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quantum enveloping algebra of queer Lie superalgebras q,,. Moreover, the Grothendieck
group of the tower of Hecke-Clifford algebras is isomorphic to the subalgebra of sym-
metric functions spanned by Schur’s Q-functions, parallel to the classical case of Sergeev
algebras (¢ = 1) [10, §3.3], [28]. For the root of unity case, Brundan and Kleshchev in
[7] considered the (affine) Hecke—Clifford algebra and related its representation category
with the positive part of the universal enveloping algebra of the affine Kac—-Moody al-
gebra g = Ag). Recently, Mori in [22] extends the method of cellular algebras to the
superalgebra setting, in order to uniformly study the cellular representation theory of
Hecke—Clifford algebras only requiring the invertibility of g. In a word, the representation
theory of (affine) Hecke—Clifford algebras has been widely studied; see also [16,31,32],
etc.

There is still a degenerate case where ¢ = 0, and it also has nice combinatorial as-
pect. The 0-Hecke—Clifford algebra HCI,,(0) was first considered by Bergeron, Hivert and
Thibon in [3], where they mainly constructed the simple supermodules of HCI,(0), and
proved the Frobenius isomorphism between the Grothendieck group of the category of
finitely generated supermodules of 0-Hecke—Clifford algebras and the Stembridge alge-
bra of peak quasisymmetric functions. Since the cellular approach fails in the degenerate
case, one needs different techniques to handle its representation theory. In this paper,
we dually discuss the category of finitely generated projective supermodules. Note that
the graded Hopf dual of the algebra of peak quasisymmetric functions is the peak al-
gebra of symmetric groups [27]. Here we confirm the graded Hopf pairing between the
Grothendieck groups of the above two supermodule categories and explicitly relate the
projective ones to the peak algebra. In fact, there have already been many nice papers
considering towers of algebras together with their corresponding Grothendieck groups,
which provide a bunch of (combinatorial) Hopf algebras; see [7,9,12,19,26], etc.

Recently, Berg, Bergeron, Saliola, Serrano and Zabrocki in [1] construct a noncom-
mutative lift of Schur functions, called the immaculate basis, and then in [2] find the
corresponding objects of its dual basis in the category of finitely generated modules
of 0-Hecke algebras under the Frobenius isomorphism defined in [19]. Inspired by their
work, we construct a lift of Schur’s Q-functions to the peak algebra and thus extract
a new basis from it in [17]. Dually we define a new basis, called the quasisymmetric
Schur Q-functions, in the Stembridge algebra, whose expansion in the peak functions
is expected to be positive based on concrete examples [17, Conjecture 4.15]. It implies
the possibility for a representation theoretic meaning of such basis on the category of
supermodules of 0-Hecke—Clifford algebras. For this purpose, we want to further study
the representation theory of 0-Hecke—Clifford algebras.

As an application, we also use the corresponding Heisenberg double and its Fock
representation from the tower of 0-Hecke-Clifford algebras to prove that the ring of
peak quasisymmetric functions is free over its subring of symmetric functions spanned
by Schur’s Q-functions. Such method was proposed by Savage and Yacobi in [26] to give
a new proof for the freeness of the ring of quasisymmetric functions over its subring of
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symmetric functions. For further discussion of twisted Heisenberg doubles, one can refer
to [24,25].

The organization of this paper is as follows. In §2 we provide some notation, definitions
for all combinatorial Hopf algebras discussed here. Some preliminaries on superalgebras
and the terminology of towers of superalgebras are recalled. In §3 we focus on the rep-
resentation theory of 0-Hecke—Clifford algebras. Their projective supermodules induced
from those of 0-Hecke algebras are mainly considered. Finally we clarify a dual pair of
graded Hopf algebra structures on two Grothendieck groups of finitely generated su-
permodules and projective supermodules of 0-Hecke—Clifford algebras, whose Frobenius
superalgebra structures are also figured out. In §4 we further give the concrete relation
between the Grothendieck groups defined in the previous section and the peak algebra
of symmetric groups together with its dual, extending the results in [3]. In particular
for those induced projective supermodules, two restriction rules and the indecomposable
decomposition formula are given. Lastly, the freeness of the ring of peak quasisymmet-
ric functions over its subring of symmetric functions spanned by Schur’s Q-functions is
proved.

2. Preliminaries
2.1. Notation and definitions

Throughout this paper, we work over an algebraically closed field K of characteristic
0 for simplicity. Denote by N (resp. Ng) the set of positive (resp. nonnegative) integers.
Given any m,n € N, let [m,n] := {m,m+1,...,n} if m < n and 0 otherwise. Also [n] :=
[1,7] for short. Let 2[" be the set of subsets of [n] and €(n) be the set of compositions
of n, consisting of ordered tuples of positive integers summing up to n. We denote o F n

when a € C(n). Let €:= |J €(n). Given a = (a1, ...,a,) En, let £(a) = r be its length
n>1
and define its associated descent set as

D(a) :={a1,01 +ag,...,a1 + -+ a1} C [n—1].
Given a permutation w = wy - --w, € &,,, we also define its associated descent set as
D(w):={ien—1]:w; >wi+1}

and descent composition c(w) E n such that D(c(w)) = D(w). Note that C(n) — 21,
a +— D(a) is a bijection. The refining order < on C(n) is defined by

a < B if and only if D(8) C D(«), Vo, 8 E n.

In general, for « € N, let £(a) = |{i : a; > 0}|. Given « F n, the corresponding descent
class of the symmetric group &,, is defined by
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Dy :={we 6, : D(w) = D(a)}. (2.1)
For a = (a1, ..., q,) F n, define its three counterparts:

(1) the reverse of a, @ := (ay,...,a1), such that D(a) ={ie[n—1]:n—i € D(a)}.
(2) the complement of o, a° E n such that D(a) = [n — 1]\D(«).
(3) the conjugation of a, o := ac.

We also recall the concept of peaks. A subset P C [n] is called a peak set in [n] if
C2,n—1land i€ P =i—1¢ P. Denote by P, the collection of peak sets in [n],

)

P:= U Pn, and (,, the empty set § in P,,. Given a = (ay, ..., ) En, let
n>1

Pla):={x€2,n—1]:2—1¢ D(a), x € D(a)}
be its associated peak set in [n], while its associated valley set V(a) C [n] is defined by
V(ie)Nn[2,n]={x€[2,n] :2—1€ D(a), z ¢ D(a)}

and 1 € V(o) & 1 ¢ D(a). Note that |V(a)] = |P(a)| + 1. Given a permutation
w=wi - w, € 6S,, its peak set

P(w) = {Z S [2,71 — 1] Wi < wy > wH_l} = P(c(w))

Define the algebra of noncommutative symmetric functions as the free associative
K-algebra generated by the symbols H, (n € N) and denote it by NSym [13]. Define
another set of generators E,, (n € N) in NSym by

n

S (-1 EiH,_; = b0,

=0

where Hy = Ey = 1 for convenience. The algebra NSym = @, NSym,, is a Z-graded
algebra under the gradation given by deg(H,) = n, where NSym,, is the subspace of
homogeneous elements of degree n. Let

Ha ::Hal"'HCXr’EQ ::Eal"‘Earv O[:(Oél,...,OéT)’:’I’L.

If we change the base ring from K to Z, then both {Hy}oen and {Eq}arn are Z-bases
of NSym

respectively. There exists another important Z-basis { Ry, }aern of NSym,,, called the non-

n, called the noncommutative complete and elementary symmetric functions

commutative ribbon Schur functions and defined by

Ro =Y (1)1 py,
B>a
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With the coproduct defined by

A(H,) =Y Hy @ H,_p, (2.2)
k=0

NSym becomes a graded and connected Hopf algebra. Moreover, the graded Hopf dual of
NSym is the algebra of quasisymmetric functions, denoted by QSym [21]. It is a subring
of the power series ring K[[z1, z2,...]] in the commuting variables x1,z2,... and has a
linear basis, the monomial quasisymmetric functions, defined by

My = M, (z) = Z A P

iy < <dpe

where @ = (a1, . .., a,.) varies over the set € of compositions. There is another important
basis, the fundamental quasisymmetric functions, defined by

Fy:=F,(x) = E Ty T, QF N
'LISSZn
1 <ipy1if keD(a)

In other words, F, = 5., Mg. Meanwhile, the canonical pairing (-, -) between NSym
and QSym is defined by

(Ho, Mp) = (Ra, Fp) = da,

for any «a, 8 € C.

Let A be the graded ring of symmetric functions in the commuting variables x1, z2, . . .,
with integer coefficients, and € be the subring of A generated by the symmetric functions
gn (n > 1). These functions are defined by

o

n>0 i>1

Note that Qg = Q®zQ is isomorphic to Q[pax—_1 : k € N|, where p,,’s are the power-sum
symmetric functions. It has the following canonical inner product [-, -] defined by

P2, 2] = 2227P6y
for any partitions A, p only with odd parts, where zy = [[,o,; m;li™ for X =
(1m2 2m2 ) (see [20, Ch. III, §8]). Now introduce two Hopf algebra epimorphisms.

One is

0:A—Q, hy,—qgn,n>1,
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such that 8(p,) = (1 — (—1)")p,, n > 1, and the other is
m: NSym — A, H, — hy,
called the forgetful map and satisfying
(F, f) = (n(F), f), F € NSym, f € A.

2.2. The peak subalgebra and its Hopf dual

Introduce
Qo=1,Qn:=> EpHy ,n>1
k=0
and also @, := 0, n < 0 for convenience. Let Qo := Qu, -+ Qa,, @ = (a1,...,05) F n.

Then @, (n > 1) satisfy the following Euler relations (also called the generalized Dehn—
Sommerville relation)

D (-1)'QQs=0,Yn> 1, (2.3)
r+s=n
or equivalently,
n—1 . .
) 2Q),, if n is even,
“1D)QiQn_; = 2.4
;( ) e {O, if n is odd. @4)

Let Peak be the Hopf subalgebra of NSym generated by @, (n > 1). Then Peak,, :=
Peak N"NSym,, is isomorphic to the peak algebra of the symmetric group &,, when en-
dowed with the internal product [3,27]. For any P € P, define

[1]

pi= Z R, € NSym. (2.5)
P(a)=P

Then {Zp}pcp, forms a linear basis of Peak,, [3, §2]. Note that by [3, Eq. (6)],

n—1
Qn =25y, =2 Ry pp,n>1. (2.6)
k=0

There exists a surjective Hopf algebra homomorphism

O : NSym — Peak, H, — Q,,n>1,
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called the descent-to-peak transform [18, §5], where Ker © is the Hopf ideal of NSym
generated by > . (=1)"H,Hs, n>1[6, Theorem 5.4].

Next we introduce the graded Hopf dual of Peak, the Stembridge algebra Peak™ of
peak quasisymmetric functions, defined in [29]. This is a Hopf subalgebra of QSym,
with a natural basis called the Stembridge’s peak functions. They can be defined by [29,
Prop. 3.5]

Kp :=2PI+1 > F,, Pe®,, (2.7)
PCD(aIA(D(a)+1)

where DA(D +1) = D\(D+ 1)U (D +1)\D for any D = {D; < --- < D,} C [n —1]
and D+ 1:={x+1:2 € D}. By [29, Prop. 2.2], we also have

Kp = Z 28N, P eDP,

aFn
PCD(a)U(D(a)+1)

and in particular, by [29, (2.5)],

Ky, =qn=2) Fo=>Y 29, (2.8)

akn akn
There also exists a surjective Hopf algebra homomorphism
¥ : QSym — Peak™, F, — Kp(q),
called the descent-to-peak map.

Note that Peak can be regarded as a noncommutative lift of 2. The following com-
mutative diagrams illustrate the situation.

NSym —©. Peak ,  QSym " Peak* ,

T T

where the vertical maps in the second diagram are inclusions. Also, the graded Hopf dual
pairing between Peak and Peak™ is defined by

[-,-] : Peak x Peak® - K, [Ep,Kg|=dp0, P.Q € P, (2.10)
which satisfies the following property [27, Cor. 5.6.],

(O(F), f) = (F,9(f)) = [O6(F), ()], F € NSym, f € QSym. (2.11)
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2.3. Preliminaries on superalgebras

We first recall some standard results about the representation theory of finite di-
mensional (associative) superalgebras, referring to [7.8]. A superalgebra A over K is a
Zs-graded K-vector space A = Az @ A; which is also an algebra such that 4;4; C
Aiyj, 1] € Zy. Any superalgebra A considered here has the unit 1 = 14 € Ag. Given
a € A; (i € Zy), let the degree of a be |a| := i. Homomorphisms between two super-
algebras are usual algebra homomorphisms. For two Zs-graded K-vector spaces V, W,
Homg (V, W) is Zs-graded such that f € Homg(V,W); if f(V;) C Wiy, 4,5 € Zy. The
base field K serves as a one dimensional even space.

A left A-supermodule M is a Za-graded K-vector space M = Mg® M7 which is also an
A-module such that A;M; C M;;, i,j € Zy. Given m € M, (i € Zs), also let the degree
of m be |m| :=i. A morphism f between two left A-supermodules M, N is a linear map
such that f(am) = (=1)/1lelaf(m), a € A,m € M. We denote the Zs-graded K-vector
space of all such morphisms by Hom 4 (M, N). On the other hand, M* := Homg (M, K)
has the following natural left A-supermodule structure:

(af)(m) = (—1)‘a‘(‘f|+‘m|)f(ma), ac€ A, feM" meM,

if M is a right A-supermodule, and the natural right A-supermodule structure:
(fa)(m) = f(am), if M is a left A-supermodule.

An A-supermodule is érreducible (or simple) if it is non-zero and has no non-zero
proper super submodules. Then it is either irreducible as an ordinary A-module (called
of type M) or else reducible as an A-module (called of type Q).

All the finitely generated A-supermodules together with their morphisms constitute a
superadditive category, denoted by A-mod. Besides, all the finitely generated projective
A-supermodules form a full subcategory of A-mod, denoted by A-pmod. There exists
the parity change functor 11 : A-mod — A-mod such that IIM is the same underlying
vector space but with (IIM); = M;41 (i € Z2) and the following new action:

a.m = (=1)l%am, a € A,;me M.

Note that one can identify Hom 4 (M, N); with Hom4(M,TIN);4, for any i € Zs, and
obviously the map M — IIM, m — (—1)‘m|m is a homomorphism of usual A-modules.

Suppose that v is an automorphism of a superalgebra A. For any M € A-mod, we can
twist the left action on M with v to define the following twisted left A-module, denoted
by Y M:

a.,m:=v(a)m, m € M,a € A.

If v is an unsigned anti-automorphism of A, i.e. v(ab) = v(b)v(a), a,b € A, then we can
twist the right action of A on M* with v to define the following twisted left A-module,
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also denoted by ¥ (M*):
(a.,f)(m):= f(v(a)m), f € M*,;m € M,a € A.

For any right A-supermodule M, we use the notation MY instead for the right twisted
module structure without confusion.

Given two superalgebras A and B, the tensor product A ® B has the superalgebra
structure defined by the following twisted multiplication:

(a@b)(cod) =(—1)"ac®bd, a,c € Ab,d e B

and |a ® b| := |a| + |b| for any homogeneous a € A,b € B. Given an A-supermodule
M and a B-supermodule N, the tensor product M ® N has the A ® B-supermodule
structure defined by:

(a®@b)(m®n) = (—1)|b| mlam @ bn, a € A,be B,me M,n€ N

and |m ® n| ;= |m| + |n| for any homogeneous m € M,n € N.

The category A-mod has the underlying even subcategory with the same objects but
only even morphisms, which is an abelian category. Hence, we can define the correspond-
ing Grothendieck group Ko(A-mod) to be the quotient of the free abelian group with all
objects in A-mod as a basis by the subgroup generated by

(1) My — My + Mj for every short exact sequence 0 — M; — My — M3 — 0 in the
underlying even subcategory.

(2) M —TIM for every M € A-mod.

Similarly we define the Grothendieck group Ko(A-pmod). For any M € A-mod or
A-pmod, its class in such Grothendieck group is denoted by [M]. Note that the natural
embedding from A-pmod to A-mod induces the Cartan map

X : Ko(A-pmod) — Ky(A-mod), (2.12)

which describes the multiplicity of composition factors in projective modules. Also there
is a canonical embedding

Ko(A-mod) @z Ko(B-mod) — Ko((A® B)-mod), [M] ® [N] — [M ® NJ,

which is similarly defined on pmod’s and an isomorphism when changing the base ring

to Q.

There is a natural bilinear form
(,) : Ko(A-pmod) x Ko(A-mod) — Z, ([P],[M]) = dimg Hom 4 (P, M). (2.13)
For the pairing on Ky((A ® B)-pmod) x Ko((A ® B)-mod) — Z, we have

([P Q)Mo N]) = ([P, [M])([Q], [N])- (2.14)
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Remark 2.3.1. The pairing defined in (2.13) only involves dimensions of homomorphism
spaces but not their graded dimensions as in [25]. Such discrepancy is not weird, since
the authors in [25] considered the structure of twisted dual Hopf algebras indeed.

If A is a finite dimensional superalgebra, let Vi,...,V, be a complete list of non-
isomorphic simple A-supermodules. If P; is the projective cover of V; in A-mod for
i=1,...,r,then Pp,..., P, is a complete list of non-isomorphic indecomposable projec-
tive A-supermodules and we have

T T

Ko(A-mod) = @) Z[Vi], Ko(A-pmod) = P Z[P)].
i=1 i=1
Note that
1, ifi=7jand V; is of type M,
([P, [Vj]) = {2, ifi=j and V; is of type Q, (2.15)
0, otherwise.

Lemma 2.3.2. (See [8, §2].) If M is a finite dimensional irreducible A-supermodule
of type @, then there exist bases {vi,...,vn,} for My and {vy,...,0,} for My such
that spang{vy + v1,...,0n + Un} and spang{vy — v1,...,0, — Up} form two non-
isomorphic irreducible A-modules. Moreover, the linear map Jy € Endg (M) defined
by v; — v;, U; — —v; s an odd A-supermodule automorphism of M.

Lemma 2.3.3. (See [8, §2] Schur’s lemma.) If M is a finite dimensional irreducible
A-supermodule, then

spang {idas }, if Mis of type M,

Endy (M) =
) {SpanK{idM,JM}, if Mis of type @,

where Jyr is as in Lemma 2.3.2.
2.4. Towers of superalgebras

Now mainly for 0-Hecke—Clifford algebras, we introduce the following important def-
inition (see [25, Def. 4.1]), which extends the original one in [5, §3]. Further discussion
can be found in [4].

Definition 2.4.1. Let A = ®n20 A, be a graded superalgebra over K with multiplication
w:AR®A — A Then A is called a tower of superalgebras if the following conditions
hold:
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(1) Each graded component A, is a finite dimensional superalgebra with unit 1,,, and
Ag =2 K.

(2) The restriction fim, n @ Apm @ Ay — Apsp of multiplication p is a homomorphism of
superalgebras for all m,n > 0, sending 1,, ® 1,, to 1,,4p.

(3) For all m,n > 0, fty, , induces a two-sided projective A, ® A,-module structure on
Apptn defined by

(a®Db).c:= pm, n(a®@Db)c, c.(a®b) := cpim, n(a®b)
for any a € A, b € Ap,c € Apman.

For a tower A = @, An of superalgebras, we define the categories

A-mod := @ A, -mod, A-pmod := @ A, -pmod
n>0 n>0

and the corresponding Grothendieck groups

G(A) == P Ko(A, -mod), K(A) := @) Ko(A, -pmod).

n>0 n>0

Both the Cartan map (2.12) and the pairing (2.13) can be linearly extended to one
for towers of superalgebras. Define

X =D xn : K(4) = G(A), (2.16)

n>0

with x, to be the Cartan map (2.12) of A, (n € N), and

(,):K(A) x G(A) = Z

by
dimg Hom gy, (P, M), P € A, -pmod, M € A, -mod for some n,
([P], [M]) == ) (2.17)
0, otherwise.
For any r € N, write Ay, . pn, = Ap, ® - ® A, and define
A-mod®" = @ Ap,, .. n,-mod, A-pmod ®r .= @ Ap,y, ... n,-pmod.

ni, ..., Ny >0 Ny, ..., nyp>0

Note that the formula (2.14) can be further extended on A-pmod®” x A-mod®”.
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For ¢ € &,, define 7, : A-mod®” — A-mod®" to be the functor twist-
ing module structure by the following superalgebra isomorphism from A,, . . to

s T

ngfl(l)auwna—l(,,.):
a1 X Qap — (71)‘10040—1(1) ®'~~®a071(r), (218)
where d, = ) i1<i<j<r |aillaj|. Write 7;; := 7, for short. For any M €
a(i)>0(j)

. . ™
My —1 (1) T —1 () -mod, we denote its twisted A,, . ,, -supermodule structure by ™ M.

Now we have the following result.

Lemma 2.4.2. Given M; € A,,, -mod (1 < i <) and o € &, there exists the following
(even) Ay, .. n,.-supermodule isomorphism

U :Ml Q- ®Mr — 7—“(‘Z\40_71(1) SR ®M071(7«)>7

my® - Qmy — (_1)d;m0*1(1) [N mgfl(r)v

where d, ==Y 1<i<j<r || |m;].
a(i)>o(j)

Proof. On one hand,

V(1@ ®ay).(m @ @m,)) = (71)219@'9 la;| \mi|\Ij(a1m1 ® - @ aymy)
PYicicj<r laglimil+30 1<i<j<r (lail+[m;])(laj[+]m;])
— (_]_) o(i)>o(4) Qg-1(1)Mg-1(1) @ -~

@ Ao—1(r)Mg—1(r)-

On the other hand,

(al Q- a'r)"rU\IJ(ml Q- mr)
Y 1<i<j<r (ail lajl+|mil m;])

= (_1) a(i)>a(j) (aafl(l) R ® aofl(r))~(ma*1(1) R+
® mafl(r))a
Ya<icj<r Uail lagl+lmil Im; D+ < o< lag—10)l Imo 1]
= (—]_) a(i)>0(7) aa'_l(l)mo_l(l) (SRR

@ A=1()Mg—1(r)-

They are equal since

S daglmal + > (ail Imgl + lag] mal)

1<i<j<r 1<i<j<r
o(i)>o ()

= Y lgllmil+ D laillmil = Y laeylime-rl € Zo. O

1<i<j<r 1<i<j<r 1<i<j<r
o(i)<o(j) o(i)>a(4)
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Given an even homomorphism f : B — A of superalgebras, the usual induction and
restriction functors are defined by

Ind% : B-mod — A-mod, Ind3 M := A/ @ N, N € B-mod,
Resf : A-mod — B-mod, Resp M := Hom(Af, M) = TA®, M, M € A-mod,

where the left B-action on Hom 4 (A/, M) is defined by (bg)(a) = (—1)"P1Uel*l9D g(a f (b)),
a € Abe B,g € Homy(A, M), and the above isomorphism is given by g +— 14 ® g(14).
Now if a tower A of superalgebras is fixed, we abbreviate Indﬁzghn as Ind} " and

Resﬁ:g;‘n as Resmj}?, which base on the multiplication fm, » @ Am ® Ay = Amin.
Define

Ind := @ Ind" %", Res := @ Res/ i

m,n>0 m,n>0

We are interested in those pairs (C(A), G(A)), which form dual pairs of graded Hopf
algebras via such induction and restriction. For this duality, we also need the notion of
Frobenius superalgebras (see [25, §6]).

Definition 2.4.3. A finite dimensional superalgebra A is called a Frobenius superalgebra
if one of the following three equivalent conditions holds:

(a) There is an even left A-supermodule isomorphism p: A — A*.

(b) There exists a nondegenerate invariant even K-bilinear form (-,-) : Ax A — K such
that (a,0) =0 if a € Ag,b € A7 or a € Az,b € A, and also (ab, ¢) = (a,be), a,b,c € A.

(c) There exists an even K-linear map tr : A — K, called the trace map, such that
Ker tr contains no non-zero left ideals of A.

The relationship between these three conditions is as follows:

p(b)(a) = (=) Pl(a,b), (a,b) = tr(ab), a,b € A.

There exists an even automorphism ¢ of A satisfying (a,b) = (—=1)1*/?l(o(b), a), a,b € A.
This automorphism is called the Nakayama automorphism of A.

Lemma 2.4.4. (See [25, Lemma 6.4].) Let A; (i = 1,2) be two Frobenius superalgebras
with trace maps tr; (i = 1,2) and Nakayama automorphisms @; (i = 1,2) respectively.
Then A1 ® As is also a Frobenius superalgebra with trace map try ® tro and Nakayama
automorphism o1 ® pa.

For a tower A of superalgebras such that each A, is a Frobenius superalgebra with
Nakayama automorphism ¢,,. We abuse the notation ¢, to be the automorphism on
Ap-mod (resp. Ap,-pmod) twisting modules by ¢, of A,. Then ¢ = €, ., ¢n is an
automorphism of A-mod (resp. A-pmod), thus induces an automorphism on k(A) (resp.

G(A)).
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Proposition 2.4.5. (See [25, Prop. 6.7].) Under the above assumption, the induction is

conjugate right adjoint to restriction with conjugation @, i.e. for any m,n > 0, M €

A -mod, N € A, -mod, L € A+, -mod, the following functorial isomorphism holds:
Homy,,,, (L,Ind; (M ® N)) = Homa,, g4, (oResp (L), M @ N),

m+n

-1
where Resmﬁ? = (pm ® ) 0 Resmﬁ? STV

3. Representation theory of 0-Hecke—Clifford algebras

In this section we further study the representation theory of 0-Hecke—Clifford algebras
in detail, referring to the discussion in [3, §5]. The 0-Hecke—Clifford algebra HCI,,(0) of
type A is a superalgebra generated by 73,1 < i < n —1;¢;, 1 < j < n, where T;’s
generate the 0-Hecke algebra H,(0) with relations

T?=-T;,1<i<n-1,
Ty =TT, i — j| > 1,
T T, =T TiTi4q, 1 <i <n—2,

and c;’s generate the Clifford algebra Cl,, with relations
ad=-1,1<i<n cicj; = —Cicqi, © F# J,
while the two parts satisfy the following cross-relations

Ticj = ¢jT;, j # 4,0+ 1,
Tic; =ci1 Ty, 1 <i<n—1,
(Tl + l)CH—l = Ci(Ti + 1), 1 S 7 S n — 1.

Let deg(T;) = 0, deg(cj) = 1, then HCI,(0) becomes a Zs-graded superalgebra, with a
linear basis {cpTy, : D C [n],w € &,}, where ¢cp :=¢;, ---¢;, for D = {i; < -+ <i,}
and Ty, := T}, --- T}, for any reduced expression w = s;, - - - s;,. Throughout this paper,
we only consider 0-Hecke(—Clifford) algebras, thus write H,, := H,(0), HC,, := HCI,(0)
for short.

First recall the main result about representation theory of 0-Hecke—Clifford algebras
discussed in [3, §5]. Note that the 0-Hecke algebra #, of type A is a basic algebra
whose simple modules are one-dimensional, and a complete set of non-isomorphic simple
modules are indexed by the compositions of n. In fact, given a E n, the simple module
Sa = Kn, is defined as follows.

Ti-na == (31)

0, otherwise.

{na, i € D(a),
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We denote by P, the projective cover of S, with a linear basis {u,, : w € D}, where
D, is the descent class in (2.1). P, has the module structure given as follows [19, §5.3]:

—Uw, (S D(w_l)’
Titw = § Us;0, & D(w™1), s;w € Dy, (3.2)

0, otherwise.

Moreover, for the tower H := @nZO H,, Krob and Thibon have defined the following
Frobenius isomorphism and its adjoint in [19]:

Ch:G(H) — QSym, [Sy] — F,, Ch* : NSym — K(H), Ry — [Pal. (3.3)
Both are graded Hopf algebra isomorphisms satisfying
(F, Ch([M])) = (Ch"(F), [M]), I € NSym, [M] € G(H).

Due to Gessel, we know that the Cartan map x of H satisfies the following commutative
diagram [19, Prop. 5.9]:

X

K(H) — G(H)
Ch T lCh
NSym ——= QSym

That is, x([Pa]) = >_5(Rg, 7a)[Ss], where 74 := m(Rqo) € A is the ribbon Schur function
of shape a.

3.1. Irreducible supermodules of 0-Hecke—Clifford algebras

A complete set of non-isomorphic simple supermodules of HC,, are parameterized
by peak sets and thus denoted by {HCISp}. They can be obtained from the induced
modules

S, = Indzf" Sa, @ Fn.
Slightly modifying [3, Theorem 5.4], we have

Theorem 3.1.1. Let a Fn, V := V() C [n] and Cly be the subalgebra of Cl,, generated

by {c, }vev. For any homogeneous ¢ € Cly, define f. € Endg(S,) by

felepna) = (_1>‘C| lchDcnon D C [n].

If we linearly extend it to all ¢ € Cly, then the map ¢ — f. is an even isomorphism from

Cly to Endye, (Sa).
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By [3, Th. 5.5, Cor. 5.6] we know that S, = Ss (even isomorphism) if and only if
P(a) = P(B) and

Sa 2 HOp()®2" 1o = | QL | (3.4)

In fact, we know that for V(a) = {ny, ..., ns}, if one defines the mutually orthogonal

even idempotents

1
63 = 21_0(1 +te1v _167110712)(1 +E2v _107130714) e (1 + e,V _167121(,71671210)7 (35)

where € = (e1,...,¢1,) € {£1}*!=, then Cl,en, (¢ € {£1}*!) provide all the simple

components of S,.

Proposition 3.1.2. For any peak set P, the irreducible supermodule HCISp is of type M
when |P| is odd, and of type @ when |P| is even.
Proof. By Theorem 3.1.1, we know that Endye, (So) = Cly for any o E n and V :=
V(a) C [n]. Since |V (a)| = |P(a)| + 1, by Schur’s lemma we only need to prove that
there exists an odd automorphism of S, stabilizing any simple component of it if and
only if |V is odd.

First for any even idempotent eZ, in (3.5), it is easy to check that

€ @ .
“ e, ie€d{ny,...,no},

c cieg, i¢{n1,...,n2la},
C; =

c;€e
where V' = {ny,...,n,} and £ is obtained from ¢ by only changing the sign ¢; if
i € {ngj—1,n2;} € V. It means that the map f., (E C V) defined in Theorem 3.1.1
stabilizes any simple component of S, if and only if |E N {ng;_1,n9;}| is even for all

j=1,...,1y. Hence, if we need f., to be odd and satisfy the stability condition, then
V must be odd too. O

Denote
G:=G(H), K:=K(H), G :=G(HEC), K := K(HEC).

In [3] Bergeron, Hivert and Thibon nicely define the following Frobenius isomorphism
for the tower of 0-Hecke—Clifford algebras:

Ch: G — Peak”, [8,] = Kp(a),

which satisfies the following commutative diagrams (as a categorification of the descent-
to-peak map):
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IndX¢
G o G

) [Sa] P [ga]

lCh lC”h I I (3.6)

QSym . Peak* Fo ——= Kp(q)

_  Res™¢ . _
G oG ,  [SuaF———— [Res®S,]

o o' 1

Peak™ —= QSym

Kp(a) > 2IP@IH 6; Fs
P()CD(B)A(D(8)+1)

where Ind ¢ := D..>0 Ind%f" and Resi® := D..>0 Resﬁf".
3.2. Projective supermodules of 0-Hecke—Clifford algebras

In this subsection we study the category of finitely generated projective supermodules
of 0-Hecke—Clifford algebras, which was not developed in [3]. So far it is not so easy to
construct the indecomposable one directly, we similarly consider the induction from the
projective modules of 0-Hecke algebras. Define

P, = Ind%f" P,, akFn,

which becomes a projective HC,,-supermodule.

Since HC,, is a free right H,-module of rank 2", we can write a basis for P, as
{cpty : D C [n],w € D4y} for short. Via the defining relation of HC,, we get the
following commutation relations:

cpT; i,i+1¢ D,
Mutis1y s, €D, i+1¢ D,
Ticp = MUt Z Z'+ ¢ (3.8)
cco\fit1nu{i}(Ti +1) —cp, i¢D,i+1eD,
—cp(Ti +1) +ep\(iivry,  Gi+1€D,
for any D C [n], i =1,...,n— 1. Combining these relations and the module action (3.2)

of P,, one can describe explicitly the module structure of P, for any a E n.
For example, the module structure of Py can be depicted explicitly by the following
graphs (separated into two Zs-graded components):
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21301 2130~
2 >IN
T T
213 L7, 213 3120-1 213 T 7. 213 3120-1

i ANTANNIZ S NN
213071 312@312@—% 31207 213 )-T 312@312@—% 312 )-Tz
T T

— T2 T2
T> T>

where we use w € ®, to represent u,, and put dots on the heads of those numbers to
represent basis elements cpu,, e.g. we abbreviate ¢y syu213 as 213.
By relation (3.8), one easily gets the following result.

Lemma 3.2.1. For any w € &,,, D C [n],

Twep = (_1)lw’DCw(D)Tw + Z apvcegTy
EC|n]
v<<w
for some integers ag ., where Iy p :=|{i,7 € D i < j,w(i) > w(j)}, w(D) := {w() :
i € D} and < stands for the Bruhat order of &,.

3.8. Dual Hopf algebras arising from 0-Hecke—Clifford algebras

In this subsection, we check a series of axioms for the tower of 0-Hecke—Clifford alge-
bras in order to show that (/67 5) forms a dual pair of graded Hopf algebras. One of the
key steps is to define a proper Hopf pairing.

First the Mackey property of 0-Hecke—Clifford algebras is easy to proved by following
the nice approach in [7, §2-h.] for affine Hecke—Clifford algebras. That guarantees both of
the Grothendieck groups K and G to be Hopf algebras via the induction and the restric-
tion. One can also refer to [11, Theorem 2.7], [26, Prop. 4.3] for the case of Hecke algebras.

For the sake of completeness, we sketch the proof steps as follows. For any a =
(a1,...,q.) En, define HC, := HCy, ®- - -Q@HC,,, embedding as a parabolic subalgebra
of HC,,. Similarly define the subalgebra H, of H,.

Given o, 8 E m, let &, := (s; : i ¢ D(«)) be the Young subgroup of &,,, R, denote
the set of minimal length left &,-coset representatives in &,,, and R,! for the one
corresponding to right &,-cosets. Then R,, 5 := R N Rp is the set of minimal length
(64, Gp)-double coset representatives in &,,. For any © € Ry, 5, So N a:GBx_l and
r716,2 N &g are Young subgroups of &, thus we can let N zB and = 'a N S be the
two compositions of n such that

G N $65$71 = Gaﬁxﬁa 33716@1‘ N 65 = szlomﬂ

Now we needs several technical lemmas as follows.



Y. Li / Journal of Algebra 453 (2016) 189-220 207

Lemma 3.3.1. For any x € R, 3, the subspace HC, Ty Hp of HC,, has a basis {CpTy, :
D C [n],w € 6,263}. Moreover,

He, = P He.T.Hp.

TENR,, B

Fix some total order < refining the Bruhat order < on R,, g. For x € R, 3, let

Bii= @ HCTMHs Bu:= @ HET,Hs,

YyERaq, g, YT YE€Raq, g, Y=z

and B, := Bz, /B<,. By Lemma 3.2.1, we know that B<, (resp. B<;) is invariant under
right multiplication by Cl,,. Hence, {B<s}zen,, , is an (HCq, HCp)-bimodule filtration
of HC,.

Lemma 3.3.2. For any = € R,, 3, there exists an algebra isomorphism
¢ =@y : /Heaﬁzﬁ — /Hexflomﬁ
with ¢(Tw) = Ty—1wz, P(ci) = cz-13y for w € Gangp, 1 < i < n.

Lemma 3.3.3. View HC, as an (HCq, HCuonup)-bimodule and HCs as an (HC,-14np,
HCp)-bimodule. Then *HCp is an (HCunzp, HCs)-bimodule and

DB, — HCo @nen,, PHCs, uTyv + B2y u@ v, u € HCy,v € HCy

anzf

is an isomorphism of (HCq, HCg)-bimodules.

Theorem 3.3.4 (Mackey theorem). Let o, 8 F n and M be an HCg-module. Then the
HC,-module Reszgz Indzg; M admits an HCq-submodule filtration with subquotients

HCps
H@m—lamﬁM)’ one for each x € Rq, 5.

isomorphic to Indzgzﬁw (¢Res
Especially when «, 8 both have two parts, Theorem 3.3.4 implies that G has a graded
Hopf algebra structure under induction and restriction. The case for K is similar, since
B, is projective as a left HC,-module.
In order to prove the Hopf duality between K and G by Proposition 2.4.5, we continue
to show that HC,, is a Frobenius superalgebra. It is straightforward to check that

Proposition 3.3.5. There exist two even algebra involutions ¢, @’ for the 0-Hecke—Clifford
algebra HC,,, defined by

(p(Tz) = Tn_i + Cn—iCn+1—i, 7 = 1, B 17
(¢j) =—Cnt1-4,J=1,...,n.
"T)=—(Th—i+1),i=1,....,n—1,

C]) :_Cn-‘rl—jaj: 1)"'7”' (39)

S

(
(

AR
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There exist two unsigned even algebra anti-involutions 1,1’ of HC,, defined by

W) =T+ cicipr,i=1,...,n—1,

Y(cj) =—c¢j, j=1,...,n.

V() =—(Ti+1),i=1,...,n—1,
V(cj)=—c;,j=1,...,n. (3.10)

Proposition 3.3.6. The 0-Hecke-Clifford algebra HC,, is a Frobenius superalgebra with
even trace map

tr, : HC, = K, trp(cpTw) = 0p. 90w, we, D C [n],w € G,

where wq is the longest element of &,,. Moreover, ¢ is the corresponding Nakayama
automorphism.

Proof. We only need to prove that Ker tr,, contains no non-zero left ideals. Suppose I is
a non-zero left ideal of HC,,. We choose an element b = pcin) bp, wepTw € I1\{0} and

wEGn
let o be a maximal length element in the set {w € &,, : bpr,,, # 0 for some D" C [n]}.

Then by Lemma 3.2.1 we have

trn(cwoofl(D’)Twogfl b) = bD/, Utrn(cwogfl(D/)TwogqcD/Ta)

|D'|+1

= (_1)1,11,00711 b’ bD’,atrn(Cfuoafl(D/)Two) = (_l)lwogil’ D,Jr( 2 )bD’,a' 7& 0.

Thus I ¢ Kertr,. To show that ¢ is the corresponding Nakayama automorphism, it
suffices to check that

(1) tTn<CDTw,I’i) = trn((Tnfz + CnfiCnJrlfi)cDTw)a
(2) trin(epTwej) = (—1)|D|trn(—cn+1,chTw)

forallie {1,...,n—1},7€{1,...,n},D C[n] and w € &,,.
For (1) we break the proof into four cases as in [26, Lemma 4.2]. When w = wys;,
trn(cpTwTi) = trn(cpTw,) = dp,¢. On the other hand,

trn((Tnfi + cnfiCnJrlfi)cDTw) = trn(csn_i(D)TnfiTw) + trn(cnficn+17iCDTw)

=trp(cs,_;(0)Tw,) = 0D, 0,

where we use relation (3.8) for the first equality and the identity wgs; = s,_;wp for the
second last one.

When w = wo, tr,(cpTw,T;) = —trn(cpTw,) = —0p,¢. On the other hand, if D #
0,{n—1i,n+1—1}, then tr,((T—i +cn—icnt1—i)cpTw,) = 0 by relation (3.8). Otherwise,
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for D = 0,
trn((Tn—i + Cn—icn-l—l—i)Two) = 7trn(Tw0) =-1

For D ={n—i,n+1—i},

t’r’n((Tnfi + cnficn+17i)cn7icn+17iTwo)
= trn((_cn—icn+1—i(Tn—i + 1) + 1)Tw0) + tTn(_Two)
= tTn(_cnfianrlfi(Tnfi + 1)Tw0) =0.

The remaining two cases when £(w) < €(wg) — 2 or £(w) = £(wp) — 1 but w # wys; are
similar to check. For (2),

trp(cpTwes) = tro(cpcw;)Tw) = —0D, {w(j)}Ow, wo

= —0p, {n+1-j}0w, wy = (_1)‘D‘tTH(_Cn+1—jCDTw)~ ]

Proposition 3.3.7. For any a F n,

(1) we have a supermodule isomorphism between So- and ?(Sy) of degree nn, sending
CpNa+ to (—1)”‘D‘4p(cD)c[n]na. In particular, ?(HCIS p(a)) = HCIS p(o+)-

(2) we have an even supermodule isomorphism between So- and ¥ (S, sending c¢pia-
to ¢'(cp)Ne. In particular, “DI(HCISP(Q)) = HCIS p(q+)-

(3) we have an even supermodule isomorphism between So and ¥ (S%), sending cpna
to ¢p.ypCa, where (o is the dual of 1o with respect to the standard basis {cpna} of S,.
In particular, ¥ (HCISp*) = HCISp for any peak set P in [n].

(4) we have a supermodule isomorphism between So and ¥ (S%) of degree i, sending
CpMNe to (*U"‘D‘CD-w'fa, where & is the dual of ¢y e with respect to the standard basis
{cpna} of Su. In particular, ¥ (HCISp*) = HCISp for any peak set P in [n).

Proof. (1) From relations (3.1) and (3.8) we have

—CipMa, if i€ D(a*),
Tiwpc[n]na = (Tn7i+cn7icn+17i)~c[n]77a = —C[n] (Tnfz"_]-)na = e .
0, otherwise.

Hence, there exists an H,-module homomorphism from S,« to Reszf" #(Sy), send-
ing 7o+ t0 [y Na- By the adjointness between induction and restriction functors, we
obtain an HC,-supermodule homomorphism from S, to ?(S,) sending cpn,- to
(—1)nP ‘ga(cD)c[n]na. It is obviously surjective thus an isomorphism by dimension ar-
gument.

Meanwhile, for any i € [2,n — 1],

i€ Pla) i€ D(a),i—1¢ D(a) ©n—i¢ D(a"),n+1—i € D(a*) & n+l1—i e P(a”),

which means that |P(a)| = [P(a*)|, thus HCIS p(o+) = ¥(HCIS p(a)) by (3.4).
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(2) From relation (3.1) we have

—Na, ifi € D(a"),
Ti'tp/n& = _(Tnfz =+ 1)'770‘ — N .( )
0, otherwise.

Hence, there exists an H,-module homomorphism from S, to RGSZS" ¢ (Sa), sending
Mo 10 No. The rest of the proof is nearly the same as (1).
(3) By relation (3.8) we have

Tiwga(CDna) = Ca((Ti + ciCiJrl)-CDna) = 5D,(7)Ca (Ti-na)
_{—L if D=0,i € D(a),

0, otherwise.

That is, T;.Ca = —Co if ¢ € D(a) and 0 otherwise. Hence, there exists an 7{,,-module
homomorphism from S, to ReSZS" 1/’(5;), sending 7, to (,. Again by the adjointness
between induction and induction, we obtain an HC,-supermodule homomorphism from
S, to ¥(S%), sending cpij to ¢p.yCa- It is also obviously surjective thus an isomorphism
by dimension argument.

(4) By relation (3.8) we have

Tipr€a(cpna) = —€a((Ti + 1).cpna) = =0, () &a((Ti + 1)-Cln)a)
= —0p, méa((—cpmTi + cup\fii+1}) M) = 0D, m)€a(Cn TiNa)
_{A,HD:MMGDQL

0, otherwise.

That is, Tj.y€a = —&q if @ € D(«) and 0 otherwise. Hence, there exists an ,,-module
homomorphism from S, to Resﬁf" W(S(’;), sending 1, to &,. The rest of the proof is

nearly the same as (3). O

For any m,n € N, denote H,, o := Hp @ Hp, HCi, n = HCp, @ HC,,. Let ¢, : Hyy —
HCy, i, n t Ho,n = Hmtns B, n : HCm, n = HCpqn, be the natural embeddings.

Proposition 3.3.8. For the tower of 0-Hecke—Clifford superalgebras, we have an isomor-
phism of functors

o Res = 715 0 Res

on HC-mod (hence also on HC-pmod).

m—+n Hern«i»n

Proof. For any m,n € N, let Res,;", := Resy¢ and @, n = Om @ @y It needs to

m, n

prove that there exists an isomorphism of functors from HCpp4n-mod to HC,,, p-mod:
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Om,n O Res"”'” oo, 2 Tig0 Resm+" . (3.11)
By the definition of the Nakayama automorphisms ¢, (n € N) in (3.9), we have

(Pm—&-noﬂm,n:ﬂn,mospn,mofl%

where f12: HC,, ® HC,, — HC,, @ HC,, is the flip isomorphism (2.18). Hence, the LHS
of (3.11) is
fim, nOPm, n (Hem+n)<ﬁm+n Sue _ & PmAnOfin, m0f12(He in )«pm+n QHCpsm —

m—+n

™~ ﬁn nl°f12H8m+n ®H€

m4n

which is exactly the RHS of (3.11). O

Proposition 3.3.9. For the tower of 0-Hecke—Clifford superalgebras, we have an isomor-
phism of functors Res = 115 o Res on HC-pmod.

Proof. For any m,n € N, let ¢, := Ly, ® L. First note that the following isomorphism
of functors from #,,4, -mod to HC,, ,-mod holds:

Mm, n(’}_lem+n) m+n ®H o (Hemﬁn)hn, n ®Hm, (an n (’}_[ +n) m4+n ®Hm+n ).

m+4n

In particular, for o F m + n, we choose P, € H.,+n-pmod to get that

Reszg:ﬁ? PO( o~ B, n (Hem+n)L7n,+n ®Hm+n Pa
= (HCpp, )" " @, , Resyy """ P (3.12)
Now by Lemma 2.4.2, we have

Comtn B
T2 Resze P,

12

Hontn
"2 (HCmn)"™ ™ @9y ReSH + " P,

1

('Hem m)leobm, n ®’H ReSHM+" Pa

= (HCp,m)™ ™ ®3, . " Resy """ Po.
As NSym is cocommutative, so is K(#) by the Frobenius map (3.3), i.e. Res = 712 0 Res
on H-pmod, thus it also holds on HC-pmod by the above discussion. In fact, if we write
[Res Po] = 28, 0, [Pay]®[Pa,] (The explicit formula is described by the shuffle product,
see [21], [30, (16)]), then by (3.12) we simply have [Res P,] = 2oC o [Po,] ®[Pa,]. O

By Proposition 2.4.5, 3.3.6, 3.3.8, 3.3.9, we finally conclude that (K, G) forms a dual
pair of graded Hopf algebras with respect to the pairing (2.17). That is, for P,Q €
HC-pmod, M, N € HC-mod,
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(Ind([P] @ [Q]), [M]) = ([P] ® [Q], Res[M]),
([P}, nd([M] @ [N])) = (Res[P], [M] & [N]).

It is easy to see that there exists an algebra involution ¢ of H,, defined by
@(Tl) :Tn,i, 1= ].,...,TL— 1.

@ is also the Nakayama automorphism of H,, [26, Lemma 4.2]. Now we have the following
result

Proposition 3.3.10. For any o F n,

@Sa

12
12

Sa,?P, = Ps.

Proof. For the twisted module ?S,, we have

Ti-tﬁna = dn—iTNa =

{ﬂh,iGDm%

0, otherwise,

which implies the first isomorphism.
For the second one, we note that for any w = wy - --w, € &,,

W E Dy & W > Wit1, 1 € D(a) & wowwy(i) > wowwy(i+1), i € D(a) < wowwy € D,

That is, wpDawo = D5 and also i € D(w) < n — i € D(wowwp). Hence, by the module
structure (3.2) of P,, we know that for any w € D,

— Uy, n—i€ D(w™t),

Tiptw = Theihw = S Us, 0y, n—1 ¢ D(w™L), s, jw € Dy,
0, otherwise.
— Uy, i € D((wowwp)™1),

Us, _ws 1 & D((wowwg) ™), wosn—_iwwy = s;wowwy € D,

0, otherwise.

Hence, Uy = Uy 0y, W € Do gives the second isomorphism, where {uy, : w € Dg} is

the standard basis of P;. O
4. From 0-Hecke—Clifford algebras to the Peak algebra of symmetric groups

In this section we base on the known result in [3] to clarify more explicitly the relation
between (Peak, Peak™) and the supermodule categories of 0-Hecke-Clifford algebras, es-
pecially the dual Hopf pair (I%7 5) discussed in the previous section. Then we consider
the corresponding Heisenberg double in order to prove the freeness of Peak™ over Q.
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4.1. From K to Peak

First of all, we define the adjoint map of the Frobenius isomorphism Ch relating two
non- degenerate pairings [+, -] in (2.10) and (-,-) in (2.17). That is a Hopf isomorphism
Ch : Peak — K satisfying

[F,Ch([M])] = (Ch (F),[M]), F € Peak, [M] € G.
The following result provides the explicit form of Ch':
Theorem 4.1.1. For any composition o, we have
Ch'(6(Ra)) = [Pa). (4.1)
Moreover, the following commutative diagram of Hopf algebras holds:

Ind}t¢ X ~

K g
oo |a

NSym —> Peak — > Peak®

where X : K — G is the Cartan map of 0-Hecke—Clifford algebras. In particular, Im x = Q.
Proof. Given compositions «, 3, we have
(Ch(O(R0)), 185]) = [O(Ra). Ch(1S5])] = (Ra, Ch ([Res}® S5]))

= (Ch™(Ra), [Res};® Sp]) = ([Pal, [Res}(® S5])
= ([Ind};® Pa], [Ss]) = ([Pu], [S5]),

where the second equality is due to (2.11) and (3.7), and the second last one bases on
the fact that the induction functor is left adjoint to the restriction one. Since the pairing
(+,+) is non-degenerate, we get the desired formula, equivalent to the left commutative
square.

For the right commutative square, we only need to prove that

Cho Y([Pa]) = 70 O(Ra)

by formula (4.1). The module structure (3.2) of P, (o F n) and Lemma 3.2.1 imply
that if one fixes a total order < refining the Bruhat order on ©,, then P, has a super
submodule filtration {P¥ }wei) where P¥ := {cpu, : D C [n],z € Do, w =< z}. Also,

the subquotient P¥/ 3 Pz = Sc(w 1) for any w € 9,. Hence,

w=<z
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!

Cho%([ aD = Z Ch(gc(uﬁl)): Z KP(w*I)
wei)a wei)a

Z Hw € &, :w e D,, wle @5}‘[(}3(5) = Z<R5,TQ>KP([3)
B

B
=SS Rew(Ra))Kp =3 (Epra)Kp 2 S [Ep () Kp
P P(B)=P P P
—9(ra) 2 on(Ry) 'E 100(R),

where the fourth equality is due to the following well-known formula of Gessel (see [19,
Prop. 5.9]):

(Rp,r0) = (Rayrg) = {w € &, :w € Dy, w™ € Dg}. O

Corollary 4.1.2. For any composition o, we have the following decomposition formula:

1

pa @ HCle(ﬁ)eBQlﬁ, lg = \‘%J , (4.2)
P(B)CD(a)A(D(a)+1)

where we use HCIPp to denote the projective cover of HCISp for any peak set P.

Proof. From [3, (6)] we know that

O(R,) = > olPIH1zp, (4.3)
PCD(a)A(D(a)+1)

Now by Theorem 4.1.1,

(2], [85)) = [0(Ra), Ch((S5])] = [O(Ra). K o)
_ {2'”5”% if P(8) C D(a)A(D(a) + 1),

0, otherwise.

Combining it with (2.15), (3.4) and Proposition 3.1.2, we get the desired decomposition
of Pa. O

In particular, the generator Q, = ©(R,)) corresponds to the projective simple su-
permodule [P,,)] = [S)] = [HCISy, ] = [HCIPy, ] via Ch™ and

([Piny], [S8]) = 26p(g), 05

also due to Schur’s lemma as the simple supermodule HCISy  is of type Q. Note that
in the classical case, g, € §2 corresponds to the basic spin module Cl, of the Sergeev
algebra Cl,, x K&,, under the Frobenius isomorphism [10, §3.3].
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Now we abuse the notation to denote by ¢ the Hopf algebra anti-involution of NSym
such that ¢(H,) = H, (n € N). Note that ¢(R,) = Rs. Meanwhile, since p(Ker ©) =
Ker ©, ¢ induces a Hopf algebra anti-involution of Peak, which we abuse to denote by ¢,
then p 0 ©® =0 o0 .

We are in the position to prove the following restriction rule.

Theorem 4.1.3. The following commutative diagram of Hopf algebras holds:

~  Reslt® ~  ? Reslt®
K or K " K
o o " e
@otop 10
Peak ——= NSym Peak —— NSym

where i : Peak — NSym s the natural inclusion. Equivalently, for any composition «,

[Resl® P,] = > 2PB)IH Py, (4.4)
P(B)CD(a)A(D(a)+1)

Proof. By Proposition 3.3.10, the above two diagrams are equivalent. Since Resﬁe K=
K is easily checked to be a Hopf algebra homomorphism, using formula (4.3) we only
need to prove for the generators @, (n € N) that

n—1
~ . (2.6)
[Res}® Pyl = Ch*(poiop(@n)) = 2 > [P3l=2> [Pu_y, v, n€N. (45)
P(B)=0n k=0

For jj(n) = S’(n), Up = CDM(n) (D - [n]) form a basis. By (38)

—Up +/UD\{'£,i+1}7 if Z,Z+ 1e .D7
T;vp = —vp + U(D\{i+1})U{i}s ifi¢ Di+1€D,
0, otherwise.

Define a partial order <1 on 2!} such that D covers D' if i,i+1 ¢ D’ and D = D'U{i,i+1},
ori €D i+1¢ D and D = (D'\{i}) U{i+ 1} for some i € [n — 1]. We denote such
covering relation by D’ <; D. For any 0 < k < n — 1, take D,, , C [n] to be one of the
two sets {n —k+1,...,n}\{1} and {1} U{n —k +1,...,n} with odd cardinality. In
particular, D,, o = {1}. Define

Un,k *=UD, , + ZGDUD € Plny,
D
where the sum is over those D <1 D,, ;, such that D <;, --- <;, Dy, i for some iy,...,%, €

[n — k,n — 1], and ep is the sign of length of any chain in 2"l from D to D, ;. In
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particular, v, o = v{1y. Then

0, ifief{l,...,n—k—2},
T;hvn,k:
—Up g, fie{n—k,...,n—1}

Meanwhile, ®(,_; 15y = {wi---w, € G, @ wy < -+ < Wpop > Wp_pr1 >

- > wy} for 0 < k < n— 1, and the projective H,-module P,_j 1») is gener-
ated by u1..(n—k—1)n(n-1)--(n—k)- Now one can check that the homogeneous compo-
nent (Pp,)); = @Z;é HpVn, and the isomorphism Hy,.vn x = Pry_g 15), Un, k
UL...(n—k—1)n(n—1)-(n—k) holds. Define D;’k analogous to D, , but with even cardi-
nality and then v], ; analogous to v, . Then (Piny)o = s Hnvy, y and Hyovy, g =
Pn—r, 1#) as in the odd case. This proves formula (4.5) and thus the commutative dia-
grams.

In general, by formula (4.3)

O(R,) = Z 2\P(6)\+1Rﬁ.
P(B)CD () A(D(a)+1)

Then by (4.1) and the commutative diagram, we get the desired restriction rule (4.4). O

Example 4.1.4. For n = 5,k = 2, the diagram of P(3 i2) is as follows.

O—15,—1y O—1,—1y O—Ty, T, O—Ty, Ty O—Ty,~T,
U12543 U13542 U23541 U24531 U34521
Ty T T3 T
_— _— —_— —_—

“1453207@ 7

Now D5 2 = {1,4,5} and v5 2 = v{1,4,5) — V{1, 3,5} T V{1, 3,4} —V{1}- It is straightforward
to check the iSOHlOI‘phiSHl 3"[5.’(}57 9 = P(g) 12), Us, 2 — U12543-

Next we give another kind of restriction rule for the induced projective modules. Com-
posing the natural inclusion from H,_1 (resp. HCp—1) to Hp—_1,1 (resp. HCp_1,1) with
Hn—1,1 (resp. fin—1,1), we have the embedding pi, : Hp—1 — Hyp (resp. fin : HCpo1 —
HC,).

Theorem 4.1.5. For any o = (av, ..., a.) F n, we have
o2 ®2
fin D ~ D D B20aq, 1
P = @ Pag & @ L ® Plas, ..., ar) Vo (4.6)
1<i<lr 1<i<r—1
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where oy = (o1,..., 01,04 — Laigr, ..., o), 0‘21‘) = (a1,...,0i-1,0; + iy1 —
1, [C 7, PR ,ar).
Proof. First note that we have the following isomorphism of functors on H,-mod.
I L ~ L @2
fn(HCp)'™ @, — = ((Hen—l) " Ry, M (Han) O, *)
cpTw ® —— (cp @ Ty ® —,0), cpcpTy @ —+ (0,cp @ T,y @ )

for any D C [n — 1],w € &,,. In particular,

ﬂnpa — fin (Hen)Ln ®Hn PO( ~ ((Henil)bnfl ®Hn71 NnPa)€B27

which reduces formula (4.6) to

fin ~ Bbaq,1
Po = @ Pogy | © @ PO‘@) S T (4.7)
1<i<r 1<i<r—1
a;>1 a;>1

For example, NSP(L 2,2) = P(g’ 2) D P(lz’ 2) P(l, 3) D P(L 2,1)

Recall that P, has basis {u,, : w € ©,} with module action (3.2). Let k; := a3 +-- -+
o, i =1,...,r. It is easy to see that the j’s such that w; = n for some w = w; ---w, €
9, are those satisfying j = k; withi=1or 1 <i <r,«; > 1. Now for any such j = k;,
denote DY) 1= {w e D, :w; =n} and P = spang {u, : w € ’DE,D}. We need to deal
with three cases.

Ifl<j=k <n,a; >1, then {u, : w € @Sj>,wj_1 > wjy1} spans the projective
Hp—1-module P, . Modulo these vectors, the quotient space of P(Sf) spanned by {u, :
w € ’Dg),wj_l < wj41} is isomorphic to another projective H,_i-module Pa&,)' If

i = ki = a1 = 1, then P{" spans Py, . any- I j = kr = n,a, > 1, then AR
ar_1,a,—1)- In summary, we get the desired formula. O

.....

Remark 4.1.6. By the adjointness between induction and restriction, we also have the
following induction rule:

[Indz:’i1 Sa] = Z [Ss] + Z [Ss] + [Sa,m), @ = (a1,...,0p) Fn— 1,

Ji€lr] Jie[r—1]
Biy=a Bliy=a

from formula (4.7). It can be checked directly, though we do not find it in other references.
4.2. Application: Peak™ is free over Q

Finally we consider the Heisenberg double arising from (E, é) in order to prove that
Peak™ is a free Q-module using the method of Savage and Yacobi in [26]. In general,
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given a graded Hopf pair (X(A),G(A)), there exists a left action of K(A) on G(A) such
that G(A) is a K(A)-module algebra. It is defined by

[P].[M]
[HomAi (P, Yr—i, i Resﬁ:_@Ai M)] , Pe€A;-pmod, M € A,,-mod, i <n,

(4.8)

0, otherwise,

where v,—; it Aj = Ap_; ® A, a = 1,,_; ® a is the natural embedding. Note that for
the Cartan map X, Gproj(A4) := Im x is stable under such action, thus a submodule of
G(A). Now one can define the following two kinds of Heisenberg doubles:

b(A) = g(A)#K:(A)v hproj(A) = gproj (A)#,C(A) (49)

The notation # means the smash product construction on H ® B from a Hopf algebra
H and an H-module algebra B.
Let

H™ = IC(A)7 HY = Q(A), pI‘Q] = gproj( )7 b= b(A)v hproj = bPYOJ(A)'

Then H' becomes a left h-module, called the lowest weight Fock representation, where
HT acts by left multiplication and H~ acts by formula (4.8). For any h-module V,v € V
is called a lowest weight vacuum vector if H v = 0.

From now on, we focus on the case when the tower A = HC.

Lemma 4.2.1. Suppose V' is an Hproj-module generated by a finite set of lowest weight
vacuum vectors. Then V is a direct sum of lowest weight Fock representations.

Proof. By the Stone—von Neumann Theorem for Heisenberg doubles [26, Theorem 2.11]
and Theorem 4.1.1, we have hpo5 - v = H;’roj = Q) as an irreducible bp,oj-module over K
for any lowest weight vacuum vector v € V. Now the same argument in [26, Lemma 9.1]

gives the complete reducibility of V. O

For any ﬂ = (/815"'767")? Y= (71)"'773)7 let B Y= (617"'7/87'7’)/17"'773)7
then A(Ma) = >25.,_, Ms @ M,. Since ¥ is a Hopf algebra epimorphism, N, :=
9(M,)(« € C) span the Stembridge algebra Peak™ and

W)=Y Nz®N,.

By=a

Define an increasing filtration of hp.oj-submodules of Peak™ as follows. For n € Ny,
let

(Peak : Z hprOJ a:

l(a)<n

In particular, (Peak*)(®) := Q and by convention we also let (Peak™)(=1) := 0.
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Proposition 4.2.2. The space Peak™ of peak quasisymmetric functions is free as an
Q-module.

Proof. For any composition « such that ¢(a) = n, we have

Qm-No= Y [Qm, N,INs € (Peak™)" " m € N,
By=a

by the grading argument of [, -]. Hence, in the quotient Vj, := (Peak*)(™) /(Peak™*)("~1),
such N,’s are lowest weight vacuum vectors. Clearly these vectors generate V,, and thus
by Lemma 4.2.1,

V.= P o,

vEL,

where L,, is some collection of vacuum vectors in V,.
Consider the short exact sequence of 2-modules

0 — (Peak*)™™ 1) — (Peak™)™ — V,, — 0.

Since V;, is a free Q-module, the above sequence splits. Now (Peak™)(®) 22 Q. so we know
that all (Peak*)("™ (n € Ny) are free over by induction on n. It means that we can
choose nested sets of vectors in Peak™

LyCLiCLyC--

such that, for any n € Ng, (Peak™)™) = @ L,. Then Peak* =

@ﬁeﬂ 0.0. O

’T)Ein Q’f} Let L = UnENo

Remark 4.2.3. For the original proof of the freeness of QSym over the ring A of symmetric
functions in [14], [15, §6.7], it even constructs a free commutative polynomial basis
of QSym containing the elementary symmetric functions. However, we can not find a
definite answer about the freeness of Peak™ over ) in other references. And the existence
problem for an analogous polynomial basis of Peak™ may be more interesting.
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