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Introduction

In commutative algebra, graded modules, as well as standard multigraded ones, have been object
of study by many authors. Although some results on non-standard graded modules are known this
is not the case of non-standard multigraded modules. By standard (resp. non-standard) multigraded
module we mean a multigraded module over a standard (resp. non-standard) multigraded ring. A gen-
eral reference on the subject could be [6].

Along this paper S is a non-standard N'-graded Sq-algebra finitely generated by elements of mul-
tidegrees ¥ = (¥i....,%/,0,...,0) e N, with ] #0, for i = 1,...,r. For some of the results in the
second part of the paper, we need to restrict our setting to the almost-standard case, that is with
positive multiples of the canonical basis of R as multidegrees of the generators.

The main purpose of this paper is to study some cohomological properties of multigraded
S-modules and, in particular, of the Veronese modules associated to a non-standard multigraded
S-module M. We mainly study the vanishing of the local cohomology modules of M and of Veronese
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modules of M, generalizing some results on the depth of Veronese modules associated to Rees alge-
bras proved in [4].

In Section 1 we extend several results on homogeneous ideals of Z-graded rings to homogeneous
ideals of non-standard Z'-graded rings, Proposition 1.1. We consider the multigraded scheme Proj’ (S)
and we define the projective Cohen-Macaulay deviation of a multigraded modules and we link this
number with the generalized depth, studied by Brodmann and Faltings (see [1,5]), Theorem 1.3. As a
corollary we prove that the generalized depth remains invariant by taking Veronese modules, Propo-
sition 1.4.

In the first part of section two we prove, under the general hypothesis on the degrees of S, that
the depth of the Veronese modules M® is constant for special asymptotic values of b, Proposition 2.1.
In the second part of the section we extend to a non-standard framework the notion of finite grad-
uation [12]. Under some special degrees of S we prove that the generalized depth of a multigraded
module coincides with its finitely graduation order, Theorem 2.8. We use it to get that the depth of
the Veronese modules M@ is constant for large a, b € N, Theorem 2.12, and we apply this result to
the multigraded Rees algebras associated to a finite set of ideals, Proposition 2.15.

Notations. Along the paper we use the underline to denote a multi-index: a = (aq,...,a;) € Z". We
write |a| = ZL] laj|. Given a,b € Z', a-b is the termwise product of a and b, and a > b if, and only
iffag>b;foralli=1,...,r.ForallAecZweput A=(A,...,A) €Z".

Given integral vectors y; = (y{,...,%,0,...,00e N', i=1,....r, such that ¥/ # 0, we denote by
¢ the map

07" =7,
.

ne Y Ny
i=1

Note that Im(¢) =I"(y1, ..., V) is the subgroup of Z" generated by y;,i=1,...,r.

We denote by G the r x r triangular matrix whose columns are the vectors 1, ..., yr. Note that G
is a non-singular matrix and that the multi-index t;y7 + - - - + t;); is the column vector Gt.

Given a € N*" we denote by ¢, the map

a7 -7,
n— ¢g(n) =¢m-a,

with ¢g(n) =¢n-a) =Y i_;(njay)y; for all n e Z'.
Let S = @neNr Sn be a Noetherian N"-graded ring generated as Sp-algebra by homogeneous el-

ements gi], j=1,..., ui of multidegree y; for i = 1,...,r; the number of generators of S is
=1+ -+ . Notice that S = P, Sp, with I" = I'(y1,..., yr). We assume that Sg is a lo-
cal ring with maximal ideal m and infinite residue field.

Fori=1,...,r, let I; be the ideal of S generated by the homogeneous components of S of mul-
tidegrees (dq,...,d;,0,...,0) with d; # 0. We define the irrelevant ideal of S as Sy =11---I. As
usual we write S = €P,_o Sn D S++. Notice that in the graded case, i.e. r =1, these two ideals are
the same Sy =544.

The Veronese transform of S with respect to a € N*', or (a)-Veronese, is the ring

SO =P Spum-

neNr"

This is a subring of S. The degrees of the generators of S©@ have the same triangular configuration as
the degrees of S.
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Given an S-graded module M we denote by M@ the Veronese transform of M with respect to
aeN* beN, or (a,b)-Veronese,

b
M@ = B Mg, m)+b-

neZ’

This is an S@-module. Observe that in the case of b= (0,...,0) we get the classical definition of
Veronese of a module.

Let M be a finitely generated S-module. By using a similar argument as in [7, Lemmas 1.13
and 1.14], see also [6], we can prove that the local cohomology functor and the Veronese functor
commute, i.e.

~ (a.b)
g0 (M@D) = (Hi (M),
where M is the maximal homogeneous ideal of S, i.e. M =m® S, and a € N*", b € N". For the basic

properties of local cohomology we use [2] as general reference.
1. Generalized depth and Veronese modules

In this section, we study, in our multigraded setting, some properties of a multigraded module and
the Veronese transform of a module. These properties allow us to study the generalized depth of a
multigraded module and its Veronese.

Let Proj’ (S) be the set of all relevant homogeneous prime ideals on S, which is the set of all
homogeneous prime ideals p of S such that p 2 S44. Note that p 4 Si4 if and only if for each
1<i<r there exists 1< j(i) < w; such that g/¥ ¢ p. See [11,14] for a similar definition. Given a
homogeneous ideal p C S we denote by U the multiplicative closed subset of S of homogeneous
elements of S\ p; we denote by S(p) the set of fractions m/s e U~'S such that deg(m) = deg(s) e N";
S(p) is a local ring with maximal ideal pU~1S N S(p).

In the next proposition we claim several results relating properties of non-standard Z'-graded
rings and modules with their Veronese transforms. The proof is similar to the standard graded one.
See Propositions 4.2.1-4.2.3 in [3] for a detailed proof.

Proposition 1.1.

(i) Forall p € Proj' (S) the ring extension

Sy = Sp

is faithfully flat with closed fiber K(p).
(ii) Foralla € N*", the extension S©@ < S is integral, dim(S@) = dim(S) and there is a homeomorphism of
topological spaces

Proj’ (S@) = Proj’ (S).

For all p € Proj’ (S) it holds ht(p@) = ht(p).
(iii) Let M be a finitely generated Z'-graded S-module. For all p € Proj (S) and a € N*', b ¢ N', it holds

(@b
M(p@) =Mb)p).-

Given an ideal p € Spec(S) we denote by p* the prime ideal generated by the homogeneous ele-
ments belonging to p, see [6, Section 2]. We can relate the depths of the localization on a prime p
with the localization on p*.
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Proposition 1.2. Assume that S is a catenary ring. Let M be a finitely generated 7' -graded S-module. Given
an ideal p € Spec(S) such that p 7 Sy and M # 0O, then it holds

depth(Mp) + dim(S/p) = depth(Mp+)) + dim(S/p*).
Proof. We put d = dim(S,/p*S,). From [6, Proposition 1.2.2 and Corollary 1.2.4], we have that
depth(Mp) = depth(Mp+) 4+ d and dim(Mp) = dim(Mp+) + d. On the other hand, since S is catenary

we have dim(S) = dim(S) —dim(S/p) and dim(Sp+) = dim(S) —dim(S/p*). From these identities we
get

depth(Mp) 4+ dim(S/p) = depth(Mp+) 4 d + dim(S) — dim(S;)
= depth(Mp+) +d + dim(S) — dim(Sp+) —d
= depth(Mp) 4+ dim(S/p™).

Since the morphism S,y — S, is faithfully flat with closed fiber k(p) we get, by [13, Theo-
rem 23.3], that depth(Mp+) = depth(M+)). Hence the claim is proved. O

Let M be a Z"-graded S-module. We denote by pcmd(M) the projective Cohen-Macaulay deviation
of M, i.e. the maximum of

dim(S(p)) — depth(M(p)),
where p € Proj' (S), see [4].

We denote by gdepth(M) the so-called generalized depth of M with respect to the homogeneous
maximal ideal M of S, gdepth(M) is the greatest integer k > 0 such that

S+ Crad(Anns(H'y,(M)))

for all i <k, see [8]. Note that gdepth(M) > depth(M).

In the case when Sp is a quotient of a regular ring, we can relate these last two integers. This
relation is crucial in order to prove that the generalized depth of a module coincides with the one of
its Veronese transform. Next theorem generalizes Proposition 2.2 in [9].

Theorem 1.3. Let M be a finitely generated Z'-graded S-module. If S is the quotient of a regular ring then
gdepth(M) = dim(S) — pcmd(M).
Proof. From [5, Satz 1] (see also [12]) we get
gdepth(M) = péig{depth(Mp) +dim(S/p)}
with ¥ = {a| a € Spec(S), a  S4+}. From Proposition 1.2, we get that
depth(Mp) + dim(S/p) = depth(Mp+)) + dim(S/p*),
so we can assume that p € Proj'(S). Therefore we get

gdepth(M) = min {depth(My)) +dim(S/p)}.
peProj’ (S)
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Since S is catenary dim(S/p) = dim(S) — dim(Sp)), and hence

gdepth(M) =dim(S) — max {dim(S(p)) — depth(M(p))}
peProj’ (S)

=dim(S) — pcmd(M). O
From Theorem 1.3 and Proposition 1.1 we get the invariance of gdepth under Veronese transforms:

Corollary 1.4. Let M be a finitely generated Z'-graded S-module. If Sg is the quotient of a regular ring, then it
holds

gdepth(M@?) = gdepth(M)
forallae N*", b e N,
2. Vanishing theorems and asymptotic depth of Veronese modules

In [12], for a graded module M, the author defines an integer to control the finite graduation
of the local cohomology modules of M with respect to the maximal homogeneous ideal M of the
ring S. He considers the greatest integer k > 0 such that HSM(M) is finitely graded for all i <k (i.e.
HL\A(M)H =0 except for a finitely many n € Z). We denote this integer fg(M).

In this section we introduce the generalization, in the multigraded case, of the concept of fg(M).
We prove some results on the vanishing of a module and its local cohomology modules and we relate
this with the generalized depth. To reach our goal, we need to fit the generalization of fg(M), that
we call I"'-fg(M), to the multigraduation. We also study the asymptotic depth of Veronese modules.
We can prove that, by restricting the graduation, this depth is constant for (a, b)-Veronese modules
for g, b in suitable asymptotic regions of N" by using the previous work done in the paper.

We want to study the depth of the Veronese modules M@Y for large values g, b € N'. Under the
hypothesis on the multidegrees of this paper we can prove the following results by considering some
Veronese modules.

We denote by vad(M™) (resp. vad(M®™*))) the Veronese asymptotic depth of M, that means the
maximum of depth(M@) (resp. depth(M@1))) for all g e N* (resp. for all a, b € N*").

Proposition 2.1. Let M be a finitely generated Z"-graded S-module and let s = vad(M ™). There exists a =
(@i, ...,ar) € N*" such that for all b € {(Maz, ..., Arar) | Aj € N*¥},

depth(M@) =s,
i.e. is constant.

Proof. Let s =vad(M™). This means that there exists an @ € N*" such that

Hi\/l@ (M@) =0

fori=0,...,s—1.
Let us consider b € {(A1a1,...,Ara;) | Aj € N*} = {1 -a |1 e N*"}. Then for all n € Z', since ¢(n) =
¢b-n)=¢(@-1-n)=g¢u-n), we have that

HY 0 (M®), = Hiy (Mg, ) = Hiyy(Mgym = Hi 0 (M), , =0

fori=0,...,s — 1. From this, we deduce that depth(M@) > s, but s was the maximum. Therefore,
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depth(M®) =
for all b e {(Maq,...,2rar) | A €eN*}. O

Let us consider the multigraded Rees algebra associated to ideals I, ..., I in a Noetherian local
ring (R, m),

R, ....In=EP I} - It} C Rty ... 6]

neN"

Proposition 2.2. Let s = vad(R(I1, ..., I.)®). There exists a = (a1, ...,a;) € N*" such that for all b €
{(ay, ... Aar) | A € N¥)

depth(R(I%", ..., 1)) =s.

Moreover, if depth(R(I1, ..., I;)) =s, then

depth(R(I2", ..., 1)) =5,
i.e. is constant for all b € N*.

Proof. Observe that the multigraded Rees algebra has a standard graduation and hence, for a =
(a,...,ar),

R, ..., 17 =R(4,.... 1@

and then the claim is a consequence of the previous proposition. The second statement follows from
the first one by considering a=(1,...,1). O

We would like to extend the previous results on the asymptotic depth of the Veronese modules to
regions of N' instead of some nets there. First we have to study the vanishing of the local cohomology
modules of a multigraded module M.

A cone Cg C N" with vertex at g € N with respect to y1, ..., y; is a region of N” whose points are
of the form 8 + er=1 Aiyi e NT with A; e Ry for i=1,...,r. Given n= (ny,...,n;) € Z" we denote
n* = (ml,..., ) eN".

If M is a finitely generated Z'-graded S-module with generators hy, ..., hs of multidegrees d! =
@i, ..., d}), s dS=(d5,...,d}) € Z" respectively, we denote by Iy the I'-invariant subset of Z"

S
FM:U(Qi-l-F),
i—1

i.e. Z"\ I'y is the set of multi-index for which there is no non-zero elements of M.

Lemma 2.3. For all Be 7" and c € N there exists o € I'y suchthatoe >c=(c,...,c)anda € B+T.
Proof. The condition ¢ € (8 + 1) N (d! + I') is equivalent to the equation

a=d" +Gt=p+Gn,
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SO

n=t+G"'(d" - B).
Hence for a t>>0 we get thatn>>»>0,sox e IyN(B+ ) anda>c. O

Proposition 2.4. Let M be a finitely generated Z'-graded S-module such that S, C rad(Anns(M)). Then
there exists § = (B1, ..., Br) € I'v such that My =0, for alln € Z' such that n* € Cg.

Proof. We prove the result first assuming that M is N’ generated, i.e. we assume that hq,...,hs
are the generators of the S-module M with multidegrees (dl,...,d}),...,(ds,...,dﬁ) € N respec-
tively. Let o = (@q,...,0) € Z' be the maximum componentwise of these multidegrees, i.e. a; =
max{d!,....d5}, i=1,...,1.

The elements of My, n € N', are linear combinations with coefficients on Sg of elements of the
type

g_ﬂﬂ . &’ﬂhj,
where, using multiindex notation, &"ﬁ = (g;)”’rl e (gf‘)m#[ with m; = (mg ey mé“) € N#t, This ele-
ment has multidegree
Im; | d!
n=deg(gi™...g™h;)) =G| : |+
Im| d

Let u be a non-negative integer such that (S;4+)"M = 0. We define B recursively:

Bi=uy! + Byt By

fori=r,..., 1.
Given a multi-index n = + 2?21 Aiyi € Cg NIy, A; > 0, we have to prove that M, = 0. We have

A B m | d!
n=G| : |+ :|=c| : |+]|:
Ar Br Im | d!
If we prove that |my| > u + Aq,...,|m| > u + Ay, then &’E...&”ihj € (5++)*M =0 and hence

Mp=0forallneCgNry.
We will prove by recurrence a stronger result:

Bi+ i > Imi| = u+ A

fori=1,...,r. From the definition of g, =uy/ + o and

Br+ eyl = Imily +df

we deduce
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v (imel = w+Ap) =ar —df >0,

Since Y] > 1 we get

|T&| Z U+ Ar.

On the other hand

B+ — Ime| = di + (v} = 1)(Ime| = Ar) >0,
Let us assume that B + Ar 2 [mr| 2 u+Ar, ..., Bit1 + Ait1 2 [Miy1]| > v+ Aiy1. We will prove that
Bi+ i = mi| > u+ A, i > 1. We have
Bi +)»i)’,'i +)»i+13/,'i+l + ... +)‘ryjr — |”j|)’,l + |mi+1|J/,'i+1 I |@|V;r +d,]
)
. r .
yi(u+a—mil)+ > v (B+n—ml) + o —d! =0.
I=i+1

By induction we deduce that

Imi| > u + ;.

A simple computation shows that

.
Bt i = Imil = (v = 1) (imil =) + 3 i (Imul = 21) +df > 0.
I=it1

Hence we have proved that M, =0 for all n € Cg.
Let us assume now that M is generated by hi,...,hs with multidegrees (d!,.. ,,d}), R

(d3,...,d%) € Z" respectively. Let ¢ = | min{0, dij, j=1,...,s, i=1,...,r}|. Let N be the following
submodule of M:

N =DM,

n>0

From Lemma 2.3 there is ¢ € I'y such that ¢ > ¢ and @ € I'y N (B(N) + I'). Since Cy C Cp and & > ¢
we get that My =0 forallneZ" and n* € Cg. O

Corollary 2.5. Let M be a finitely generated Z'-graded S-module and N C M a submodule. We assume that
(S+4)*(M/N) =0 for u € Z. Then there exists B € I'wyn such that My C Ny, foralln € 7" such that n* € Cg.

Proof. It is only necessary to use Proposition 2.4 with the finitely generated module M/N. There will
exists a cone Cg where (M/N), =0 for n* € Cg, and hence My C Ny. O

We say that a Z'-graded S-module M is I"-finitely graded if there exists a cone Cg C N" where
My, =0 for all n € Z" such that n* € Cg. We denote by I"-fg(M) the greatest integer k > 0 such that

HDVI(M) if I"-finitely graded for all i <7I<, see [12].
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Remark 2.6. Notice that in the standard graded case, i.e. r =1, the definition of I"-fg(M) coincides
with the classical

fg(M) = max{k >0 | H'\,(M) is finitely graded for all i < k}.

In this case a module is finitely graded if the pieces of degree n are 0 for |n| > ng, for some ng € N,
which is, in fact, a cone with vertex in ng, so

fg(M) = I'-fg(M).

From now on we assume that the graduation is almost-standard. By almost-standard multigraded
(or Z-graded) ring S we mean the multigraded ring with generators of multidegrees

"1 =()/11,0,...,0)=)/11€1,
¥i=(0,...,0,%,0,...,0) = y/e,

¥r=(0,....0,¥]) =y e

with yf, ....¥f >0and eq,...,e; the canonical basis of R". Note that in this case we have

Cp=(B+Rx0)") NN

for all Be 7Z'. Note that the intersection of two cones is a cone:

CgﬂCéZCQ

with § = (max{a;, Bi}; i=1,...,1).

An important point in the proof of the main theorem, is to assure that H’/‘\A(M) is I'-finitely
graded for all k > 0 in case that the module M is I'-finitely graded as well. For that reason we have
to restrict the graduation to the almost-standard case. We prove that in the next proposition.

Proposition 2.7. Let S be an almost-standard multigraded ring. Let M be a finitely generated Z'-graded S-
module. If M is I -finitely graded then H’j\/[ (M) is also I'-finitely graded for all k > 0.

Proof. Since M is I'-finitely graded, there exists an element g € N" such that My =0 for all n € Z'
with n* € Cg. We want to prove that H’/‘\/t(M),2 =0 for n € Z" with n* € Cg as well.
Since ng (M) = I'ny(M) € M, then the claim is obviously true for k = 0. Let us assume that k > 0.

The ideal M is generated by a system of generators of m, say hq,...,hy, and by g,f j=1,..., ui
i=1,...,r. If we denote by fi,..., fo the above system of generators of M then the local cohomol-
ogy modules H’, (M) are the cohomology modules of the complex

o
0—>M—>®Mfi—> @ Mfifj_>"’_)Mf1~"fa_>0'
i=1 1<i<j<o
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The module H’jvl(M) is S-graded: the graduation is induced by the graduation defined on the local-
izations Mg, where g is an arbitrary product of k different generators of M. Given z=x/g" € My we
have

deg(z) = deg(%) =deg(x) — tdeg(g).

If we assume that deg(z) =n with n* € Cg then there exists a vector ¢ = (&1,..., &) € {—1,+1})
such that ¢ -n= g+ G2 with A; € R;o. We denote here ¢ -n for the termwise product of ¢ and n. So,

n=g-(f+Gh).

On the other hand we may assume, without loss of generality, that deg(g) = Gk with k =
(kK1,...,kw,0,...,0) with k; #0,i=1,..., w. Hence we have

deg(xg’) = deg(2) + (t +s)deg(g) =& - (B + GA) + (t + )Gk

for all s > 0.
We want to prove that deg(xg®)* € Cg, for some s > 0, so we have to assure that there exists

He (R>0)" and ne{-1, +1}" such that

n-[e-(B+GL) + (t+5)Gk] =B+ Gu.

Fori=w+1,...,r we have the equation

niei(Bi + 2ivi) = Bi + wivi

we set n; =¢&; and u; =X; > 0.
Fori=1,...,w we set n; =1, and then we have to consider the equation

ei(Bi + Vi) + (E+ kv = Bi + v -

If =1 then uj=x1+ ¢ +95k; >0. If & =—1 then u; = —2% — Ai + (t + s)k; > 0 for an integer
i

s> 0.
We have proved that HY (M), =0 for n € Z" with n* € Cg, so HY (M) is I'-finitely graded. O

In the next result we relate the two integers attached to M studied in the paper, gdepth(M) and
I'-fg(M). The first part of the next result follows [12, Proposition 2.3], or [15, Lemma 2.2]. Since
these papers use extensively results on Z-graded modules we will adapt them in the almost-standard
multigraded case that we consider here.

Theorem 2.8. Let S be an almost-standard multigraded ring. Let M be a finitely generated Z'-graded S-
module, then it holds

I'-fg(M) = gdepth(M).
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Proof. First we prove the inequality I"-fg(M) < gdepth(M). If HiM(M) is I'-finitely graded then there
exists a cone Cp with vertex in some g € N', such that Hi\/t(M)n =0 for all n € Z" with n* € Cp.
We have to prove that S, C rad(Anns(HiM(M))). i.e. for all generators x = g']n’ g;"r of Sy,
mie{l,...,ui},i=1,...,r, we have to find a suitable a > 0 such that for all n € Z", x*H', , (M), = 0.
If n* e Cg then Hf/\/l(M)ﬂ =0, so for all a > 0 it holds xaHS\A(M),l =0.

We put a =2max{fi,..., Br}. Let us assume that n* ¢ Cgz. That means that, without loss of gener-
ality, that —8; <n; < B, i=1,...,u,and |n;| > B fori=u+1,...,r. If we decompose x = z1z with
zy=g" gy and z; =g, 1" -+ g, then

(n+deg(z§))" e Cp,
so Z{H', (M), = 0. Furthermore
X' HY (M), = 0.
Notice that a does not depend on n, so we have proved that S, C rad(Anns(Hﬂ\A (M))), and hence

I'-fg(M) < gdepth(M).

Now, we prove the other inequality, i.e. I'-fg(M) > gdepth(M). If S C rad(Anns(M)) then there
exists a € N such that for all x € S; 4, XM = 0. Since M is finitely generated, by Lemma 2.4 there
exists a cone Cg C N with vertex in some g € N, such that M, =0 for all n* € Cg. Then by Proposi-
tion 2.7, for all i H?\/l (M) is I'-finitely graded, so I'-fg(M) = +o00 > gdepth(M).

We can assume that S, ¢ rad(Anns(M)). Let Ass(M) = {p1,..., p:} be the set of the associated
prime ideals of M. Let us consider a minimal primary decomposition of 0 € M

0=N;N---NNsNNgy1 N--- NN,

where Ass(M/N;) = {p;}. We can assume that p1, ..., ps do not contain S, and ps41, ..., p; contain
S++.

Since the residue field of S is infinite there is an element z e S | such that z¢ p; U---U ps. We
will prove that (0 :p; z) is a I"-finitely graded S-module.

Since z¢ p1 U---Ups, then (0:y 2) C Ny N---N Ns. In fact, since N; is a p;j-primary submodule of
M and z ¢ p;, then (Nj :p z) = N;. On the other hand, for i=s+1,...,t there is an a € N such that
S% .M C N;. Being M finitely generated, by Corollary 2.5, there exists a cone Cg C N with vertex in
some B € N such that M, C (Nj), for all n* € Cg. B

By combining these two facts we get -

O:Mm2)p C(N1N---NNsNNsy1N---NNp)p =0
for n* e Cg. 50 (0:m 2) is I"-finitely graded. Therefore, HD\A((O :Mm 2)) is also I'-finitely graded for all
i > 0 by Proposition 2.7.

Since I'-fg((0:y z)) = 400, from the first part of the proof we get gdepth((0 :p z)) = +00. Let us
consider the exact sequence

0—->O0:m2) > M —

-0
0:m2)

Since I'-fg((0 :p z)) = gdepth((0 :p; z)) = +oo from the long exact sequence of local cohomology we
deduce I'-fg(M) = I'-fg(M/(0 :p; z)) and gdepth(M) = gdepth(M/(0 :p z)). On the other hand there
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exists b € N such that Zbe/\/l(M) =0 for all i < gdepth(M). Hence we may assume that M is an

S-module for which z € S, is a non-zero divisor and zH'M(M) =0 for all i < gdepth(M).
We will show by induction on c that if 0 < ¢ < gdepth(M) then ¢ < I'-fg(M). The case ¢ =0 is
trivial. Let us assume that ¢ > 0, and let us consider the degree zero exact sequence, r = deg(z),

.z M
0—> M(-r)>M—> — —0.
zM

From the long exact sequence of local cohomology we deduce that gdepth(M) — 1 < gdepth(M/zM),
o)

0 <c—1<gdepth(M) — 1 < gdepth(M/zM).

By induction on ¢ we get c — 1 < I'-fg(M/zM). In particular Hj\jlz(M/zM) is I'-finitely graded. Let us
consider the exact sequence on n, for n* € Cg,

0=HS 2 (M/zM)y — Hi' (M)n—r 5 Hi,' (M)n.

Since ij\jll (M) =0 we deduce that Hj\jll (M) is I'-finitely graded. Hence ¢ < I'-fg(M). O

The invariance of I'-fg under Veronese transforms is now an easy consequence of Theorem 2.8
and Corollary 1.4.

Corollary 2.9. Let S be an almost-standard multigraded ring such that Sg is the quotient of a regular ring. If
M is a finitely generated Z -graded S-module then for all a € N*", b € N" it holds

r-fg(M@Y) = r-fg(M).
Definition 2.10. Let M be a finitely generated Z"-graded S-module. We denote by
Su: N7 x N - N

the numerical function defined by 8y (a,b) = depth(M@D) g e N*', b ¢ N'. We write y(a) =
dm(a, 0).

Before studying the asymptotic depth of the Veronese of a module, we need a technical proposi-
tion. The following result does not work on the more general multigraded case, so the restriction to
the almost-standard case is necessary.

Proposition 2.11. Let Cg C N be a cone of vertex at f € N". For alln € N', b € Z" such that b; > p; if n; =0,
and a € N such that a; > (B; + bi)/yii, i=1,...,r, we have that

(6a(n) +b)" € Cp.
In particular, for all b > g and a € N" such that a; > (B; + b,-)/yf, i=1,...,r,wehave that foralln € Z"

(6a(n) +b)" € Cp.
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Proof. For n € Z" we have that ¢q(n) + b = (a1n1y1] +b1,...,amny] +by) and hence, (¢qg(n) +b)* =

(ainyyy +bal, ... larny! +bel).
We have to find conditions on ¢ € N*" and b € N" in order to assure that (¢4(n) + b)* € Cg for
all n € Z". So, we have to impose that for all i =1,...,r, there exist some A; € R>o such that

|a,~n,-yii +bi| =B + Aiyii. Since yii € N*, then it is only necessary to assure that |a,~n,-yii + bi| = Bi
foralli=1,...,r. ‘ ‘ ‘
If n; #0, since |ain;y; + bil > |ain;y;'| — |bil = [nila;y;{ — bi, then we have to impose that

[nilaiy! —bi > Bi
which is equivalent to
Bi +bi
ni| > —-
aiy;
Hence we must impose that
Bi +b;
aj = ;
Vi
i=1,...,r.If nj =0 then we have to impose b; = |bj| > B;,i=1,...,r.

The second part of the result follows from the first one. O

Now, we are ready to prove the theorem that assures constant depth for the (g, b)-Veronese in a
region of N" x N',

Theorem 2.12. Let S be an almost-standard multigraded ring such that Sq is the quotient of a regular ring. Let
M be a finitely generated Z-graded S-module and let s = vad(M®*®)). The numerical function 8y is asymp-

totically constant: there exists B € N' such that for all b > p and for all a € N" such that a; > (B; + bi)/y,." it
holds - -

dm(a,b)=s.
Proof. We put s = vad(M®*)), thus
r-fg(M) = gdepth(M) = gdepth(M@?) > s

by Theorem 2.8 and Corollary 1.4. Since I'-fg(M) > s there exists a cone Cg C N', g € N', such that
H'\ (M), =0 for all n € Z" with n* € Cg and i =0,...,5 — 1. B

By Lemma 2.11, for b > B and a € N such that a; > (8; +b;)/y{ foralli=1,...,r, we have that
(¢a(n) +b)* € Cp for all n € Z'. Hence, we get that for all n € Z',

i@ (M@Y), = (Hiy (M)P) = (Hiy (M) 0y 15 =0

because (¢q(n) +b)* € Cg. So, we have proved that

o (M@P) =0

fori=0,...,s — 1. Therefore,
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depth @ (M@?) > s,
and by the definition of s we get the claim. O
In the next result we generalize [4, Proposition 2.1], to general Z-graded modules.

Proposition 2.13. Let S be a Z-graded ring such that Sg is the quotient of a regular ring. Let M be a finitely
generated graded S-module. The numerical function 8y is asymptotically constant: there exist s(M) € N and
o € N such that for all a > « it holds

Spm(a) =s(M).

Proof. If s = s(M) = vad(M™) then

r-fg(M) = gdepth(M) = gdepth(M®) > s
by Theorem 2.8 and Corollary 14. Since I'-fg(M) > s there exists an integer 8 € N, such that

HS\A(M)H =0 for all n e N with |[n| > 8 and i =0, ...,s — 1. From the first part of Proposition 2.11 for
all a > aj = p/y; we have that

Hiva(M@), = (H D), = Hiyy (Myan =0
for all n # 0. On the other hand we have
Hive (M@)g = (Hiy (M) @)y = Hiyy (M)o = 0

fori=0,...,s— 1. So, we have proved that

M@ (M(a)) =0

fori=0,...,s— 1. Therefore,

depth @ (M(a)) =S,
and by the definition of s we get the claim. O

Corollary 2.14. (See [4, Proposition 2.1].) Let R be a Noetherian local ring quotient of a regular ring. Let I C R
be an ideal. Then the depth of R(I)@ is constant for a >> 0.

For the multigraded Rees algebra, the best approach to the solution of the problem is the following
proposition.

Proposition 2.15. If R is the quotient of a regular ring, there exist an integer s and g € N" such that for all
b>pganda> B +bitholds

depth o (17 - I2)R(I, ..., 1%)) =s.
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Proof. Note that, since the Rees algebra R (I, ..., I;) is standard multigraded,

b
R(1, .o D@D = (17 - YR, ... 1),
with a =(ay,...,a;) and b= (by, ..., br). Now, from Theorem 2.12 we get the claim. O

See [10] and its reference list for more results on the Cohen-Macaulay and Gorenstein property of
the multigraded Rees algebras.
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