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1. Introduction

The notion of conformal algebras, introduced in [14], encodes an axiomatic description of the
operator product expansion (or rather its Fourier transform) of chiral fields in conformal field theory.
Conformal algebras play important roles in quantum field theory and vertex operator algebras, which
is also an adequate tool for the study of infinite-dimensional Lie algebras and associative algebras
(and their representations), satisfying the locality property in [15]. There has been a great deal of
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work towards understanding of the algebraic structure underlying the notion of the operator product
expansion of chiral fields of a conformal field theory (e.g., [5,16]). The singular part of the operator
product expansion encodes the commutation relations of fields, which leads to the notion of Lie
conformal algebras.

The structure theory, representation theory and cohomology theory of finite Lie conformal algebras
has been developed in the past few years (e.g., [3,4,6-11,19-23]). Simple finite Lie conformal algebras
were classified in [8], which shows that a simple finite conformal algebra is isomorphic either to
the Virasoro conformal algebra or to the current Lie conformal algebra Curg associated to a simple
finite-dimensional Lie algebra g. The theory of conformal modules has been developed in [6] and
of their extensions in [7]. In particular, all finite simple irreducible representations of simple finite
Lie conformal algebras were constructed in [6]. The cohomology theory of conformal algebras with
coefficients in an arbitrary module has been developed in [4]. However, the structure theory, repre-
sentation theory and cohomology theory of simple infinite Lie conformal algebras is far from being
well developed.

In order to better understand the theory of simple infinite Lie conformal algebras, it is very natural
to first study some important examples. As is pointed out in [14], the general Lie conformal algebras
and the associative conformal algebras are the most important examples of simple infinite conformal
algebras. It is well known that the general Lie conformal algebra gcy plays the same important role in
the theory of Lie conformal algebras as the general Lie algebra gly does in the theory of Lie algebras:
any module M = C[3]N over a Lie conformal algebra R is obtained via a homomorphism R — gcy.
Thus the study of Lie conformal algebras gcy has drawn some authors’ attentions (e.g., [1,2,17]).

In order to study simple infinite Lie conformal algebras, it is also very important to find the fil-
tered infinite Lie conformal algebras whose associated graded Lie conformal algebras are some known
infinite Lie conformal algebras. The determination of filtered algebras with associated graded algebras
isomorphic to some known algebras is in general a highly nontrivial problem, as can be seen from
examples in [12,13]. Thus one of our motivations in the present paper is to investigate some simple
infinite Lie conformal algebras by determining filtered Lie conformal algebras whose associated graded
conformal algebras are isomorphic to that of general conformal algebra gcy. Due to the reason stated
in Remark 2.3(2), we have to treat gc; separately. Thus in the present paper, we shall only consider
the case gci. The consideration of the general case gcy for N > 1 will be our next goal.

The main result in the present paper is the following theorem.

Theorem 1.1 (Main theorem).

(1) Let G be a filtered Lie conformal algebra whose associated graded conformal algebra is isomorphic to that
of general conformal algebra gc1. Then G = gcq or grgcq (the associated graded conformal algebra of
gc1).

(2) The graded conformal algebra gr gcy does not have a nontrivial representation on any finite C[d]-module.
In particular, gr gcq 2 gcq, and gr gcy is a finitely freely generated simple Lie conformal algebra of linear
growth that is not embedded into gcy for any N.

Theorem 1.1(1) will follow from some computations (see Section 4) and some results (Theorem 3.2)
on the second cohomology groups of the conformal algebra g with coefficients in its modules My o
of rank 1, where g =Vir x Mg is the semi-direct sum of the Virasoro conformal algebra Vir with its
module M, o. Here in general, Vir and Mx o (which is a simple Vir-module if and only if A # 0) are
defined by

Vir=C[d]L: Ll =(d+2A)L, (11)

Mao=C[d]v: Liv=(x+d+ANvV. (1.2)

We will prove Theorem 1.1(2) in Section 5.
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2. The general Lie conformal algebra gcq

Definition 2.1. A Lie conformal algebra is a C[d]-module A with a A-bracket [x;y] which defines a
linear map A x A — A[)], where A[A] = C[A]® A is the space of polynomials of A with coefficients
in A, such that for x, y,z € A,

[0x,y] = —A[x,.y], [%,0y]= (0 + M) [x,y] (conformal sesquilinearity), (2.1)
[%.y]=—[y—»—sx] (skew-symmetry), (2.2)
[%:[yu21] = [[%.¥ 12+ 02] + [yulx221]  (Jacobi identity). (2.3)

The general Lie conformal algebra gcy can be defined as the infinite rank C[d]-module C[9, X] ® gln,
with the A-bracket

[f(3,%)A:80,%)B] = f(—A,x+0+21)g@+1,X)AB — f(—1, X80 + A, x— A)BA, (24)

for f(9,x),g(d,x) € C[d,x], A, B € gly, where gly is the space of N x N matrices, and we have
identified f(3,x) ® A with f(3,x)A. If we set J’, =x"A, then

m n
m _ n _
=3 (M)er o -3 (e,
s=0 s=0
for m,neZy, A, B € gly, where () =m(m —1)---(m—s+1)/s! if s >0 and () =0 otherwise, is
the binomial coefficient. The formal distribution Lie algebra corresponding to gcy is the well-known
Lie algebra DN of N x N-matrix differential operators on the circle.

In particular, the general Lie conformal algebra gcy is the infinite rank free C[d]-module C[d, x] with
a generating set {J, = x"*1| —1 <n e Z}, such that

_m m+1 s+1 _ ~(n+1 _)st1
Umx]n]—§<s +1)<x+a> Jmn—s ;(S +1)( W s, (2.5)

for —1 <m,n € Z. Naturally, gcq is a filtered algebra with filtration

(=1

{0} = gc§72) cgey ' C---Cgep with gcgn) =span{J;| —-1<i<n}forn> -1, (2.6)

such that
Ui, Ji1= (G +j+2)r+ (i +1)3) Jitj (mod gcglﬂ )) fori, j>—1. (2.7)
Definition 2.2. Let G = J;.;, G be a Lie conformal algebra with a filtration
.GV ccO® M C..n,

such that [G{"GW] € D for i, j € Z. Denote grG = @;;, GO, where GO = GV /GU=D, then grG
has a natural Lie conformal algebra structure, called the associated graded conformal algebra of G.
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Remark 2.3.

(1) The grgcy is the Lie conformal algebra with free C[d]-generating set {J; | —1 <i € Z}, and the
A-bracket (cf. (2.7))

Ui J1=(G+i+2A+(+1)3)Jiyj fori,j>-1. (2.8)

It is straightforward to verify that grgc; is a simple conformal algebra, whose corresponding
formal distribution Lie algebra is a well-known Block type Lie algebra studied in [18], thus we
refer this conformal algebra to as a Block type conformal algebra.

(2) Note from (2.4) that when N > 1, the filtration of gcy has to be taken as

y=gc{" cgc c.--cgen withge = span{J, | A€ gly, 0<i<n}

forn>0, (2.9)

such that for i, j,€ Z, A, B € gly,

[J4, J3]=J{45, (mod gcy™/~"),  where [A, B] = AB — BA. (2.10)

Thus the filtration of gcy for N > 1 is different from that of gcy. This is why we have to treat gcq
separately (if we use the filtration (2.9) for gcq, then we obtain from (2.10) that the associated
graded conformal algebra of this filtration is simply nothing but trivial).

The main problem to be addressed in this paper is to determine filtered Lie conformal algebras
whose associated graded conformal algebras are isomorphic to that of general conformal algebra gc.

3. Some second cohomology groups

To prove Theorem 1.1(1), we need some results on the second cohomology groups. We refer to
[4] for definition of conformal cohomology. Let Vir = C[d]L and M o = C[d]v be respectively the
Virasoro conformal algebra and its module defined in (1.1) and (1.2). By [4, Theorem 7.2(3)], we have

2 ifA=-1,0and @ =0,

dim H2(Vir, My ¢) =41 ifA=—6,-4,1anda =0, (3.1)
0 otherwise.
H2(Vir, M 0) = Cp, where ¢, 5, (L, L) = A1 — Ay (32)

Let Vir xMg0 = C[d]L @ C[0]] be the semi-direct sum of the Virasoro conformal algebra Vir =
C[9]L and its module Mg = C[d]]. Then a Vir-module My, o = C[d]v becomes a Vir x Mg o-module
with the trivial A-action of J. As in [4, §7.2], for any 2-cochain ¥ € C2(Vir x Mo, Mp o), there are
3 unique polynomials Pjj(A1,12), Pi;ay, Prr(r1,A2) such that Pjj(ii,A2), Pr(ii,A2) are skew-
symmetric, and

1//)L1,)»2(.]7])EP]]()"15)"2)V1 vf)»l,)\z(Lv J)Ep)q,)nzv» wkl.kz(L5L)EPLL()‘1s)"2)V7 (33)

where “=" means “equality under modulo 9 + A1 + A",
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Lemma 3.1. Suppose v € C?(Vir xMg.o, My o) is a 2-cocycle. Then for some cg € C,

Pjj(dq,22) =

i;o(h —X2) ifb=2a-2, (3.4)

otherwise.

Proof. From the definition of differential operator d, and using [/, J]=0 and J,v =0, we obtain

0= V)05, I, )
=Ly Vaos (U 1) = Yaataons (L J1, J) 4 Vg gsn (ILon J1, )
=(—A —A2 = A3+ br)P (A2, X3)V — (=A1 — Ay +ar)Pj (g + A2, A3)V
+ (—=A1 —A3+ai)Pj (k1 + A3, A2) V. (3.5)

First assume a # 1. Letting A3 = 0, we obtain

Py, A2) = (1 =b)A1 +212)Pjj(A2,0) + ((a— DA — A2) Pjj (A1 4+ 12,0)). (3.6)

1
(@a—1Dxr ((

If a=b=2, then Pj;(X1,42) = M);’\Z(P”()q + 42,0) — Pj;(x2,0)), using this in (3.5), we eas-
ily obtain that P;;(A,0) = cor for some co € C, and the first case of (3.4) holds. If a =2 #
b, using Pj;(x,A) =0 in (3.6), we immediately obtain that Pj;(x,0) =0, thus P;j(A1,22) =
0 by (3.6). Hence, we suppose a # 2. Using P;;(x,A) =0, we have P;;(21,0) = ’é%ﬁP“(A,O),
which implies Pj;(x,0) = P;;(1,0)A™ is a homogenous polynomial of degree, say m, such that
Z_;% =2". Then by (3.5) and (3.6), we obtain that m=1, Pj;(x,0) = Pj;(1,0)A, and Pj;(r1,A2) =

@Vt 1-br p (1, 0). This gives (3.4).
Finally assume a = 1. Letting A3 =1 in (3.5) gives

Pyj(,22) =((b—Dr1 —A2 —b—1)R(A2) + A2R(M1 + A2 — 1), (3.7)

where R(}) = Pj;(A,1). Using Pj;(x,0) + P;;(0,1) =0, and using (3.7) in (3.5) with 1, =0 and
A1 = A3 = A, we obtain respectively

(A+b)R(k)—AR(A—1)+((1—b)A+b)R(O)=0, (3.8)

((b—2)A—b)R(A) + AR(21 —1)=0. (3.9)

If b # 0, then (3.9) shows that R(0) =0, and from (3.8) and (3.9), we can obtain R(1) =0 for infinite
many A’'s, thus R(A) =0. If b =0, then (3.8) gives R(1) =0 and R(1) = R(0)(1 — 1), and we have (3.4)
by (3.7). O

Now we determine the polynomial P,, ;, below. Similar to (3.5), we have

0= (dY)iy,22.05 (L, L, )
=Ly ¥ (L ) = LWy s (L 1) = Yoy (L L1, J) + Yog 423,00 (L J1, L)
— Yy 4as ([Lay J1. L)
= ((b — A1 — A2 — A3) PiyisV — (=21 + (b — DAz — A3) Pay asV — (M — A2) Py 4ip.5V
— (@=DA1 = 23)Psy sy425V + ((@ = DAz — A3) Py, spias Ve (310)
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Denote by P/(\m)k2 the homogenous part of P, ;, of degree m. Then (3.10) is satisfied by Pgr?)h

Note that for any polynomial Q (1), we can define a 1-cochain f € C1(Vir x Mg.o, Mp) by fi(l) =
fr(J)=Q\)v. Let ¥ =df be the corresponding 2-coboundary, and set ' = v — df. Then

V3,0, (L 1) =P}, ;,v, where

P, =Piiay — (=A1 =22 +br1)Q (A2) + (=21 — A2 +ar1) Q (A1 + A2). (3.11)

If we replace ¢ by v/, then P, ;, is replaced by Px i . Thus, by some suitable choice of Q (1), we
can always suppose

P =0 ifm>1,a#1, or(m.a,b)=(1,1,0),
P, =0 ifm>1a=1,b#0,

P =0 ifm>3,a=1b=0. (3.12)

Assume P;TAZ #0. For m=0, 1, 2, one can directly check that for some c; € C,

1 ifm=0, a=b,
C221 ifm=1, a=b,
P, =13k if (m,a,b) =(1,1,0), (3.13)
' Car1 A2 ifm=2,a=1,b;é0,

csA2 +cghhy if (m,a,b) = (2,1,0).

From now on, we suppose m > 3. First assume a # 1, b. Putting A = A3 =0 in (3.10), we obtain
(@—1)Po,n, = (b —1)Pg,0, thus Py, = 0. This together with (3.12) proves P/(\T,)Az is divided by A1Az,
and we can suppose P( ) = M)\ZPA i for some polynomial PA 2y Now putting A3 =0 in (3.10)
gives A2P; ., =X sz,/\l' Thus P}, s, is divided by A1. Therefore, we can suppose

P, =302S0, 4y (3.14)

where S, s @ homogenous symmetric polynomial of degree m — 3. Write S;, 1, as Sy, x, =

Mol sixM =37l Comparing the coefficients of AjA5 1= J)J“ on the both sides of (3.10), we have
(m—l—i—b—a)s]_O for 0< j<m—3.Thus Sy, ,, =0 1fm;£a—b+1 Now suppose m=a—b+1.
For m=3,4,5,6,7, one can easily solve

C7k%k2 ifm=a—-b+1=3
cghira(h + A2) ifm=a—b+1=4,
A2 A2+ 22 A ifm=a—-b+1=5
P;r?)kz_ TA2(Co(A] +A3) + C10A122) ifm=a-b+ ; (315)

1A2r2(3 + 23 + 2y (M +42)) if(m,a,b) = (6,5,0),
a2 +43) + c13(A Az + A143) + c1a3A3 + A3A3))
ifm=a—-b+1=7,

for some c; € C, with the following conditions,
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(10 + 3b)cg = (5 +2b)cyp ifm =5,
1
(O+2b)c13=(33+5b)c1,  (9+2b)c1a=(51+16b)cra. b= (-5 V19)
ifm=7. (3.16)

Now suppose m=a — b+ 1 > 8. By comparing the coefficients of A%Agfbfj)é on the both sides of
(3.10), we obtain

(@a—b—-2—-jp@a@a-b+1—-jsj-1+G+1({—2a+2)s;

() e

@=b—j)(—a—b+1—j)sj_1+(j— 1)(j+2)sj=2<<a,_b) —a<a_b,_ 1))50, (3.18)
j+1 j

for 1< j<a—b—2, where (3.18) is obtained from (3.17) by symmetry of S;, ,,. Similarly, by com-

paring the coefficients of A?Ag_b_j)é_l, we have

(@—b-3-jla-b+1-ja—b+2—jsj2+j(j+ 1D —3a+2)s;

=6<<a_,b_l> —a(a_,b_2>>sl, (3.19)
j—1 j—1

(J+b—a)a—b+1—-j)Q2a+b+j—2)sj2+ =3+ DU +2)sj

((a—b—l) (a—b—Z))
=6 ] —al . s1, (3.20)
J j—1

for 3 < j<a—b—2. Note that we can recursively use (3.18) to solve s; in terms of so and s; for
j=z2.Ifa= % then from (3.17), we obtain so =0, and one can then easily check from (3.17)-(3.20)
that s; =0 for all j. Thus suppose a # % Use (3.17) to solve s in term of sp, we can then obtain s; in
term of so. Taking j =2 in (3.17) and j =4 in (3.20), one immediately obtain sp = 0. Thus S, ;, =0.

Now assume a = b. By (3.12), we can suppose PST,)M =Ry, ifa#1or Pi':',)h = (M +22)Ri; i,
if a =1, for some homogenous polynomial R;, ,, of degree m — 1. Then using (3.10) and discussing

as above, we can prove Pi’?}»z =0.
(m)

Next assume a =1, b = 0. As above, we can suppose Pkl,kz = (A1 —A2)R;, 1, for some homogenous

m) _
My = 0.
(m)

Finally assume a =1, b #0, 1. As before, we can suppose Py, =1+ 2R, for some ho-
mogenous polynomial R;, ,, of degree m — 1. For m =3, 4, 5, 6, one can easily solve

polynomial Ry, ,, of degree m — 1, from which we can deduce that P

1573 (k1 + A2) if (m,a,b) = (3,1, 1),
pm ci6hr2 (A + A2) if (m,a,b) =(4,1,-2), (3.21)
122 3202 (0 + A2) if m,a,b) = (5,1, -3), '

c17Afr2(h +22) (A + 21k2 +72%) if (m,a,b) = (6,1, —4).
If m > 7, then similar to the arguments after (3.16), we obtain Piﬂ",)xz =0.

Note that every 2-cochain ¥ € C2(Vir XMg,0, Mp o) can be restricted to a 2-cochain ¢’ :=
W lvir x vir € C2(Vir, My ), and conversely, every 2-cochain ¢’ € C2(Vir, Mp ) can be extended to a
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2-cochain ¥ € C2(Vir X Mag,0, Mp o) by taking the corresponding polynomials Pj;(i1,A2), P;, », to be
zero. From this, we obtain an embedding H2(Vir, Mp o) = H2(Virl><Ma,o, Mp o). Thus, we can regard
H2(Vir, Mp o) as a subspace of H2(Vir X Mg,0, Mp o). Now we can state the main result in this section.

Theorem 3.2. We have

dim H2(Vir x Mq,0, My, o) = dim H2(Vir, My, ) + 8p.20_2 + Tap. Where
3 if(a,b) =(1,0),
2 ifa=b, ora=1, b=-3,—4,-5, —6,

Tap=141 ifa=1,b#£1,0,—-3,-4,-5,—6, ora#1, a—b=2,3,4, (3.22)
ora=5,b=0, ora=6+b, b=1(-5£+/19),
0 otherwise.

Furthermore, every 2-cocycle ' € C%(Vir x Mg, My o) is equivalent to a 2-cocycle v such that the corre-
sponding polynomial P jj(A1, A2) defined in (3.3) has the form in (3.1), and the homogenous part PST,)A; of
P;, ., has the form in (3.13), (3.15) or (3.21).

4. Proof of Theorem 1.1(1)

Now in order to prove the main theorem, we need some preparations. Since G is a filtered Lie
conformal algebra and gr G = gr gcq, by (2.7), we can suppose

[J-1,J-1]1=0, (4.1)
[J-1,Jol=AJ 1, (4.2)
[Jo, Jol=(2x+9)Jo+ g1(X,9) ] -1, (4.3)
[J-1,J11=21]o + &2(%, ) ] 1, (4.4)
[Jo, J1l=(0BA+3)J1+g3(X,3)Jo+ 8a(X,d)J-1, (4.5)
[J-1, J21=3AJ1 +h1(X,0) Jo +h2(X,d) ] 1, (4.6)
[Jo, J21=(4x +3)J2 +h3(x,9) J1 + ha(h,d) Jo + h5 (X, 3) ] -1, (4.7)
[J1, J11=2Cr+ ) J2 + f1(A, 8) J1 + f2(A, 9) Jo + f3(R, 0) ] -1, (4.8)

where gij(A,d) for 1 <i<4, hj(A,9) for 1<i<5 and fj(A,d) for 1 <i <3 are all polynomials of A
and 9. Then our aim is to determine all these polynomials of A and 9 by making use of Theorem 3.2
and by computations.

Lemma 4.1. In (4.3), by re-choosing the generator ]y, we can suppose g1(i, d) =0.

Proof. Noting from (4.2), we see P;(A1,A2) := g1(A1, —A1 — A2) is a skew-symmetric polynomial,
thus we can define a 2-cochain ¥ € C2(Vir, My ,0) with ¥, 5, (L, L) = g1(A1, —A1 — A2), which is in
fact a 2-cocycle by Jacobi identity. Note that for any polynomial p(d), if we replace the generator
Jo by Jy=Jo—p(dJ_1, it is equivalent to replacing the 2-cocycle ¥ by ¥’ =y —d¢, where ¢ €
clvir, M o) is the 1-cochain defined by ¢, (L) = p(—2). Thus by (3.2), we can suppose g1(A1, —A1 —
A2) = ao(r1 — A2) for some ap € C, ie., g1(x,d) =ag(d +21). Applying the operator Jo, to (4.4) and
(4.5), using the Jacobi identity and comparing the coefficients of Jo and J_; respectively, we obtain
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Bu+i+09)g3r,0)+2r+0)g3(1, A +9) — (A — u)g3(h + 1, 9)
=Cr+u+0)g3(u, 9) + 2u+0)g3(x, 9+ 1) +2a0(A + (A — @),

2pap(d +21) + (A +0)g2(u, A+ 9) + ug2(A + 1, 3)
=EGr+p+0)82(1,d)+ ngz(r, u+9).

To prove ap = 0, we only need to suppose g3(X, d), g2(A, d) are homogenous polynomials of degree 1
(since coefficients of terms of other degrees do not contribute). Then one can immediately check from
the above two equations that ap = 0. The lemma follows. O

Similar to the proof of Lemma 4.1, from (4.5), we can use g3(A,d) to define a 2-cocycle ¢ €
C2(Vir xMs g, M3,0) such that the corresponding polynomials defined in (3.3) have the forms,

Pip(A1,22) =Pjj(A1,22) =0, and Py, 3, =8g3(h1, —A1 —A2).
Thus, using Theorem 3.2, by replacing J; by Jj; = J1 + p(3)Jo for some polynomial p(3), we can
suppose g3(X, d) = 0. Similarly, g4(x, d) defines a 2-cocycle in C?(Vir x M3 g, M o), using Theorem 3.2

and the first case of (3.15), by replacing J; by J| = J1 + p(3)J_1 for some polynomial p(d) (this
replacement does not affect g3(A, d)), we can suppose

g24(r, ) =a1A2(A +9) for somea;j € C.
Lemma 4.2. In (4.5), there exists some ay € C such that g (A, d) = aA(A — 9).

Proof. Comparing the coefficients of J_; on the both sides of the Jacobi identity o, [J-1, J1ll =
(LJo, J-1bi+pJ11 +1J=1,[Jo, J111, by (4.2)-(4.5), Lemma 4.1 and g3(2, 3) =0, we have

A+ )&, A+09) —Gr+pu+0)g2(1, 9) + ug2(A + 1, 9) =0. (4.9)

Taking 9 = 0 gives

1
£201. 1) = 3 (BA+ 10821, 0) = pg2(+ 1, 0)). (4.10)

Using this in (4.9) and taking d = u = —X, we obtain g(2X, 0) = 4g,(A, 0) + 3g2(0, 0). Inductively,
we obtain that g (xA,0) = x2g2(1, 0) + (x2 — 1)g>(0, 0) holds for all x= 2K, k=1,2, ..., thus holds
for all x € C since gy(x, u) is a polynomial. Taking x = 0, we obtain g,(0,0) = 0. Thus g3 (x, 0) = a;x?,
where a; = g»(1, 0). Using this in (4.10), we obtain gy(A,d) =axA(A —9). O

For later convenience (in order to let other polynomials have some suitable forms), we respectively
re-denote ay by §, a; by —% and replace J1 by Ji=J1+50Jo+ %82]_1, so that ga(A, ), g3(,d)
and g4(A, d) have the following forms,

20, =cr?,  g3(h,9)=cr%,  g4(r,9)=br%*3 forsomeb,ceC. (411)

Similarly, by (4.7), h3(A, 3), ha(x, d) and hs(x, d) define 2-cocycles 3 € C%(g, M3.0), ¥4 € C%(g, M2.0)
and ¥s € C%(g, M1,9) respectively with g = Vir x M4 9. Thus using Theorem 3.2, by replacing J, by

J5=1J2+po®J1+ p1(3) Jo + p2(3)J -1 for some polynomials po(d), p1(d), p2(3), we can suppose
for some as,t € C,

h3(x,8) =0,  hg(r,d) =a3r®>(A+9),  hs(x,d) =trA*(A +9)d. (412)



Y. Su, X. Yue / Journal of Algebra 340 (2011) 182-198 191

Lemma 4.3. In (4.6), we have hq (A, 9) = cA(A — 20).

Proof. Comparing the coefficients of J_; and Jo on the both sides of the Jacobi identities

-, U=, J2l1=1J=1,J-1, J211 and [J—1,[Jo, J211 = [[J-1, Jolr+u J21 + [Jo, [J -1, J21] Tespectively,

we deduce

3uga(h, 0) + Ahp (i, A+ 3) =34g2(1, 0) + phi (X, U + 9), (413)
(A 44+ d)hy (X, d) +2xh3 (i, A + )
=Ah (A + 1, 9) +30g3(i, 3) + 2u + Dhi(h, 1+ 9). (414)

Set w =9 =0 in (4.13), by (4.11), we get Ah1(0,A) =2Ag1(0,0) =0, i.e, h1(0,1) = 0. Taking 9 =0
in (4.14), by (4.11) and (4.12), we immediately obtain

1
hy(h, ) = om (O +410h1 (1, 0) — Ah1 (. + w, 0) — 3cap?). (4.15)

Using this and (4.11) in (4.13), we obtain
A+ 0)(4r + o +40)hq (1, 0) + A (A — whi(A + 0 + u, 0)
=+ )+ 4 +40)h1 (X, 0) + 3cApu (e — A (A +3) (i + 9).
Setting d = —A — 1, w =1, and using h1(0,0) =0, we obtain hy(x,0) = Ah1(1,0) + cA(A — 1). Thus
(4.15) turns into hy(A,d) =cA(A —20) + %A(m(l, 0) —c). Taking A =1 and 0 =0 gives h1(1,0) =c.
Hence we have the lemma. O
For later convenience (in order to let other polynomials have some suitable forms), we re-denote

as by %k and replace Jp by J) = J2+cd]1 — %8210, so that by (4.12) and Lemma 4.3, hy(%, ),
h3 (A, d), ha(n, 3), hs(X, ) have the following forms

hi(x,d) =3cA?,  h3(r,d)=3cA?,  ha(h,d)=k:3,  hsr,d)=trA2(A+3)d. (4.16)
Lemma 4.4. In (4.6), we have

ha(x, 8) = %(k —b—c?)rd* - %(k —c+b)A%0 + %(k +b+c?)A>. (417)

f10,8) = —c(223 + 9%). (418)

Proof. Comparing the coefficients of J_; on the both sides of o, [J-1,J211 = [Jo, J-1lasp 2] +
[J-1,0Jo, J211, we get

3uga(r, 0) — g2(u, Ah3 (A, u +9) — pha(r, u +9)
= —pha(A + w1, 3) + (4 + @ + )ha(u, 9) — (A + )ha (i, A + 9).

Since we already get g4(X, d) = br2d, g2 (A, d) = cA2, h3(x,d) = 3cA? and ha(r, 3) = kA3, the above
equation turns into

pwha(h + 1, ) — (4h 4+ o+ 0ha(i, 3) + (, + Dha (i, A + ) = —3bA%ud + 3222 u? + ka3 .
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Setting ;= 0 gives (4A + d)hy(0, 3) = (A + 9)h(0, > + 9), which means h;(0, 9) is divided by A + .
Thus h3(0, 3) = 0. Then taking A = —u and 9 = 0 respectively in the above equation, we obtain

Bt = Dha (i, 8) — (1 = Dha(w, d — ) = —3bp’d + (3¢* —k)u',

1
ho(p, 1) = X(_Mhz(x + [, 0) + (41 + ha (i, 0) + 3222 2 + ka2 ). (419)

Using the second equation in the first equation with A = 3 = u, we obtain

3
hy(2x, 0) = 5ha (1, 0) + E(k+b+c2)u3. (4.20)

If hy(u,0) has degree, say m, greater than 3, then by comparing coefficients of u™ in (4.20), we
obtain 2™ = 5, a contradiction. Thus m < 3, and we can suppose hy (i, 0) = d3u> + dau? +di it + do.
By (4.20), we immediately get d3 = %(k +b+c?) and dy =d; =dg = 0. Now using this in (4.19), we
obtain (4.17).

By comparing the coefficients of Jy on the both sides of the Jacobi identity

(-1, U, 0] = [U-1, Jibw J1 ]+ [J1, U1, Ja1]. (4.21)
we deduce
QuA+r+0)hi(x,9) +Arg3(—p —9,0) + A f1(un, A+ 9)
=A2g3(A+ 1, 9)+ A+ wgA, —A — ) + (L +0)g2(A, u +9).

Taking 9 = 0 and sing g3(x, d) = cA%, g2(x,d) = cA? and hq(%,d) = 3cA2, we immediately obtain
(418). O

Lemma 4.5. We have f>(x, 3) = %(2)»32 +3%), andk =c* — Zb.
Proof. Comparing the coefficients of J_; on the both sides of (4.21), we deduce
2Qu + A+ dha (A, 3) + f1(p, A+ 3)g2(2, 3) + A f2(u, A+ 9)

=2Xg4(A+ 1, 0) —20g4(—p — 9,0) — &2(A, L+ 3)g2(— — 9, 0)

+ &, A — w)g2(A + u, ).

Using (4.11), (4.16) and (4.18), we obtain

Afa(u A +3) = —A( 42 + 3)((k +b — ) (A% + 82) + (=5b + 3¢* — 3k)19).

Taking 9 =0 and d = X respectively, we immediately obtain the result. O
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Now we collect information we obtain in Lemmas 4.1-4.5 as follows:

g4, ) =0, g0 H=cr?, g3, d)=cr?,  ga(r,d) =br%),

6 3 1
hi(x,d) =3cA%,  hy(A,d) = —gma2 + gmza + <c2 — §b>x3, h3(x, 3) = 3cA?,
7
ha(x,0) = (—gb +c2)x3, hs (%, 9) = t(2*9 +2%9),
2
f104,8) =203+ 3%),  fo(0, ) = gb(a3 +229%). (4.22)

Next we should determine f3(A,d). By comparing the coefficients of J_; on the both sides of the
Jacobi identity [Jo, [J1, J1]l = [[Jo, J1la+p J11+ [J1,,[Jo, J111, we obtain that

2Q2u+ 21+ 9)hs(r,9) + fi(u, 2 +0)ga(A, 0) + (A + 9) f3(u, A+ 9)
=@r—wfz3(h+pn,0)+ g3k, =2 — )ga(A + 1, 9) + 84(h, =2 — ) g2(A + 1, 9)
+Gr+p+3)f3(n,9) —g3(h, 1+ 9)ga(—p — 9, 9)
— 84O, u+9)g2(—p —9,09). (4.23)

Lemma 4.6. We have f3(, ) = —bc(9* + 319> + 31202 +2239) and t = 3bc.
Proof. Using (4.22) in (4.23) gives
A+ f3(,A+0) — A —w) f3(A+ w1, 3) — GA+p+9) f3(u, d)
= 220420 + ) (b (A + A + 12 — 308 + ud + 8%) +2t(9% +23)).  (4.24)

Taking 0 =0 gives

1
F3(2) = —(@h = ) f30+ 2. 0) = B0+ ) f3(12. 0)

— 2O+ 2be(A? 4+ A+ p?). (4.25)
Using this in (4.24) with d = —u = —A, we obtain f3(2A,0) = —10f3(x,0) — 9f3(0,0). If f3(A,0)
has degree, say m, greater than 0, then by comparing coefficients of A™, we obtain 2™ = —10, a
contradiction. Thus m =0, and so f3(A,0) = f3(0,0) = 0. Now using this in (4.25), we obtain that
f3(x,8) = —bc(2x + 3)d(9? + 13 + A2). Using this in (4.24) gives t = 3bc. Therefore the lemma
holds. O

In order to prove Theorem 1.1(1), we need the following lemma whose proof seems to be rather
technical.

Lemma 4.7. In (4.22), we have b = 0.

Proof. First we assume ¢ = 0. By (2.7), we can suppose

[J1, J21=0BA+20) J3 + fa(r,0) Jo + fs(X,0) J1 + fe(X,d) Jo + f7(X, ) ] 1,
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where, f;(A,d) are polynomials of A and 9 for 4 <i < 7. From (2.3), we can get the Jacobi identity

[J1. U, J] = [Un JibawJa ]+ [T, U, Jad)- (4.26)
Since our purpose is to prove b =0, by comparing the coefficients of J; and J_; on the both sides of
(4.26) respectively, we see that the coefficients of terms of fs(i,d) (resp., f7(x, d)) with degree not
equal to 3 (resp., 5) do not have relations with b. Thus we can suppose that f5(A,d) = Z?:O a;x3~1p
and f7(A,8) =Y ;o bir> 19!, Set J5=J3+c19? J1+c20* 1 for some ¢y, ¢; € C, then we can choose

suitable complex numbers c; and c; such that by replacing J3 by J3, we can suppose a3 =0, bs =0.
Thus

2 4
fs0u0)=> a9t fr(n0) =) bia> ol (4.27)
i=0 i=0

Since ¢ =0, by (4.22) and Lemma 4.6, comparing the coefficients of J; and J_; on the both sides of
(4.26) respectively, we obtain that

[J1,J21= (51 +29) J3 + fa(h, ) J2 + (302> + (@0 — b)2*d + a220%) 1

1 2
+ fe(r,d) Jo + <§b2k43 +b230% + (bz + gbz)xzzﬁ) J-1. (4.28)
By (2.3), we also have the Jacobi identity

[Jo, 11, J21] = [Uo, Jilaen J2] + [J1, U0, J21]- (4.29)

By (4.22) (with ¢ =0) and (4.28), we obtain

G +21+20)[Jo, J31=5p + 21 +20)(54 +9) J3 + 11 (A, p, 8) J2 + 12 (A, i, 0) 1
+ 13(}"! M, a)]o +l4()\-7 u, 8).’71a (430)

where [;(A, i, d) for 1 <i <4 are polynomials of A, i, d. Using (4.29), by a little lengthy calculation,
we also get

L(h, 1, 8) = —éxz((wb — 10ag)A* + (51b — 25aq + 15a2) At + (24b — 10ag)1d
+ (15b — 15a0 + 35a2) ud — 10a29?), (431)
la(h, 1, 9) = %Az(bzx“ +4b*23p + (4b® — 5b2) A% u? + (4b* — 5b2) A’ — 2230
— (2b% + 5baz)A* ud + (3b* — 5bag — 20b2)Au?d — (b* + Sbag + 15b2) u3d
+ (6b% + 10b2)2%3% + (26b* — 10ba; + 25b7)Apd? — (b* + 5bag + 15b2) 1?92
+ (11b2 + 10b2) 28> + (6b* — 5baz + 15b3) ud?). (432)

From (4.30), we know that 5u + 21 4+ 20 must be a common factor of (A, i,d) and I4(X, u, 9).
Therefore by (4.31) and (4.32), we can deduce that b must be zero.
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Now assume ¢ # 0. By comparing the coefficients of J_; on the both sides of (4.26), we obtain
1 5 2 1
bo=0, by=-b>—>bc®>, by=-=b?,  b3=——bc’.
0 1=5 3 2 5 3 3
Then by comparing the coefficients of J_; on the both sides of (4.30) (this time, instead of (4.32),
we need to assume that I4(A, i, d) = (51 + 24 + 20) Z?:o d;2>~13'), we obtain an equation, then by

comparing coefficients of 3%, 3>, 3% in this equation, we can obtain d5 =d4 = b4 = 0 and bc = 0. Thus
b=0. O

Now we are ready to prove the main result of this paper.

Proof of Theorem 1.1. By (4.22), Lemma 4.6 and Lemma 4.7, we have

[J-1,J-1]1=0, [J-1,Jol=AJ-1,
[Jo, Jol =(2A+9) Jo, [J-1,J11=2x]o+cA? ] 1,
[Jo, J11= 3A+8) J1 +cr? Jo, [J_1,J21=34J1 +3cA%Jo + 223 ) 1,

o, J2l=@r+d)Ja+3cA2 J1+ 203 Jo,  [J1,J1]1=2QAr+)J2 — (220 +9%) J1, (433)

for some c € C. If c#0, by replacing J_q and J1 by J' ;=—cJ_1 and J} = —c~ 1] respectively, we
can suppose ¢ = —1. Thus, we can suppose c is either equal to 0 or —1. We want to prove

(Mm+n+2)A+ M+ 1)3) Jmin ifc=0,

. 4.34
ST ()G 0 fins = g () =05 s ife=—1, *2Y

Um)\]n] = {

for m,n > —1. By (4.33), we see (4.34) holds for all m,n with max{m, n,n + m} < 2. Now inductively
assume that for N > 2, (4.34) holds for all m,n with max{m,n,n + m} < N. Denote the right-hand
side of (4.34) by > 7", Fn (A, d) Jx for some polynomials Fy (%, ). Assume

N+1
1 NI = Y FinaOond)Jie= Z pr(h, ) Ji, (435)
k=—1 k=—1
N+1
[Jo, IN+11— D Fons1k(h, d)Jk = Z k(. 0) Jx (4.36)
k=—1 k=—1
N N-1
U Inel = Y FoanekOo 0 =Y e, d) Ji (437)

k=—1 k=-1

for some polynomials pi (%, d), qk(x, 9), rk(%, 9). Applying the p-brackets Jo,, J-1, to (4.35) respec-
tively, using inductive assumption, we obtain

k

—FiNN+1 (A 9) Z Qi 9) Ji = Z pr(h, 9) Z Foki (1, 9) Jio
k=-1 k=-1 kK=—

N N
= (Z pie (&, 0)Fo e k(K. a)) Jio (4.38)

k=—1 \k'=k
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N-1 N k—1
—FinNe1 (3 0) ) (e, ) Je= Y pk(, ) D Foqpr (i, 9) Ji
k=-—1 k=-1 k'=-1
N-1 N
= Z( > o DF g k(p, 3)>Jk- (4.39)
k=—1 \k'=k+1

Note from the right-hand side of (4.34) that Fi nn+1(A,d) = (N +3)A + 29, and F_j p x(u,d) =
,uF,Q,’k(;L) for some polynomial F’,.k(u) on /. Comparing the coefficients of J; for k=N,N—1,...,
in (4.39) shows that pu and (N + 3)A + 20 are factors of ri(u,d) and pg(i,d) respectively. Thus
re(u, 8) = pur (i, 8) and pg(r,d) = (N 4 3)A + 29)p, (1, 9) for some r,(u,d) and p,(%,d). Fur-
thermore, we see that r,(i,d) =r,(d) and p,(,d) = p,(3) do not depend on A,u. Thus in
(4.38), if we replace Jy+1 by Jn+1 — 2,12127] Py (®) Jk, we see that the right-hand side of (4.38)
becomes zero, i.e, by re-choosing the generator Jy41, we can suppose all pg(x,d) = 0. Then
(4.38) and (4.39) show that all q(u,d),rx(u,d) are zero. Hence (4.34) holds for all m,n with
max{m,n,n+m} =N+ 1 and m < 1. To prove (4.34) for 2 <m <n with m+n=N + 1, we use
Im= m([hu Jm-11— Z;?;j] F1,m—1k(, d) Ji), and Jacobi identity and induction on m. This
proves (4.34) and Theorem 1.1(1). O

5. Proof of Theorem 1.1(2)

Assume V is a finitely freely C[d]-generated nontrivial gr gci-module. Regarding V as a module
over Vir, by [6, Theorem 3.2(1)], we can choose a composition series,

V=VyDVN_1D---DV1DVp=0,

such that for each i =1,2,..., N, the composition factor V; = V;/V;_y is either a rank one free
module My, o with A; # 0, or else a 1-dimensional trivial module Cy; with trivial A-action and
with 8 acting as the scalar «;. Denote by v; a C[d]-generator of V; and v; € V; the preimage of v;.
Then {v; |1 <i < N} is a C[d]-generating set of V, such that the A-action of Jy on v; is a C[A, d]-
combination of vq,..., vj.

Lemma 5.1. For all i >> 0, the A-action of J; on v is trivial, namely, Ji;v1 =0.

Proof. Assume i > 0 is fixed and suppose J;,v1 #0, and let k; > 1 be the largest integer such that
Jizv1 & Vi,—1. We consider the following possibilities.

Casel. Vi =Ma, o4, Vlc,- = MAkivaki'
We can write
Jinvi =pi(x, d) vk, (mod Vi, 1) for some p;(2, ) € C[A, 9]. 1)

Applying the operator Jo, to (5.1), we obtain

pith, 4 0) (0 + 9+ A ) = (1 + D) — A)pi(h+ . 3)
+ (1 +A+0+ A1u)pi(r, d). (5.2)
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Letting d =0, we obtain

1 .
piCh, 1) = —m(((l + D) —A)pi(h + 1, 0) + (@1 + A + A )pi(A,0)).  (5.3)

Using this in (5.2) with A = (1 +i)u and 0 = —ay, — Ay, b, we obtain
(i 4+ D((Ak + Dt + o) pi((+1— Ag) e — oy, 0)
=((+1— A 1A+ o — o A1) pi((i + D, 0).

Suppose p;(x, 0) has degree m;. Comparing the coefficients of ;™1 in the above equation, we obtain
(note that the following equation does not depend on the coefficients of p;(A, w)),

i+ DA+ D +1—A)™ = +1— A1 A G+ D™ (5.4)

When i is sufficient large, one can easily see that (5.4) cannot hold if m; > 1 (note that A, Ay, #0,
and Ay, has only a finite possible choices since 1 <k; < N). Thus m; <1 if i > 0. Then from (5.3), we
obtain that p;(A, i) is a polynomial of degree < 1. Thus suppose p;(, i) =a; o+ a; 1A +a; 2/¢. Then
(5.2) immediately gives p;(A, u) =0.

Case2. Vi =Cq, Vi, = Ma,, o, -
In this case, we can still assume (5.1). Applying the operator Jo, to (5.1), we obtain
PiC, i+ 0) (o + 9 + A ) = (14D — A)pi(h + w, 9). (55)
Letting ;4 = d =0, we obtain p;(A,0) = 0. Then letting d = 0, we obtain p;(x, u) =0.
Case3. Vi =Ma,a Vi, =Co, -
In this case, since 3 acts on vy, as the scalar a;, i.e., vy, = o, vy, (mod Vi,_1), we can write
J1,vi = pi(M) vy, (mod Vi, _q) for some p;(A) € C[A]. (5.6)
Applying the operator Jo, to (5.6), we obtain
0=((1+Du—2)pih+ ) + (@1 + A+ 9+ A )pi(h). (57)
By comparing the coefficients of 9, we immediately obtain p;(A) =0.
Cased. V1 =Cq,, Vi, = Cay, -
As above, we immediately obtain p;(A) =0. O

By induction on j < N, we obtain J;; vj =0, i.e, the A-action of J; is trivial. From this, we imme-
diately obtain that the A-action of grgcy on V is trivial since grgcy is a simple conformal algebra.
This proves Theorem 1.1(2).
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