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The modularity of a ribbon Hopf algebra is characterized by the Drinfeld map.
An elementary approach to Etingof and Gelaki’s (1998, Math. Res. Lett. 5,
119-197) result on the dimensions of irreducible modules is given by deducing the
necessary identities involving the matrix (S;;) from the well-known orthogonal
relations of Hopf algebra characters.  © 2001 Academic Press
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The notion of a modular category was introduced by Turaev [10, 11] in
order to construct some topological invariants of 3-manifolds. It was used
by Etingof and Gelaki [2] to solve Kaplansky’s sixth conjecture on semisim-
ple quasi-triangular Hopf algebras. It was later pointed out by Schneider
[9] that the theory of modular categories is unnecessary to prove this
result. He uses the class equation theorem due to Kac and Zhu instead of
the modular category and formulates the main theorem for factorizable
semisimple Hopf algebras. In this paper we give another elementary
approach to the theorem of Etingof and Gelaki. We do not use the class
equation theorem, but rather follow the original approach of Etingof and
Gelaki. Some matrix (S;;) appears in a modular category and some of its
properties were used in the original proof. We show that those properties
follow directly from the well-known orthogonal relations of Hopf algebra
characters. As a result, we can formulate the main theorem for weakly
factorizable Hopf algebras.

Further, we analyze the connection of modularity and the Drinfeld map.
We show that a semisimple ribbon Hopf algebra H is modular if and only
if the Drinfeld map induces an isomorphism C (H) = Z(H). If this is the
case, we show that H is cosemisimple, hence S? = id by [3].
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We work over a fixed field k of arbitrary characteristic. In Section 1, we
review the notion of a ribbon Hopf algebra and associated ribbon cate-
gories. In Section 2, we review the Drinfeld map and factorizable Hopf
algebras. In Section 3, we introduce the notion of quantum characters for
a ribbon Hopf algebra. In Section 4, we characterize semisimple modular
Hopf algebras by using the Drinfeld map and quantum characters. In
Section 5, we introduce the notion of weakly factorizable Hopf algebras
and formulate the theorem of Etingof and Gelaki in this context. We
deduce the necessary properties of the matrix (S;;) from Hopf algebra
character theory.

1. RIBBON HOPF ALGEBRAS AND RIBBON CATEGORIES

We briefly review ribbon Hopf algebras, ribbon categories, and associ-
ated notions following [4, 11].

A ribbon Hopf algebra is a triple (H, R, v), where H is a Hopf algebra
over k and R€ H® H and v € H are units satisfying the following
conditions:

(1.1) A°?(x) = RA(x)R!, x€H,
(1~2) (A®id)(R) = R3Ry;,

(1~3) (id ® A)(R) =R;3Ry;,

(1.4) v is in the center of H,

(1.5) v=Sv, where S is the antipode of H,
(1.6) A(v) = (R, R)(v® ).

Thus (H, R) is a quasi-triangular Hopf algebra. We put as usual:

(1.7) u=1Yy(Sh)a;, where R= ) a, ®b,.

1

It is known that u is a unit and we have

(1.8) S’x=ww!, xe€H,
(1.9) A(u) = (RyR) '(u®u) = (u ® u)(RyR) .

It follows that G = uv is a group-like element and that we have

(1.10) S2x=GxG™', xe€H.
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ExampPLE. Assume that (H,R) is a finite-dimensional semisimple
quasi-triangular Hopf algebra such that S? = id. Then we have u = Su
and ™' is a ribbon element. This observation is due to [2], where the
characteristic of k£ is assumed to be zero. Since the dimensions of irre-
ducible modules are not zero in k [5, Theorem 2.8], this fact holds in any
characteristic.

Let (H, R,v) be a ribbon Hopf algebra and let ;; mod be the category of
left H modules which are finite-dimensional over k. This category has the
following structures.

(1) It is a monoidal category. For V,W in ,mod, we let H act on
V' ® W via the comultiplication A: H - H ® H.

(2) Every V € ,mod has left dual V* €, mod, where the left H
module structure is defined by

(xf,p> =<f,S(x)p), xeH, feV* peV.
We illustrate the evaluation
eVEeV -k, fep~I{fp
and the coevaluation

cik->VeV* 1- Ye ®ef,

4

where {e;} and {ef} are dual bases for  and V*, by the diagrams

y* Vv
- U S m

V &
All such diagrams mean linear maps being read downward.

(3) It is a braided category. For V,W € ;mod, the braiding c :
Ve W-—Wae®V is defined by

cyw(p®q) = Zbi4®aipa peEV,qeW,
i
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where R = X;a; ® b,. This is illustrated by diagrams as

CV,W: \ = Zi

(4) Finally, each VV € ,; mod has a twist map
0,: V-V, p = up,

the multiplication by the ribbon element. This is H linear by (1.4), and
(0,)* = 6« by (1.5). Condition (1.6) means we have

Oyew:

)

V w

Summarizing the above, ;mod forms a ribbon category.
In a ribbon category, the left dual ’* can also be viewed as a right dual
canonically. In other words, right versions of e and c,
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are canonically defined. These maps are characterized by the identities

In the present case ,mod, it is easy to see that

(1.11) e(pef)=_fGp)
and
(1.12) (1) =Y e ® G le,

with the previous notation. Thus

14 v 14 v
6’: = ’
G
G71
c': =
V* |14 v V

Note that these are H linear.
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If f: V' — V is an endomorphism in ,mod, we have

|4

Vo =
b

This quantity in k is called the quantum trace of f and is denoted by

tr,(f). We put

f f-

)
J

dim (V) =, (id,)

and call it the quantum dimension.

2. THE DRINFELD MAP AND FACTORIZABLE
HOPF ALGEBRAS

The Drinfeld map was introduced in [1]. We review its main properties,
following [9].

Let (H, R) be a finite-dimensional quasi-triangular Hopf algebra. The
linear map

®:H* > H, O(f)=(id®f)(RyR)
is called the Drinfeld map. We put
C,(H) = {f € H* |f(xy) = f(y$*(x)), x,y € H},

which is a subalgebra of H*.

ExampLE 2.1. If H is unimodular, the space of left integrals in
H*, I,(H*), is contained in C (H).

PROPOSITION 2.2. & maps C (H) into the center Z(H) and induces an
algebra map C (H) — Z(H).

This is the main property of ® (see [9, Theorem 2.1]). Later, in Section
3, we give a diagrammatic explanation of this fact.
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DEFINITION 2.3. The quasi-triangular Hopf algebra (H, R) is called
factorizable if ® is an isomorphism H* = H [7].

For example, the Drinfeld double D(H) is factorizable.

PROPOSITION 2.4 [9, Theorem 2.3]. If (H, R) is factorizable, then H is
unimodular and ® induces an algebra isomorphism C,(H) = Z(H).

3. QUANTUM CHARACTERS
Let (H, R, v) be a finite-dimensional ribbon Hopf algebra with a special

group-like element G. For a linear endomorphism f of V' in ,mod we
have

[

4 =
v

by (1.11); i.e., we have

f

Q

r,(f) = (Gf).
For a € H, we put
Xg.v(a) =tr,(ay) = xy(Ga),

where Yy, is the usual character of V. The map x, ,,: H — k is called the
quantum character of . We have x, , € C,(H), since

Xq,V(ab) = xy(Gab) = XV(GbG“G_l)
= x,(GbS*(a)) = x,.»(bS*(a)), a,beH.



638 MITSUHIRO TAKEUCHI

We have
H H v
(I)( Xq,V) = | ’
H H V

which is a map in , mod. This explains why ®( x, ;) is in the center of H.

4. MODULAR HOPF ALGEBRAS

Assume that k is algebraically closed. Let (H, R,v) be a finite-dimen-
sional semisimple ribbon Hopf algebra. Let V, =k and V,,...,V, be a
complete set of irreducible H modules up to isomorphisms. Let x,, xi»

.., X, be the corresponding characters. They form a basis for the
character algebra C(H) over k. There are orthogonal central idempotents
€y, € --.,e, such that

H = He, ® He, ® --- ® He,,,
He; =M, (k) with m; = dim(V}).

We put x, ; = x; < G, the quantum character of V;. We see that y, ,
Xg.1>++> Xg.n form a basis for C (H), since dim C (H) = dim Z(H) [9,
Lemma 2.2]. We put

Sij =< Xg,i> (D( Xq,j)>’
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which is illustrated by

()
\

)

.

Vi>:<

V\V-
A,

We have S;; = S, as is easily checked.

jio
DEFINITION 4.1 [11].  The ribbon category ;; mod is called modular if the
matrix (S;;) is invertible.

If this is the case, we also call (H, R, v) a modular Hopf algebra. Note
that this terminology is different from [8; 11, Chap. XI.5]. We should say
that it is a semisimple modular Hopf algebra.

The center Z(H) has basis ey, e;,...,e, so that the Drinfeld map ®:
C,(H) — Z(H) can be written

O( Xq,j) = Zaijei'
i

PROPOSITION 4.2. We have
S;; = dim (V) a;;.
Proof. This follows easily from

o (e = dimq(Vi) ifi=j,
A 0 if i #j,
which follows from the definition. Q.E.D.

COROLLARY 4.3. (H, R,v) is modular if and only if ®: C,(H) = Z(H)
and dim (V) # 0 for 0 <i <n.

We show that the latter condition is unnecessary.

PROPOSITION 4.4. If ®: C,(H) = Z(H), then H is cosemisimple.
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Proof. Take a nonzero left integral A in H*. Since H is unimodular, A
is in C,(H) and we have

A2 = (A, DA,

The algebra C,(H) has no nonzero nilpotent element, since it is isomor-
phic to Z(H), a finite direct product of k. Hence (A, 1) = 0. Q.E.D.

THEOREM 4.5 [3].  Semisimple and cosemisimple Hopf algebras are involu-
tory.

Assume ®: C,(H) = Z(H). 1t follows that § 2 = id, hence u is central
and u = Su (Section 1, Example). Therefore

G '=(Su)v=w =G.

Thus G is a central group-like element with G? = 1. It follows that
Ge, = te;, hence

dim (V;) = +m;.

But we know that m; # 0 in k by [5, Theorem 2.8]. Hence we have the
folloving conclusion.

THEOREM 4.6. Let (H, R,v) be a finite-dimensional semisimple ribbon
Hopf algebra over the algebraically closed field k.

(1) It is modular if and only if ®: C,(H) > Z(H).
(2) Ifit is modular, then S* = id and (H, R,u"") is also modular.
(3) It is modular if (H, R) is factorizable.

5. WEAKLY FACTORIZABLE HOPF ALGEBRAS

DEerFINITION 5.1. A finite-dimensional quasi-triangular Hopf algebra
(H, R) is called weakly factorizable if the Drinfeld map @ induces an
isomorphism C,(H) = Z(H).

Factorizable Hopf algebras are weakly factorizable (Proposition 2.4). If
(H, R) is weakly factorizable and semisimple, then it is also cosemisimple
(Proposition 4.4), hence §* = id. If, further, k is algebraically closed,
(H, R,v) becomes modular for any ribbon element v. In pairticular,
(H, R,u"") is modular for the canonical ribbon element u~!.

Assume that k is algebraically closed and let (H, R) be a semisimple
weakly factorizable Hopf algebra. We are interested in the modular ribbon

Hopf algebra (H, R,u"'). Then G = 1 so that quantum trace, quantum
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dimension, and quantum characters reduce to the usual trace, dimension
and character. We use the notation of Section 4. In particular, we have

(52) O(x) = Zaijei’

(5.3) S, =m;a

ij i%ijo

where m; is the degree of the irreducible character y;.
Define i* by V.. = V;*. We have the identities [11, 3.2.2 Lemma]

(5.4) Zml—Sij = dim( H) 5,

(5.5) Y, Sy = dim(H) 8, .
J

We show later that these identities follow from the well-known orthogonal
relations of Hopf characters.

Etingof and Gelaki [2] have shown by using these identities that m? |
dim(H) if char(k) = 0.

PROPOSITION 5.6 [2, Lemma 1.2]. If char(k) = 0, a;; are all algebraic
integers.

This follows easily from the assumption that ®: C(H) = Z(H) and the
fact that Zx, + Zx, + -+ +Zx, forms a Z form of the character alge-
bra C(H).

Since S, = S;;, (5.5) implies that

Zmiaijmkakj = dim(H) 3, ;.
j

Since m, = m,., this implies that

Hence we have

THEOREM 5.7. Let (H,R) be a finite-dimensional semisimple weakly
factotizable quasi-triangular Hopf algebra over an algebraically closed field k
of characteristic 0. Then dim(V')* divides dim(H) for every irreducible H
module V.

This is a slight generalization of [2, Theorem 1.4; 9, Theorem 3.2]. Note
that the big Theorem 4.5 is unnecessary in characteristic 0, by [6].
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Getting back to arbitrary characteristic, let + € H be an integral such
that (¢) = 1. The identities

(5.8) (xpst) = 85
(5.9) X X 1) =

are well-known [5, Theorem 2.7]. We show that (5.4) and (5.5) follow from
(5.8) and (5.9). We have

(5.10) Xy =Myxo + " +m, x,-

Since H is semisimple and S? = id, it is an integral in H* [5, Proposition
4.1]. Thus we have

(5.11) Xip = dim(H) xy

since { xy,1) = dim(H). Since C(H), which is isomorphic to Z(H), has
no nonzero nilpotent element, it follows that dim(H) # 0 in k. Now,
Fm( X 1S a primitive idempotent in C(H), since it is in H*. Hence
D(Gincrs Xu) = ¢; for some i. But we have

k H
N
(X0 @(xy)) = tr ) = dim(H).
A
k H

This means i = 0. Thus we have
(5.12) ®( xy) = dim(H)e,.
This implies that we have a commutative diagram

C(H) 2> 7(H)
dim(H)t\‘k ‘/XH

Proof of (5.8) = (5.4).
We have
( xir> @( X)) = dim(H){ x;, 0.
Since { xy,e;> = m?, we have
Zmizaij = ZmiS,-j = dim(H)35,;.

Proof of (5.9) = (5.5).
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We have

< Xir> P( x;)P( Xk)> = dim(H)(Xij,t>.
nce we have

o Xj)q)( Xi) = Zai/’aikei’
i

we have
2 _ _ .
Yomia a, = Y.8;:S; = dim(H)§ ;.
i i
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