. For an algebra A, we denote by
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mod A the category of finite dimensional left A-modules. We consider the duality functor
D = Homy(—, k): (mod A)°? — mod(A°P) which maps left A-modules to right ones. If A
is a basic algebra with A/radA = k®", the set {1,...,n} parametrizes distinct maximal
left ideals in A, i.e. pairwise non-isomorphic simple A-modules. For i € {1,...,n} we
denote by L(i) the corresponding simple module and by P(i) its irreducible projective
cover. We shall write i, 1 and m for elements of the set {1,...,n}. We fix pairwise
orthogonal idempotents {eq, ..., ey} in A. This choice yields an isomorphism P(i) = Ae;
and a homomorphism of algebras ¢: L — A, for the semi-simple algebra L := [[>_, k.
The map ¢ allows us to consider any A-module as an L-module.

A quiver @ = (Qo,Q1,s,t) consists of a set of vertices Qq, a set of arrows ¢, and
two functions s,t: Q1 — Qo giving the source and the target of an arrow, respectively.
The bocses corresponding to left strongly quasi-hereditary algebras can be described
using differential biquivers. In this case, the arrows of @) are graded. We write Q{ for the
component of degree j in Q1.

For a category A which is either abelian or triangulated and a set of objects © C A we
denote by F(O) the category of ©-filtered objects, e.g. A = mod A for a quasi-hereditary
algebra A and ©® = A or © = V. If A is triangulated, F(©) is the smallest extension
closed subcategory of A containing O, i.e. the smallest subcategory A’ such that © c A’
and, for any distinguished triangle X — Y — Z — X[1] with X and Z in A’ the object
Y also belongs to A’. In the case when A is abelian, the subcategory F(0) C D?(A) is
an exact category and can be described as the full subcategory of A whose objects admit
a finite filtration with graded factors isomorphic to objects of ©. If the objects in © are
indecomposable, F(O) is idempotent complete.

In general, for an idempotent complete exact category £ we denote by C*(E) the
category of bounded complexes in &, by K°(€) its bounded homotopy category, and by
Db(&) its bounded derived category, which exists by work of Thomason and Trobaugh
[50], see also [37]. The shift functor in C*(£), Kb(E) as well as in D*(£) is denoted by [1].

For a bocs A = (A, V) as defined in Definition 4.1 we consider the following A-bilinear
maps:

e my: A®p A — A, the multiplication map,

e my: A®LV — V, the defining map for the left module structure,

e m,: V®yA— V, the defining map for the right module structure,
e mp: A®L (Vs V)=V ®aV, the left module structure map,

e mp: (Vs V)®L A=V ®4V, the right module structure map

o My V@LV —V ®4 V, the natural projection.

3. Quasi-hereditary algebras
Quasi-hereditary algebras were introduced by L. Scott in [47], see also [17] for the

more general notion of a highest weight category which allows infinitely many simple
objects. Their distinguished feature is the existence of certain modules A; which are
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quotients of indecomposable projectives and project onto the simple modules. Dually,
there also exist modules V; which have simple socle and embed into the indecompos-
able injectives. In [42], C. Ringel proved that the category of modules filtered by such
modules has Auslander—Reiten sequences. He also introduced an algebra, now called the
Ringel dual, such that the category of modules filtered by standard modules for the
Ringel dual is equivalent to the category of modules filtered by costandard modules.
Important examples of quasi-hereditary algebras include blocks of BGG category O as-
sociated to a complex semisimple Lie algebra ([6]), Schur algebras of symmetric groups
([18,40]), and algebras of global dimension at most two ([19]). For further information
on quasi-hereditary algebras, see the excellent survey articles by Dlab—Ringel [20] and
Klucznik—Koenig [29].

Definition 3.1 (/20, Theorem 1]). Let A be an algebra with isomorphism classes of simple
modules indexed by {1,...,n}. For i € {1,...,n} the module

A1) == P(i)/ > Imf
f: P(llgi—>P(i)

is called the standard module associated to i. The algebra A is called quasi-hereditary
if Endp(A(i)) 2k foralli € {1,...,n} and A € F(A).

Remark 3.2. Dually, using the injective modules I(i) with socle L(i), one can define the
costandard modules V(i). For an algebra A to be quasi-hereditary is then equivalent to
Endy(V(i)) 2k foralli € {1,...,n} and D(A) € F(V).

Dlab—Ringel’s standardisation theorem states that every set of objects in an abelian
category which behaves like the set of standard modules for a quasi-hereditary algebra
(i.e. forms an exceptional collection in the abelian category), actually comes from a
quasi-hereditary algebra:

Theorem 3.3 (Diab—Ringel standardisation theorem, [20, Theorem 2]). Let C be an abelian
category. Let {©(1)|i =1,...,n} be a standardisable set of objects, i.e. a set of objects
in C satisfying

(F) dimy Home (©(i), 0(1)) < oo, dimy Ext;(0(i),0(1)) < oo,
(D) Ende(0(i)) = k, Home(O(i),0(1)) # 0 = i < 1 and Ext5(0(i),0(1)) # 0 =
i<l

Then, there exists a quasi-hereditary algebra T, unique up to Morita equivalence, such
that the categories F(©) and F(Ar) are equivalent.
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The costandard modules form a standardisable set in mod A with respect to the
opposite ordering of {1,...,n}.

As already mentioned in Section 2 the categories F(A) and F (V) are idempotent split
exact categories. Recall that an object T' in an exact category &£ is an Ext-projective
generator for £ if, for any X € &, there exists an admissible epimorphism 7% — X
in &, for some j, while the group Extg (T, X) vanishes.

Definition 3.4. Let A be a quasi-hereditary algebra. The (unique up to multiplicities of
direct summands) Ext-projective generator T of F(V) is called the characteristic tilting
module of A. The opposite of the endomorphism algebra of the characteristic tilting
module is called the Ringel dual of A. It is Morita equivalent to the algebra I'" obtained
by applying Dlab—Ringel standardisation theorem to the standardisable set of costandard
modules.

Remark 3.5. As proven by Ringel in [42, Theorem 5], the module T is indeed a tilting
module in the sense of Miyashita [35], i.e.

(T1) projdimT < oo,
(T2) Ext) (T, T) =0 for all j # 0,
(T3) T has n indecomposable direct summands up to isomorphism.

This implies in particular that a quasi-hereditary algebra A and its Ringel dual T' are
derived equivalent.

Lemma 3.6 (/56, Lemma 7.1]). Let A be a quasi-hereditary algebra. Then
D'(F(A)) ~ D’(mod A) ~ D*(F(V)).

The costandard modules can be identified in D?(mod A) by a certain orthogonality
property with respect to the standard modules. In Section 6, we use this to identify
the objects corresponding to the costandard modules in yet another description of the
derived category of A.

Lemma 3.7. Let A be a quasi-hereditary algebra, i € {1,...,n}, and M an object of

k ifs=01=1,

Db(mod A) such that for all i € {1,...,n}, Homu (A(1), M[s]) = {O ZJ;S i
else.

Then M = V(1).

Proof. First of all note that Ext} (A(1), M) = 0 for s # 0 implies that Ext} (A, M) =0
since A is filtered by A’s. This implies that M is indeed a module.

The condition Ext) (A(1), M) = 0 for all 1 is equivalent to M € F(V) by [29, Propo-
sition 2.1]. In this case dim Homa (A(1), M) = [M : V(1)] counts the multiplicity of V(s)
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in M in any given V-filtration of M, see e.g. [20, Lemma 2.4] for the dual statement. It
follows that M = V(i). O

Note that the above lemma shows that the full exceptional collection (V (1)) of costan-
dard modules is right dual to the full exceptional collection (A(i)) of standard modules,
cf. [11, Lemma 2.5].

4. Directed bocses

In this section we recall from [30] the alternative definition of quasi-hereditary algebras
via bocses. Bocses were introduced by Roiter in [45,46]. This concept is closely related
to the concept of a differential biquiver, which was studied already in [44] by M. Kleiner
and A. Roiter, see Theorem 5.2 which was generalised by T. Brzezinski in [10]. The
most striking application of the theory of bocses is certainly Yu. Drozd’s tame and wild
dichotomy theorem [21] (see also [15]). Bocses are sometimes also called corings. For
further reading, we refer to the survey article [33], for general theory of bocses or corings
to [14], [12], and [13].

Definition 4.1.

(i) A prebocs is a tuple 2 = (A, V, ) where A is an algebra, V is an A-bimodule
and u: V. — V ®4 V is a coassociative morphism of A-A-bimodules called the
comultiplication.

(ii) A bocs A = (A,V,pu,¢e) is a prebocs (A, V, u) together with an A-A-bilinear map
e: V — A satisfying the usual counit axiom. In this case V is also called an A-coring.

(iii) A bocs is normal if there is a grouplike clement w € V i.e. an element such that
ww) =w®w and g(w) = 1.

(iv) A bocs is directed if the counit is surjective, the Gabriel quiver of A is directed,
and V := kere & @ Ae; ®y e; A where the sum runs over certain i,1 all satisfying
i<l

(v) For a bocs A = (A, V) the algebra R := Ry := Hom 4 (V, A) with the multiplication
go fof f,g € Homu4(V, A) given by the composition of the maps

VL veaV 2L ve,d—mv LA
is the right algebra of (A, V).
(vi) Dually, the left algebra of (A, V) is the algebra L := Lg := Hom 4op (V, A) with the
multiplication go f of two morphisms f, g € Hom 4op (V, A) given by the composition
of the maps

V L ve.v I Ag v v 2, A
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Remark 4.2.

(i) Over an algebraically closed field, any projective indecomposable A-bimodule is of
the form Ae; ® e; A, for some pair (i,1). Hence, condition (iv) states that the kernel
of € is projective and, for any direct summand Ae; ® e; A of kere, we have 1 < 1.

(ii) In [14] and other literature on corings, the opposite algebra of the right algebra is
called the left dual of the coring, the opposite algebra of the left algebra is called
the right dual of the coring. Our notation and terminology is adopted from [1].

By Morita equivalence, one can always assume that the underlying algebra A is basic.
Hence, up to a choice of orthogonal idempotents e;, it can be regarded as a category
with objects 1,...,n. In this context, multiplying a grouplike w from the left and from
the right with e; we obtain elements w; := eswe; with e(w;) = e;.

For a bocs 2, one can construct its category of representations. It is a concrete de-
scription of the more abstractly defined Kleisli category of the comonad V ®4 —.

Definition 4.3. Let 20 = (A4, V, u, ) be a bocs. The category mod 2 of representations of
2 is defined via:

objects: are A-modules,

morphisms: for M, N € mod2, Homgy (M, N) = Hom gg aer (V, Homyi (M, N)),

composition: for f € Homgy (L, M) and g € Homgy (M, N) their composition go f is given
by the following composition of A-bilinear maps:

comp

Vs VeV 225 Homu (M, N) @4 Homy (L, M) <% Homy (L, N),
unit:  the morphism 15, € Homg (M, M) is given by the composition of
V —— A —2 Homy (M, M)
where X is the morphism sending an element a € A to left multiplication with a.

Note that each bocs 2 = (A, V,u,e) has an opposite bocs 2P = (A°P VP 1 ¢)
where A°P is the opposite algebra of A, V°P = V| but regarded as an A°P-A°P-bimodule
instead of an A-A-bimodule and the comultiplication and counit remain unchanged.

As in the case of algebras, the categories of 2-modules and 2°P-modules are dual to
each other:

Lemma 4.4. Let 2 be a bocs, A°P its opposite bocs. Then, the k-duality D = Homy(—, k)
induces a duality mod 2 — mod A°P.

Proof. Define DM := Homy (M, k) for an A-module M. This defines D on objects. To
define it on morphisms recall the bimodule action of A on Homy (a4 M, 4N) as well as
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Homy (4op DN, g DM). For f € Homy (M, N), x € M, a,b € A, the bimodule action is
defined by (afb)(z) := a- f(bx). Dually, for ¢ € Homy(DN,DM), x € DN, the bimodule
action is defined by (awb)(x) = ¢(xa)-b. We claim that Homy (M, N) = Homy (DN, DM)
as A-A-bimodules. Noting that (Df)(x) = x o f, this follows from

(@Df)1)(xX)(x) = (Df)(xa) - b)(x) = (Df)(xa)(bz) = (xa)(f(bz))
= x(af(bx)) = (x © (afb))(x) = D(afb)(x)(x)-

It follows that Hom gg ace (V, Homy (M, N)) = Hom gerga(V, Homy (DN, DM)) proving
that D defines a duality on mod 2. O

We recall the main result of [30] stating that the category of A-filtered modules for
a quasi-hereditary algebra A can be obtained as the category of modules for a bocs 2
which can be constructed explicitly from the Ay -algebra structure on Ext} (A, A).

Theorem 4.5. For every quasi-hereditary algebra A, there exists an algebra R Morita
equivalent to A such that R is the right algebra of a directed normal bocs A = (A, V).
The algebra A can be chosen to be basic.

Conversely, let A = (A, V) be a directed normal bocs.

(i) The right algebra R and the left algebra L of A are quasi-hereditary. Up to Morita
equivalence, they are Ringel dual.

(i) There are equivalences of categories modd ~ F(ApR) ~ indIA% where the latter is
the category of all induced modules from A to R, i.e. all R-modules of the form
R®a M for some A-module M. In particular, the simple A-module L(i) in mod 2
is mapped to the standard module A(i) = R ®4 L(i) for R. Similarly, mod 2 ~
F(Vy) ~ Coindﬁ where the latter is the category of all coinduced modules from A
to L, i.e. L-modules of the form Hom (L, M) for some A-module M.

(iii)
Ext?, (M, N) 2 Ext’,(R®4 M,R®4 N)
for all j > 2.
Moreover, for the opposite bocs A°P, Leov is isomorphic to Ryl .
Remark 4.6. The equivalence mod 2 ~ indf;z induces the structure of an exact category on
mod 2 through restriction of the natural exact structure on mod R. This exact structure
can alternatively be defined by setting the exact sequences to be those which are equiv-

alent (in mod2l) to images of exact sequences under the embedding mod A — mod 2,
for details see [30,31].
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Remark 4.7. The duality D: mod 2l — mod 2°P of Lemma 4.4 is compatible with the du-
ality D(—) = Homy(—, k): mod Rg — mod Lger in the sense that the following diagram
commutes up to natural isomorphism:

mod 2 —2 5 mod AP
R®a —l lHomAOP(LmOP;_)

mod Ry —D s mod Lgop

Indeed, for a left A-module M, the dual of the induced Rg-module is Homy (Rg ® 4 M, k)
with right Rg-module structure induced by the left Rg-module structure on Ry ® 4 M.
On the other hand by the tensor-hom adjunction, the left Lgop-module coinduced from
D(M), Hom gop (Lgior, Homy (M, k)), is isomorphic to Homy (M ® gor Loor, k) with left
Lgop-module structure induced by the right Lgor-module structure of M & gop Lgop.
Since Ry & Lyor, we have an isomorphism (M ®op Logor ) [yop = Ry (Ra @4 M) which
induces a natural isomorphism D(ind{* (M)) = coindfﬁ‘c’p (D(M)) of left Lgor modules.

Our goal in this article is to construct, directly from (A, V), a bocs (B, W) whose
right algebra is Morita equivalent to the Ringel dual of the right algebra of (A, V), i.e.
the left algebra of (A, V). To describe explicitly how the bocs (B, W) is obtained we
need the following lemma from [30, Lemmas 7.5-7.7].

Lemma 4.8. Let B be a category with set of objects {1,...,n} and let Uy be a B-bimodule.
Assume that the tensor category U := EB;io Uf@j is endowed with the tensor grading, i.e.
deg B = 0 and degU; = 1. Suppose that U is equipped with a differential d. Denote by
(d(B)) the B-bimodule generated by d(B) and let W := U, /(d(B)) with w: Uy — W the
canonical projection.

(i) There is a prebocs (B, W, ) such that ur = (7 Qp 7)dy.

(ii) Assume, in addition, that Uy = Uq ® U is decomposed as B-bimodule, where Uq is
a projective bimodule Ug = @D,y Bws B with ws a generator of Uq, i.e. the image
of an element e; ® e; under a fized direct summand embedding Be; @y e; B — Uq.
Suppose that
(d1) d(w;) = wi ® wi,

(d2) for all b € B(i,1) we have d(b) = wib — bw; + Ob for some Ob € U,
(d3) for alluw € U(i,1) we have d(u) = wiu + uw; + du for some du € U @ U.
Then, the prebocs is a bocs with counite: W — B such that € = ew whereé: Uy — B
is given by &(w;) = 1; and &[U) = 0.

(iii) If U is a projective bimodule then W := kere is a projective bimodule.

Above, we denote by B(i,1), respectively U(i,1), morphisms from i to 1 in B,
respectively in U, i.e. B(i,1) = e;Be; and U(i,1) = e1Ue;.
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Let A be a quasi-hereditary algebra. Let E := Ext} (A, A) be the Ext-algebra of the
direct sum of the standard modules. As the cohomology of the dg algebra Homy (P, P),
where P is a projective resolution of A, by Kadeishvili’s theorem [28, Theorem 1], E has
the structure of an A-algebra. Let C = T(E[1]) be the differential graded coalge-
bra equal to the bar construction of E. The k-dual of C, D = DC is a differential
graded algebra. Then U = D/(D<_1,d(D_1)) is differential graded algebra satisfying
the conditions of the above lemma. The resulting bocs, denoted by (A, V), has a right
algebra R Morita equivalent to A. Note that since E as well as its bar construction are
finite dimensional, we could equally well have first taken the dual of DE and then ap-
ply the cobar construction, i.e. considered the differential graded algebra T'((DE)[—1]),
which is also isomorphic to T(D(E[1])). This is what was considered in [30]. For the
equivalence, see e.g. [22, Lemma 9], and also [23, Section 19] for the case of DG alge-
bras.

5. The homotopically projective objects O;

Let 2 be a directed normal bocs, R its right algebra, and 7T: mod2l — mod R the
functor given on objects by R®4 (—). To define T on morphisms, note that we have an
isomorphism v: Homg (M, N) = Homa (M, R ®4 N). Then for f € Homg (M, N), T'(f)
is the composition T(f): R®@a M M RRAR®RAN M R® s N. The
functor T is fully faithful and yields an equivalence of mod 2l with the full subcategory
F(A) of mod R. The derived functor T': D’(mod®) — D’(mod R) is an equivalence
and it maps simple A-modules L(i) to standard R-modules. With Lemma 5.7 below we
show that, for every i € {1,...,n}, the category D’(mod %) contains a homotopically
projective object O; representing a certain cohomology functor, see Lemma 5.7. In par-
ticular, dim Homg((O;, L(1)) = d5; and Ext? (03, L(1)) vanishes for j # 0. Under the
equivalence T', we get an analogous property of objects T(0;) and A(1) = T(L(1)). It
follows that (7'(0;)) is a full exceptional collection left dual to (A(1)). Since the collec-
tion (V(1i)) is right dual to (A(1)), see Lemma 3.7, we conclude that T(0;) is the image
under the inverse of the Serre functor of V(i):

T(0;) = RHompger ((D(V(1)), R),

where D(V (1)) = Homg(V(1), k).

Since the duality D = Hompy(—,k): mod2A°? — mod 2l preserves simple modules,
we have dim Homg(L(1), D(0¥™)) = 41, i.e. the images of D(O) in D?(mod R) are
the costandard modules. In Theorem 6.3 and Proposition 7.2 we shall give equivalent
descriptions of the extension closed subcategory F(O;) of D’(mod2l) generated by O,
while in the main Theorem 8.2 we shall use these descriptions of F(O%") to describe
F(V) as a category of modules over a bocs.

Let 2 = (A,V,u,¢) be a directed normal bocs. Then V = A @ V as left and as right
modules (but in general not as bimodules) and the restriction of the comultiplication
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p:V—=V®aVtoV is given by
V= (AaV)o(VesA)o(VeaV), f=wealdIldeswd)’.

It is well known that to a normal bocs (A,V) one can associate a tensor algebra
equipped with a differential, see e.g. [12, Lemma 3.2]. (The first proof of this fact in the
case where A is the path algebra of a quiver is due to Roiter, see [45,46], cf. Theorem 5.2.)

Let U := A[V] := @;io V* be the tensor algebra considered as a graded algebra via the

tensor grading, i.e. deg A = 0 and degV = 1. Defining 9p: A = Vand 0,: V = V@,V
via

doa = aw — wa, 0w =pv)—wev—veuw,

and extending by the graded Leibniz rule we obtain a differential 0: U — U. Note that if
A = (A,V) is directed, then V4™ — 0 and hence U is finite dimensional. The following
proposition is well known, cf. [12, Proposition 3.5], [30, Lemma 9.1].

Proposition 5.1. Let 21 = (A, V) be a directed normal bocs. Let Qi be a set of generators
for the projective A-A-bimodule V (i.e. elements corresponding to e; @y e; in a direct
summand of V' of the form Ae, @y e; A; in this case we write v: i — 1 € Q1). Write w;
for a generator of Ae; QK e; A. Let 0y and 01 be as defined above. The category mod2d
can be described equivalently as the category of A-modules with morphisms

feHomagaw | @ AwsA® @ AvA, Homy(M,N)
ie{1,...,n} veEQR]

satisfying for all a € A(i,1) the relation
f(wia — aw; + dpa) = 0.
In this language, the composition of two morphisms f,g is given as

(9)(ws) = glws) f(ws)

(95)(v) = g(wr) f(v) + g(v) f(ws) + Y 9(vn) f(vez)
(v)

for all i € {1,...,n} and v: i — 1 runs through the elements of Q1. Here we use
Sweedler notation and write 01 (v) = Z(v) V(1) @ v(2y with v(1),v(2) € V.

In the remainder we describe the morphisms of bocs representations in this language
which should be compared to the familiar presentation of morphisms of quivers with
relations. Traditionally for a basic algebra A = kQ/I, a morphism of representations ~
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is given by n linear maps 7;: M; — N; such that ayi(z) = v (az) for all a € A(i,1) and
all x € M;. Setting g(w;) = v; and g(v) = 0 defines a morphism of bocs representations
g: M — N. Tt is easy to check that this defines an essentially surjective and faithful
functor ®: mod A — mod®l, which is in general not full. In the description of the
previous proposition, a morphism f is in the image of ® if and only if f(v) = 0 for
all v € Q}. We call such a morphism A-linear. From now on, we will not distinguish
between a morphism in mod A and its image in mod 2. Additionally to those A-linear
morphisms there are in general some extra maps. In the case of a regular bocs (see
Section 9 for a definition) the map with f(w;) =0 for all 1 € {1,...,n} and f(v) = 1y
for some v: i — 1 defines a homomorphism of bocs representations between the simple
A-modules L(i) and L(1), i.e. a homomorphism between the corresponding standard
modules over the associated right algebra, see Lemma 9.4 for the precise statement.

The language of differential biquivers, introduced by M. Kleiner and A. Roiter in [44]
is useful when working with normal bocses 2 = (A4, V) with projective kernel where
the algebra A is hereditary. Such bocses are also called free and they correspond to
almost strong exceptional collections and left strongly quasi-hereditary algebras (Propo-
sition 9.1). A biquiver is a quiver (Qo, Q1) where the arrows are either of degree 0 or 1.
The arrows of degree 0 are called solid. The arrows of degree 1 are called dashed. A dif-
ferential biquiver is a biquiver ) together with a linear map 9: k[Q] — k[Q)] of degree 1
which squares to 0, satisfies (e) = 0 for the trivial paths and satisfies the graded Leibniz
rule. The following theorem is due to A. Roiter, [45,46].

Theorem 5.2. There is a one-to-one correspondence between free mormal bocses with
projective kernel and differential biquivers given by:

o Given a differential biquiver (Q,0), the corresponding bocs (A,V) is given by
A = kQ°, the path algebra of the degree 0 part, and V = Aw ® A @r kQ' @, A
—_———

=V
as left modules (where Aw = A) with right module structure given by the embedding

(é) : A — Aw® V. The comultiplication is then given by

plaw +v) =aw@w+v@w +w Q@ v+ d1(v)

and the counit by e(aw + v) = a.

o In the other direction, let (A, V) be a free normal bocs with projective kernel. Let w be
a group-like element and let Q be the biquiver with degree O part such that kQ° = A.
Let Q' be a free generating system of V := kere, i.e. V =2 A®p kQ' @1 A. Define
0(a) = aw —wa for a solid arrow a and O(v) = p(v) —w v —v @ w for a dashed
arrow (cf. Proposition 5.1).

Remark 5.3. Specialising the general construction from [30] to the case of left strongly
quasi-hereditary algebras, A = kQ° is given by L[s 'DExt'(A, A)] and similarly kQ!
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is given by L[s~'D Hom(A, A)]. The differential is obtained as the dual of the higher
multiplications on the dual bar construction of the A..-algebra Ext} (A, A), see [30,33]
for more details.

Using the description of Proposition 5.1, we define the object O0; € D°(mod ) by

Ay L(1) for j =0,
(0;)7 = yEad @ L(i) forj>1,
0 else,

with differential given by

do(w)(x @ \) = —9(z) ® A, foralll € {1,...,n}, 2 €V,
do()(z @A) =vRx® )\, for all v € Q.

We write 1; for the element 1 ®e; € 0 = A®y, L(i) = P(1).
Lemma 5.4. 0; € D°(mod 2A).

Proof. That O; is a bounded complex follows from the fact that the bocs is directed.
We have to check that dy defines a morphism in mod 2l which squares to 0. For the first

claim note that for a € A(1,m), x € V®Aj(i, 1) and X € L(i),

do(wna — awr + 9(a))(z @ A) = —9(az) ® A+ ad(z) ® A + d(a)z ® A
= (—9(az) + ad(z) + d(a)z) @ A =0

because 0 satisfies the graded Leibniz rule. It also squares to zero:

(@ dh) (W)@ ® A) = d (wr) (dh (W) (@ @ N)) = d5T (w1) (~0(x) ® A)
=0*(z)@A=0
as 0 also squares to zero. In the next set of equations we use Sweedler notation and write

A(v) = Z(v) V(1) ® V(g for v € Q1(1,m). Furthermore, as the part with “®@\” does not
change throughout, we suppress it from the notation. Then,

(a5 d]) (v) (2) = dE (wn) (6 (0) (@) + d5T (o) (d (@) (2)) + D dh (v (dh (ve) ) ()
©)

= 5 (w) (v @ 2) + d5H (0) (=0(2)) + ) do(v)) (ve2) @ @)
(v)
=—-0v®zr)—ved(r)+0(v)@xr=0

as O satisfies the graded Leibniz rule. O
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Example 5.5. We illustrate the notions discussed in Sections 6 and 7 in the following

running example which belongs to the class of curve-like algebras studied in Section 9.

It corresponds to the Auslander algebra of the algebra k[x]/(z3), see 2C on page 174.
Consider the differential biquiver

T 51
“_;(___,/’

with

'(x) =ve,  (c)=1ba+bp.

Using the construction in Theorem 5.2, it yields a bocs 2 = (A, V) where the algebra
A is the path algebra of the quiver on the solid arrows of (5.5.1), which is of extended
Dynkin type Ay. The bimodule V is the direct sum of the projective bimodules Ae,®e; A,
Aes ® es A and Aez ® e; A. The respective generators are indicated by dashed arrows in
the quiver. Using this description,

V = Spa’n]k(goy 11% X ’l/)CL, b@)

The bimodule V is then given by V = Aw @ V as left modules, where the right action is
deformed by 8°, i.e. w - ¢ = cw — Ya — by.
The comultiplication p is given on generators by

pe)=we+eeuw,
p) =weyY +19 Quw,
px) =w@x +x@w+19 e

The complexes Oy, O, O3 are determined by the simple L-modules L(1), L(2) and
L(3). As complexes of 2-modules, 0O;, Oy and Oz are given by left A-modules (O;)7
together with k-linear maps (0;)7 — (0;)7 1, for wy, wy, ws and any dashed arrow in
(5.5.1), see Proposition 5.1.

The complex O; consists of three modules. (0;)Y & P is the projective A-module
with basis e, a, ba, c. The module (0;)* has k-basis ¢, x, bp, Ya and (O;)?
dimensional with basis 1 ® ¢.

is one-
For i = 1,2, 3, the differential dy, (w;) is non-zero on the following elements:

dl:h (wi)(c) = —1/)0, - b¢’ dDi (wl)(X) = _’l/} X .

For the dashed arrows in (5.5.1), the maps dg, are non-zero on the following elements of
the basis:
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d\:‘1 (90)(61) =% dEh (7/’)(6‘) = 1/}% d\:‘1 (w)(go) = ’(/) ® @, dD1 (X)(el) =X

Writing the complex as a complex of representations of the corresponding differential
biquiver, i.e. using Proposition 5.1, we obtain the following

]1{61 *************** + 0 IITTTTTmm s >0
N T

1J/ (170»0)T o S~ J{ \\‘\ \\\\\\ J/

1,07 | ka === 0 -Ssc-----1 > ko t----- e 1
| T~ AN I TNl AN
DT 00DT (01,007 Tl l
A TNy U vw TSA
]kC @ ]kba/ **0***> ]kX @ ]kaO EB ]k’@/Ja (jliai(%) ]k(w ® (b)

o oo
~

The complex O consists of two modules. (0,)° is the projective A-module with basis
ez, b while (0,)! is one dimensional with basis 1. The differentials dg,(w;), dg,(p) and
dn,(x) vanish while

do, () (e2) = ¥

Again using the language of biquivers we obtain:

Finally, the complex Oz consists of the one-dimensional projective A-module with
basis ez in degree zero.

The next lemma is a slightly strengthened form of the universal property of projective
modules in mod 2.

Lemma 5.6. Let M € mod%2l. Let x € M;. Then, there exists a unique morphism
s: P(i) — M satisfying s(w;)(1;) = x and s(v) =0 for all v € Q1.

Proof. The statement is true regarding P(i) and M as objects in mod A. Applying the
natural functor mod A — mod %2l gives a morphism in mod 2l with the claimed proper-
ties. O

Let M € D°(mod ). Then, as one can easily see from the description of the morphisms
in mod 2, there is an exact functor D’(mod ) — D’(mod L) given by sending (M, dxs)
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to (M, dp(w)). As p(w) = w®uw, it follows that (dyrodps)(w) = dar(w)odps(w), hence the
functor sends complexes to complexes. Composing with the standard cohomology functor
H7 yields a cohomological functor H7: D?(mod2) — mod L. Composing further with
the projection to the i-th component yields cohomological functors Hf : DP(mod A) —
mod k. The next lemma shows that these functors are represented by O;[—j].

For an idempotent split exact category £ a complex N is called homotopically pro-
Jjective if Homysg)(N, M) = 0 for each acyclic complex M € Kb(&). In this case,
Homyes gy (N, —) = Hompe gy (N, —). Dually, a complex N is called homotopically injec-
tive if Homye gy (M, N) = 0 for each acyclic complex M. In this case, Homys (gy(—, N) =
HOme((g)(—, N)

Lemma 5.7. Let M € C’(mod ).

(1) Homes (mod 20 (01, M) = Z%(dar (ws)) @ D ez Dyeqr Homu (07 (s(v)), M (¢(v))).-
(ii) Two maps are homotopic if and only if they coincide when projected to H®(dps(ws)).
In particular, H is represented by O3[—j].
(iii) The homotopy in (ii) can be chosen to be a morphism of A-modules.
(iv) The object O; is homotopically projective.

Proof. (i) We show that the map

Homes (mod 2 (01, M) — Z°(dar(ws)) & @) €D Homu(0(s(v)), M7 (t(v)))
JEZ veQ}
(fj) jez (f (wi)(]li),fj(v))jez,vecz%

is an isomorphism.
Let f = (f7)jez € Homes (meq 20 (01, M). First we show fO(w;)(11) € Z°(das(ws)):

SO (ws)(15) = (f1de) (ws)(1s) = fl(wi)(d%(wi)(ﬂ-i))

iy (w3) (f(w1)(13)) = (d
Flw)(-0(1) ®es) = fH(ws)(0) =

as 1; = 1 ® e;. Next we show that (f°(w;)(1;), f7(v)) uniquely defines f. For achieving
this, for allm € {1,...,n}, f/(wy) has to be specified from the given data. For j < 0, it
is clear that f7 (wm) = 0 since 0 = 0. For j > 1, f7(wa) can be defined recurswely from
f77(wy): for this we compute (fid5 ") (v)(z @ \) for v e QI(1,m), z € oL (i,1), and
A € L(i) in two ways. We again use Sweedler notation and write d(v) = >_,) v(1) ®v(2).
On the one hand,

(f1dh ) () (@ @ X) = f (wa) (A5 () (@ @A) + f7 (0)(dh " (wr) (@ @ X))

+> 0 Floa)dh Hve) (@@ N), (%)
(v)
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on the other hand, since fidi ! = dJM_lfj_l, this is equal to

(dhy " )@ @A) = diy (wa) (T () (@ @A) + djy () (7 (@) (@ @A)

+ ) dir (0@ (7 o) (@ @ X)) (%)
(v)

Comparing the two expressions, one sees that 7 (wq)(dL ' (v)(2QN)) = f7 (wa) (VT N)
is determined by f7~1(w;)(z®\) and summands containing f(v) where v € Q1. For j = 0
note that for a € A(i,m),

Fwa)(@) = (f*(wn)a)(Ls) = f(wna)(Ls) = fO(awn)(11) — f°(9(a))(1s)
= af"(w)(Ls) — f°(9(a))(Ls).

Hence, f is completely determined by the given data. To check that each such data defines
a morphism of complexes, we have to prove that each of the f7 is indeed a morphism of
bocs representations and that (djj\/;lfj_l)(wm) = (f1d5 ") (wy) for allm € {1,...,n} (for
the v € Q1 this statement is already true by the construction of f7(wy)).

For checking that each f7 is a morphism of bocs representations, taking into account
() and d(av) = d(a) ©v+ad(v), fI(waa) (VD) = fI(wn) (a0®T) = [ (wn)(dh " (av)(x))
is equal to (again suppressing “@\” from the notation)

(Pl av)(@) = f (av)dh (@) (@) = F Qa)dh ™ (v)(@) = Y f (ave))dh ™ (v) (@).
(v)

By subtracting the term f7(awn)(v ® &) = af (wy)(v @ x) = af (wy)(dh " (v))(z) we
get —f7(da)ds " (v)(x) because all the maps involved have been defined to be A-linear.
Thus, f7 is a morphism of bocs representations, see Proposition 5.1.

To check that (d%; lfj D(wn) = (f7d5 ") (wn) we apply it to some v ® x with v €
Qi(l,m)and z € yeaIT?
We write d(v) = Z(v) V(1) ®v(2). Using the description of composition of Proposition 5.1,

(1,1) and use induction (the case of j < 0 being vacuously true).

we get:
(a5 ) (wn) (v @ 7) = f7 (wn)d] " (wn) (v @ )

=Y Flen)(v) @ vy @) | + f (wa) (v © 0(x)). ()
(v)

We compute the two summands separately. Writing (0 ® 1)0(v) = (1y ® 9)0(v) =
Z(U) V(1) ® v(2) ® V), and using (x), (x*) we get that the first summand
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=D Pl @ v @) = =) f (wn) ([d (v)) (ve) @ )
(v) (v)

is equal to

<Z —d H (wa) £ vy (v2) @ )

(©)
— &y () W) () @ 2) — diy H(va) 7 0e) (ve) ® )
()

+ [ (v)dl N (w)(ve) @ 2) + 7 (va))do (vie)) (v(s) © ) )
)

Again using () and (++) the second summand f7(wy)(v ® dx) = f7(wy)(dl ' (v)(D z))
of (xxx) is equal to

di(wn) 771 (0)(0) + d H (0) 77 (@n)(9) — £ (v)dE (1) (O)
() (o) (0)

+ (Zd%;%v(l))ff—l(v@»(ax) - fj(vu))dé‘l(v(z))(@x))-
) M

()

The term marked (o) vanishes as 0 is a differential. The three terms marked with (1)
cancel out as 9 is a derivation:

dj‘;_‘_l( ’U(2 Z dj U(Q U3) @ x) — dé_l(v(g))(ax)
(v(2y)

= Z —V(2) @ V(3) @ T + V(2) ® Oz + Z V(2) @ V(3) @ T — V(2) ® 0z = 0.
(v(2)) (v(2))

Note that all three terms marked () start with dj]\;l(v(l)), Using (+) and (+#) to define
JI7Hwn)(v(2) ® x), we get that

fjfl(ﬂa))(ax)—fjfl( (v2y ® ij (ve2))(v(3) @ x)

(v(2))

= —di (W) 2 () (@) = di 2 (ve) 2 = > A we) P () (@).

(v(2))
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Thus, the three terms marked (*) combine to give

Z —dy M (vy)d o (w )fj72(v(2))(33)*dg\f(U(1))djj\f(v(z))fj%(wl)(x)
) (0) (o)
—dhr  (0)) i (v2) 2 (0gs)) () -
(©)

By inductive hypothesis, d}; o f7=2 = fi=' o dL . Moreover, since dy; squares to zero,
the composition defined in Proposition 5.1 implies that

Zd (v dir 2 (va)) + dip  (wa) i 2 (v) + i (0)dhr 2 (wr) = 0.

Then, using (**), the term marked (e) adds up with the one marked (e) in the second
summand to give:

&y () 77 w1) (0x) — Zd (@) 2 (w) (@)

= d)y " (0)f7 7 (w1) (0) + dip (wa) )y (0) 7 (wi) (@) + dip () (1) 72 () (@)

= (dar 771 ()(0) — iy (wa) f77 1 (0)(02) = Y dir (v 7 (v ) (92)
)
+dir (wn)dhr ()72 (W) (@) + dy (o) (i) 7% () ()
= diy (wa) 771 (0)(0) + iy (0).77 (1) (92) + Y diy (v0)) (F7 7 (002 ) (02)
)

— iy (wa) 71 (0)(02) = Y dar (v 7 (v2)) (Oz)
(v)

1) w) (@) + diy () (@) 7 () (@)

= )y (wn)diy )fj’z(wl)(x)erj )y P @) (@) + iy (0) 7 (wi) (Ox)
= dj (wn)diy () 772 (@) (@) + dy (o) (dh " F772) (wn) (@) + diy  (0) 77 (wn) (02)
(wn)diy ™ (0) 777 (wr)(2)

_ gi—1 7 —2
=dy; (wn)dy, T

+ d;  (wn)

Eu

w1 9

since

(3 2772 wa) (@) = (F77 ) (wn) (2) = — 77 (Oa).

Summing up dﬂl(wm)deZQ(v)fj_Q(wl)(a:) with the terms marked by (), gives:
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Ay (wn) 2 (0) 772 (@) () + dhy H(wa) £ (0) () =Y (dhr (wa) 77 (001)) (vg2) © )
(v)

+ dy () dy (W) 2 () (@) + diy vy dhr 2 (ve) 72 (vgs) ) (@)
= & (wn) 2 (0) 772 (wi) (@) + dyy  (wa) £ (v) (O)
= (M wa) £ () (ve) @ @)

— & (wa)dh (v 2 (vie)) (@)

where again we use the fact that (dj]\/; ldjj\; 2)(1)(1)) = 0 and the composition defined by
Proposition 5.1. To simplify the notation, we subtract the initial d; ! (wy) from the above
before transforming it further:

d@;%)ﬂ*(wl)(m + 171 (v)(0)

—Zf] (v @)+ Y di 2 (v) 2 (v) (@)
(v)

:dmwff— (w)(@) = P )dl (@) (@) + 7 (wa)dl 2 (0) ()
+ PN )L (W) (@) = i (wn) 772 (0) (@) = di (o) (7P (@) ()
= 77 wa) (d 2 (0) (1)) = diy* (wn) 72 (0) (@),

where the first equality follows from dp(w)(x) = —0x and (%), ().
It shows that

(o) = iy (wn) 77 () (v @ @) =y (wn)d (wn) 2 (0) (2) = iy 7 () (v @ ),
where the last equation follows from the fact that da; squares to zero.

(ii)/(iii) In view of (i), it suffices to prove that f is homotopic to zero if and only if
FOwi)(15) = 0 in HO(dps(w;)). First suppose that f is homotopic to zero, that is, there
exist maps s/: 07 — M7~! such that f/ = d%,;'s? + s7t1dL for all j € Z. In particular,

Fws)(11) = (dyf ") (ws)(1s) + (57 d) (ws ) (1s)
= dys (wi)s(wi)(15) + 5" (wi)dd (ws)(1s)
= dyr (wi)s(wi)(11) + 5" (w3)(0)
= dyj (wi)s"(ws) (1)

Thus, fO(w;)(1;) = 0 in HY(dpr(w;)). Conversely, we first consider f such that
fOwi)(15) = 0 in Z°%dps(ws)) and show that in this case there exists a homotopy
s between f and 0. Define the homotopy s as follows: s(v) = 0 for all v € @} and
0=s" A®y L(i) - M~ and inductively
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ST )@y @A) = f1(2)(y @ \) — djy  (2)s7 (w1) (y @ N),

where z € V(1,m) and y € V®n(i 1). First we need to check that s’*1 defines a morphism
of bocs representations. Again, we use Proposition 5.1. We omit the “®\” since it does
not effect the calculation:

s (wa —aw +0(a))(z @ y) = & THw)(ar @ y) — as’TH(w)(z @ y)
= fI(az)(y) - ;" (az)s’ (w)(y)
—a (P @)y - d @5 @) =0,
since f and djp; are morphisms of A-bimodules.
To check the identity f7 = s7+1d} 4 d’;"s7 we need to apply it to wy as well as to v
for v € V. For wy we apply it to * ® y ® A where z € V(1,m) and y € V®n(i, 1). Using

Sweedler notation, we write 0z = Z(I) T(1) ® x(2). We compute each of the summands
of

(87 dL +di ) (wn) (2 @y @A) = 57 (wn)dE (wn) (z @Y @A) + i (wn)s” (wn) (@Y @ N)
separately. To save some space and make the equations more readable we omit the “®@\”
since it does not change throughout the whole calculation. The first summand is equal

to

s (wa)dZ (wa) (2 @ )

:( ZSH (@) ® 22 @y) | + 577 (wa) (2 @ (y))
( Zf] z) (@) @y) + iy () (@) (22) ® 9)
+ 57 (wa) (2 @ (y))
(@) @)+ di @) (7 @) W) - d@e)s ™ w)©)
+sj+1 (wp)(z ® A(y))

(=D Fla) e @) +d (@) (2e@)®)
(@)
(%)

(%)
— (@) A (228 Hwi) () ) + 87 (wa) (z @ Dy) -
) (o)
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The second summand equals

Ay () (a2 @ 9) = iy (am) (7 (@)(0) = " (@) () ()

= & (wn) 171 (@) (y) — diy H(wn) i 2 ()87 Hwr) (1) -
(*) ()

As djps squares to zero, the two terms marked with () sum up to

(1) = —(di; "dar ) (@)s? ™ (i) () + (@) (@n)s' ™ (1) (9)
= & (@) dh (@) (@) (),

Since f is a morphism of complexes, the two terms marked with (x) combine to give

(¥) = (& P71 (@) (y) — diyy (@) 7 Hwn) ()
= (L) (@) (y) — dyy (@) 77 w) (y) -
(%) (€3]

By induction, the result of (1) combines with (I) to give

(o) = —d’; " ()87 (wi)dl ™ (w1) (y) = dy ' (2)s7 (1) (Dy).

The two terms marked with (#*) combine to give

(#5) = f2(wa)dl (@) (y) + f7 (x)dl (@) (y)
= fl(wa)(z ®y) + f7(2)(—0(y)).
()
The terms marked with (¢) and (e) cancel off by definition of s yielding f7(wy)(z ®vy)

as the final result.
Since s7(v) = 0, applying s7t1dL, + &’ 's? to v € Q}(1,m) gives:

(sl + diy ') (0) (y @ N)

= 57 (w)dL (0) (y @A) + diyy " (v) 87 (W) (y © )

= )y @) —diy ' (0)s7 (@) (y @A) + di; (0)s (@) (y © A)

= f )y @ N).
In the general case, let fO(w;)(1;) = dj} (w;i)(z). Then, by Lemma 5.6, there exists
a morphism s® with s%(w;)(1;) = x. Then, the morphism of complexes g with ¢g" =

f0—d,}s® and g/ = f7, otherwise, is a morphism of complexes satisfying ¢°(w; )(1;) = 0.
Thus, it is null-homotopic by what we have shown so far. Thus, also f is null-homotopic
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where the previous null-homotopy is adjusted by s. Observing that s° as well as the
s7 constructed before can be chosen to satisfy s/(v) = 0 for all v € Q1, statement (iii)
follows.

(iv) Let M be acyclic, i.e. let there exist exact sequences 0 — D’ I3 M1 95 pitt g
in mod A for each j € Z such that the differential on M is given by the composition
dgv[: MJ — DI — Mt By Remark 4.6 without loss of generality one can assume
that f7 and ¢’ are A-linear, i.e. (f’(w), ¢’ (w)) form an exact sequence of A-modules. An
exact sequence of A-modules yields an exact sequence of vector spaces for every i. In
particular, (M, dr(w;)) is acyclic. Since Homyes (moq 20y (01, M) = HO(dps(ws)), it follows
that O; is homotopically projective. 0O

Applying the k-duality D on mod 2, which obviously extends to D?(mod ), we obtain
a dual statement.

Corollary 5.8. Let O3 := D(OF"). Then Homyo(moa 2y (M, 1) = DHO(dp(ws)). In
particular, O; is a homotopically injective object in D?(mod 2A).

We are now ready to identify the costandard modules in the bocs language.

Proposition 5.9. Let 2 be a directed normal bocs. Let R be its right algebra. Let F (<) be
the extension closure of the O3 in DP(mod ). Then F(<O) ~ F(VR).

Proof. Recall that in the description of D(mod R) as D°(mod®l) the standard mod-
ules for R correspond to the simple modules L(i) in mod A for i € {1,...,n}. By the
characterisation of the costandard modules given in Lemma 3.7, we thus have to check
that

Hompo (mod 2y (L(1), ©ifs]) =

k ifs=01=1i,
0 else.

But this statement is true since the latter is just DH®(dpq)—s(ws)). O

Example 5.10. We continue our running example. The dual bocs is the bocs associated
to the quiver opposite to (5.5.1). Hence one gets analogous complexes D?‘Gp. In fact,
in this example A°P is isomorphic to 2, hence <; is isomorphic to the k-dual of Oz_;
of the running Example 5.5. In particular, ¢4 is concentrated in degree 0, <5 has two
components, in degree —1 and 0, and <3 lies in degrees —2, —1,0 with dim(<3)72 = 1,
dim(©3)~! =4, and dim(<3)° = 4.

From now on we work in the category F(0O), which seems easier to handle. The duality
D ensures that the results transfer to F(<).
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6. The category F(0O)

Recall that for a morphism of complexes f: M — N its mapping cone, cone(f), is de-

fined by (cone(f))? = N7 @ M7~ with differential given by d’

[ (=0
cone - j—1
(f) 0 d?w

Theorem 6.1. Let A = (A, V) be a directed normal bocs.

()

(i)

The category F(O) C D*(mod ) can equivalently be described as the full subcategory
whose objects M € D?(mod ), regarded as complexes, have a “filtration”

0O=MycMyC---CM,_1CM.=M

such that My, = cone(gq) for fized gq: Os,[—1] — Mgy for ¢ = 1,...,7 and
i € {1,...,n}. In this case, the number r is an invariant of M. Furthermore,
the morphism gq can be chosen to be a morphism of complexes of A-modules.

The category F(O) C D*(mod ) can equivalently be described as the full subcategory
with objects isomorphic to objects N with

ALY if =0,
N =SV g v ifj>o0,
0 else,

for an L-module Y with differential given by dy(wn)(z®y) = —0(x) @y + (=1)/z®
cy (y) forx € V®A], y €Y for some L-linear map cy: Y =V @LY and dy(v)(z®
Yy) = v ®x ®y. Furthermore, the pair (Y,cy) can be chosen in such a way that Y
has a filtration 0 =Yy C Yy C--- C Y1 C Y, =Y with ey (Yy) C V eL Y1 for
q=1,...,r.

Proof. (i) Defining the category of objects having such filtration, it is shown in [36,

Lemma 4.2] that this category is closed under extensions and hence it coincides with

F(O

). That the g, can be chosen to belong to the class of A-module homomorphisms

follows from the fact that by Lemma 5.7 each homotopy class of morphisms 0O;, —

M, _1[1] contains an A-module homomorphism and that the cones of homotopic maps

are isomorphic. That the number r does not depend on the choice of filtration follows from
the fact that the category F(0O)°P is equivalent to F(V) by Proposition 5.9 and hence
the filtration multiplicities are invariant, see e.g. [36, Corollary 6.4, Proposition 5.11].

(ii) We define N inductively from M, by induction on ¢. Suppose that N,_; correspond-

ing to M,_1 was already defined as
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A®L Y1 for j =0,
N =V @Y,y ifj>0,
0 else.

By assumption, there exists gq: O;,[—1] = M,_1. By Lemma 5.7 (iii), we can assume
that g, is A-linear. Put N, := cone(gq). Then, by definition of the cone,

(A®§/;171) @(A@L(iq)) for 5 =0,
(Ng) = (V®AJ QL Yy 1) D (V@U ® L(iq)) for j >0,
0 else.

Set Y, = ® L(i,). The differential on N, is given by &, = dy  (—1)g]
€ q -— fg-1 lq . € dirrerential on q 1S glven 2\ Nq = O de .

Observe that since gg is chosen to be an A-linear map, i.e. gg (v) = 0, one has

j B dqu,l(v) 0
qu (v) = < 0 djliq (v)) :

Thus, by induction dg\,q (v)(x ®y) =v®z ®y as this holds for O; and dqu (v) has block
diagonal shape. Furthermore, by the recursive definition of the A-linear representative
of g7 in the proof of Lemma 5.7 (i) (taking into account that the g, are A-module
homomorphisms), g/ (ws) (2 ® ) = £ @ ¢y ¢(A) for some e g: L(ig) = V @Y, 1. Indeed,
let cng(Xes,) = Agd(wi,)(11,). Then, for j = 0, g9(wa)(z ® €5,) = 2gd(ws,)(13,) =
zeng(es,) and for j > 1, gh(wn) (v @z ®@ N) = d@il(v)gg_l(wl)(x ®N) = d?v_qil(v)(x ®
eng(A) = v ®  ® eng(A) by induction and the form of dg\,q (we use (%), (»x) and
the fact that gg_l(v) = 0). Defining cy,: Y, — V L Y,-1 by en,lv, , = cn,_, and
CN,| L(iy) ‘= CN,q Yields the desired map. Indeed, it remains to check the first formula

dyy, (wn) (@ @ (y+\)

= dy, (@)@ ®@y) + (1) g)(wa)(z @A) + dl, (wa)(z @A)
=-0@) @y + (-1 cn,, () + (-1)g)(wn)(x ® A) = (z) @ X
=—0@)y+(-1)Yzecn, ,(y) + (-1 2z @cnqg(N) —0(x) ® A
=-0x)®(y+ )+ (-1)zcn, (y+ ). 0

We need the following easy exercise in homological algebra.

Lemma 6.2. Let A be an additive category. Let K°(A) be the homotopy category of A.
Let f: X =Y be a morphism in K°(A). Let N € K°(A).
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(i) Every morphism «: cone(f) — N can be written in the form (g,h) whereg: Y — N
is a morphism of compleres and h is a homotopy between gf and 0. Conversely,
every such pair defines a morphism cone(f) — N.

(i) Suppose that g,G: Y — N are homotopic with homotopy h. Then, (g, h) and (§,h—
hf) are homotopic via the homotopy (h,0).

(iii) Suppose that (g,h), (g,h): cone(f) — N are two morphisms of complexes. Then
h—h: X[1] = N is a morphism of complexes.

(iv) Let g, h and h be as in (ii). Suppose that h— h is homotopic to 1 via a homotopy s.
Then, (g, h) is homotopic to (g, h+ 1) via the homotopy (0, s).

Proof. (i) Here we use the description of C' := cone(f) as
C’j — Y7 P X+l

5
AN AP o
phism of complexes. Since €7 = Y7 @ X/t ol = (¢/,h/*!) for some ¢/: X7 — NJ
and h/T1: YJT1 — NJ. Since o is a morphism of complexes dya? = a/T1d’, which is

with differential given by &, = ( ) Let a: C — N be an arbitrary mor-

equivalent to
S . p & j+1 . o ) . .
(d?\zg],dfvh”l) _ (g]+17hj+2) ( 8/ _fdj'H) _ (g]+1d§,,g]+1f]+1 _ hJ+2d])?‘1).
X

Equality in the first component means that g = (¢7)jez: ¥ — N is a morphism of
complexes. Equality in the second component means that h = (b )jez is a homotopy
between gf and 0.

(ii) We compute
o - . o - J J+1
&L (,0) + (W, 0)d = (@l 7,0) + (171, 0) (dé“ fd&“)
= (&% hT + RN R I
- (gj _ gj,hﬂ’rl _ (hj-i-l _ flj-l-lfjﬁ-l)).
The claim follows.

(iii) Recall that the differential on X[1] is given by —dx. Thus,

dg\,(hj“ _ ﬁj“) _ (hj“ _ ﬁj+2)dj

ey = d (R — BT o (R — IR

— gj+1fj+l _ gj+1fj+1 —0.

(iv) That h— h is homotopic to n via a homotopy s is equivalent to dg\flsj + sjﬂdg([l] =
RI*Y — Rt — pi This follows from
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d{, fitl

dg\fil(ov Sj) + (07 Sj+1) ( 0 _dj+1
X

) = 0atss -

= (0,dy s + 57 )

In view of Theorem 6.1 every object of the category F(O) gives an L-module Y
together with a L-linear map cy: Y — V @ Y. With Theorem 6.3 and Proposition 7.2
below we provide an alternative description of the category F(0O). Namely, we give an

equivalent condition for a map cy to define an object of F(0O) and we translate it into

a condition on the ‘dual’ map sy : DV — Homy(Y,Y). This allows us to assign to

any object of F(0O) a module over an appropriate quotient of the tensor algebra L[DV].

Together with an accurate description of morphisms in F(0) this will allow us to present
F(©) ~ F(O)°P as a module over a bocs B = (B, W), Theorem 8.2 (the algebra B will

be

the mentioned quotient of L[DV]).

Theorem 6.3. Let 2 = (A, V, u,e) be a directed normal bocs.

(i) We define category N' () via:

objects: pairs (Y, cy) where Y is an L-module and cy: Y — VLY is an L-linear
map satisfying

(O ®@1y)ey + (my @ 1y)(Iy @cy)ey =0 (1)

12

such that there is a filtration (Yy)q=1,.» with Y,/Y,_1
Cy|yq: YII -V oL Y—q—l-
morphisms: A morphism (Y,cy) — (Z,cz) is given by a map c¢f: Y — AQL Z

L(i,) and

satisfying

—(mi ®12)(1y ® cz)er + (0o @ Lz)cs + (mr @ 12)(Ly @ cf)ey = 0.
(1)

composition: Given c,: (Y,cy) — (Z,cz) and cy: (X,cx) — (Y, cy), the map cor-
responding to their composition is obtained by cgf := (Ma®@1z)(La®cy)cy.
unit: c¢1: Y > ALY is given by y — 1 ®y.

(ii) The categories F(O) and N () are equivalent.

Proof. We only prove (ii), (i) follows by transport of structure. We define a functor

—_
— .
—.

N (@) — F(O). The pair (Y, cy) is sent to the complex Z(Y') with
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ALY for j =0
E(Y)) = oAl QLY forj>0

0 else

and differential given by dé(y)(wm)(xtxy) = -9(x)®@y+ (1) z®cy(y) and dé(y) (v)(z®
y) = v@r®y for v € Qi(m1), 2 € V®AJ(1 m), and y € Y. Furthermore, for a
morphism c¢f: Y — A ®p Z define Z(c¢s) to be the A-linear map of complexes with
Eler) (z®@y) = (Ipeau-» @my @ 1z) (T @4 cf(y)).

We first prove that this functor is well-defined. For this, we first show that djé(y) is a
morphism in mod 2. Indeed, for a € A(1,m),

dé(y) (wpa — awy + 0a)(x ® y)
—9az) @y + (-1)ax @ cy(y) + ad(z) @y — (1) az @ ey (y) + da) @z @y =0

by the Leibniz rule for 0. To prove that dz(y) defines a differential, write cy(y) =
Z(y) V(1) ® Y(2) with V1) € V and Y2y €Y. Then,

(AL AL ) (wa) (& @ y) = dL(5 (wa) (~0(2) @ y + (~1)z ® ey (y))-
The first summand is equal to

ALy (wn) (=0(z) @ y) = 0 (x) @y — (1) 0(2) @ ey (y)
= (—1)7'*28(95) ® cy ().

The second summand equals
dLiy, (@ )((—w'x ® v (y))
- Z —(z @ va) ® Y@ + (1)@ vn) @ ey (ye))
= Z 1H(x) @ vy @y + (1) 2 @ d(v)) @ y2)
+ (—1>2J“x D) ® oy (Yz)

= Z 170(z) @ vy ® Yoy = (1) F10(2) @ ey (y).

The third equality follows from (}). Thus, the two summands cancel each other.
Now we check that

o dy is a differential if and only if condition (1) is satisfied,
o fis a morphism of complexes if and only if ¢; satisfies (17).



160 A. Bodzenta, J. Kiilshammer / Journal of Algebra 506 (2018) 129—-187
Writing 9(v) = Z(v) V(1) ® vg) With v(1),v(2) € V, we get

(df(rxl/)d]"(Y))( )z ®y)

= dg; (wn)(v @ R Y) + dJ;; W)(=0(z) @y + (=12 @ ey (y))

+ Z d"(Y) U(l d—(y) (’U(g))(ﬂ? & y)

The first summand equals

ALy (W) (v@r@y) = —dver)@y+(—1) T (ver® ey (y),

the second

AL W)(-0@) @y + (1) 2@ ey (y) = 0@ (@) @y + (1) ve T ey (y),

the third

dgll/)(v(l))dé(M)(v@))(x ®y)=0(v)®zQuy.

The respective first parts of each of these three summands cancel each other as 9 satisfies
the graded Leibniz rule. The remaining parts of the first and the second summand also
cancel each other.

As —@p, — is an exact functor, the filtration (Y;)=1, .., induces a filtration of Z(Y) in
C’(mod 2l). The subquotient Z(Y;)/Z(Y,—1) has VY gL Y,/Y,—1 in degree j > 0. Since
cy (Yy) C V®Y,_1, the differential on the subquotient is given by d(w)(z®y) = —d(x)®y,
dw)(zr®y) =r®r®y,ie Y,/Y, 1 = 0;i,. This shows that the functor is well-defined
on objects.

For checking well-definedness on morphisms write cy (y) = Z(y) V(1) @ Y2y as well as
cr(y) = Z(y) ay ® z2) with vy € V, apq) € A, yi) € Y, and 22 € Z. Then, for a
morphism ¢f: Y - A® Z,

(E(Cf)Jde—(y))( n) (2 ® )

= E(cr) " wn) (-0(2) @y + (1) 2 ® ey (y))

= —0(z)an) ® 2z(2) + Z(—l)j(ﬂvmu—l) ®@m, ®1z)T @ vy ® cr(ye))
—_— ——
(v)
()

()

On the other hand,
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(AL 1) E(cr)) (wa)(x @ y)
= Z dz(z)(wn)(Ta() ® 2(2))
(v)

= Z —0(zaq)) ® 22) + (=1 zap) @ ey (2(2)
()

= ocf +Z j+1$®a 1)) ® 2(2) —l—(—l)jxa(l) ®Cy(2(2)>.
(o) ()

(+)

The two parts labelled (¢) are equal, the parts labelled (x) are equal by the defining
property of ¢; to be a morphism in N(2). Furthermore note that,

(Elep) M ) ()@ © y) = Zep)(wa) v Dz @ y)

=v®x®cy)
and

(AL, ) E(ep) () (@ @ y) = dz(z) (v)(w @ 5 (1))
=1z ®cp(y).

To check that = is a functor let ¢y: (X, cx) = (Y,cy) and ¢4: (Y,ey) = (Z,¢z). Then,

(1]

()7 0 (s

= (Ipoat-n @M, @ 17)(lgeai ® ¢g)(lpeac-» @My @ 1y )(lyeas ® cf)

= (Ipeac-1 @My ®1z)(Lgeac-n @My ®1z)(lyeaig 4 ® cg)(lyeas @ cy)
= (Igeac-—» @My ®@1z)(lyeas @®ma®@1Lz)(Iyeaig 4 @ cg)(lyeas @ cf)

E(Cgf)
—=Q®aj
and forx e V""" y €Y,

Elc)(z®y) = (Ipoac-n @m, @ 1z)(z ® ca(y))
= (]]_V(@A(j—l) XMy Q ]]_2)(1' ®1® y)
=r®y.

To check that Z is an equivalence, note that by Theorem 6.1, for each M € Db(mod 2)
there is an isomorphic N = Z(Y) with a map ¢y: Y — V ® Y. Then, the previous
calculations show that cy satisfies the defining property of (Y,cy) to be an object of
N () as dy is a differential.



162 A. Bodzenta, J. Kiilshammer / Journal of Algebra 506 (2018) 129—-187

That E is faithful follows from the fact that cs(y) = Z(cy)°(1 ® y). Thus, E(cs) =0
implies that ¢y = 0. We are left with proving that = is full. For this let f = (f7)jez
be an arbitrary morphism Z(Y) — Z(Z). We prove by induction on the length r of
the filtration that f is represented by an A-linear map. For » = 1 this is the content
of Lemma 5.7. For the induction step, note that =(Y;) is constructed as the cone of a
morphism g,: O;,[—1] = E(Yg—1). Thus, by the Lemma 6.2, each morphism a: Z(Y,) —
=(Z) can be represented by a pair (g,h) where g: Z(Y,;—1) — Z(Z) is a morphism of
complexes and h: O3, [~1] — Z(Z) is a homotopy between gg, and 0. By induction, g is
homotopic to an A-linear § via a homotopy h. Thus, (g, k) is homotopic to (§, h—hg,). Let
h be an A-linear homotopy between gg, and 0 which can be chosen by Lemma 5.7. Then,

~

by the foregoing lemma, (g, i) is a morphism Z(Y,) — =(Z) as well. Again invoking the
foregoing lemma, h — ﬁgq — h is a morphism of complexes. By Lemma 5.7, there exists an
A-linear map 1 homotopic to h — flgq — h. Furthermore the previous lemma also implies
that (g, h — hg,) is homotopic to (g, h 4 n), which is A-linear.

We have to show that the f7 can be chosen (within their homotopy class) to satisfy
fi(z®y) = 2 ®4 cs(y). We proceed by induction. Let cf(y) := fO(1 ® y). Then, by
A-linearity of f, f(a®y) = acs(y). Recalling the recursive definition of f7 in the proof
of Lemma 5.7, it follows that fi(v @ 2 ®y) = v ® x ® cs(y) as f7 is A-linear and
dz(z)(v)(x®2) = v®2x ® 2. Defining c; in this way, the foregoing calculations show that
in order for f to be a morphism of complexes, the defining property for ¢y has to be
satisfied. O

Example 6.4. In the running example, consider an L-module Y with Y; = L(2), Y2/Y; &
L(3), Y3/Y> = L(1) and Y/Y5 = L(3). We choose a basis vy, vs,vs,ws of Y, with v;
supported at the vertex i and Y3 spanned by vy, vs, v3. Then V ® Y is a left L-module
supported at the vertices 2 and 3. The space e,V ®p Y is spanned by ¢ ® vy, while
esV @1 Y = Span {¢ @ v3, ¥ @ w3, X @ vy, b @ vy, ha vy }.

The map cy: Y — V ®p Y defined by cy(v1) = 0, ey (v2) = 0, cy(v3) = ¥ @ vs,
cy (w3) =1 @ vy maps Y, to V ®Y,_; and satisfies condition (7). Therefore, it defines a
complex N in F(O). In fact, one can check that it is the complex S(V(1) ®V(2) ®1(2))
where S denotes the Serre functor of D’(mod R) and I(2) is the injective envelope of
V(2).

On the other hand, the map ¢y equal to ¢y on v, vo and vs and such that ¢y (ws3) =
X ® vy does not satisfy (1):

(01 @ Ly )cy (w3) + (my @ 1y ) (1y ® ¢y )éy (ws) = e @ vy 40 # 0.
0 1
Thus the composition of maps N° 25 N L N2 defined by ¢y is non-zero. Indeed:

d*(ws)(es ® w3) = d(w;)(—I(es) ® ws — €3 @ ¢y (w3)) = —d(w;)(e3 ©a X @ v1)
=0(x)®v1 —x®cy(v1) =Y ®@p@uv1 #0.
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A morphism between two objects of F(O) defined by L-modules Y and Z is given by a
map cf: Y — A®q Z satisfying (f1).

7. Dualising N (2A)

In this section, we dualise the definition of A/(2) by replacing the map cy: Y — VLY
with a map sy: DV — Homy(Y,Y). For two finite dimensional L-modules X,Y let
pxy: DX ®LY) — DY ® DX be the canonical isomorphism. Furthermore note that
L = [T;_, k as algebras, and hence every L-module U is projective. In particular, we can
fix dual bases z® of U and £* of DU, i.e. bases such that £%(z!) = 0.

Lemma 7.1. Let Y, Z € mod L. Let U be an L-module with basis x° and its dual £° € DU.
(i) There is an isomorphism
Homp g, (DU, Homy (Y, Z)) = Homy, (Y, U ®r, Z).
This isomorphism is given from left to right by ®Y (f)(y) == Y., 2°®f(&*)(y) for f €
Homyp,gr (DU, Homy (Y, Z)) and y € Y and in the other direction by WY (g)(p)(y) :=
m(e ® 12)(9(y)), where g € Homp(Y,U @1 Z),p € DU,y € Y, and m is the
canonical identification k Qy Z — Z.
(i) The above isomorphism is functorial in the sense that for each morphism h: U — U’
of L-modules UV ((h @ 1y) f) = WY (f) o Dh.
(@ii) Furthermore, the isomorphism is compatible with the standard adjunction in the

following sense: Let ov: Hompgr (DU’, Homy gL (DU, Homy (Y, Z))) — Homy (DU ®L,
DU’ Hom(Y, Z)) be the standard bimodule tensor—hom adjunction. Then,

Hom (py,i7, Homy (Y, Z))a Homy g (DU, ¥V )@V’ = V'@V,
(iv) Finally, the isomorphism is compatible with composition in the following sense:
a Homy,gr, (DU, ¥9) 0V (1@ g) f) = me(¥Y @ W) (g @ f).

Proof. (i) To check that these define inverse equivalences note that

VYR (f)(0)(y) = m(e ® 12)(27 (f)(y)) =Y mlp©1z)(=* ® f(£)(y))
=D mlpa*) @ f(€)(y)) =Y m(1® fp(=*)E)(y)
= f(o)(y)

and
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VeV (g Zx @ WY (9)(€%)(y) => 2" @m(&* ®1)g(y)
=Y ) 2 (uq) @ 2 =Y u) ® 2
s (y) (y)
=9(y)

where, using Sweedler notation, g(y) =: Z(y) u(1) ® 2(2)-

(ii) Using that Dh(y) = ¢ o h for ¢ € DU’, we obtain fory € Y and f: Y - U ® Z:

(WY (f) o DR) () (y) = TV (f) (0 0 h)(y)
=m((poh®1z)f(y)
=m(p®1z)(h@1z)f(y)

=0V (h@12)f)(0) ).

(iii) To check equality we apply WUV {6 some g € Homy,(Y, U’ @1 U ®r, Z) the result
to p{],lyU(cp ® ¢') where p € DU and ¢’ € DU’, and finally the result to y € Y

T (g) (pg! (0 ® &) ()
=m(py (e ®@¢') @17)g(y)
m(e @ 1z)(m(¢ @12)9(y))

=m(e®12)(¥Y (9)(¢) ()

= WV (WY (9)(¢)) () (v)
= Hom(DU', ¥V)¥" (g)

(9)(@) () ()
= aHom(DU’, ¥V) T (9)(p ® ¢')()

(
= Hom(py+,vr, Hom(Y; Z))a Hom(DU', ¥V) TV (g) (py;! (0 ® ¢') (y).-
(iv) Let ¢ € DU, ¢' € DU’, x € X. Then,

aHom(DU', ¥¥) ¥V (1@ g) f(p @ ¢') () = Hom(DU', ¥) ¥V (1 ® 9) ) (') () (@)
=0V (P (12 9)F)(¢)(¢)(x)
=0V (m(¢’ @ 1)((1® 9)f))(¢)(@)
=m(p® Dm(¢' ® 1)(1® g)f(z)

=m(p @ 1)(g)m(¢ @ 1)(f)(x)

)

(
=m (P (9) @ ¥V (f)lp@¢)(x). O
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Proposition 7.2. Let 2 = (A, V, u, ) be a directed bocs.
(i) The following defines a category R(2):
objects: pairs (Y, sy) such that Y is an L-module and
Sy € HOH]]L®[L (]D)V, Hom]k(Y, Y))
satisfies
syDI +m(sy ® sy )py yDmy = 0, (%)
where m denotes the composition of morphisms m: Homy (YY) ®x
Homy (Y,Y) — Homy (Y, Y).
morphisms: for two objects (Y, sy),(Z,sz) a morphism is given by an element sy €
Homy,gr (DA, Homy (Y, Z)) satisfying
m((sf ® sy )py aADmy — (sz ® s5)py yDmu) + s,D0 = 0. (1)
composition: for two morphisms sy: (X,sx) — (Y,sy) and sy: (Y,sy) = (Z,sz2)
their composition is given by sq5 := m(sy ® sf)pa,aDma.
unit:  Let sg: (Y, sy) — (Y, sy) be the map defined by s1(v)(y) = v(1)y.

(ii) The categories N'(A) and R(A) are equivalent.

Proof. We only prove (ii), (i) follows by transport of structure. According to the previous
lemma, there is an isomorphism

¥ Homy(Y,V @LY) — Homy g (DV, Homy (Y, Y)).

Define the functor W: A (A) — R(2) on objects by F((Y,ey)) = (Y, ¥V (¢y)). Again
invoking the foregoing lemma, for each two L-modules Y, Z there is an isomorphism

¥4 Homy (Y, A ®L Z) — Hompgr (DA, Homy (Y, Z)).

Define ¥ on morphisms by F(cs) = ¥4(cy) for a morphism c;: (Y,ey) — (Z,cz). We
have to prove that this defines a functor. Recall that the condition for (Y, cy) to be an
element of V() is

(01 ® Ly)ey + (my ® 1y )(1y Q ey )ey = 0.
We examine the two summands separately. Applying WV®aV to the first summand yields

VOV (9@ 1y )cy = sy o Do,
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according to Lemma 7.1 (ii). For the second summand, we obtain:

vV (my @ 1y) (1 @ ey )ey)
‘IIV@LV((H ® cy)cy) o Dmyr
= (Hom(py v, Hom(Y,Y))a Hom(DV, \IJV)\I/V(]I* ® ey )ey ) Dmyr
= (aHom(DV, ¢V) ((1\/ ® ey )ey )py v Dmy
=mp (¥ (ey) ® ¥V (ey))py v Dmy
= my(sy ® sy )py yDmy-.
Here we apply Lemma 7.1 (i), (ii), and (iv) to obtain the first, second, and third equality,

respectively. Altogether, the condition translates to the stated equality in R(2().
For the morphisms, the condition for cs: (Y, cy) = (Z,¢z) to be a morphism is

—(ml ® ]12)(]].,4 & Cz)Cf + (80 ® ﬂz)Cf + (m, ® ﬂz)(]].v@ Cf)CY =0.

We apply UV and consider the three summands separately. For the second summand,
applying Lemma 7.1 (ii), we obtain sfDdy. For the first summand, we obtain

UV (=(my @ 12) (14 ® cz)er) = =042V (14 ® cz)er)Dmy

= —mL(sz @ sg)payDm,

where Lemma 7.1 (ii), (iii), and (iv) were applied similarly to the argument for objects.
Similarly the third summand translates to mp(sf ®sy )pv, 4Dm,.. Altogether, the claimed
formula for morphisms results.

For the composition, recall that ¢4y is given by

cgp = (Mma ®@17)(1a ® cg)cy.

Applying Lemma 7.1 similarly to before, one obtains the claimed formula for s,.
For the units, note that

(e)(w)(y) = m(v @ Ly)(ea(y)) =mv @ 1y)(1 @ y) = v(1)y = sa(v)(y)-
From ¥V being an isomorphism for all U, we obtain that ¥ is an equivalence. O

Example 7.3. Recall that in the running Example 6.4 we have considered an L-module
Y and the map cy: Y — V ®j Y. Under the equivalence N'(2) ~ R(2), the object
(Y,cy) € N(21) corresponds to (Y, sy') € R(2), where sy : DV — Homy (Y, Y) is the map
with sy (p) =0, sy (x) =0, sy (va) =0, sy (bp) =0 and sy (¢0)(v1) =0, sy (¢)(v2) =0,
sy (¥)(vs) = ve and sy (¢)(ws) = va.
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8. Construction of the Ringel dual bocs

The goal of this section is to construct a bocs 8 from the data of a bocs 2 such that
the category R(2°P), which we have shown to be equivalent to F(Vg) in the previous
sections, becomes equivalent to the category of modules for 95.

Let & = (A,V) be a directed normal bocs. The corresponding DG algebra U =
EB;”;O 7o i augmented, non-negatively graded and finite dimensional. Let D' =
DT (U[1]) be the k-dual of the bar construction of & and I C D' the ideal gener-
ated by DL | and d(D' ;). Since I is a differential ideal, the quotient &' = D'/I is
a DG algebra. By [30, Lemma 8.1] U' is a DG algebra assigned to a directed normal
bocs B' = (B',W') with B' = LDV]/(L[DV] N I) and W' = U}{/(d(B")). The alge-
bra B' is the quotient of L[DV] by the ideal J generated by the image of the map
Doy + py 7 Dmy: DV ®V)— DV @ (DV @, DV). The bimodule W' is generated over
B' by DA and its group-like elements are De;. The projective bimodule W! is generated
as a B'-bimodule by D(radA).

The algebra structure on B' is the algebra structure of the tensor algebra over L. W' is
the quotient of a projective bimodule generated by L-bimodule DA. The comultiplication
p: Wh— W'e g W' is induced by the multiplication on A. Finally, the counit gy : W' —
B' is the B'-bimodule morphism generated by Deg : DA — DV,

Definition 8.1. Let 2 be a directed bocs. We call B' as constructed above the Koszul
dual bocs. The bocs B = ((A°P)")°P is the Ringel dual bocs.

We combine our results so far to obtain the main theorem of this paper.

Theorem 8.2. Let A = (A, V) be a directed bocs and B = (B, W) its Ringel dual. Then
the right algebra of B is Morita equivalent to the Ringel dual of the right algebra of 2.

Proof. By Theorem 4.5 the right algebra Ry of 2 is quasi-hereditary with mod 2l ~
F(ARy)- Let F(V) be the subcategory of V-filtered objects of Ry . According to Proposi-
tion 5.9, the category F (V) is equivalent to F(<) in D’(mod ). Applying the duality D,
the category F(<) is in turn equivalent to F(0)°P in D’(mod A°P). As observed in
Theorem 6.3, the category F(O)°P is equivalent to the category N (2A°P)°P which is in
turn equivalent to R(2°P)°P by Proposition 7.2. Using the description of bocs repre-
sentations in 5.1, it is easy to see that modB°P is equivalent to R(2A°P)°P. Indeed,
an object of mod® is a B = L[Ny]/J module, i.e. an L-module M together with
a map spr: DV — Homy (M, M) vanishing on J. The later condition can be writ-
ten as sy o DOy + m(sy ® sM)g%V,VID)mV = 0. A morphism f: M — N in modB
is a map sy: DA = DL & Drad(4) — Homy (M, N) which vanishes on the image of
Ny in N;. Taking into account the definition of U, the second condition translates
into m((sy @ sam)py aDmy — (sny ® s7)pa wDmu) + sfDo = 0. Thus, applying duality,
mod B ~ R(AP) ~ F(V). By Theorem 3.3, the quasi-hereditary algebra with prescribed
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category of standard modules is unique up to Morita equivalence. Thus, Ry is Morita
equivalent to the Ringel dual of Rg. O

Example 8.3. In the running Example 5.5 we have considered a DG algebra U associated
to the bocs 2. U is concentrated in degrees 0, 1, 2. Its bar construction is a DG coalgebra
with A® (A®LV)® (V®L A) in degree —1, V in degree 0 and V ®4 V in degree 1. Its
dual is the DG algebra D' with

Dl—l = Spa‘n{@}7
Z)IO =L Span{@7 12;7 55, %7 gg;a &\@L @}7
D'y = (DyeLLl)® span{ii,/b\, . ba, v ®1.a,b @1 P}

The non-zero differentials are
07 p) =X +P oLy, O@Wa)=c+peLd, O bp)=c+bord, 0'(ba) =bELE.

Let B' = (B',W") be the Koszul dual bocs. B' = Dlo/a_l(D!fl) is the path algebra of
the quiver

by
/w:a\)

129,90 Y13

If we put e = e; + e5 + e3 then W' is isomorphic to
W! - u!l/aO(B!) = B! ®]L e®d Span{av/b\v/c\v @772)\@]1‘ av/b\®]L (’5}

The right B'-module structure is twisted by 9°, ie. e -2 = z ®L e — 9°(x), for any
x € B. The bimodule W= span{&,g, c, l;z, TZ@)JL a,E®L @} is a projective B'-bimodule
generated by a, E, c, ba. The comultiplication on B' ®r e is determined by pu(e) = e ® e,
while the comultiplication on W! is determined by the multiplication in A, i.e. we have
,u(bAa) = €®L&L+@®L€+Z®La.

This bocs is in some way not minimal possible, namely as we will see in Example 9.3 it
is not regular. Similarly to [30, Appendix A.2], it provides an instance of non-uniqueness
of directed bocses for quasi-hereditary algebras.

9. Smooth rational surfaces and curve-like algebras
In this section we demonstrate how knowledge of additional properties of a quasi-

hereditary algebra can be used to exclude certain possibilities for the A.-structure on
the Ext-algebra of the standard modules.



A. Bodzenta, J. Kiilshammer / Journal of Algebra 506 (2018) 129—-187 169

Recall, that an algebra A is left strongly quasi-hereditary if it is quasi-hereditary and
the projective dimension of every standard A-module is at most one. The corresponding
biquiver has then a simple form (Remark 5.3). Using the language of bocses, there are
different equivalent description of this:

Proposition 9.1 (/33, Proposition 4.42]). The following are equivalent for a quasi-
hereditary algebra A:

(1) A is left strongly quasi-hereditary.
(2) The exceptional collection of standard modules is almost strong.
(3) A is Morita equivalent to the right algebra of a free normal bocs.

Proof. The implication (1) = (2) is clear. For (2) = (3), let A be a quasi-hereditary
algebra with almost strong exceptional collection of standard modules. The algebra A is
Morita equivalent to the right algebra of a directed normal bocs (A, V'), see Theorem 4.5.
For any pair L(i), L(1) of simple A-modules, Theorem 4.5 (iii) implies vanishing of
Ext? (L(i), L(1)) = Ext} (A(i), A(1). Hence, the algebra A is hereditary, i.e. the bocs
(A,V) is free.

Let now 2 = (A, V) be a free directed normal bocs and A its right algebra. Since the
equivalence T: mod 2 = F (A) is an additive functor which maps A to A, T maps pro-
jective A-modules to projective A-modules. As the exact structure on mod 2 comes from
the exact structure on mod A, a short projective resolution in mod A yields a short pro-
jective resolution in mod A. Hence, if projdim 4 (L(i)) < 1 then so is projdim, (A(i)). In
particular, if A is hereditary, projdim, (A(i)) < 1, i.e. A is left strongly quasi-hereditary
which finishes the proof of (3)= (1). O

Assume now that A is a left strongly quasi-hereditary algebra with a duality D on
mod A preserving simple modules. Then the functor D maps standard modules to co-
standard and projective to injective, hence A is also right strongly quasi-hereditary, i.e.
all costandard A-modules have injective dimension less than two. By [41], A has global
dimension two.

Let R(A) be the Ringel dual of A. Then, by [43], R(A) is right strongly quasi-hereditary
and it has a duality preserving simple modules, hence it is also left strongly quasi-
hereditary.

It follows that the class of left strongly quasi-hereditary algebras with duality pre-
serving simple modules is closed under Ringel duality. Since the duality maps standard
A-modules to costandard, we have

dim Homp (A(i), A(1)) = dim Homy (V(1), V(1)),

L L (9.1.1)
dim Ext; (A(1), A(1)) = dim Ext (V(1), V(1)).
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We say that an algebra A is curve-like if it is a left strongly quasi-hereditary algebra
with a duality preserving simple modules and

dim Homy (A(i), A(1)) = 1 = dim Ext} (A(i), A(1))

for all 1 < i <1 < n (see the introduction for a motivation where the name comes
from). We believe that curve-like quasi-hereditary algebras provide an interesting class
of finite-dimensional algebras. Some examples of these have already provided useful coun-
terexamples in the work of V. Mazorchuk [34] and the second author [33].

We use the explicit construction of a Ringel dual bocs to give non-obvious conditions
on the Ext-algebra of standard modules over a curve-like algebra, Lemmas 9.5, 9.6. We
prove that for algebras with a small number of simple objects any bocs satisfying these
conditions is the bocs of a curve-like algebra.

Definition 9.2. Let (A, V) be a directed bocs with A basic. An arrow « in the quiver of A
(which is identified with an element of A) is called superfluous or non-regular if d(a) is
a generator of an indecomposable direct summand of the projective bimodule V. A bocs
is called regular if it does not contain any superfluous arrows.

In the case that the bocs corresponds to a directed biquiver, a solid arrow a € Q(i,1)
is called superfluous if d(a) = v + Zj w;ip; where 0 # X € k, pu; € k, and the p; are
paths from i to 1 with v not contained in any of them. In this case, the corresponding
element a € A is superfluous. There is an equivalence of module categories of bocses
removing a and v and replacing any occurrence of v in the differentials of the arrows by
—% > j H5D;- This process is called regularisation and was introduced by M. Kleiner and
A. Roiter in the case where A is the path algebra of a quiver in [44].

Example 9.3. In the Example 8.3 the Koszul dual bocs is not regular as the arrows ZJZL
and l;g; are superfluous. The regularisation of B' is a bocs B = (B., W}) with algebra
B! equal to the subalgebra B'\ {@} of B' (one could also choose B. = B'\ {b/g;}) The
bimodule W} is W'\ {c}. We also have 8%!r(5<;) =b®y P — ¥ @ a. In other words B!
is the path algebra of the quiver

b

1% ,9 Y13

If we put e = ey + e, +es then W) = B! @ e ® Span{ﬁ,a bAa, J@L 6,3®1L P} as let B!
module and the right B!-module structure is twisted by 9°. It follows that the bocs 2
of Example 5.5 is self-Koszul dual up to regularisation. It is well-known that in this case
A, A°? and their Ringel duals are all Morita equivalent.
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We need the following characterisation of regular directed bocses, which can be found
in unpublished notes of S. Ovsienko and might be well known in the Kiev school. A proof
will appear in a forthcoming article of the second author with V. Miemietz [31].

Lemma 9.4. Let 2 be a directed normal bocs. Then, the following are equivalent:

(1) A is regular.
(2) Extiy(L(1), L(1)) = Exty(A(1), A(1)).
(3) As a projective bimodule, V has > i dim Homy (L(1), L(1)) generators.

We use the construction of the bocs of R(A) given in Theorem 8.2 to exclude possible
Ao-structures on the Ext-algebra of standard modules over a curve-like algebra.

Lemma 9.5. Let A be a curve-like algebra. Then the composition of homomorphisms
between standard A-modules is non-zero.

Proof. Assume that ¢ € Hom(A(1),A(m)), ¢ € Hom(A(i), A(1)) such that e = 0.
By the construction in [30], in the bocs (A4, V') corresponding to A, this will give corre-
sponding generators of the directs summands Ae; Qi ey A and Ae; ®y e1 A of ker e, which
by abuse of notation we denote by the same letters. We depict the situation with the
following picture:

The bocs of the Ringel dual quasi-hereditary algebra has @, QZ in degree zero and @ in
degree minus one (where we denote the corresponding elements of a dual basis with a
hat above their names). We depict the situation with the following picture:

As ¢, 1 are generators of kere and the bocs (A, V) was assumed to be regular, only the
term py yyDmy contributes to d|y_, (@) Thus, 8(@) = )P (note that, if op = 7, we
would have 6(@) = pRF+ 7). To prove that this gives a relation in B, i.e. a non-trivial
Ext? between costandard modules, we have to prove that @,1& are not superfluous in
(A,V), cf. the foregoing lemma. To prove that they are not superfluous, note that since
©,1 were generators of kere and (A, V) is assumed to be regular, d(3) = d(¥) = 0.
Furthermore, note that ¢ and 1[) are also non-zero in A as the only relations arise from
D(V ®4 V) and always involve the term pv,V]D)V. From Theorem 4.5 (iii) we conclude
that Ext?(V(i),V(m)) # 0, a contradiction to the fact that the algebra is strongly
quasi-hereditary. O
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Lemma 9.6. Let A be a curve-like algebra. Let

¢ € Homp (A(1), A1), ¥ € Homp (A(1), A(m)),
a € Bxty (A1), A1), b € Ext) (A(1), A(m)).

Then at least one of the compositions by and a is non-zero.

Proof. Note that ¥a and by are distinct elements of L}[DsE]. Thus, if the arrows 1@
and I;g; in the Ringel dual bocs were not superfluous they would give two distinct arrows
between vertices i and m in the algebra B of the Ringel dual bocs, which by Lemma 9.4
would give a contradiction to the fact that A, whence its Ringel dual, is assumed to be
curve-like since this would give a more than 2-dimensional Ext!-space between costan-
dard modules for A.

It is sufficient to prove that the arrows 1@ and @ are not superfluous. By construc-
tion and the previous lemma, the Ringel dual bocs is again free (i.e. the algebra B is
hereditary). Moreover, note that 8(%) has no term which is a generator of W. Indeed,
such a generator would come from the term Ddy. Since 0y is constructed as the dual
of the m; on Ext*(A, A), dy(c) = ¥a would mean that a = ¢ in Ext*(A, A). Thus, if
1a = 0 = by, both 17)?1 and b/c; are not superfluous which contradicts the assumption that
the algebra, hence also its Ringel dual, is curve-like by Lemma 9.4. O

We continue by illustrating how this yields a classification of the curve-like quasi-
hereditary algebras in small examples.
Clearly there is only one biquiver of a curve-like algebra with two simple modules.

The unique curve-like algebra with two simple modules is the algebra 1 # 2 with

af = 0.
9.1. Curve-like algebras with three simples

In the case of three simples, the situation is restricted enough that we can classify not
only the curve-like quasi-hereditary algebras, but all quasi-hereditary algebras with the
same dimensions of Hom- and Ext-spaces between standard modules. The corresponding
biquiver is the biquiver (5.5.1) considered in the running example, see Example 5.5.

Using possibly scaling of the arrows, there are the following 8 possibilities for the
differential of the bocs (4, V):

Ya case A
0 1 b B

x) = case and 9(c) — © case
Y case 2 Ya+ by case C

0 case D
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By Lemma 9.5, the four algebras in case 1 are not right strongly quasi-hereditary.
The algebras in case D will have different dimension of Ext} (V(1), V(3)). Hence, only
three of the algebras in question are curve-like, namely cases 24, 2B, and 2C. The cases
2A and 2C actually arise from the geometry of surfaces, as explained in [3]. The case
2B is Ringel dual to the case 2A. The algebra 2B appears in a paper by V. Mazorchuk,
see [34, Example 23], and also [33, Example 4.59] for its category of filtered modules.
A Morita representative of the corresponding quasi-hereditary algebras can be obtained
by taking the right algebra of the corresponding bocs. This will usually not be basic. For
convenience of the reader we instead list the corresponding basic algebras. To illustrate
what the Ringel dual algebra might be if the assumption on being curve-like is omitted
we provide also the Ringel dual algebras.

£

5 B

1A: 1 <—— 2 +5— 3 with relations v§ = 6 = ae = af = 0, which has Ringel
¢

—

dual given by 1 +—— 2 —~—3 with relations 6¢ = fe = ( = §y = ade = 0,

"\_/

B
after removing the superfluous arrow % (together with its counterpart ¢), the
bocs corresponding to the Ringel dual looks as follows:

with relation )¢ and differential 9(bp) = b ® ¢ and d(ba) = b ® a.

B Y
1B: 2 +—— 1 +—— 3 with relations a4, vd, ve, fae, af, its Ringel dual is isomor-

xd
£

phic to the opposite algebra of 1A. Its bocs looks like in case 1A with l;g; replaced
by ta and d(pa) = ¥ @ a.

a )
1C: 1 5 2 <—— 3 with relations ae = dy = fy = 0,af = 7. Its Ringel dual

"\_/

g

B v
s 1+5—2¢-—3 with relations aff = ad = ey = 0, Ba = 6. The bocs

"\_/

€
corresponding to the Ringel dual has biquiver



174 A. Bodzenta, J. Kiilshammer / Journal of Algebra 506 (2018) 129—-187

with differential 8(&;) =b®¢—1P®aand 8(1)/(\1) = b® @ and relations )¢ = 0.
¢

T T~

1D: 1 5 2 — ' 3 with relations ad = Bae = yas = aff = (S = (6 = (e = 0.

L
=~
5
Its Ringel dual is isomorphic to its own opposite algebra. The Ext-spaces between

2 fori=0
i 3 fori=1,
costandard modules are Ext} (V(1),V(3)) =
1 fori=2,
0 otherwise.
) B
2A: 1 —— 2 +— 3 with relations Ba = dv = 0, which is Ringel dual to 2B.
s B
2B: 2 «— 1 <— 3 with relations V6 = fa = Béya = 0.
s B
2C: 14— 25— 3 with relations fa = 0 and dy = «af. This is in fact the

Auslander algebra of k[z]/(z%) and is well-known to be Ringel self-dual.
13

T

2D: 1 5 2 — 5 3 with relations £§ = yad = af = ¢ = 0. Its Ringel dual is

\_/

s
isomorphic to its opposite algebra and has a bocs given by the biquiver

without relations and differential 8(&;) =b®Q, 6(%) = ®a, and d(ba) = b®a.
9.2. Curve-like algebras with four simples

Finally, we classify all possible A-structures on curve-like algebras with four simple

modules.
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At first we do not give names to the composed maps and extensions, but only write
down the irreducible maps which we denote as
—a= 5 —b—> o —Cc—>
10203 4 (9.6.1)
with a, b, ¢ representing non-trivial elements in Ext!-groups and ©», ¥, p non-trivial
homomorphisms between standard modules. (By Lemmas 9.5 and 9.6, all other homo-
morphisms and elements of Ext! are composition.)
It follows from Lemma 9.5 that for any curve-like algebra p o1 o ¢ # 0. Moreover,

Lemma 9.6 implies that there are the following possibilities on the composition mor-
phisms with elements of the first Ext-groups:

Ya | bp | pb | ctp | pa | pbp | cipp

Al o [#0] 0o [#0] 0 | 0 [0
B| 0 |£0|#0| 0 | 0 | #0] 0
Cl o0 [£0[#0|£0] 0 |#0] #0
D|#0] 0 | 0 [#0] 0 | 0 | #0
E[#0] 0 | 0 |[#0]#0] 0 | 0
F|l#0| 0 | 0 |[£0] #0] 0 | #0
Gl#0] 0 [#0] 0 [#0] 0o | 0
H|[#0| 0 [#0|#0]#0] 0 | 0
I|£0]#0] 0 |[#0] 0 | 0 [#£0
J

#0[#0l#0] 0 [#0][#0] 0
K|#0|#0][#0]#0 | #0 ] #0] #0

Rescaling a, b, ¢, if necessary, we can always assume that two elements of Hom or Ext!
that differ by a non-zero scalar are in fact equal (and then choose this composition as
the basis element of the corresponding Extl—space).

Some of the above algebras might have different A..-structures. First, we show that,
up to As-quasi-isomorphism, ms(c, ¥, @), ms(p, b, ¢) and mgz(p, 1, a) vanish.

Recall, that an A.,-morphism F: A — B of A.-algebras is a family of morphism
F,: A®" — B of degree 1 — n such that

S )T (T emeid®) = Y (<) me (B, @0 F,), (9.6.2)
r+s+t=n i1t Fir=n

where w = (r —1)(is — 1) + (r — 2)(ig — 1) + ... + (ip—1 — 1). We say that F' is a
quasi-isomorphism if F: A — B is.

Remark 9.7. Consider an A -quasi-isomorphism from the A..-algebra on the quiver
(9.6.1) to itself with Fy = 1d,

FQ(Cv '(/)(P) = m3(07wa(p)a Fz([”ﬁﬂ) = —m3(,07¢aa)7 F2(p7b) = )\Pw’
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for A such that ms3(p,b,©) = Apbp. We assume that F» vanishes on the remaining
pairs of elements and that F,, = 0 for n > 2. It follows from (9.6.2) that we get an
Aso-structure on (9.6.1) with

m3(071/%90) = m3(Pa¢7a) = m3(p7 ba 90) =0.

For the reader’s convenience let us check that ms(p, b, ¢) indeed vanishes. Equality (9.6.2)
implies that

A = Fims(p, b, p) = m3(p, b, p) + ma(F2(p,b) @ ) =m3(p, b, ¢) + Apbp.

Consider the quiver

where the arrows correspond to basis elements of the Ext'-spaces (for the solid arrows)
or Hom-spaces (for the dashed arrows) as before.

By Lemma 9.5 and Remark 9.7 the differential on the dashed arrows of the biquiver
is given by

Ax)=ve,  0o)=pp,  O(T)=0Y+px.

The differentials on the solid arrows of the biquiver depend on the case A-K.

A B C D E F
od) | by be be Ya Ya Ya
o) | v ob cb + pb ot ot b
Of) | ex+ep | pd+ep | pd+ep+cex | ex+ep | pd+oa | pd+oa+cy +ep
G H 1 J K

a(d) Ya Ya by + Ya by + Ya by + Ya

d(e) pb pb+ cyp cp pb pb+ cyp

A(f) | pd+oa | pd+oa | cx+ep | pd+oa+ep | pd+oa+cx + ep

with possible further terms in 9(f) depending on a non-vanishing A -structure.
The spaces included in the construction of the Ringel dual bocs are

D(V @4 V) = span{ip, pi, 7@, px, ctbp, pby, phal,
DV = span{@, ¥, p, X, by, ba, &, pb, cib, 7, pd, &%, 74, €p, pba, ctba, cbyp},

~

DA = span{a, b, ¢, d, ba, €, cb, f, cba, cd, éu}.
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Let us consider in details cases D and H.

In case D:

AYp) =y P+ X, Apy) =p®@+¢+7,
(0Q)=0Qp+T, ApX) =0 X +T,

dchp) =CoPpp+ b @P+x+8p,  Oppa) = pp ®a+ p @ da+aa+ pd,

d(pbyp) = p @ by + pb ® .

We use the above differentials to regularise @ with ¥, ;z\b with &, @ with 7, % with
¢x and ptpa with 7a in the dual quiver. The following arrows remain:

deg 0 = {@, ¥, 7, b, Ya, pb, e, pd, &, pha, ciba, chip},
degl={a, b, ¢ d, ba, &, cb, [, cha, cd, éa}.

Then
(bp) =b® B, O(ta) =Y ®a +d,
A(pb) =5 @b, () =cd+8
(pd) = p@d, 0Ep) =03+ f,
d(pba) = p® ba + pb @, d(cbp) =@ by + cb © B,
d(ca) = cp ®a + C® da + cd + éa.

The differentials of pba cbgo and cwa can also depend on the A-structure. If m(;(p7 b,a),
m3(c b, ) or mg,(c ¥, a) is non-zero, then it is equal to A\f and in G(pba,) 8(cb<p) and
(cwa) a term A\ f needs to be added. However, it does not affect the dimension of the
regular quiver as 9(f ) can be regularlsed with ep.
We can regularise wa with d cw with €, ep with f , and cwa with cd. We are left with

—~ N~

deg0 = {3, 9, p. by, pb, pd, pba, cbp},  degl={a, b, ¢, ba, cb, cba, éu}.

This shows that the dimensions of A and V do not agree with the dimensions for a
curve-like algebra given by Lemma 9.4, hence case D cannot be a bocs of a curve-like
algebra.

In the similar manner we can exclude cases E and F.

To illustrate what happens in the “good” case we consider in detail the case H. The
differentials are
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o(p) =Y @P+X, INpy)=p&1+0,
o) =0Q@p+T, Apx) =0 QX +T,
depp) =t vo+ch@P+ax+ep,  Opa)=pY@a+p® Pa+ca+ pd,

Apbp) = p@ b+ pb @ G+ &p.
As before we regularise the dual quiver to get

o~ o~ —— — —

Then

INcy) =c@¢ +é Ipd) =p@d+f,
d(pba) = p® ba + pb ®a + éu, A(chp) =@ bp + b ® B,

d(cpa) = cp @+ ¢® Pa + cd + €.

Again, the differentials of ﬁJ\a, g)g\o and c/zﬁ\a can also depend on the A,.-structure which
does not affect the dimension of the regularised differential biquiver as a(f) can be
regularised with ,;E

We can regularise 171?1 with (Z /;?) with €, E@Z with €, ;E with ]?, ;bz with éa, and (Z/J\a

with cd. We are left with
deg0 = {3, ¥, p, by, pb, cbp},  degl={a,b, ¢, ba, cb, cba},

hence dimensions agree with the dimensions of degree zero and degree one part of the
dual quiver of a curve-like algebra.

Similar calculations show that the dimensions agree in cases A-C, G and I-K.

We have excluded cases D, E, F. It remains to check how many non-isomorphic
Ao-structures algebras A—C and G-K can be endowed with. Below we write down a
table which lists possible A, -quasi-isomorphism that can be used to make given mg
Zero.

To exclude possible A,.-structures, we proceed as in Remark 9.7. The non-trivial
value of Fy used to take the given mg to zero is listed in the table.
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ms(p,b,a) | ms(c,¥,a) | ms(c,b, )
A Fy(c),a) Fs(e,by)
B | Fy(pb,a) Fs(e,by)
C | Fa(pb,a) Fy(v,a)* Fs(c,by)
G | Fy(pb,a) (e, a)
H | Fy(pb,a) Fs(cy,a)
! Fy(cp,a) | Fo(c,by)
J | Fa(pb,a) F(cy,a) Fs(c,b)*
K | Fy(pb,a) F(cy,a) Fs(c,b)*

In the cases marked with * we use the fact that the possible non-zero value of ms can

be decomposed, i.e. we proceed as in Remark 9.7 and ms(p, ¢, a).
It follows that there are 13 possible A.-algebra structures:

Al:

A2:

B1:

B2:

Gl:

Ya =0,
Ya =0,
Ya =0,
Ya =0,
Ya =0,
Ya # 0,

bp#0, pb=0, cp#0, pPa=0, pbp=0,
ms(p,b,a) =0

bp#0, pb=0, cp#0, ppa=0, pbp=0,
m3(p,b,a) = cipep.

bp#0, pb#0, cp=0, ppa=0, pbp#0,
ms(c,¥,a) = 0.

bp#0, pb#0, cp=0, ppa=0, pbp#0,
m3<C, ¢7a’) = pb(p

bp#0, pb#0, cp#0, ppa=0, pbp#0,

bp=0, pb#0, cp=0, pa#0, pbp=0,

ms(c,b, ) = 0.

chp # 0,

cpp # 0,

chp =0,

chp =0,

cpp # 0.

chp =0,
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G2:
Ya#0, bp=0,

H1:
Ya#0, bp=0,

H2:
’(/)Cl?é Oa b‘p:Oa

I11:
Ya #0, by #0,

12:
Ya #0, by #0,

J:
Ya#0, bp#0,

K:
Ya#0, bp#0,

pb#0, cp =0, ppa#0,
ms3 (Ca b7 QP) = Pwa

pb#0, cp#0, ppa#0,
mg(C, ba (p) = O
pb#0, cp#0, ppa#0,

ms (Ca bv 90) = p¢a

ph=0, cp#£0, pa=0,
ms(p,b,a) = 0.
pb =0, 7& 0, pypa=0,

m3(p,b,a) = cip.

pb#0, cp=0, ppa#0,

pb#0, cp#0, ppa#0,

pbp =0,
pby =0,
pbp =0,
pby =0,
pby =0,
pby # 0,
pby # 0,

cpp =0,
cpp =0,
cpp =0,
cpp # 0,
cpp # 0,
cbp = 0.
cpp # 0.

We list the corresponding algebras to show that they can be equipped with a duality

preserving simple modules:

Al:



A. Bodzenta, J. Kiilshammer / Journal of Algebra 506 (2018) 129—-187 181

with relations

Ba=0, ya=0, en=0, ~v=0, pBd=0, pnea=0, yned =0,

Bnedynea = 0.
A2:
Yy €
4 2 1 3
§ n
with relations
Ba=0, en=0, dy=af, eyon=0, PLdneya=0.
B1:
n
4 3 1 2
€ ¥
with relations
af=0, en=0, v0=0, ~Bad=0.
B2:

n v
4 ——=1—3

€ §
Ao
with relations

ef=0, v=0, af=0, en=0, an=0, ~yBad=0, edoyn=0.

with relations
Ba=0, dy=0, en=0, «af=dney.

G1:
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with relations

af=0, v=0, en=0.

G2:
vy 5
1 2 3 4
§ n
with relations
af = dney, 0 =0, en=0.
H1:
Y £
1 2 3 4
5 n
with relations
af =0, v6=ne, en=0.
H2:
Y £
1 2 3 4
5 ]
with relations
af =dney, vd=mne, en=0.
I1:
vy 5
4 1 2 3
§ n
with relations
en=0, PBa=0, ~é=ne, poya=0, PLdneya=0.
12:

5
4ﬁ2<:>3

Tl

1
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with relations

Ba=0, v0=0, péya=0, ne=0dy+ap.

J:
vy €
1 2 3 4
n
with relations
af =96y, =0, en=0.
K:
Y €
1 2 3 4
n

with relations
af =46y, ~6=mne, en=0.

The algebras marked B1, B2 and K are Ringel self-dual. The algebra Al is Ringel dual
to G1, A2 is Ringel dual to G2, the algebra C is Ringel dual to J, the algebra H1 is
Ringel dual to I1, and, finally, the algebra H2 is Ringel dual to 12.

In the remainder, we comment on the connection to the geometry of surfaces. For
an introduction to the topic, see e.g. [24, Chapter V]. Let f: X — Y be a birational
morphism of smooth surfaces. It can be (non-uniquely) decomposed into a sequence of
blow-ups of smooth points, see e.g. [24, Corollary V.5.4]. If for simplicity we assume
that f is an isomorphism on a complement to a closed point y € Y then the exceptional
divisor C of f, i.e. the curve C' C X contracted by f to this point y, is a tree of rational
curves. In other words, the irreducible components C; of C' are smooth and isomorphic
to PL. At every point at most two components meet and their intersection number is one,
i.e. C' is a divisor with normal crossings. Finally, the intersection graph, i.e. the graph
whose vertices correspond to components of C' and whose edges to the intersection points
of those, is a tree. The decomposition of f into a sequence of blow-ups, f =g, 0...0g91,
determines the self-intersection numbers of components. More precisely, C? = —1 if
C; is the exceptional divisor of g;. If, on the other hand, a component C; is a strict
transform of a component C] of the exceptional divisor of g, o ... 0 gy (i.e. C; is the
closure of C; NU =2 C{NU in X for the open set U C X on which ¢; is an isomorphism)
then C2 = €% if C; C U and C2 = C}* — 1 otherwise. In the opposite direction,
the intersection form on components of C' yields a decomposition of f into a sequence
of blow-ups of smooth points. Namely, any component of self-intersection —1 can be
contracted by the first smooth contraction ¢;.
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Let now f: X — Y be a birational morphism which can be decomposed into 4 blow-
ups of smooth points. Then the category

oy = {E € Coh(X) | Rf.E = 0}

is equivalent to the category of modules over a quasi-hereditary algebra Ay, see [2,3].
If the decomposition of f into blow-ups is unique, i.e. if the associated partial order on
simple Ag-modules is a total order, then the algebra Ay is Morita equivalent to one of
the algebras A2, C, 11, 12 or K, see [3].

Further properties are required to homologically characterise the curve-like quasi-
hereditary algebras coming from geometry. One such property is that Extz(L(i), L(1)) =
0 for i # 1:

Simple objects in the category <}, i.e. simple modules over Ay, are O¢,(—1), [2]. If
C;NCy = P, the support C; of O¢, (—1) is disjoint from the support C; of O, (—1), hence
Ext*(Oc,(—1),0¢,(—1)) = 0. If, on the other hand, C; N Cy # § then C;.Cy = 1. In
particular O¢, (—1) = O¢, (—C}i) and O¢,(—1) = O¢, (—Ch). In the long exact sequence
obtained by applying Hom(—, O¢, (—C})) to the sequence

0— Ox(—Cy —C;) = Ox(—=C1) = O¢,(—C1) = 0
we have isomorphisms

Ext’ (Ox(—Cy — C}), Oc, (—C4)) = HY (P!, O (CF)),
Eth((Ox(—Cl), Ocl(_ci)) = Hj(Pl, O]P’l (C]? - Clcl))

Since H?(P,Op:(C? — C1.C;)) = 0 and the map H'(P!,0p:(C? — C1.Cy)) —
HY(P', Op1 (C2)) is surjective, the space Ext3 (Oc,(—1), Oc¢,(—1)) is zero. Explicit cal-
culations of the Ringel dual of an arbitrary Af in [3] show that the vanishing of Ext?
between distinct simple modules also holds for the Ringel duals of “geometric” curve-like
algebras.

We note that the algebras Al and B2 do not satisfy the above additional condition,
hence there is no curve attached to them. There are no non-zero elements of Ext? between
distinct simple modules over the algebra B1, while it is not of geometric origin.

In the five geometric cases one can read off from the quiver of the algebra Ay the
intersection graph of the curve contracted by f. Namely, the quiver of A; is the double
quiver of the intersection graph of the curve C = Ule Ci, ie. C;NCy =1 if and only
if there is an arrow i — 1 in the quiver of As. One can read the self-intersection C?
from the relations in the algebra. More precisely, the long exact sequence obtained by
applying Hom x (—, O¢,) to the short exact sequence

0— Ox(=C;) > Ox = O¢, — 0
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gives an isomorphism Ext’ (Oc,(—C;), Oc,) = Ext?(O¢,,O¢,). Since the lat-
ter space is isomorphic to Ext%(Oc,(—1),0¢,(—1)) and Exti(Oc,(~Ci),Oc,) =
HY(X,0¢,(Cs)) = HY(P', Op1(C?)), the number dim Ext3 (Oc,(—1),O¢,(—1)) of re-
lations at the given vertex i equals h!(P, Op: (C?)) = —C? — 1.

In an analogous manner one can assign to the algebra Bl an isomorphism class of a
tree of rational curves together with an intersection matrix of the components. It is a

curve C' with components C4, ..., Cy with intersection matrix
-1 1 1 0
1 -2 0 0
1 0 -3 1
o 0 1 =2

The curve C' is isomorphic to the curve in the geometric example labelled by C.
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