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1. Introduction

The classical Schur—Weyl duality [21] is a basic but very important result in rep-

resentation theory that connects the general Lie algebra gly of N x N matrices with

the symmetric group S,. If V= CV is the vector representation of gly, Schur-Weyl

duality states that the natural action of S, on V®" permuting the tensor factors is

gly-equivariant, and hence induces a map

@ : C[S,] — Endg, (V®), (1.1)

which is always surjective, and is injective if and only if N > r.
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Many generalizations and variations of Schur—Weyl duality, in which one replaces for
example the Lie algebra gl with some other reductive Lie algebra and/or the represen-
tations V@ with other representations, have been studied in the past years. We would
like to recall three of them (as a general reference, see [13, §4.2]).

First, there is a version connecting the semisimple Lie algebra g of type B, D (or C)
and its vector representation W with the Brauer algebra B,.(N) (or B,.(—N)) [4]:

gC W®" OB,.(£N). (1.2)

Second, there is a mixed version of (1.1) in which one considers mixed tensor products
of the vector representation V and its dual:

gly C (VE @ V*®) O Br,.,(N). (1.3)

Here Br,.;(N) is the walled Brauer algebra, a subalgebra of the Brauer algebra B, 4 4(N)
which was introduced independently by Turaev [20] and Koike [15].

Finally, there is a higher version of Schur—Weyl duality (cf. [1]) in which one considers
the tensor product of the representation V" with some (possibly) infinite dimensional
module M € O(gly):

gly C (M @ VE) O H,. (1.4)

Here H, is the degenerate affine Hecke algebra of S,.

The goal of the present paper is to define a degenerate affine version of the walled
Brauer algebra Br,. (V) in such a way that we get a higher version of mixed Schur—Weyl
duality that generalizes both (1.3) and (1.4):

gly C (M @V @ V) OVBr, (w). (1.5)

For technical reasons, we will actually need M to be a highest weight module; the
parameter w is a sequence (w;);en of complex numbers which depend on M.

The passage V& ~ V@ @ V*® from (1.4) to (1.5) is quite natural and is motivated
for example by the following reason. Brundan and Kleshchev [6] constructed an explicit
isomorphism between cyclotomic quotients of the degenerate affine Hecke algebra H,.
and the KLR algebra R; but the KLR algebra R is in some sense only one half of the
KLR 2-category U [14]. The degenerate affine walled Brauer algebra VBr, (w) should
correspond to the whole U (see also (1.9) below).

We remark that in (1.3) we may permute the V’s and the V*’s. In particular, we
have a version of (1.3) for each (r,t)-sequence A = (ai,...,ar4¢), by which we mean a
permutation of the sequence

(1,...,1,—1,...,—1). (1.6)
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If in (1.3) we replace V& @ V*® by V®4 = V4 @ ... @ Vo+t with the convention
V1=V and V=1 = V* then the walled Brauer algebra Br4(N) which acts on the right
is of course isomorphic to Br, ;(IN), but has a different natural presentation. If moreover
we consider all these sequences A together, then it becomes natural to replace the walled
Brauer algebra with the walled Brauer category Br, (N). In our setting, it is easier to
define directly the degenerate affine walled Brauer category ¥Br, ;(w) and then get the
degenerate affine walled Brauer algebras WBr 4 (w) as endomorphism algebras inside our
category VYBr, ,(w).
Our first main theorem is:

Theorem. (See Theorem 5.2.) Let M be a highest weight module for gl and A be an
(r,t)-sequence. Then there is a natural action of the algebra VBra(w) on M @ V&4,
which commutes with the action of gly. Here the parameter w = w(M) is determined by
the highest weight of the module M.

The action given by the theorem is far from being faithful. To get a faithful action
we need to consider cyclotomic walled Brauer algebras as endomorphism algebras inside
a cyclotomic quotient of the category ¥Br, ((w). In particular, we will study cyclotomic
quotients of level two. Our second main result is:

Theorem. (See Theorem 6.9.) Let m,n, N,r,t € N with m+n =N and m,n > r+t. Let
p C gly be the standard parabolic subalgebra of gly corresponding to the two-blocks Levi
gl,, ®gl, Cgly. Ford € Z with § # m,n let MP(8) be the parabolic Verma module in
OP(gly) with highest weight § = —0(g1 + - -+ + &m). Then the action from above factors
through some cyclotomic quotient WBr 4 (w; 51, B2; B, fa), and we have an isomorphism
of algebras

VBr4 (w; Br, B2; 5, B3 ) = Endgy, . (MP(8) @ VEL). (1.7)
The parameters w, 1, B2, 85, B5 depend explicitly on 6, m,n.

As a direct corollary of the second theorem, we have that the cyclotomic quotient
VBra(w; f1, B2; BF, B5) inherits a natural grading and the structure of a graded cellular
algebra. Note that the grading, however, depends on the chosen ordering of the factors,
that is on the (r,t)-sequence A.

Our definition of the algebra VBr, ,(w) is inspired by Nazarov’s affine Wenzl algebra
V, (w) [18], which can be thought as a degenerate affine version of the Brauer algebra
B, (N). In particular, VBr, ;(w) is generated by the standard generators of the walled
Brauer algebra Br, ;(wg) together with a polynomial ring Cly,. .., yr4¢). As in [18] we
use formal power series to handle the parameters wy.

Our result has an analogue for types B, C and D of the form

gC (M aVE)OV, (w) (1.8)
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established in [12], see also [10]; the methods we use and our computations are similar
to the ones of these two papers. Note however that although Br, ,(NN) is a subalgebra
of B,4+4(NV), the degenerate affine version VBr, ;(w) is not (at least in a natural way) a
subalgebra of V,.;;(w). This indicates that there is a close, but non-trivial relationship
between type A and type B, C', D Lie algebras.

Using the diagrammatic description of category OP from [7] one can show that the
KLR 2-category U [14] acts on OP and moreover there is an isomorphism of algebras

End;; (F1,)/1 = VBra(w; B1, B2; 87, 83), (1.9)

where F is a 1-morphism in ¢ corresponding to the chosen sequence A, the weight A is
determined by the highest weight of the module M*(¢) of (1.7) and the ideal I indicates
that we have to take some cyclotomic quotient, determined also by the highest weight ¢
or equivalently by the parameters (1, 52, 57, 55 This result will appear as part of joint
work with Ehrig and Stroppel.

We point out that degenerate affine walled Brauer algebras have been defined indepen-
dently by Rui and Su [19]. They prove another version of Schur-Weyl duality involving
the Lie superalgebra gl(m|n) and their degenerate affine walled Brauer algebra. Our two
approaches are connected via the super duality of [9] established in [8] relating gl(m|n)
with the classical Lie algebra gl

m—+n*

Structure of the paper

We define the degenerate affine walled Brauer category and algebras in Section 2.
In Section 3 we give a diagrammatic description that allows us to describe a set of
generators as a vector space. In Section 4 we compute the center of the degenerate affine
walled Brauer category. In Section 5 we define the action on gly-representations and
state the first main theorem, whose proof will be presented as a series of lemmas in
Section 8. In Section 6 we define cyclotomic quotients and prove our second main result.
In Section 7 we will compute explicitly the generalized eigenvalues of the y;’s in the
cyclotomic quotients.

2. The degenerate affine walled Brauer category

In this section we will define the degenerate affine walled Brauer category and the
degenerate affine walled Brauer algebras. We will indicate by S,, the symmetric group of
permutations of n elements; the simple reflections will be denoted by s; fort =1,...,n—1.

There is an easy correspondence between C-linear categories and C-algebras which we
will use in the following and which we now recall.

First, note that a C-algebra A is the same as a C-linear category with only one object.
Now, if the algebra A has a (for simplicity finite) set of pairwise orthogonal idempotents
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1y,...,1,, then it can be more natural to identify it with a C-linear category C with n
objects My,...,M,, one for each idempotent, in such a way that
].iA].j = HOHI@(.Z\fj7 Ml) (21)

Of course each idempotent truncation 1;A1; is itself an algebra, which corresponds to
the full subcategory of € containing only the object M.

Depending from the situation, it can be preferable to use either the algebra or the
category language. We will define our main object of study using the language of cate-
gories. Anyway, at some point we will need to consider structures and operations which
are typical of algebras (like filtrations, gradings, quotients, homomorphisms, generators,
central elements). We advise the reader that we will often alternate in considering the
degenerate affine walled Brauer category as a category or as an algebra (although we
will always call it category, because we will leave the term algebra for the idempotent
truncations).

In the following by an (r,t)-sequence A = (a1, ..., a,4+¢) we will mean a permutation
of the sequence

(1,...,1,—1,...,—1). (2.2)
——— ———

T t

We let Seq,., denote the set of (r,t)-sequences.

Definition 2.1. Let r,¢ € N and fix a sequence w = (wg)ken of complex parameters. The
degenerate affine walled Brauer category YBr, ;(w) is the category defined as follows.
The objects are (r,t)-sequences A = (a1, ..., a,4¢) € Seq,. ;. Morphisms are generated as
complex vector spaces by the following endomorphisms of A:

sl(-A) forall 1 <i <r+4t—1such that a; = a;41,

e for all 1 <i<r+t—1such that a; # a;41,

7

yZ(A) forall 1 <i<r-+t, (2.3)
and the following two morphisms A — A’

R (2.4)
where A’ = s; A for some simple reflection s; € S,.4; such that A’ # A (thatis, a; # a;j4+1).
We will often omit the superscript A.

We impose the following relations on morphisms (where we use $;, é; to denote both
si,8; and e;, é; respectively; the relations are assumed to hold for all possible choices
that make sense):
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(1) 88 =1,

(a)

(b) $i8i418: = Siy15i8i41,

(c) $y; =y;8; for j #1494+ 1,

(e™)? = woe ™,

4) egA)y]fegA) = wkegA) for ke Nifa; =1,a0 = -1,

(5) (a) éiéj = éjéi and éiéj = éjéi for |Z —j| > 1,
(b) éiy; = y;é; for j #i,i+1,

) YV = YiYis

) 86 =é; = é;5;,

) $i€it1€; = 5i11€; and €;€,415; = €541,

) €ip1€i8ip1 = €418 and ;416,641 = 5i€i41,

) €ir1€i€ip1 = €ip1 and ;6,416 = é;,

a) siYi — Yit15i = —1 and s;y41 — yisi = 1,

) 8iYi — Yit18: = &; and 8;yi41 — Y8 = —éi,

) €i(yi +yir1) =0,

) (Wi +Yit1)éi =0

Remark 2.2. Notice that the relation (5b) for é; is implied by the relations (7b), (5¢)
and (2c). Moreover, the relations (8a)—(8b) for é; are implied by the same relations for
e; together with (6a) and the invertibility of §;.

Remark 2.3. Notice that we need to impose the relation (3) only for A, i such that a; = 1,

a;+1 = —1. In fact, consider A" = s; A; we have (eEA/))2 = eEA/)eEAl) = §ie£A)§i§ie§A)§i =

(4)

~ (A2 A . . A . .. .
si(ez(- ))2si = wobie; 8 = woeg ). In the same way we obtain more generally é;é; = wgé;

for all possible choices.

Remark 2.4. One could give a more general definition taking the wy’s to be formal central
parameters. Definition 2.1 would then be a specialized version.

We stress again that we will try to omit the superscript A of the generators of
VBr, ;(w) as often as possible. The formulas we write then hold for all choices which
make sense.

Definition 2.5. Let A € Seq,., and fix a sequence w of complex parameters. The degenerate
affine walled Brauer algebra corresponding to A is

VBrA(w) = End\@',,wyt(w)(A)- (25)

Remark 2.6. Notice that VBr4(w) is generated by the SEA),EEA),ygA) (for all 4 such
that these elements exist). However, these generators satisfy some non-trivial relations

that are implied by the relations defining the whole category (that involve also other
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homomorphisms spaces). Of course, we could try to define the degenerate affine walled
Brauer algebra without using Definition 2.1. But then the relations and the proofs that
will follow would be much more complicated.

Let for example A = (1,1, —1), and consider the element e(QA)ygeéA) € VBry(w). Let

also A’ = (1,—1,1). Then we have

o e = OVl

= e 1 o

= égA/)egA/)§éA)y1§5A/)e§A/)ééA) + eéA)sgA)egA)

= ééA/)e(lA/)yle(lA,)ééA) + egA)

e 1 ol
= wlegA) + eéA). (2.6)

Notice in particular that in order to obtain the relation eéA)ygegA) =1+ wl)eéA) in
VBra(w) we had to use relations involving elements of Homyg, ,(w)(4,A’),
Homygy, , (w)(A’, A) and Homyg,, , (w)(A4’, A').

The following result is straightforward:

Lemma 2.7. All degenerate affine walled Brauer algebras corresponding to (r,t)-sequences
are tsomorphic.

Proof. The isomorphisms are given by multiplication with a finite composition of
$’s. O

Let us now recall the definition of the walled Brauer category and of the walled Brauer
algebras.

Definition 2.8. Let r,t € N and fix a complex parameter § € C. The walled Brauer
category Br, ;(d) is the category which has as objects the (r,t)-sequences A € Seq,,.
Morphisms are generated by the SEA), eEA), §§A), él(-A) as in (2.3) and (2.4) subject to the

relations (1), (2a)—(2b), (3), (5a) and (6).
For a fixed (r,t)-sequence A € Seq,.,, the corresponding walled Brauer algebra is

Brs(0) = Endg,, ,5)(4). (2.7)
In particular, if A is the standard (r,t)-sequence (2.2) then we set Bra(d) = Br,+(9).

This is the usual walled Brauer algebra. Notice that, as in Lemma 2.7, all walled Brauer
algebras (2.7) corresponding to different permutations of A are isomorphic.



A. Sartori / Journal of Algebra 417 (2014) 198-233 205

As a direct consequence of the definitions we have a homomorphism
¢ : Br,¢(wo) = ¥YBr, 1 (w) (2.8)

from the walled Brauer category of parameter wqy to the degenerate affine walled Brauer
category.

Notice that all relations defining the degenerate affine walled Brauer category are
symmetric in 7 except for (4). We will spend the rest of this section to compute eEA)yfel(.A)
for all indices i. The following lemma generalizes the relations (7a)—(7b) to higher powers

of y;:

Lemma 2.9. For all kK € N we have

k
k_ .k 1 k—¢
SiYi — Yip15 = — Zyi+11yi J (2.9)
=1
k
1 k—¢
Siyz]grl - yfsz = Zy1+11yz ) (2.10)
=1
k
A 5 -1y k-t
Syl — ka8 =Y yiieaw (2.11)
=1
k
A . 15 k—t
Siyzk—i-l - yzksl = - Zyi 1€iyi+1~ (2.12)
=1

Proof. Argue by induction, as in [2, Lemma 2.3]. O

Following [18], we introduce formal power series. Let u be a formal variable, and let
us work with formal Laurent power series in u~!. Then from (2.9) we have

1

-1 k, —k
5 =u s Ey-u
‘u—y; l<k_0 ! >

e} k
Sy (y - zyf;fyf—f)uk
k=0 (=1
1 1
U — Yit1 (u = yiv1)(u—yi)
Similarly, from (2.10), (2.11) and (2.12) we get respectively:
1 1 1
S = si + , (2.14)
Zu_yi+1 U—=Y; ’ (u = yiy1)(u—yi)
1 1 11
S; = Si + €; 5 (215)
U —Y; U — Yit+1 U—Yi+1 U—Y;
1 1 1 1
8 = 3; — é (2.16)

i [ 7 .
U — Yit+1 U—Yi U—Yi U—Yit1
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Set now
Wi(u) = Zwkufk. (2.17)
k=0
Choose A € Seq,., with a; = 1, az = —1. Then relation (4) can be rewritten in the

compact form

a 1 A R _ A
0 o (S
k=0

u—1y
— W
=u! (Z wku_k> egA) = () e(lA). (2.18)
k=0

We remark that WIT(“) = u Wi (u) € Clu™'].
Lemma 2.10. Let A" € Seq,.; be such that ay = —1, ay = 1. Then

(ay_ 1 any _ Wiy
1 - 1

—_— —_— 2.19
€1 % —11 € " ( )
where
%% Wi (—
rw) Wil (2.20)
u u— Wi(—u)
Proof. Let A =s; A" and compute using (2.15):
(ay_ L an_ ., 1y,
e T——e" ' =81e778 $1e7778
1 u—y 1 161 1 u— 1 161 1
1 1 ’ 1
= gl $186(Y8, + 36 o) seM s
U — Y2 U — Yz u—1Yy
_ (A (4) (4) (A, 1 (4)
S1eq " 161 S1 4+ s1€ +y1€1 S w_y S1eq 781
Wi (— Wi(— 1
= 1( )§ egA)él + 1< U) §16g )81 §1€§A)§1
u u — Y1
W _ ! W _— ’ 1 ’
_ Wilzw) | Wl e, (2.21)
u u U=
The claim follows. 0O
Remark 2.11. Notice that the map * : C[u=1] — CJu~1] defined by
) f(=w)
= 2.22
P = =25 (2.22)

is an involution, that is f**(u) = f(u) for all u € CJu~!].
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Let R = Clyi, ..., Yr+t]. Then the same proof as for Lemma 2.10 gives the following
more general result:

Lemma 2.12. Let A € Seq,.; and suppose a; # a;+1 for some index i. Suppose that for
A’ = s; A the following holds:

A/
(an_ L @ _ Wi ) o

- e " e 7, (2.23)
for some Wi(A/) € R[u™']. Then
egA)#el(-A) = L/i(A)(u) el(-A)7 (2.24)
u—y; u
where
Wil W () (2.25)

u w— WA (—u)

2

Lemma 2.13. Let A € Seq,., with either (a;,a;t1,ai12) = (1,1, =1) or (ai, ait1,ai12) =
(=1,-1,1) for some index i. Suppose that for A’ =s;11A the following holds:

A/
a1y _ W)

. = . 2.26
el U — yl 2 u el ? ( )

for some Wi(A/) € R[u~']. Then

(4)
1wy Wi ()

i1y Yit+1 Gl = w D (2.27)

where Wi(fl) (u) is determined by
1+1 (U) u _ (U yl) (228)

Wi(A/)(u) tu  (w—y)? -1
Proof. The proof is a direct calculation. First, we use s? = 1 and (2.14):

1
€it1l €41 = €i415iSi——€i41
U — Yit+1 U — Yit+1

1
Si€it1 + €;+18;
-y " " Z(“*@/Hl)(“*yi

= €it18i )€i+1~ (2.29)
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Since e;11 = $;8;11€;8;4+15;, and since y; commutes with §;11, we can rewrite the first
summand as

. 1 . Wi(u
$i8i+1€iu — €iSi+18; = Z’LE )€i+1- (230)
For the second summand of (2.29), since y; 416,41 = —Yyi+o€;+1 and y; 1o commutes with
s;, we can write
1 1 1
€i4+15; €it1 = €i41 S8; €it1 (2.31)
(u—yiy1)(u—yi) U= Yir1 U Y

and using (2.13) we get

1
u—Yip1)(u —ys

K2

1
6¢+181m6¢+1 + €1 ( E €it1, (2.32)

that by the commutativity of y; and e;41 is

1 1
mei+1 + (u — yi)z €i+1 — v €it1- (233)
Putting all together, we obtain

1 1 Wi (u) 1
1- i i+l = i1 2.34
( (U—yz‘)2>6+1u—yi+1e+1 ( w ' (u—yz‘)z)eJrl (2.34)

that is equivalent to our claim. O

We have then the following generalization of relation (4):

Proposition 2.14. Let A € Seq,.; and let i be an index such that a; # a; 1. Then we have

(4)
1 (
oA A W (u) e,
U —Y; u

(2.35)

for some power series Wi(A)(u) € Cly1,--.,yi—1)[u™t] which can be determined recur-
sively using (2.28) and (2.25). Moreover, the power series Wi(A)(u) depends only on
(a1,y...,a;), that is Wi(A) = Wi(A ) if the sequences A and A’ coincide up to the index i.

Proof. We prove by induction on ¢ that (2.35) holds for all (r,¢)-sequences such that
a; # a;41. If i = 1 then this follows from (2.18) or (2.19). Now let us suppose that
the claim holds for ¢ and consider ¢ + 1. If a; = a;4+1 then we can apply Lemma 2.13.
Otherwise we can apply Lemma 2.13 and get the claim for s; 11 A, and then deduce the
result for A using Lemma 2.12. O
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3. A diagrammatic description

We give now a graphical description of the degenerate affine walled Brauer category,
that we will use to describe a set of generators as a vector space.

To A € Seq,; we assign a sequence of r + t oriented points on a horizontal line,
numbered from 1 to r 4+ ¢ from left to right. Each point can be oriented upwards or
downwards: the point 7 is oriented upwards if a; = 1 and downwards otherwise.

Given A, A" € Seq,.;, a morphism ¢ € Homyg,, ,(w)(4, A’) is a C-linear combination
of strand diagrams that connect the point sequence corresponding to A to the point
sequence corresponding to A’. In each strand diagram the strands are oriented according
to the orientations of the endpoints. The generating morphisms are:

a1 ai—1 a; Qi1 Q42 Apr4t

s = >< (3.1)
a1 Aj—1 G Gj41 0542 Ayt
a1 Ai—1 a; Gj41 042 Ayt

ez(A) _ N (3.2)
ai Qa1 ai/a\i:rlaiw Qrt
a1 Aj—10541 a; ;42 Gyt

3 = >< (3.3)
a1 j—1 G Gj41 0542 Ayt
ai A;i—1Qi41 a; Ai42 QAr+t

e = - (3.4)
ay a;—1 ai/a\i;lai+2 Qr 4t
a1 @i—1 a; Ai410a542 Gyt

YA + (3.5)
ay Ai—1 Qi Q41 A542 Ayt

We did not draw the orientations of all the strands, but as we said they are supposed to be
oriented according to the (r,t)-sequences. Moreover, for each of the first four generators
we have only depicted the case a; = 1; in the case a; = —1 the orientations are swapped.
Composition of morphisms is obtained by stacking diagram vertically, from the bottom
to the top. We will say that a strand is decorated if there is at least one dot on it.
Let us now translate the defining relations of ¥Br, ,(w) into diagrams. Relations
(1), (2a)—(2b), (ba) and (6a)—(6d) allow us exactly to stretch undecorated strands. By
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relations (2¢) and (5b)—(5¢), dots can be moved vertically as long as they do not step
over crossings; by relations (8a)—(8b), if they step over a maximum or minimum, a sign
appears. By relation (3) we can remove each closed undecorated circle and multiply by
wp. Using Proposition 2.14 we can actually remove every decorated circle on the cost of
multiplying by the corresponding term of the power series Wi(A)(u). The only relations
we have not yet considered are (7a)-(7b), which we can use to make dots step over
crossings.

We will call a diagram representing a morphism A — B an AB-Brauer diagram, or
an A-Brauer diagram if A = B. It is undecorated if there are no dots on it, and it is
actually an element of the corresponding walled Brauer algebra. An AB-Brauer diagram
is called a monomial if it is of the type

yit oy Dyt g (3.6)

where D is an undecorated A B-Brauer diagram. We say that such a monomial is reqular
if n; = 0 whenever the point a; on the bottom of D is the left endpoint of a horizontal arc,
and ~; # 0 implies that the point b; on the top of D is the left endpoint of a horizontal
arc.

Example 3.1. Of the following four AB-Brauer diagrams representing monomials, only
the first one is regular.

e e
S

On VB, ;(w) we define a filtration (as an algebra)
(0} =V.iCVyCWViC-- (3.7)

by letting V; be the vector span of all strand diagrams with at most ¢ dots. As always,
given a filtered algebra we can consider the associated graded algebra. Let us denote
by VBrgmd( ) the associated graded category. Let moreover G be the category with the
same generators and the same relations of ¥Br, ;(w) except for (7a)—(7b), which are
replaced by

(7') 3iyi = yir18; and $iyir1 = YiSi-

Clearly VBrgra (w) is a quotient of G.
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Proposition 3.2. The regular monomials generate ¥Br, ;(w) as a vector space over C.

Proof. It is straightforward to see that the regular monomials generate G, because in G
dots can step over crossings thanks to the relation (7). It follows that they also generate
VBr, ;(w). O

It follows directly from [5, Theorem 1.2] that regular monomials (which are called
normally ordered dotted oriented diagrams in [5]) actually give a basis of ¥Br, ;(w):

Theorem 3.3. (See [5, Theorem 1.2].) For all choices of parameters w, regular monomials
give a basis of ¥Br, +(w) over C.

This also implies that regular monomials give a basis of G, and that G = VBr¥' Yw).
It follows moreover that the map (2.7) is an embedding of algebras.

We will make use of Theorem 3.3 only in Section 4, in order to compute the cen-
ter of ¥Br, ;(w). Our main interest in this paper, however, is the action of degenerate
affine walled Brauer algebras on modules in category O(gly). Using such action, we
will prove in Section 6, independently from the results of [5], that cyclotomic regular
monomials give a basis of cyclotomic quotients of the degenerate affine walled Brauer
category.

4. The center

We are now going to determine the center of the degenerate affine walled Brauer
category. Our computations are analogous to the ones in [11]. In this section, we will
use several times the fact the fact that regular monomials give a basis of ¥Br, ;(w), see
Theorem 3.3.

Recall that the center of a category is by definition the endomorphism ring of its
identity endofunctor. If A is a C-algebra with a finite number of pairwise orthogonal
idempotents, then its center coincides with the center of the corresponding C-linear
category (see the beginning of Section 2).

Let R be the polynomial ring R = C[yy, ..., yr4¢]. Observe that for each pair A, B €
Seq,.;, the vector space Homyg, ,(w) (A, B) is an R-bimodule.

Definition 4.1. (See also [11].) We say that a polynomial p € R satisfies Q-cancellation
with respect to the variables yq, ys if

p(yla —Y1,Y3,- -+, yr-i-t) = p(07ovy3a s 7y7“+t)' (41)

Analogously we say that p satisfies ()-cancellation with respect to the variables y;,y; if
w - p satisfies (4.1), where w € S,y is the permutation that exchanges 1 with ¢ and 2
with j and S,4; acts on R permuting the variables.
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We have then the following:

Theorem 4.2. The center of ¥Br, ,(w) is isomorphic to the subring of (S, x S;)-invariant
polynomials p € R85t which satisfy Q-cancellation with respect to the variables y,., Yy, 1.
The isomorphism is given by the map

D Z (wa - p)ida, (4.2)

A€Seq,. ;
where for each A € Seq,., the element wa is a permutation such that wa-(1", (=1)") = A.

Proof. Let Z be the center of ¥Br, ;(w). By definition an element f € Z is an element

fe P Endyg, w4 (4.3)

AESeqrﬁt

such that fo = ¢f for all morphisms ¢ € Homyg,, ,(w)(A4, A’) and for all pairs A, A" €
Seq,. ;-

Let us pick an A € Seq, ;. As in the proof of [11, Theorem 4.3], it is easy to show
using Theorem 3.3 that for such an f to commute with all endomorphisms of A the
component of f in Endygy, ,(w)(A) has to be a polynomial ps € R. In particular, we
must have f = ZAeSeqr,t paidg.

Let us now fix Ay = (1",(—1)"). Since pa, has to be central in VBrg,(w) =
Endyegr, ,(w)(Ao), it follows from Lemmas 4.4 and 4.5 below that ps, € RS~*S¢ and
DA, has to satisfy Q-cancellation with respect to y,,yr4+1. On the other side, it follows
by the same lemmas and the fact that the s;’s, e;’s and y;’s generate ¥Br 4, (w) that
such a pa, is central in WBry4, (w).

Finally, it follows from Lemma 4.6 below that such an f is central in the whole category
if and only if ps = w4 -pa, forall A=wa-4p. O

As a corollary of the theorem (and of its proof), we can describe the center of the
degenerate affine walled Brauer algebras:

Corollary 4.3. Let A € Seq,., and W4 C S,4¢ be the subgroup that fizes A. Let also i, j
be two indices such that a; # aj. Then the center of VBra(w) = Endyey, ,(w)(A) is the
image under p — p -idy of the polynomials p € R4 that satisfy Q-cancellation with
respect to the variables y;,y;.

We conclude the section with the technical lemmas which we used for the proof of
Theorem 4.2.

Lemma 4.4. Let A € Seq,.; with a; = a; 1. The polynomial p € R commutes with s; in
VBra(w) if and only if s; - p = p.
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Proof. For notational convenience let us suppose ¢ = 1. Let p € R and write

p= Z yfygpa,b with pep € Clzs, ..., Trye]- (4.4)
a,beN

Using (2.9) and (2.10) we get

a,b __ ,a,b
sy = ysybs — L2220 (4.5)
Y1 — Y2
and hence
— S .
s1p = (s1-p)s1 — u. (4.6)
Y1 — Y2

It follows, using Theorem 3.3, that p commutes with s; if and only if sy -p=p. O

Lemma 4.5. Let A € Seq, , with a; # a;+1. The polynomial p € R commutes with e; in
VBra(w) if and only if it satisfies Q-cancellation with respect to y;, Yit1-

Proof. Let us suppose i = 1 and write p as in (4.4). We have

e1p — pep = 61( > y?ygpa,b> - < > y?ygpa,b> er. (4.7)

a,beN a,beN

a+b>0 a+b>0
It follows from Theorem 3.3 that the two vector subspaces generated by the elements
{e1y3y5pas | a,b € N, a+b > 0} and {y¢y5paser | a,b € N, a+b > 0}, respectively,
have trivial intersection. Hence (4.7) = 0 if and only if both summands of the r.h.s.
vanish. Now

el< > yfyé’pa,b) —61< > y‘f(yl)bpa,b>

a,beN a,beN
a+b>0 a+b>0

=e1 (p(yl, Y1, Y3, - Yrtt) — (0,0, 43, . .. ayr-i-t)) (4.8)

vanishes if and only if p satisfies Q-cancellation with respect to yi,y2, and similarly for
the second summand. O

Lemma 4.6. Let A € Seq, ; with a; # a;+1. Then there exists a polynomial ¢ € R such
that 8;p = q8; if and only if p satisfies Q-cancellation with respect to y;,yi+1. In this
case we have ¢ = s; - p.

Proof. Again, let us suppose ¢ = 1, and let us write p as in (4.4). Using (2.11) and (2.12)
we get
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a+b
S1988 = ysyhs + (1) Y (=D iyt eyt (4.9)
=1

and hence

I k
s1p = (s1-p)s1 + Z < (_1)139{%1?/{1) (Z(_l)k_bpkb,b>~ (4.10)

k€Zwo \ £=1 b=0

Using Theorem 3.3, the claim follows since Z’Z:O(—l)bpk—b,k = 0 for every k > 0 if and
only if p satisfies @-cancellation with respect to y;, y;4+1. O

5. Action on gl -representations

In this section we will define an action of the degenerate affine walled Brauer category
on gly-representations.

Let us fix an integer N > 2 and let I = {1,..., N}. Let gl be the Lie algebra of
N x N matrices. We denote by E;; the matrix that has a one at position (4, j) and zeroes
elsewhere. We let h C gl be the standard Cartan subalgebra of diagonal matrices and
gly = nt @®bhdn the triangular decomposition of gly. A basis of b is given by the
matrices H; = F;;. Let €; be the basis of h* dual to E;.

The set of roots of gly is IT = {e; —¢; | i # j}; a root is positive if ¢ > j, negative
otherwise. The set of positive (resp. negative) roots will be denoted by IT™ (resp. IT™).
The simple roots are a; = ¢; — ;41 forall e = 1,..., N — 1. We will denote the root
vectors by X;; for all ¢ # j or X, for a € II.

On gl we consider the non-degenerate symmetric bilinear form defined by

(A|B) = tr(AB). (5.1)
Notice that the set {H;, X, | i € I, o € I} gives an orthonormal basis of gly.
The wector representation of gly is the N-dimensional vector space V with basis
{v; | © € I'} on which the action of gly is given by

Xijuk = 6kvis  Hivp = digor, (5.2)

where 0;; is the Kronecker delta. The dual vector representation V* has basis {v] | i € I},
and the action of gl is given explicitly by

Xij”UZ = *61'1{0;'(7 HZUZ = 751']61};. (53)

We have linear homomorphisms ow,z : W R Z = ZQW, 7y : WQW* = W @ W*,
Tw W RW* - W*® W, where W, Z are either V or V* and V** = V| defined by
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ow,z Wi @ z; — 25 Qw; (5.4)

Tw i @ w) — 65 Y (wy @ wy) (5.5)
kel

Tw tw; @ Wi > by (w,’; ® wk) (5.6)
kel

*

where w;, z; are either v; or v}, and v;* = v;. It is immediate to check that these are

indeed homomorphisms of gly-representations.

For an (r,t)-sequence A we let V&4 = Va1 ®...@V%+ where VI =V and V! = V*.
Let also M be a gly-module. The linear homomorphisms (5.4), (5.5) and (5.6) induce
the following endomorphisms of M ® V&4 for all 1 < i,j < r+t — 1 such that a; = a;;1,

Qj 7é Qjy1:
5i = id @1id®07Y @ oya; paips @ id®CHTITD (5.7)
e; =id ®1d®D @ 10, @ id®r D (5.8)
and the following homomorphisms M @ V&4 — M ® V&4 where A’ = s; A for some
simple transposition s; € S,4:
8 = id ©1d® ™ @ gypa; parn ®id®CTETITD (5.9)
é; = id ®id®0Y @ 6, @ id®rH—TD, (5.10)

Let U(gly) be the universal enveloping algebra of gly. The Casimir operator of
Ulgly) ® U(aly) is

=) HoH+Y Xa®X_,. (5.11)
el aell

The Casimir element of U(gly) is C = m(£2), where m : U(gly) @ U(gly) — U(gly) is
the multiplication. Writing £2 =} 21y ® x(2), we define for 0 <i < j <r +1¢

5= 18 ®10z1R1® - ®1erry 18 a1, (5.12)

where x(q) is at position ¢ and x (o) is at position j, starting with position 0. Multiplication
by (2;; defines an element of Endg (M ® V®4), and we set for 1 <i <7+t

N
yi = E ‘Qki+§~ (5.13)
0<k<1

Lemma 5.1. Let M be a highest weight module. Let A € Seqm with a1 = 1,a0 = —1.
For all k € N there exist wy,(M) € C with wo(M) = N such that e;y¥e; = wi(M)e; as
elements in Endgr (M @ V®4).
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Proof. Consider the composition

k
fTM=MgC—MaVeV* S MaVeV"  — MeC=M, (5.14)

where the first map is the canonical inclusion and the last one is the evaluation. Since M
is a highest weight module, f must be a multiple, say wy (M), of the identity. It is then
clear that e;yfe; = wi(M)ey as elements in Endg (M ® V ® V*). Adding identities on
the following tensor factors, the identity holds also for M ® V®4 as in the statement.

The fact that wo(M) = N follows by elementary direct computation, and is true for
every module M. O

We are ready to state our first main theorem; the computations needed for the proof
are collected in Section 8.

Theorem 5.2. Let M be a highest weight module for gly, and let w = (wi(M))gen
be the sequence of complex numbers given by Lemma 5.1. Then the assignment A —
M @ V@4 and formulas (5.7), (5.8), (5.9), (5.10), (5.13) define a functor VYBr, ;(w) —
O(gly). In particular, we have a well-defined action of VBra(w) on M @ V4 for every
(r,t)-sequence A.

Proof. We need to show that the relations of the degenerate affine walled Brauer category
are satisfied by definitions (5.7), (5.8), (5.9), (5.10), (5.13) for a highest weight module M.
The relations are checked in details in Section 8.

Relation (1) is obvious, as are relations (2a)—(2b). Relation (2¢) follows from
Lemma 8.1. Relation (3) follows because wo(M) = N. Relation (4) is implied by
Lemma 5.1 and our choice of w. Relation (5a) is trivial. Relation (5b) follows from
Lemma 8.3 and Remark 2.2. Relation (5c) is Lemma 8.5. Relation (6a) is straightfor-
ward, while relations (6b)—(6d) are shortly discussed as Lemma 8.6. Relations (7a) are
Lemma 8.8, while relations (7b) are Lemma 8.10. O

As a corollary, we have a non-triviality result for ¥Br, ;(w), independent from Theo-
rem 3.3:

Corollary 5.3. Suppose N > r+t. Ifw is chosen as in Lemma 5.1 then the homomorphism
¢ from (2.8) is injective. In particular, ¥Br, ,(w) is non-trivial.

Proof. Composing ¢ with the action of WBr, ;(w) on M ®V®4 and forgetting the highest
weight module M one obtains the standard action of the walled Brauer category Br, (V)
on V&4, Tt is known (see [3]) that this action is injective if N > r + ¢. In particular,
¢ has to be injective. O
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6. Cyclotomic quotients

We will consider in this section cyclotomic quotients of the degenerate affine walled
Brauer category of level two.
Fix two positive integers m,n € N and les N =m+mn and I = {1,...,m + n}. Let

gl be the complex general linear Lie algebra with its Levi subalgebra gl,,, & gl,,; let
p = (gl,, ®gl,,) +nT be the corresponding standard parabolic subalgebra.
Let us set
p=—e3—2e3— - —(Mm+n—1)emin. (6.1)

Let O(m,n) = 0% ,(gl,,.,,) be the category of finitely generated gl,,,,-modules that

n+m
are locally finite over p, semisimple over b, and have all integral weights (when regarded
as sl +,-modules). This category is studied extensively in [7]. A full set of representatives

for the isomorphism classes of irreducible modules in O(m,n) is given by the modules
{L(N\) | A € A(m,n)}, where

A+pei—¢gj)eZforalll <i,j<m-+n,
A(man) =qAED ()\"‘P,El) > > (>‘+p75m)7 (62)
A+ pems1) > > (A+pemin)

and L(\) is the irreducible gl,, ,,,-module of highest weight A\. The module L(X) is the
irreducible head of the parabolic Verma module M¥(\). This parabolic Verma module is
also the largest quotient of the (non-parabolic) Verma module M (\) € O(gl,,,,,) which
lies in the parabolic subcategory O(m,n).

Notice that the weights of the vector representation V are e1,...,ep4m, while the
weights of V* are —e1, ..., —&p4m. By the tensor identity, the module M (\) ® V' (resp.
M(X\) ® V*) has a filtration with sections isomorphic to M (X + ¢;) (resp. M (A —€;))
for all j € I. It follows, by the characterization of the parabolic Verma modules and
because tensoring with V' and V* are endofunctors of O(m,n) (see [7, Lemma 4.3]), that
MP(X) ® V has a filtration with sections isomorphic to MP(X + ¢;) for all j such that
A +¢; € A(m,n); similarly, M?(\) ® V* has a filtration with sections isomorphic to
MP(X —¢;) for all j such that A —¢; € A(m,n).

For 0 € Z we set

§=—0(e1 + - +em). (6.3)

Lemma 6.1. Suppose m,n > 1 and 6 # m. Then there is an isomorphism of
gl -modules

MPO) @V = MP(§+e1) ®MP(0+ emy). (6.4)
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This is also an eigenspace decomposition for the action of vy, with eigenvalues

51=—6+mT+n and gy ="

(6.5)

Proof. By the discussion above and the definition of J, we have that M?(J) ® V has a
filtration with parabolic Verma modules M*(§ + 1) and M?(§ + &p,41). Since § + &1 >
d + €m+1, the term MP(4 + 1) is a submodule, hence we have

0— MP(d+e1) = MPO)QV — MP(§+ emy1) — 0. (6.6)
Let C be the Casimir element of gl ,, as defined in Section 5. By a straightforward
computation, C acts as (A, \+2p) on the highest vector of M¥()), and hence on the whole
module. In particular, as V' is the irreducible head of M¥(e;), C act as (e1,e1+2p) on V. If
we denote by A the comultiplication of U(gl,, ), note that A(C) = C®1+1®C +212.
Hence using the action of the Casimir element we can compute the action of (2 on
MP(4 4 €1), that is given by the scalar

(641,86 +e1+2p) — (8,0 +2p) — (e1,61 + 2p))

DN | =

((8,0+2p) + (1,61 + 2p) +2(8, 1) — (3,8 + 2p) — (e1,€1 + 2p))
={d,e1) = —4, (6.7)
so that the action of y; is given by —§ + 4™,

Analogously, the action of 2 on (MP(J) @ V))/MP(§ +e1) = MP(8 + €m+1) is given
by the scalar

(<§ + 5m+17§+ Em+1 + 2P> - <é7§+ 2P> - <51a51 + 2P>)

N | =

(06,84 20) + (i, 2onrt +20) + 208, 2} — (6,8 +20) — {e,1 +29)
St (e, 20) 1208, emin) — 1 (o1, 20))

= (em+1 —€1,p) + (8, €m1) = —m, (6.8)
and the action of y; is given by —m + T”TJF”

Since the two factors (6.7) and (6.8) are different, they are indeed eigenvalues for the
action of {2 and the exact sequence (6.6) splits. O

Remark 6.2. If § = m then the two eigenvalues 81 and 2 coincide. In this case, the short
exact sequence (6.6) does not split. The element (y; — 81)? vanishes on M*(§) @ V.
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Lemma 6.3. Suppose m,n > 1 and § # n. Then there is an isomorphims of
gl -modules

MP(O) @ V™ = MP(6 — emin) ® MP(3 — €m). (6.9)

This is also an eigenspace decomposition for the action of yy, with eigenvalues

ﬁ;:m;” and gy =5+ (6.10)

Proof. The proof is analogous to the previous one. We just note that the highest weight
of V* is —em4n and compute the action of {2 on the summand MP(§ — e, ):

(<é — Em, é —E&m + 2P> - <(_57 (_S + 2P> - <_€m+n7 —Em+n + 2P>)

N —

1
=5 ((8,8 4 2p) — (€m, —em + 2p) — 2(0, €m)
— (0,6 + 2P> + <€m+n; —Em4n + 2,0>)
= —(em — Emtn; P) — (0,Em) = —n + 4, (6.11)

m—-n

so that the action of y; is given by § + , and on the summand MP (8 — €,,40):

2

1
5 (<§ - gm—&-nyé — Em+n + 20> - <éa d+ 20> - <_5m+n7 —Em+n + 20>)
1
= 3 (<(_5, 4 2p) — (Emans —Emtn +2p) — 2(3, Emyn)
= (0,0 +2p) + (Em+n, —Emn + 2P>)

m—4n O

and the action of y; is given by =5*.

Remark 6.4. Also in this case, if 6 = n then 57 = 55 and instead of (6.9) we have a short
exact sequence that does not split. The element (y; — 8;)? vanishes on M*(J) ® V*.

We define now the cyclotomic walled Brauer category of level two:

Definition 6.5. Let r,t € N and fix a sequence w of complex parameters. Let also (51,
Ba, BT, B3 be complex numbers. The cyclotomic walled Brauer category ¥Br, .(w; 81, B2;

B%,B5) is the quotient of ¥YBr, ;(w) obtained imposing to the degenerate affine walled
Brauer category VYBr,.,(w) the following relations:

(ygA) - B1) (ygA) —f2) =0 for every A € Seq,, with a; =1, (6.13)

(y%A/) - B7) (yiA/) —B35) =0 for every A’ € Seq,., with a] = —1. (6.14)
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If Ais an (r,t)-sequence, we define the cyclotomic walled Brauer algebra

VBra(w; 81, B2; B, B3) = Endver, , wisr 87 ,55) (A)- (6.15)

Remark 6.6. We remark that we really need to quotient out both (6.13) and (6.14) in
order to be sure that we get a finite dimensional quotient. Moreover, we point out that
it is important to first take the cyclotomic quotient of the whole category and then
define the cyclotomic walled Brauer algebras to be the endomorphism algebras in the
cyclotomic category: if we would define the cyclotomic algebras to be the cyclotomic
quotients of the degenerate affine algebras by relations (6.13) or (6.14), then they would
not be in general finite dimensional.

For general parameters w, 51, 82, 57, 85 we cannot say anything about the cyclotomic
quotient VBr,. ;(w; 51, B2; 87, B ), which could even be trivial. However, if the parameters

are chosen carefully, we will prove that the cyclotomic walled Brauer algebras are finite
dimensional of dimension 2"t(r + ¢)!, as one would expect.
We have the following consequence of the definition and of Theorem 5.2:

Corollary 6.7. Fiz integers r,t with v > 1, and let A € Seq, ;. Fir also 6 € Z and
m,n > 1. Then the action of Theorem 5.2 factors through the cyclotomic quotient,
defining a functor

VBrr,t (w;ﬂlvﬂ%ﬁfaﬁg) — (‘)(m7n)
Avr— MP(8) @ V&4 (6.16)

and in particular an action of VBra(w; B1, B2; By, B5) on MP(8) @ VO4, where w is as
in Theorem 5.2, while By, B2, B, 85 are given by Lemmas 6.1 and 6.3.

We will need a finite set of generators for the cyclotomic walled Brauer category:
Proposition 6.8. The regular monomials
yit oy Byt oyt with vy, my € {0,1} for all i, j (6.17)
generate the cyclotomic walled Brauer category ¥Bra(w; 51, B2; 87, 53).

Proof. As in the proof of Proposition 3.2, it is enough to prove the statement for the
associated graded category G’ (since the filtration on the degenerate affine walled Brauer
category descends to a filtration on the cyclotomic quotient). Of course all regular mono-
mials generate the cyclotomic quotient by Proposition 3.2. Consider a regular monomial:
we can move the strands so that every strand at some level happens to be the leftmost
strand. Now if some ~y; or 7; is bigger than 1, then there are at least two dots on some
strand. Using relations (7') for G’, we can move the two dots along the strand until they
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reach the level at which there are no other strands on their left. By the graded cyclotomic
relation, this monomial is zero in the cyclotomic quotient. O

We will call the elements (6.17) cyclotomic regular monomials. We are now ready to
prove our second main result:

Theorem 6.9. Let m,n,r,t,d be integer numbers with m,n,r > 1,t > 0 and m,n > r+t.
Let w = w(MP(§)) be given by Lemma 5.1 and

m+n n—m
pr=-0+ 5 B2 = 5 (6.18)
.« Mm+n " m-—n
pr = 9 B3 =46+ 2 (6~19)

as given by Lemmas 6.1 and 6.5.
Then the cyclotomic reqular A-monomials of Proposition 6.8 form a basis of VBr 4 (w;
B, B2; BT, B3) and we have an isomorphism of algebras

VBr(w; 1, B2; 1, B3) = Endg, (MP(8) @ VE4). (6.20)
In particular dimc VBr 4 (w; By, Ba; B85, B5) = 2" T (r + t)L.
Before proving the theorem, let us state the following important corollary:

Corollary 6.10. With the hypotheses of Theorem 6.9, the cyclotomic walled Brauer algebra
VBra(w; B1, B2; 65, B5) inherits a grading and a graded cellular algebra structure, where
the graded decomposition numbers are given by parabolic Kazhdan—Lusztig polynomials
of type A.

Proof. By Theorem 6.9 we need to prove the claim for the endomorphism algebra
End(n,n) (MP(8) ® VE4). (6.21)

Notice that the weight ¢ is either a dominant weight or an anti-dominant weight for the
parabolic category O(m,n) (it is dominant if § < n and it is anti-dominant weight if
d > m, but it could also happen that it is both dominant and anti-dominant). Hence
the parabolic Verma module M¥(9) is either a projective module or a tilting module in
O(m,n).

If MP(§) is projective then M*(§)®V ®4 is also a projective module. If M*(§) is tilting,
then MP(§) ® V®4 is also tilting. Since the blocks of O(m,n) are Ringel self-dual (for
the regular blocks this is [17, Proposition 4.4], and since p C gl is a maximal parabolic
subalgebra the singular blocks are equivalent to regular blocks for smaller N’s), the
endomorphism algebra of this tilting module is isomorphic to the endomorphism algebra
of a projective module.
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In both cases, (6.21) is then isomorphic to an idempotent truncation of the endomor-
phism algebra of a projective generator of a sum of blocks of O(m,n). Since blocks of
O(m,n) are graded quasi-hereditary, this idempotent truncation inherits the structure
of a graded cellular algebra (see [16, Proposition 4.3]). O

Proof of Theorem 6.9. First, let us compute the action of y; on MP(§) ® V. We indicate
with z the highest vector of MP®(d), and note that gl,, ® gl,, C p acts as 0 on z, since
MP?(6) = Ul(gl, ) ®p E(0) where E(9) is the simple gl,,, @ gl,-module with highest
weight §, that by our choice of § is one-dimensional. Hence X;;z = 0 whenever both
i,7 <mor1,j >m, and we obtain:

( ) (=0+ m+n)z®vi ifi<m (6.22)
Z2 Q) = o .
("5 min )Z®Uz+zk61k<mXikZ®Uk if 1 >m.
Analogously, let us compute the action of y; on MP(J) ® V*:
o+ = z®v mXkjz@up if 5 <m
Y1 (z®v;-k) = ( tn 2 *) Zke[”” / k ) ] (6.23)
(M52 @ v ifi >m.

Fix now an index 1 < h < r 4+t and consider the action of y, on M*(§) ® V&4, By
Lemmas 8.7 and 8.9, yy acts as {25, plus some linear combination of A-walled Brauer
diagrams. By the PBW Theorem, M*(§) ® V4 has basis

{prov e -outl (6.24)
for 1 < b; < m+n (where as usual v; = v; and v; L= vy) and for p that runs over all
monomials in the X;;’s for m < ¢ <n, 1 < j < m. (Notice that such X;;’s commute with
each other.) By looking at the degree of the monomial p we get a grading on M*(§)®@ V4.
Then we have

Zke[,kngikZ®"‘Uk"' ifi>m, xy=1,
yh(Z@vzx) = *Zk617k>kaiZ®'“”Z”' ifi<m, y=-1, (6.25)
0 otherwise

up to terms of degree zero.

Now consider a cyclotomic regular monomial, and draw it as a decorated A-walled
Brauer diagram X. Remember that we read diagrams from the bottom to the top. We are
going to explain a way to label the endpoints of R. We consider the oriented arcs of X as
arrows, having a source and a target. Order in some way the sources of the arrows of N,
labeling them sequentially with numbers m+1, ..., m+r-+t. Now for every undecorated
arrow label the target with the same label as the source. For every decorated arrow such
that the source is labeled with p, label the target with p — m. Let 7; be the label of the
target of the arrow with source ¢ + m. For an example, see Fig. 1
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5 13 13 4 16 14

U/

11 16 11 2 12 15

Fig. 1. This figure illustrates the labeling of the proof of Theorem 6.9. Here we suppose m = 10.

In this way, we obtain sequences 1 < by, ¢y < m+nfor h,k =1,...,r+t, respectively,
on the bottom and on the top of our diagram. (This is true because of the assumption
m,n>r+t.)

Let now v = vyl @ ® vg::. Take a zero linear combination ) 4 f1J = 0 of
cyclotomic regular monomials. Pick a diagram N with all arcs decorated and let b =
b(R), ¢ = ¢(N), 7 = 7(X) be the sequences constructed as before. By (6.25) and by our

construction, we have
<Z f] ] (Z ® U?E;?))meJrl,Tl T Xm+7“+t77-7'+tz ® U§£)> = :l:fN7 (626)
]

where we have fixed on M ® V®4 the scalar product with respect to which the basis
(6.24) is orthonormal. Hence fx = 0.

Now pick a diagram R with all but one arcs decorated, let b,c, 7 be the sequences
as above. Then Eq. (6.26) again holds, if we do not write the X, , corresponding to
the undecorated arrow. Proceeding in this way, we have that all coefficients f5 are zero,
hence the representation is faithful, or in other words the map

VBra(w; f1, B2 B, B3) — Endgy, ., (MP(8) @ VE4) (6.27)

is injective.
To prove surjectivity, we use a dimension argument. On one side, note that there are
27t (r + ¢)! cyclotomic regular monomial, hence

dim VBra (w; B1, B2; 57, B5) < 27 (r +1)! (6.28)

By the injectivity of (6.27), this is actually an equality. On the other side, by adjunction
we have

Endg . (MP(6) ® V®*) 2 Endg, , (MP(8) ® VD) (6.29)

ot (

as vector spaces; the dimension of the r.h.s. of (6.29) can be computed counting standard
tableaux, and is well-known to be 2" (r +¢)!. O

Putting together the isomorphisms (6.20) for all A € Seq,., one gets the following:
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Corollary 6.11. With the hypotheses of Theorem 6.9, the cyclotomic reqular monomials
(6.17) give a basis of ¥Br, ((w; b1, B2; BT, B3) and we have an isomorphism of algebras

vsrr,t@;ﬁl,ﬁz;ﬁr,ﬁ;)%Endg[m( D M*’(é)@V@A). (6.30)

A€Seq,. ;

We conclude this section giving an explicit formula to compute the parameters wy in
term of 81, B2 (and hence in term of m, n and §).

Lemma 6.12. The elements wy, in YBr,.¢(w; f1, B2; BT, B3) satisfy the following recursion
formula

wi = (B1 + P2)we—1 — P1fawr—2 (6.31)
with initial data wy =m +n, w; = —dm + (m+")

Proof. By Lemma 5.1, wg = m + n. Let A = (1,—1); we have

+
(A)yeg)(z@)vi@v Z z®vj®’u)

Ze(lA (—0z ®v; ®vj) ernZ (A)z®vj®v;f)
— =

+n)2
= <5m + M) egA) (z@v; @v)), (6.32)
hence w; = —dm + M
The recursion relation follows from
efVyre®™ = (B + Bo)efVyr el = PipaeiVyi 2. O (6.33)

Using the standard elementary theory of power series defined by recurrence relations,
we can explicitly compute Wy (u):

wo + (w1 = (B1 + Ba)wo)u™"
L= (B1 + B)ut + frfou?

Wi (u) = (6.34)

7. Diagram and partition calculus

We explain now how one can determine which composition factors appear in M*(J) ®
V®4 using a partition calculus.

Recall that a Young diagram is a collection of boxes arranged in left-justified rows
with a weakly decreasing number of boxes in each row. The content of the box in the
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0|—-1[-2 73‘ 2
1]0]-1 -1/0 1|1
2 ‘73 —2|-1|0

Fig. 2. A Young diagram and a rotated Young diagram, with the contents written in the boxes.

v |
I I
I I

n—m 2 m+n 5 )
1 1

‘—1 0 ‘—1

o

o
|
—

o 1]

1 1
9 m;rn 9 m;n + 5

Fig. 3. A 4-Young diagram with the contents in the boxes. The corresponding weight is 3e; + €2 — €1 —
3¢m +3€m41 T Emt2 — Emtn—1 — 3Emin-

r-th row and c¢-th column (counting from the left to the right and from the top to the
bottom, and starting with 0) is r — c.

A rotated Young diagram is a Young diagram rotated of 180 degrees. The content of
a box in a rotated Young diagram is the same as the content of the original box in the
original Young diagram (Fig. 2).

Let us now fix positive integers m and n and an integer J. In a plane let us consider
the infinite vertical strip of width equal to m + n boxes. Fix a horizontal line o. Fix also
a vertical line v in such a way that there is a space for exactly n boxes on the left of v
and for m boxes on the right of v. The lines 0 and v divide our strip into four regions.
Let us number the columns of our vertical strip by the integers 1,...,m + n from the
right to the left. We define a 4-Young diagram to be a collection of boxes in this strip,
such that in the two regions under the horizontal line o we have two Young diagrams
and in the two regions above o we have two rotated Young diagrams, and such that in
no column there are boxes both above and under o (see Fig. 3).

By definition a 4-Young diagram is made of four Young diagrams, and every box
belongs to exactly one of these. We define the content of a box to be the content in the
corresponding Young diagram, translated by the following values:

m—+n
2
n—m
2

the lower right Young diagram by ™5 + 4,

o the upper right Young diagram by 2% — 4.

e the lower left Young diagram by

e the upper left Young diagram by

See Fig. 3.
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Given a 4-Young diagram Y, let b;(Y') be equal to the number of boxes in the column
1 of Y, multiplied by —1 if the boxes are under the horizontal line o.
To A € A(m,n) we associate the 4-Young diagram Y (\) determined by b;(Y(\)) =

(A, ;). More generally, in the same way, to any weight for gl we could associate

m—+n
a diagram consisting of boxes in our infinite vertical strip: one can check that this diagram
is a 4-Young diagram if and only if the weight is in A(m, n).

Given a 4-Young diagram Y, we may obtain another 4-Young diagram Y’ by adding
a box to it (we also say that Y is obtained by removing a box to Y”). Notice that we use
the expressions adding and removing bozes only if the result is again a 4-Young diagram.

For an (r,t)-sequence A let us define Y4 to be the set of sequences

{Y' = (YO)Y1>"'7YT+t)} (71)
of 4-Young diagrams such that Yy = Y (d) and Y;41 is obtained from Y; by

o adding a box above o or removing a box below o if a; = 1,
e removing a box above o or adding a box below o if a; = —1.

From the construction and the properties of the functors of tensoring with V' and V*
on O(m,n) we have the following result:

Lemma 7.1. There is a bijection between Y o and the composition factors of MP(§) @ V&4
(counted with multiplicity). The element Yo = (Yo,...,Yr1t) € Ya corresponds to a
composition factor isomorphic to M(\), where Y1 = Y(N).

Notice that as a consequence we have the following non-trivial combinatorial state-
ment:

Corollary 7.2. The cardinality of Y4 is 2"V (r +t)!.
We can now compute the generalized eigenvalues of the y;’s:

Proposition 7.3. Let Yo € Y4. Forj=1,...,r+t letn; =1 if Y; has been obtained from
Y;_1 by adding a box of content i;, otherwise let n; = —1 if Y; has been obtained from
Y;_1 by removing a box of content i;. Then the composition factor M(X) corresponding
to Y, is contained in the generalized eigenspace for the y;’s with generalized eigenvalues

(M1 - s Mpgtlipgt)-

Proof. Remember that we denote by C' the Casimir element of gl,,,,,,. We have
-1
AC)=A"HC) @1+ AT 1)@ C+2) | 2y (7.2)

p=0
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For h=1,...,r+tlet A\, be the weight such that Y, = Y/(\;,). Let also ¢, = Ay — 4,
and notice that 1y, —¢¥p_1 = (—=1)* ¢, for a unique k;, € {1,...,n+m}. Also, in other
words we have

dn = (“D)%er 4o+ (<), (73)

forallh=1,...,r +t.
Suppose first that a, = 1. Then the action of 2 Zi;é 2pg on M(A) = M0 + ¢rgy) is
given by

(O + e, 0+ 1g +2p) — (§+1Pp—1,0 +Ye—1 4+ 2p) — (e1,€1 + 2p). (7.4)

Hence y, acts as

m-+n
5

<€liea (_5> + <5~27W—1> + <<€/w - 61,,0> + (75)

Now suppose instead that ay = —1. Then the action of 2 Zf;(l) 2p¢ on M (3 + hryy) is
given by

<é + e, 6 + e + 2P> - <(_5 + 1,0+ 1+ 2P> + <€m+na —Em+n T 2P>- (7'6)

Hence y, acts as

m-+n
_<5w7 é> - <€M’ 7/14*1> + <Em+n - E]w,p> + 5
m+n
= _<€Hg7é> - <5Hzaw571> - <€lw - 517P> - 2 + L (77)

Let us now examine (7.5) and (7.7): in both of them, the second term is the index
and the third term is (up to a shift) the column index of the box being added /removed
at the ¢-th step. The claim then follows by the definition of the shifts of the contents of
the boxes in the 4-Young diagram. O

8. Proofs

We collect in this section the steps of the proof of Theorem 5.2.
First, note that

3i025k = %, (j)si(k) Si (8.1)
for every 0 < j < k < r +t, where we define (2;; = §2;;, for k > j.

Lemma 8.1. For all gl -modules M and all A € Seq,.;, on M RVE4A we have $;y; = y;8
forj#ii+1.
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Proof. The statement is obvious for j < i. Suppose j > i + 1: we have

. : N N1, .
Silj = Si Qi+ -1 = 2,005 + 5 |5 = yj8 O
2 2

0<k<j 0<k<j

Lemma 8.2. OnV@V*®V and on V@ V* @ V™ the elements ({213 + (223)(7v ®1id) and
(v @1id) (13 + (223) act as zero. Analogously, on V* @V @V and on V* @V @ V* the
elements (£213 + (223) (T« ® id) and (Ty~ ® id) (213 + £223) act as zero.

Proof. We prove only that the two actions on V@ V* ®V are zero. The other assertions
follow analogously. We compute:

(25 + 2(i11);) (Tv ®1d) (va © vy @ v)
= (£2i + 2(i11)5) (5ab Y va®vp® vc)
del

= Oap (Hevd Qv Q@ Heve +vqg ® Hov)] ® Hevc)
d,eel

+ dab Z (Xavd Uy QX _qve+ v ® Xoqv) ® X,avc)
del,acll

:5ab(vc®vj®vc—vc®1}:®vc)

+ 5ab Z((l - 6cd) ('Uc ® 'U; & 'Ud) - 5cd Z (Ud ® U: ® Uc))

del ecl,e#c

= Oup Z(’UC Ru;® vd) — Oub Z(UC U ® ve) =0.
d#c e#c

Next compute:
(v ®id)($2i5 + Qi41)7) (va @ V5 ® vc)

= (rv ®id) [Z(Hdva ® vp @ Hyve + va ® Havp © Hyv.)
del

+ Z (Xava Rup @ X_qUe + v, ® Xovp ® Xavc)]

acll

= (rv ®id) |:(5acUa D vy @ Vo — Ghea @ U © V)

+ (1 = dae) (Ve ® v @ Va) — Gpe Z (Ve ® V] ® vd)]
del,d#b

= Z 6ac6abve ® U: & Vg — Z 5b05abve & 'UZ X vp

ecl ecl
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+Zécb - ac ’Ue®7) ®Ua)_6bc Z 5adz Ue®v ®'Ud)

ecl deld#b  e€l
= Gpe(1 — ac)Z(ve@)vZ@v(l) fébc(lfc?ab)Z(ve@v:@Ua) =0. O
ecl ecl

Lemma 8.3. For all modules M and (r,t)-sequences A, on M @ V&4 we have e;y; = yje;
forj#ii+1.

Proof. The case j < ¢ is obvious, and we are left with the case 7 > ¢ + 1. It suffices to
prove that

(2i5 + Q201y5)es = ei($2i5 + 20i41)5)s

since e; commutes with all other summands of y;. This follows immediately from
Lemma 8.2. 0O

Lemma 8.4. We have [912, 934] =0 and [912 + (293, 913] =0

Proof. The first equation is obvious. For the second, we explicitly compute the expression
198013 + (2938213 — (2138210 — $138223 and we get:

Z (HaXbc b2 Ha & ch + Xbc ® Ha & Hach
a,b,cel
b#c
- HaXbc & ch & Ha - Ha & Xbc & Hach)
+ Z (XbcHa®ch®Ha+Ha®Xbc®chHa
a,b,cel,b#c
- XbcHa & Ha &® ch - Xbc & Ha ® chHa)

+ Y (XapXed ® Xpa ® Xae + Xea ® Xap @ XpaXae

a,b,c,del
a#b,c#£d

- Xachd ® Xdc & Xba - Xab & Xcd & XbaXdc)

Z ([chXbc] ® Ha ® ch + Xbc ® Ha & [Haach]
a,b,cel
b#c

- [H(La Xbc] & ch oy Ha - Ha & Xbc X [Hachb])

+ Z aba cd ®Xba®Xdc7Xab®Xcd® [XbaaXdc])
a,b,c,del
a#b,c#d

Z ((Xbc - Xbc) ® Ha ® ch + Xbc ® Ha & (ch - ch)

b,cel
b#c
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- (Xbc - Xbc) & ch &® Ha - Ha & Xbc & (ch - ch))

+ Z ((6bc(]~ - 5ad)Xad - 5ad(]~ - 5bc)ch) ® Xba ® Xdc
a,b,c,del

a#b,c#£d

—Xap ® Xcd ® (6ad(1 - 6bc)Xbc - 5bc<1 - 6ad)Xda))

= Z (Xad ® Xba ® de) - Z (ch ® Xba ® Xac)

a,b,del a,b,cel

a#b,b#d,a#d a#b,a#c,b#c

- Z (Xab ® Xca ® Xbc) + Z (Xab ® de ® Xda) = 07

a,b,cel a,b,del

a#b,a#c,b#c a#b,b#£d,a#d

that proves our claim. 0O
Lemma 8.5. For 1 <i,j <r+t we have y;y; = Y;¥s-

Proof. Let us assume ¢ > j, and compute

[yi,yj}[ > i Y ng} = [ > th,ﬂka}

0<h<i 0<k<j 0<k<j -0<h<i
= > [+ 25, 2] =0
0<k<j
using Lemma 8.4. O
Lemma 8.6. Relations 51614’_167 = éi—i—léi; 67614_181 = éiéi+1} é¢+1éi$i+1 = éi+1s'i,

éi—i—léiéi—i-l = 5iéi+17 éi+1éiéi+1 = éi—i—l and éiéi+1éi = éi hold for 1 S ) S r+t— 2.

Proof. These relations are very easy to check by hand. Alternatively, they are implied
by the standard (trivial) ribbon Hopf algebra structure of U(gly). O

Lemma 8.7. We have oy,y =2 on V@V and oy« vy« =2 on V*Q V™.

Proof. We compute

.Q(’Ui ® ’Uj) e ZHan X Ha’Uj + Z Xav; ® X_avj
acl acll
= 5ijvi X v; + (1 — (Sij)Uj QU = v; & V.

Similarly we obtain the second equality. O

Lemma 8.8. We have s;y; — yi+15; = —1 and s;yi+1 — yis; = 1.
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Proof. This is a standard fact (see [1, Lemma 2.1]), but we repeat the proof for com-
pleteness. We compute, using (8.1) and Lemma 8.7:

Si Z Opi — Z Dp(iv1)si = Z Qr(ivr)Si — Z Qr(ivr)Si

0<k<i 0<k<i+1 0<k<i 0<k<i+1

= —0ii41)8 = —s? =1

(3

and

Z Dpisi — s Z D(ip1) = Z Disi — Z Drisi — 8il2i(iq1)

0<k<i 0<k<it1 0<k<i 0<k<i

:—s?:—l. O

Lemma 8.9. We have 7y = =2 on V@ V* and 1y~ = =2 on V@ V.

Proof. We compute

Qi) =Y Hev; ® Hovl + Y Xov; ® X_ov]

acl acll
= —(Sij’l)l‘ ® ’U;k — 57;j E VE & U]: = —(Sij E Vg @ v,ﬁ.
i kel

Similarly we obtain the second equality. O
Lemma 8.10. We have 8;y; — yi+15; = €; and 8;y;+1 — YiS; = —€;.

Proof. We compute, using (8.1) and Lemma 8.9:

8i Z i — Z Divr1)8i = Z Qi) 8i — Z Dr(iv) i

0<k<i 0<k<itl 0<k<i 0<k<it1

= —8ii41)8% = €8 = &;

and

Z 8 — 8 Z Drirr) = Z ri8; — Z 38 — 8i82(i11)

0<k<i 0<k<i+1 0<k<i 0<k<i

= §,e; = €;. O

Lemma 8.11. Let M be a highest weight module with one-dimensional highest weight
space. Then for all 1 <1i <r+t we have e;(y; + yi+1) =0 and (y; + yir1)e; = 0.
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Proof. We start expanding the first relation:

ei(Yi + Yi+1) = €i< Z (ki + rgizr)) + Ligyr) + N)
0<k<i

= ei( Z (le + Qk(i+1))> — 6? + Ne;.

0<k<i

We know that e? = Ne;. Moreover, by Lemma 8.2 we know that e; (£2x; + 3,(i4+1)) acts as
0 if k£ > 0. Hence we are left to show that e;(£20; 4+ 29(;11)) acts as 0. Let m be a non-zero
vector in the highest weight space of M and suppose that at the place ¢ we have V and
at the place i+ 1 we have V* (the other case being analogous). We write only the factors
0,4 and i + 1 of the tensor product, and compute e;(£20; + 29(i11))(Mm & vy, @ vf):

e; Z(Ham ® Hyvp @ v, + Hom @ v, @ Ha’UZ)

a€l
ter Y (Xam® X_qvp ®v; + Xam @ vy © X_qv})
aell~
= 0nk D _(Hhm @ vy @ vj — Hym @ vy @ v} )
bel

=+ ei(l — 5hk)(thm & vk ®UZ — Xnem @ vp ® Uh) =0,

where in the fourth line we have written only the terms from the second line that survive
after applying e;.
Analogously, for the second relation, we consider

(Yi +Yit1)ei = ( > (ki + Dgizn) + gy + N> e
0<k<s

= ( Z (le + ka(i-{—l)))ei — 6? + N@i

0<k<i

and as before we just need to compute (£20;42p(;+1))ei (M@, @vy): this can be non-zero
only if h = k and in this case we get

(£20i + 20(i11)) ( Z me v ® vf)

lel

Z (Ham Q@ Hu @uf + Hm v ® Havl*)
a,lel

+ Z (Xam®X,avl Qv+ Xom Qv ®X,avl*)
acll—

= Z(Xblm@vb@UT*szmQQw@v;):0. 0

blel
b£l
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