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1. Introduction

The concept of exact Borel subalgebra of a quasihereditary algebra was introduced
by Koenig in [6]. Exact Borel subalgebras emulate the properties of Lie-theoretical Borel
subalgebras. Not every quasihereditary algebra has an exact Borel subalgebra ([6, Exam-
ple 2.3], [7, Appendix A.3]). However, Koenig, Kiilshammer and Ovsienko proved in [7]
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that every quasihereditary algebra is Morita equivalent to some quasihereditary algebra
admitting an exact Borel subalgebra.

Recently, Brzezinski, Koenig and Kiilshammer introduced in [2] the notions of normal,
homological and regular exact Borel subalgebra to describe desirable features of exact
Borel subalgebras. In fact, these three definitions are modelled after key aspects of the
exact Borel subalgebras studied by Koenig, Kiilshammer and Ovsienko in [7].

An exact Borel subalgebra B of a quasihereditary algebra (A, ®, <) is normal if the
inclusion of B into A splits as a morphism of right B-modules and the left inverse of the
inclusion can be chosen so that its kernel is a right ideal of A. Our main goal is to prove
the following result.

Theorem (Theorem 3.2). Every exact Borel subalgebra B of a quasihereditary algebra
(A, @, Q) is normal.

Normality is therefore not a special feature of certain well-behaved exact Borel sub-
algebras, but rather an attribute shared by all exact Borel subalgebras.

Exact Borel subalgebras are closely related to another class of algebraic objects, known
as directed bocses (or directed corings). The right algebra Ry of a directed bocs B =
(B, W, u,¢) is quasihereditary and the underlying algebra B embeds into Rsgs as an exact
Borel subalgebra. This connection between directed bocses and exact Borel subalgebras
was first uncovered in [7] and it was thoroughly studied in [2]. Using techniques from [2],
we deduce the following corollary of our main result.

Corollary (Corollary 3.3). Every directed bocs B = (B, W, u,€) is normal (i.e. there
exists w € W satisfying e(w) = 1p and p(w) = w @p w).

As a highlight in [2], Brzezinski, Koenig and Kiilshammer provided a bijection between
(normal) directed bocses and quasihereditary algebras with a (normal) homological exact
Borel subalgebra. They also proved that the bijection restricts to a one-to-one correspon-
dence between regular normal directed bocses and quasihereditary algebras with a regular
normal exact Borel subalgebra. The results proved in this note lead to a simplification
and to a better understanding of bijection in [2] (see Theorem 3.6).

1.1. Notation and conventions

Throughout this note, K will denote a field. By default, the word ‘algebra’ will mean
a finite-dimensional K-algebra. All modules are assumed to be finite-dimensional left
modules unless stated otherwise.

Given an algebra A, we shall denote the category of finite-dimensional left A-modules
by A-mod; this is a full subcategory of the category A-Mod of all (possibly infinite-
dimensional) left A-modules. The isomorphism classes of the simple A-modules may be
labelled by the elements of a finite set ®. Denote the simple A-modules by L; or L
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for i € ® and use the notation P; or P/ (resp. Q; or Q') for the projective cover
(resp. injective hull) of L;.
Finally, the category of abelian groups will be denoted by Ab and the letter D will

be used for the standard duality functor Homg (—, K).
2. Background

We start by providing some background on quasihereditary algebras, exact Borel sub-
algebras and bocses.

2.1. Quasihereditary algebras

Assume that (®, <) is an indexing poset for the simple modules over an algebra A.
Denote by A; or Af‘ the largest quotient of the projective indecomposable P; whose
composition factors are all of the form L; with j <4. Call A; the standard module with
label 7 € ®. Dually, denote the costandard module with label ¢ by V; or Vf‘, ie. let V;

be the largest submodule of @; with all composition factors of the form L;, with j <.

Definition 2.1. An algebra A is quasihereditary with respect to a poset (®, <) indexing
all pairwise nonisomorphic simple A-modules if the following conditions hold for every
1€

(1) L; has multiplicity one as a composition factor of A;;
(2) P, is filtered by standard modules;
(3) if Extly (A;, A;) # 0, then i <1 4, for any choice of j € ®.

2.2. Ezact Borel subalgebras

An exact Borel subalgebra of a quasihereditary algebra (A, ®, ) is a special subal-
gebra of A that controls the standard modules and the category of all A-modules which
are filtered by standard modules.

Definition 2.2 (/6]). A subalgebra B of a quasihereditary algebra (A, ®, <) is an exact
Borel subalgebra of A if the following hold:

(1) the induction functor A @ g — : B-Mod — A-Mod is exact;

(2) @ is an indexing set for the isomorphism classes of simple B-modules and B is a
quasihereditary algebra with respect to (®, <) having simple standard modules;

(3) Awp LE = A# for every i € ®;

(4) Endp (LéB ) and Endy (Lf‘) are isomorphic as K-vector spaces for every i € ®.
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Remark 2.3. In most of the literature that deals with exact Borel subalgebras it is
assumed that the underlying field is algebraically closed. Therefore, condition (4) in
Definition 2.2 is not usually included when defining an exact Borel subalgebra. However,
in order for certain results in [6] and [7] to extend to the non-algebraically closed setting,
it is necessary to add condition (4).

Often, exact Borel subalgebras satisfy additional properties.

Definition 2.4 (/2]). Let B be a subalgebra of some algebra A. Let ® be an indexing set
for the simple B-modules.

(1) The subalgebra B is normal if the inclusion ¢ : B < A has left inverse « as a
morphism of right B-modules such that Ker x is a right ideal of A.

(2) The subalgebra B is homological if the functor A ®p — : B-Mod — A-Mod is exact
and, for every X and Y in B-mod, the morphisms

Ext (X,Y) — Ext}, (A®p X, A®pY),

induced by A ® g —, are isomorphisms for n > 2 and epimorphisms for n = 1.
(3) The subalgebra B is regular if the functor A ®p — : B-Mod — A-Mod is exact and
the morphisms

Extp (L7, LY) — Ext}y (A®p L, Aop L),
induced by A ® g —, are isomorphisms for every n > 1 and every i,j € ®.

As observed in [2, Remark 3.5], every normal and regular exact Borel subalgebra is ho-
mological. For the convenience of the reader, we show that every regular subalgebra B of
an algebra A must be homological. The proof uses standard arguments from homological
algebra.

Lemma 2.5. If B is a regular subalgebra of A, then B is homological.
Proof. Suppose that B is a regular subalgebra of A. We claim that the morphisms
Py Exth (X,Y) — Ext)y (A®p X, A®pY),

induced by the functor A®p —, are isomorphisms if n > 2 and epimorphisms if n = 1, for
every X and Y in B-mod. We proceed by induction on ¢(X) 4+ £(Y") (here the operator
¢ denotes the composition length of a module).

If £(X)+£(Y) < 2, then either X and Y are both simple modules or ¢k - is an isomor-
phism between trivial abelian groups. Since B is regular, ¥y y, must be an isomorphism
if X and Y are simple.
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Assume now that £(X) + £(Y) > 3, so £(X) > 2 or 4(Y) > 2. Suppose first that
£(Y)) > 2 and consider a short exact sequence

0 Y Y Y 0 (2.1)

with Y/, Y” # 0. Observe that A ®p — gives rise to a natural transformation ¢% _ from
the functor Hompg (X, —) : B-Mod — Ab to Homy (A®p X, A®p —) : B-Mod — Ab.
Since A ®p — is exact and (Ext’y (A ®p X, —))nez-, is a cohomological J-functor (see
Definition 2.1.1 in [10]), then the composition of these two functors, namely

(EXtZ (A Xp X,A@B 7) : B-Mod — Ab)nGZZm

is also a cohomological d-functor. Given that (Ext (X, —))nez., is a universal coho-
mological é-functor from B-Mod to the category of abelian grou};s ([10, Definition 2.1.4
and §2.5.1]), then the natural transformation 1[)9(7_ induces, for every n € Z~g,a 2 X5
commutative diagram

Extl ' (X, Y") oy Exts™ (X,Y7)

v —1 n+1
lw;'(,y// A l’d";{fy/

Exti ™ (A®p X, A®@pY") — - — Bxtj" (A@p X, A®pY")

By using induction and the Five Lemma ([9, Chapter 1, Lemma 3.3]), we conclude that
Y% y is an isomorphism for every n > 2 and an epimorphism for n = 1. The case £ (X)>2
can be proved in an analogous way, using the properties of contravariant cohomological
d-functors. O

2.8. Bocses

The research carried out in [7] and [2] revealed a close connection between quasihered-
itary algebras containing an exact Borel subalgebra and directed bocses.

Definition 2.6. A bocs is a quadruple B = (B, W, u,¢) consisting of an algebra B and a
B-B-bimodule W (possibly infinite-dimensional over K), together with a B-B-bilinear
coassociative comultiplication u: W — W ®p W and a B-B-bilinear counit ¢ : W — B.

Definition 2.7 (/2,8,1]). Let B = (B, W, i, &) be a bocs.

(1) B is normal if there exists an element w € W such that u(w) = w@pw and e(w) =1
(such w is called a group-like element).
(2) B is directed if the counit ¢ is epic and the following conditions hold:
(a) B is a quasihereditary algebra with respect to some indexing poset (®, <) and
the standard B-modules are simple;
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b) Kere is a direct sum of finitely many B-B-bimodules of the form Be; ® e; B,
J
with 7,7 € ® and 7 < j.

To every bocs we may associate two algebras: its right and its left algebra. The right
and left algebras of a bocs are not necessarily finite dimensional. In this note, only the
notion of right algebra will be relevant.

Definition 2.8 (/3]). The right algebra Ry of a bocs B = (B, W, u, €) consists of the B-B-
bimodule Hompg (W, B) endowed with the multiplication s og t for s,¢ € Hompg (W, B)
given by the composition

mW
W WegW Y WesB LW L. B .

Remark 2.9. Note that W is finite-dimensional when 86 = (B, W, u, ¢) is directed. The
right algebra of a directed bocs is therefore finite-dimensional.

3. New results

Suppose that B is an exact Borel subalgebra of a quasihereditary algebra (A4, ®,<).
The algebra embedding ¢ : B < A turns every module over A into a module over
B by restriction of the action. We denote the restriction of the action on the left by
Res : A-Mod — B-Mod and use the notation Res’ : A°?-Mod — B°P-Mod for the
restriction functor on the right.

In order to prove our main result, the following theorem, due to Koenig, will be crucial.

Theorem 3.1 (/6, part of Theorem A]). Let B be an exact Borel subalgebra of a quasi-
hereditary algebra (A, ®,<). The restriction functor Res : A-Mod — B-Mod gives rise
to an isomorphism of B-modules Res(V{) = QF = V5.

Theorem 3.2. Fvery exact Borel subalgebra of a quasihereditary algebra is normal.

Proof. Suppose that B is an exact Borel subalgebra of a quasihereditary algebra
(A, ®, <), and regard the embedding of B into A as a morphism ¢ : B < Res'(A) of
right B-modules. The opposite algebra A° of A is still quasihereditary with respect to
the same indexing poset (®, <) and A2”™ = D(V#) (see [4, page 2]). Using the standard
duality and Theorem 3.1, we get

Res’ (A;‘Pp) =~ Res’ (D (vf)) ~ D (Res (vf)) ~ D (QF) ~ BBOP.

Suppose that B decomposes as @ieq)(PiBnp)ki as a right B-module, for certain positive
integers k; with ¢ € ®. There must exist some isomorphism
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¢: B — Res' (@ (A;“"”)ki)

i€d

in B?-Mod. Let : A — @, .4(AA™)¥ be the morphism in A°?-Mod given by $(a) =
¢(1g)a for a € A. Note that

p(b) = (1p)b = @(1p)u(b) = (1(b)) = (Res'(P) 01) (b).

This means that the map ¢ is a split monic in B°?-Mod. Furthermore, the splitting
epimorphism x = Res'($) can be realised as the restriction to B°?-Mod of the epic
P in A°?-Mod. The kernel Ker @ of % is clearly a right ideal of A and Res'(Kerp) =
Ker(Res'(p)). O

The techniques used in the proof of the main theorem in [2] may now be applied to
derive the following corollary of Theorem 3.2.

Corollary 3.3. Every directed bocs is normal.

Proof. Let B = (B, W, ui,¢) be a directed bocs. According to Theorem 11.2 in [7] (see
also Corollary 11.4 in [7] and its proof), the right algebra Ry of 9B is quasihereditary and
the morphism + = Homp (e, B) is injective and turns B into an exact Borel subalgebra
of Res; observe that the corresponding proofs are still valid even if K is not algebraically
closed. By Theorem 3.2, B is actually a normal exact Borel subalgebra of R, so ¢ splits
as a morphism of right B-modules and one can choose a left inverse of ¢« whose kernel
is a right ideal of A. Since B is directed, then W is finitely generated and projective as
a left (and as a right) B-module, hence Ry is projective as a right module over B ([3,
§2.1]). By the Dual Coring Theorem (see for instance [5, Theorem 1]) and by Theorem 3
in [5], the B-B-bimodule Hompgor (Rss, B) has a natural structure of a normal bocs over
B and Homper (Rys, B) = B as a bocs. Hence B is normal. O

f3

We conclude this note with a simpler formulation of the main result in [2]. Before
stating this, the notion of regular directed bocs needs to be introduced.

Definition 3.4. A directed bocs B = (B, W, u, ¢) is regular if Ext} (Bjco LE,Djco L)
and Ext (Bjco A®B LP @, A®p LP) are isomorphic vector spaces (here ® de-
notes an indexing set for the simple B-modules).

Remark 3.5. This is not the original definition of regularity for directed bocses, but
it is a succinct equivalent characterisation that follows from Lemma 3.12 in [2] and
Corollary 3.3.

As a consequence of Theorem 3.2, Corollary 3.3 and also Lemma 2.5, we obtain a
rephrasing of Theorem 3.13 in [2].
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Theorem 3.6 (/2, Theorem 3.13]). Let K be an algebraically closed field. There is a
one-to-one correspondence between directed bocses and quasihereditary algebras with a
homological exact Borel subalgebra. This assignment restricts to a bijection between reg-
ular directed bocses and quasihereditary algebras with a reqular exact Borel subalgebra.
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