Journal of Algebra 374 (2013) 1-26

Contents lists available at SciVerse ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

Demazure crystals and tensor products of perfect
Kirillov—-Reshetikhin crystals with various levels

Katsuyuki Naoi

Kavli Institute for the Physics and Mathematics of the Universe (WPI), The University of Tokyo, 5-1-5 Kashiwanoha, Kashiwa, Chiba, Japan

ARTICLE INFO ABSTRACT
Article history: In this paper, we study a tensor product of perfect Kirillov-
Received 16 February 2012 Reshetikhin crystals (KR crystals for short) whose levels are not

Available online 10 November 2012

. X - necessarily equal. We show that, by tensoring with a certain
Communicated by Masaki Kashiwara

highest weight element, such a crystal becomes isomorphic as
a full subgraph to a certain disjoint union of Demazure crystals

Keywords:

Kil}"illov—Reshetikhin crystal contained in a tensor product of highest weight crystals. Moreover,
Demazure crystal we show that this isomorphism preserves their Z-gradings, where
Energy function the Z-grading on the tensor product of KR crystals is given by the

energy function, and that on the other side is given by the minus
of the action of the degree operator.
© 2012 Elsevier Inc. All rights reserved.

1. Introduction

Crystal bases B(A) introduced by Kashiwara [13] can be viewed as bases at g = 0 of highest weight
modules V (A) of the quantized enveloping algebra Uq(g) associated with a Kac-Moody Lie algebra g.
Crystal bases reflect the internal structures of the modules, and are powerful combinatorial tools for
studying them.

Crystal bases are also useful for studying certain subspaces of V (A). For a Weyl group element w,
the Demazure module V., (A), which is a module of a Borel subalgebra, is defined by the submodule
of V(A) generated by the extremal weight space V (A) 4. Kashiwara showed in [14] that there exists
a subset By, (A) C B(A) which is, in a suitable sense, a crystal basis of V,(A). The subset By, (A) is
called the Demazure crystal. Using Demazure crystals, he gave a new proof of the character formula
for Demazure modules in the article, which expresses the character using the Demazure operators
(see [14] or Section 4 of the present article).

When g is an affine Kac-Moody Lie algebra, there is another class of modules having crystal bases
called Kirillov-Reshetikhin modules W™¢ (KR modules for short), where r is a node in the classical
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Dynkin diagram and ¢ is a positive integer. KR modules are finite-dimensional irreducible Ué(g)—
modules, where Ué(g) is the quantum affine algebra without the degree operator. At least when g is
nonexceptional, it was proved that every W"¢ has a crystal basis B™¢ [12,24,25], which is called the
Kirillov-Reshetikhin (KR) crystal.

Demazure crystals and KR crystals are known to have strong relations, and the study of the rela-
tionship between them has been the subject of many articles. For example, see [4,16,18,19,22,28].

Among these articles, [28] by Schilling and Tingley is quite important for the present article. In
the article, they studied a tensor product of perfect KR crystals for nonexceptional g whose levels are
all the same (perfectness is a technical condition for a finite U{](g)-crystal which allows one to use
the crystal to construct highest weight crystals, see [11] or Section 5.2 of the present article). They
proved that, by tensoring with a certain highest weight element, such a crystal becomes isomorphic
to a certain Demazure crystal as a full subgraph. Moreover, they also showed that this isomorphism
preserves their Z-gradings. Here, the tensor product of perfect KR crystals is Z-graded by the energy
function, which is a certain Z-function defined in a combinatorial way, and the Z-grading of the
Demazure crystal is given by the minus of the action of the degree operator. Since the Demazure
crystal has a character formula as stated above, these results imply that the weight sum with the
energy function of the tensor product of perfect KR crystals (with the same levels) can be expressed
by the Demazure character formula.

The aim of this article is to generalize the above results to a tensor product of perfect KR crystals
whose levels are not necessarily equal. In this case the tensor product of perfect KR crystals, tensored
with a highest weight element, is no longer isomorphic to a single Demazure crystal. We show in this
article, however, that it is isomorphic to a certain disjoint union of Demazure crystals contained in a
tensor product of B(A)’s, and that this isomorphism also preserves their Z-gradings.

Before stating our results, we prepare some notation. For a crystal B and a Dynkin automor-
phism t, we define a new crystal 7(B) = {T(b) | b € B} whose weight function is wt(7 (b)) = T (wt(b))
and Kashiwara operators are

eit(b)=T(er-1yhb),  fit () =T(fr-143b).

Let S be a subset of B, and w a Weyl group element with a reduced expression w =s;, ---s;;. We
denote by Fy,;(S) the subset of 7(B) defined by

J1ses k20

For a dominant integral weight A, we denote by u 4 the highest weight element of B(A).

Now let us mention our results. Assume that g is of nonexceptional type, and let prent
B'P:“p*r be perfect KR crystals. Here, ¢, is a particular constant which ensures the perfectness for the
KR crystal B™¢, We assume £1 < £ < --- < £y, and put pj = crywo(@r)) for 1 < j < p, where wg
is the longest element of the Weyl group of the simple Lie subalgebra gg C g corresponding to the
classical Dynkin diagram, and @, are the fundamental weights of go. Then the following theorem is
proved, which is the main theorem of the present article (Theorem 7.1):

Theorem 1.1. There exists an isomorphism
Ug, Ao ® Bl ... B1:nt
= Ftu, (U(e,,—zp,1)/\0 Q- ®Ft, (U(tr—t1)20 ® Ft, (U 49)) )

of full subgraphs, where t,, denotes the translation and Ao denotes the fundamental weight of g. Moreover,
this isomorphism preserves the Z-gradings up to a shift.
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Using the combinatorial excellent filtration theorem [20,8], it is easy to see that the right hand
side of the above isomorphism is a disjoint union of Demazure crystals. Then similarly as a Demazure
crystal, the weight sum of the right hand side can be expressed using Demazure operators. Hence, we
obtain the following corollary (Corollary 7.2), where we set B = B'»"“» b g...@B1 NN,

Corollary 1.2. Let aff : P — P denote the canonical section of the projection from affine weight lattice P to
the classical weight lattice P. Then we have

otpA0+Cps Z paffowt()—8D (b)
beB
=Dy, (V0. Dy, (e (1)) )

for some constant Cg, where Dy, is the Demazure operator associated with t,, (see Section 4), and D : B — Z
is the energy function.

Let X(B, i, q) denote the one-dimensional sum [5,6] associated with the crystal B and a dominant
integral weight © of go. Then the above corollary is equivalent to the following (Corollary 7.3):

Corollary 1.3. Let P(J{ be the set of dominant integral weights of go and ch V4, (i) the character of the irre-
ducible go-module with highest weight (1. Then we have

T > X(B.j.q)ch Vg, (1)
wneby

— e_KpAO Dt#p (e(@p—ﬁpq)/\o .- Dy (e(lz—gl)/\o . Dtm (eﬁl/\o)) .. _)7 (1.1)

M2

where we set g = e 9.

Corollary 1.3 has an important application (and in fact this is one of the main motivations of this
work). The X = M conjecture presented in [5,6] asserts that a one-dimensional sum is equal to a
fermionic form which is defined as a generating function of some combinatorial objects called rigged
configurations. In [23], it is proved that when g is of type A,Sl), D,(f) or E,gl), the fermionic forms also
satisfy a similar equation as (1.1). Then we can prove the X = M conjecture in the cases g = Aﬁ,l), D,ﬁ”
from these equations (for details see [23]).

The plan of this article is as follows. In Section 2, we fix basic notation used in the article. In
Section 3, we briefly review the definition of crystals, and in Section 4, we review the results on
Demazure crystals. In Section 5, we review the results on KR crystals, and construct the isomorphism
in Theorem 1.1. In Section 6, we review the definition and some results on the energy functions, and
finally in Section 7, we show that the isomorphism constructed in Section 5 preserves the Z-gradings,
which completes the proof of Theorem 1.1.

2. Notation and basics
2.1. Affine Kac-Moody Lie algebra

Let g be a complex affine Kac-Moody Lie algebra with Cartan subalgebra §, Dynkin node set [ =
{0, ..., n}, Dynkin diagram I" and Cartan matrix A = (ajj);, je. In this article, we use Kac's labeling of
nodes of Dynkin diagrams in [9, Section 4.8]. Let o;; € h* and o’ € by (i € I) be the simple roots and
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the simple coroots respectively, and A C h* the root system of g. Let (ao, ..., a) (resp. (ay,...,qay))
be the unique sequence of relatively prime positive integers satisfying

Za,-jaj =0 foralliel (resp. Zaivaij =0 forallje I).
jel iel

Let d € h be the degree operator, which is any element satisfying (oj,d) = 8g; for i € I, K =
Y ic1ac;’ € b the canonical central element, § = ;. ajo; € b* the null root, and W the Weyl group
of g with simple reflections {s; |i € I}. Let £: W — Z>q be the length function. Let Q be the root
lattice of g, and Q+ =)";; Z>ow;. In this article we fix a positive integer N, and define the weight
lattice of g by

P={reb*|(ra)eZeD, (r,deN'Z}. (21)

(In the next subsection, we impose some condition on N so that P is preserved by the action of the
extended affine Weyl group W.) Put P ={r e P | (A, ) € Zxo (i€)}, and let A; € Pt (i) be
any element satisfying

(Ai,af)=8; forjel.

(In the next subsection, we impose some conditions on A;’s.) Then we have Pt =Y. Z>0A; +
N~1Zs. For » € P, we call the integer (A, K) the level of A, and for ¢ € Z we set P ={r e P |
(A, K) =1¢}. Let (,) be a W-invariant symmetric bilinear form on h* satisfying

(ai,(xj):a,-vai’laij fori,jel, (oz,-,Ao):(SOiaa1 foriel.

Let cl: h* — h*/C8 be the canonical projection, and put Pg = cl(P), P} =cl(PT), P4 =cl(P*) for
teZand (P)" =P} NP Since W fixes 8, W acts on h*/Cs and Pq. For i €I, define @w; € PY by
wi = cl(A;) — aivcl(Ao). Note that @y =0 and w; for i € I \ {0} satisfies

(wi,ajv>=51~j for j eI\ {0}, <wi,ag>=—aiv.

We define aff : h*/Cs — h* by the unique section of cl satisfying (aff(1),d) =0 for all A € h*/C8.
When no confusion is possible, we omit the notation cl(x) for simplicity. In particular, we often write
cl(Aj) and cl(e;) simply as A; and «;.

Let Ip =1\ {0} and go C g be the simple Lie subalgebra whose Dynkin node set is Iy with Cartan
subalgebra hp € h and Weyl group Wy C W. Let wjv € ho (j € Ip) be the unique element satisfying

<Ol,', w}/> =¢jj foriel,
which also satisfies
(a0, @) = —aj/ac. (2.2)

For the notational convenience, we put @, = 0. Denote by wq the longest element of Wy. Let Pg
denote the weight lattice of g, P(T C Py the set of dominant integral weights, Qg C Py the root
lattice, and Qgr = Zielc Zxoa;. We often identify Pgl and Py in an obvious way.

The bilinear form (,) induces a bilinear form on P°

» Which is also denoted by (,). Then we have

o) =ala; r, @) (2.3)

for i e I and AePgl.
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2.2. Dynkin automorphisms and extended affine Weyl group

As in [9, (6.5.2)], we define for A € Pg an endomorphism ¢, of h* by

t(u) =+ (u, K)aff(h) — ((u, aff(n)) + %(aff(x), aff(n)) (e, 1<>>5. (2.4)

The map XA+ t; defines an injective group homomorphism from Pg to the group of linear automor-
phisms of h* orthogonal with respect to (, ). Let ¢; = max{1, a,-/al.v} for i € Ip, and define sublattices M
and M of P by

M= )" Zw(a/ag), M=PZcm:.

weWp ielp
Let T(M) and T(IVI) be the subgroups of GL(h*) defined by
T(M)={tx|xeM}, T(M)={t;,|reM).
It is known that [9, Proposition 6.5]
W = Wq x T(M).
Define the subgroup W of GL(h*) by
W =Wy x T(M),

which is called the extended affine Weyl group. The action of W preserves A, and elements w € Wy
and A € M satisfy

wtkw’] =twy)-
In the sequel, we assume that the positive integer N in (2.1) satisfies
271(aff(r), aff(1)) e N'Z forallx € M,

which ensures that W preserves P.
Let Aut(I") be the group of automorphisms of the Dynkin diagram I, that is, the group of permu-
tations 7 of I satisfying a;j = a(j(j for all i, j € I. Note that T € Aut(J") satisfies

\%

argy =a; and ar

y=a; foralliel.
Let C C b =R ®z P be the fundamental chamber (ie. C={1 e by | (A,a;) >0 for all i € I}), and
X C W the subgroup consisting of elements preserving C. Then we have

W=wxx.

The length function £ is extended on % by setting £(wt) = ¢(w) for w € W and t € X. Note that an
element w e W belongs to X if and only if w preserves the set of simple roots {«y,...,o,}. Hence
7 € ¥ induces a permutation of I (also denoted by 7) by 7(ci) = otz (i), which belongs to Aut(I") since
(,) is T-invariant. By abuse of notation, we denote by X both the subgroup of W and the subgroup
of Aut(I'").
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We shall describe the subgroup X < Aut(/") explicitly. A node i € I is called a special node if
i€ Aut(I")-0. Let I* C I be the set of special nodes. I* for nonexceptional g are as follows:

0,1,....n}  forAY,

(0,1} for B, A .,
IF=1{{0,n) for ci", D).
{0,1,n—1,n} forD,(Il),

{0} for A2,

Assume that i € I° \ {0} (in particular g # Aéi) ), and define Tl € w by

T =ty Wi,
where w; denotes the unique element of Wy which maps the simple system {oq, az, ..., o5} of go
to {—6, a1, ..., a5, ..., 00} With 6 =8 — g € A. We put 79 = id. The following proposition is well-

known, but we give the proof for completeness:

Proposition 2.1.
(i) Forallie IS, T belongs to X.

(ii) The map I¥ — X defined by i — t' is bijective. .
(ili) If T € X satisfies T (i) = 0, then we have T = (z!)~ 1.

Proof. If g is of type Agi), then IS = {0} and M = M, which obviously imply the assertions. So we

may assume that g is not of this type. (i) Let i € I \ {0}, and recall that w; maps {&1, a2, ..., oy} to
{—0, a1, ...,Qj,...,ay}. Then wi(—6) = «; also holds, and hence it is easily checked from Eg. (2.4)
that t! = t5,w; preserves the set {o,...,a,}, which implies 7! belongs to X. (ii) The injectivity

is obvious. Let T € X'\ {id} be an arbitrary element, and decompose it as T =t,, w; where A; € M
and w; € Wy. Since t,, acts trivially on P?l, we have w(cl(aj)) = cl(a(j)) for j eI, which implies
W = Wr(0). Then since

th, (@) = ‘CW?(]O)(Olj) = T(ar—l(]‘) —8jr@d8) =aj—8jr0d forjelp,

(2.4) forces Ar = wr (o), and the surjectivity follows. From the proof of (ii), we see that t(0) =i
implies T = '. Hence the assertion (iii) follows. O

For nonexceptional g, T! for i € I* \ {0} are as follows:

A,(,l): ti(j)=j+imodn+1 forall jel.

By, D2 1 =(0,1).
M 2@ . neasy g i ;
Ch’s Agy_ s T'()=n—jforall jel.

DY, nodd: t1 =, 1)(n—1,n), T" 10, 1,n—1,n)=(n—1,n,1,0), T 1(j)=n—j for je I\ I,
™0,1,n—1,n)=mn,n—1,0,1), t"(j)=n—j for jeI\ I

DY, neven: ' =(0,1)(n—1,n), T"10,1,n—1,n)=(n—1,n,0,1), T" 1 (jy=n—j for jeI\ I,
™0,1,n—1,n)=mn,n—1,1,0), t"(j)=n—j for jeI\ I

In the sequel, we assume that the fundamental weights Ag,..., A, are chosen to satisfy
(Ag,d) =0 and T(Aj) = A¢(j for all T € ¥ and j eI (obviously this is always possible). Then each
element T’ € Aut(I") acts on P by t/(A;) = Ay and T/(8) =34.
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3. Definition of crystals

Let Uq(g) be the quantum affine algebra associated with g and UL/] (g) the one without the degree
operator. The weight lattices of Ug(g) and U(’Z(g) are P and P respectively.

A Uq(g)-crystal (resp. Ué(g)—crystal) is by definition a set B equipped with weight function wt :
B — P (resp. wt: B — P() and Kashiwara operators e;, fij : B— B 11{0} for i € I satisfying

wt(ejb) =wt(b) +; and fi(e;b)=b foralliel, be Bsuchthate;b#0,
wt(fib) =wt(b) —a; and e;(fib)=b foralliel, b e B such that fib#0,
and (wt(b), at)’) = ¢;(b) — &;(b) where
eib)y=max{k>0]efb #£0},  @i(b)=max|k>0] ffb#0}.

In this article, we always assume that ¢;(b) < oo and ¢;(b) < co. We call B a crystal if B is either a
Uq(g)-crystal or a Uc/] (g)-crystal.

Remark 3.1. A Ug(g)-crystal B can be regarded naturally as a U(’J(g)-crystal by replacing the weight
function wt: B — P by clowt: B — Pg.

For two crystals B; and Bo, their tensor product B1 ® By = {b1 ® b2 | b1 € B1, b, € By} is defined
with weight function wt(by ® by) = wt(b1) + wt(b,) and Kashiwara operators

eib1 ® by if g;i(b1) > €i(b2),
by ®eiby if pi(b1) < &i(b2),

fib1 ®by if gi(b1) > &i(b2),
b1 ® fib2 if @i(b1) < &i(b2).

ei(b1 ®by) = {
filb1 ®b3) = {
Note that it follows for i € I that

gi(b1 ® by) = €i(b1) + max{0, €;(b2) — i(b1)}.
@i(b1 ® by) = i(b2) + max {0, g;(b1) — &i(b2)}. (31)

The following lemma is obvious:

Lemma 3.2. Let By, By be crystals, bj € Bj (j=1,2) and i € I. Put m = max{0, ;(b) — ¢;j(b1)}. Then we
have

e (by ® by) = eiby ® ef'bs.

For crystals By, By and their subsets S; C Bj, a bijection ¥ : S; — S3 is said to be an isomorphism
of full subgraphs if wt(¥ (b)) = wt(b) for b € S1, ¥(ejb) = e;W (b) for b € S; such that e;b € S1 u {0},
and ¥ (fib) = fijw(b) for b € S1 such that f;b € S1 U {0}. Here ¥ (0) is understood as 0. If there exists
an isomorphism S; — S, of full subgraphs, we say S; and S, are isomorphic as full subgraphs and
write S1 = S5.

For a crystal B and 7 € Aut(I"), we define a crystal 7(B) as follows: as a set T(B) ={T(b) | b € B},
where T(b) is just a symbol. Its weight function and Kashiwara operators are defined by
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wt(Z (b)) = t(wt(b)) and
eit(b)=T(e.yb),  fit(h) =T (fr-1(3b), (3.2)
where 7(0) is understood as 0. Obviously we have
T(B1 ® B2) =7(B1) ® T(B2)

for two crystals By and B,. For a subset S C B, a subset T(S) C T(B) is defined in the obvious way.

For J €I, we denote by Ug(g;) the subalgebra of Ug(g) whose simple roots are J. If | =Ip, we
denote Ug(g;) by Uq(go). Uq(gj)-crystals are defined in a similar way. For a crystal B and a proper
subset | of I, a connected component of B regarded as a Uq(gj)-crystal is called a Uq(g;)-component
of B.

Definition 3.3. (See [1].) We say a crystal B is regular if for every proper subset | of I, B regarded
as a Uq(g))-crystal is isomorphic to a direct sum of the crystal bases of integrable highest weight
Uq(gj)-modules.

Let J C I. For a crystal B, we say that b € B is Ugq(g;)-highest weight if ejb =0 for all j e J.
For a proper subset J of I and a regular crystal B, every Uq(gj)-component of B contains a unique
Uq(gj)-highest weight element.

By [15], the actions of simple reflections on a regular crystal B defined by

£ i wid), o) > 0,

—(wt(b),a)
e

Ss;(b) =
l. Vb if (wt(b), @) <0

are extended to the action of W denoted by w + S,,. For every w € W and b € B, we have
wt(Sw (b)) = w(wt(b)). An element b € B is called extremal if for every w e W and i €I,

eiSw(b) =0 if (Wt(Sw(b)), ;') >0 and fiSw(b)=0 if(wt(Sw(b)),e;’)<0.
4. Demazure crystals
For a subset S of a crystal B and i € I, we denote F;S = {fi"b |beS,k>0}\ {0} CB.
For A € PT, let V(A) denote the integrable highest weight U, (g)-module with highest weight A,

and B(A) its crystal basis with highest weight element u 4. Let w be an element of W and w =
Si, Siy_, * - Si; its reduced expression. Then it is known that the subset

BW(A) = -Fl'k-F'ik,l o '-Fl'l {uA} - B(A)
is independent of the choice of the reduced expression of w [14].
Definition 4.1. The subset By, (A) of B(A) is called the Demazure crystal associated with A and w.

Remark 4.2. Let b be the standard Borel subalgebra of g and Uq(b) € Uq(g) the corresponding quan-
tized enveloping algebra. The Demazure module V,(A) is defined by the Ug(b)-submodule of V(A)
generated by the weight space V(A)w(a). The Demazure crystal By (A) is known to be the crystal
basis of V,(A) in a suitable sense [14], which is why it is so named.

For a subset S of a crystal and w € W with a reduced expression w =s;, ---$;;, we write FyS =
Fi - -+ Fi, S if it is well-defined. For example, Fy{us} = By (A).
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Lemma4.3.let Ac PTandwe W.

(i) We have TBw(A) = B, ,,.-1(T(A)) for T € Aut(I").
(ii) Fori e I, we have

Bw(A) ifl(siw) =L£(w) —1,

Fibwd) = { Bow(4) i Esiw) = (W) + 1. @1

(iii) For every w' € W, Fy By (A) is well-defined, and F,, By (A) = By, (A) for some w” € W. Moreover,
ife(w'w) =e(w') + £(w), then w”’ =w'w.

Proof. Since TB(A) = B(t(A)) and T(F;S) = F¢;T(S) for every S € B(A), (i) follows. When
£(siw) = £(w) + 1, (4.1) follows by definition, and when £(s;w) = £(w) — 1, this follows since

FiBw(A) = Fi(FiBsw(A)) = FiBs;w(A) = By (A).

The assertion (ii) is proved. To see that F,, B (A) is well-defined, it suffices to show the operators F;
on Demazure crystals satisfy braid relations: if the order of s;sj for i, j eI (i # j) is m < oo, then

we have FiFjFi---By(A) = FjFiFj---By(A). Since the element s;sjs;--- =s;s;sj--- is the longest
D B N e’ N e’
m m

m m
element of the subgroup W; ; = (s;, s;) € W, (ii) implies

——— ~——
m m

where wq is the unique element of the set {ow | o € W; ;} whose length is maximal. Hence our
assertion is proved. The remaining statements of (iii) are obvious from (ii). O

For w e W and t € Aut(I'"), we write Fy; = FwT and By;(A) = By (t(A)) for the notational
convenience. The following proposition is immediate from Lemma 4.3.

Proposition 4.4. For every A € P+ and w, w’ € W, there exists w” € W such that
Fw Bw(A) = By (A).
Moreover, if L(W'w) = £(W') + £(w), then w’ = w'w.

Let C[P] denote the group algebra of P with basis e* (A € P), and define for i € I a linear opera-
tor D;j on C[P] by

f—e%si(f)
Di(f)= T _ew
where s; acts on C[P] by s;(e*) = e5i®_ The operator D; is called the Demazure operator associated
with i. Note that D;(f) = f holds if f is sj-invariant. From this, it is easily checked that D,.2 = Dj.
For every reduced expression w =s;, ---s;; of w e W, the operator Dy, = Dj, --- D;; on C[P] is inde-
pendent of the choice of the expression [17]. The weight sum of a Demazure crystal is known to be
expressed using Demazure operators:
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Theorem 4.5. (See [14].) For A € P* and w € W, we have

> e =py,(e?).

beBy (A)

For w e W and 1 € Aut(I"), we define an operator D, on C[P] by Dy, =D, o T, where T acts
on C[P] by t(e*) =e™™,

Corollary 4.6. Let S be a disjoint union of Demazure crystals and i € I. For every w € W we have
T ev® —p, <Z ewt(b)>. (4.2)
beFw(S) beS
Proof. We may assume that S is a single Demazure crystal, say S = B,/(A). By Proposition 4.4, it
suffices to show the assertion for w =7 € ¥ and w =s; for i € I. When w = 7, the assertion is
obvious from (3.2). Assume that w =s;. If £(s;w’) = £(w’) + 1, then we have F;By/(A) = Bguw (A),

and the assertion follows from Theorem 4.5. If £(s;w’) = £(w’) — 1, then we have F;B, (A) = By (A).
On the other hand, it follows that

o

Z ewt(b)>= Z ewt(b)

beB,, (A) beB,, (A)

since the weight sum

Z ewt(b) — Di( Z ewt(b))

beB,,/ (A) beBg;y (A)
is sj-invariant. Hence the assertion follows. 0O

It is known that B(A) ® B(A’) for A, A’ € PT is isomorphic to a direct sum of the crystal bases of
integrable highest weight modules, that is,

B(A) @ B(A) =P BM), (4.3)

reT

where T is a possibly infinite multiset of elements of PT. The following theorem, which was proved in
[20, Proposition 12] and [8, Theorem 2.11], is known as the combinatorial excellent filtration theorem:

Theorem 4.7. The image of the subset u g4 @ By, (A’) of B(A) ® B(A”) under the isomorphism (4.3) is a disjoint
union of Demazure crystals.

For A € P, B(A) is regular and u, is extremal. For w € W and 1 € Aut(I"), set uwr(a) =
Sw(uz(a)) € B(t(A)). By definition we have uw¢(4) € Bwr(A). Later we need the following lemma:

Lemmad.8.Let A € P+ and w € W, and assume that (W(A), ") <Oforallie Ig. Then forany b € By (A),
we have b =u ) or

cl(wt(b)) € cl(w(a)) + (Q4 \ {0}).
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Proof. Assume that w = w't with w’ € W and 7 € X. In view of Remark 4.2, it follows that wt(b) €
w(A) 4+ Q. Then since wt(b) is a weight of V(7 (A)), it is proved from [9, Proposition 11.3 (a)] that
wt(b) = w(A), or wt(b) € w(A) + (QO+ \ {0}) + Z>08. Hence the assertion follows. O

5. Perfect Kirillov-Reshetikhin crystals

From this section to the end of the article, we assume that the type of g is nonexceptional (i.e., one of the

types A,(11>, B,(.,1),C,(11), D,§1),A;i)71,A%), Dfi)] ). Note that some of the statements below on Kirillov—-

Reshetikhin crystals may have not been proved or not be true for exceptional g.
5.1. Kirillov-Reshetikhin crystals

For a U{J(g)-crystal B, define two maps €,¢ : B — le by

E(b)ZZSi(b)Ai, (p(b):Z(pi(b)Ai for b € B.

iel iel

Note that wt(b) = ¢(b) — (b).

Kirillov—Reshetikhin modules W™¢ (KR modules for short) are irreducible finite-dimensional
U{I(g)—modules parametrized by r € Ip and £ € Z3 (see [5] for the precise definition). For nonex-
ceptional g, the following theorem is known:

Theorem 5.1. (See [12,24,25].) For each r € Ig and £ € Z1, the KR module W't has a crystal basis B"*.

The crystals B™¢ are called the Kirillov-Reshetikhin crystals (KR crystals for short). In this article we
denote by C the set consisting of tensor products of KR crystals.

Definition 5.2. (See [1].) A finite regular U{](g)-crystal B is called simple if there exists A € PEI such
that B has a unique element whose weight is A, the weights of B are contained in the convex hull
of W, and the weight of each extremal element is in WA.
Proposition 5.3. (See [21, Proposition.3.8 (1)].) Every B € C is simple.

Since B € C is simple, B has a unique extremal element u(B) such that wt(u(B)) € —P0+. It is
known that u(B™¢) is the unique element with weight £wq(z;), and we have u(B; ® B2) = u(B1) ®

u(By) for By, By € C. Every B € C is connected by [1, Lemmas 1.9 and 1.10]. Then by [10], we have
the following:

Lemma 5.4. (See [10, Lemma 3.3(b)].) For B € C and every b € B, we have
B={ej, e (b) |k>0,ijel}\ {0}
The following proposition is important:

Proposition 5.5. Let B € C. For every T € X, there exists a unique isomorphism p : T(B) S Bof U{z (9)-
crystals.

Proof. For a single KR crystal B = B™¢, ¥(B") = B"* was proved in [28, Lemma 6.5]. This implies
T(B) = B for general B € C since 7(B1 ® By) = T(B1) ® T(B>). Since B is connected and an element
of B with weight wt(u(B)) is unique, the uniqueness of the isomorphism holds. O
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Using the isomorphism p; in the above proposition, we define an action of X on B€C by 7(b) =
pr(T(b)) for T € X. This action satisfies

Toej=erpoT and To fi=fryot foralliel. (5.1)
Lemma 5.6. For every T € X, there exists some w € Wy such that
T(u(B)) = Sw(u(B)) forallBeC.

Proof. Since T € W = Wy x T(1\~/1) and T(I\7l) acts on P?l trivially, there exists w € Wy such that
rlpol = W|P01. Then since

wt(z (u(B))) = t(wt(u(B))) = w(wt(u(B))) = wt(Sw(u(B))),
T(u(B)) = Sy (u(B)) follows by Proposition 5.3. O

The Ugq(go)-crystal structure of a KR crystal is known by [2,7]. In particular, we have the following
proposition (for nonexceptional g):

Proposition 5.7. A KR crystal B™¢ is multiplicity free as a Uq(go)-crystal. In other words, any two distinct
Uq(g0)-components of B" are not isomorphic as Uq(go)-crystals.

Corollary 5.8. Let by, by € B™¢ be two distinct Uq(go)-highest weight elements. Then we have
@(b1) — @(ba) ¢ ZAo.

Proof. For j=1,2, let B; C B™¢ be the Uq(go)-component containing b;. Then as a Ug(go)-crystal,
B; is isomorphic to the crystal basis of the integrable highest weight Ug(go)-module with highest
weight Z,-elo @i(bj)w;. Now the assertion is obvious from the above proposition. O

5.2. Perfect KR crystals

For a U[I(g)—crystal B such that wt(B) € P%, we define the level of B by

cl

leV B —llllllgﬂ b ,I( = n{e b ,I( N
a[ld the Subset an by

Bmin={b € B |(p(b), K)=lev(B)}
=|beB|(e(b), K)=lev(B)}.

Definition 5.9. (See [11].) For a positive integer ¢, a U[I(g)—crystal B is called a perfect crystal of level ¢
if B satisfies the following conditions:

(i) B is isomorphic to the crystal basis of a finite-dimensional U(’I(g)-module.
(ii) B® B is connected.
(iii) There exists A € Pgl such that wt(B) C 1 — Zielo Zxoc; and there exists a unique element in B
with weight A.
(iv) The level of B is £.
(v) Both the maps ¢ and ¢ induce bijections between the set B, and (P:{)@.
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The following lemma is immediate:

Lemma 5.10. Let B1, B, be perfect crystals.

(i) lev(B1 ® By) = max{lev(By), lev(B3)}.
(ii) If lev(B1) > lev(By), then b1 ® by € B1 ® B3 belongs to (B1 ® B2)min if and only if by € (B1)min and
@(b1) — &(bz) € P Moreover if by ® bz € (B1 ® B2)min, then

e(b1 ® by) = ¢(by), @(b1 ® b)) = @(b1) + wt(by).

(iii) If lev(B1) < lev(B3y), then by ® by, € B1 ® By belongs to (B1 ® B2)min if and only if by € (B2)min and
&(b2) — ¢(by) € P. Moreover if by ® by € (B1 ® B2)min, then

e(by ®by) =e(bz) —wt(b1),  @(b1®bz)=g@(ba).
The significance of the perfectness is due to the following theorem:

Theorem 5.11. (See [11].) Let B be a perfect crystal of level £, A € P™ a dominant integral weight of level ¢,
and b the unique element of B satisfying € (b) = cl(A). Then for all A’ € P* such that ¢ (b) = cl(A"), we have

B(A)® B — B(A')

as U&(g)—crystals, and this isomorphism maps u, ® b to u 4. (Here both B(A) and B(A’) are regarded as
U rlz (g)-crystals. See Remark 3.1.)

If B is a perfect crystal of level ¢, then g0 ¢!

the associated automorphism of B. '
For i € I, we denote by 7! € ¥ the unique element satisfying tciwi(fl)_l € W. Note that this
definition is the same as that of Section 2.2 for i € I. For i € I'\ I°, ! are as follows: for B,ﬁ”, D,(f),

(2) i _id ifii i _ 1 ifq 3 1) 22) /) i :
Ay, T'=id if i is even, and ' =7  if i is odd. For C;;*, A5/, D7, ' =id for allie I'\ I’

induces a bijection (P})* — (P})¢, which is called

Theorem 5.12. (See [3].)

(i) The level of a KR crystal B™¢ is [¢/c,] (= min{m € Z | m > £/c;}), where c; is defined in Section 2.2.
(ii) B"t is perfect if and only if ¢/c; € Z.
(iii) The associated automorphism of B"“r* coincides with the action of (t")~" on (PJ)".

Proof. The assertions (i) and (ii) were proved in [3]. The associated automorphism of each B"¢¢ is
explicitly described in [3], and we can check the assertion (iii) directly from them. We remark that
the equation in [3, Subsection 4.3] for the associated automorphism t of B™¢ for D,<11) is misprint. It
should be modified as follows:

. i““ Ao A +§@A  [foAn1+ €14y neven,
s i4i | = tn410 n—1411 — i4n—i 01 A1+ LoAn n odd.
i= =

Let B = B"’ be a (not necessarily perfect) KR crystal. B is known to have a unique element be-
longing to Bpin, which we denote by m(B), such that

e(m(B)) = lev(B) Ao.
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(If B is perfect, this fact follows from the definition. For non-perfect ones, see [21, Lemma 3.11].)
Similarly, B has a unique element m’(B) € Bnn such that

@(m'(B)) =lev(B) Ag.
If B is perfect, we have from Theorem 5.12(iii) that
@(m(B)) =lev(B) A (g).

The first assertion of the following theorem was proved in [28], and the second one is obvious from
Lemma 4.8:

Theorem 5.13. (See [28, Theorem 6.1].) Let B = B"“¢ be a perfect KR crystal. Then the isomorphism

B(tAg) ® B > B(£Azr () given in Theorem 5.11 maps the subset u,5, ® B onto the Demazure crystal
chrwo(wn (£Ap). Moreover, the image of the element ugs, ® u(B) under this isomorphism is the extremal
element Uty g () (€A0)-

Later we need the following lemma:

Lemma 5.14. Let B1, B be perfect KR crystals, and assume that lev(B1) < lev(B3).Ifb1 ® by € (B1 ® B2)min,
then for every b!, € B3 there exists a sequence i1, ..., i of elements of I such that

ei, e (b1 ®by) =b1 @ (ey, - ei, b))
=b1 ®by. (5.2)
Proof. By Lemma 5.10(iii), by € (B2)min and
e(b2) — p(by) € PJ. (5.3)
Set A = aff(e(by)) and A’ = aff(¢(b,)). By Theorem 5.11, there exists an isomorphism
B(A) ® By = B(A')
which maps u4 ® by to u 4. Therefore, there exists a sequence i1, ..., i, of elements of I such that
ei, - -ei, (ua ®bh) =us ® (ej, - --ei,b5)
=u,Qby.
This equation implies for each 1 < g <k that
€ig (€i_1 - €ib3) > @iy (ua) = (cl(A), o) = &, (b2).

Hence we have &ig(€iy 4 ---ejbh) > &ig(b2) = @i (b1) for each 1< q <k by (53), and (5.2) is
proved. O
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5.3. Isomorphism as full subgraphs of U (/I (g)-crystals

We need the following elementary lemma:

Lemma 5.15. Let B1, B, be crystals, and bj € B (j =1, 2) arbitrary elements. If fib1 # 0 for some i € I, then
there exist some b/2 € By and m € Z.- ¢ such that

fib1®by = fim(b1 ®b/2).

Proof. When ¢;(b1) > &i(bz), m =1 and b}, = b, satisfy the assertion. When ¢;(b1) < &;(b2), m =
&i(b2) — i(b1) +2 and by = e"~'b, satisfy this. O

Now we show the following proposition (the notion of an isomorphism of full subgraphs has been
defined in Section 3):

Proposition 5.16. Let B; = Brf’CrJ(f for 1 < j < p be perfect KR crystals with £1 < €3 < -+ < £p, and set
o= £; —Lj_1 with £g = 0. We put uj = cr;wo(@r)) and B =By ® --- ® By ® By. Then there exists an
isomorphism

Wp U, 4, ® B Ftp (Uuppo® -+ ® Fy, (ug2p, ® Ftu, (Wi a9) )

of full subgraphs ofUL’I (g)-crystals, where the right hand side is a subset of B(¢P A¢p(0)) ®@---® B(¢! Arp..c1(0)
(regarded as a Ué(g)—crystal). Moreover, the isomorphism Wg maps the element Ug, Ao ® U(B) to the tensor
product of the extremal elements u,, (¢» g @+ ® Uty sy @A) O Uty o (01 Ag)-

Proof. If p =1, the assertion follows from Theorem 5.13. Assume p > 1. We put T =1t'? and w =

tu, T~ € W. Since ug, 4y ® Bp — Fuw(Ue,a,4), We have

uZPAO ®Bp®'®B] ;FW(UZPAT(O))(@BI)*‘I ®®Bla

and the right hand side is equal to ]:W(ll(p/\ﬂo) ® Bp_1 ® -+~ ® B1) by Lemma 5.15. Then since it
follows from Proposition 5.5 that

Uty A ®Bp-1® - ®@B1 =T (g0, ®Bp-1®---® B1)
= f(U[pAO ® (lep_lAO ®@Bp 1®--- ®B1)),

we obtain an isomorphism ¥ by the induction hypothesis. For each 1< j < p, we have t,, ---t;; =
tppttpy AN () = Zf::jf(tuk) since ¢(w) =#{a e ANQT | w(w) e —Q+) for w e W.
Therefore it follows from Proposition 4.4 that the right hand side of ¥y is contained in the set

2 1
By, (€7 A0) ® - ®Bt, ., (£740) ® Be,,. ., (€' Ao)
by definition. Then the second assertion is easily proved from Lemma 4.8, since we have

p
<tMp+...+Mj(€jAo),aiV)=£chrk<wo(wrk),aiv><0 foralli e Ip, and
k=)

p p
cl(ZtMp+...+Mj (z%)) =Y crtjwo(@r) =wt(u(B)). O

j=1 j=1
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Remark 5.17. (i) Put BP~1 = Bp_1®---® B, ® B;. We see from the construction of the isomor-
phism ¥p that the following diagram commutes (where we set 7 = t'?):

T By-1®---® B - o ]:fup_1 (Uzv—le ®--)
-1

T

Ug, Ag ®m(Bp) ® Bp_1®---® By T(Uugp 4, ®]:tup_1 (ugp_1A0 ®--4))

o |

Uty g @ Bp @ Bp1®---Q By % Fryy WUerag ® Fr, - (Upp14, @ +2))

where ¢ and ¢ are bijective maps of sets defined by

(p(ulp—lllo ®b)= Ugy, Ag ®@m(Bp)®@1t(b) forbe Bp_], and
Y(b)=T(uwa, ®b) forbeFy,  (Up-14,® )

respectively.

(ii) By Proposition 4.4 and Theorem 4.7, the right hand side of the isomorphism ¥p is isomorphic
as a full subgraph to a disjoint union of Demazure crystals.

(iii) The right hand side of ¥y also appeared in [20] as the crystal basis of a generalized Demazure
module.

Note that the right hand side of ¥ is a subset of a tensor product of the crystal bases of Uq(g)-
modules. Hence each element b of this set has a natural Z-grading given by (wt(b), d). The goal of
this article is to show that, under the isomorphism ¥g, the minus of this natural grading coincides
up to a shift with the grading on the left hand side given by the energy function introduced in the
next section.

6. Energy function

Similarly as [11], the following proposition is proved from the existence of the universal R-matrix
and Theorem 5.1:

Proposition 6.1. Let B1, B, € C.

(i) There exists a unique isomorphism o = o, B, : B1 ® B2 = By ® B1 of U[7 (g)-crystals called the combi-
natorial R-matrix.

(ii) Thereexists auniquemap H = Hp, g, : B1 ® Bo — Z called the local energy function such that H(u(B1 ®
B3)) =0, H is constant on each Uq(go)-component, and for by ® by € By ® B2 mapped to 52 ® 51 €
By ® By under o, we have

H(eo(b1 ® b2))

H(b1®b2)+1 ifeo(bs ® by) =egb1 ® b2, 60(152 ® E)l) = gOEZ ® [}l’
=1 H(b1®bz) -1 ifeO(b] ® by) =b1 ® egba, eg(by ® b1) = by ® egb1,
H(b; ® b) otherwise.
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For By, B, € C, we have o (u(B1) ® u(By)) = u(By) ® u(B1) by the weight consideration. Recall
that for every 7 € X, there exists some w € Wy such that t(u(B1) ® u(B2)) = Sw(u(B1) ® u(By)) by
Lemma 5.6. Hence we have

o o T(u(B1) ® u(Bz)) =0 o Sw(u(By) ®u(B2))
= Sw(u(B2) @ u(B1)) =7 (u(B2) ® u(By)),

which together with (5.1) implies that o commutes with the action of 7. The following lemma is a
consequence of the definition of the local energy function:

Lemma 6.2. Let By, By € C, bj € Bj for j =1, 2 be such that o (b1 ® by) =by ® by, and let jq,..., je bean
arbitrary sequence of elements of I satisfying ej, - --ej, (b1 ® b2) #0.If

ej,---ej, (b1 ®b2)=e,-27k-~-e,~rlb1 ®e;j, ---e,by and
ej, -~~ej1(52®51)=e;m ---e;ll;z®e;2_m-~-e;,151
hold where
(1o ey =it i u{iy, i) = im0 i o Ty
as multisets, then we have
H(ej, ---ej, (b1 ®by)) — H(b1 ® bp) =#{1 <q<m|ig =0} — #{1 <q<k|ig=0}.

For B € C, the energy function D = Dp : B— Z is defined as follows:
(i) If B is a single KR crystal, then define

Dp(b) =Hp g(m'(B) ® b) — Hp p(m'(B) ® u(B)).
(ii) If By, By € C and B = B; ® B3, then define
Dg(b1 ® by) = Dp, (b1) 4 D, (b2) + Hp, 5, (b1 @ b2),

where o, B, (b1 ® by) = 52 ® 51.
By definition, Dp is constant on each Ug(go)-component of B and we have

Dg(u(B)) =0. (6.1)
Proposition 6.3. (See [27].)
(i) For By, B2, B3 € C, we have
D(8,98B2)®B; = DBi®(B,®Bs3)-

Hence for every B € C, the function Dp is well-defined.
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(ii) Lt B=B1 ®---® By € C. Forb; ® ---® b, € Band 1 gigjgp,deﬁnebg.”esj by
Bi® --®Bj_1®Bj > Bj®B;i® --®Bj_1,
bi® - ®bj1®bji> b @b® - @bj_1.
Then we have

Dp(b1® - ®bp)= »_ DB]-(b;U)-i- 3 HBj,Bk(bj®b,(<j+])).
1<j<sp 1<j<k<p

Lemma 6.4. Let B € C and ¢ = lev(B). If b € B satisfies eo(b) > ¢, then we have
D(egb) =D(b) — 1.

Proof. We show the assertion by the induction on the number p of tensor factors of B. The case
p =1 follows since we have

D(egb) = H(m'(B) ® epb) —t = H(m'(B) ® b) — 1 —t =D(b) — 1,

where we set t = H(m'(B) ® u(B)). Assume p > 1, and write B =B ® By, b=b ® b, and Ez ®E1

o (b1 ® bz). We can show the assertion by computing case by case, using lev(B1) < £ and lev(By) < £.
For example, assume that eg(b1 ® b2) = eob1 ® b, and eo(bz ®b1) = eobz ® b1. Then we have eo(b1) =
go(b1 ® by) > £ and so(bz) = so(bz ® b1) > ¢, which imply by the induction hypothesis that

D(eob) = D(eob1) + D(eobz) + H(eo(b1 ® by))
= (D(b1) — 1) + (D(b2) — 1) + (H(b1 ® by) + 1)
=D(b) —1.

The other cases are proved similarly. O
7. Main theorem
7.1. Statement and corollaries

Now, we state the main theorem of this article. This theorem is a generalization of [28, Theo-
rem 7.4], in which £ = =--- ={p is assumed.

Theorem 7.1. Let B = B""i% for 1 < j < p be perfect KR crystals with ¢ < €2 < --- < Cp,andset ) =¢;—
£j_1 with £9 = 0. We put i j = ¢r;wo(wy;) and B=Bp ® --- ® By ® By. Then there exists an isomorphism

Wp U, 4, ® B Ftup (upap® -+ ® Fi,, (ug2p, ® Fyg U ae)) ")
of full subgraphs of U [] (g)-crystals satisfying

D(b) = —(WtWp(ug, 4, ® b).d)+ Cp (7.1)
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for every b € B, where Cy € N~1Z is a constant defined by
12 (2 p
CB:_EZE] ZMkaZMk .
j=1 k=j k=j
Recall that, as stated in Remark 5.17(ii), the right hand side of ¥y is isomorphic as a full subgraph

to a disjoint union of Demazure crystals. Hence we can see inductively using Corollary 4.6 that the
following equation holds:

Corollary 7.2. Under the notation and the assumptions of Theorem 7.1, we have

olpAo+CaS Z paffowt(b)=3D(b) _ .

beB

(eszo Dy, (eszo Dy, (eﬂAo)) ).

Hp

As in [6,5], the one-dimensional sum X(B, i, q) € Z[q,q~ '] for € Pa' is defined by

XB =Y q¢"?.

beB
e,-b:O (iEIo)
wt(b)=u

Let ch V4, (w) denote the character of the irreducible go-module with highest weight . Since

> qP®e"® = N X(B, p1.q) ch Vg, (1)
beB nePy

holds, we have the following corollary:

Corollary 7.3. Under the notation and the assumptions of Theorem 7.1, we have

g Y X(B.p.q)ch Vg, ()
nePf

_ p 2 1
—e frdo Dt/!.p (ee Ao, .. Dtuz (eﬂ Ao, Dtm (ez AO)) .. '),
where we set q = e~% and consider ch V4o () as an element of C[P] via the map aff: P — P.

Remark 7.4. Let n be a permutation of the set {1,..., p}, and put By = By1) ® --- ® By(p). We have
from [27, Lemma 2.15] that

D, (0y(b)) = Dp(b) foreveryb e B,
where oy : B =S By, is the unique isomorphism. In particular, we have

X(B, 1, q) = X(By, 4, Q).

Hence for every 7, the above theorem and corollaries with B replaced by B, (and the right hand
sides unchanged) also hold.
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7.2. Proof of the main theorem

In order to prove the main theorem, it remains to show that the isomorphism ¥ constructed in
Proposition 5.16 satisfies (7.1). To show this, we prepare several lemmas.

Lemma 7.5. Let B1,B; € C and T € X. For by ® b, € By ® B, mapped to 52 ® 51 € By ® By under o, we
have

H(b1 ® b2) — H(t (b1 @ b)) = (wt(ba) — wt(h2), @ - (7.2)

Proof. Although the proof is carried out in a similar way as that of [21, Lemma 8.2], we give it for
the reader’s convenience.

The case 7 =id is trivial. We assume otherwise, and put t = t=1(0) € I* \ {0}. If by = u(B;) and
by = u(B>y), we have from Lemma 5.6 that

H(z(u(B1) ® u(B2))) = H(u(B1) ® u(B2)) =0,

and hence the left hand side of (7.2) is 0. On the other hand, the right hand side is also 0 since
we have o (u(B1) ® u(B3)) = u(By) ® u(B1), and the assertion is proved in this case. Therefore by
Lemma 5.4, it suffices to show for each i € I that if (7.2) holds and e;j(b1 ® by) # 0, then (7.2) with
b1 ® b, replaced by e;j(b1 ® by) also holds. If i #0, ¢, it is easy to see that the both sides of (7.2) do
not change when by ® b, is replaced by e;(by ® b). Assume that i = 0. Since t # 0, we have

(H(eo(b1 ® bz)) — H(t oeo(b1 ® by))) — (H(b1 ® ba) — H(t (b1 ® b2)))
= (H(eo(b1 ® b)) — H(b1 ® b)) — (H(e¢ o T(b1 ® b)) — H(t (b1 ® b2)))
1 ifeo(b1 ® by) = egb1 ® b2, eq(br ® b1) = eob ® by,

—1 ifeg(b1 ® by) =b1 ® egby, eg(ba ® b1) =bz ® egbq, (7.3)
0 otherwise.

On the other hand, putting eg(b1 ® by) =b} ® b}, and eo(hy ® by) = 5/2 ® b, we easily check using
(g, @) = —1 (see (2.2)) that (wt(b}) —wt(l;/z), @) — (wt(by) —wt(by), @) is equal to (7.3), which
implies the assertion for i = 0. The case i =t is similar. O

For B e C and ¢ € Z.¢, we define a subset hw,gol(B) C B by
hw}=“(B) = {b € B | b is Ug(go)-highest weight, £q(b) < £}.

Lemma 7.6. Let B; = Bt (j =1, 2) be two perfect KR crystals, and assume that £1 > €. For every b, €
hwfoz1 (B2), we have

08,8, (M(B1) ® T (b2)) =by @ by
for some by € By.
Proof. Put T = t'!. Since

@(m(B1)) =€1 A7) and &((b2)) =eo(b2)Ar(0),
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we have from Lemma 5.10(ii) that m(B1) ® t(b2) € (B1 ® B2)min, €(M(B1) ® (b)) = £1 Ap, and
@(m(B1) @ T(b2)) = (¢1 — g0(b2)) Az (o) + T(@(b2)).
Put A = (¢1 — &o(b2)) Ar(0) + T(@(b2)), and b, ® b} = o (m(B1) ® T (b2)). Since b}, ® b € (B2 ® B1)min,
we have from Lemma 5.10(iii) that b} € (B1)min and @(b}) = (b}, ® b}) = A. Hence from Theo-

rem 5.12(iii), we have

e(b}) =171(A) = (1 — e0(b2)) Ao + ¢ (b2). (7.4)

Note that (b}, ® b}) = e(m(B1) ® t(b2)) = £1A¢, and this also implies (b)) = £Ag with £ < ¢,
by (3.1). Hence we have that

p(05) = wi(b)) + £(53) = £(0) — £(6) @ b}) + £(0) € p(ba) + Zk,

where the second equality follows from Lemma 5.10(iii). Then we have b, = b, by Corollary 5.8, as
required. O

Lemma 7.7. Let B; = BiCriti (j =1, 2) be two perfect KR crystals, and assume that £1 > £5. Then there exists
some global constant C such that

H(m(B1) ® T(b2)) = —(wt(by), wrv—1<o>> +C

forevery by € hwfol1 (B3), where we put T = 7'1.

Proof. Although the proof of this lemma is basically the same as that of [26, Lemma 4.7], we include
it for the reader’s convenience,
It suffices to show for b,, b; € hwfol1 (By) that

H(m(B1) ® 7 (b})) — H(m(B1) ® T (b)) = —(wt(b}) — wt(hy), 1 ¢ ).
By Lemma 7.6, we have
o(m(B1)®T(by)) =b, ®b1 and o (m(By)®1(b}))=bl @bl
for some b1, bI € B1. By Lemma 5.4, there exists a sequence iq, ..., i, of elements of I such that
ej, - -ej;by = b;.

We choose such a sequence so that k is minimal. Using Lemma 3.2, we can take a sequence
Ji, ..., je €1 satisfying

ej("'eh(bz®b1):eik"'ei1b2®ei2,k"'ei’lb1

— T . - Y
_b2 ®el[7k e,1b1.
Since b; ® bJ{ € (B2 ® B1)min, We may assume e;  ---ey by = bJ{ by Lemma 5.14. Then we have

ej,+-ej, (M(B1) ® T(by)) =m(B1) ® T (b).
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We define the two sequences 71, el fm and 7’1, el f@_m of elements of I by

ej,---ej, (m(B1) @ T(b2)) =e - ~-el~.,1m(B1) ®e; e T(b)

=m(B1) ® (b}).

Since
e: e T(hy))=7t(e. 17\ --€ 47 b):‘c(bT)
im i 71 (im) 13”2 2)
we have ety erldl)bz = b;, which implies
Z ()t_[,1(;q) — Z aj, € L3008 (7.5)
1<g<sm 1<g<k

by the minimality of k.
By repeating the above procedure interchanging the roles of b, and b;, we obtain sequences of
elements of I satisfying the following:

€ j

T i T T
., "'ejT(bZ ®b]) =ejx, ---einz ®€i}:7 ---e,-/l*b1

k*

=by®b1,

e, ~-~e]-T(m(B1) ® r(b;)) =€ ~-~e;,1*m(B1) Qe ~--e~.,f‘l,’(b£)

=m(B1) @ T(ba),
Z ()lr,1(;2;) — Z Olig S 2205. (7.6)
Isgsm® 1<g<k

By Lemma 6.2, we have

0= (H(m(B1) ®(b})) — H(m(B1) @ T(b2))) + (H(m(B1) ® T(b)) — H(m(B1) ® T (b})))
=(#{1<q<klig=0}—#{1<qg<m|ig=0}
+ (#{1<qg<k*|ig =0} —#{1<g<m* |i; =0})
= (#{1<q<k|ig=0}+#{1<q<k*|if =0})
—(#1<q<m|ig=0}+#{1<g<m*|i; =0}).
This equation together with (7.5) and (7.6) implies that k =m, k* =m*, and
[r7'G0, . v Wi =l evikd, {TNE) T () ) = T
as multisets. Hence we have
H(m(B1) ® T(b})) — H(m(B1) ® T(b2)) = #{1 <q <k|ig =0} —#{1 <qg<m|iy =0}
=#{1<q<k|ig=0}—#{1<

= —(wt(b;) — wt(by), wrv,](o)),

and the assertion is proved. O
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The following lemma is crucial for the proof of our theorem:

Lemma 7.8. Let B} = B""7% (0 < j < p) be perfect KR crystals, and put B=B1 ® B, ®--- ® Bp. We assume
that €9 > £; for every 1 < j < p. Then there exists some global constant C such that

D(m(Bo) ® T(b)) = D(b) — {wt(b), @," o} +C
foreveryb e hwfogo(B), where we put T = 10,

Proof. Letb=b1® - -®b) € hw, Sto (B), and define b(') € Bj for 1 <i < j<p as in Proposition 6.3(ii).
Note that, since the combmatorlal R-matrix and the action of 7 commute, the first tensor factor of
the image of 7(b; ® --- ® b;) under the isomorphism
Bi® --®Bj_1®B; > Bj®B;®---®Bj_;
is ‘L'(b;i)). For each 1 < j < p, since b e hwalO(B) implies bﬁ.l) € hw, <to (Bj) by (3.1), we have that
1 1 i
OBy,B; (m(Bo) ® T(b; ))) = b§ ) ®b’

for some b/ € By by Lemma 7.6. Hence by Proposition 6.3(ii), we have

D(m(Bo) ® T(b)) =D(m(Bo))+ »_ D(b")+ Y H(m(Bo) @ T(b{"))

1<j<p 1<j<p

+ > H(bperdlt)). (7.7)

1<j<k<p
For each 1 < j < p we have by Lemma 7.7 that
H(n(Bo) ® 7 (6")) = ~(wt(b"), L ) + C;

with some constant C; independent of b;”, and for each 1< j <k < p we have by Lemma 7.5 that

H(rop @b ) =H(bj @b ) — (we(b" ) —wi(b”). @ o)

Hence, it follows with some global constant C that

7= dpP)+ Y Hb bt~ 3 (wep). @ )

1<j<p 1<j<k<p 1<j<p
= 2wt —wiln)). @ ) + €
1<j<k<p
=D(b)— Y (wtb), @)+ C
1<k<p

=D(b) — (wt(b), w ", )+ C.

The assertion is proved. O
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Now we give the proof of our main theorem:
Proof of Theorem 7.1. Let W be the isomorphism constructed in Proposition 5.16, and set D(b) =

D(b) + (Wt Wg(ue, 4, ® b),d) for b € B. It remains to verify that D(b) = Cp for every b € B. First we
show the following claim.

Claim. If there is some constant C such that D (b) = C holds for all b € hwi[” (B), then C = Cp,and D(b) =C
holds for all b € B.

By the second assertion of Proposition 5.16 and (6.1), we have
p
D(u(B)) = (tupt-tu; (£ Ao),d) = C.
j=1

Hence it suffices to show that D(b) = C for all b € B. Since Ug, A, ® B is isomorphic to a disjoint union
of Demazure crystals (see Remark 5.17(ii)), there exists a sequence i1, ..., iy of elements of I such that
eiy -+ -ei; (Ug, 4o ® b) is a nonzero Uq(g)-highest weight element. We show D(b) = C by the induction

on k. If k=0, then uy, 1, ® b itself is Ug(g)-highest weight, which is equivalent to b € hwfoe” (B).
Hence there is nothing to prove. Assume k > 0, and set b’ = e;, (b). Note that if iy =0, then eo(b) > £,
holds since eg(ug, 1, ® b) = ug, 4, ® eob. Hence we have D(b’) = D(b) — ¢;, by Lemma 6.4. On the
other hand, it follows that

wt¥p (llgp/\o ® b/) = wtoej, (‘I/B (quAO ® b))
=Wwt¥p (ulp/\o ®b) + ;.
Therefore we have
D(b") = (D(b) — 80i; ) + (Wt ¥p(ug, 4, ® b). d) + S0i; ) = D(b),

and D(b) = C follows from the induction hypothesis. The claim is proved.

In particular, since the set hwil1 (B1) contains only a single element m(B1), the theorem for p =1
follows from the claim. Assume p > 1. We show the theorem by the induction on p. Put BP~! =
Bp_1®---®Bjand t=1"r. Letbe th l"(B) be an arbitrary element, and write b = b, ® bP~ 1

B, ® BP~1. Since lev(B,) > lev(BP~1), b e th\ b p) implies by Lemma 5.10(ii) that
by € hwfol" (Bp) and g(bP~ ') eq(by) — P
Since lev(Bp) = £p, these are equivalent to
bp=m(Bp) and &(b”’')elpAr ) — P}
Hence if we put b’ = t=1(bP~1), we have
b=m(By) ®T(b') withb' € hwy " (BP).
We see from the diagram in Remark 5.17(i) that

Wp (e, 10 ®M(Bp) @ T(b')) = T (er ag ® Ypp-1 (ue, 40 ®)).



K. Naoi / Journal of Algebra 374 (2013) 1-26 25

Put t = t~1(0). Since Wpp-1 is a U(’I(g)—crystal isomorphism, it follows from the above equality and
the induction hypothesis that

wt g (ug, 4, @ M(Bp) @ T(b')) = (aff o wt(b') 4 £, Ao + (—D(b’) + Cpp-1)8)
=affowt(z(b')) + £y Aro) + (—D(b') + (Wt(b'), @) + Cpp-1)3
=affowt(z(b')) + £p A (o) + (=D (b) + (wt(b'), @,") + Cgp-1)8,

where the second equality follows since
-1 _ _
T=(1t") =(tmw) ' =w

by Lemma 2.1(iii), and the third one follows from (2.3). On the other hand, we have from Lemma 7.8
that

D(m(By) ® T(b')) =D(b') — (wt(b'), .’} + C’

with some global constant C’. Hence it is proved for all b € hwiZ”(B) =m(Bp) @ {t(b’) | b €

hwjs? (BP~1)) that

D(b) = D(b) + (Wt Wg(ug, 4, ® b),d) = £y (A7), d) + Cpp1 + C'.
Now the theorem follows from the claim. O
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