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1. Introduction

The long term goal of the author is to determine the units of finite order of the
trivial source ring of a finite group. These units — sometimes alternatively referred to as
“orthogonal units” for reasons we will describe later — give rise to certain autoequivalences
of blocks studied by Robert Boltje and Philipp Perepelitsky in [3]. For p-groups, the
trivial source ring is isomorphic to the Burnside ring, and for p’-groups, the trivial source
ring is isomorphic to both the character and Brauer character rings. So it makes sense
to study all these representation rings together. The unit group of the Burnside ring of
a p-group has been determined by Serge Bouc already in [6] using his theory of biset
functors. And the finite order units of the character ring were completely determined
by Kenichi Yamauchi in [12]. At the end of this article we use his result to completely
determine the finite order units of the Brauer character ring.

In Section 2, we describe all the representations rings that we will use throughout
this article for a finite group G: the Burnside ring, the trivial source ring, the character
ring, and the Brauer character ring. Each of the representation rings we consider has
a distinguished automorphism of interest whose square is the identity morphism. Since
these automorphisms are induced by taking dual modules, any map between rings that
respects the two rings’ distinguished automorphisms will be said to “preserve duals.”

In Section 3, we construct a ghost ring and ghost map for each representation ring.
In each case, the ghost map embeds the representation ring into its associated ghost
ring, which is free abelian with the same rank as its associated representation ring.
The ghost map will have a finite cokernel in every case. The maps between each of the
representation rings has a unique extension to the level of ghost rings, and we describe
all of these extensions in this section as well. We also point out that ghost rings have a
duality operator, and the relevant maps between ghost rings also preserve duals.

We recall the theory of algebraic maps developed by Andreas Dress in Section 4.

In Section 5, we consider two finite groups, G and H, and right-free (G, H)-bisets.
Given such a right-free biset U, we construct a tensor induction functor sy : yset —
eset. This construction is similar to one given by Bouc in [4], and we list several of its
interesting properties. We then show that the functor sy induces a multiplicative map
B(U) between the Burnside rings of H and G. Readers familiar with the literature might
notice that this is also the notation used for the additive Burnside functor, but since
we only consider the multiplicative theory in this article, there should be no confusion
between the two. In fact, when U consists of a single H-orbit, the two coincide.

We describe the analogous tensor induction functor for modules over group rings in
Section 6. Again this is naturally isomorphic to a tensor induction functor defined by
Bouc in [4]. Then in Section 7, we use this functor to define several multiplicative maps
between the other representation rings. Also we describe how to extend all of these
maps to the level of ghost rings and show that these extensions are unique in a certain
sense. The correct extension was previously described in the case of the character ring by
David Gluck and Marty Isaacs in [9], at least in a particular case. The extension for the
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trivial source ring was previously unknown however, and we spend the bulk of this article
discussing the correct extension, with its relevant properties given in Theorem 7.1.

In Section 8, we quickly recall the notion of an inflation functor and show that unit
groups of each representation ring (and its associated ghost ring) form inflation functors.
Lastly, we explain orthogonal units of representation rings and ghost rings in Section 9,
and show that restricting to these subgroups of the respective unit groups gives inflation
functors as well. We conclude this article with a complete description of the orthogonal
unit group of the Brauer character ring in Theorem 9.1.

Notation and Conventions. Throughout this article, we use N to denote the natural
numbers with the convention that 0 € N. Every G-set is assumed to be finite, and we
denote the category of G-sets by sset. And for any ring R, every R-module considered
is assumed to be finitely generated. We will denote the category of such modules by
rmod. When M and N are two RG-modules, we use the notation M | N to denote that
M is isomorphic to a direct summand of N. When we say that M is a trivial source
RG-module, we mean that M | RX for some permutation RG-module RX defined by
a G-set X. By a (G, H)-biset, we mean a finite set U that is a left G-set and a right
H-set such that g(uh) = (gu)h for all g € G,u € U, and h € H. We say U is right-free
if uh = uh’ implies h = k' always. If v € U and T is a subgroup of H (denoted by
T < H), we define “T = {g € G : gu = ut for some ¢ € T}, which is a subgroup of G.
And if S < G, we define S* = {h € H : su = uh for some s € S}, which is a subgroup
of H. When U is right-free and u € U, its stabilizer (by considering U as a G x H-set)
is the graph of the homomorphism ¢, : “H — H defined by ¢,(g9) = h if gu = uh.
In this situation, we see that S* = ¢, (SN“H). When S < G, and T < H, then also
restricting actions on both sides makes U an (S, T')-biset, and by S\U/T we mean a set
of representatives of the orbits of U under these restricted actions.

Acknowledgments. This material is based upon work supported by a grant from the
University of California Institute for Mexico and the United States (UC MEXUS) and
the Consejo Nacional de Ciencia y Tecnologia de México (CONACYT). The author
would like to thank Robert Boltje for his constant guidance and support throughout the
duration of this project and Serge Bouc for bringing the article [12] to his attention.

2. Representation rings

We first briefly describe all the rings and the morphisms between them that we will
consider throughout this article. Let us fix a finite group G, a prime p, and a p-modular
system (K, O, F) large enough for G. Assume that (7) is the maximal ideal of O, and
F = 0O/(r). We let B(G) denote the Burnside ring of G, Rk (G) the character ring of G,
and R (G) the Brauer character ring of G. Also let To(G) denote the Grothendieck ring
of the category of finitely generated trivial source OG-modules. Similarly, define Tr(G)
for trivial source F'G-modules. The functor F' ®p — : pomod — psmod induces the
canonical isomorphism T (G) — Tr(G). So we may identify To(G) with Tr(G), which
we refer to as the trivial source ring of G.
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Now if X is a finite G-set, then the linearization OX is a trivial source OG-module,
and F'X is a trivial source FG-module. So we have ring morphisms B(G) — To(G) and
B(G) — Tr(G). Tt is easy to see that they commute with the isomorphism Tp(G) —
Tr(G), so we will denote both maps by lg. If G is a p-group, then the maps lg are
isomorphisms. If V' is a trivial source OG-module, then K ®¢ V is a K G-module, hence
has a K-character xy. We then have a ring morphism cg : To(G) — Rx(G) which maps
the class [V] to xv. If M is a trivial source F'G-module, it has a Brauer character 757, and
so we have a ring morphism Tr(G) — Rp(G), which maps the class [M] to the Brauer
character 7ps. Finally, we have the decomposition map dg : Rg(G) — Rp(G). In the
case where p does not divide the order of G, all three of bg, ¢, and dg are isomorphisms.
Altogether we have the following commutative diagram:

To(G) ——— Rk (Q)

V
S

These are the representation rings and maps we will focus on throughout. Recall that
each of these representation rings are free abelian with finite rank. See [7] and [10] for
more details. Notice also that each of these representation rings (except for B(G)) has a
distinguished ring automorphism induced by taking dual modules. Moreover, the square
of such an automorphism is always the identity morphism. For instance, if M is a trivial
source F'G-module, then its dual module M° = Homp (M, F) is again a trivial source
FG-module. So if a € Tr(G), then a = [M] — [N] for some trivial source FG-modules M
and N. The dual of a is a® := [M°] — [N°]. Notice (a°)° = a for all a € Tr(G). Similarly,
we have a dual operator on To(G), Rp(G), and Rk (G). For completion, we just consider
the identity operator on B(G) as the distinguished automorphism of interest. We denote
all these automorphisms by —°. Since any permutation module is isomorphic to its dual
module, we see that the maps lo preserve duals. It is easy to see that all the other ring
morphisms preserve duals. That is, for instance, bg(a®) = bg(a)® for all a € Tr(G).

3. Ghost rings
Now for each of the representation rings in the previous section we want to describe an

associated ghost ring and ghost map. First, if we let .(G) denote the set of subgroups
of G, we have the ring morphism

¢c:BG) — [ z [XI~ (X%s<c,
Se#(G)
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where X denotes the subset of X fixed by S. It is well-known that this map is injective
and that its image lies in the G-fixed points when considering the conjugation action
of G on [[ge 5 () Z- So if we set B(G) = (Iser @ 7)Y, then ¢¢ is a ring morphism
B(G) — B(G), which is well-known to have finite cokernel. We refer to B(G) as the
ghost ring of B(G), and ¢¢ as the associated ghost map.

Next we let e € N be the exponent of G. We can then write e = p®h for some a,h € N
with p 1 h. Let ¢ € K be a primitive eth root of unity. In fact, ¢ € O. Hence Z[({] C O
and Q(¢) C K. We set I' := Gal(Q(¢)/Q). Every element of I" is of the form ~y; where ¢
is an integer relatively prime to e and ~;(¢) = ¢*. For each such ~; € T, we let i* be an
integer such that ii* = 1 (mod e). Hence ;- = v, *. Now if we let &(G) denote the set
of elements of GG, we have a ring morphism

Eqg: RK(G) — H Z[C]’ X = (X(x))xeg(G)7
z€&(G)

where x denotes a (virtual) character of G. Now G acts on the ring [[, ) Z[C] via
conjugation, and also I" acts on this ring via the action ;- (wz ) res(@) = (Vi(Wyi*))zes(@)-
These two actions clearly commute, hence G x I' acts on the codomain of . The image
of e¢ is fixed by G x T, so if we let R (G) be the fixed point subring (ILies(q) Z[¢) G,
we see that we have a ring morphism e¢ : Rg(G) — R (G). It is well-known that e is
injective with finite cokernel. So Rx (G) and g will be the ghost ring and ghost map of
Ry (G). Similarly, if we set 1 := ¢P”, then p is a primitive hth root of unity in O, where h
is the p’-part of the exponent of G. So if 7 € Rp(G) is a (virtual) Brauer character of G,
then 7 is a function on the set of p-regular elements of G, taking values in Z[u] C O. If
we let &,(G) denote the set of p-regular elements of G, then we have a ring morphism

§c : Rp(G) — H Zlp), T (T(y))yeg,,(a)'
yEEH(G)

Again, if we set A := Gal(Q(r)/Q), every element of A is of the form §;, where i € Z is
relatively prime to h, and §; (1) = p*. Then similar to above, G’ x A acts on Hyegp(G) Zly).
So we let Rp(G) := (e, Z[u])*A be the ghost ring of Rp(G), and &g : Rp(G) —
Rp(G) is the associated ghost map.

We next want to define a ghost ring for Tpo(G) and Tp(G) and ghost maps that
commute with the canonical isomorphism To(G) = Tr(G). Notice first that if M is
a trivial source OG- or FG-module, and P < G is a p-subgroup, then the Brauer
construction M (P) is an F[Ng(P)/P]-module, hence has a Brauer character that takes
values in Z[p] C O. Let us define the set 7,(G) to be the set of all pairs (E,c) where
E is a p-hypo-elementary subgroup of G with (¢) = E/O,(E), a cyclic p’-group. For a
pair (E,c¢) € J,(G) and a trivial source module M, if we let 757,z denote the Brauer
character of M(O,(FE)), we can define
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@ :Tr(G)— [ Zlu, (M~ (tare(0)(B.0es, @)
(E,c)€Tp(G)

Then G x A acts on the codomain of this function via (z,0;) - (2(z.¢))(E,c)e7, @) =
(i (2(B= (ci*))) (E,c)e 7,(q), and the image of ¢ is fixed by this action. So if we set
Tp(G) := (H(E,c)e%(c) Z[u])¢*A, then Tr(G) will be the ghost ring of Tr(G) arid TG
Tr(G) — Tr(G) is the associated ghost map. Similarly, we can set To(G) := Tr(G),
and we have a morphism T (G) — To(G), which we will also denote by 7. This makes
sense to do since applying the Brauer construction to a trivial source OG-module is the
same as applying the functor F'®» — and then applying the Brauer construction to the
resulting trivial source FG-module. In other words, the isomorphism To(G) = Tr(G)
extends via the ghost maps to the equality To(G) = Tr(G).

We similarly want to extend the maps lg, bg, cg, and dg to the level of ghost rings
via the various ghost maps. Notice that such extensions must be unique since each ghost
ring contains its associated representation ring as a finite index subgroup, and all the
ghost maps are additive. First we explain an extension of lg. If (E,¢) € J,(G), then in
particular F is a subgroup of G. So we can define the function

lo: B(G) — To(G), (ns)ses@) — (ne)E.oeg, @)

which is clearly a ring morphism. And if X is a G-set, then (7q¢ o lg)([X]) =
(1rx,E(0))(B.0)e 7,(c)- Now (FX)(Op(E)) = FX(E) as permutation F[N¢(O,(E))/
Op(E)]-modules, so the value of the Brauer character of (FX)(O,(E)) at ¢ is the
number of fixed points: [(XOr(F))(@| = |X(O»(E)e)| = |XF|. On the other hand,
(la 0 96)([X)) = le((IX*Nser@) = (X)) (meez,@- So we see 16 o lg = la © g,
that is g extends [ to the appropriate ghost rings.

Next we describe an extension of bg. If y € &,(G) and 1 denotes the trivial sub-
group of G, then the subgroup (y) < G is p-hypo-elementary with O,((y)) = 1. Hence
((y), {y}) € Z,(G). So we can define the function

be : Tr(G) — Rp(G), (2(B,0)) (B,00e7,(G) = (2((9),{u1) )ye,(G)

which is clearly a ring morphism. We see that if M is a trivial source F'G-module, then
(€q 0 ba)([M]) and (bg o 7¢)([M]) both take the value of the Brauer character of M at
y for all y € &,(G). Hence &g o bg = be o T, and therefore b is an extension of bg via
the appropriate ghost rings.

Similarly, we extend the function ¢ in the following way: If € &(G), we can write
x = xp%,, where x, is the p-part of z, and z, is the p’-part of . Then (z) < G
with O,((z)) = (zp) and (x)/O0,((z)) = (x(z,)). Hence (x) is p-hypo-elementary with
((x), z(xp)) € Tp(G). So we can define the function

éa : To(G) — Rk (G),  (2(5,0)(E.0)e (@) F (2(().0(2,)) ) 2es(G)
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which is clearly a ring morphism extending cq. Lastly, we describe the extension of d¢.
Since &,(G) C &(G), we can simply define the function

de : R(G) — Rp(G), (wa)res(q) — (Wy)yes,(c)-

It is easy to see de: extends dg since two characters have equal image under d¢ if and
only if the characters take the same values on all of &,(G). Notice that d¢ is surjective,
just like dg. Altogether we get the following commutative diagram of ghost rings:

So Diagram (2) extends Diagram (1) to the level of ghost rings. As we noted all the
representation rings in Diagram (1) have a duality operator, we also want to note all the
ghosts rings also have a duality operator. As with B(G), we just consider the identity on
E(G) Now since —1 is always relatively prime to e, we have y_; € ', and 42, = 71 is the
identity of I'. So we see that v_; induces an automorphism of RK(G) whose square is the
identity morphism. This defines the duality operator on RK(G). To be more explicit,

= (7-1(we))zes(a)- We
similarly can define duality operators on the other ghost rings To(G), Tr(G), and Rp(G)
(

if (Wa)res(q) € Ric(G), then its dual element is (Wz)ses(q)

since also §_;1 € A. It is clear that all the morphisms in Diagram (2) commute with these
various duality operators.

4. Algebraic maps

Here we recall some of the theory of algebraic maps developed by Andreas Dress which
we will use throughout this article. The setup is the following: Let A be a semiring and
E a commutative ring. We consider set maps f: A — E and for an a € A, we define

D,f:A— E, z— f(zx+a)— f(x).
We say that f: A — FE is algebraic if there exists some n € N such that
Do, Dgy, - Dq,. . f=0 forall aj,az,...,ap41 € A

If such an n € N exists, then the least such n will be called the degree of f. Degree 0
algebraic maps are simply constant functions. If g : A — F is an additional map, then
we can define the pointwise addition f+¢g: A — E by (f + g)(z) = f(x) + g(x) for
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all x € A. Similarly, we can define the product fg by (fg)(x) = f(x)g(z). And if c € E
is a constant, then we can consider the map cf defined by (cf)(z) = e¢f(x). The set
of all functions A — F is then an E-module, and we can therefore talk about linear
independence over E for collections of functions A — E. At this point, we would like to

collect a few facts about algebraic maps that we will use later. The proofs can be found
in [7] and [8].

Proposition 4.1. Let A be a semiring and let E and E' be commutative rings.

1. A nonconstant function f : A — FE is algebraic of degree 1 if and only if f = h+c,
where ¢ € E is constant and h : A — E is a nonzero additive map.

2. If f: A — FE is algebraic of degree n and c € E is constant, then cf is algebraic of
degree < n, with equality if ¢ is not a zero divisor in E.

3. If f,g: A — E are algebraic of degrees m and n, then f + g is algebraic of degree
< max{m,n}, with equality if f and g are linearly independent over E.

4. If f,g : A — FE are algebraic of degrees m and n, then fg is algebraic of degree
<m-+n.

5 If f : A — FE is algebraic of degree m and g : E — E’ is algebraic of degree n,
then g o f is algebraic of degree < mn.

6. Suppose f : A — E is nonconstant, ag € A is such that D,,f is algebraic of
degree n, and D, f is algebraic of degree < n for all a € A. Then f is algebraic of
degree n + 1.

7. If f : A— F is algebraic of degree n and i : A — A is the canonical map from A
into its associated Grothendieck ring A, then there exists a unique map f : A — E
such that f oi = f. Moreover, f is algebraic of degree n, and if f is multiplicative,
then so is f.

We will use the first six properties of the above proposition to show that various
maps are algebraic, and we will use the last property to show that if two algebraic maps
are equal on an additive generating set of a ring, then the uniqueness of the statement
implies the maps must agree on the whole ring. We will often refer to this fact as the
Theorem of Dress.

5. Tensor induction for H-sets

Here we first recall the important group theoretic construction of the wreath product.
We will use the following notation throughout the rest of the paper. Let H be a finite
group, and let n be some nonzero natural number. The symmetric group S5, acts on
H™ = H x --- x H (n copies) on the left by

F(hl,...,hn) = (hﬂ.—l(l),...,hﬂ.—l(n)) for all m € S, and hy,...,h, € H.

So we can form the semidirect product H™ x .S, whose multiplication is given by
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((hl’ o '>hn)7ﬂ—)((k17 . -vkn)ao—)

((h,...,hp)7(k1,. .. kpn),m0)
= ((hlkw—l(l), . .,hnkw—l(n))77'f'0').

We will use the notation (hy,...,h,;7) for ((h1,...,h,),7), and write H S, :=
H™ % S,. If we denote the identity of S,, by 1,, and the identity of H by 1y, we have
embeddings

t:S, — H1S,, m— (1g,...,1g;7) and
k:H" — H1S,, (h1,...,hn) = (b1, .. hys 1y).

Now if X is an H-set, then X™ is an H ! Sp-set via (hy,...,hp;7) - (21,...,2,) =
(hM1Zr-1(1), s PnTr-1()). If Y is an additional H-set and f : X — Y is an H-map, we
see that the function f™ : X™ — Y™, (x1,...,2,) — (f(21),..., f(z,)) is a morphism
of HSy-sets. This gives us a functor —" : gset — g, ¢ set.

Next let G be an additional finite group, and let U be a finite right-free (G, H)-biset.
We pick uq,...,u, € U such that the ordered set (uj,...,u,) is a complete set of
representatives of the H-orbits of U. So here n = |U/H|. Now for ¢ € G, we have
gui = Ug;yh; for some © € S, and h; € H. Since U is right-free, 7 and the h; are
uniquely determined by g. We can therefore define a function

0:G— H!S,, g— L(W)K(hl,...,hn) = (hﬂ.—l(l),...,hﬂ.—l(n);ﬂ').

It is easy to check that 6 is a homomorphism, hence induces a restriction functor Res(6) :
ms, set —> gset. We then define the functor sy : yset — set as the composition of
Res(f) and —". So explicitly, if X is an H-set, then sy(X) = X", and if g € G with
gui = Uz (s)hi, then

qg- (1’1, e ,xn) = (hﬂ.—l(l)xﬂ.—l(l), ey hﬂ—l(n)xw_l(n))

for all (z1,...,2,) € X™. Now of course the functor syy depends on the choice of U/H,
but it is easy to see that different choices of U/H lead to naturally isomorphic functors.

Next we gather a few of the properties of the functor sy. In Section 4 of [4], Serge
Bouc gives a different — but naturally isomorphic — definition of sy. His construction
is slightly more general, however, since he does not require that U be right-free. This
additional property will be necessary for later constructions, so we require it here. If
V C U such that v € V. h € H implies vh € V, we say that V is H-invariant, and denote
this by V' Cy U. The action of G on U induces an action on the set of all H-invariant
subsets of U, and we denote the stabilizer of V' in G by Gy . Notice that if V' Cy U, then
alsoU -V Cy U, and Gy_yv = Gy, so both V and U — V are right-free (Gy, H)-bisets.
Also, if V is a right-free (H, K)-biset for some other finite group K, then U x V is a
right H-set via (u,v)h = (uh, h=1v). We denote by U x i V' the set of H-orbits of U x V/
under this action. Such an orbit will be denoted by (u,m v) for w € U and v € V. Then
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U x g V is naturally a right-free (G, K)-biset via g(u,g v)k = (gu,m vk). Proofs of the
properties to follow are given in Bouc’s paper, so we omit them here.

Proposition 5.1. Let U, U’ be right-free (G, H)-bisets, let V be a right-free (K, G)-biset,
and let X,Y be H-sets. Then the following hold:

1. sy(e) = e as G-sets, where ® denotes a one-point set.

2. sy(X) = sy/(X) as G-sets whenever U =2 U’ as (G, H)-bisets, where the isomor-
phism is natural in X.

3. sy(X xY) = sy(X) xsy(Y) as G-sets, where the isomorphism is natural in both
X andY.

4. syuu (X) Z sy(X) x sy (X) as G-sets, where the isomorphism is natural in X .

ot

svxeu(X) = (sy osy)(X) as K-sets, where the isomorphism is natural in X.
6. sy(XUY)= H Indgv(sv(X) x sy—v(Y)) as G-sets, where the isomor-

VeG\{VCuU}
phism is natural in both X and Y.

Now if we let BY(H) C B(H) denote the semiring generated by the isomorphism
classes of H-sets, then sy induces a function B(U) : BY(H) — B(G) that sends [X],
the isomorphism class of an H-set X, to [sy(X)], the isomorphism class of sy (X). By
the functoriality of sy this function is well-defined. And since different choices of U/H
give naturally isomorphic functors, this function does not depend on such a choice. Now
property 3 of Proposition 5.1 shows that this function is multiplicative on BT (H). We
will show this function is algebraic of degree n = |U/H|.

Lemma 5.2. Let U be a right-free (G, H)-biset. The function B(U) : BT(H) —
B(G), [ X] ~ [su(X)] is algebraic of degree |U/H]|.

Proof. We prove this lemma by induction on n = |[U/H|. So first suppose that n = 1.
Then fix v € U. For g € G, we have gu = uh for some unique h € H. Then 6 : G —
H = H 51,9 — h is the homomorphism defining sy. And since n = 1, the functor
sy is just the restriction functor along 6. Hence B(U) is just the restriction map. And
since restriction is additive, we see that B(U) is algebraic of degree < 1. But B(U) is
nonconstant, so it must be of degree 1 = n.

Now assume for some fixed k € N, that we have shown that if V is a right-free biset
with |[V/H| < k, then B(V) is algebraic of degree |V/H|. Then suppose that U is a
right-free (G, H)-biset with n = |U/H| = k + 1. Let us fix [X],[Y] € BY(H). We then
have the following:

Dy BU)([X])

= BU)([X]+ [Y]) - BU)([X])
= BU)([X uY]) - BU)([X])
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= [su(X UY)] = [su(X)]

= JI  ™mdg, (sv(X) xsu_v(¥Y))] = [su(X)]
VeG\{VCuU}

= [Indg, (su(X) x sy_u (V)] + > Mdg, (sv(X) x sy_v(Y))] = [sv(X)]
VeG\{VCuU}

=[] —lsv(X)l+ Y [mdg, (sv(X) x su_v(Y))]
VEG\{VCHU}

= ) Idg, (BV)(X)BU - V)([Y])
VeG\{VCuU}

Now for every V Cy U such that V' # U, we must have |V/H| < k. So by the in-
duction hypothesis, B(V) is algebraic of degree |V/H|. Now B(U — V)([Y]) is constant
in terms of [X], so the function B(V)B(U — V)([Y]) is algebraic of degree < |V/H|.
And since induction is additive (algebraic of degree 1), composing with Indgv again
gives an algebraic function of degree < |V/H|. So Djy)B(U) is a sum of functions
of degrees < k for all [Y] € BT(H). When Y = e, a one-point H-set, we see that
D.B(U)(|X]) = ZVEG\{VQHU} Indgv (B(V)([X])). After choosing a set of representa-
tives of G\{V Cy U}, it is clear that the functions Indgv oB(V) are linearly independent
over B(G). And for any maximal V' Cy U, the function Indgv o B(V) is algebraic of
degree k by the induction hypothesis. Hence Dy B(U) is algebraic of degree k by Property
3 of Proposition 4.1. Finally B(U) is algebraic of degree k + 1 = n by Property 6 of the
proposition. O

Now by applying the theorem of Dress, we see that B(U) extends to a function
B(H) — B(G) that is still multiplicative and algebraic of degree |U/H|. We will again
denote this function by B(U) and refer to it as tensor induction by U. Mostly we are
interested in the case where H is a subgroup of G and U is just G as a right-free
(G, H)-biset with multiplication from G on the left and multiplication from H on the
right. Then the map B(H) — B(G) is the multiplicative induction map, which is
algebraic of degree [G : H].

Before moving on, we first recall (see Section 3b of [13]) how to extend B(U) to a
multiplicative function between ghost rings. Recall that if S < G and u € U, then
S =, (SN"H) < H. So we can define the function

B(U): B(H) — B(G), (nr)resm) I ns

uweS\U/H Se7(G)
We see clearly that B(U) is multiplicative. We can also see that B(U) is algebraic of
degree max{|S\U/H| : S € L (GQ)} = [{1¢}\U/H| = |U/H|, as is B(U). We also have
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B(U) o ¢y = ¢c o B(U), and B(U) is the unique multiplicative function with this
property. In other words, B(U) is the multiplicative extension of B(U) to ghost rings.

6. Tensor induction of modules

For this section, we let R denote any commutative ring. We call an RH-module M
a representation module if M is finitely generated and M is free as an R-module. Just
as we studied the tensor induction of H-sets in the previous section, we here study the
tensor induction of representation RH-modules. One construction is defined by Bouc
in [4]. Here we give a different construction that still results in isomorphic modules. Now
let n € N. If M is a representation RH-module, then we see that M®" := M ®pr---Q@rM
(n copies) is a representation R[H ! .S,]-module with action given by

(h1y. hpsm) - (M @ - @my) = (himy-1(1)) @ - -+ @ (hpMg—1(y))-

This then defines a functor —®™ from the category of representation RH-modules to
the category of representation R[H 1.S,]-modules. Now if U is a right-free (G, H)-biset,
then after picking (ug,...,u,), an ordered set of representatives of U/H, we get a group
homomorphism 6 : G — H S, as before. Then # induces a restriction functor, and

" we get a functor ty from the category of representation

after composing with —®
RH-modules to the category of representation RG-modules. Explicitly, ty (M) = M®™ =

M ®p---®r M, and if g € G with gu; = ur;)h; for some w € Sy, h; € H, then
g-(m®@---@m,)= (hw‘l(l)mﬂ‘l(l)) ®-® (hw—l(n)mﬂ‘l(n))~

Of course ty depends on the choice of representatives of U/H, but as before, we
can see that different choices of representatives give naturally isomorphic functors. If
M and N are two representation RH-modules, then both M ®r N and M @& N are
also representation RH-modules. Also R is a representation RH-module with trivial
H-action. Then for any representation RH-module M, its dual module M° is also a
representation RH-module. If X is a finite H-set, then the permutation module RX is
a representation RH-module. As an analog to Proposition 5.1, we have the following;:

Proposition 6.1. Let U,U’ be right-free (G, H)-bisets, let V' be a right-free (K, G)-biset,
let M and N be representation RH-modules, and let X be a finite H-set. Then the
following hold:

1. ty(R) = R, where R is the trivial module.

2. tg(M) =ty (M) as RG-modules whenever U = U’ where the isomorphism is natu-
ral in M.

. ty(M@r N) Zty(M) Qg tu(N) as RG-modules, where the isomorphism is natural
in both M and N.
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4. tyup (M) =2 ty(M) ®g ty/ (M) as RG-modules, where the isomorphism is natural
in M.

5. tvsxeu(M) = (ty oty)(M) as RK-modules, where the isomorphism is natural in M.

6. ty(M @& N) = @ Indgv(tV(M) ®p tu—v(N)) as RG-modules, where the

VeG\{VCuU}
isomorphism is natural in both M and N.

7. ty(RX) = Rsy(X), where the isomorphism is natural in X.
8. ty(M°) 2ty (M)° as RG-modules, where the isomorphism is natural in M.

Proof. Proofs of the first seven properties are discussed in [4], so here we only prove
the last property. Let M be a representation RH-module, and let {m1,...,my} be an
R-basis of M. Then M° has a dual R-basis {f1,..., fx}. That is, f; € Hompg(M, R)
such that f;(m;) = 6;; where 6;; = 1g if ¢ = j and J;; = Og if i # j. Now also
{miy, @ -~ @my, = (i1,...,0n) € {1,...,k}"} is an R-basis of ty(M). For (i1,...,i,) €
{1,...,k}", let f,,...i,) € tu(M)° denote the dual element to m;, ®---®m;,. And since
{f1,.-, fr} is an R-basis of M°, then {fi, ® -+ ® fi, : ({1,...,in) € {1,...,k}"} is an
R-basis of ty(M°). The map ty(M°) — ty(M)° that sends f;, @ --- @ fi, t0 f,,..in)
is then an isomorphism of R-modules. It is easy to check that this map preserves the
G-action on both sides, hence we conclude this is an isomorphism of RG-modules. O

7. Tensor induction functions

Here we show how tensor induction is used to define functions between the other vari-
ous representation rings and their ghost rings by first starting with the trivial source
ring. So suppose U is a right-free (G, H)-biset for two finite groups G and H. Let
us fix a p-modular system (K,O,F) that is large enough for both G and H. Every
finitely generated F'H-module is automatically free over F', hence every finitely gen-
erated F'H-module is a representation module. So we can apply ty to any finitely
generated F'H-module. If M is a trivial source F'H-module, then M | FX for some
finite H-set X. Thus by property 6 of Proposition 6.1, we see that ty (M) | ty(FX).
And then by property 7, ty(FX) = Fsy(X). Hence ty(M) | Fsy(X), proving
that ¢ty (M) is then a trivial source F'G-module. This shows that we have a function
Tr(U) : T# (H) — Tr(G), [M] — [ty(M)], where T/ (H) C Tp(H) denotes the semir-
ing consisting of the classes of trivial source FH-modules. Since [M] = [N] in Tr(H)
iff M =2 N as F'H-modules, this function is well-defined. Properties 1 and 3 of Proposi-
tion 6.1 shows this function is multiplicative. And as with B(U), property 6 can be used
to show that Tr(U) is algebraic of degree |[U/H|. Then applying the theorem of Dress,
we get a function Tp(H) — Tr(G), which we also denote by Tr(U), that is multiplica-
tive and algebraic of degree |U/H| such that Tw(U)([M]) = [ty (M)] for every trivial
source module M. Property 7 implies that Tp(U) o lg = lg o B(U). Finally, property 8
of Proposition 6.1 can also be combined with the Theorem of Dress to show that Tr(U)
preserves duals, that is, Tr(U)(a®) = Tr(U)(a)°® for all a € Tr(H).
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In the same way, we have a multiplicative function To(U) : To(H) — To(G),
which is algebraic of degree |[U/H| and also preserves duals. Here, we also see that
To(U) ol = lg o B(U). Tt is also clear that the isomorphisms To(H) = Tr(H) and
To(G) = Tp(G) commute with the maps To(U) and Tr(U).

Next we describe in detail an extension of To(U) to the appropriate ghost rings. So
we want to define a multiplicative and algebraic function To(U) : To(H) — To(G)
that completes the diagrams below to commutative ones:

To(U) . B(U) N
TH TG Ii la
To(U) To(U)

First we will show how, given a pair (E,c) € ,(G) and u € U, to define a corre-
sponding element of 7,(H). Since E is p-hypo-elementary, we see that £N*H must also
be p-hypo-elementary with O,(EN“H) = O,(E)N"“H. Recall that we have the map ¢,
which maps EN"“H onto E*. Also ¢, maps O,(E)N"“H onto O,(E)* = O,(E"). So we
can define the surjective group morphism

Gu: ENUH/O)(E)N"“H — E*/O,(EY), 20,(E)N"“H v pu(z)0,(EY).

Now let us set e, := [E : Op(E)(E N"“H)|. This then gives (c**) = O,(E)(E“H)/
Op(E) < E/Op(F). We then have the canonical isomorphism:

w : Op(E)(EN"H)/Oy(E) — EN"H/Oy(EYN"“H, azO,(E) s z0,(E)N"H,

where a € O,(E),z € EN"H. Thus we see that EN"“H/O,(E) N "“H is also cyclic,
generated by a,(c®). And since @, is surjective, we see also that E*/O,(E") is cyclic,
generated by (¢, 0, )(c®). This shows that E is also p-hypo-elementary. Lastly, we set
fu = [Op(E) : Op(E)N"H]. Then since f, is a power of p, and E*/O,(E") is a p’-group,
if we set ¢ 1= (@001, )(c )T, we also have E*/O,(E") = (c*). Hence (E*,c*) € Z,(H).
More concretely, if ¢ = sO,(F) for some s € E, then s € O,(E)(EN"“H). So suppose
s¢* = ax with a € O,(E),xz € EN“H. Then if ¢, (z) = h (that is zu = uh), we have
c* = hf+0,(E"). We can then define the following function:

TO(U) : TO(H) — TO(G)3 (Z(Dvd))(D,d)Eyp(H) — H Z(E“,C“)

weE\U/H (B,0)€T,(G)

We can then state the main theorem, which includes a uniqueness statement on T@(U ).
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Theorem 7.1. Given a right-free (G, H)-biset U, the function To(U) : To(H) — To(G)
is a multiplicative, dual-preserving algebraic function of degree |U/H| such that To(U) o
7 =100 To(U) and To(U) olg = lg o B(U). Moreover, if f: To(H) — To(G) is a
multiplicative function satisfying f o Ty = 7 0 To(U), then f = To(U).

Proof. We will break up the proof into the following parts: In part (a) we prove that
To(U) is well-defined. In part (b) we prove that the image of To(U) lies in To(G) as
claimed. It is then clear that T@(U) is multiplicative, dual-preserving, and algebraic of
degree |U/H|. In part (c) of the proof, we show that T (U)ol = lg o B(U). In part (d)
we prove that To(U) o 7y = 7g o To(U). And in part (e), we prove the uniqueness
statement.

(a) We first show that To(U) is well-defined, that is, does not depend on the choice
of E\U/H. So let us fix an (E, c) € J,(G), and suppose that u,v € U with v = auh for
some a € E and h € H. We claim that EY = (E*)" and ¢’ = (c¢*)". Thus (E%,c*) and
(EV,c") are conjugate in 7,(H), and therefore z(pu cuy = 2(gv 0. f g € EN"H, we
have

gv = vpy(g) = glauh) = (auh)p,(9) = (o™ ga)u = u(he,(g)h~")

From this we see that EN"H = “(EN"“H) and ¢,(9) = h™lp,(a"tga)h. And since
O,(F) is normal in E, we also have O,(E)N"H = “(0,(E) N "H). Hence E* = ¢,(EN
YH) = p,("(EN“H)) = ¢ (EN"H)" = (E*)", and similarly, O,(E") = O,(E)" =
(Op(E)H)" = O,(E*)". So we have

6u(90,(E) N H) = (pu(a”'gaO,(E) N “H))"

for g € ENYH. Now as we saw, EN"H = “(EN"H). We therefore have O,(E)(E N
YH) ="(O,(E)(EN"H)). But E/O,(E) is cyclic, and conjugation by a is trivial. Hence
Op(E)(EN"H) = Op(E)(EN"“H). Then clearly e, = e,, and we have (@, o ay)(c®) =
h=1(py o ay)(c®)h. Similarly, we can see f, = f,, which then implies ¢’ = (c%)".
From this, we see that the product HueE\U/H 2(gw ey does not depend on the choice of
E\U/H. Therefore To(U) is indeed a well-defined function.

(b) We next show that the image of To(U) is fixed by the actions of G and A. To
see that the image of T (U) is fixed by G, we just need to notice that for ¢ € G and
(E,c) € Qa.p, we have ((E)*, (9¢)*) = (B9 ', ¢9 %) for any u € U, and if (u, ..., up)
is an ordered set of representatives of YE\U/H, then (¢ tus,...,g  uy) is an ordered
set of representatives of E\U/H.

To see that the image of Tp(U) is fixed by the action of A, we pick a &; € A. Then

for any u € U, we have

()" = (puoan)((€) ) = (Pu o @) (/")) = (@u 0 ay) (e I) = ().
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Therefore

0i - T oz =la| II -z

ueE\U/H (B,0)€75(G) ueE\U/H (B,0)€Z,(G)

= II & CGeEoe)s) = II =z@ee

ueE\U/H (E,c)€T,(G) u€E\U/H (E,c)€T,(G)
This last equality uses the fact that the domain of T@(U) is also fixed by A, giving
0i(2(gu (cwyi*)) = Z(Eu,cv). SO we have now shown that To(U) is a well-defined function
whose image lies in Tp(G) as stated.

(¢) Now we show that To(U)oly = Ig o B(U). So suppose that (ns)ses(m) € B(H).
We then have the following:

(ZG o B(U))((”S)Sey(H)) =lg H nru

weT\U/H Tes(G)

[[ e

weE\U/H

(E,c)eTp(G)

(To(U) o lg)((ns)ses ) = To(U)(nD)(p.ayez, ) = II ne
weE\U/H

(E,0)eTp(G)
So we see that To(U) oly = lg o B(U).

(d) Next we show that To(U) o 7y = 7¢ 0 To(U). We know To(H) is generated as
an abelian group by the classes of monomial O H-modules (see [1] for instance). Then
since To(U) o 7 and 7¢ o To(U) are both algebraic of degree |U/H|, we need only
show they agree on the classes of monomial modules and apply the Theorem of Dress to
sex My into
O-submodules M., which are free of rank one over O where X is an H-set such that m €

get equality. A monomial @H-module M admits a decomposition M = P

M,,h € H, implies hm € Mj,. For x € X, we let H, denote the corresponding stabilizer
subgroup in H. Since M, is O-free of rank one, M, = O, for some homomorphism
Y, : Hy — O*. Now suppose @ < H is a p-subgroup. Then @ N H, is contained in
the kernel of each 1, since 1 is the only pth root of unity in O*. We can see from [2],
if we now consider X? as an Ny (Q)/Q-set, then M(Q) = @,cxo Mz, and so M(Q)
is a monomial F[Ng(Q)/Q]-module. Now suppose that ¢ € Ny (Q). Then the Brauer
character of M(Q) at tQ is -, xayw ¥a(t). Of course (X = X(@b and so we
can see that
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where b = tO,(D).

= ( > wa(t)

zeXP ) (D,b)€ T, (H)

Next we want to show that ¢ty (M) is a monomial OG-module, where the underly-
ing G-set is X" = sy(X). For any (z1,...,2,) € X", we can define the O-module
M,,....xp) = Mz, ®0 -+ - @0 My, . Since each M, is a free O-module of rank one, clearly

tU(M) = @ M(l‘l,...,l'n)
(T15eesTpn ) EXT

as O-modules, and G permutes the summands according to its action on X" = sy (X).
For (z1,...,7,) € X", we let G5,
Mg, ...z, is free of rank one over O, we know that M, . . )= me _____ ) for some
morphism ¥, 2.y 1 Gay,...zn) — O, We next determine this morphism. If g €

G(zy,....0) a0d gu; = uryh; for m € Sy, h; € H, this means that

) denote its stabilizer subgroup of G. Since

.....

(1‘1, e ,xn) =g- (1‘1, e ,xn) = (hﬂ-*l(l)xﬂ-*l(l)v ey hﬂ.—l(n)xﬂ.—l(n)).

Hence z; = hy-1()Tr-1(3) for © = 1,...,n. In other words, h;z; = wr(;) for all i. For
each 4, let us define [; € N to be the smallest natural number such that 7' (i) = i. (Notice
that I; = [{(g) : {g) N “*H].) Under the restriction of the action of S,, on {1,...,n} to
the subgroup (7), we see that the orbit of 7 is precisely {i,7(i),72(i),..., 7" 1(i)}. So
clearly I; is constant on the (m)-orbits of {1,...,n}. Now since h;z; = 2.(;), we see that

hﬂli—l(i) e hw(i)hixi = hﬂ.li—l(i) e hﬂ—(z).’lfﬂ-(l) == hﬂli—l(i)xﬂli—l(i) = Trl (i) = X;.

Hence h ;1) hr(iyhi € Hy,, and we can consider ¥y, (hqt;—1(;) - - hr(iyhi), which is
independent of the (m)-orbit of 4. Now to determine (4, . ,.)(g), we pick a basis of

Mg, ...« in the following way: Fix an i € {1,...,n} and choose any O-generator e,,
of M,,. Then for j = 1,...,l; — 1, we recursively define Cx_jy = hﬂ-jfl(i)eij_l(i) €
Mhﬂjﬂ(i)%%l(i) = Mwﬂj(”. So we've chosen an O-generator of M, , for all ¢’ in the

(m)-orbit of i. We then continue this process for the other (m)-orbits of {1,...,n}.
Then e;, ® -+ ® eg, is an O-basis element of M, . ... S0 g- (s, ® -+ @ ey,) =

)

U(ar, o) (9) (€2, @ -+ @ ey, ). But by construction, we see that

g (ep, ® - Qey, )= hﬂ—l(l)ezﬂfl(l) K- hﬂ—l(n)emwilm)

= I elhaiigy hehi)(es, @ @ ea,)
ie(m)\{1,...,n}

where (m)\{1,...,n} denotes a full set of representatives of the (r)-orbits of {1,...,n}.
This then shows that if g € G4, ... »,) With gu; = ur)h;, then we have
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Vrany(@ = I Yei(hari-rgy - haiyha).
e(m\{1,...,n}

We are now ready to compute the image of [M] under both relevant compositions:

(6 0 To(U))(IM)) = 16 D  Mew

(@202 ) €(X™)E (B.c)€7,(G)

H ¢m1(8 I;—1 ) ~-Sﬂ.(i)8i)

e(Xn)E ie(m)\{1,...,n} (E,0)€T,(G)

M

(To(U) o 1) (IM]) = To(U) < > vt

zeXD >(D,t0p(D))€=7p(H)

= II > vl

wE€E\U/H ze X E" (E,c)€Z5(G)

where for (E,c) € F,(G), we write ¢ = sO,(E) with su; = ur(;)s;, and for u € U,
we write ¢* = h{«O,(E"). So to prove that these two compositions agree, let us fix
one such (E,c) € J,(G). We can then partition {1,...,n} by some XA = {A1,...,A\x}
such that u; and u,; are in the same E\U/H-class iff i,7’ € \; for some j € {1,...,k}
where k = |E\U/H|. We then define a function v : {1,...,n} — {1,...,k} by v(i) = j
whenever i € ;. And let n : {1,...,k} — {1,...,n} be the section of v defined by
sending j to the smallest ¢ such that i€ N;. We then set vj 1= u,(j) so that {vy,..., v}
is a complete set of representatives of E\U J/H. Now if i € A;, we have u; = b;v;k; for
some b; € E and k; € H. We can then define the following functions, which are mutual
inverses of each other:

B HXEJ (XME (yi,.. . uk) = (@1, ) wherea:,-:k:i_ly,,(i),

k
: (X”)E — HXE (T T) (Tp(1)s - oo Tp(r))-

j=1

Now E/O,(E) = (c) is a p’-group, and we can assume ¢ = sOp(E) for some p’-element
s € E. Also we assume su; = ur(;)s; for some 7 € Sy, and s; € H. For j = 1,...,k,
we set ej := ey, = [B: Op(E)(EN"H)|, and f; := f,, = [Op(E)(EN"H) : EN" HJ.
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Then s% = ajx; for some a; € O,(E),z; € EN" H. We then set h; := @, (x;) € £,
and we can define the function

5 XEY — 0% w s (b))

Since s € E, notice we always have v(i) = v(n(i)). In other words, if ¢ € \;, then also
m(i) € A;. Hence the action of (r) on {1,...,n} induces an action on each A;. Then if
we let (m)\\; denote a complete set of representatives of the (r)-orbits of A; under this
restriction, we can define the function

€5 : (Xn)E — OX7 (331,...7 l—> H %1 whi=1(4) 'S‘n(i)si)-
1€(m)\\;

Now for each j € {1,...,k} we let p; denote the projection of Hle XEY onto XEV
We claim that €; o 8 = 6; o p; for each j. To see this, suppose that (yi,...,yx) €
[1;_, XZ". Then

(Gjoﬁ)(ylwu,yk)=€j(»’f17~~ H 1/1118 Li=1(4) (i)Si)a

1€(m)\ X

-1
where z; = k;lyj for i € A;. This means that 9., = wkflyj =k by, . Hence

—1
(ej Oﬂ)(yl,-..,yk) = H ki wyj(sfrlifl(i) "'Sﬂ(i)si)

1e(m)\ N

H '(/)UJ (kiSﬂ.Li—l(i) ce Sﬂ(l)SlkZ_l)
i€ (m\A\;

On the other hand, (d; o p;)(y1,--.,yx) = ¥y, (h ;)/i. Now for i € \;, we see that

L li—1 1;—2
stu; = 8" u-rr(z)sz =S Uﬂ-2(i)87.r(i)$i == Ugly (i)s‘n-lifl(i) tee srr(i)si

= UiSﬂ,li—l(i) e 57‘-(1)51

Hence s € EN" H with ¢, (s%) = 5,4, i~1() " Sr(i)Si- Since u; = bjvjk, then b_1 lip; €
ENY H with @Uj(bjlsl’?bi) = kitpu, (s')k; 1. On the other hand, we notice s € EN" H <
Op(E)(EN""H) = O,(E)(EN" H). But e, is the smallest natural number such that s% €
O,(E)(E N" H). Hence s = (s%)™: for some m; € N. So if we set m := [E : O,(E)],
then the assumption that s is a p’ element implies the order of s is m. Thus [; = e;jm;

[ 47

(mod m). Now since a; € O,(E) < E, we see that sl = (s%)™ = (a;z;)™ = a;x’lt,

for some a); € O,(E). We then compute

(@vj Oavj)(sliOp(E)) = Py, (a ( €L zOp( ))) = Py, (xg‘niop(E) N“H)
= o, (@ )Op(E") = @y, (2;)" Op(E*7) = hi" Op(E")
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But on the other hand,

(@u, 0 ) (5" Op(E)) = o, (b7 5" b:) Op(B™) = kipu, (s" )k Op(E™)

= kiswli—l(i) C S )Sl 10 (EUJ)

Now O,(E") is contained in the kernel of ty,, so ¥y, (kisqi;—1(;)

by, (hy)™i. Therefore

Sﬂ.(l)slkl_l) =

50 nereccmy = T by ™ = B ™,

ie(m)\X;

For each i € \j, we have l; = e;m; (mod m), and m = [E : O,(E)] =

[E: 0,(E)(EN

YiH)Op(E)Y(EN"H) : Op(E)]. So if we set d; := [Op(E)(ENYH) : Oy(E)], then m =
ejd; or % = d;. Now we see that e; Z o, M = Zie<w>\Aj e;jm;, and since e;m; = 1;
(mod m), we have €; 3 ;¢ D, M = Zze<7r)\>\j ; (mod m). But clearly Zz‘e(w)\xj l; =
|\j|. We can see that E/EN"H = {bEN"H : i € )}, and therefore |\;| = [E

ENYH|=[E: OyE)YENYH)O,E)ENYH): EN"H] = e;f;. So putting all
of this together7 we see that €; 3 ;e m\5, mi = €;f; (mod m). And since & = dj, we
get D iempa, M = fj (mod dj). Now since h; = ¢y, (x;), we see that o(h;) | o(z;) =
o(s%) = m = d Hence vy, (h;) is a d;th root of unity in O*. Then since 7, N, i =

f; (mod d i), we see that

(ejoﬁ)(yla'-'ayk) 7%]( ) AN m wy](hj)fj = (5_]Op])(yla7yk)

So we have that €j 0 8 =6, 0p; for j =1,...,k. So finally we see the following:

Z H Y, (Sti=1(3) * * * S (i) Si)

(wlr"aajn)e(xn)E i€<77>\{17“"n}

&
= Z Hﬁj(331,~-~79€n)= Z H ioBoa)(ry,...,Tn)

(Z1,eeyTn)E(X™)E =1 (1,.smn)E(XM)E =1

k
= > 1165 0p) @y, 2ni) = > H5 Tn(s))

(z1,yTn ) E(X™)E j=1 (1, szn)E(X™)E

k
= > 116w

‘ oy T
(Y1,eoyn) €T, XB i=t

Then by distributivity, this is equal to H?Zl ZmexEvj di(x) = H§:1 ZrexE“j Y (hj)fi.

This proves that the (E,c)-components of (7g o To(U))([M]) and (To

(U) o 7)([M])

are equal. So we see that 7¢ o To(U) and T (U) o 7y agree on the classes of monomial

modules. Then since both compositions are algebraic, we can conclude that T@(U Yoy =

TG © To(U)
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(e) Finally, we show that this extension T (U) is the unique multiplicative extension
of To(U). So suppose that also f : To(H) — To(G) is multiplicative and satisfies
forn =716 0To(U). We know that the ghost map 7p is injective with finite cokernel
annihilated by |H|. So pick b € Toy(H). Then |H|b = 75 (a) for some a € Tp(H). Hence

fUH|b) = f(tu(a)) = (f o tu)(a) = (¢ o To(U))(a) = (To(U) o 7 )(a)
=To(U)(rn(a)) = To(U)(|H|b).

Now if 1z denotes the identity of To(H), then we can similarly see that f(|H|1y) =
To(U)(|H|1g). So we have

To(U)(|H[1m)f(b) = f(H[1m)f(b) = f(H|b) = To(U)(|H|b)
= To(U)(|H|111)To(U)(b).

Let us set B := To(U)(|H[1g) € To(H). An easy computation shows that B =
(|H|‘E\U/H|)(E7C)€yp(c). Hence B has a nonzero integer in each component. Therefore
Bf(b) = BTo(U)(b) implies f(b) = To(U)(b). Thus we conclude that T (U) is unique
among multiplicative functions extending To(U) to ghost rings. O

If we set Tr(U) = To(U), then the previous theorem shows also that Tx(U) extends
Tr(U) to ghost rings. So we have defined tensor induction functions between Burnside
rings and trivial source rings, and extended them to ghost rings. We next deal with the
character ring. We know that two K H-modules have the same image in R (H) if and
only if they are isomorphic as K H-modules. So if we let R (H)"™ C Ry (H) denote the
semiring generated by the classes of K H-modules, then we see the functor ¢y induces a
map Rx(U) : Rx(H)"™ — Rk (G) by Rx(U)([M]) = [ty(M)]. As with To(U), we see
that Proposition 6.1 can be used to show that Ry (U) is multiplicative, preserves duals,
and is algebraic of degree |U/H|. Hence this map extends uniquely to a multiplicative,
dual-preserving, algebraic function Rx(H) — Rg(G), which we will also denote by
Ry (U). Before continuing, we first prove the following, which was previously proved in
a special case and via different methods by David Gluck and Marty Isaacs in [9]:

Proposition 7.2. If M is a K H-module with character x, then ty (M) has character XY,
where for x € G,

= I xleul@™)),

uwe(x)\U/H

where n, = [(z) : (x) N H].
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Proof. To see first that this function is well-defined, suppose that u,v € U with v = 2™uh
for some m € Z,h € H. Then "H =" (“H). So n, = [(z) : (z)n" (“H)] = [(z) :
" ({z)N"H)] = [(z) : () N"H] = n,. Then

0o (™) = Ppmun (™) = K oy (™2™ x™™)h = h ™ o, (™) h.

So @, (z™) and ¢, (™) are conjugate in H, and therefore x(p,(z™)) = x(pu(z™)).
Hence xY(x) does not depend on the choice of (x)\U/H. Now fix a set of represen-
tatives U/H = (u1,...,u,) and suppose that xu; = ur;h; for some 7 € S, and
h; € H. Now (m) < S, acts on {1,...,n}, and if (m)\{1,...,n} = {i1,...,ix}, then
(x)\U/H = (uiy,-..,u;,). Let us fix a K-basis mq,...,m, of M. Suppose also that
himj = Y75 _y ije,my,. We can see for each i that @, (z") = R R OIS
and therefore

Ny, —

X(‘:Oui(xnul)) = Z H Qi i)k i () Frit1)

(kivk‘rr(i)a-“vkﬂ-"ui _1(’5))6{1:---77‘}72“1' J=0

So by distributivity, we have

H X(%Ou(xnu)) = Z H H aﬂ-](z)kﬂ'](ﬂ wIt1(4)
ue(x)\U/H (k1,eoskn)€{1,..,rym i€(m\{1,...,n} J=0
= Z Haikikﬂ'(i)
(k... e{l,...,r}i=1
- Z Haﬂfl(i)kﬂ_flu)k‘i
(k1, Ye{l,...,r}mi=1

On the other hand, {my, ® --- @ my, : (k1,...,kn) € {1,...,7}"} is then a K-basis of
ty(M). Then for (i1,...,4,) € {1,...,7}", we see that

x - (mil X min) = hﬂ,—l(l)miw_l(l) Q- hﬂ.—l(n)miw_l(n)

r
- ( E O‘ﬂ'*l(l)iw,l(l)klmlﬂ E QXr=1(n)i_ “1(nykn kn)
kn=1

k1=1

n
- Z Haﬂ*l(j)iw—l(j)kjmkl ® - @My,

(1, kn)€{L,...r}m j=1

So we see that the character of ty(M) at x is precisely 3, 4 yeqq g X
H?:l aﬂ'fl(i)kﬂfl(i)kj = XU('T) D
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So the map Ry (U) can be described as the function y +— xV on characters. If M is
a trivial source O H-module, then clearly (Rx (U)o cy)([M]) = (cg o To(U))([M]) since
both are equal to the character of ¢ty (M ). Then since both Rx (U)ocy and cgoTop(U) are
algebraic (of degree |U/H]|), we can conclude by the Theorem of Dress that Ry (U)ocy =
cg o To(U).

It is now easy to see how to extend Ry (U) to ghost rings. We define the function

Ry (U): Rg(H) — Rk (G), (wn)nes — H W, (znu)
ue(x)\U/H e
It’s immediately clear then that Ry (U) is multiplicative and algebraic of degree |U/H|
and also that Ry (U)oey = ego Ry (U). That is, Ri(U) is a multiplicative extension of
Ry (U). Since ey is injective with finite cokernel, we see also that Ry (U) is the unique
multiplicative extension of Rx (U) in much the same way we proved To (U) is the unique
multiplicative extension of To(U). Also if (2(py))(p,p)e s, ) € To(H), then

(R (U) o én)((2(p.0)) (D.0ye, (1)) = ( H Z((2)" o (a0 ) (p) ") ) 2€E(G)
uwe(x)\U/H
= (éc o To(U))((2(p,n) (D.0)e 7, (11))-
Hence RK(U) ] EH = 5(; o To(U)
Lastly we want to describe the function Rp(U) : Rp(H) — Rp(G) induced by the

tensor induction functor and an extension Rp(U) : Rp(H) — Rp(G). Essentially we
want to complete the bottom face of the following commutative diagram:

Rk (U)

Ry (H) Rk (G)
» R (H) @) R (G)
da
RF(H) dy RF(G) da
\ X
1353
Rp(H) Rp(G)

Similar to previous constructions, we first let Rj.(H) denote the subring of Rp(H)
consisting of the classes of F'H-modules. We want to define Rp(U) : Ri(H) — Rp(G)
by Rr(U)([M]) = [tu(M)], but it is not immediately clear that this is well-defined.
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So suppose that M and N are two F'H-modules such that [M] = [N] in Rf(H). This
is equivalent to having Res? (M) = Res% (N) for all p/-subgroups 7' < H. To see that
Rp(U) is well-defined as above, it suffices to show that Res§ (ty(M)) = Res§ (ty(N)) for
all p’-subgroups S < G. So let us fix one p’-subgroup S < G. Notice that the restriction
functor Resg is just the functor ¢y, where V is the elementary restriction (S, G)-biset.
Thus Res§ (tyy(M)) = (ty o ty)(M) = tyxou(M). Let us first write U = Uy U --- U U;
as a disjoint union of transitive (G, H)-bisets, and then pick a u; € U;. Now each U; is
right-free, and we therefore have isomorphisms @, : “"H/ "1 — G%,g"1 + ©,.(g).
We can write each transitive U; as a composition of elementary bisets in the following
way:

gz
U; = Ind¥, o Inf,, g/ uiq ©Is0(@, 1) o Resfu, .
We then compose each U; with V = Resg. First we see by the Mackey formula that

u
~ *H
Res§ o Ind&, 5 = H Indgzu; g o Iso(c,) o Res gu qus gy
ze€S\G/ Wi H

where ¢, : S*N"“ H — SN*" H is the isomorphism induced by conjugation by z. Then
for any z € G, we have

wi g i ot STAYH -1 Uiy Uiy
Res o qui g © Infu, HJwil — Infg, u, H/Senui1 © Iso(y, ) o ReS(Sm“i H)WiH/ il

where 7, : STN“H/S*N%1 5 (S*N"“ H) "1/ "1 is the canonical isomorphism. Next
we have

uLH/ull

ReS(Szﬁui H)WiH/ Wil @) ISO(@;}) & ISO((@:M“ )_1) o) Resgmji

(S=NUiH)%i1/ Wil
where the isomorphism (S%N" H) %1/ "1 - §%% is given by restricting @, to (%N

“iH)"1/"1. Finally, we have Resg;:ii o Resgui = ReSIS{wi by transitivity. Then putting
these together, we see that

VoU, = H Vig o Resgmi
t€S\G/ Wi H

where V; , is some right-free (S, S*"¢)-biset. So finally, we have
¢
VoU*Z H H Vizo Resgmi.
i=12€S\G/ Wi H

Then by Proposition 6.1, we see that
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ResS(tu (M) 2R X tv, (Restew, (M),

i=1 z€S\G/ “i H

with a similar result for N in place of M. Since S is a p’-subgroup of G, so is SN H
for all x € G and i = 1,...,t. Hence S = g, (S N " H) is a p’-subgroup of H.
So by the assumption, Res5zu, (M) 2 Resheu, (N) for all  and i. Then by functoriality,
th(Resgmi (M)) =ty,, (Resf.., (N)) for all z and i. From here, we can conclude that
Res§ (ty(M)) = Res§ (ty (N)), showing that Rp(U) is well-defined. Is it then clear that
Rp(U) is multiplicative and is algebraic of degree |U/H|. Hence we have a multiplicative,
dual-preserving function Rp(U) : Rp(H) — Rp(G) which again is algebraic of degree
|U/H|.

From here we want to show that Rp(U) o dy = dg o Rk (U). To do so, we just need
to show that both compositions agree on R}(H) So let M be a K H-module, and let
L C M be a full OH-lattice in M so that dgy([M]) = [F ®e L]. Next we see that ty (L)
is a full OG-lattice inside ¢y (M), and therefore

(de o Rg (U))([M]) = da([tu (M)]) = [F ®o tu(L)].
Before proceeding, we prove the following lemmas:

Lemma 7.3. Let k, k' be two commutative rings with a morphism k — k' of rings. Then
the functors ty (k ®p —), k @ tu(—) : o ymod — L omod are naturally isomorphic.

Proof. If M is a k' H-module, then the map ty(k Q@ M) — k @ ty(M) defined by

(c1®m)® - ® (crh ®Mp) — (ﬁc) ® (Mm@ @my)

is clearly an isomorphism of kG-modules, natural in M. 0O

Then applying this lemma to the canonical epimorphism O — F, we have the
following;:

(Rp(U) odu)([M]) = Rp(U)(F ®0 L) = [tu(F ®o L)]
= [F'®o tu(L)] = da([tu(M)])
= (dg o R (U))([M])

From here we can conclude that Rp(U)ody = dgoRgk (U). Recall that the decomposition
dy is always surjective. In particular, if M is an F'H-module with Brauer character 1,
then we have its Brauer lift ¢» € R (H) where ¢(h) = 4 (h,) for all h € H. We can then

compute R (1)) using Proposition 7.2. Then after applying dg, the following theorem
becomes clear:
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Theorem 7.4. If M is an FH-module with Brauer character ¢, then ty (M) is an FG-
module with Brauer character YU, where for x € &,(G),

W)= JI  #leu@™), nu=I[a): @) n"H].

we(x)\U/H

To conclude this section, we define Rx(U) to complete the rest of the diagram:

RF(U) : RF(H) — RF(G), (wh)heg’p(H) — H We,, (z7u)

ue(z)\U/H 2€8,(G)
It is clear that Rp(U) is multiplicative, preserves duals, is algebraic of degree |U/H],
and extends the function Rr(U) to ghost rings. Again since £y is injective with finite
cokernel, we can see that Ry (U) is the unique multiplicative extension of Ry (U). Finally
we have the following diagram where each face is commutative. We omit the names of
the maps for simplicity. Each function is multiplicative and preserves duals. The dashed
arrows are algebraic of degree |[U/H|. The solid arrows are all additive (hence algebraic
of degree 1).

/ ’ ’ >, 7 %
/ / ’ Tr(H /S —Y Rp(H 4
/ ’ 4 ’ ’
’ , / ’
/ ’ , , ’ / , , /
’ ’ , ’ / / ’
’ , ’ ’
/ / , , / / , , /
/ / J , , ’ ’ , , ’
, ’ , , / 7 / , 7z
, , J , ; ’ / , , ’ 3
/ ’ , / ’ 4 4 ’ ’ s
/ / ’ 4 /7 e e v/ ’ /
/ 7 4 7
/ /) 4 4
’ 7 7 4 ’
Yy ; /L To(G) , = Rk (G) , ;
4 / 4 / G ’ 4 ’
/ / ’ / / / ’ ,
4 ’ 4 ’ / ’ 4 ’
’ v v ’ v i ,/

S BG) | To(@)

/ / /,
/
// T / /
/ /
N \/; v

B(G) S/ TR (G) ——— /= Rp(G)

/ /
/ /
7 G
/
\L‘/ \L//

Tr(G) —————— Rr(G)

8. Unit groups as inflation functors

Here we recall the notion of inflation functors (see [5] for more details). We let B(G, H)
denote the Grothendieck group of the isomorphism classes of finite (G, H)-bisets with
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respect to disjoint unions. In other words, B(G, H) is just B(G x H°P). If K is an
additional finite group, then there is a bilinear pairing

B(G,H)x B(H,K) — B(G,K), (u,v)—uxXpgv

induced by tensoring over H, which defines composition in the biset category C. Next
we let I(G, H) denote the subgroup of B(G, H) generated by the isomorphism classes
of finite right-free (G, H)-bisets. We can then define the category Z to be a full subcate-
gory of the biset category with Homz(H,G) = I(G, H). An inflation functor is then an
additive functor Z — Ab, where Ab denotes the category of abelian groups.

The goal of the rest of this section is to define inflation functors for each of the unit
groups of the representation rings and their ghost rings discussed above. We let K = @p,
the algebraic closure of the p-adic numbers and O be the integral closure of Z, in K.
Although O is not a complete DVR, it has a unique maximal ideal p. We then set
F = O/p, which is an algebraically closed field of characteristic p. Now for any fixed
finite group G, the canonical map To(G) — Tr(G) is still an isomorphism. We can then
find a p-modular system (K', @', F') with embeddings K/ — K,0’" < O, and F' —
F that give isomorphisms Rx/(G) = Rk (G), Rp(G) = Rp(G), Tr(G) = Tr(G),
and To/(G) = To(G). So with some abuse of notation, when focusing on a particular
group G, we will identify To(G) with Te/ (G) (with similar identifications for the other
representation rings).

For each finite group G, we have a ring R(G) where R(—) will stand for B(—),To(-),
Tr(=),Rr(—), Rx(—), or one of their associated ghost rings. And if G and H are two
finite groups and U is a right-free (G, H)-biset, we have a multiplicative function R(U) :
R(H) — R(G), hence a group homomorphism R(U)* : R(H)* — R(G)*. We will
show that each possible R(—)* defines an inflation functor. Now if a € I(G, H), then
a = [U] — [U'] for some right-free (G, H)-bisets U and U’. Hence, we can define the
group homomorphism R(a)* := R(U)*(R(U")*)~!: R(H)* — R(G)*. We will show
explicitly for R(—) = Tr(—) that this makes Tr(—)* an inflation functor, and then it
will be clear that similar proofs will show R(—)* is also an inflation functor for the other
choices of R(—).

To see that Tr(a) is well-defined, suppose additionally that a = [X] — [X'] for
some other right-free (G, H)-bisets X and X’. Then [U] — [U’'] = [X] — [X'], hence
[UUuX] = [XUuU] in I(G,H). Therefore U U X' and X U U’ are isomorphic
right-free (G, H)-bisets. So Tr(U U X')* = Tr(X UU")*. Now if (E,c) € Z,(G),
(u1,...,uy,) is a set of representatives of E\U/H, and (z},...,2},) is a set of repre-
sentatives of E\X’'/H, then clearly (uq,...,un,x},..., 2} ) is a set of representatives of
E\(U U X')/H. From here we can see that Tr(U U X')* = Tr(U)*Tr(X')*. Similarly,
Tr(X LU =Tp(X)*Tp(U')*. So we see that Tp(U)*Tr(X')* = Te(X)*Tr(U")*.
Hence T (U)* (Tp(U')*)~" = Tp(X)*(Tr(X')*)~'. Thus we see that Tr(a)* is well-
defined. So for any a € I(G, H), we have a homomorphism of abelian groups Tr(a)* :
Tr(H)* — Tr(G)*.
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It is clear that Tr([Idg])* : Trp(G)* — Tr(G)* is the identity function. So we next
show that TF(*)X preserves compositions. Suppose that G, H, and K are finite groups,
U is a right-free (G, H)-biset, and V is a right-free (H, K)-biset. Then U xgug V is a
right-free (G, K)-biset. We will show that Tp(U xg V)* = Tp(U)* o Tr(V)*. First
note that if u € U,v € V, and T < K, then (“#)7T = “(*T). Similarly S(#v) =
(S")V for any S < G. In particular, for (E,c) € Z,(G), we have E(%#v) = (Eu)
and O,(E)av) = (0,(E)*)". Hence c(“uv) (c*)? € Eu#v) /0, (E)®av). We will
show that in fact, c(#¥) = (c*)U. We have e(, ,,) = [E : Op(E)(E N (w9 [)] and
fume) = [Op(E)(EN " EK) . En®H) K] Hence ey, o) flume) = [E: EN "I K]
Next we have e, = [E : Op(E)(EN"H)| and f, = [Op(E)(EN"H) : EN"“H]. Hence
eufu =[E: EN"H]. Now “#V K = “(*K) <“H. Hence EN"("K) < EN“H, and we
have

e('UqH'U)f(U7H'U) = [E : Eﬂu(vKﬂ = [E : EﬂuH][EﬂuH : Eﬂu(vK)}
— eufu ENUH : EN"("K)].

We see that ¢, maps E N "“H onto E* and EN"“("K) onto E* N "K. Hence [E“ :
E*N"K|=[EN"H : (EN"“("K))(E N Ker(p,))] by an isomorphism theorem. But
EnKer(g,) < EN“("K). So we have [E* : E*N"K] = [EN"H : EN"("K)]. Now
setting e, = [E" : Op(E)“(E* N"K)] and f, = [O,(E)*(E*N"K) : E* N "K], we then
have e(u,Hv)f(u,Hv) = ey fuey fo-

Now suppose ¢ = sO,(E) for some s € E. Then s°r» = az for some a € Op(FE)
and z € EN YK Then ¢(®rv) = <p(u7HU)(z)f(%H“)Op(E)(“*H”). On the other hand,
s = by for some b € O,(E) and y € EN"H. So ¢* = ¢(y)'O,(E)". Then ¢, (y)/=¢ =
tz for some t € O,(E)" and z € E* N"K. Therefore (c*)” = ¢, (2)f O, (E)™“#"). So we
will show that <p(u7HU)(z)f<“=H“>Op(E)(“’H”) = 0, (2)f2 O, (E) W),

Now s¢nwfwmy = (az)/wnn = ¢/zfn for some o/ € O,(E). Hence we have
sl (u, g v) = d (u,g v)@(u’Hv)(a:)fW’H“). On the other hand, s®n»femy =
seufueofo = (by)fuevfo = byfucefv for some b’ € O,(E). Hence also

S ) () = B (o ) = B ()51 ) = W g o)
= b (u,51 (c2)/"v).

Now (tz)f» = t'2/» for some t' € O,(E)*. Hence t' = ¢,(q) for some q € O,(F). Thus

V' (u,ar (c2)70) = V' (w11 0u(0) 27 0) = V' (upu(9) s vpu (2)7) = U (quyr 0) 9o (2)
= b'q(u,m v)pu(2).

So altogether we have a'(u,py v)cp(uVHU)(x)f(“vH“) = b'q(u, i v)py(2). Since o',V ,q €

O,(E), this implies that <p(u7Hv)(z)f(uﬁHWOp(E)(“*H”) = ©u(2)70,(E)®av). Thus

W) = (") as claimed.
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Next we claim that E\U xg V/K = [[,cpy/u E*\V/K. So pick a set of repre-
sentative E\U/H = {uy,...,ux}. And for j = 1,...,k, pick a set of representatives
EY\V/K = {vj1,...,v,}. We will show that {(ej,mvj):j=1,...,ki=1,...,1;}1is
a set of representatives of E\U x g V/K. Solet (u,i v) € UxgV. Then u = au;h for some
a€ E,je{l,...,k} and h € H. And hv = a;vj;k for some a; € E%,i € {1,...,1;},
and k € K. Since a; € E", we have a; = ¢, (q) for some ¢ € E. Thus

(u,m v) = (aujh, g v) = a(uj,mg hv) = a(uj,m ajvjk) = a(ujaj,mvj)k = alqu;,mvj)k

= aq(uj,m vji)k,

showing (u,s v) is in the same (E, K)-class of (uj,m v;;). So every element of U xg V
is in the same (E, K)-class of some (uj,p vj;). Now to see these classes are all distinct,
suppose that (uj,z vji) = a(u;,m vji)k for some a € E and k € K. Then (uj,g vj;) =
(aujr, g vji k) implying there exists h € H such that u; = aujh and vj; = h™v;k.
Since u; = aujh, we see that j = j' and h € E%. Then h™' € E% as well, and
vj; = h™'v;ik implies i = ’. So we see all these classes are distinct. Thus {(u;,m vj;) :
j=1,...,ki=1,...,1;} is a complete set of representatives of E\U x g V/K. Hence
E\U xg V/K = [l,epu/u E*\V/K as claimed.
Now to put this altogether, we have the following:

(Tr(U)* o Te(V)) (2(c.0)) (C.a)e 7, (5))

=Tr(U)" II 200w

veD\V/K (D,b)eZ,(H)

H H F((Bw)?,(c*)?)

(uGE\U/H veEEU\V/K (E,0)eZ,(G)

11 B )

(u,Hv)EENUXV/K (E,c)€Z,(G)

=Tr(U xu V) ((2c,0)(c.0)€ 7, (K))
So we see that Tr(U)* o Tp(V)* = Tp(U xg V)*. Now suppose that a € I(G, H)
and b € I(H,K). Then a = [U] — [V] for some right-free (G, H)-bisets U and V, and

b= [Z] — [W] for some right-free (H, K)-bisets Z and W. Then aob=[U xg ZUV xg
W] —[U xg WUV xg W], and we see that

Tr(aob)* =Tr(U xg ZUV xg W) (Tp(U xg WUV xgz Z)*)7?
= (Te(U)* o Te(Z) ) (Tr(V)* o Tr(W)*)(Tr(U)* o Tr(W)*) ™!
x (Te(V)* o Tp(2))~!
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This shows that Tp(—)* : .# — Ab is a functor. A similar but easier calculation
also yields Tr(a + b)* = Tr(a)*Tr(b)*, showing Tr(—)* is additive and therefore an
inflation functor. From here the corresponding result for the unit groups of the other
representation rings and their ghost rings should be clear. Returning to Diagram (3),
we recall that all arrows are multiplicative, hence restricting to unit groups gives a
commutative diagram in Ab. So all the connecting maps induce morphisms of inflation
functors. In particular, all the ghost maps define morphisms of inflation functors.

9. Orthogonal units

In this last section, we introduce the idea of orthogonal units in the various representa-
tion rings and their ghost rings. Recall that every ring of interest has a duality operator
on the ring. We define an orthogonal unit to be a unit whose inverse is its dual element.
The set of all orthogonal units forms a subgroup of the unit group in each case. We first
like to show that in each case the orthogonal unit group is just the torsion subgroup of
the full unit group.

Again we focus on the trivial source ring and note the corresponding result for the
other rings. So we denote the orthogonal unit group Us(Tr(GQ)) := {a € Tr(G)* :a~ ! =
a°} < Tr(G)*. Similarly, Us(Tr(G)) := {b € Tp(G)* : b~' = b°} < Tp(G)*. Now b =
(2(B,0))(B,0)e7,(0) € Tr(G)* iff each z(p ) is a unit of Z[u]. Moreover, b € Us(Tr(G))
iff each z(g ) is an orthogonal unit of Z[u]. That is 21 El,c) = 0_1(2(B,c)), and therefore
2(B,e)0-1(2(g,c)) = 1. Now Theorem 4.12 in [11] implies that in this situation z(p ) is
a root of unity in O, and if e = exp(G),, we have Uy (Tr(G)) = (H(E,c)eﬂp(c){iﬂf :
f=0,...,e —1})¥*A, This is then just the torsion subgroup of Tr(G)*. Now since
T¢ is and injective ring morphism that preserves duals, we see also that Us(Tr(G)) is
precisely the torsion subgroup of Tr(G)*

We can similarly define orthogonal unit groups for the other representation rings and
their ghost rings. In all cases, we see that the group of orthogonal units is just the
torsion subgroup of the full unit group. So restricting further to the torsion subgroup of
the group of units, we get sub-inflation functors for all representation and ghost rings.
Notice that Us,(B(G)) = B(G)* since every element of B(G)* has finite order, in fact
has order dividing 2. The theory of biset functors has been instrumental in studying
B(G)*. The hope is that can we similarly study U,(Tr(G)) using this inflation functor
theory. Now also, we have Us(Rk(G)) = {x € Rx(G)* : x~! = x°}, and similarly
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Us(Rp(QG)). These two orthogonal unit groups can be determined quite easily, and we
finish with these results.

We let G denote the group of linear characters of G. That is, G is the set of homo-
morphisms G — O*. This is a group under pointwise multiplication. In [12], Kenichi
Yamauchi proved that U,(Rx(G)) = {£x : x € G}. Hence U,(Rx(G)) is a finite group
of order 2[G : G’], where G’ denotes the commutator subgroup of G. Now to determine,
Us(Rp(Q)) recall that dg¢ is surjective and has a section m¢g : Rp(G) — R (G) defined
by ma(¥)(z) = ¥(z,) for all x € G. We see in [7] that m¢ is a ring morphism that
preserves duals. Hence mg(Us(Rp(G))) < Us(Rk(G)). On the other hand, since dg is
a ring morphism preserving duals, we also have Us(Rp(G)) = dg(ma(Us(Rr(G)))) <
da(Us(Ri(G))) < Us(Rp(G)). So we have dg(Us(Ri(G))) = Us(Rr(G)). Hence every
element of Uy,(Rp(G)) is just the restriction of an element of U,(Rk(G)) to the set of
p’-elements of G. We have thus proven the following theorem:

Theorem 9.1. Uy (Rr(G)) = {*x|s,(c) 1 X € G}.
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