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and prove a generalization of their result in the setting of finite tensor categories, a class
of tensor categories including the representation category of a finite-dimensional Hopf
algebra.

To explain our results in more detail, we briefly recall the above-mentioned result of
Fischman et al. Recall that, for a finite-dimensional Hopf algebra H over a field k, the
(right) modular function oy : H — k (also called the distinguished grouplike element in
literature) is defined by

h-A=ag(h)A (he H), (1.1)

where A € H is a non-zero right integral. For an extension A/B of finite-dimensional
Hopf algebras over k (meaning that A is such a Hopf algebra and B is a Hopf subalgebra
of A), the relative modular function x = x4, and the relative Nakayama automorphism
B = Basp of A/B are defined respectively by

X(b) = aa(bay)ap(S(bey)) and  B(b) = x(ba))b) (1.2)

for b € B, where S is the antipode of B and A(b) = by ® b(2) is the comultipli-
cation of b in the Sweedler notation [15, Definition 1.6]. They showed that A/B is a
B-Frobenius extension, i.e., A is finitely-generated and projective as a right B-module
(by the Nichols—Zoeller theorem) and there is an isomorphism

BAA EgHomB(AB,BB) (1.3)

of B-A-bimodules [15, Theorem 1.7], where g(—) means the left B-module obtained by
twisting the action of B by (.

To formulate this result in a category-theoretical setting, we consider the restriction
functor resg : mod-A — mod-B between the categories of right modules. By the standard

argument and the Nichols—Zoeller theorem, the functors
L:=(-)®pA and R:=Homp(4,—)=(-)®p Homp(A, B) (1.4)

are a left adjoint and a right adjoint of Jres‘g,7 respectively. Hence (1.3) says that the
relative modular function measures the “difference” between L and R. Here we remark
that resg is in fact a tensor functor. Thus, we are led to the problem of studying the
“difference” between a left adjoint and a right adjoint of a tensor functor.

Based on this observation, we consider a tensor functor F' : C — D having a left
adjoint L and a right adjoint R. It turns out that, under certain assumptions, there
exists a unique (up to isomorphism) object xr € D such that L & R(xr ® —). Our main
result is that if C and D are finite tensor categories, then the object xr is expressed in
terms of the category-theoretical analogue of the modular function introduced by Etingof,
Nikshych and Ostrik [13]. Applying this result to resf, we recover the above-mentioned
result of Fischman et al. We also apply our results to obtain some variants of their result.
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Now we explain the organization of this paper. Throughout, we denote the base field
by k. In Section 2, we collect from [22,24-26,14,12] basic results on tensor categories and
their module categories. We note that, unlike [14], the base field k is arbitrary and the
unit object of a finite tensor category is not assumed to be simple; see Definition 2.4 for
our setting.

In Section 3, we introduce the modular object ae € C of a finite tensor category C
and study its properties. After a brief discussion on ends, coends and the Deligne tensor
product, we introduce an algebra A in C X C™. If M and N are finite left C-module
categories (in the sense of Definition 2.5), then CIKIC™ acts on the category REX(M, N)
of k-linear right exact functors from M to N, and hence the category of A-modules
in REX(M,N) is defined. A key observation is that an A-module in REX(M,N) is
precisely a C-module functor. Based on this observation, we define the modular object
ac € C in an abstract way (Definition 3.10). It turns out that ¢ is isomorphic to the dual
of the distinguished invertible object D € C introduced in [13] whenever the definition
of D makes sense (Proposition 3.11). Hence, if C = mod-H for some finite-dimensional
Hopf algebra H, then a¢ is the H-module corresponding to the modular function apy
defined by (1.1). We also prove a category-theoretical analogue of Radford’s formula for
the fourth power of the antipode of a finite-dimensional Hopf algebra, which has been
proved in [13] under certain mild assumptions.

In Section 4, we consider a tensor functor F' : C — D between tensor categories (in the
sense of §4.1) having a left adjoint L and a right adjoint R. We show that L has a left
adjoint, if and only if R has a right adjoint, if and only if there is an object xz € D such
that R~ L(— ® x ). It turns out that such an object xr is unique up to isomorphism.
Thus we call xr the relative modular object of F. We prove that xp is invertible and
there are also natural isomorphisms

R=L(xr®-) and R(xp®—)=L=R(—® X5

We shall remark that these results may be an instance of a quite general principle in
the theory of monoidal categories. Indeed, similar results are obtained in some different
settings in [1,3]. In any case, the above results are not sufficient as a generalization of
the result of Fischman et al.; their result describes the relation between L and R by the
relative modular function x 4,p, while ours do not give any information about xr. Our
main result in Section 4 is, in fact, the following formula for the relative modular object:

Theorem (Theorem 4.8). Let F : C — D be a tensor functor between finite tensor
categories admitting the relative modular object. Then we have

F(ac) ® ap = xr = ap ® F(ag).
From this theorem, we see that if F' is the restriction functor res’g as above, then xp
is the one-dimensional H-module corresponding to the relative modular function x 4,p.
We will explain in detail how to derive [15, Theorem 1.7] from our results; see §4.3.
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To apply the above theorem in concrete cases, we need an explicit expression of the
modular object. Thus, in Section 5, we determine the modular object of the category
Vpr of right modules over a Hopf algebra H in a braided finite tensor category V. The
modular function ag : H — 1 is defined by a similar formula as (1.1), however, the right
H-module corresponding to agy is not the modular object of Vg in general. We express
the modular object of Vg by the modular function of H, the modular object of V and
the “object of integrals” Int(H) € V in the sense of [4] (Theorem 5.2). As an application,
we obtain the following “braided” version of [15, Corollary 1.8]:

Theorem (Theorem 5.5). Let V be a braided finite tensor category, and let A/B be an
extension of Hopf algebras in V. Then the following assertions are equivalent:

1) The restriction functor ress : Vo — Vp is a Frobenius functor.
B
(2) Int(A) 2 Int(B) and as 0i = ap, wherei: B — A is the inclusion.

In Section 6, we study the modular object of the tensor category arising from a Hopf
algebra in the monoidal center. Given a Hopf algebra B in the monoidal center Z(C)
of a finite tensor category C, we obtain the finite tensor category gC of the category of
B-modules in C. This category is a category-theoretical counterpart of the Radford—Majid
bosonization. By using the results of Section 5, we give a formula for the modular object
of gC (Theorem 6.1). This formula yields another generalization of the result of Fischman
et al., which tells when the restriction functor res% : AC — BC associated to an extension
A /B of Hopf algebras in Z(C) is Frobenius (Corollary 6.3).

2. Preliminaries
2.1. Monoidal categories

A monoidal category [22, VIL.1] is a category C endowed with a functor ® : C x
C — C (called the tensor product), an object 1 € C (called the unit object) and natural
isomorphisms

(XeYV)eZ2Xe(Y®Z) and 1@ X2XX2XX®1

obeying the pentagon and the triangle axiom. If these natural isomorphisms are the
identity, then C is said to be strict. By the Mac Lane coherence theorem, we may assume
that all monoidal categories are strict. Given a monoidal category C, we denote by C™
the same category but with the reversed tensor product given by X @'Y =Y ® X.
Our convention for dual objects follows Kassel’s book [17]: Let L and R be objects
of C,andlet e : L& R — 1 and § : 1 - R ® L be morphisms in C. We say that (L, e,n)
is a left dual object of R and (R, e,n) is a right dual object of L if € and n satisfy the
zig-zag equations. We say that C is rigid if every object of C has a left dual object and
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a right dual object. If this is the case, we denote by (V*, ev,coev) the (fixed) left dual
object of V' € C. The assignment V' +— V* extends to an equivalence (—)* : C — CP"®
of monoidal categories, which we call the left duality functor. A quasi-inverse of (—)*,
denoted by *(—), is given by taking a right dual object. For simplicity, we assume that
(—)* and *(—) are strict monoidal and mutually inverse to each other.

2.2. Modules over a monoidal category

Let C be a monoidal category. A left C-module category is a category M endowed with
a functor & : C x M — M (called the action) and natural isomorphisms

axym:(XQY)oM —-Xo(YeoM) and {y:16M —> M

obeying certain axioms similar to those for a monoidal category. If M and N are left
C-module categories, then a (left) lax C-module functor from M to N is a functor F :
M — N endowed with a natural transformation

Ky XeFM)—>F(XeoM) (XeCMeM,)

satisfying certain coherent conditions. If the natural transformation ¢ is invertible, then
F is said to be a strong C-module functor. Note that M°P is naturally a left C°P-module
category. A colaz C-module functor from M to A can be defined to be a lax C°P-module
functor from M°P to N°P. See [23,10,12] for the precise definitions of these and related
notions. For reader’s convenience, we note the following two well-known lemmas:

Lemma 2.1 (/10, Lemma 2.10]). If C is rigid, then every lax C-module functor is strong.

Lemma 2.2 (/10. Lemma 2.11]). Let F : M — N be a functor between left C-module
categories, and suppose that F has a right adjoint G : N — M. Then there is a one-
to-one correspondence between colax C-module functor structures on F and lax C-module
functor structures on G.

If C is rigid, then lax C-module functors and strong C-module functors are simply

called C-module functors in view of Lemma 2.1. Lemma 2.2 says that, if C is rigid, then
the class of C-module functors is closed under taking adjoints.

2.8. The centralizer of a monoidal functor

Let F : C — D be a monoidal functor between monoidal categories C and D with
structure morphisms

Fy:1— F(1) and F(X,Y):F(X)®F(Y) > F(X®Y) (X,Y €C).
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The centralizer of F, originally introduced by Majid [21] under the name “the dual
category of the functored category”, is a category Z(F') defined as follows: An object of
Z(F) is a pair (V, o) consisting of an object V' € D and a natural isomorphism

o(X):VeFX)—>FX)®V (Xel)
such that the equations o(1) o (idy ® Fy) = Fy ® idy and
(X ®Y)o (idy @ F»(X,Y)) = (Fa(X,Y)®idy) o (idx ® a(Y)) o (¢(X) ®idy)

hold for all X, Y € C. A morphism from (V, o) to (W, 7) in Z(F') is a morphism f: V —
W in D such that

(idpxy ® f)oo(X) =7(X) o (f ®idp(x))

holds for all X € C. The centralizer of id¢ is called the (monoidal) center of C and
denoted by Z(C). The category Z(F) is in fact a monoidal category and Z(C) is moreover
a braided monoidal category.

2.4. Modules over an algebra

Let C be a monoidal category. An algebra in C is a synonym for a monoid in C [22,
VII.3]. Given algebras A and B in C, we denote by 4C, Cp and 4Cp the categories of
left A-modules, right B-modules and A-B-bimodules in C, respectively. For our purpose,
it is convenient to extend the notion of modules over an algebra in the following way
(see [25]).

Definition 2.3. Given an algebra A in C, we denote by 4 M the Eilenberg—Moore category
of the monad A S (—) on M. An object of the category 4 M will be referred to as a left
A-module in M. A right A-module in a right C-module category and an A-B-bimodule
in a C-bimodule category are also defined analogously.

Note that C is a C-bimodule category by the tensor product. The notation and the
terminology given in Definition 2.3 are consistent with those introduced at the beginning
of this subsection.

2.5. Closed module categories

Let C be a monoidal category, and let M be a left C-module category. We say that M
is closed if, for every object M € M, the functor C — M defined by X — X & M has
a right adjoint (c¢f. the definition of closed monoidal categories). If this is the case, then
we denote by Hom (M, —) a right adjoint of the functor (—) © M. By the parameter
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theorem for adjunctions, the assignment (M, N) — Hom ,, (M, N) extends to a functor
from M°P x M to C such that there is a natural isomorphism

Homa (X & M, M") = Home (X, Hom (M, M")) (2.1)

for M,M" € M and X € C. The functor Hom ,, is called the internal Hom functor for
M and makes M a C-enriched category. For simplicity, we often write Hom ,, as Hom
if M is obvious from the context.

2.6. Finite tensor categories

Given an algebra A over k (= an associative unital algebra over k), we denote by
mod-A the category of finite-dimensional right A-modules. A k-linear category is said
to be finite if it is k-linearly equivalent to mod-A for some finite-dimensional algebra A
over k.

Definition 2.4. A finite tensor category over k is a rigid monoidal category C such that C
is a finite abelian category over k and the tensor product of C is k-linear in each variable.

Unlike [14] (and like [9,10]), we do not assume that the unit object of a finite tensor
category is a simple object (thus our finite tensor category is in fact a finite multi-tensor
category in the sense of [14]).

2.7. Finite module categories

Let C be a finite tensor category over k. In this paper, we mainly deal with the
following class of left C-module categories:

Definition 2.5. A finite left C-module category is a left C-module category M such that
M is a finite abelian category and the action & : C x M — M is k-linear in each variable
and right exact in the first variable. Finite right module categories and finite bimodule
categories are defined analogously.

Let M be a finite left C-module category. Then the action © : C x M — M is exact
in the second variable. Indeed, X* © (=) and *X © (—) are a left adjoint and a right
adjoint of the functor X © (—), respectively.

It is well-known that a k-linear functor between finite abelian categories over k is left
(right) exact if and only if it has a left (right) adjoint (a detailed proof is found in [10,
§1.2]). Thus a finite module category is a closed module category.

Example 2.6. Every finite abelian category M over k is naturally a finite module category
over V := mod-k by the action e defined by

Hom(V @ M, M") = Homy (V, Homa (M, M")) (V €V,M,M" € M).
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Example 2.7. If A is an algebra in C, then the category C4 of right A-modules is naturally
a finite left C-module category.

Now let M be a finite left C-module category. We fix M € M and consider the functor
Yar = Hom (M, —) from M to C. The object M is said to be C-projective if Yy is
exact, and is called a C-generator if Yy, is faithful. Following [10], M is C-projective if
and only if P& M € M is projective for every projective object P € C. Thus an ezact
C-module category [14, Definition 3.1] is precisely a finite C-module category whose every
object is C-projective.

The object A := Hom(M, M) is an algebra in C and acts on every object of the form
Hom(M, M’) from the left. Hence the functor Yy induces a functor

Ky M —Cyqy, M — Hom(M,M') (M €C).

The functor K, is in fact the comparison functor of (2.1). Moreover, it is endowed
with a structure of a left C-module functor inherited from Y);. Applying the Barr—Beck
theorem [22, VI.7], we see that K is an equivalence of C-module categories if and only
if M is a C-projective C-generator [12, Theorem 7.10.1]. As a consequence, every finite
C-module category is of the form C4 for some algebra A in C (see also [12]).

For finite C-module categories M and A, we denote by REXc(M,N) the category
of k-linear right exact C-module functors from M to N. The following variant of the
Eilenberg-Watts theorem is important when we deal with finite module categories (see
Pareigis [24-26] for a proof under a more general setting; see also [10]).

Lemma 2.8. For algebras A and B in C, there is an equivalence
ACp —— REX¢(Ca,CB), M= M®a(—).

3. Modular object

3.1. Ends and coends

The aim of this section is to introduce a categorical analogue of the modular function
on a Hopf algebra, which we call the modular object. As preliminaries, we recall from
[22] the notion of ends and coends. Let C and V be categories, and let S, T : CP xC — V
be functors. A dinatural transformation £ : S —— T is a family

f = {é.X : S(XvX) - T(X7X)}XEC
of morphisms in V such that the equation

T(idx,f) OfX o S(f, idx) = T(f, idy) Ofy [e] S(idy,f)
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holds for all morphism f : X — Y in C. We regard an object X € V as the constant
functor from C° x C to V sending all objects to X. Then an end of S is a pair (E,p)
consisting of an object £ € V and a dinatural transformation p : E —— S satisfying a
certain universal property. Dually, a coend of T is a pair (C,i) consisting of an object
C € V and a universal dinatural transformation ¢ : 7' —— C. The end of S and the
coend of T are expressed as

Xec
E= / S(X,X) and C= / T(X,X),
Xec
respectively; see [22] for more details.

We now suppose that a coend (C,7) of T : C°P x C — V exists. If C has an equivalence
(=)* : C — C°P of categories (e.g., when C is a rigid monoidal category), then the pair
(T,i"), where i’y =iy.,is a coend of (X,Y) — T(Y™*, X*). This result can be expressed
symbolically as follows:

Xec Xec

/ (X, X) = / T(X*, X*). (3.1)
If V has an equivalence (—)* : V — VP then the pair (C*,p), where px = (ix)*, is an
end of the functor (X,Y) — T(Y, X)*. Symbolically, we have

Xec

(/ T(X,X))*: / T(X, X)". (3.2)

XecC

3.2. The Deligne tensor product of abelian categories

In what follows, we consider functors between categories whose objects are functors.
To avoid confusion, we adopt the following convention:

Notation 3.1. For a functor ¥ whose source is a category consisting of functors and an
object F' of the source category, we usually write W[F] instead of U(F).

For k-linear abelian categories M and N, their Deligne tensor product [6, §5] is a
k-linear abelian category M W A endowed with a functor X : M x N — M KN that
is k-linear and right exact in each variable and is universal among such functors out of
M x N. If A and B are finite-dimensional algebras over k, then

(mod-A) X (mod-B) = mod-(A ®, B) (3.3)

with M X N = M ®; N. Thus, if M and N are finite abelian categories, then their
Deligne tensor product exists and the functor X : M x N' — M X N is exact in each
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variable. Moreover, we have a natural isomorphism
Hom ysopn (M K M, N K N') = Hom (M, M') @ Homp (N, N') (3.4)

for M,M' € M and N,N' e N.

For k-linear abelian categories M and N, we denote by REX(M,N') the category of
k-linear right exact functors from M to A. We also note the following property of the
Deligne tensor product.

Lemma 3.2. For finite abelian categories M and N over k, the following functor ® is an
equivalence of k-linear categories:

d: MPRN — REX(M,N), M&N s Homp(—, M)* e N,

where o is given in Erxample 2.6. A quasi-inverse ® of ® is given by

®: REX(M,N) = MPXRN, Frs / XX F(X). (3.5)

Xem

Proof. We may assume that M = mod-A and N' = mod-B for some finite-dimensional
algebras A and B over k. Then, by the above-mentioned realization of the Deligne tensor
product, the following functor is an equivalence:

MPRN —= 5 Amod-B, MXN — M*®; N,

where A-mod-B is the category of finite-dimensional A-B-bimodules. Since both A and
B are finite-dimensional, we also have an equivalence

A-mod-B —=— REX(M,N), X — (=) ®a X.

The functor ® is an equivalence as the composition of these two equivalences. Now let
® be a quasi-inverse of ®. Then we have natural isomorphisms

HOmMop&N(MIZN76[F]) =~ NAT(®(M K N), F)
ngeM Hom (Homa (X, M)* ¢ N, F(X))
ngeM Homy (Hom (X, M)*, Homp (N, F(X)))
EerMHomM(X,M)®H0mN(N,F(X))
= erMﬂomMopgN(M&N,XXF(X))
for M € M, N € N and F € REX(M,N). Since every object of M KN is a finite

colimit of objects of the form MX N, the above computation implies that ®[F] represents
the functor
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(MR N)® — Vee, L+ /I%mw@wLXXFM»

XeM

where Vec is the category of all vector spaces over k. Hence the end in (3.5) indeed
exists and is isomorphic to ®[F]. O

3.8. Tensor product of module categories

Let C and D be finite tensor categories over a field k. Then £ := CXD™ is a monoidal
category with the component-wise tensor product. The monoidal category £ is not rigid
in general. We note that £ is rigid (and therefore a finite tensor category) if, for example,
the base field k is perfect [6, §5].

By a finite C-D-bimodule category, we mean a C-D-bimodule category that is finite
both as a left C- and a right D-module category. Although & is not a finite tensor category
in general, we abuse terminology and say that an £-module category M is finite if it is
a finite abelian category and the action of £ on M is k-linear and right exact in each
variable. By the universal property of the Deligne tensor product, a finite C-D-bimodule
category can be identified with a finite £-module category.

Now let M and N be finite module categories over D and C, respectively. Then
MO KN is a finite C-D-bimodule category by the action determined by

Xs(MRN)oY =(*Y 6 M)XK (X & N) (3.6)

for X €eC,Y eD, M e Mand N € N. REX(M,N) is also a finite C-D-bimodule
category by the action determined by

(XeFoY)M)=XcFY M) (3.7)

for X €eC,Y €D, M € Mand F € REX(M,N). The proof of the following lemma is
straightforward.

Lemma 3.3. The equivalence ® : M°® KN — REX(M,N) given in Lemma 3.2 is an
equivalence of C-D-bimodule categories.

The following technical lemma will be used in Section 5.

Lemma 3.4. Let G : My — My and E : N1 — N3 be k-linear right exact module functors
between finite module categories over D and C, respectively. Then

REX(G, E) : REX(M1,N7) = REX(M2,N3), F+— EoFoG

s a k-linear right exact strong €-module functor.
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Proof. Let R : M; — Ms be a right adjoint functor of G. Since R is k-linear and left
exact as a right adjoint, the functor R : M(® — M3P induced by R is k-linear and
right exact. Hence we have a k-linear right exact functor

H:=R®"XE: M(]?p lENl — M;p IXNQ
The functor H is obviously a strong £-module functor. Now we compute

(Rex(G, B) [cp(M1 % N1)| ) (M2) = Homg, (G(Mz), My)* & E(N1)
= HOH’I./\/I2 (MQ, R(Ml))* o E(Nl)
= ®(H(M; X Ny))(My)
for My € MS®, My € My and N; € Nj, where ®’s are the equivalences given in

Lemma 3.2. Thus REX(G,E) & ® o H o ®. The functor REX(G, E) has the desired
properties since H does. O

3.4. Monadic description of module functors

Let C be a finite tensor category over k, and set C*" = C K C™. We define A € C*"
by

Xec
A= /X*&X

(see [18, §5] or [29] for the existence of this coend). Let ix : X*KX — A be the universal
dinatural transformation for the coend. By the Fubini theorem for coends, A ® A is a
coend of (X1, X5,Y7,Ys) — (X7 XY7)® (X5 XY5). Thus there exists a unique morphism
m such that the diagram

(X*RX)® (Y RY) ks A®A
Y& X)* R (Y ®X) rex A

commutes for all X|Y € C. We also define v : 1 X1 — A by u = ig. The proof of the
following lemma is straightforward:

Lemma 3.5. The triple (A, m,u) is an algebra in C*"V.

Let M and N be finite left C-module categories. As we have seen, REX(M, N) is a
left C*"-module category by the action given by (3.7). We now consider the category of
left A-modules in REX(M,N) in the sense of Definition 2.3.
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Lemma 3.6. sREX(M,N) = REX¢c(M,N).

Proof. Day and Street [8] showed that the functor Z(V) = fXEC X'oVeX (Vel)
has a structure of a monad such that the category of Z-modules can be identified with
the monoidal center of C. The proof is essentially same as their proof of this fact: For

F € REX(M, N), we have

NAT(AG F, F Homy (X* & F(X & M), F(M))

) = fMEM,XeC
> [yremxec Homy (F(X & M), X © F(M))

by the standard properties of ends and coends. Hence a morphism g : AS F — F in
REX(M,N) is the same thing as a natural transformation

Emx :F(XeoM)—»XcFM) (MeM,X ().

The morphism g makes F an A-module in REX(M, N) if and only if the corresponding
natural transformation ¢ makes F' a colax C-module functor. Hence, by Lemma 2.1,
we obtain a bijection between the objects of the two categories, which gives rise to an
isomorphism of the two categories. O

We write REX(C,C) as REX(C) for short. Lemma 3.2 yields an equivalence
Oc : C*" — REX(C), VRW — Home(—,"W)* eV (V,W €() (3.8)
of left C*"Y-module categories with quasi-inverse
Pc : REX(C) = C*™, F s / F(X)X X*. (3.9)
XeC
Lemma 3.7. The following functor is an equivalence of categories:

fe: a(C™) = C, M De(M)(1). (3.10)

Proof. &, induces an equivalence between the categories of A-modules in C*" and those
in REX(C). The functor $¢ is an equivalence, since it is the composition

a(ce™) % AREX(C) ——=— 5 REx¢(C) ——C,
C

Lemma 3.6

where the last arrow refers to the functor F — F(1). O

Remark 3.8. A similar equivalence can be obtained by using left exact functors instead of
right exact ones. The Deligne tensor product of finite abelian categories A and B over k
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also has the universal property for functors out of A x B that is k-linear and left exact in
each variable [6, §5]. Using this universal property, we define a k-linear left exact functor

®), : C™ — LEX(C), VREW s Home(W*, —)eV, (3.11)

where LEX(C) is the category of k-linear left exact endofunctors on C. As explained in
[29], the functor ® is in fact an equivalence with quasi-inverse

Xec

3, : LEX(C) — C™, FH/F(X*)EX. (3.12)

The monoidal category C*™ acts on LEX(C) from the left in such a way that ®, is an
equivalence of left C*"-module categories. By the same argument as Lemma 3.6, we can
identify 4LEX(C) with the category LEX¢(C) of k-linear left exact left C-module functors
on C. The functor

Bt a(CV) €, M s ®h(M)(1) (3.13)

is an equivalence of categories since it is obtained as the composition

alc™y — Ty 4 LEx(C) —=— LExc(C) —2— C. (3.14)
By (3.12) and (3.14), a quasi-inverse of §); is given by
90:C— alC™), Vi A (VRIL). (3.15)

Remark 3.9. Suppose that C*" is rigid. Then C*" is a finite tensor category acting on
C from the left by (XXY)oV =X @V @Y. Let Hom denote the associated internal
Hom functor. As shown in [29], the algebra Hom(1, 1) is canonically isomorphic to the
algebra A of Lemma 3.5. Hence, by the result recalled in §2.7, we obtain an equivalence

R:C— (C™)4, Ve Hom(1,V)=(VREL)®A (3.16)

of left C*™-module categories [13, Proposition 2.3]. The equivalences £, as well as ¢
and ), can be thought of as category-theoretical variants of the fundamental theorem
for Hopf bimodules. There is the following relation:

He(V)Z*R(V*) (V e), (3.17)

where $¢ is a quasi-inverse of H¢. Indeed, by (3.2) and (3.9), we have

*A®(V®]1)%/*(X*ﬁX)ég(V&]l)g/(X@V)&X*E@:{(—)@V].
X X

Hence Hc(*RV*) ZHc(FA® (VK1) =1V =V forall V eC.
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3.5. The modular object

Let C be a finite tensor category over k. We consider the (right) Cayley functor defined
by

Ye:C— REX(C), X—(—)®X (Xel). (3.18)

If we identify C with REX¢(C), then T¢ corresponds to the forgetful functor from REX¢(C)
and thus it has a left adjoint, say Y} (see also (3.21) below).

Definition 3.10. The modular object a; € C is defined to be the image of
Je := Home(—,1)" o 1 € REX(C) (3.19)
under a left adjoint of the Cayley functor. Namely,
ap = T5[Je] (3.20)

If C is the representation category of a finite-dimensional Hopf algebra H, then the
functor J¢ is given by tensoring the trivial H-bimodule. The functor Y} can be described
by the fundamental theorem for Hopf bimodules. Consequently, the modular object cor-
responds to the modular function on H. The detail will be discussed in Section 5 in a
more general setting.

To study the properties of the modular object, we clarify relations between the Cayley
functor and other functors appeared in the previous subsection. Let ®¢ be the equivalence
given by (3.8). Then the diagram

[ =

alcem™) AREX(C) ———— Rexc(C) = .c (3.21)
P | -
cem < REX(C) === REX(C) = REX(C)

commutes up to isomorphisms, where A is the algebra introduced in Lemma 3.5 and
the unlabeled vertical arrows are the forgetful functors. By considering left adjoints of
functors in this diagram, we have

Xec Xec

Ti[F] = (As F)(1) = / X o F(X) 'Y /X®F(*X) (3.22)

for F € REX(C). Since the composition along the top row of the diagram is the equiva-
lence H¢ given in Lemma 3.7, we also have

YTe[®c(M)] = He(Aw M) (M ece™). (3.23)
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Hence, in particular,
ac =T5[Jc] =T [Pe(1XR1)] = He(A). (3.24)

For a while, we suppose that C*" is rigid. Let & : C — (C*")4 be the equivalence
given by (3.16). Then the distinguished invertible object [13] is defined as the unique (up
to isomorphism) object D € C such that R(D) = A*.

Proposition 3.11. Under the above assumption, the modular object of C is isomorphic to
the dual of the distinguished invertible object of C.

Proof. By (3.17) and (3.24), we compute *D = ¢ (*&(D)) = Hc(A) 2 ac. O

As its name suggests, the distinguished invertible object D € C is an invertible object;
see [13] and [29]. We remark that the rigidity of C*" is essentially used in these papers.
On the other hand, Definition 3.10 makes sense even in the case where C*" is not rigid.

We now go back to the general situation and prove the invertibility of a¢ without
assuming the rigidity of C*"V. Our proof uses not only $¢ but also the equivalence £
given in Remark 3.8. As before, we denote its quasi-inverse by E’C

Proposition 3.12. The modular object ac is an invertible object.
Proof. By (3.22) and (3.23), we compute
HeHe(V) = Hc(A® (VELD) ZTE[P(VRD)] Zac®V

for all V' € C. Thus the functor V — a¢ ® V is an equivalence as the composition of
equivalences. This means that a¢ is an invertible object. O

We also note the following formula for the modular object:
Xec

Proposition 3.13. o, = / Home (1, X)" o X.

This formula directly follows from (3.22) and the definition of ac. Since it does not
involve any information about the tensor product of C, we have:

Corollary 3.14. Let F' : C — D be a k-linear functor between finite tensor categories C
and D over k that is an equivalence between underlying categories and satisfies F(1) = 1.

Then we have F(a¢) = ap.

This corollary may be useful to find the modular object. For example:
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Corollary 3.15. For a finite tensor category C over k, we have

Qo Z 0 and g = Qp.
Proof. Apply Corollary 3.14 to id¢ : C — C™ and (—)*: C — C°?. O
3.6. The Radford S*-formula

Let C be a finite tensor category over k. Here we prove the following analogue of Rad-
ford’s formula of the fourth power of the antipode of a finite-dimensional Hopf algebra:

Theorem 3.16. There is an isomorphism of monoidal functors
X Zac@ X" @ar (X el). (3.25)

We call (3.25) the Radford S*-formula. This theorem is first established by Etingof,
Nikshych and Ostrik [13] under the assumption that the base field k is algebraically
closed and Ende(1) = k. Other existing proofs [9,29] work under milder assumptions
but seem to heavily rely on the rigidity of C*". We give a proof of (3.25) that works
without any assumptions.

A key observation for proving (3.25) is that C*" acts on REX(C) not only from the
left but also from the right by the action determined by

Fo(XRY)=F(-o*Y)®X (FeRex(C),X,Y €C). (3.26)

One can check that the equivalence ®¢ : C*" — REX(C) given by (3.8) is in fact an
equivalence of C*"-bimodule categories. Hence C*"V also acts on 4 REX(C) from the right
by (3.26).

We consider the category REX(C)4 of right A-modules in REX(C). To describe this
category, we introduce the following notation: Given a right C-module category M and a
strong monoidal functor T': C — C, we denote by Mr) the category M with the action
twisted by T

Lemma 3.17. REX(C) 4 is isomorphic to the category of k-linear right C-module functors
from Cis—2y to Cis2y, where S = (—)* is the left duality functor on C.

Proof. The proof of this lemma is almost the same as Lemma 3.6 (and thus it is essen-
tially same as the argument due to Day and Street). We first note that a k-linear right
C-module functor C(g-2y — C(g2) is automatically exact. Indeed, if F' is such a functor,
then

F(X)=F1®*X*)=F1leX")~F1)e X" =F(1)® X***
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for all X € C. Now let F' € REX(C). Then we have

NAT(F Q A, F) =~ fV,XGC HomC(F(V ® **X) ® )(*7 F(V))
= [y xec Home(F(V @ 7 X), F(V) ® X*).

Thus a morphism p: F'© A — F is the same thing as a natural transformation
vx  FVe™"X)->FV) X™ (X,VeCl).

The morphism p makes F' a right A-module in REX(C) if and only if £ makes F' a colax
C-module functor from C g-2y to C(s2y. This correspondence gives rise to an isomorphism
of the two categories. 0O

Proof of Theorem 3.16. Set G = (—)®ac. By (3.24) and the definition of the equivalence
e, we have G = (=) ®@9Hc(A) = P (A). Since A is a right A-module in C*", G is in fact a
right A-module in REX(C). Thus, by the previous lemma, there is a natural isomorphism

Erx GV R™X) > GV)e X (V,X €C)

such that (G, §) is a right C-module functor from C(g-2y to C(g2y. Since ac is an invertible
object, the composition

oy id®coev &1, x ®id
o,

X ®ac®ag ac @ X @ ap (3.27)

is an isomorphism for all X € C. The definition of module functors implies that (3.27)
is indeed a morphism of monoidal functors. O

4. The relative modular object
4.1. Tensor functors

By a tensor category, we mean a k-linear abelian category endowed with a rigid
monoidal structure such that the tensor product is bilinear (thus a finite tensor category
is precisely a tensor category whose underlying category is a finite abelian category). For
a k-linear functor T': C — D between tensor categories C and D, we define

T (X)="T(X") and 'T(X)=T(X)" (XeC).

Now let F': C — D and G : D — C be k-linear functors. The following easy lemma will
be used frequently:

Lemma 4.1. F 4 G implies G' 4 F* and'G 4'F.
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By a temsor functor, we mean a k-linear strong monoidal functor between tensor
categories. We note that a tensor functor F' : C — D preserves the duality. Thus, we
have F' = F = 'F. If F has a right adjoint R, then R' 4 F' 2 F and 'R 4 F by the
above lemma. Similarly, if L 4 F, then F - L' and F 4 'L. Summarizing, we have the
following result [5, Lemma 3.5]:

Lemma 4.2. A tensor functor F' has a left adjoint if and only if it has a right adjoint. If
LAFAR, then'R2L=R" and'L=R=L'.

4.2. The relative modular object

Now we introduce the notion of the relative modular object for a tensor functor with
nice properties. We first prove the following lemma;:

Lemma 4.3. Let F' : C — D be a tensor functor between tensor categories C and D, and
suppose that it has a left adjoint L and a right adjoint R. Then the following assertions
are equivalent:

(1) L has a left adjoint.
(2) R has a right adjoint.
(3) There exists an object xp € D such that R= L(— ® xr).

Such an object xp € D is unique up to isomorphism if it exists. More precisely, if the
above conditions hold, then we have isomorphisms

E(l)Zxyr=*G(1), where EALAFARAG. (4.1)

If, moreover, C and D are finite tensor categories, then the above three conditions are
equivalent to each of the following three conditions:

(4) L is exact.
(5) R is exact.
(6) F(P) is projective for every projective object P € C.

Proof. The equivalence (1) < (2) follows from Lemmas 4.1 and 4.2. In more detail, if
L has a left adjoint E, then F' is right adjoint to R = L'. Similarly, if R has a right
adjoint G, then G' is left adjoint to L = R'.

To show (2) & (3), we note that D is a left C-module category by the action given
by XoV=FX)®V (X €C,V € D). Suppose that R has a right adjoint G, and set
X = *G(1). Since F : C — D is a C-module functor, so is R by Lemmas 2.1 and 2.2, and
thus so is GG. Hence, for X € C, we have

GX)=G(X91) =X 5G(1) = F(X)® " (4.2)
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By definition, R is left adjoint to G. On the other hand, by (4.2), we have
Homp (V,G(X)) = Homp(V @ x, F(X)) = Home(L(V ® x), X)

for V€ D and X € C. Thus R = L(— ® x). Conversely, if such an object x exists, then
we see that F'(—) ® x* is right adjoint to R by a similar computation. Hence we have
proved (2) < (3).

Now we suppose that (1), (2) and (3) hold, and let E and G be a left adjoint and
a right adjoint of L and R, respectively. Then, as we have seen at the beginning of the
proof, we have G' = E. The second isomorphism in (4.1) has been proved in the above
argument. The first one follows from the second one as follows:

Finally, we assume that C and D are finite. Then (1) < (4) and (2) < (5) follow from
Lemma 2.8. To show that (5) and (6) are equivalent, we make the category D a finite
left C-module category by F' in the same way as above. For V,W € D and X € C, there
is a natural isomorphism

Homp(X & V,W) = Home (X, R(W @ V*)). (4.3)

Namely, Hom(V, W) := R(W ® V*) is the internal Hom functor for the C-module cate-
gory D. By the basic results recalled in §2.7, we see that each of (5) and (6) is equivalent
to that D is an exact C-module category. O

Definition 4.4. We call x . of Lemma 4.3 the relative modular object of F.

As we explain the detail in Remark 4.9, this object generalizes the relative modular
function of an extension of finite-dimensional Hopf algebras. The following result is also
a motivation of our definition.

Example 4.5. Let C be a finite tensor category such that C*" is rigid.! The main result
of [29] can be rephrased as follows: The forgetful functor U : Z(C) — C satisfies the
equivalent conditions of Lemma 4.3, and the relative modular object of U is given by

Xy = Qp.

Till the end of this subsection, let F' : C — D be a tensor functor between tensor
categories C and D satisfying the equivalent conditions of Lemma 4.3, and let L and R

L If this assumption is dropped, then U : Z(C) — C may not satisfy the equivalent conditions of Lemma 4.3.
For example, suppose that k is imperfect and set V = (mod-k, ®, k). Let £ be a finite inseparable field
extension of k. Then C = (¢-mod-¢, ®g, £) is a finite tensor category over k such that C*" is not rigid. By
Schauenburg [28], there are equivalences Z(C) =~ Z(V) = V of braided monoidal categories. If we identify
Z(C) with V, then the functor U corresponds to the unique (up to isomorphism) tensor functor V — C
sending k € V to £ € C. Thus its right adjoint corresponds to Homyg, ¢ (¢, —), which is not exact since £ is
inseparable over k.
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be a left adjoint and a right adjoint of F'. We first give the following characterizations of
the relative modular object:

Proposition 4.6. If x = xr, then there are natural isomorphisms
LVe@x)ZRV)ZL(x®V) and R(x*®@V)=ZL(V)XZR(V ®x") (4.4)

for V€ D. Each of these natural isomorphisms characterizes the relative modular object:
Namely, if x € D is an object such that one of the isomorphisms in (4.4) exists, then

X = Xp-

Proof. Let E be a left adjoint of L, and let G be a right adjoint of R. Taking adjoints,
we see that (4.4) is equivalent to

F)ox"2G2"x®@F(—) and X" QF(-)XEXF(-)®x. (4.5)

kk A

We now set x = xr. To prove (4.5), we first remark x** = x. Indeed, by Lemma 4.1, we
see that 'G is left adjoint to L = 'R. Hence, by (4.1), we have

X = E(1) 2'G(1) = G1)* = *G(1)™ = ™. (4.6)

The category D is a C-bimodule category via F'. Since F' is a C-bimodule functor, so is R,
and hence so is G. Thus we have natural isomorphisms

FIX)®G1)=X6G1) = G(X)2G(1) o X = G(1) @ F(X) (4.7)

for X € C. Now the first two isomorphisms in (4.5) follow from (4.1), (4.6) and (4.7).
The latter two isomorphisms are proved in a similar way by using the fact that F is a
C-bimodule functor.

To see that each of the isomorphisms in (4.4) characterizes the relative modular object,
consider adjoints of them and then use (4.1). For example, if u € D is an object such
that L 2 R(— ® p*), then we have F = F(—) ® u* by taking left adjoints of both sides.
Hence p = xr by (4.1). The other cases are proved analogously. O

Proposition 4.7. The object xr has the following properties:
(1) xr 21 if and only if F is Frobenius.

(2) xr is an invertible object.

(3) xr belongs to the centralizer of F.

Proof. Write x = xr. Part (1) is obvious from the definition. By (4.4), we have

Lix*@Vex)ZRX @V)=L(V)
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for V € D. Taking right adjoints, we have a natural isomorphism
X®F(X)®x" 2 F(X)

for X € C. Part (2) is proved by letting X = 1 (since D is a multi-ring category in the
sense of [12], an object p of D is invertible if and only if u ® p* = 1; see [12, §4.3]). To
prove Part (3), let F be a left adjoint of L. In view of (4.1), we may assume x = E(1).
As we have seen in the proof of Proposition 4.6, F is a C-bimodule functor if we view D
as a C-bimodule category via F. Thus,

oy :x@FV)=EQ)eVZEV)2VeE1L)=FV)gx (Vel)
is a natural transformation such that (y,o) € Z(F). O

4.8. A formula for the relative modular object

Balan [1] proved a similar result as Lemma 4.3 from the viewpoint of the theory of
Hopf monads. Moreover, Balmer, Dell’Ambrogio and Sanders [3] showed similar results
in a quite general (but symmetric) setting of tensor-triangulated categories. Mentioning
these results, we wonder that the results of the previous subsection are only an instance
of a very general principal in the monoidal category theory.

In any case, our results are not sufficient as a generalization of the theorem of Fis-
chman, Montgomery and Schneider mentioned in Introduction: Their result can be
thought of as an explicit formula for the relative modular object of res# in terms of
the modular function (see Remark 4.9 below), while our results do not give any infor-
mation about the relative modular object. The second main result of this section is the
following formula for the relative modular object:

Theorem 4.8. Let F' : C — D be an exact tensor functor between finite tensor categories
satisfying the equivalent conditions in Lemma 4.3. Then

ap ® Fac) = xp = Flac) ® ap.

Proof. Let L and R be a left and a right adjoint of F', respectively. As before, we make
D a left C-module category by F'. By Lemmas 2.1 and 2.2, the functor R is a C-module
functor. This means that there is a natural isomorphism R(F(X)® V) = X @ R(V) for
X €Cand V € D. In other words, there is an isomorphism

YTcoR=REX(F,R)o YTp, (4.8)

where Y¢ and Yp are the Cayley functors introduced in §3.5.

We consider left adjoints of both sides of (4.8). As before, we denote by Y7 a left
adjoint of Yo (0 =C, D). It is trivial that a left adjoint of R is F'. To get a left adjoint
of REX(F, R), we note that there are natural isomorphisms



K. Shimizu / Journal of Algebra 471 (2017) 75-112 97

NAT(F o Ty, T5) 2 NAT(T},RoT3) and NAT(T30 R,Ty) = NAT(T3,Ty0 F)

forTy:C—C, Ty :D—=C,T3:C—Dand Ty : D — D (see [22, X.5 and X.7] for these
natural isomorphisms). Hence we have

NAT(T,RoT' o F) 2 NAT(F o T,T' 0 F) & NAT(F 0o T o R, F)

for T:C — Cand 7" : D — D. This means REX(R, F') 4 REX(F, R). Thus, taking left
adjoints of both sides of (4.8), we get

FoY; =Y, oREX(R,F). (4.9)

We now compute the image of Jo € REX(C) under (4.9). By the definition of the
modular object, we have F(Y¢[Jc]) = F(ac). On the other hand,

(REX(R, F)[Jc])(V) = F(Home(R(V),1)" o 1)
= Home (L(V ® xr),1)" @ F(1)
= Homp(V ® xp, F'(1))" 1
= Jp(V®xr)

for V € C. If we define an action of D on REX(D) by X &T =T(—® X) for X € D and
T € REX(D), then the above result reads:

REX(R, F)[Jc] = xr © Jp.

Since Tp : D — REX(D) is a left D-module functor, so is T5,. Thus,
Tp [REX(R F)[Je]| = Tplxr © Jp] = xr ® TplJp] = XF @ ap.

Hence xr ® ap & F(ac¢). Since ap is invertible, we obtain the first isomorphism of the
statement of this theorem. The second isomorphism follows from the first one and the
Radford S*-formula. O

Remark 4.9. We shall explain how this theorem implies a result of Fischman, Montgomery
and Schneider [15]. Let A/B be an extension of finite-dimensional Hopf algebras over k,
and let F := resy : mod-A — mod-B be the restriction functor. As we have mentioned

in Introduction, the functors
L= (—) ®pA and R:= (—) ®B HOII’IB(AB,BB)

are a left adjoint and a right adjoint of F', respectively. Recall that we have used the
Nichols—Zoeller theorem to obtain the above expression of R. The theorem allows us to
apply our results to F. Consequently, we obtain
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L(xr ® X) 2 R(X) (X € mod-B), (4.10)

where yp is the right B-module corresponding to the relative modular function given
by (1.2). The relative Nakayama automorphism 8 = 84,p corresponds to the functor
XF ® (—). Since

L(xr ®r X) = L(Xp) = (X5) ®p A= X ®p (5-14),

we get an isomorphism g-144 = Homa(Ap, B) of B-A-bimodules from (4.10). In other
words, the extension A/B is f-Frobenius [15, Theorem 1.7].

Remark 4.10. We have used the Nichols—Zoeller theorem to apply Theorem 4.8 in the
above. Like this, some non-trivial results will be needed to apply our results. Here we
note the following criteria: An exact tensor functor F' : C — D between finite tensor
categories satisfies the equivalent conditions of Lemma 4.3 if it is faithful and surjective
in the sense that every object of D is a quotient of F'(X) for some X € C [14, Theorem 2.5
and Section 3] (notice that our terminology slight differs from theirs).

5. Braided Hopf algebras
5.1. Main result of this section

In this section, we give a description of the modular object of the category of right
modules over a Hopf algebra in a braided finite tensor category (often called a braided
Hopf algebra). To state our result, we first fix some notations related to Hopf algebras
in a braided monoidal category.

Let V be a braided monoidal category with braiding o, and let H be a Hopf algebra
with multiplication m, unit «, comultiplication A, counit € and antipode S. For M, N €
Vi, their tensor product M ® N € V is a right H-module by

AN = (< @ <ay) o (idy ® ON,H ®idy) o (idy ® idy ® A), (5.1)

where <p; and <y are the actions of H on M and N, respectively. The category Vg is
a monoidal category with this operation. In a similar way, the category gV is also a
monoidal category. We note that Vg and gV are rigid if V is rigid and S is invertible.

We recall basic results on integrals of a braided Hopf algebra: Suppose that V is rigid
and admits equalizers. Then the antipode of H is invertible. An (X-based) right integral
in H is a morphism ¢ : X — H in V such that mo (t ® H) = t ® e. The category of
right integrals in H (defined as the full subcategory of the category of objects over H
[22, I1.6]) has a terminal object. We write it as A : Int(H) — H and call Int(H) € V the
object of integrals in H. It is known that Int(H) is an invertible object. See [30] and [4]
for the above results.
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Definition 5.1. The (right) modular function on H is a morphism ap : H — 1 of algebras
in V determined by the following equation:

ag ® idInt(H) =mo (1dH & A) (52)

We regard an object V € V as a right H-module by defining the action of H by the
counit of H. We also identify an algebra morphism ~: H — 1 with the right H-module
whose underlying object is 1 € V and whose action is given by . With the above
notation, the main result of this section is stated as follows:

Theorem 5.2. Let V be a braided finite tensor category over k, and let H be a Hopf algebra
in V. The modular object of C = Vg is given by

ac=Int(H)* @ ay ® agy.

The order of the tensorands in the right-hand side of the above equation is arbitrary,
since they commute with each other up to isomorphism.

Since the antipode S : H — H is an anti-algebra isomorphism, Vg and gV are
equivalent. This equivalence is not monoidal in general, but preserves the unit object.
Thus, by Corollary 3.14 and the above theorem, we have the following description of the
modular object of the category of left H-modules:

Corollary 5.3. The modular object of C = gV is given by
ac =Int(H)" ® ay @ @y,

where ay is the left modular function given by @y = ag o S.

By Theorem 5.2 and Corollary 5.3, we obtain:
Corollary 5.4. For a Hopf algebra H in V), the following are equivalent:
(1) The category of left H-modules in V is unimodular.
(2) The category of right H-modules in V is unimodular.
(3) Int(H) = ay and ag =e¢.

By an extension A/B of Hopf algebras in a braided monoidal category V, we mean a
morphism i4,p : B — A of Hopf algebras in V being monic as a morphism in V. As in
the ordinary case, the functor V4 — Vg induced by i4,p is called the restriction functor.

As an application of Theorems 4.8 and 5.2, we will show the following theorem:

Theorem 5.5. Let V be a braided finite tensor category over k. For an extension A/B of
Hopf algebras in V, the following assertions are equivalent:
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H H H H H H H H H
<) - J W
! ! \ \
H H H H H
H H H H H H H
w_:«‘( é:J_o_
H H H H H H H
H H H H H
H H H H H H H H H

Fig. 1. The axioms of a braided Hopf algebra.

(1) The restriction functor Va — Vg is a Frobenius functor.
(2) Int(A) = Int(B) and asois/p = ap.

The rest of this section is devoted to the proofs of Theorems 5.2 and 5.5.
5.2. Nakayama automorphism

Let V be a braided rigid monoidal category with braiding o, and suppose that it admits
equalizers. We use the graphical techniques to express morphisms in V. Our convention
is that a morphism goes from the top of the diagram to the bottom (cf. [30]). Following,
the braiding o, its inverse, the evaluation ev : X* ® X — 1 and the coevaluation
coev:1 — X ® X* are expressed as follows:

X Y Y X

oxy = % GQ}Y = N ev = XU coev = m

Y X X v XX

The axioms for Hopf algebras in V are expressed as in Fig. 1. Here, for a Hopf algebra
H in V, we depict its structure morphisms as follows:

H H o H H H H
m="¢" u=| A= A s:i S= @ $'=0
H H H H H H

As in the previous subsection, we fix a terminal object A : Int(H) — H of the category
of right integrals in H. By definition, we have

mo(A®idy) =A®e. (5.3)
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It is known that there exists a unique morphism A : H — Int(H) such that
(A®@idg)oA=A®u and /\OAZidInt(H). (5.4)
The paring Aom : H® H — Int(H) is non-degenerate in the sense that

H®coev (Aom)®H™

¢u: H HoH®H* Int(H) ® H* (5.5)
is invertible (see [30] and [4] for these results).

Definition 5.6 (Doi-Takeuchi [11]). The Nakayama automorphism of H is the unique
morphism N : H — H in V such that

Aomoogy =Aomo (idyg @N). (5.6)

Let K €V be an invertible object. The monodromy around K is the natural transfor-
mation Q(K) : idy — idy defined by

idg @ UK)y =ov,x 00K,y (5.7)
for V € V. The definition of a braiding implies
Q1) =id, QK ®K')=QK)oQK') and QK*)=QK)" (5.8)
for invertible objects K and K.
Lemma 5.7. The Nakayama automorphism of H is given by
N =520 (ayg ®idg) o Ao Q(Int(H))y. (5.9)

This formula has been given by Doi and Takeuchi under the assumption that V is, in a
sense, built on the category of vector spaces [11, Proposition 13.1]. Since their argument
cannot be applied to our general setting, we give a proof.

Proof. Set I =Int(H), a = ay and w = Q(I)g. Then (5.9) is equivalent to
S?oN =(a®idy)oAow. (5.10)
To prove this equation, we first prove
(m®idy)o (idyg @ ogm)o (A®idy) = (idg @ m) o (Am® S)o (idg ® A)  (5.11)
as in Fig. 2 (this equation reads “a(1)b®a2) = (ab(1))1)®(ab))2)S(b(2))” in an ordinary

) 2
Hopf algebra in the Sweedler notation). Using (5.3), (5.4) and (5.11), we obtain three
formulas depicted in Fig. 3. Now (5.10) is proved as in Fig. 4. O
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H H H H H H H H H H
H H H H H H H H H H

Fig. 2. Graphical proof of Equation (5.11).

I H I H H H H H I H I H
@
H H I H I H
Fig. 3. Formulas involving integrals.
I H I H
S —
P ®
I H I H
I H I H I H I H
t
Figure 3 (5.2) (5.4) (5.7)
3 1 W f (o]
I H I H I H I H

Fig. 4. Graphical proof of Equation (5.10).

5.8. The fundamental theorem for Hopf bimodules

Let ¥V and H be as in the previous subsection. For an H-bimodule M € gVg, we
express the left action >;; and the right action <p; of H on M respectively as follows:

H M M H
Dy = q and <1M:+—j
M M

Given M, N € gVy, we define M @ N to be the H-bimodule with the underlying object
M ® N and with actions
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H M N M N H
D]\/f@N = and <]M®N = (512)
M N M N

The category mVpy is a rigid monoidal category with respect to ®@. Note that the left
dual object of M € gVy (with respect to ®), denoted by MV, is the H-bimodule with
underlying object M* and with actions

H M* M* H

Dy = %w and <yv = q (5.13)
M

M*

The object H € V is an H-bimodule by m. Moreover, the coalgebra (H,A, ) in V is
in fact a coalgebra in (gVu, ®,1). We denote by 2V, the category of left H-comodules
in gVg and refer to an object of this category as a Hopf H-bimodule. By definition,
an object of #V,; is an H-bimodule M in V endowed with a left H-comodule structure
Op M — H® M in V such that

H M H M M H M H
: = and = (5.14)
H M i M H M H M

(here, the coaction dj is expressed by the picture of by turned upside down). Thus a
Hopf H-bimodule defined here is the same thing as a two-fold Hopf bimodule of Bespalov
and Drabant [2, Definition 3.6.1].

For M e EVH, we set myr =D 0 (S®idps) odp : M — M. The coinvariant of M,
denoted by M is defined to be the equalizer of m); and idy;. It is also an equalizer
of §p and v ® idys. Thus, symbolically, we have

M = Eq(mas,idas) = Bq(dar, u @ idag). (5.15)
Let M,q be the right H-module with underlying object M and with action
4?\5}:I>MO(S®<1M)O(O'M)H®idH)O(idM®A). (516)

We call 4%}} the adjoint action and express it by the same diagram as a right action but
with labeled ‘ad’ (as in the first diagram in Fig. 5). The morphism 7y is in fact an
H-linear idempotent on the right H-module M,q. Hence M°H is a right H-module as
a submodule of M,.q.

An object of the form H @ M, M € gVy, is a Hopf H-bimodule as a free left
H-comodule in gVg. We regard a right H-module as an H-bimodule by defining the
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HY H H* H H* H
JE (6.13) _
HY HY H* H*

Fig. 5. The computation of the adjoint action.

left action by €. The fundamental theorem for Hopf bimodules (Bespalov and Drabant
[2, Proposition 3.6.3]) states that the functor

H&(=):Vy = Vg, Ve HQV (VEeVy) (5.17)

is an equivalence of categories with a quasi-inverse (—)°H.

The left dual object of a right H-comodule in gV is a left H-comodule in a natural
way. We are interested in the Hopf bimodule HY € £V, (where H is regarded as a right
H-comodule in Vg by the comultiplication). In view of the fundamental theorem, it is
essential to determine its coinvariant.

Lemma 5.8. (HV)°H = Int(H)* ® ay as right H-modules.
Proof. As remarked in [4, §3.1], A is a coequalizer of
fi=idg®*u and g¢:=(ldy ®ev)o (A®id«p).

Note that g* is the coaction of H on HY € £V, By (5.15), \* : Int(H)* — H* is the
coinvariant of HY. Hence the claim of this lemma is equivalent to

<@ o (V' @idy) =\ @ ag. (5.18)

For simplicity, we set I = Int(H), a = ay and @ = Q(I);'. The adjoint action is
computed as in Fig. 5. The equation equivalent to (5.18) via

Homy (I ® H,H*) 2 Homy(H ® H,I)

is proved as in Fig. 6. O
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H H H H H H
N

ad

DO
S

Figure 5

(5.7),(5.8)

Fig. 6. The computation of the action of H on (HY ).

5.4. Proof of Theorem 5.2

We now prove Theorem 5.2. We recall the assumptions: V is a braided finite tensor
category over k with braiding o, and H is a Hopf algebra in V. We regard V as a full
subcategory of C := Vg by regarding an object of V as a right H-module by the counit
of H. There are forgetful functors

REX¢(C) e, REX(C) and REx¢(C) Oerv, REXy(C) v, REX(C)

such that ©¢ = ©¢/y o ©y. Since the Cayley functor T¢ corresponds to ©¢ under the
identification REX¢(C) & C, the composition

Te

0; : REX(C) ¢ —=— REx¢(C)
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is left adjoint to ©¢. Now we set Jo = Home(—,1)* ¢ 1 € REX(C). By the definition of
the modular object, we have:

Lemma 5.9. ©}[Jc] = (—) ® a¢ in REX¢(C).

Our main idea of the proof of Theorem 5.2 is to compute ©F[Jc] in terms of left
adjoints of ©y and O¢ /). We first prove:

Lemma 5.10. The functor ©y has a left adjoint, say ©3,. We have
OylJe] = (=) ®u av,
where ay € V is regarded as an H-bimodule by the counit of H.

Proof. That ©y, has a left adjoint follows from Lemma 3.6. To prove the claim, we note
that the inclusion functor 7 : V — C has a left adjoint

t:C—V, X— Xyl

Since ¢ and t are k-linear right exact V-module functors, by Lemma 3.4, they induce a
k-linear right exact strong V*"-module functor

Q := REX(t,7) : REX(V) — REX(C), Fr~—ioFot.

Now let A = fXGVX X X* be the algebra in V"V considered in Lemma 3.5. Since
) is a strong V*"-module functor, it induces a functor (also denoted by €2) between
the categories of A-modules in such a way that the following diagram commutes up to
isomorphism:

Ac(-) Lemma 3.6
—_—

REX(V) AREX(V) — REXy (V)
Q l Q l Q
AS(— emma 3.6 Y
REX(C) =0 AREX(C) I—N‘“’> REXy(C)

Now we chase Jy := Homy (1, —)* ¢ 1 € REX(V) around this diagram. Since the compo-
sition along the bottom row is ©7,, we have

e5,Q[Jy] = Q[A S Jv]
in REXy(C) = 4REX(C). Since ¢ is left adjoint to i, we have

Q[Jy] = Homy (¢(—),1)" ¢ 1 2 Home(—, 1) o 1 = Je.



K. Shimizu / Journal of Algebra 471 (2017) 75-112 107

Since F — A S F is left adjoint to the forgetful functor 4REX(V) — REX(V), we have
A Jy = (—) ® ayp by the definition of the modular object. Hence we have

Q[A S Jv] = Q[(—) ) Ozy] = t(—) ® ay = (—) QH oy
in REXy(C). Therefore ©3,[Jc] = (=) @p ap. O
We now consider the forgetful functor ©¢,y : REXc(C) — REXy(C).
Lemma 5.11. O¢ /)y, has a left adjoint, say @z/v. For M € ygVyg, we have
O3y [(-) @r M| = (=) ® (HY & M)=H,

Proof. We consider the following diagram:

O¢ /v
REX¢(C) REXy(C)
A l
Vi il iy, r uVH,

where the vertical arrows are the equivalences given by Lemma 2.8 and F' is the functor
forgetting the comodule structure. Since there is an isomorphism

XepHOV)ZXeV (X,Vel),

the diagram commutes up to isomorphisms. The functors in the diagram are equivalences
except I and O¢,y, and the functor tensoring H V' is left adjoint to F. Thus ©¢ /v has a
left adjoint as the composition of functors having left adjoints. Hence we get the following
diagram commuting up to isomorphism:

Oc/v
REX¢ (C) REXy (C)
T (_)coH HV®(_) T
Vi Hy wVi.

Now the claim is obtained by chasing M € gVpg around this diagram. O
Proof of Theorem 5.2. Since O¢ = Oy 0 O¢/y, we have

O¢[Je] = (O¢ v © O%)[Jel- (5.19)
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The left-hand side is (=) ® a¢ by Lemma 5.9. Set I = Int(H). The right-hand side is
computed as follows:

(@Z/V 0 Oy)[Jc] = @z/v [(—) QH Oév} (by Lemma 5.10)
= (-) @ (HY @ ay)®? (by Lemma 5.11)

1R

(-)® (H& (I" @ ap ® ay))°H (by Lemma 5.8)

1

()" ®ag ® ay.
Now the result is obtained by evaluating the both sides of (5.19) at 1. O
5.5. Proof of Theorem 5.5

We now prove Theorem 5.5. The assumption is that V is a braided finite tensor
category over k and i4,p : B — A is an extension of Hopf algebras in V.

Proof of Theorem 5.5. Let F' : V4 — Vg be the restriction functor. It is sufficient to
show that Theorem 4.8 is applicable to F'. For M € Vg, we denote its underlying object
by My for clarity. As before, we regard V C Vg (and thus My € Vp). For X € Vg, we
consider the morphism

idx ®id;®i% idx®¢5"
_—

Xo® 1o ® (pA)* Xo® Iy ® (pB)* Xo®B 5 X,
where I = Int(B) and ¢p is the isomorphism given by (5.5) with H = B. This is
an epimorphism of right B-modules. Obviously, Xy ® Iy ® (5A)* is a restriction of an

A-module. Thus, by Remark 4.10, we can apply Theorem 4.8 to F. O
6. Radford-Majid bosonization
6.1. Main results of this section

Given a Hopf algebra H over k and a Hopf algebra B in the Yetter—Drinfeld category
HYD, one can construct an ordinary Hopf algebra B#H, called the Radford—Majid
bosonization. This construction is important in the Hopf algebra theory, especially in
the classification program of pointed Hopf algebras.

There is a category-theoretical counterpart of the Radford—Majid bosonization: Let C
be a monoidal category, and let B = (B, 7) be a Hopf algebra in Z(C). Since Z(C) acts
on C via the forgetful functor, the category gC of left B-modules in C is defined. The
tensor product of M, N € gC is a left B-module in C by

Pren = Py @>y) o (Idp ® Tar ®idy) 0 (A ®idy ® idw),
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where >y, and >y are the actions of B on M and N, respectively. The category gC is
a monoidal category with respect to this operation. It is well-known that, if C is the
category of left H-modules, then Z(C) can be identified with #)D, and the category gC
is canonically isomorphic to the category of left B# H-modules as a monoidal category.

We now consider the case where C is a finite tensor category. Then gC is also a finite
tensor category. In view of applications to generalizations of the bosonization construc-
tion, we are interested in determining the modular object of gC. With the notation used
in Section 5, our main result is now stated as follows:

Theorem 6.1. If the forgetful functor U : Z(C) — C satisfies the equivalent conditions of
Lemma 4.3, then the modular object of A = BC is given by

ay=UInt(B))* ® ac @ U(as).

We note that the assumption on U is satisfied if, for example, the base field k is perfect
(see Example 4.5). This result resembles Corollary 5.3. However, the techniques we have
used in Section 5 do not seem to be applicable. Thus we rather derive this theorem by
using Corollary 5.3 and some fundamental properties of the relative modular object.

Before we give a proof of this theorem, we give some applications. Let C and B be
as in the above theorem. The first one reduces to a result on the unimodularity of a
finite-dimensional Hopf algebra obtained by the bosonization.

Corollary 6.2. gC is unimodular if and only if ac = U(Int(B)) and ap = ¢.

The second corollary below closely relates to [15, Theorem 5.6] that describes the
Frobenius property of an extension of Hopf algebras obtained by the bosonization.

Corollary 6.3. For an extension i : B — A of Hopf algebras in Z(C), the following
assertions are equivalent:

(1) The restriction functor ressy : AC — BC is a Frobenius functor.
(2) U(Int(A)) = U(Int(B)) and aa o = ag.

Proof. One can check that res satisfies the equivalent conditions of Lemma 4.3 in the
same way as Theorem 5.5. The claim follows from Theorems 4.8 and 6.1. O

6.2. Proof of Theorem 6.1

For a monoidal category V, we denote by V-Mod the 2-category of essentially small
left V-module categories, lax V-module functors and morphisms between them. Let A
be an algebra in V. In this paper, we have repeatedly used the fact that a lax V-module
functor F' : M — N induces a functor 4 F : ;M — 4N between the categories of
A-modules. This fact is a part of the general fact that there is a 2-functor
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A(=) : V-Mod — (the 2-category of categories), M +— 4 M

given by taking the category of left A-modules. An important consequence is that an
adjunction F' 4 G in V-Mod yields an ordinary adjunction 4 F -4 4G.

Now let C be a finite tensor category over a field k. To clarify our argument, we consider
a more general setting than Theorem 6.1. Let V be a braided finite tensor category, and
let F':V — C be a tensor functor satisfying the equivalent conditions of Lemma 4.3 so
that it admits the relative modular object. We moreover assume that F is central in the
sense that there is a braided monoidal functor F : V — Z(C) such that U o F' = F. Let
H be a Hopf algebra in V. Since V acts on C via F', the category yC of H-modules in
C is defined. By the assumption that F' is central, yC is in fact a finite tensor category
and the functor g F : gV — gC induced by F is a tensor functor.

As in Section 5, we regard C as a full subcategory of gC by endowing an object of C
with the trivial action of H. For simplicity, we set A = gC and B = g V. Then there is
the following relation between the modular object of A and B.

Lemma 6.4. xp ® aq = gF(ag).

Proof. Let E be a double-left adjoint (= a left adjoint of a left adjoint) of F. By the
proof of Lemma 4.3, E = F(—) ® xr as left V-module functors. By the argument at the
beginning of this subsection, g FE is a double-left adjoint of xF. Thus, by Lemma 4.3,
the relative modular object of gF is g E(1), that is the object xr € C endowed with
the trivial H-action. Now the claim is proved by applying Theorem 4.8 to the tensor
functor gF. O

Proof of Theorem 6.1. The assumption is that C is a finite tensor category such that
the forgetful functor U : Z(C) — C admits the relative modular object and B is a Hopf
algebra in Z(C). For simplicity, we set A = gC, B = gZ(C), and I = Int(B) and write
U simply as U. Then we have

as = x5 @U(ag) (by Lemma 6.4 with F = U)
2xp @UI" ®@aze) @aB) (by Corollary 5.3)
=xp @UM)* @U(aze)) ® U(as)
2UI)" @xp ®@U(aze))@U(as) (since I € Z(C))
2UD)" Qac@U(@r) (by Theorem 4.8). O
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