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In this paper, we investigate certain deformations Bq(g) of the
negative part U−

q (g) of quantized enveloping algebras Uq(g). An
algorithm is established to determine when a given Bq(g) is a
PBW-deformation of U−

q (g). For g of type A2 and B2, we classify
PBW-deformations of U−

q (g). Moreover, we explicitly construct
some PBW bases for a class of PBW-deformations Bq(g) of U−

q (g).
As an application, Iorgov–Klimyk’s PBW bases for the non-standard
quantum deformation U ′

q(so(n,C)) of the universal enveloping
algebra U (so(n,C)) are recovered.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

A filtered algebra U is called a Poincaré–Birkhoff–Witt-deformation (abbr. PBW-deformation) of a
graded algebra A if its associated graded algebra gr(U) is isomorphic to A. PBW-deformation theory
of graded algebras is extensively studied. For Koszul or N-Koszul algebras, a Jacobi type condition was
given for the determination of PBW-deformation (see e.g. [2,4,10,33]). While for an arbitrary graded
algebra A over a field, Cassidy and Shelton [6] extended the above results to a more general Jacobi
condition for deciding when certain deformations of A obtained by altering its defining relations are
PBW ones.

For all complex simple Lie algebras g, Drinfeld [9] and Jimbo [20] introduced the quantum de-
formations Uq(g) of universal enveloping algebras U (g), which are very important in mathematical

* Corresponding author.
E-mail address: yjxu2002@163.com (Y. Xu).

1 Supported by Grants from NSFC (No. 11271043), NSF of Beijing (No. 1122006) and Specialized Research Fund for the
Doctoral Program of Higher Education of China (No. 201111103110011).
0021-8693/$ – see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jalgebra.2013.08.011

http://dx.doi.org/10.1016/j.jalgebra.2013.08.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:yjxu2002@163.com
http://dx.doi.org/10.1016/j.jalgebra.2013.08.011


Y. Xu, S. Yang / Journal of Algebra 408 (2014) 222–249 223
physics (see also [19,21]). Except the cases U−
q (sl2) and U−

q (sl3), the negative nilpotent subalge-
bras U−

q (g) of Uq(g) are graded algebras with defining relations in mixed degrees (the word ‘mixed’
means that there exist at least two defining relations whose degrees are different, cf. [6]). Some PBW-
deformations of U−

q (g) appeared in the investigation of coideal subalgebras of Uq(g) (cf. [24–27,31,
32]) and non-standard quantum deformations of U (g) (cf. [12,17]). In the theory of quantum groups,
Lusztig [28,29] investigated braid group actions on Uq(g) which allow the definition of root vectors
and PBW bases. In analogy to the quantum group case, braid group actions on coideal subalgebras of
Uq(g) were also investigated by many authors (see e.g. [7,22,30]).

Assume that g is a complex simple Lie algebra of rank n. Let A = (aij)n×n be the Cartan ma-
trix of g and H = (h(Bi, B j))n×n with h(Bi, B j) in the free algebra generated by B1, B2, . . . , Bn and
Deg(h(Bi, B j)) < 2 − aij . Denote by Bq(g) the quantum algebra with generators Bi (1 � i � n) and
defining relations

1−aij∑
k=0

(−1)k
(

1 − aij
k

)
i

B
1−aij−k
i B j Bk

i = h(Bi, B j), 1 � i �= j � n.

Motivated by the above mentioned research, in this present paper we mainly focus on the following
two problems:

(1) Determining when a given deformation Bq(g) of U−
q (g) is a PBW-deformation.

(2) Constructing PBW bases for a class of PBW-deformations Bq(g) of U−
q (g).

For the problem (1), our main techniques are the Jacobi condition given in [6] and the Bernstein–
Gelfand–Gelfand resolution (abbr. BGG-resolution) established in [14]. The Jacobi condition in [6]
actually transforms the problem of determining PBW-deformations of a graded algebra A into a series
of linear algebra problems which we denote (∗). Though it is a sufficient and necessary condition for
judging which deformations U of A are PBW ones, there is a homological constant c(A) in it whose
accurate value is generally not easy to obtain. In [6], c(A) is called the complexity of A which in a
sense reflects the scale of the sets of linear equations in (∗). By Definition 2.1, the size of c(A) is
deeply related with the bigraded Yoneda algebra E(A) =⊕Extr,s

A (C,C) of A. For finite dimensional
semisimple Lie algebras the BGG-resolution was introduced in [3]. The quantum group version of the
BGG-resolution was established in [14] and explicitly written down in [13]. In this paper, we com-
pute the complexity c(U−

q (g)) of U−
q (g) by using the BGG-resolution of the trivial left U−

q (g)-module

U−
q (g)C. Based on the above ideas, we propose an algorithm to decide if a given algebra Bq(g) is

a PBW-deformation of U−
q (g). In practical use, our algorithm is very technical because the amount

of calculations in it is very large for hand computation. So the computer program realization of our
algorithm or more conceptional research on the classification of PBW-deformations of U−

q (g) is inter-
esting.

The algebras Bq(g) in problem (2) can be viewed as a uniform description of some coideal subal-
gebras of Uq(g) in [22] and Iorgov–Klimyk’s non-standard quantum deformation U ′

q(so(n,C)) in [12].
In fact, they were studied by Letzter in more generality in [24–27], and proved to be coideal subal-
gebras of Uq(g) and PBW-deformations of U−

q (g) in [24]. Our results indicate that Kolb–Pellegrini’s
braid group actions on Bq(g) also allow the definition of root vectors and some PBW bases B(w0)

for Bq(g). The root vectors of Bq(g) have the same form as those of Uq(g) for simply laced g, while
for non-simply laced g they have some additional terms of lower degree. In our proof of the PBW
theorems for Bq(g), it is crucial that Bq(g) are coideal subalgebras of Uq(g) and PBW-deformations
of U−

q (g).
This paper is organized as follows. In Section 2, we fix some notations and collect the background

material that will be necessary in the sequel. In Section 3, we give an algorithm for problem (1)
after theoretical analysis, then apply it to the case g of type A2 and B2. In Section 4 we explicitly
construct some PBW bases B(w0) for Bq(g) in problem (2). In Section 4.1, we state some properties of
the algebra automorphisms τi (1 � i � n) of Bq(g) given by Kolb and Pellegrini, then calculate some
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formulas about them. In Section 4.2, the root vectors and the set B(w0) for Bq(g) are defined. In
Section 4.3, the relationship between B(w0) and Lusztig’s PBW basis F (w0) for U−

q (g) is described.
In Section 4.4, we establish PBW theorems for Bq(g) with g of each type, that is, Theorem 4.4. In
Section 4.5, we show that Iorgov–Klimyk’s PBW bases for the non-standard quantum deformation
U ′

q(so(n + 1,C)) of the universal enveloping algebra U (so(n + 1,C)) can be recovered by ours.
Throughout, we denote by C, N and Z the complex number field, the set of positive integers and

the set of integers, respectively. The parameter q ∈ C\{0} is not a root of unity.

2. Preliminaries

2.1. PBW-deformation theory of graded algebras

Let T be the free algebra C〈x1, x2, . . . , xn〉 with a standard grading, that is, Deg(xi) = 1 for 1 �
i � n. Denote by

A = C〈x1, x2, . . . , xn〉/〈r1, r2, . . . , rm0〉

the quotient algebra of T with m0 homogeneous relations r1, r2, . . . , rm0 . Throughout this paper, we
assume that R = {r1, r2, . . . , rm0 } is a minimal set of relations for A and that none of the relations is
linear. By a deformation of A we mean a C-algebra

U= C〈x1, x2, . . . , xn〉/〈r1 + l1, r2 + l2, . . . , rm0 + lm0〉

with the set of relations P = {r1 + l1, r2 + l2, . . . , rm0 + lm0 }, where l1, l2, . . . , lm0 are (not necessar-
ily homogeneous) elements of T such that Deg(li) < Deg(ri) for all i. The algebra A is graded
and the algebra U is filtered. We denote by Fk(U) (k ∈ Z) the filtration of U and define gr(U) =⊕

k∈ZFk(U)/Fk−1(U) to be the graded algebra associated with U.

Definition 2.1. (See [6].) The non-graded deformation U of the graded C-algebra A is said to be a
PBW-deformation if its associated graded algebra gr(U) is isomorphic to A.

Let A-Mod be the category of Z-graded left A-modules. For each object M in A-Mod and d ∈ Z,
the notation M{d} denote the graded left A-module M with grading shifted by d, i.e., M{d}k = Md+k
for k ∈ Z. For the graded left A-module AA and

−→
d = (d′

1,d′
2, . . . ,d′

r0
) ∈ Z

r0 we denote

A{−→d} := A
{

d′
1

}⊕A
{

d′
2

}⊕ · · · ⊕A
{

d′
r0

}
.

For two objects M, N in A-Mod, we define

Hom j
A(M, N) := {φ ∈ HomA(M, N)

∣∣ φ(Mi) ⊆ Ni− j
}
,

HomA(M, N) :=
⊕
j∈Z

Hom j
A(M, N).

Obviously, HomA(M, N) is a Z-graded vector space. Fix a minimal projective resolution

· · · −→ C2
ϕ2−→ C1

ϕ1−→ C0
ε−→ C −→ 0 (2.1)

of the trivial A-module C in A-Mod. The modules Ci are free and can be expressed as the form
A{−→d} = A{d′

1} ⊕A{d′
2} · · · ⊕A{d′

r0
}, where r0 may be infinite. If we apply the functor HomA(·,C) to

the truncated complex P• of the above resolution (2.1), then the cohomology of the resulting cochain
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complex HomA(P•,C) of abelian groups equals E(A) =⊕Extr,s
A (C,C), which is the associated bi-

graded Yoneda algebra of A with r the cohomology degree and −s the internal degree inherited from
the grading on A.

Definition 2.2. (See [6].) The complexity of the graded C-algebra A is defined by

c(A) = sup
{

s
∣∣ Ext3,s

A (C,C) �= 0
}− 1

if the global dimension of A is at least 3. For global dimension less than 3 we set c(A) = 0.

Denote by V the C-span of the generators x1, x2, . . . , xn of T and take Fk(T ) =⊕i�k V ⊗i . Let

P1 = SpanC

(
P ∩F1(T )

)
, (2.2)

Pk = V Pk−1 + Pk−1 V + SpanC

(
P ∩Fk(T )

)
, for k > 1. (2.3)

In [6], a necessary and sufficient condition was given for determining PBW-deformations of A, which
is stated as follows.

Theorem 2.3. (See [6].) Let A be a graded C-algebra of finite complexity c(A) and let U be a deformation of
A. Then U is a PBW-deformation of A if and only if P1 = 0 and the following Jacobi condition is satisfied:

Pk+1 ∩Fk(T ) ⊂ Pk for all 1 � k � c(A). (2.4)

2.2. Quantized enveloping algebras

Let g be a complex simple Lie algebra with Cartan subalgebra h. We write g = n⊕ h⊕ n− for the
triangular decomposition, and b= n⊕h for the Borel subalgebra. Let Φ ⊆ h∗ denote the corresponding
root system and Φ+ the set of positive roots. Fix the set Π = {αi | 1 � i � n} of simple roots. For any
α =∑n

i=1 niαi ∈ ZΠ , define the height of α by Ht(α) =∑n
i=1 ni . Let W be the Weyl group of g, which

is generated by all simple reflections si = sαi for αi ∈ Π . The notation Br(g) denotes the braid group
corresponding to W , that is, Br(g) is generated by {σi | 1 � i � n} and satisfies the relation

σiσ j · · ·︸ ︷︷ ︸
mij factors

= σ jσi · · ·︸ ︷︷ ︸
mij factors

, (2.5)

where mij is the order of si s j in W . Let (·,·) denote the W -invariant scalar product on ZΦ such that

(α,α) = 2 for all short roots α ∈ Φ . As usual, aij = 2(αi ,α j)

(αi ,αi)
are just the entries of the Cartan matrix

A = (aij)n×n of g.

For each 1 � i � n one defines qi = qdi , where di = (αi ,αi)
2 . For n ∈N, the q-number is defined as

[n]i = qn
i − q−n

i

qi − q−1
i

and let [n]i ! = [n]i[n − 1]i · · · [2]i[1]i . If (αi,αi) = 2 then we will also write [n] and [n]! instead of [n]i
and [n]i !. Moreover, the q-binomial coefficient is defined for any a,b ∈ Z with b > 0 by(

a
b

)
i
= [a]i[a − 1]i · · · [a − b + 1]i

[b]i[b − 1]i · · · [1]i
.



226 Y. Xu, S. Yang / Journal of Algebra 408 (2014) 222–249
Definition 2.4. (See [19].) The quantized enveloping algebra Uq(g) associated with g is defined as the
C-algebra with generators K ±1

i , Ei , Fi (1 � i � n) and relations:

Ki K −1
i = 1 = K −1

i Ki, Ki K j = K j Ki,

Ki E j K −1
i = q(αi ,α j)E j, Ki F j K −1

i = q−(αi ,α j) F j,

Ei F j − F j Ei = δi j
Ki − K −1

i

qi − q−1
i

,

1−aij∑
k=0

(−1)k
(

1 − aij
k

)
i

E
1−aij−k
i E j Ek

i = 0 for i �= j,

1−aij∑
k=0

(−1)k
(

1 − aij
k

)
i

F
1−aij−k
i F j F k

i = 0 for i �= j.

Lusztig observed in [28] that there are a series of automorphisms Ti (1 � i � n) on Uq(g), which
we call Lusztig symmetries. These automorphisms are important in investigating PBW bases and
canonical bases of Uq(g). They are defined as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ti(Ei) = −K −1
i F i, Ti(Fi) = −Ei Ki, Ti(Ki) = K −1

i ,

Ti(K j) = K j K
−aij

i ,

Ti(E j) =
−aij∑
s=0

(−1)sq−s
i E(s)

i E j E
(−aij−s)
i ,

Ti(F j) =
−aij∑
s=0

(−1)sqs
i F

(−aij−s)
i F j F (s)

i ,

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
for 1 � i �= j � n,

where E(n)
i = En

i[n]i ! and F (n)
i = F n

i[n]i ! for any n ∈ N. The following theorem holds.

Theorem 2.5. (See [19,28].) Lusztig symmetries Ti (1 � i � n) of Uq(g) satisfy the braid relation (2.5).

Denote by U−
q (g) the negative nilpotent subalgebra of Uq(g) and w0 = si1 si2 · · · sil0

a reduced ex-
pression of the longest element in W . Then the set {γt = si1 si2 · · · sit−1 (αit ) | 1 � t � l0} is just the set
of positive roots Φ+ . For each γt , define the root vector Fγt of Uq(g) as follows:

Fγt = Ti1 Ti2 · · · Tit−1(Fit ).

In [28] Lusztig proved the following PBW theorem for U−
q (g).

Theorem 2.6 (PBW theorem for U−
q (g)). (See [19,28].) The set

F (w0) = {F
al0
γl0

· · · F a2
γ2

F a1
γ1

∣∣ a1,a2, . . . ,al0 ∈ Z
�0} (2.6)

is a PBW basis of U−
q (g).

For more details about unexplained concepts, we refer the readers to [5,6,15,19,23,28].
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3. PBW-deformation theory of U −
q (g)

3.1. PBW-deformation theory of U −
q (g)

Assume that g is a complex simple Lie algebra of rank n. We choose A = (aij)n×n to be the Car-
tan matrix of g and H = (h(Bi, B j))n×n with h(Bi, B j) ∈ T 〈B〉 = C〈B1, . . . , Bn〉 and Deg(h(Bi, B j)) <

2 − aij .
With the above notations we define the quantum algebra Bq(g) as follows.

Definition 3.1. For any given H = (h(Bi, B j))n×n , the deformation Bq(g) of U−
q (g) is the C-algebra

with generators Bi (1 � i � n) and relations:

1−aij∑
k=0

(−1)k
(

1 − aij
k

)
i

B
1−aij−k
i B j Bk

i = h(Bi, B j) (3.1)

for all i �= j.

In this subsection, our main aim is to determine when a given Bq(g) is a PBW-deformation of
U−

q (g). To achieve our aim, we firstly calculate the complexity c(U−
q (g)). For convenience, we fix

some notations. Let ρ be the half sum of positive roots of g. For w ∈ W , denote by l(w) the length
of w and define w · 0 = w(ρ) − ρ .

Proposition 3.2. The complexity c(U−
q (g)) of the algebra U−

q (g) satisfies

c
(
U−

q (g)
)= {0, if g = sl2,

max{−Ht(w · 0) | w ∈ W , l(w) = 3} − 1, otherwise.
(3.2)

Proof. If g = sl2, it is obvious that c(U−
q (g)) = 0 since the global dimension of U−

q (sl2) is 1. Otherwise,

to obtain the complexity c(U−
q (g)), we will calculate the i-th cohomology Exti

U−
q (g)

(C,C). Indeed, the

BGG-resolution of the trivial U−
q (g)-module C

· · · −→ C2
ϕ2−→ C1

ϕ1−→ C0
ε−→ C−→ 0 (3.3)

with Ci =⊕w∈W , l(w)=i U−
q (g){Ht(w · 0)}, which was established in [14] and can be found in [13], is

a graded free one. It follows that the boundary maps of the complex

HomU−
q (g)(P•,C) := 0 −→ HomU−

q (g)(C0,C) −→ HomU−
q (g)(C1,C) −→ · · · ,

where P• is the truncated complex of (3.3), are all zero. Moreover, we have

HomU−
q (g)(Ci,C) = HomU−

q (g)

( ⊕
w∈W , l(w)=i

U−
q (g)

{
Ht(w · 0)

}
,C

)
� C

⊗
U−

q (g)

⊕
w∈W , l(w)=i

U−
q (g)

{
Ht(w · 0)

}
�

⊕
w∈W , l(w)=i

C
{

Ht(w · 0)
}
.
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Therefore,

Exti
U−

q (g)
(C,C) =

⊕
w∈W , l(w)=i

C
{

Ht(w · 0)
}
.

Since the definition of the bigraded Yoneda algebra E(U−
q (g)) =⊕Extr,s

U−
q (g)

(C,C) implies that

Ext3,s
U−

q (g)
(C,C) =

⊕
w∈W , l(w)=3
Ht(w·0)=−s

C
{

Ht(w · 0)
}
,

then by Definition 2.2 the formula (3.2) holds. �
According to (3.2), the accurate values of the complexity c(U−

q (g)) can be obtained via case-by-case
calculations.

Corollary 3.3. For g of different types, the complexity c(U−
q (g)) of the algebra U−

q (g) is as follows:

Dynkin type of g A1 A2 An (n � 3), B2, Dn (n � 4), En (n = 6,7,8) Bn , Cn (n � 3), F4, G2

c(U−
q (g)) 0 3 5 7

Now for the negative part U−
q (g) of the quantized enveloping algebra, we transform the Jacobi

condition (2.4) in Theorem 2.3 into some explicit linear algebra problems. Before doing it, we fix the
following notations:

f (Bi, B j) :=
1−aij∑
k=0

(−1)k
(

1 − aij
k

)
i

B
1−aij−k
i B j Bk

i ,

f (i1, . . . , il, i, j, il+1, . . . , it) := Bi1 · · · Bil f (Bi, B j)Bil+1 · · · Bit ,

h(i1, . . . , il, i, j, il+1, . . . , it) := Bi1 · · · Bil h(Bi, B j)Bil+1 · · · Bit .

Then considered as the elements in T 〈B〉, f (i1, . . . , il, i, j, il+1, . . . , it) and h(i1, . . . , il, i, j, il+1, . . . , it)

have the following unique linear expressions:

f (i1, . . . , il, i, j, il+1, . . . , it) =
∑

ft=t+2−aij,

1� j1,..., j ft �n

ξ
i1,...,il,i, j,il+1,...,it
j1,..., j ft

B j1 · · · B j ft
, (3.4)

h(i1, . . . , il, i, j, il+1, . . . , it) =
∑

ht<t+2−aij,

1� j1,..., jht �n

η
i1,...,il,i, j,il+1,...,it
j1,..., jht

B j1 · · · B jht
. (3.5)

Theorem 3.4. The algebra Bq(g) is a PBW-deformation of U−
q (g) if and only if for all 1 � k � c(U−

q (g)), the

set of linear equations in the variables y(i1, . . . , il, i, j, il+1, . . . , it) given by
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∑
1�i �= j�n,

t+2−aij=m, 0�l�t,
1�i1,...,it�n

ξ
i1,...,il,i, j,il+1,...,it
j1,..., jm

y(i1, . . . , il, i, j, il+1, . . . , it)

−
∑

1�i �= j�n,

m<t+2−aij�k, 0�l�t,
1�i1,...,it�n

η
i1,...,il,i, j,il+1,...,it
j1,..., jm

y(i1, . . . , il, i, j, il+1, . . . , it)

=
∑

1�i �= j�n,

t+2−aij=k+1, 0�l�t,
1�i1,...,it�n

x(i1, . . . , il, i, j, il+1, . . . , it)η
i1,...,il,i, j,il+1,...,it
j1,..., jm

, (3.6)

where m < k + 1 and 1 � j1, . . . , jm � n, is solvable for basic solutions of the set of linear equations in the
variables x(i1, . . . , il, i, j, il+1, . . . , it) given by

∑
1�i �= j�n,

t+2−aij=k+1, 0�l�t,
1�i1,...,it�n

ξ
i1,...,il,i, j,il+1,...,it
j1,..., jk+1

x(i1, . . . , il, i, j, il+1, . . . , it) = 0 for 1 � j1, . . . , jk+1 � n.

(3.7)

Proof. For the case Bq(g), P1 = 0 in (2.2) and for k > 1, in (2.3) one has

Pk = SpanC

⎧⎨⎩Bi1 · · · Bil

[
f (Bi, B j) − h(Bi, B j)

]
Bil+1 · · · Bit

∣∣∣ 1�i �= j�n,

t+2−aij�k,

1�i1,...,it�n,

0�l�t

⎫⎬⎭ . (3.8)

Thus the Jacobi condition (2.4) in Theorem 2.3 is equivalent to

SpanC

⎧⎨⎩Bi1 · · · Bil

[
f (Bi, B j) − h(Bi, B j)

]
Bil+1 · · · Bit

∣∣∣ 1�i �= j�n,

t+2−aij=k+1,

1�i1,...,it�n,

0�l�t

⎫⎬⎭∩Fk(T 〈B〉)⊆ Pk, (3.9)

for all 1 � k � c(U−
q (g)). For any element

∑
1�i �= j�n,

t+2−aij=k+1, 0�l�t,
1�i1,...,it�n

x(i1, . . . , il, i, j, il+1, . . . , it)Bi1 · · · Bil

[
f (Bi, B j) − h(Bi, B j)

]

× Bil+1 · · · Bit ∈ Fk(T 〈B〉),
where x(i1, . . . , il, i, j, il+1, . . . , it) ∈ C, we have

∑
1�i �= j�n,

t+2−aij=k+1, 0�l�t,
1�i ,...,i �n

x(i1, . . . , il, i, j, il+1, . . . , it) f (i1, . . . , il, i, j, il+1, . . . , it) = 0. (3.10)
1 t



230 Y. Xu, S. Yang / Journal of Algebra 408 (2014) 222–249
Then it can be obtained from (3.4) and (3.10) that the coefficients x(i1, . . . , il, i, j, il+1, . . . , it) satisfy
(3.7). Let

I = {(i1, . . . , il, i, j, il+1, . . . , it)
∣∣ 1 � i �= j � n, t + 2 − aij = k + 1,1 � i1, . . . , it � n,0 � l � t

}
,

and define

−→
X := (. . . , x(i1, . . . , il, i, j, il+1, . . . , it), . . .

)
(i1,...,il,i, j,il+1,...,it )∈I , (3.11)

−→
H := (. . . ,h(i1, . . . , il, i, j, il+1, . . . , it), . . .

)t
(i1,...,il,i, j,il+1,...,it )∈I . (3.12)

Then the condition (3.9) holds if and only if

−→
X · −→

H ∈ Pk for any basic solution
−→
X of ( 3.7), (3.13)

which means that there exist y(i1, . . . , il, i, j, il+1, . . . , it) ∈C such that

−→
X · −→

H =
∑

1�i �= j�n,

t+2−aij�k, 0�l�t,
1�i1,...,it�n

y(i1, . . . , il, i, j, il+1, . . . , it) f (i1, . . . , il, i, j, il+1, . . . , it)

−
∑

1�i �= j�n,

t+2−aij�k, 0�l�t,
1�i1,...,it�n

y(i1, . . . , il, i, j, il+1, . . . , it)h(i1, . . . , il, i, j, il+1, . . . , it). (3.14)

Noting that {B j1 · · · B jm | 1 � j1, . . . , jm � n} is a basis of Fm(T 〈B〉), then by (3.4) and (3.5) we can
reexpress (3.14) as the solvability problem of (3.6) in the “only if” part. The proof is completed. �

For practical use, we give the following two-step algorithm for judging whether a given algebra
Bq(g) is a PBW-deformation of U−

q (g).
Step 1. Solve the set of linear equations (3.7) for k. The linear equations in (3.7) can be obtained

in the following process: (i) put (3.4) into (3.10), (ii) expand the formula got in (i) then combine like
terms, (iii) set the coefficients of the formula obtained in (ii) to be zero. If (3.7) is solvable, some basic
solutions

−→
X in the form (3.11) can be obtained.

Step 2. Determine the solvability of (3.6) for k if (3.7) for k in Step 1 is solvable, otherwise, skip this
step. The linear equations in (3.6) can be explicitly written down by the same process as described in
Step 1 modified by “(i) put (3.4), (3.5) and

−→
X obtained in Step 1 into (3.14)”.

Iterate Step 1 and Step 2 for k = 2,3, . . . , c(U−
q (g)) successively. If the set of linear equations (3.6)

is solvable for k = 2,3, . . . , c(U−
q (g)), then Bq(g) is a PBW-deformation of U−

q (g). �
3.2. PBW-deformations of U−

q (g) with g of rank 2

Now we start to apply the above algorithm to the algebras Bq(g) for g of type A2 and B2. To begin
with, we give a condition in the form (3.13) for determining PBW-deformations of U−

q (g), which
finishes all the work in Step 1 and 2 except that in Step 2 for k = c(U−

q (g)). In fact, the condition
(3.13) can be considered as a bridge combining Step 1 with Step 2.

Theorem 3.5. Suppose that the sets Pk for 1 � k � c(U−
q (g)) are given by (3.8). Then we have the following

results.
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(1) For g of type A2 , the algebra Bq(g) is a PBW-deformation of U−
q (g) if and only if

h(2,1,1) + h(1,2,2) − h(1,2,1) − h(2,1,2) ∈ P3. (3.15)

(2) For g of type B2 , the algebra Bq(g) is a PBW-deformation of U−
q (g) if and only if −→ci · −→νi ∈ P5 for

1 � i � 3, where

−→c1 = (−1,q2 + q−2,−1,1,−(q2 + q−2),1
)
,

−→c2 = (q2 + q−2,−1,−1,−1,−1,−1, [3],q2 + q−2,−[3],1
)
,

−→c3 = (1,−1, [3],−[3],−(q2 + q−2),1,1,−[3], [3],−1, [3],1,−[3],−1,1
)
,

−→ν1 = (h(1,2,1,1,2),h(1,2,1,2,1),h(1,2,2,1,1),h(1,1,2, 1,2),h(1,2,1, 1,2),h(2,1,1, 1,2)
)t

,

−→ν2 = (h(2,1,1,2),h(2,1,2,1),h(1,2,2,2,2),h(1, 2,1,2),h(1,2, 2,1),h(2, 2,1,1),

h(2,1,2,2,2),h(2,1, 2,1),h(2,2, 1,2,2),h(2,2,2, 1,2)
)t

,

−→ν3 = (h(2,1,1,1),h(1,2,1,2,2),h(1,2,2,1,2),h(1,2,2,2,1),h(1, 2,1,1),h(1, 1,2,2,2),

h(1,1, 2,1),h(1,2, 1,2,2),h(1,2,2, 1,2),h(2, 1,2,1,2),h(2, 1,2,2,1),h(2,1, 1,2,2),

h(2,1,2, 1,2),h(2,2, 1,2,1),h(2,2,1, 1,2)
)t

.

Proof. (1) For g of type A2, the condition (3.13) for 1 � k � 2 is trivial, i.e., 0 ∈ Pk . For k = 3, the
linear problem (3.7) is equivalent to:⎧⎪⎨⎪⎩

x(2,1,1) + x(2,1,2) = 0,

x(1,2,2) + x(2,1,2) = 0,

x(1,2,1) − x(2,1,2) = 0,

x(2,1,2) = x(1,2,1) = x(1,1,2) = x(2,2,1) = 0.

(3.16)

Hence (3.16) has the unique basic solution
−→
X = (1,0,0,1,−1,0,0,−1), where the variables x(i1, . . . ,

il, i, j, il+1, . . . , it) in
−→
X are arranged in the lexicographic ordering of (i1, . . . , il, i, j, il+1, . . . , it) with

2 < 1 < 1 < 2. Therefore, Bq(g) is a PBW-deformation of U−
q (g) if and only if (3.15) holds.

(2) For g of type B2, the condition (3.13) for 1 � k � 4 is trivial, i.e., 0 ∈ Pk . For k = 5, the linear
problem (3.7) can be simplified to be the following form:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x(1,2,1,1,2) − x(1,2,2,1,1) = 0,

x(1,2,1,2,1) + (q2 + q−2)x(1,2,2,1,1) = 0,

x(1,2,2,1,1) + x(2,1,1, 1,2) = 0,

x(1,1,2, 1,2) − x(2,1,1, 1,2) = 0,

x(1,2,1, 1,2) + (q2 + q−2)x(2,1,1, 1,2) = 0,

(3.17)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(2,1,1,2) + (q2 + q−2
)[3]−1x(2,2,1,2,2) = 0,

x(2,1,2,1) − [3]−1x(2,2, 1,2,2) = 0,

x(1,2,2,2,2) − [3]−1x(2,2,1,2,2) = 0,

x(1,2,1,2) − [3]−1x(2,2, 1,2,2) = 0,

x(1,2, 2,1) − [3]−1x(2,2, 1,2,2) = 0,

x(2,2,1,1) + x(2,2,2, 1,2) = 0,

x(2,1,2,2,2) + x(2,2, 1,2,2) = 0,

x(2,1, 2,1) + (q2 + q−2
)[3]−1x(2,2,1,2,2) = 0,

(3.18)
x(2,2, 1,2,2) + [3]x(2,2,2, 1,2) = 0,
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(2,1,1,1) + x(2,2,1,2,1) = 0,

x(1,2,1,2,2) − x(2,2, 1,2,1) = 0,

x(1,2,2,1,2) + [3]x(2,2, 1,2,1) = 0,

x(1,2,2,2,1) − [3]x(2,2, 1,2,1) = 0,

x(1,2,1,1) − (q2 + q−2
)
x(2,2, 1,2,1) = 0,

x(1,1,2,2,2) + x(2,2, 1,2,1) = 0,

x(1,1,2,1) + x(2,2,1,2,1) = 0,

x(1,2,1,2,2) − [3]x(2,2, 1,2,1) = 0,

x(1,2,2, 1,2) + [3]x(2,2, 1,2,1) = 0,

x(2,1,2,1,2) + x(2,2,1, 1,2) = 0,

x(2,1,2,2,1) + [3]x(2,2, 1,2,1) = 0,

x(2,1,1,2,2) + x(2,2, 1,2,1) = 0,

x(2,1,2, 1,2) − [3]x(2,2, 1,2,1) = 0,

x(2,2,1,2,1) + x(2,2,1, 1,2) = 0,

(3.19)

and other x(i1, . . . , il, i, j, il+1, . . . , it) are zero. Since the basic solutions of (3.17), (3.18) and (3.19) are
respectively −→c1, −→c2 and −→c3 (the variables x(i1, . . . , il, i, j, il+1, . . . , it) in −→c1, −→c2 and −→c3 are also arranged
according to the lexicographic ordering of (i1, . . . , il, i, j, il+1, . . . , it) with 2 < 1 < 1 < 2.), then in this
case (3.7) has the following three basic solutions:

〈1〉 −→
X with x(i1, . . . , il, i, j, il+1, . . . , it) zero except

{
x(1,2,1,1,2) = −1, x(1,2,1,2,1) = q2 + q−2, x(1,2,2,1,1) = −1,

x(1,1,2, 1,2) = 1, x(1,2,1, 1,2) = −(q2 + q−2), x(2,1,1, 1,2) = 1; (3.20)

〈2〉 −→
X with x(i1, . . . , il, i, j, il+1, . . . , it) zero except

⎧⎨⎩ x(2,1,1,2) = q2 + q−2, x(2,1,2,1) = −1, x(1,2,2,2,2) = −1,

x(1,2,1,2) = −1, x(1,2, 2,1) = −1, x(2,2,1,1) = −1, x(2,1,2,2,2) = [3],
x(2,1, 2,1) = q2 + q−2, x(2,2,1,2,2) = −[3], x(2,2,2, 1,2) = 1;

(3.21)

〈3〉 −→
X with x(i1, . . . , il, i, j, il+1, . . . , it) zero except

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x(2,1,1,1) = 1, x(1,2,1,2,2) = −1, x(1,2,2,1,2) = [3],
x(1,2,2,2,1) = −[3], x(1,2,1,1) = −(q2 + q−2), x(1,1,2,2,2) = 1,

x(1,1, 2,1) = 1, x(1,2, 1,2,2) = −[3], x(1,2,2, 1,2) = [3],
x(2,1,2,1,2) = −1, x(2,1,2,2,1) = [3], x(2,1, 1,2,2) = 1,

x(2,1,2, 1,2) = −[3], x(2,2,1,2,1) = −1, x(2,2,1, 1,2) = 1;

(3.22)

Now the claim in (2) immediately follows from (3.13) in the proof of Theorem 3.4. �
Remark 3.6. The results in Theorem 3.5 seem more direct if we reformulate them by the coefficients
of h(i, j) = h(Bi, B j) in (3.5). For g of type A2, if we write out the set of linear equations (3.6) for
k = 3 according to the process in Step 2 in our algorithm, then we can deduce that (3.6) is solvable if
and only if the coefficients of h(Bi, B j) in (3.5) satisfy the following condition:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η1,2
1,1 − η2,1

1,2 = −η1,2
1,1 + η2,1

2,1 = − 1

q + q−1

(
η2,1

1,2 − η2,1
2,1

)
,

1

q + q−1

(
η1,2

1,2 − η1,2
2,1

)= η1,2
1,2 − η2,1

2,2 = −η1,2
2,1 + η2,1

2,2,(
η1,2

1,1 − η2,1
1,2

)
η1,2

i + (η1,2
1,2 − η2,1

2,2

)
η2,1

i = 0, i = 0,1,2,(
η1,2

1,1 − η2,1
1,2

)
η1,2

i,i + (η1,2
1,2 − η2,1

2,2

)
η2,1

i,i = 0, i = 1,2,(
η1,2

1,1 − η2,1
1,2

)
η1,2

i, j + (η1,2
1,2 − η2,1

2,2

)
η2,1

i, j = (−1)i(η1,2
1 − η2,1

2

)
, (i, j) = (1,2), (2,1).

(3.23)

In other words, for g of type A2, Bq(g) is a PBW-deformation of U−
q (g) if and only if (3.23) holds.

However, even for g of type B2, the condition like (3.23) is not easy to obtain because the amount of
calculations in our algorithm is very large for hand computation.

Next we present some examples of PBW-deformations of U−
q (g) for which we can do the work in

Step 2 for k = c(U−
q (g)). The algebras Bq(g) in the third example will be the main research object in

Section 4.

Example 3.7. For any c ∈ C, let h(B1, B2) = cB1 and h(B2, B1) = cB2. Then by Theorem 3.5(1) or (3.23)
we can check that the algebra Bq(sl3) is a PBW-deformation of U−

q (sl3). Indeed the linear equations
(3.6) for k = 3 in Step 2 only have the zero solution. In this case Bq(sl3) is just the down-up algebra
A(q + q−1,−1, c) defined in [1] (see also [34]).

Example 3.8. For any c1, c2 ∈C, let{
h(B1, B2) = B2

1 + B1 B2 + B2 B1 + c1 B2
2,

h(B2, B1) = c2 B2
1 + B1 B2 + B2 B1 + B2

2.

Then it follows from (3.23) that in this case Bq(sl3) is also a PBW-deformation of U−
q (sl3).

Example 3.9. Let

h(Bi, B j) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if aij = 0,

−q−1
i B j, if aij = −1,

−q−1[2]2(Bi B j − B j Bi), if aij = −2,

−q−1([3]2 + 1)(B2
i B j + B j B2

i )

+q−1[2]([2][4] + q2 + q−2)Bi B j Bi − q−2[3]2 B j, if aij = −3.

(3.24)

Then one has:
(1) For g of type A2, by Theorem 3.5(1) or (3.23), we can check that the algebra Bq(g) is a

PBW-deformation of U−
q (g). In this case, the linear equations (3.6) only have the zero solution.

(2) For g of type B2, by Theorem 3.5(2), we can check that the algebra Bq(g) is a PBW-deformation
of U−

q (g). Indeed, when k = 5, corresponding to the basic solutions (3.20), (3.21) and (3.22) of (3.7),
the linear equations (3.6) in Step 2 respectively have the following solutions:

〈1〉 y(1, 2,2) = −q−2, y(2, 1,2) = q−2 and other y(i1, . . . , il, i, j, il+1, . . . , it) are zero.
〈2〉 y(1, 2,2) = −q−1[2]2, y(2,1, 2) = q−1[2]2 and other y(i1, . . . , il, i, j, il+1, . . . , it) are zero.
〈3〉 y(2, 1) = q−2, y(1,2,1) = −q−1[2]2, y(1, 1, 2) = q−1[2]2 and other y(i1, . . . , il, i, j, il+1, . . . , it)

are zero.

Remarks 3.10. (1) Let θ :g → g be the Chevalley involution, and let t = {x ∈ g | θ(x) = x} be the
Lie subalgebra of g consisting of elements fixed under θ . If we set Bi = Fi − K −1

i Ei for 1 � i � n.
Then the algebra Bq(g) in Example 3.9 is just the subalgebra U ′

q(t) defined in [22], which is called
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quantum symmetric pair coideal subalgebra of Uq(g). Letzter’s work in [24] showed that U ′
q(t) is a

PBW-deformation of U−
q (g) (see the proof of Theorem 4.4 in Section 4).

(2) In [12] the authors gave another quantum deformation U ′
q(so(n + 1,C)) of the universal en-

veloping algebra U (so(n + 1,C)). Recall that U ′
q(so(n + 1,C)) is generated by Ii (1 � i � n) which

satisfy the following relations:

I2
i I i+1 − (q + q−1)Ii Ii+1 Ii + Ii+1 I2

i = −Ii+1,

I2
i+1 Ii − (q + q−1)Ii+1 Ii Ii+1 + Ii I2

i+1 = −Ii,

Ii I j − I j Ii = 0, for |i − j| > 1.

It is well known that U ′
q(so(n + 1,C)) ∼= Bq(sl(n + 1,C)) which maps Ii to q

1
2 Bi or q

1
2 Bn+1−i for

1 � i � n (see e.g. p. 267 in [25]).

4. Root vectors and PBW theorem for quantum algebras Bq(g)

In this section, we always assume that the elements h(Bi, B j) (1 � i �= j � n) in the definition of
Bq(g) are given by (3.24). From now on, we are devoted to construct PBW bases for Bq(g).

4.1. The algebra automorphisms of Bq(g)

Analogous as Lusztig’s construction, Kolb and Pellegrini in [22] established a series of algebra au-
tomorphisms τi (1 � i � n) of Bq(g), which satisfy the braid relation (2.5). Precisely, setting

τi(B j) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
B j, if i = j or aij = 0,

Bi B j − qi B j Bi, if aij = −1,∑2
s=0(−1)sqs B(2−s)

i B j B(s)
i + B j, if aij = −2,∑3

s=0(−1)sqs B(3−s)
i B j B(s)

i + Bi B j−q3 B j Bi
q[3]! + (Bi B j − qB j Bi), if aij = −3.

(4.1)

for 1 � i, j � n, where B(n)
i = Bn

i[n]! for any n ∈N, we have

Proposition 4.1. (See [22].) (1) For each 1 � i � n, there exists a unique algebra automorphism τi of Bq(g)

such that τi(B j) is given by (4.1). The inverse of τi is given by

τ−1
i (B j) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
B j, if i = j or ai j = 0,

B j Bi − qi Bi B j, if ai j = −1,∑2
s=0(−1)sqs B(s)

i B j B(2−s)
i + B j, if ai j = −2,∑3

s=0(−1)sqs B(s)
i B j B(3−s)

i + (B j Bi−q3 Bi B j)

q[3]! + (B j Bi − qBi B j), if ai j = −3.

(2) The algebra automorphisms τi (1 � i � n) satisfy the braid relation (2.5).

Proof. In [22] the authors gave the proof by the computer algebra package QuaGroup [8] within
GAP [11] for calculations with quantum enveloping algebras. In addition, the statement follows from
results in [30] if g is simply laced (see Remarks 3.4 and 3.5 in [22]). �

In the following we list some formulas about τi which we will use in the sequel. For the verifica-
tion of them see Appendix A.

(1) If aij = a ji = −1, we have τiτ j(Bi) = B j .
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(2) If aij = −1 and a ji = −2,

τiτ j(Bi) = [2]−1(Bi B2
j − q[2]B j Bi B j + q2 B2

j Bi
)+ Bi, τ jτiτ j(Bi) = Bi,

τ jτi(B j) = B j Bi − q2 Bi B j, τiτ jτi(B j) = B j .

(3) If aij = −1 and a ji = −3,

τiτ j(Bi) = 1

[3]!
(

(Bi B j − q3 B j Bi)
2 B j + B j(Bi B j − q3 B j Bi)

2

−[2](Bi B j − q3 B j Bi)B j(Bi B j − q3 B j Bi)

)
+
(

1

q[3]! + 1

)(
Bi B j − q3 B j Bi

)
Bi −

(
q2

[3]! + q

)
Bi
(

Bi B j − q3 B j Bi
)
,

τ jτi(B j) = [2]−1 B2
j Bi − q2 B j Bi B j + [2]−1q4 Bi B2

j + q[3][2]−1 Bi,

τ jτiτ j(Bi) = 1

[3]τ jτi(B j)
(

B j Bi − q3 Bi B j
)− 1

q[3]
(

B j Bi − q3 Bi B j
)
τ jτi(B j) + [2]

q[3] B j,

τiτ jτi(B j) = [2]−1q4 B2
j Bi − q2 B j Bi B j + [2]−1 Bi B2

j + q[3][2]−1 Bi,

τiτ jτiτ j(Bi) = 1

[3]!
((

Bi B j − q3 B j Bi
)

B2
j − [2]B j

(
Bi B j − q3 B j Bi

)
B j + B2

j

(
Bi B j − q3 B j Bi

))
− [2]−1(B j Bi − qBi B j) + [2]

q[3]
(

Bi B j − q3 B j Bi
)
,

τ jτiτ jτiτ j(Bi) = Bi, τ jτiτ jτi(B j) = B j Bi − q3 Bi B j, τiτ jτiτ jτi(B j) = B j .

4.2. Root vectors of Bq(g)

In this subsection, we define and investigate root vectors of Bq(g). For any w ∈ W we set

τw =
{

id, if w = 1,

τi1τi2 · · ·τit , if w = si1 si2 · · · sit is a reduced expression.
(4.2)

By Proposition 4.1(2), the right-hand side in (4.2) is independent of the reduced expression of w .
The following lemma makes it possible to define root vectors for Bq(g). For convenience, we set

Bαi ≡ Bi .

Lemma 4.2. (1) Let αi,α j ∈ Π with i �= j. Let w ∈ W be in the subgroup W ′ of W generated by si and s j .
Then τw(Bαi ) is contained in the subalgebra generated by Bαi and Bα j . If w(αi) ∈ Π , then τw(Bαi ) = B wαi .

(2) Let w ∈ W and αi ∈ Π . If wαi ∈ Π , then τw(Bαi ) = B wαi .

Proof. (1) By the definition of τw , we easily see that τw(Bαi ) is contained in the subalgebra generated
by Bαi and Bα j . Moreover, if w = 1, then all the claims are trivial. Therefore, we only need to check
the second claim in the following four cases by assuming w �= 1. Denote W i := {w ∈ W ′ | w(αi) ∈
Π}\{1}. Let m be the order of si s j . Then m = 2,3,4 or 6. Firstly, if m = 2, then aij = a ji = 0 and
W i = {s j}. In this case the second claim holds because τ j(Bi) = Bi . Secondly, when m = 3, one has
aij = a ji = −1 and W i = {si s j}. It follows from the formula for aij = −1 and a ji = −1 in Section 4.1
that τiτ j(Bi) = B j . Hence we finish the proof of the second claim in case m = 3. Thirdly, in case
m = 4, we have W i = {s j si s j}. Therefore, our claim follows from the second and fourth formulas
when aij = −1 and a ji = −2 in Section 4.1. Finally, if m = 6, then W i = {s j si s j si s j} and our claim can
be obtained from the sixth and eighth formulas when aij = −1 and a ji = −3 in Section 4.1.
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(2) This claim can be proved by induction on l(w). Since it is in complete analogy to the proof of
Proposition 8.20 in [19], we omit it. �

Lemma 4.2 indicates that we can define root vectors as follows. If w = si1 si2 · · · sit ∈ W is a reduced
expression, we set γ j = si1 si2 · · · si j−1 (αi j ) and call

Bγ j = τi1τi2 · · ·τi j−1(Bi j )

a root vector of Bq(g). In particular, for a reduced expression w0 = si1 si2 · · · sil0
of the longest element

in W , we fix the notation

B(w0) = {B
al0
γl0

· · · Ba2
γ2

Ba1
γ1

∣∣ a1,a2, . . . ,al0 ∈ Z
�0}⊆ Bq(g). (4.3)

4.3. Relationship between B(w0) and F (w0)

In this part, we describe the relationship between the PBW basis F (w0) of U−
q (g) in (2.6) and

B(w0) in (4.3).

Proposition 4.3. There exist f{ai}(x1, . . . , xn), f ′{ai}(x1, . . . , xn) ∈ T with the former homogeneous and

Deg( f ′{ai}(x1, . . . , xn)) < Deg( f{ai}(x1, . . . , xn)) =∑l0
i=1 ai Ht(γi) such that

F
al0
γl0

· · · F a2
γ2

F a1
γ1

= f{ai}(F1, F2, . . . , Fn) ∈ U−
q (g),

B
al0
γl0

· · · Ba2
γ2

Ba1
γ1

= f{ai}(B1, B2, . . . , Bn) + f ′{ai}(B1, B2, . . . , Bn) ∈Bq(g),

where f ′{ai}(x1, . . . , xn) = 0 for simply laced g.

Proof. Our proof can be divided into two parts according to type of Lie algebra g.
(1) If g is a simple Lie algebra of type G2, the longest element w0 has two reduced expressions:

s1s2s1s2s1s2 and s2s1s2s1s2s1. The first one leads to the following root vectors for Bq(g) and U−
q (g):

B1, τ1(B2), τ1τ2(B1), τ1τ2τ1(B2), τ1τ2τ1τ2(B1), B2 = τ1τ2τ1τ2τ1(B2);
F1, T1(F2), T1T2(F1), T1T2T1(F2), T1T2T1T2(F1), F2 = T1T2T1T2T1(F2).

By calculations, when a12 = −1 and a21 = −3,

T1(F2) = F1 F2 − q3 F2 F1,

T1T2(F1) = 1

[3]!
(

(F1 F2 − q3 F2 F1)
2 F2 + F2(F1 F2 − q3 F2 F1)

2

−[2](F1 F2 − q3 F2 F1)F2(F1 F2 − q3 F2 F1)

)
,

T1T2T1(F2) = q4 F (2)
2 F1 − q2 F2 F1 F2 + F1 F (2)

2 ,

T1T2T1T2(F1) = 1

[3]!
((

F1 F2 − q3 F2 F1
)

F 2
2 − [2]F2

(
F1 F2 − q3 F2 F1

)
F2 + F 2

2

(
F1 F2 − q3 F2 F1

))
,

while when a12 = −3 and a21 = −1,
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T1(F2) =
3∑

s=0

(−1)sqs F (3−s)
1 F2 F (s)

1 ,

T1T2(F1) = F (2)
1 F2 − q2 F1 F2 F1 + q4 F2 F (2)

1 ,

T1T2T1(F2) = 1

[3]
(

F (2)
1 F2 − q2 F1 F2 F1 + q4 F2 F (2)

1

)(
F1 F2 − q3 F2 F1

)
− q−1

[3]
(

F1 F2 − q3 F2 F1
)(

F (2)
1 F2 − q2 F1 F2 F1 + q4 F2 F (2)

1

)
,

T1T2T1T2(F1) = F1 F2 − q3 F2 F1.

Now we finish the proof by comparing the formulas for root vectors of U−
q (g) with those of Bq(g)

in Section 4.1. Similarly, this proposition holds for the second reduced expression of w0.
(2) If g is not of type G2, it is sufficient to show the following claim.

Claim. If w = sβ1 sβ2 · · · sβl(w)
∈ W is a reduced expression, then there exist two elements g(x1, . . . , xn),

g′(x1, . . . , xn) ∈ T with the former homogeneous and

Deg
(

g′(x1, . . . , xn)
)
< Deg

(
g(x1, . . . , xn)

)= Ht
(
sβ1 sβ2 · · · sβl(w)−1(βl(w))

)
such that

Tβ1 Tβ2 · · · Tβl(w)−1(Fβl(w)
) = g(F1, F2, . . . , Fn),

τβ1τβ2 · · ·τβl(w)−1(Bβl(w)
) = g(B1, B2, . . . , Bn) + g′(B1, B2, . . . , Bn).

To prove the claim, we use induction on l(w). For l(w) = 1, the claim is obvious. Suppose that the
claim holds for l(w) � l. We will check the case l(w) = l + 1. If (βl, βl+1) = 0, the claim holds since
Tβ1 Tβ2 · · · Tβl (Fβl+1 ) = Tβ1 Tβ2 · · · Tβl−1 (Fβl+1 ) and τβ1τβ2 · · ·τβl (Bβl+1 ) = τβ1τβ2 · · ·τβl−1 (Bβl+1 ). Next we
will consider the case (βl, βl+1) = −2, while the case (βl, βl+1) = −1 can be treated analogously. The
proof can be done in the following two cases.

(i) If sβ1 sβ2 · · · sβl−1 sβl+1 is a reduced expression, then by the formulas in Section 4.1, for aβl,βl+1 =
−1 and aβl+1,βl = −2,

Tβ1 Tβ2 · · · Tβl (Fβl+1) = Tβ1 Tβ2 · · · Tβl−1

(
Fβl Fβl+1 − q2 Fβl+1 Fβl

)
,

τβ1τβ2 · · ·τβl (Bβl+1) = τβ1τβ2 · · ·τβl−1

(
Bβl Bβl+1 − q2 Bβl+1 Bβl

)
,

and for aβl,βl+1 = −2 and aβl+1,βl = −1,

Tβ1 Tβ2 · · · Tβl (Fβl+1) = Tβ1 Tβ2 · · · Tβl−1

(
2∑

s=0

(−1)sqs F (2−s)
βl

Fβl+1 F (s)
βl

)
,

τβ1τβ2 · · ·τβl (Bβl+1) = τβ1τβ2 · · ·τβl−1

(
2∑

s=0

(−1)sqs B(2−s)
βl

Bβl+1 B(s)
βl

+ Bβl+1

)
.

Thus by induction the claim holds in this case.
(ii) If sβ1 sβ2 · · · sβl−1 sβl+1 is not a reduced expression, by Bourbaki’s Exchange Condition (see [16,

Section 1.7]), there exists a βk with 1 � k � l − 1 such that sβ1 sβ2 · · · sβl−1 = sβ1 sβ2 · · · ŝβk · · · sβl−1 sβl+1 ,
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where ŝβk means that sβk is omitted. Then we have two reduced expressions w = sβ1 sβ2 · · · sβl−1 sβl ×
sβl+1 = sβ1 sβ2 · · · ŝβk · · · sβl−1 sβl+1 sβl sβl+1 . Now it can be seen from the formulas in Section 4.1, when
aβl,βl+1 = −1 and aβl+1,βl = −2,

Tβ1 Tβ2 · · · Tβl (Fβl+1) = Tβ1 Tβ2 · · · T̂βk · · · Tβl−1 Tβl+1 Tβl (Fβl+1)

= Tβ1 Tβ2 · · · T̂βk · · · Tβl−1

(
Fβl+1 Fβl − q2 Fβl Fβl+1

)
= Tβ1 Tβ2 · · · T̂βk · · · Tβl−1(Fβl+1)Tβ1 Tβ2 · · · T̂βk · · · Tβl−1(Fβl )

− q2Tβ1 Tβ2 · · · T̂βk · · · Tβl−1(Fβl )Tβ1 Tβ2 · · · T̂βk · · · Tβl−1(Fβl+1),

τβ1τβ2 · · ·τβl (Bβl+1) = τβ1τβ2 · · · τ̂βk · · ·τβl−1τβl+1τβl (Bβl+1)

= τβ1τβ2 · · · τ̂βk · · ·τβl−1

(
Bβl+1 Bβl − q2 Bβl Bβl+1

)
= τβ1τβ2 · · · τ̂βk · · ·τβl−1(Bβl+1)τβ1τβ2 · · · τ̂βk · · ·τβl−1(Bβl )

− q2τβ1τβ2 · · · τ̂βk · · ·τβl−1(Bβl )τβ1τβ2 · · · τ̂βk · · ·τβl−1(Bβl+1),

and when aβl,βl+1 = −2 and aβl+1,βl = −1,

Tβ1 Tβ2 · · · Tβl (Fβl+1) = Tβ1 Tβ2 · · · T̂βk · · · Tβl−1 Tβl+1 Tβl (Fβl+1)

= Tβ1 Tβ2 · · · T̂βk · · · Tβl−1

(
Fβl+1 F (2)

βl
− qFβl Fβl+1 Fβl + q2 F (2)

βl
Fβl+1

)
,

τβ1τβ2 · · ·τβl (Bβl+1) = τβ1τβ2 · · · τ̂βk · · ·τβl−1τβl+1τβl (Bβl+1)

= τβ1τβ2 · · · τ̂βk · · ·τβl−1

(
Bβl+1 B(2)

βl
− qBβl Bβl+1 Bβl + q2 B(2)

βl
Bβl+1 + Bβl+1

)
.

Thus by induction the claim holds if sβ1 sβ2 · · · ŝβk · · · sβl−1 sβl is a reduced expression. Otherwise, by
Bourbaki’s Exchange Condition, there exists a βk′ with 1 � k �= k′ � l − 1 such that

sβ1 sβ2 · · · ŝβk · · · sβl−1 = sβ1 sβ2 · · · ŝβk · · · ŝβk′ · · · sβl−1 sβl ,

where ŝβk and ŝβk′ mean that sβk and sβk′ are omitted. Then we have two reduced expressions w =
sβ1 sβ2 · · · ŝβk · · · ŝβk′ · · · sβl−1 sβl sβl+1 sβl sβl+1 = sβ1 sβ2 · · · ŝβk · · · ŝβk′ · · · sβl−1 sβl+1 sβl sβl+1 sβl . Since

Tβ1 Tβ2 · · · Tβl (Fβl+1) = Tβ1 Tβ2 · · · T̂βk · · · T̂βk′ · · · Tβl−1 Tβl Tβl+1 Tβl (Fβl+1)

= Tβ1 Tβ2 · · · T̂βk · · · T̂βk′ · · · Tβl−1(Fβl+1),

τβ1τβ2 · · ·τβl (Bβl+1) = τβ1τβ2 · · · τ̂βk · · · τ̂βk′ · · ·τβl−1τβlτβl+1τβl (Bβl+1)

= τβ1τβ2 · · · τ̂βk · · · τ̂βk′ · · ·τβl−1(Bβl+1),

then by induction the claim also holds in this case. �
4.4. PBW theorem for Bq(g)

Now we are ready to state our main result which gives a PBW basis for Bq(g) via root vectors
defined by the algebra automorphisms τi (1 � i � n).
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Theorem 4.4 (PBW theorem for Bq(g)). Let w0 = si1 si2 · · · sil0
be a reduced expression of the longest el-

ement in W , and Bγ j = τi1τi2 · · ·τi j−1(Bi j ) be the root vector corresponding to the positive root γ j =
si1 si2 · · · si j−1 (αi j ) for 1 � j � l0 . Then

B(w0) = {B
al0
γl0

· · · Ba2
γ2

Ba1
γ1

∣∣ a1,a2, . . . ,al0 ∈ Z
�0}

is a basis of Bq(g) for g of each type.

Proof. We will show the claim in two steps. In the following the symbol F∗ is also used to denote
the filtrations of Bq(g) and U−

q (g).
In the first step, we prove that the dimension of Fm(Bq(g)) coincides with that of Fm(U−

q (g)),
that is,

dim
(
Fm(Bq(g)

))= dim
(
Fm(U−

q (g)
))

. (4.4)

On one hand, it can be seen from the defining relations of Bq(g) that the associated graded al-
gebra gr(Bq(g)) is a quotient of U−

q (g). Thus dim(Fm(Bq(g))) � dim(Fm(U−
q (g))). On the other

hand, noting that Bq(g) is a coideal subalgebra of Uq(g) for g of each type (see Remarks 3.10(1)),
we can deduce from the arguments in [24] (see the explanations after formula (7.17) in [24]) that
dim(Fm(Bq(g))) � dim(Fm(U−

q (g))). Hence the formula (4.4) holds and Bq(g) is a PBW-deformation
of U−

q (g).
In the second step, we verify that the elements in B(w0) are linearly independent and that they

span Bq(g). Define U ′(w0) := SpanC B(w0) and Fm(U ′(w0)) := U ′(w0)
⋂

Fm(Bq(g)). By Proposi-
tion 4.3 and (4.4) we know that the canonical map

Ψ :
m⊕

k=0

Fk(U ′(w0)
)
/Fk−1(U ′(w0)

)→ m⊕
k=0

Fk(Bq(g)
)
/Fk−1(Bq(g)

)∼= Fm(U−
q (g)

)
satisfies Ψ (B

al0
γl0

· · · Ba2
γ2 Ba1

γ1 ) = F
al0
γl0

· · · F a2
γ2 F a1

γ1 , where the degree of B
al0
γl0

· · · Ba2
γ2 Ba1

γ1 is no more than m.

It follows from the PBW theorem of U−
q (g) that Ψ is surjective and that the elements in B(w0) are

linearly independent. Moreover, by (4.4) we obtain that

dim
(
Fm(Bq(g)

))= dim
(
Fm(U−

q (g)
))

� �
(

B(w0) ∩Fm(Bq(g)
))

,

which implies that B(w0) ∩Fm(Bq(g)) spans Fm(Bq(g)). Therefore, B(w0) spans Bq(g). �
Remark 4.5. Applying the same procedure in this section to the algebra automorphisms τ−1

i of Bq(g)

in Proposition 4.1, we can obtain another PBW basis

B−1(w0) = {τ−1
i1

τ−1
i2

· · ·τ−1
il0−1

(
B

al0
il0

) · · ·τ−1
i1

τ−1
i2

(
Ba3

i3

)
τ−1

i1

(
Ba2

i2

)
Ba1

i1

∣∣ a1,a2, . . . ,al0 ∈ Z
�0}.

4.5. Realization of Iorgov–Klimyk’s PBW theorem for U ′
q(so(n + 1,C))

For the algebra U ′
q(so(n + 1,C)) described in Remarks 3.10(2), Iorgov and Klimyk gave two PBW

bases in [18]. Recall that they used the notation I+l+1,l ≡ I−l+1,l ≡ Il and for k > l + 1 defined recursively

I+k,l = q
1
2 I+l+1,l I

+
k,l+1 − q− 1

2 I+k,l+1 I+l+1,l, (4.5)

I−k,l = q− 1
2 I−l+1,l I

−
k,l+1 − q

1
2 I−k,l+1 I−l+1,l. (4.6)

Then they obtained the following PBW theorem for U ′
q(so(n + 1,C)) by Bergman’s Diamond Lemma.
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Theorem 4.6 (PBW theorem for U ′
q(so(n + 1,C))). (See [18].) The following subsets of U ′

q(so(n + 1,C))

I+(w0) = {I+2,1
m2,1 I+3,1

m3,1 · · · I+n+1,1
mn+1,1 · · · I+n,n−1

mn,n−1 I+n+1,n−1
mn+1,n−1 I+n+1,n

mn+1,n
∣∣mi, j ∈ Z

�0},
I−(w0) = {I−2,1

m2,1 I−3,1
m3,1 · · · I−n+1,1

mn+1,1 · · · I−n,n−1
mn,n−1 I−n+1,n−1

mn+1,n−1 I−n+1,n
mn+1,n

∣∣mi, j ∈ Z
�0}

are PBW bases of U ′
q(so(n + 1,C)).

As a matter of fact, we can prove this theorem by Theorem 4.4. Noting that U ′
q(so(n + 1,C)) ∼=

Bq(sl(n + 1,C)), we choose the reduced expression

w0 = sn︸︷︷︸
1

sn−1sn︸ ︷︷ ︸
2

sn−2sn−1sn︸ ︷︷ ︸
3

· · · s2 · · · sn︸ ︷︷ ︸
n−1

s1s2 · · · sn︸ ︷︷ ︸
n

,

of the longest element w0 in the symmetry group Sn . Set

γn+1,n = αn,

γn+1,n−1 = sn(αn−1) = αn−1 + αn,

γn,n−1 = snsn−1(αn) = αn−1,

· · · ,
γn+1,1 = snsn−1snsn−2sn−1sn · · · s2 · · · sn(α1) = α1 + α2 + · · · + αn,

· · · ,
γ3,1 = snsn−1snsn−2sn−1sn · · · s2 · · · sns1 · · · sn−2(αn−1) = α1 + α2,

γ2,1 = snsn−1snsn−2sn−1sn · · · s2 · · · sns1 · · · sn−1(αn) = α1.

Then {γi, j | 1 � j < i � n + 1} is exactly the positive root set of sl(n + 1,C). The corresponding root
vectors Bi, j = Bγi, j of Bq(sl(n + 1,C)) are as follows:

Bn+1,n = Bn,

Bn+1,n−1 = τn(Bn−1),

Bn,n−1 = τnτn−1(Bn) = Bn−1,

· · · ,
Bn+1,1 = τnτn−1τnτn−2τn−1τn · · ·τ2 · · ·τn(B1),

· · · ,
B3,1 = τnτn−1τnτn−2τn−1τn · · ·τ2 · · ·τnτ1 · · ·τn−2(Bn−1),

B2,1 = τnτn−1τnτn−2τn−1τn · · ·τ2 · · ·τnτ1 · · ·τn−1(Bn) = B1.

It follows from Theorem 4.4 that

B(w0) = {B
m2,1
2,1 B

m3,1
3,1 · · · B

mn+1,1
n+1,1 B

m3,2
3,2 B

m4,2
4,2 · · · B

mn+1,2
n+1,2 · · · B

mn,n−1
n,n−1 B

mn+1,n−1
n+1,n−1 B

mn+1,n
n+1,n

∣∣mi, j ∈ Z
�0}

forms a basis of Bq(sl(n + 1,C)).
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Let us give some accurate relations between root vectors of Bq(sl(n + 1,C)). They are similar to
the relation (4.5).

Lemma 4.7. For k > l + 1, we have

Bk,l = −qBl+1,l Bk,l+1 + Bk,l+1 Bl+1,l. (4.7)

Proof. Since

Bk,l+1 = τnτn−1τnτn−2τn−1τn · · ·τl+1 · · ·τn+1−(k−l)(Bn+1−(k−l−1)),

Bl+1,l = τnτn−1τnτn−2τn−1τn · · ·τl+1 · · ·τn+1−(k−l)τn+1−(k−l−1) · · ·τnτl · · ·τn−1(Bn),

Bk,l = τnτn−1τnτn−2τn−1τn · · ·τl+1 · · ·τn+1−(k−l)τn+1−(k−l−1) · · ·τnτl · · ·τn+1−(k−l+1)(Bn+1−(k−l)),

the relation (4.7) is equivalent to

τn+1−(k−l−1) · · ·τnτl · · ·τn+1−(k−l+1)(Bn+1−(k−l))

= −qτn+1−(k−l−1) · · ·τnτl · · ·τn−1(Bn)Bn+1−(k−l−1)

+ Bn+1−(k−l−1)τn+1−(k−l−1) · · ·τnτl · · ·τn−1(Bn). (4.8)

The relation (4.8) can be checked by induction on k − (l + 1).
Indeed, for k − (l + 1) = 1, (4.8) holds since

−qτnτl · · ·τn−1(Bn)Bn + Bnτnτl · · ·τn−1(Bn)

= τnτl · · ·τn−2
[−qτn−1(Bn)Bn

]+ τnτl · · ·τn−2
[

Bnτn−1(Bn)
]

= τnτl · · ·τn−2
[−qτn−1(Bn)Bn + Bnτn−1(Bn)

]= τnτl · · ·τn−2(Bn−1).

Assume that (4.8) holds for k − (l + 1) = r, that is,

τn−r+1 · · ·τnτl · · ·τn−r−1(Bn−r) = −qτn−r+1 · · ·τnτl · · ·τn−1(Bn)Bn−r+1

+ Bn−r+1τn−r+1 · · ·τnτl · · ·τn−1(Bn).

For the case k − (l + 1) = r + 1, we will check

τn−rτn−r+1 · · ·τnτl · · ·τn−r−2(Bn−r−1) = −qτn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)Bn−r

+ Bn−rτn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn). (4.9)

In fact,

Bn−r−1 = Bn−rτn−r−1(Bn−r) − qτn−r−1(Bn−r)Bn−r .

It follows that
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τn−rτn−r+1 · · ·τnτl · · ·τn−r−2(Bn−r−1)

= τn−rτn−r+1 · · ·τnτl · · ·τn−r−2
[

Bn−rτn−r−1(Bn−r) − qτn−r−1(Bn−r)Bn−r
]

= τn−rτn−r+1 · · ·τnτl · · ·τn−r−2
[

Bn−rτn−r−1(Bn−r)
]

+ (−q)τn−rτn−r+1 · · ·τnτl · · ·τn−r−2
[
τn−r−1(Bn−r)Bn−r

]
= Bn−r+1τn−rτn−r+1 · · ·τnτl · · ·τn−r−2τn−r−1(Bn−r)

+ (−q)τn−rτn−r+1 · · ·τnτl · · ·τn−r−2τn−r−1(Bn−r)Bn−r+1

= Bn−r+1τn−r
(−qτn−r+1 · · ·τnτl · · ·τn−1(Bn)Bn−r−1 + Bn−r+1τn−r+1 · · ·τnτl · · ·τn−1(Bn)

)
+ (−q)τn−r

(−qτn−r+1 · · ·τnτl · · ·τn−1(Bn)Bn−r+1 + Bn−r+1τn−r+1 · · ·τnτl · · ·τn−1(Bn)
)

Bn−r+1

= −qBn−r+1τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)τn−r(Bn−r+1)

+ Bn−r+1τn−r(Bn−r+1)τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)

+ q2τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)τn−r(Bn−r+1)Bn−r+1

+ (−q)τn−r(Bn−r+1)τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)Bn−r+1.

Similarly,

Bn−r = −qτn−r(Bn−r+1)Bn−r+1 + Bn−r+1τn−r(Bn−r+1),

we have

−qτn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)Bn−r + Bn−rτn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)

= −qτn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)
(−qτn−r(Bn−r+1)Bn−r+1 + Bn−r+1τn−r(Bn−r+1)

)
+ (−qτn−r(Bn−r+1)Bn−r+1 + Bn−r+1τn−r(Bn−r+1)

)
τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)

= −qτn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)Bn−r+1τn−r(Bn−r+1)

+ Bn−r+1τn−r(Bn−r+1)τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)

+ q2τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)τn−r(Bn−r+1)Bn−r+1

+ (−q)τn−r(Bn−r+1)Bn−r+1τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn).

Moreover,

Bn−r+1τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)

= τn−rτn−r+1 · · ·τnτl · · ·τn−r−2(Bn−r)τn−rτn−r+1 · · ·τnτl · · ·τn−1(Bn)

= τn−rτn−r+1 · · ·τnτl · · ·τn−r−2
(

Bn−rτn−r−1τn−rτn−r+1 · · ·τn−1(Bn)
)

= τn−rτn−r+1 · · ·τnτl · · ·τn−r−2τn−r−1τn−rτn−r+1 · · ·τn−1(Bn−r−1 Bn)

= τn−rτn−r+1 · · ·τnτl · · ·τn−r−2τn−r−1τn−rτn−r+1 · · ·τn−1(Bn Bn−r−1)

= τn−rτn−r+1 · · ·τnτl · · ·τn(Bn)Bn−r+1.

Therefore, (4.9) holds for the case k − (l + 1) = r + 1. �
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If identifying Ii with q
1
2 Bi under the algebra isomorphism U ′

q(so(n + 1,C)) ∼=Bq(sl(n + 1,C)) (see
Remarks 3.10(2)), we have

Lemma 4.8. For n + 1 � k > l � 1, we have

I+k,l = (−1)k−l+1q
1
2 Bk,l. (4.10)

Proof. We show (4.10) by induction on k − l.

For k − l = 1, (4.10) holds since I+l+1,l = q
1
2 Bl = q

1
2 Bl+1,l .

Assume that (4.10) holds for k − l = r. In the case k − l = r + 1, by induction and Lemma 4.7 we
have

I+l+r+1,l = q
1
2 I+l+1,l I

+
l+r+1,l+1 − q− 1

2 I+l+r+1,l+1 I+l+1,l

= q
1
2
(
q

1
2 Bl+1,l

)[
(−1)r+1q

1
2 Bl+r+1,l+1

]− q− 1
2
[
(−1)r+1q

1
2 Bl+r+1,l+1

](
q

1
2 Bl+1,l

)
= (−1)r+1q

3
2 Bl+1,l Bl+r+1,l+1 − (−1)r+1q

1
2 Bl+r+1,l+1 Bl+1,l

= (−1)r+2q
1
2 (−qBl+1,l Bl+r+1,l+1 + Bl+r+1,l+1 Bl+1,l)

= (−1)r+2q
1
2 Bl+r+1,l.

The proof of the lemma is finished. �
In the end, it can be seen from Lemma 4.8 that up to nonzero scalars I+(w0) is just B(w0) in

Theorem 4.4. On the other hand, if we choose

w0 = s1︸︷︷︸
1

s2s1︸︷︷︸
2

s3s2s1︸ ︷︷ ︸
3

· · · sn−1 · · · s1︸ ︷︷ ︸
n−1

snsn−1 · · · s1︸ ︷︷ ︸
n

,

then I−(w0) equals B−1(w0) in Remark 4.5 up to nonzero scalars. Therefore, Iorgov–Klimyk’s PBW
theorem for U ′

q(so(n + 1,C)), i.e., Theorem 4.6, is recovered by Theorem 4.4. �
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Appendix A

The calculations of the formulas about τi in Section 4.1.
(1) If aij = a ji = −1, then

τiτ j(Bi) = τi(B j Bi − qBi B j)

= (Bi B j − qB j Bi)Bi − qBi(Bi B j − qB j Bi)

= −q
(

B2
i B j − (q + q−1)Bi B j Bi + B j B2

i

)
(3.1)=

(3.24)
B j.
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(2) If aij = −1 and a ji = −2, we will check the formulas in (2) one after another.
Firstly, since Bi(Bi B j − q2 B j Bi) = q−2(Bi B j − q2 B j Bi)Bi − q−2 B j , then one has

⎧⎨⎩
(Bi B j − q2 B j Bi)Bi(Bi B j − q2 B j Bi) = q−2(Bi B j − q2 B j Bi)

2 Bi − q−2(Bi B j − q2 B j Bi)B j,

Bi(Bi B j − q2 B j Bi)
2

= q−4(Bi B j − q2 B j Bi)
2 Bi − q−4(Bi B j − q2 B j Bi)B j − q−2 B j(Bi B j − q2 B j Bi).

(A.1)

It follows that

τiτ j(Bi) = τi
([2]−1(B2

j Bi − q[2]B j Bi B j + q2 Bi B2
j

)+ Bi
)

= [2]−1
(

(Bi B j − q2 B j Bi)
2 Bi + q2 Bi(Bi B j − q2 B j Bi)

2

−q[2](Bi B j − q2 B j Bi)Bi(Bi B j − q2 B j Bi)

)
+ Bi

(A.1)= [2]−1(Bi B2
j − q[2]B j Bi B j + q2 B2

j Bi
)+ Bi . (A.2)

Secondly, one has

τ jτi(B j) = τ j
(

Bi B j − q2 B j Bi
)

= τ j(Bi)B j − q2 B jτ j(Bi)

= ([2]−1(B2
j Bi − q[2]B j Bi B j + q2 Bi B2

j

)+ Bi
)

B j

− q2 B j
([2]−1(B2

j Bi − q[2]B j Bi B j + q2 Bi B2
j

)+ Bi
)

= Bi B j − q2 B j Bi − q2[2]−1(B3
j Bi − [3]B2

j Bi B j + [3]B j Bi B2
j − Bi B3

j

)
(3.1)=

(3.24)
Bi B j − q2 B j Bi + q[2](B j Bi − Bi B j)

= B j Bi − q2 Bi B j . (A.3)

Thirdly, noting that B jτ j(Bi) = q−2τ j(Bi)B j + Bi B j − q−2 B j Bi , we have

{
B jτ j(Bi)B j = q−2τ j(Bi)B2

j + Bi B2
j − q−2 B j Bi B j,

B2
jτ j(Bi) = q−4τ j(Bi)B2

j + q−2 Bi B2
j + (1 − q−4)B j Bi B j − q−2 B2

j Bi,
(A.4)

Then we obtain

τ jτiτ j(Bi)
(A.2)= τ j

([2]−1(Bi B2
j − q[2]B j Bi B j + q2 B2

j Bi
)+ Bi

)
= [2]−1τ j(Bi)B2

j − qB jτ j(Bi)B j + [2]−1q2 B2
jτ j(Bi) + τ j(Bi)

(A.4)= −[2]−1(q2 Bi B2
j − q[2]B j Bi B j + B2

j Bi
)+ τ j(Bi)

= Bi .

Finally, we have



Y. Xu, S. Yang / Journal of Algebra 408 (2014) 222–249 245
τiτ jτi(B j)
(A.3)= τi

(
B j Bi − q2 Bi B j

)
= (

Bi B j − q2 B j Bi
)

Bi − q2 Bi
(

Bi B j − q2 B j Bi
)

= −q2(B2
i B j − (q2 + q−2)Bi B j Bi + B j B2

i

)
(3.1)=

(3.24)
−q2(−q−2 B j

)
= B j .

(3) When aij = −1 and a ji = −3, we also verify the formulas in (3) successively.
To begin with, noting that

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bi(Bi B j − q3 B j Bi) = q−3(Bi B j − q3 B j Bi)Bi − q−3 B j,

(Bi B j − q3 B j Bi)Bi(Bi B j − q3 B j Bi) = q−3(Bi B j − q3 B j Bi)
2 Bi − q−3(Bi B j − q3 B j Bi)B j,

Bi(Bi B j − q3 B j Bi)
2

= q−6(Bi B j − q3 B j Bi)
2 Bi − q−6(Bi B j − q3 B j Bi)B j − q−3 B j(Bi B j − q3 B j Bi),

Bi(Bi B j − q3 B j Bi)
3

= q−9(Bi B j − q3 B j Bi)
3 Bi − q−9(Bi B j − q3 B j Bi)

2 B j − q−3 B j(Bi B j − q3 B j Bi)
2

− q−6(Bi B j − q3 B j Bi)B j(Bi B j − q3 B j Bi),

(A.5)

then we obtain that

τiτ j(Bi) = τi

(
3∑

s=0

(−1)sqs B(3−s)
j Bi B(s)

j

)
+ 1

q[3]!τi
(

B j Bi − q3 Bi B j
)+ τi(B j Bi − qBi B j)

= 1

[3]!
(

Bi B j − q3 B j Bi
)3

Bi − q

[2]
(

Bi B j − q3 B j Bi
)2

Bi
(

Bi B j − q3 B j Bi
)

+ q2

[2]
(

Bi B j − q3 B j Bi
)

Bi
(

Bi B j − q3 B j Bi
)2 − q3

[3]! Bi
(

Bi B j − q3 B j Bi
)3

+
(

1

q[3]! + 1

)(
Bi B j − q3 B j Bi

)
Bi −

(
q2

[3]! + q

)
Bi
(

Bi B j − q3 B j Bi
)

(A.5)= 1

[3]!
(

(Bi B j − q3 B j Bi)
2 B j + B j(Bi B j − q3 B j Bi)

2

−[2](Bi B j − q3 B j Bi)B j(Bi B j − q3 B j Bi)

)

+
(

1

q[3]! + 1

)(
Bi B j − q3 B j Bi

)
Bi −

(
q2

[3]! + q

)
Bi
(

Bi B j − q3 B j Bi
)
. (A.6)

Next, one has

τ jτi(B j) = τ j
(

Bi B j − q3 B j Bi
)

=
(

3∑
s=0

(−1)sqs B(3−s)
j Bi B(s)

j + 1

q[3]!
(

B j Bi − q3 Bi B j
)+ (B j Bi − qBi B j)

)
B j

− q3 B j

(
3∑

(−1)sqs B(3−s)
j Bi B(s)

j + 1

q[3]!
(

B j Bi − q3 Bi B j
)+ (B j Bi − qBi B j)

)

s=0



246 Y. Xu, S. Yang / Journal of Algebra 408 (2014) 222–249
= −q3

[3]!
(

B4
j Bi − [4]B3

j Bi B j + [4][3]
[2] B2

j Bi B2
j − [4]B j Bi B3

j + Bi B4
j

)
+ 1

q[3]!
(

B j Bi − q3 Bi B j
)

B j

+ (B j Bi − qBi B j)B j − q2

[3]! B j
(

B j Bi − q3 Bi B j
)− q3 B j(B j Bi − qBi B j)

(3.1)=
(3.24)

−q3

[3]!
(−q−1([3]2 + 1

)(
B2

j Bi − Bi B2
j

)
+ q−1[2]([2][4] + q2 + q−2)B j Bi B j − q−2[3]2 Bi

)
−
(

q2

[3]! + q3
)

B2
j Bi +

(
q−1 + q5

[3]! + 1 + q4
)

B j Bi B j −
(

q2

[3]! + q

)
Bi B2

j

= [2]−1 B2
j Bi − q2 B j Bi B j + q4[2]−1 Bi B2

j + q[3][2]−1 Bi . (A.7)

Moreover, if we denote D := τ jτi(B j) = τ j(Bi B j − q3 B j Bi), and note that

B j D − q−1 D B j = [3]τ j(Bi) − q−1[2](B j Bi − q3 Bi B j
)
, (A.8)

then we have

τ jτiτ j(Bi)
(A.6)= 1

[3]!τ j

(
(Bi B j − q3 B j Bi)

2 B j + B j(Bi B j − q3 B j Bi)
2

−[2](Bi B j − q3 B j Bi)B j(Bi B j − q3 B j Bi)

)
+
(

1

q[3]! + 1

)
τ j
(

Bi B j − q3 B j Bi
)
τ j(Bi) −

(
q2

[3]! + q

)
τ j(Bi)τ j

(
Bi B j − q3 B j Bi

)
= 1

[3]! D2 B j − 1

[3] D B j D + 1

[3]! B j D2 +
(

1

q[3]! + 1

)
Dτ j(Bi) −

(
q2

[3]! + q

)
τ j(Bi)D

= 1

[3]!
(−qD(B j D − q−1 D B j)

+(B j D − q−1 D B j)D

)
+
(

1

q[3]! + 1

)
Dτ j(Bi) −

(
q2

[3]! + q

)
τ j(Bi)D

(A.8)= −q

[3]! D
([3]τ j(Bi) − q−1[2](B j Bi − q3 Bi B j

))+ 1

[3]!
([3]τ j(Bi)

− q−1[2](B j Bi − q3 Bi B j
))

D

+
(

1

q[3]! + 1

)
Dτ j(Bi) −

(
q2

[3]! + q

)
τ j(Bi)D

= 1

[3] D
(

B j Bi − q3 Bi B j
)− 1

q[3]
(

B j Bi − q3 Bi B j
)

D + [2]
q[3]
(

Dτ j(Bi) − q3τ j(Bi)D
)

= 1

[3] D
(

B j Bi − q3 Bi B j
)− 1

q[3]
(

B j Bi − q3 Bi B j
)

D

+ [2]
q[3]τ j

(
(Bi B j − q3 B j Bi)Bi

−q3 Bi(Bi B j − q3 B j Bi)

)
(3.1)=

(3.24)

1

[3] D
(

B j Bi − q3 Bi B j
)− 1

q[3]
(

B j Bi − q3 Bi B j
)

D + [2]
q[3] B j, (A.9)
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τiτ jτi(B j) = τi(D)
(A.7)= τi

( [2]−1 B2
j Bi − q2 B j Bi B j

+q4[2]−1 Bi B2
j + q[3][2]−1 Bi

)
= [2]−1(Bi B j − q3 B j Bi

)2
Bi − q2(Bi B j − q3 B j Bi

)
Bi
(

Bi B j − q3 B j Bi
)

+ q4[2]−1 Bi
(

Bi B j − q3 B j Bi
)2 + q[3][2]−1 Bi

(A.5)= q−1(Bi B j − q3 B j Bi
)

B j − q−2[2]−1(Bi B j − q3 B j Bi
)

B j

− q[2]−1 B j
(

Bi B j − q3 B j Bi
)+ q[3][2]−1 Bi

= [2]−1q4 B2
j Bi − q2 B j Bi B j + [2]−1 Bi B2

j + q[3][2]−1 Bi . (A.10)

It follows that

τiτ jτiτ j(Bi)
(A.9)= 1

[3]τi

(
D(B j Bi − q3 Bi B j)

−q−1(B j Bi − q3 Bi B j)D

)
+ [2]

q[3]τi(B j)

(A.10)=
(3.1), (3.24)

1

[3]
( [2]−1q4 B2

j Bi − q2 B j Bi B j

+[2]−1 Bi B2
j + q[3][2]−1 Bi

)
B j

− 1

q[3] B j

( [2]−1q4 B2
j Bi − q2 B j Bi B j

+[2]−1 Bi B2
j + q[3][2]−1 Bi

)
+ [2]

q[3]
(

Bi B j − q3 B j Bi
)

= 1

[3]!

⎛⎝ (Bi B j − q3 B j Bi)B2
j

−[2]B j(Bi B j − q3 B j Bi)B j

+B2
j (Bi B j − q3 B j Bi)

⎞⎠− [2]−1(B j Bi − qBi B j)

+ [2]
q[3]
(

Bi B j − q3 B j Bi
)
, (A.11)

and

τ jτiτ jτiτ j(Bi)
(A.11)= 1

[3]!τ j

⎛⎝ (Bi B j − q3 B j Bi)B2
j

−[2]B j(Bi B j − q3 B j Bi)B j

+B2
j (Bi B j − q3 B j Bi)

⎞⎠− [2]−1τ j(B j Bi − qBi B j)

+ [2]
q[3]τ j

(
Bi B j − q3 B j Bi

)
= 1

[3]!
(

D B2
j − [2]B j D B j + B2

j D
)− [2]−1 B jτ j(Bi) + q[2]−1τ j(Bi)B j + [2]

q[3] D

(A.8)= 1

[3]
(

B j Bi − q3 Bi B j
)

B j − 1

q[3] B j
(

B j Bi − q3 Bi B j
)+ [2]

q[3] D

(A.7)= Bi .

Furthermore, we have

τ jτiτ jτi(B j)
(A.10)= τ j

([2]−1q4 B2
j Bi − q2 B j Bi B j + [2]−1 Bi B2

j + q[3][2]−1 Bi
)

= [2]−1q4 B2
j

(
1

[3]!
(

B3
j Bi − q[3]B2

j Bi B j + q2[3]B j Bi B2
j

−q3 Bi B3
j + q−1(B j Bi − q3 Bi B j)

)
+ (B j Bi − qBi B j)

)
− q2 B j

(
1

[3]!
(

B3
j Bi − q[3]B2

j Bi B j + q2[3]B j Bi B2
j

3 3 −1 3

)
+ (B j Bi − qBi B j)

)
B j
−q Bi B j + q (B j Bi − q Bi B j)
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+ [2]−1
(

1

[3]!
(

B3
j Bi − q[3]B2

j Bi B j + q2[3]B j Bi B2
j

−q3 Bi B3
j + q−1(B j Bi − q3 Bi B j)

)
+ (B j Bi − qBi B j)

)
B2

j

+ q[3][2]−1
(

1

[3]!
(

B3
j Bi − q[3]B2

j Bi B j + q2[3]B j Bi B2
j

−q3 Bi B3
j + q−1(B j Bi − q3 Bi B j)

)
+ (B j Bi − qBi B j)

)
(3.1)=

(3.24)

−q3

[3]![2]
(−q−1([3]2 + 1

)(
B2

j Bi − Bi B2
j

)
+ q−1[2]([2][4] + q2 + q−2)B j Bi B j − q−2[3]2 Bi

)
B j

+ q4

[3]![2] B j
(−q−1([3]2 + 1

)(
B2

j Bi − Bi B2
j

)
+ q−1[2]([2][4] + q2 + q−2)B j Bi B j − q−2[3]2 Bi

)
+ [2]−1q4 B2

j

(
q−1

[3]!
(

B j Bi − q3 Bi B j
)+ (B j Bi − qBi B j)

)
− q2 B j

(
q−1

[3]!
(

B j Bi − q3 Bi B j
)+ (B j Bi − qBi B j)

)
B j

+ [2]−1
(

q−1

[3]!
(

B j Bi − q3 Bi B j
)+ (B j Bi − qBi B j)

)
B2

j

+ q[3][2]−1
(

1

[3]!
(

B3
j Bi − q[3]B2

j Bi B j + q2[3]B j Bi B2
j

−q3 Bi B3
j + q−1(B j Bi − q3 Bi B j)

)
+ (B j Bi − qBi B j)

)
= B j Bi − q3 Bi B j, (A.12)

where the last equality is obtained by combining like terms.
Finally, one has

τiτ jτiτ jτi(B j)
(A.12)= τi

(
B j Bi − q3 Bi B j

)
= (

Bi B j − q3 B j Bi
)

Bi − q3 Bi
(

Bi B j − q3 B j Bi
)

= −q3(B2
i B j − (q3 + q−3)Bi B j Bi + B j B2

i

)
(3.1)=

(3.24)
−q3(−q−3 B j

)
= B j .
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