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1. Introduction

Central extensions play an important role in quantum mechanics: one of the earlier
encounters is by means of Wigner’s theorem which states that a symmetry of a quantum
mechanical system determines an (anti-)unitary transformation of a Hilbert space.

Another area of physics where one encounters central extensions is the quantum theory
of conserved currents of a Lagrangian. These currents span an algebra which is closely
related to so called affine Kac—-Moody algebras, which are the universal central extension
of loop algebras.

Central extensions are needed in physics, because the symmetry group of a quantized
system usually is a central extension of the classical symmetry group, and in the same way
the corresponding symmetry Lie algebra of the quantum system is, in general, a central
extension of the classical symmetry algebra. Kac-Moody algebras have been conjectured
to be a symmetry groups of a unified superstring theory. The centrally extended Lie
algebras play a dominant role in quantum field theory, particularly in conformal field
theory, string theory and in M-theory.

In the theory of Lie groups, Lie algebras and their representations, a Lie algebra ex-
tension is an enlargement of a given Lie algebra g by another Lie algebra h. Extensions
arise in several ways. There is a trivial extension obtained by taking a direct sum of
two Lie algebras. Other types are split extension and central extension. Extensions may
arise naturally, for instance, when forming a Lie algebra from projective group represen-
tations.

A central extension and an extension by a derivation of a polynomial loop algebra
over finite-dimensional simple Lie algebra give a Lie algebra which is isomorphic with a
non-twisted affine Kac-Moody algebra [2, Chapter 19]. Using the centrally extended loop
algebra one may construct a current algebra in two spacetime dimensions. The Virasoro
algebra is the universal central extension of the Witt algebra, the Heisenberg algebra is
the central extension of a commutative Lie algebra [2, Chapter 18], [3,12].

During last 20 years Leibniz algebras are studied mainly to extend the classical results
from Lie algebras. From structural point of view some classical analogues which are true
for nilpotent Lie algebras are obtained. In particular, papers devoted to the study of
naturally graded nilpotent Leibniz algebras are [1,4-7] and many others.

In the present paper we consider a notion of a central extension of Leibniz alge-
bras, which is similar to the notion of a central extension of Lie algebras [11]. Here we
consider central extensions of some nilpotent Leibniz algebras, such as null-filiform Leib-
niz algebra and naturally graded non-Lie filiform Leibniz algebras. In fact, the method
of central extensions of Lie algebras is adapted for Leibniz algebras in [9]. In works
[9,10] one-dimensional central extensions of the null-filiform Leibniz algebra and the
naturally graded filiform Lie algebra are described. The difficulties of the description
of one-dimensional central extensions of a naturally graded Lie algebra show that the
further progress in description of filiform Lie algebras by using central extensions is too
complicated. That is why in our study we restrict to non-Lie Leibniz algebras.
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The main results of this paper consist of the classification of central extensions of
null-filiform Leibniz algebras and naturally graded filiform non-Lie Leibniz algebras.

Throughout the paper all vector spaces and algebras are finite-dimensional over the
field of complex numbers. Moreover, in the table of multiplication of an algebra the
omitted products are assumed to be zero.

2. Preliminaries

Let F be an algebraically closed field of characteristic 0.

Definition 2.1. [8] An algebra L over a field F is called a Leibniz algebra if for any
elements x,y, z € L the so-called Leibniz identity is satisfied:

[z, [y, 2]] = [[z, 9], 2] = [[=, 2], 9],
where [—, —] is a multiplication in L.
Let L be a finite-dimensional Leibniz algebra. For this algebra we define sequence:
L'=1L, L[FMM'=[L* L', k>1

A Leibniz algebra L is called nilpotent if there exists s € N such that L® = {0}.
The minimal number s possessing of such property is called index of nilpotency of the
algebra L.

Definition 2.2. [1] A Leibniz algebra L of dimension n is called null-filiform if dimL? =
(n+1)—4,1<i<n+1.

Evidently, by definition algebra being null-filiform is equivalent that it has maximal
possible index of nilpotency.

Theorem 2.3. [1] In arbitrary n-dimensional null-filiform Leibniz algebra there exists a
basis {e1,ea,...,en} such that the table of multiplication of the algebra is of the following
form:

NF, : [ei,e1] =€i41, 1<i<n-—1.
Definition 2.4. [1] A Leibniz algebra L is called filiform if dimL! =n —i, 2 <1i < n.

Note that the nilindex of a filiform Leibniz algebras coincides with its dimension.

Let L be a Leibniz algebra of nilindex s. We put L; = Li/L”l, 1 <¢<s—1. Then we
obtain a graded algebra GrL = L1 ® Lo @ ---@® Ls_1, where [L;, L;] C L;;;. An algebra
L is called a naturally graded algebra if L & GrL.

In the following theorem we summarize the results of the works [1,13].
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Theorem 2.5. An arbitrary complex n-dimensional naturally graded filiform Leibniz al-
gebra is isomorphic to one of the following pairwise non-isomorphic algebras:

El:fer,e1] =e3, [eien] =eip1, 2<i<n—1,

F2. [e1,e1] = es3, [ei,e1] =eip1, 3<i<mn—1,

{[62461]:—[61761‘}:6#17 2<i<n-1

F3: )
[€iseni1—i] = —[ent1-i,ei] = a(=1)iTte,, 2<i<n-—1,

n

where a € {0,1} for even n and o = 0 for odd n.

It is known that the set of filiform Leibniz algebras is decomposed into three disjoint
classes, two families of non-Lie Leibniz algebras which arise from the algebras F} and
F? and one family of algebras (which include filiform Lie algebras) arises from the Lie
algebra F3 [7].

Since further we consider only filiform non-Lie Leibniz algebras we omit the third
family of algebras.

Theorem 2.6. Any (n + 1)-dimensional complex non-Lie filiform Leibniz algebra, whose
naturally graded algebra is not a Lie algebra, belongs to one of the following two classes:

[61,61] = €3,
leise1] = €1, 2<i<n-1,
1 . n—1
Fn(a47a57"'7an70) : [61,62] = Z akek—kﬁen,
k=4
n .
lei,ea] = > agpyi—ier, 2<i<n-—2
k=i+2

[61,61] = €3,

lei,e1] = eit1, 3<i<n-—1,
F2(Ba, Bsy ey Buyy) : [e1, €2] = k§4ﬂkeka
[62762] = YEn,

n
lei,ea] = D> Bryi—ier, 3<i<n-—2.
k=i t2

Definition 2.7. An algebra L is called quasi-filiform if L" 2 = {0} and L"~! = {0}, where
dimL = n.

Let 2 be a nilpotent element of the set L\ L2. For the nilpotent operator of right mul-
tiplication R, we define a decreasing sequence C(z) = (n1,na,...,nk), which consists of
the dimensions of Jordan blocks of the operator R,. In the set of such sequences we con-
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sider the lexicographic order, that is, C'(z) = (n1, na,...,nk) < C(y) = (m1,ma, ..., my)
if and only if there exists ¢ € N such that n; = m; for any j <7 and n; < m,.

Definition 2.8. The sequence C(L) = maz C(x) ¢, 2 is called characteristic sequence
of the algebra L.

Definition 2.9. A quasi-filiform non-Lie Leibniz algebra L is called algebra of type I, if
there exists an element x € L\ L? such that the operator R, has the form: (Ojn_Q (} ) .
2

Combining the results of the papers [4] and [6] we have the following theorem.

Theorem 2.10. Let L be a naturally graded quasi-filiform Leibniz algebra of type I. Then
it is isomorphic to the one of the following pairwise non-isomorphic algebras:

NFn—2EBC2; Fy}_1 EB(C;

lei, e1] = eiy1, 1<i<n-3, ‘

Le1] = e 1<i<n-3

L) i S ler,en1] = e + €2, Li:{%e“el] ]e“fl’ St=n -9,
€1,en—1] = €n.
[ei76n—1] = €i+1, 2<i<n-—3. 1,€En—1 n

leier] =€i41, 1 <i<n—3
len—1,e1] = en,

le1, en—1] = Xen, A€ {0,1}

[

€n—1, enfl] =€n

leie1] =e€ip1, 1<i<n—3
L,ll”\ 24 [en—1,€1] = en, Li’)‘ :
[e1,en—1] = Aen, A€ C

lei,e1] =eiy1, 1<i<n—3 [ei,e1] =eip1, 1<i<n—3
Li)\ : [enfla 61] =ey t+eg, Lfl)\ : [enfla 61] =ey + €2,
[61,6,1,1] =Xep, AE {_17(); 1} [enflaenfl] = Aep, A 7é 0

leie1] = e€ip1, 1 <i<n—3

[en—1,e1] = en + ez,

[e1,en—1] = Aen, (A, ) = (1,1) or (2,4)
[

€n—1, en—l] = HUE€n,

5,0 .
L) :

[e;,e1] =eip1, 1 <i<n-—3
[en—la 61] = €n,

LS : ¢ [e1,en1] = —en,
[en—l,en—ﬂ = €2,
[en—1,€n] = e€3.

Central extensions of Leibniz algebras. It is remarkable that any nilpotent Leibniz al-
gebra has non-trivial center. Let L be a Leibniz algebra over a field F and Z(L) be its
center.



466 J.K. Adashev et al. / Journal of Algebra 479 (2017) 461486

The central extension of a Leibniz algebra L by V is called a short exact sequence of
Leibniz algebras

0—V-5L %L o,

where I'me = KerA and V is the center of the algebra L.
Two central extensions

0—V-SL%L—0and 0—V-ST 2L 50

are called equivalent if there exists an isomorphism ¢ : L —» I’ such that poe=¢,
MNop=M\.
A bilinear map 0 : L x L — V satisfying an identity

9(177 [y’ Z]) = 9([1:734]7 Z) - 9([I’ Z]a y)v

for any elements x,y,z € L is called central 2-cocycle.

We denote by ZL?(L,V) the set of all central 2-cocycles from L to V. If for a linear
map p : L — V we have 0(z,y) = ¢([z,y]), then 0 is called 2-coboundary. We denote by
BL?(L,V) the set of all 2-coboundaries from L to V. The quotient space HL?(L,V) :=
ZL*(L,V)/BL*(L,V) is called the 2-nd group of cohomology.

For a given 2-cocycle 6 on L we construct the associated central extension Lg. By
definition it is a vector space Ly = L & V with equipped multiplication:

[z +u,y+v] = [,y +0(z,y), (1)
where [,]r is the bracket on L and x,y € L, u,v € V.
If 81 — 65 is a 2-coboundary, then #; and 6> define the same central extension. In this
case, #; and 0, are called cohomological.

3. Classification of k-dimensional central extensions of null-filiform Leibniz algebras

In this section, we focus on k-dimensional central extensions of null-filiform Leibniz
algebra. First, we compute a basis of HL?(NF,, V).

Proposition 3.1. Let L be the null-filiform Leibniz algebra and let V = < x1,29,...,xp >
be an abelian algebra. Then:

o A basis of ZL2(NF,,V) is formed by the following cocycles

b, (e;,e1) =zj, 1<i<n, 1<j<k
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o A basis of BL?(NF,,V) is formed by the following coboundaries
Oij(ei,er) =25, 1<i<n-—-1, 1<j<k
o A basis of HL?*(NF,,V) is formed by the following cocycles
Oi(en,e1) =5, 1<j<k
Proof. The proof follows directly from the definition of a cocycle. O

Theorem 3.2. A k-dimensional central extension of an n-dimensional complex null-
filiform Leibniz algebra is isomorphic to one of the following non-isomorphic algebras:

NFE,®C*, NF,,0C" "

Proof. Let {ej,es,...,e,} be a basis of NF,, and {z1,...,2;} be a basis of V. From
the definition of the product on central extension (1) we conclude that {ej,es,..., e,
Z1,%2,...,2k} forms a basis of the algebra L = NF,, & V.

Applying Proposition 3.1, we get that the table of multiplication of the central exten-
sion of NFj, has the following form:

leise1] = €1, 1<i<n—1,
k

[en,eﬂ = Z Q5.
i=1

If a; = 0 for all ¢ with 1 <1 < k, then we obtain the algebra NF,, ® C*k.
k

If there exists a; # 0 for some 4, then setting e, 11 = > a;x; we get the algebra
i=1
NFn+1 D CF1. o

4. Classification of k-dimensional central extensions of naturally graded non-Lie
filiform Leibniz algebras

In this section we present the classification of k-dimensional central extensions of
naturally graded non-Lie filiform Leibniz algebras. Let V = < x1,29,...,2 > be an
abelian algebra. First, we compute a basis of HL?(F!, V) with i = 1, 2.

Proposition 4.1.
e The following cocycles
b;(eier) =z, 1<i<n, Opp1j(er,e2) =5, Opqoj(er,e2) =1x;

form a basis of ZL*(F}, V) and ZL*(F2,V);
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e The following coboundaries
a) 01 j(er,e1) = x5, 01 j(ez,e1) =y, 0 j(eip1,e1) =25, 2<i<n—-2,1<j<k,
form a basis of BL*(FL, V),
b) 01, (e1,e1) = x4, 0; j(eiv1,e1) =z, 2<i<n-—-2,1<j <k, form a basis of
BIL2(F2,V);
o Basis of the spaces HL*(F}, V) and HL?*(F?2,V) are formed by the following cocycles

01,j(e2,e1) =z, b2 j(en,e1) =x;, 05 (e1,e2)=x;,

O1j(e2,e2) =5, 1<j<k
Proof. The proof is carried out by straightforward calculations. 0O

One-dimensional central extensions. In this subsection we study the classification of
one-dimensional central extensions of the algebras F} and F2.

Theorem 4.2. An arbitrary one-dimensional central extension of the complex algebra F}
is isomorphic to one of the following pairwise non-isomorphic algebras:

1 1 3, 4,1 5,1, 1
Fn@(C; Fn+1(0,...,07a4,a3), 3,04 € {O,l}; Ln+l’ Ln+17 Ln+1u7 Ln+1'

Proof. From Proposition 4.1 and the construction of central extensions, we derive that
the table of multiplication of one-dimensional extension of F! has the form:

le1, e1] = es, leier] = €41, 3<i<n—1,

lea,e1] = e3+aim, [en,e1] = aaw, [e1,e2] = azx, [e2, €] = aux.

We distinguish the following cases:

o If a; = 0 for any i with 1 <4 < 4, then we get the algebra F! & C.
o If there exists ¢ such that a; # 0, then we consider the cases.

Case 1. Let as # 0, then one can assume as = 1. Note that dimL* = n+1—1 for
2 < i < n+ 1. Consequently we have an (n + 1)-dimensional filiform Leibniz algebra.
Making the following change of basis e = e — a1e, and e;,,; = x, we derive a; = 0.
Hence, in this case we obtain the family of algebras F,%H(O, 0,...,0,a4,as3).

In the work [7], the authors show that instead of the general change of basis in the
family Fﬁ+1(a4, as, ..., 0541, 0) it is sufficient to consider the following change of basis:

¢} = Aey + Bea, ey = (A+ B)ea+ B(az — ag)en,
ey = A(A+ Bles + (ABas + B*ay)ent1, e = A"?(A+ Be;,
4<i<n+1, A+B#0.
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From [e], e5] = aje], and [e5, eh] = ajje; |, we obtain

AOtg =+ BOZ4

(A + B)Oz4
An-1 :

Anfl

/o I
a3 = y Oy =

Consider the following subcases.

a) ag=0. Then o) = 0 and a3 = 4735.
If a3 = 0, then aj = 0. Otherwise, putting A = »-/az we have that of = 1.
Therefore, we have F! ,(0,...,0,0,a3), where a3 € {0,1}.

b) a4 # 0. Putting B = %:‘4“4, we obtain oy = 1 and oy = %ﬁ‘fn_g.
If ag = oy, then of = 1, otherwise, putting A = "as — ag, we get af = 0.
Therefore, we obtain the algebras Fi;_(0,...,0,1,as), where ag € {0,1}.
Thus, we have F!,,(0,...,0, a4, as), where az, ay € {0,1}.

Case 2. Let as = 0. Taking the change of basis
el=e1, €f=¢iq1,2<i<n-—1, ¢, =ey, €, , =z,
we get the algebra

[ei, e1] = €it1, 1<i<n-2

[en,e1] = €2 + aieni1, [e1,en] = azeny1, [€n,en] = auenyir.

Note that this algebra is an (n + 1)-dimensional quasi-filiform Leibniz algebra.

e Case 2.1. a7 # 0.
If oy = 0, then we get the algebra which is isomorphic to Li’j_‘l.
If ag =0, ay # 0, then the obtained algebra is isomorphic to Li’i‘l.
If ag # 0, ag # 0, then the derived algebra is isomorphic to Li’i’l“ .
e Case 2.2. a; = 0. Take the change of basis

€] =e1+en, €5 =2es+ (3 + u)entr, € =2¢;, 3<i<n, €, =eni1.
Then we obtain the algebra

[ei, 1] = €ita, 1<i<n—-2,

len,e1] = e + (u — az)ent1, [er,en] =2(az + ou)entr, [en,en] =4age,q1.

We can consider ag = a4 # 0 because in other case we are «; # 0. Therefore, we
may assume that ag = ay # 0. Making the change of basis

/ . / /
e;=¢€;, 1<i<n—1,¢€,=e —ey,, e,,1=—4aze,q1,

we deduce the algebra L} ;.
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Note that in the case 1 the obtained algebras are filiform and in the case 2 are
quasi-filiform. 0O

The next theorem describes one-dimensional central extensions of the algebra F2.

Theorem 4.3. An arbitrary one-dimensional central extension of the algebra F? is iso-
morphic to one of the following pairwise non-isomorphic algebras:

F2@C; F2.; F2.0(0,...,0,0,1); F2,,(0,...,0,1,0); Lyt L2 L2,

Proof. From Proposition 4.1 and from the construction of the central extensions, we
derive that the table of multiplication of one-dimensional extension of F/? has the form:

le1,e1] = es, lei,e1] =e€ip1, 3<i<n-—1,

[627 61] =17, [e’na 61] = 2T, [617 62] = Q37, [627 62] = 4.

If o; = 0 for any i with 1 <7 < 4, then we get a split algebra F? @ C.
If a; # 0 for some 7, then we consider the possible cases.

Case 1. Let ay # 0 be. We can assume oy = 1. Since dimL! = n + 1 — i for 2 <
i <m+ 1, we have an (n + 1)-dimensional filiform Leibniz algebra. Making the change
ey = ez — e, and e, = x, we obtain oy = 0. So, in this case we get the family
F’r%—i—l(o’ 0, . ,O7 0537044).

Arguing similarly as in the proof of Theorem 4.2, we obtain the following pairwise
non-isomorphic algebras:

F2. ., F?.,(0,...,0,1,0), F?,,(0,...,0,0,1).
Case 2. Let ay = 0. Making the following change of basis:
el=e1, e, =¢€i41, 2<i<n—1, €, =€, €, =1,
we get the family of algebras

leise1] = eiy1, 1<i<n—-2,

len,e1] = aient1, [e1,en] = azent1, [en,en] = s€pnii.

Note that these algebras are (n + 1)-dimensional quasi-filiform Leibniz algebras of
type L.

e Case 2.1. Let ay # 0. We can assume oy = 1.

If @y = 0, then the obtained algebra is isomorphic to the algebra LA

n+1-°
If ay # 0, then the derived algebra is isomorphic to the algebra Li’-s)-\r
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e Case 2.2. Let oy = 0. Take the change of basis
el =e1+en, eh=cx+ (a3 +ag)enst, e, =¢€;, 3<i<n+1.
Then we obtain the following family of algebras:

[es, e1] = eiy1, 1<i<n-—2,

lense1] = agenyr, [er,en] = (a3 + au)enyr, [en,en] = auenyr.

It is easy to see that if ay # 0, then we are in conditions of the case oy # 0. Therefore,
we assume that oy = 0 and a3 # 0. Then making the change of basis €], | = aze,y1,
we get L2 ;. O

Two-dimensional central extensions. This subsection is devoted to the study of classifi-
cation of two-dimensional non-split central extensions of the algebras F! and F2.

First, we consider two-dimensional central extensions of the algebra F!. From Propo-
sition 4.1 and from the definition of central extensions, we conclude that the table of
multiplication of two-dimensional central extension of F! has the form:

[e1, e1] = es, [e2, e1] = €3 + anx1 + Sz,
[€i761]:€i+1, 3§’L§7’L*1,

[en, e1] = o1 + oz, [e1,e2] = azwy + [3x2, [e2, 2] = aury + Bawa.
Let us take the following change of basis
/ / / . /
€] =e1, €y =¢€3, €, =¢€i41, 2<i1<n—1, e, =e€2, epy1 = T1, €pt2 = Ta.
Then we obtain:

[ei,e1] = eiy1, 1<:<n—-2,
[ena 61] =ex+ a1€n41 + ﬁlen—l-Zv
en—1,€1] = a2ent1 + Poenyo,

[
le1, en] = azent1 + Baenya,
[

€n,€n] = Queni1 + Paenio.

Theorem 4.4. An arbitrary two-dimensional non-split central extension of the algebra F}
is isomorphic to one of the following pairwise non-isomorphic algebras:

® L(]-a 0; 070)) L(]-a 1707 0); L(Oa 1,07 0)7 L(Oa 17 ]-a O): L(Loa Oa ﬂ4); ﬁ4 74‘ 07 L(Oa ]-a 717 0)7
L(0,1,1,1), L(0,1,2,4), where
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lei, e1] = eira, 1<i<n-—1,
[ent1,€1] = ea + enyo,
L(as, oy, B3, B4)
le1, ent1] = azen + Baenta,
[€nt1;€nt1] = quen + Baenyo,
M(l,ﬁél); 54 7é ]-: M(0?0)7 M(Ov ]‘)) M(Ov 2)7 M(2a 1)’ M(27 2)) M(]-v 1)7 where

lei, e1] = €it1, 1<i<n—-2
len, e1] = €2 + enq1,
M(ay, By)
[el7en] = e’I’L+27
[

€ny€n] = Queni1 + Paenio,

o« Ll ., Liiw Liiz’ LS+2 and the algebra

le;
le1
[es, 6n+1]—61+17 2<i<n-—1,
[

Proof. We distinguish the following cases:

Case 1. Let (ag,32) # (0,0). Without loss of generality, one can assume as # 0 and
[en—1,€1] = ent1. Making the change e, = e, — aye,—_1, we obtain a; = 0. Setting
€, = €ntl, €, = €n, We have:

[ei, 1] = €ita, 1<i<n—1,
[ent1,e1] = ea + Bienya,

[6 en—&-ﬂ = agey + ﬂ3en+2a

[

€nt1;Entl] = Quen + Baenyo.

Case 1.1. Let §; =0 for 1 < ¢ < 4. Then we get a split central extension.

Case 1.2. Let ; # 0. Putting e}, , 5 = S1en42, We can assume that 51 = 1.

Since dimL? = n and dimL’ = n+1—i for 3 < i < n, we have an (n+ 2)-dimensional
quasi-filiform Leibniz algebra with characteristic sequence equal to C(L) = (n, 2).

Let us take the general change of basis:

n+2 n+2

2 : / 2 :
= Aiei7 €n+1 = Biei.
i=1 i=1

Then we express the new basic elements {e},e5,..., €], ,} via the basic elements
{e1,€e2,...,ent2}. Then for e} we have
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n—2
eh = ler,e1] = Ai(A1 + Appa)ea + ALY Aieia +
=2

+ (A1dn1 + A1 An a3 + Ai+10¢4)€n + (A1 An1 + A1 An 1 B3 + A,2H_154)6n+2-
Further, we obtain the expressions for e} with 3 <t < n, namely:
n—t+1

6; = Atl_l(Al + An+1)€t + Atl_l Z Aiei—i-t—l, 3<t<n—1,

=2

€{n = A;L_l(Al —+ An+1)6n~

Therefore, A;(A; + Apy1) # 0.
From the equations [e/,_,, e/, ;] = A7 "%(A; + An41)Bie, = 0 we derive By = 0.
Since €], 5 = [e],,1,€}] — €5, we deduce

n—2

€/n+2 = (A1Bpt1 — Ai(A1 + Apti))es + Ay Z(Bz — Aj)eip1 +
i=2

+[(A1By—1 + Aps1Bryiag) — (A1 A1 + A1 Ap a3 + Ai+1a4)]en +
+ [(A1Bpg1 + Ap1Brs1Ba) — (AtApir + A1 Api1 B3 + A1 Ba)lenso.

Take into account that in new basis [e], , 5, €]] = 0, we derive the restrictions:
Byt :A1+An+17 B;=A4;, 2<i<n-—2.
Considering the products
€1, eng1] = aber + Bien o, [€h41,€npa] = alyer, + Bier o,
we derive the expressions for the new parameters:

) Az 4+ A1Anyiou + Any1Brgi(asBs — aufz) + A1(An—1 — Bno1)Bs + Apy1(An—1 — Bn1)Ba

o )

’ AT (AL + Ans1Ba — AntaBs) "
1

o, = Brrr(Aiaa + Ania(asBs — aafs) + (An—1 = Bn-1)b1) @)
‘ APTHAL + Apy1Ba — Ang18s) '

B = (A1B3 + Apt1B4)Bn+1 .
7 A1(A1L + Ang1Bs — AngaB3)]

BaB}
8y = Lont : @)
A1(A1 + Ant1Ba — Ant1B3)

with condition

A(Ar+ An) (AL + Ap1 Ba — Apga B3) # 0.
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Consider now the possible cases.
Case 1.2.1. Let 84 = 0. Then ) = 0 and we obtain that S5 is nullity invariant, that
is, 85 = 0 if and only if B3 = 0. Thus, we can distinguish two cases.

a) Let B3 = 0.
a.l) ay =0. Then af = %, ay =0.
If ag = 0, then af = 0. Otherwise, putting A; = »-Yas. Hence, we obtain
a = 1. In this subcase we get the algebras Li’RQ and L(1,0,0,0).
a.2) ayg # 0. Then of = %, o) = (‘%':?1775{1)%. Note that the nullity of
the following expression aé —ay = aj?_%“ is inlvariant.

—1
A? 7A10¢4
Qg

If ag — g = 0, then putting A, 11 =
algebra L(1,1,0,0).
If a3 — aq # 0, then choosing A, 11 = 7%4“3 and A; = "¥ay — asz, we obtain
a5 = 0, oy = 1. Therefore, we get the algebra L(0,1,0,0).

b) Let B3 # 0. Then putting

, we have o4 = oy = 1 and the

Alag + A1Ani10u — Ant1Briioufs
A1f3

An—l - Bn—l = -

we obtain

(A1 + Apg1)ay (A1 + Api1)Bs

as =0, o= , By = .
3 4 APt 5T A — ApBs
From the last expression we deduce that
A +1
ﬂé + 1= 1(/83 )
A — Ant1Bs

is nullity invariant.
We distinguish the following subcases:

b.1) B3 # —1. Putting A, 1 = %, we obtain 85 =1, o) = %7,1324.
1 3

If &y = 0, then oy = 0 and we have the algebra szi?
If ay # 0, then choosing A; = "7/ %, we obtain oy = 1 and the algebra

L(0,1,1,0).
b.2) B3 = —1. It implies 5 = —1, o) = —(Al';?’iﬁl)““.
If ay = 0, then oy = 0 and the algebra LfLJ:Ql is obtained.
If ay # 0, then setting A,4+1 = %ﬁla“, we get ) = 1 and the algebra
L(0,1,-1,0).

Case 1.2.2. Let 84 # 0. We have either (83, 84) = (0,84) with 84 # 0 or (83,84) =
(1,1) or (B3, B4) = (2,4), as it had in the case of naturally graded quasi-filiform Leibniz
algebras (see the proof of Theorem 9 in [6]).
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a) Let (83, 84) = (0, B4) with B4 # 0. Then from the expressions (1)—(4) we get

/ a3 , Aras+ (A1 — Byuo1)ps
Ny = ———, Oy = s ATL =0.
3 A?*1 4 A?fl 1
Taking A,,_1 — Bn_1 = —Aéj‘“, we obtain o = 0.

If ag = 0, then we have a5 = 0 and we obtain the algebra Li’iz with A # 0.
If az # 0, choosing A; = ~-Yag, we have oy = 1 and the algebra L(1,0,0, 84),

B # 0.
b) Let (B3, 84) = (1,1). Then expressions (1)—(4) imply

Arag + Ap—1 — Bpa Ajoy + (An—1 — Bn-1)

/ /
Q3 = -1 y Oy = - , Apg1=0.
AT AT
Setting A,—1 — Bp—1 = —Aj1a3, we deduce oy = 0 and o) = QXTT_C?.
1
Note that the following expression
Qg — Oy

/ /
Q3 ay A?_Q
is nullity invariant.
If @z — ay = 0, then we obtain oj = 0 and the algebra Li}r;
If a3 — ay # 0, then choosing A1 = "¥ay — az, we have of = 1 and the algebra
L(0,1,1,1).
¢) Let (Bs,04) = (2,4). Then we have:

;o Araz +2(An—1 — Bp_1)

A1014 + 4(An—1 — Bn—l)
043 A,,l,b_l

/
, Oy = ] ) An+1 = 0.
Al

[e 7} —2063

Putting A,,_1 — Bn_1 = — 2122 we derive af =0and o) = YTt
1

2
It is easy to check that the following expression:

20&3 — Qg
20/ —a, = 3 M
An72
1

is nullity invariant.

If ag — 24 = 0, then we have oy = 0 and the algebra Lif_;

If a3 — 2y # 0, then choosing Ay = "/ay — 2ag, we obtain oy = 1 and the algebra
L(0,1,2,4).

Case 1.3. Let 81 = 0. Let us make the following change of basis:

el =e1 + (ag —az)en_1 + ent1, €y =2es + 2a4e, + (B3 + Ba)ento,

e =2e;, 3<i<n+1, €, 5=ento.
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Then the table of multiplication of the algebra has the form:

lei, e1] = eit1, 1<i<n—-1,
leny1,e1] = ea+ (Bs — B3)enta,  [e1,ent1] = (a3 + as)e, +2(83 + Pa)enqa,
[ent1,nt1] = 204€, + 4Psep 0.

We have 83 = 84 # 0. Indeed, if 83 # (4, then we are in the case of 51 # 0.

Putting €], , 5 = (a3 +u4)e, +4P3en12 We obtain an (n + 2)-dimensional quasi-filiform
Leibniz algebra with C(L) = (n,1,1):

eise1] = €it1, 1<i<n-—1,
[€n+1, 61] = €2,
e1, env1] = enqa,
[€n41sEnt1] = Quen + €nia.
Taking the general change of generator basis elements and applying similar arguments
as in Case 1.2 we derive the expression for the new parameter:

Qg
n—2"
Al

aly =
Since a4 is nullity invariant, we can easily get that a4 is equal either to 0 or to 1.

Therefore, we have the algebras:

€i,e1] = €it1, 1<i<n-—1, €i,e1] = €it1, 1<i<n—1,

The following change of basis:
=6, 1<i<n, €, 1 =e1—ent1, €, 0= —€nt2
leads to the algebras L} ,, and L*.

Case 2. Let (ag, 82) = (0,0) and (a1, 1) # (0,0). Without loss of generality, we might
assume that oy # 0. Therefore, taking e}, | = ez + a1enq1 + Sreni2, We get [e,, 1] =
€2+ €enti1-

Thus, we have the table of multiplications:

62',61}:62'4_17 1§Z§Tl*2

[

[en,e1] = €2 + ent1,

le1,en] = aseni1 + P3enyo,
[

€ny€n] = Q4€ni1 + Paenyo.
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Note that dimL? =n, dimL* =n+1—1i, 3 <i<n.
Case 2.1. Let 33 # 0. Putting e}, , , = aze,1+ B3€n42, We can assume ag = 0, f3 = 1.
Then we have the family of algebras:

ei,e1] = €it1, 1<i<n—-2,

[
M (o, Ba) : {
[

Similar to Case 1.2 we get the expressions for the new parameters

o — B%Ox4
YA L AVALBL+ Al Apas + A2ay]
3, = B (A1Ba+ Apou)

47 A% —+ AlAnBAL =+ AlAna4 + A%Cm’
with the restriction
Ai(AL+ Ay (AT + A1 A By + A1 Apay + Al ay) # 0.

Consider the following:

o Let ay = 0. Then oy =0 and 8) = %.

If 54 = 0, then we obtain the algebra M (0,0).
If B4 # 0, then we have g = A1+40)8  Note that the expression Bi—1= A1(fa—1)

A1+ApBs A1+AnBa
implies nullity invariant. Therefore the assumption 84 = 1 deduces the algebra
M(0,1) and in opposite assumption (that is, 84 # 1), choosing 4, = %ﬁﬁ),

we obtain 8} = 2 and the algebra M (0, 2).
o Let ay # 0. The following expressions:

A(Ar + Ay)(as — Ba)
A% + AlAn64 + AlAna4 + A%Oé4 ’

_ A3(Bs—1)
o A% + AlAnB4 + AlAnOt4 + A%O@

ay—fy =

Bi—1

give us nullity invariants.
a) ag— P4 #0and B4 # 1. Putting 4,, = w, we obtain the algebra M (1, 34),

ag—PB4
where 84 # 1.
b) ay — B4 # 0 and Sy = 1. Setting A4,, = %, we have oy = 2 and the algebra
M(2,1).

¢) ag — P4 =0 and B4 # 1. Choosing A,, = Al(_aﬁavfa‘zl_m“), we get oy = 2 and
the algebra M(2,2).
d) oy — B4 =0 and 4, = 1. Then we obtain oy = 8} = 1 and the algebra M(1,1).
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Case 2.2. Let f3 = 0 and 4 # 0. Let us take the change of basis as follows:
el = Arer + Ayen, e, = (A1 + Ap)e,, with A;(A; + A,) # 0.

Similar to Case 1.2 we get e, ., = [e),,e}] — e} = (A} + A1 Ao — A1 Apas)eniq +
A1 A Lsent2. On the other hand, we have [e],el] = (A1 + A,)(Aras + Anaq)enir +
(Al + An)Anﬁ4en+2-

Consider the determinant:

A3+ A1 Aoy — A1 Ao A1 A, By
(A1 4+ Ay)(Aras + Apay) (AL + An)AnBa
= A1 A (AL + Ay)Ba(Ar — Apas — Aras) # 0.

Therefore, we conclude that e, ; and [e], e],] are lineally independent. Therefore, we
are in the conditions of Case 2.1.
Case 2.3. Let (a1, 81) = (0,0). Taking the following change of basis:

€l =e1+en, b =2es+ (a3 + ay)eni1 + (Bs + Bi1)enio,

/ . / /
ei = 26i7 3 S 1 S n, en+1 = en-‘rl) en+2 = en+27
we obtain the family of algebras:

e, e1] = e, 1<i<n-2,
ense1] = ez + (4 — az)eni1 + (Ba — Bs)ensa,

e1,en] = 2(az + ag)ent1 +2(83 + Ba)enta,

€n,€n] = dageni1 + 48s€n12.

[
[
[
[

Since (a1,61) = (0,0), we can assume that (as,83) = (a4, 84). Making the change
eni1 = 4azen 1 + 483€,42, we obtain a split algebra. O

Now, we study the two-dimensional non-split central extensions of the algebra F?2.
From Proposition 4.1 and definition of central extension, we conclude that the table of
multiplication of two-dimensional central extension of the algebra F? has the following
form:

le1, e1] = es, [e2, e1] = anzq + frze,
lei, e1] = eiy1, 3<i<n—1,

len, €1] = aox1 + Poza, [e1, €] = azw1 + B3, [ea, e2] = ayxy + Paxo.

It we take the change of basis

/ / / . / ! /
ey =e1, eg =¢€3, ¢, =¢€;41, 2<1<n—1, €, = ez, €,,1 =T1, €,,5 = T2,
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then its multiplication has the following form:

62761}_62'-‘1-17 1§Z§n_2?

en,e1] = arent1 + Brenya,

€1,en] = azeny1 + f3enyo,

€ny€n] = Q4€ny1 + Paenyo.

[
[
[en—1,e1] = azeny1 + Baenya,
[
[

Theorem 4.5. An arbitrary two-dimensional non-split central extension of the algebra F2
is isomorphic to one of the following pairwise non-isomorphic algebras:

d N(170a070)7 N(O7a476350)7 a4 € {071}7 63 7& 07 N(1707071>7 N(0,1707O>7
N(0,1,1,1), where

lei,e1] = €iy1, 1<i<n—-1,
[ent1,€1] = €no
N(a37a47537ﬁ4) : " ’ " ’
[e1, ent1] = azen + Bzenya,
[

€n+1, €n+1] = ayep + 646n+27

+ R(0,0,1,0), R(0,0,1,1), R(0,1,1,84), B4 € C, R(1,0,0,1) where

e e1] = eit1, 1<i<n-2,
[ens e1] = eny1
R(O{g,a47ﬁ3,64) . " e
le1,en] = azenq1 + B3enyo,
[

€n,en] = asent1 + Baenya,

. L,lliz, Li’i‘% LELJFQ and the algebra

lei,e1] = €1, 1<i<n—1,
N*: ¢ [e1,ent1] = €nyo,

[en+1a en—i—l] = €n.

Proof. The proof is similar to the proof of Theorem 4.4. O

Three-dimensional central extensions. In this subsection we study three-dimensional
non-split central extensions of the algebras F,} and F?.

From Proposition 4.1 and definition of central extension, we conclude that the ta-
ble of multiplication of three-dimensional central extension of the algebra F! has the
form:



480 J.K. Adashev et al. / Journal of Algebra 479 (2017) 461486

61,61] = €3,

e, e1] = es + a1 + frr2 + 123,

6i,€1]:6i+1, 3§i§n—1,
en,e1] = a1 + Paxa + Vo3,

e1, e2] = azwy + P32 + Y373,

ez, 2] = aury + Paza + Yaxs.

Making the change of basis
ep=e1, e=ei41, 2<i<n—1, €, =ey, €,;=z;, 1 <j<3,
we obtain

ei,e1] = €it1, 1<i<n-—2,

en,e1] = ea + arent1 + Biento + Y1€nt3,

€1,€n] = azeni1 + f3€nto + V3€n43,

[
[
[en—1,e1] = azeni1 + Paenia + Y2€nys,
[
[

€ny€n] = Qaeny1 + Baenyo + Yalnis.

Theorem 4.6. An arbitrary three-dimensional non-split central extension of the algebra
F! is isomorphic to one of the following pairwise non-isomorphic algebras:

P<1a070)7 P(0a051)7 P(170a1)7 P(07072)7 P(170a2)7 P(071a74)7 Y4 7é 1;
P(0,2,1), P(0,2,2), P(0,1,1), where

e, e1] = e, 1<i<n-1,

P(ay, Ba,va)

lei, e1] = eiy1, 1<i<n—-2,
len, e1] = e2 + enq1,

[elaen] = €n42,
[

€n, en} = €n+43-
Proof. Consider the following cases:

Case 1. (ag, 82,72) # (0,0,0). Without loss of generality, one can assume that as # 0
and [e,—1,€1] = ent1. Taking e, = e, — a1e,_1, we get a3 = 0.
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Making the following change of basis:
6; = €4, 1 S Z S n— 1) e;q, = en+17 e;l+1 = €n, e;l+2 = en+27 efln,+3 = en+37
we transform the table of multiplication to the form:

[ei, e1] = eita, 1<i<n-—1,
[ent1,e1] = ez + Brenta + Vi€nys,
le1, ent1] = azen + Baenta + V3€nt3,
[ent1,€nt1] = auen + Baeni2 + Yaenis.
If B; = 0 or v; = 0 for any i, then we obtain a split Leibniz algebra. Therefore, we
consider the case of 8; # 0 and v; # 0 for some ¢ and j.

Case 1.1. (81,71) # (0,0). Without loss of generality, one can assume that §; # 0 and
[€n+1,€1] = €2 + en42. Hence, we have the following algebra:

lei, e1] = €it1, 1<i<n-—1,
[enJrlv 61] =ex+ €n+2,

[e1, ent1] = aze, + PB3enta + Y3€n43,

[

€nt1s€nt1] = ey + Banyo + Yaens,
with (v3,74) # (0,0).

e 73 # 0. Then we may assume [e1, e,11] = en43 (by replacing e;, 5 = aze, +f3en2+
~Y3€n+3). Thus, we have the family of algebras:

ei,e1] = eiy1, 1<i<n—1,

[
[en+1,€1] = ea + enta,
le1, ent1] = enys,

[

€nt1;€nt1] = Qu€pn + Banio + Yaenis.

Taking the general base change and applying similar arguments as in Case 1.2 of
Theorem 4.4 we obtain the expressions for the new parameters:

o = Art Ann)(Aras + (An-1 = Bu-1)Bs)
CATTR (A2 4+ Ay A Ba + A Ana + A2\ By)
r_ (A1 + Ayy1)?Ba

By =

A3+ A1 A1 B+ AAp s+ A2 L By

= (A1 + Ani1)(A1ya + Ani1a)
YA Al A1 Ba + ArAnva + Az By
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with restriction

A (A1 + Ap) (AT + At A1 Ba+ AtAnp1ya + A2 Ba) # 0

Consider all possible cases.
a) B4 =0. Then g} = 0.
a.1) 774 =0. Then o = %7”“)‘“
AT’_1*A1C¥4
oy

If oy = 0, then oy = 0, otherwise, putting A, 1 =
and the algebras P(0,0,0), P(1,0,0).
a.2) 4 # 0. It is remarkable that the following expression vj — 1 =

,weget oy =1,

A1 (ya—1)
Ar+Ani174
deduces nullity invariant.

If v4 =1, then o)) = s, vy =1
1
If ay = 0, then we have the algebra P(0,0,1) and when a4 # 0, putting

Ay = "oy, we get the algebra P(1,0,1).

If 44 # 1, then choosing A, = Lﬁ_m

20(4
An72

, we deduce v, = 2 and o) =
. In the case of ay = 0, we have the algebra P(0,0,2). In the opposite

fn22044

case (that is ay # 0) choosing A
P(1,0,2).
b) B4 # 0. Putting A,,_1 — Bp—1 = Aé‘“ we deduce oy = 0. The equalities

, we have oy = 1 and the algebra

A(Ar + Apy1)(Ba — 74)
T+ A Api1Bs+ At Anpiva + A2 By
_ Af(na—1)
A+ A1 A1 e+ AAniiva + A2 1 By

add two more nullity invariants.
Consider the following subcases:

b.1) B4 —~va # 0 and 4 # 1. Choosing A, 11 = %, we get By =1, 74 =

2 52
% and the algebra P(0,1,~,), where v4 # 1.

b.2) B4 —v4 # 0 and 4 = 1. Setting A, 11 = (/34;3% we derive oy =2, vy =1
and the algebra P(0,2,1).
b.3) B4—~v4 =0and 4 # 1. Putting A,,11 = Al(_’gﬁéfﬁ‘%_%“), we obtain ) = 2
and the algebra P(0,2,2).
b.4) B4 —~v4=0and v4 = 1. Then we get 8; = v = 1 and the algebra P(0,1,1).
e v3 = 0. It implies 74 # 0. Thus, we have the following family of algebras:

leis e1] = eit1, 1<i<n-—1,
[en+t1,e1] = €2 + enyo,

[e1, ent1] = aze, + P3enya,

[

€nt1s€nt1] = Quepn + Pa€nyo + Yaenis.



J.K. Adashev et al. / Journal of Algebra 479 (2017) 461486 483

Let us take the general change of generator basis elements:

el = Arer + Anyieny1, €41 = (A1 + Angr)enyr, with Aj(Ay + Aypgq) #0.
Similar to above we derive:
ey = [elp 6’1] = A1(A1 + Anqr)es + (A1 An1a3 + Ai+1a4)€n +
+ (A1Anq1 + A1 A1 Bs + A2 L1 Br)enta + AL L Vaenys
and
ep =AY A + Apr)er, 3<t<n.
Since €], 5 = [e],,1,€}] — €5, then
enio = (A1Anj10s — AjApiros)en + (AT + A1 Api1Bs — A1 Ani1Bs)enta +
+ A1 Apy1v4€n4 3
We have
€1, enga] = (A1 + Any1)(Aras + Approa)en +
+ (A1 + Any1)(A1Bs + Ansi1Ba)enta + (A1 + Ang1) Ang174€n 3.
Consider

A3+ A1 A1 Ba — A1 A Bs A1 Ani1vs
(A1 + A1) (A1Bs + Ap1Bs) (A1 + Ang1)Ansia
= A1 A1 (A + Ang1)va(Ar — A1 B3 — A1B3) # 0.

Therefore, we conclude that e;, ,, and [e], €], ] are lineally independent, which sat-
isfy the conditions of the case 3 # 0.

Case 1.2. (f1,71) = (0,0). Note that S374 — B4y3 # 0, because otherwise the algebra
is split.
Let us make the following change of basis:

el =e1+ (g —az)en_1+eni1, € =2es+ 2a4e, + (83 + Ba)eniz + (V3 + Y4)enia,

/ . / !
e;=2¢e;, 3<1<n+1, €,,9=e€nt2, €,13= €ny3.
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Then we obtain the following family of algebras:

lei,e1] = eiy1, 1<i<n—1,
lent1,e1] = e2 + (Ba — B3)enta + (Y4 — ¥3)enss,

le1, ent1] = (a3 + ag)en + 2(B3 + Ba)enta + 2(73 + Ya)enys,

[

€nt1;€nt1] = 20uen + 4fs€nt2 + 4ys€n43.

The assumption (f1,71) = (0,0) implies 83 = B4 # 0 and 3 = 74 # 0. But this is a
contradiction with the restriction B37v4 — B4y3 # 0.

ar Bf1om
Case 2. (ag,82,72) = (0,0,0) and det | az B3 ~3 | # 0. Without loss of generality
as Bi M

we can assume that o834 # 0, from which we have the algebra P*. O
Now, we present three-dimensional central extensions of the algebra F2.

Theorem 4.7. Three-dimensional non-split central extension of the algebra F2 is isomor-
phic to one of the following pairwise non-isomorphic algebras:

M Q(070707170); Q(1a070a170)7 Q(O707071a1>7 Q(1a0707171>7 Q(O7Oa171a74)7 Y4 S (C;
Q(0,1,0,0,1), where
€i,€e1] = €it1, 1<i<n-1,

[
Q(Oé47 /83, 64, Y3, 74) . Tn—&-la 61] = €en42,
[

Proof. The proof is carried out similar to the proof of Theorem 4.6. O

Four-dimensional central extensions. This subsection is devoted to the classification of
four-dimensional non-split central extensions of the algebras F} and F?2.

Analogously, the table of multiplication of three-dimensional central extension of the
algebra F! has the form:
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le1,e1] = e,

[ei, e1] = eita, 3<i<n-—1,
[e2, 1] = e3 + a1m1 + f1o2 + 1173 + d174,

[en, 1] = aaw1 + Paxa + Yox3 + d24,

le1, e2] = azmy + Baza + Y373 + 0374,

[e2, e2] = auxy + Baza + Yaxs + 0s24.

Making the change of basis
/ / 3
e =ep, €, =641, 2<1<n—1,
!l ! _ /! . /! . / .
€n = €2, €py1 = L1, Cpyo = T2, €py3 = T3, Cppg = T4,
we deduce
ei,e1] = e, 1<i<n-2,

en,e1] = ez + arent1 + Brento + Y1€nt3 + 016044,

e1,en] = azeny1 + f3eny2 + Y3€n43 + 03€n14,

[
[
[en—1,e1] = azent1 + Boeni2 + Y2€nis + 26014,
[
[

€n, 6’”] = Qy4eny1 + ﬂ4en+2 + va€ni3 + 54€n+4

Theorem 4.8. Four-dimensional non-split central extension of the algebra F} is isomor-
phic to the following algebra:

ei,el]:eiﬂ, 1§z§n—2,
enflvel] = en+27
en,e1] = ez + eny1,

€1, en] = €n+3,

€n, en] = €n+44-

a; Biom 4
az B2 y2 02
as Pz 3 O3
oy Pa 2 O

Without loss of generality, one can assume «; 327304 7 0. Thus, we obtain the algebra
of the theorem. O

Proof. Note that det # 0. Otherwise we get a split Leibniz algebra.

Similar to the case of F}, we obtain the following result:

Theorem 4.9. Four-dimensional non-split central extension of the algebra F? is isomor-
phic to the following algebra:
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Finally, we present the description of k-dimensional (k > 5) central extensions of
naturally graded filiform non-Lie Leibniz algebras. In fact, all of them are split.

Theorem 4.10. A k-dimensional (k > 5) central extension of the algebras F} and F? is
a split algebra.
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