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1. Introduction

The Robinson-Schensted correspondence is a well-known bijection

Sp < ]_[ SYT(A) x SYT(L) (11)
rEPy

where S, denotes the symmetric group, P, denotes the set of partitions of n, and SYT(A) denotes
the set of standard Young tableaux of shape A. The resulting subsets of S, indexed by P, are the
two-sided cells, as defined by Kazhdan and Lusztig [KL, Section 5]. These two-sided cells occur in
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many representation-theoretic contexts: one which is particularly relevant here is the classification of
unipotent character sheaves on GL, [L, Section 18].

Steinberg [St1,5t2] gave a geometric interpretation of the Robinson-Schensted correspondence, by
showing that both sides naturally parametrize the irreducible components of a certain variety Z. This
variety can be defined for any connected reductive complex algebraic group G:

Z={(gB.g'B,x) €G/B x G/Bx N | gBe(G/B)x gBe(G/B)},

where G/B is the flag variety, A is the nilpotent cone in Lie(G), and (G/B)y denotes the Springer
fibre {gB | x € Lie(gBg~")}. By considering the irreducible components of Z, Steinberg obtained in
[St1] a bijection

We «— ]_[ Ax\ (Irr((G/B)x) x Irr((G/B)x)) (1.2)
XeG\N

where W is the Weyl group of G, G\ N stands for a set of representatives of the orbits of G in A/,
Ay is the component group of the stabilizer of x in G, and Irr((G/B)y) is the set of irreducible com-
ponents of the Springer fibre. When G = GL;, the nilpotent orbits are parametrized by P, irreducible
components of (G/B)y are parametrized by standard Young tableaux, and Ay is trivial for all x; in this
case, Steinberg showed in [St2] that (1.2) becomes the Robinson-Schensted correspondence (1.1).

For general G, (1.2) lacks some of the crucial combinatorial features of (1.1). In particular, G \ \V is
not in bijection with the irreducible representations of W, nor is it in bijection with the Kazhdan-
Lusztig two-sided cells of W¢. The subsets of W¢ indexed by G\ N are known as geometric two-sided
cells. They were determined by McGovern [McG] in the classical types.

Now let V be a 2n-dimensional complex vector space with a fixed nondegenerate skew-symmetric
form, and write G = GL(V), K = Sp(V), g = Lie(G), ¢ = Lie(K). In [K1,K2] Kato has shown that the
representation of K on V @ g/ can be regarded as an ‘exotic’ version of the adjoint representation of
K on ¢, and has somewhat neater combinatorics than the adjoint representation. For example, if 91
denotes the exotic nilpotent cone (the Hilbert nullcone of V & g/¢), then K acts on 91 with connected
stabilizers and the orbits are in bijection with the irreducible representations of Wg. As shown in
[K2, Section 7], there is a bijection

Wi «— [ tre((K/Bk)x) x Irr((K/By)x) (13)
xeK\M

where (K/Bg)x denotes the exotic Springer fibre. This bijection plays no role in the present paper.

Kato’s results suggest that there should be an interesting theory of exotic character sheaves, which
would be K-equivariant simple perverse sheaves on V x G/K. The definition is easy to obtain by
modifying Ginzburg’s definition of character sheaves on G/K [Gi], bearing in mind the parallel theory
of mirabolic character sheaves for GL, due to Finkelberg, Ginzburg, and Travkin [FG1,FG2,FGT]. Here we
will restrict attention to the unipotent exotic character sheaves. These (or rather their pull-backs to
V x G) are the simple perverse constituents of the complexes p.q'(F X G), where the diagram

VxG/BXG/B<~——VxGxG/B——>VxG

is defined by q(v, g, g'B) = (v, gg'B, g’B), p(v, g, g'B) = (v, g), and F and G are K-equivariant sim-
ple perverse sheaves on V x G/B and G/B respectively. Here q is smooth, p is proper, and both p
and q are (K x K)-equivariant, where

e Kx K actson V x G by (k1,k2)(v,g) = (qu,klgkz’]).
e KxKactson V x G x G/B by (k1,k2)(v,g,gB) = (qu,klgkz’l,kzg’B),
e KxKactson V x G/B x G/B by (k1,k2)(v, gB, g'B) = (k1v,k1gB, k2g'B).



34 A. Henderson, PE. Trapa / Journal of Algebra 370 (2012) 32-45

In order to study or classify such unipotent exotic character sheaves along the lines of Grojnowski’s
study of unipotent character sheaves [Gr, Section 3], one would first need to find the cells for the
action of K x K on V x G/B x G/B. Note that this is the direct product of separate actions of K on
V x G/B and on G/B.

The cells for the action of K on G/B are a special case of those defined for any symmetric space
G/K by Lusztig and Vogan [LV], using the action of the Iwahori-Hecke algebra of W¢ on the graded
Grothendieck group of K-equivariant perverse sheaves on G/B. In our case, K acts on G/B with
connected stabilizers, the orbits are parametrized by the subset Ry, C Sy, consisting of those w such
that wwy is a fixed-point-free involution (where wy is the longest element of S,;), and the cells were
described combinatorially by Garfinkle [Ga]. In fact, she gave a Robinson-Schensted-style bijection

Rop «—> ]_[ SYT()) (1.4)

Ae’Psr?p

where Pg;p consists of those partitions of 2n which are duplex, meaning that all parts have even

multiplicity. The resulting subsets of Ry, indexed by P;;' P are exactly the cells, and the bijection (1.4)
has a geometric interpretation similar to Steinberg’s interpretation of (1.1): see [Trap, Theorem 5.6].

What remains is to analyse the situation when G/B is replaced by V x G/B. The corresponding
problem in the context of mirabolic character sheaves was addressed by Travkin [Trav], who studied
the action of GL, on C" x GL,/B; x GL,/B, (where B, denotes a Borel subgroup of GL,), and the
resulting mirabolic Robinson-Schensted correspondence. Our work was inspired by his.

In Section 2, we re-formulate the parametrization of K-orbits in V x G/B, due to Matsuki: they are
in bijection with a modification R/, of the set Ry, defined in Proposition 2.2. In Section 3, we follow
Steinberg’s geometric approach to construct a bijection which we call the exotic Robinson-Schensted
correspondence:

Ryy<— [ SYT(u+v). (1.5)
(U;v)€Qh,

where Q) is a set of bipartitions, defined in (3.7). The construction of this bijection involves both
Kato’s exotic nilpotent cone and the enhanced nilpotent cone of [AH]. In Section 4, we state some
conjectures relating this bijection to cells and exotic character sheaves.

2. K-orbitsin V x G/B

Fix a positive integer n. Let V be a 2n-dimensional complex vector space with a fixed nondegen-
erate skew-symmetric form (-,-). Write G = GL(V), K =Sp(V) as in the introduction. Let B be a Borel
subgroup of G. We will identify G/B with the variety of complete flags V., = (Vi)ogi<on in V. Given
a flag V,, we obtain another flag VZJ;F. = (Vﬁ_i) by taking perpendicular subspaces for the form
(-,-).

It is well known that the G-orbits in G/B x G/B are in bijection with the symmetric group S;,.
For w € Sop, the corresponding orbit OS, consists of pairs of flags (U,, V,) such that

dimU;n V= |{1,....i}nw{1,..., j}|, foralli, j. (2.1)

It is also well known [RS, Proposition 10.4.1] that the K-orbits in G/B are in bijection with the
subset

Run={weSm|w@n+1-i)=2n+1-w'(i)#1i, foralli}.
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For w € Ryy, the orbit Oy, consists of flags V, such that (V,, Van—.) € Ofv, or in other words

dimV;N Vg ;= |(1,.... i nw{l,.... j}

, foralli,j. (2.2)

Remark 2.1. If wg denotes the longest element of Sy, for the usual length function, defined by
wo(i) =2n+ 1 —1i, then w — wwq gives a bijection between Ry, and the set of fixed-point-free
involutions in Sy,. The latter set is also commonly used to parametrize the K-orbits in G/B, for
instance in [Trap, Proposition 6.1].

As was shown by Travkin [Trav, Lemma 2], the G-orbits in V x G/B x G/B are in bijection
with the set S, of pairs (w,«) where w € S, and « is a subset of {1,2,...,2n} such that
i<j, wl(i) <w™1(j) and j € o together imply i € . (Here we have set o = w(B) where (w, )
is Travkin's parameter.) For (w,«) € S’2n, the orbit (93,’“ consists of triples (v,U,, V,) such that
(U,, V,) € 05 and

velUi+V; < ac{l,...,i}uw(l,...,j}, foralli,j. (2.3)
The analogous statement in our context was proved by Matsuki:

Proposition 2.2. (See [Mat, Theorem 1.14(i)].) The K-orbits in V x G/B are in bijection with the subset R,
of S’Zn consisting of (w, ) for which w € Ryy,. For (W, @) € R’zn, the orbit Oy, o consists of pairs (v, V,) such
that (v, V.. V3,_,) € 0% .

Note that {0} x G/B is a K-stable subvariety of V x G/B, and is precisely the union of the orbits
Oy g for w € Ryp. So the K-orbits in G/B can be thought of as a special case of the K-orbits in
V x G/B.

Remark 2.3. Matsuki’s statement actually refers to the K-orbits in (V \ {0}) x G/B, or equivalently the
KV-orbits in G/B where KV is the stabilizer in K of a nonzero v € V. To translate from his parameter
Uay, Iixy, Lvys (€ijijer ) to ours, one should first allow the extra possibility I(x) = I(y) = ¢ (corre-
sponding to the v =0 case). Then define w € Ry, so that wwy acts on I(xy and Iy as the unique
order-preserving bijection between those sets and on I 4y as the involution whose permutation matrix
is (ci j), and set o = {i |3’ € I(x), i =i, w= (i) > w ().

Generalizing a well-known result for the K-action on G/B, we have:
Proposition 2.4. The stabilizer in K of any point of V x G/B is connected.

Proof. Matsuki gives a formula [Mat, Proposition 1.13(ii)] for the number of Fg-points of such a sta-
bilizer defined over a finite field Fq. His proof of this formula also shows the connectedness of such
a stabilizer over C. O

Matsuki also gives a formula for the number of orbits:

Proposition 2.5. (See [Mat, Theorem 1.14(ii)].) With notation as above,

n

, @2n)!
[Ronl =2 =i — GHZ

j=0
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A further problem is to describe the closure order on the K-orbits in V x G/B. In [Mag], Magyar

gave a combinatorial definition of a partial order < on S, such that for any (w, @), (y, B) € S5,

O55S0ha < (.8 <(w ). (24)
(In fact, Magyar used a slightly different parameter set, and effectively excluded the pairs (w, @)

since he considered G-orbits in P(V) x G/B x G/B.) It is natural to conjecture that for any
(w, @), (¥, B) € R,

OypSOwa = ¥,pH<(W,a). (2.5)
The = direction follows immediately from (2.4). We will not need (2.5) here.
Example 2.6. Let n = 2. The three elements of R4, written in one-line notation, are 1234, 2143,
and 3412. We will denote an element (w,a) € R}, by putting bars over the one-line notation for
w to indicate which elements belong to «. For example, 2143 denotes (2143, {1,2,3}), and the cor-
responding orbit is

_ 1_ 1
Oz1s5={(v. Vo) €V x G/B| V3 =V, Vi # V3, veVs\Vy},
with closure
O5is={(v.Va) eV x G/B|Vy =V,, veVs}

The Hasse diagram for the partial order < on R/ is shown in Table 1. It is easy to verify (2.5) in this
case. All the orbit closures here are smooth except for

O340, =1(v, Vo) eV x G/B| v e Vi nVs),
whose singular locus is
Oty3a=1{(v, Vo) eV x G/B| Vi = V3, ve Vi)
3. The conormal variety
Continue the notation of the previous section. Let g = Lie(G) = End(V), and let A/ be the nilpotent

cone in g. Let ¢ =Lie(K) ={y € g| y = —y'}, where y* denotes the adjoint of y for the symplectic
form, i.e. the endomorphism such that

(yvi,va) =(vi.yTva), forallvy,vaeV. (31)

Let S={y eg|y=y'} be the K-stable complementary subspace to  in g.
It is well known that the cotangent bundle T*(G/B) may be identified with the variety

{(Ve,x) € G/B x N | x(V) S Vi_q, 1<i<2n}.

The projection onto the first factor is the cotangent bundle projection, and the projection onto the
second factor is the moment map for the action of G on G/B, after we identify g* with g using the
trace form. Recall that the condition x(V;) € V;_q, for 1 <i < 2n, is equivalent to V, € (G/B)x.
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Table 1
Hasse diagram of R),.

3412
I\
2143 3412 3412
7
1234 2143 2143 3412 3412 3412
NS
1234 2143 3412 3412
S IX X
1234 2143 2143 3412
NIX ]
1234 2143
\
1234

We can identify V with V* via the map which sends u € V to the linear function (u,-) :
V — C. Hence the cotangent bundle T*(V x G/B) may be identified with the variety of quadru-
ples (v,u,V,,x) where v,u eV and V, € (G/B)x as above. For v,u € V, we define 7,, € g by
Ty,u (V') = (u, v/)v. This has rank 1 (unless v =0 or u =0, in which case 7, =0), and every en-
domorphism of V of rank 1 is of this form. Note that 'CV = —Tuyv-

For (w,a) e R}, let Yy o C T*(V x G/B) be the conormal bundle over the orbit Oy ¢, and let
Y= U(W'a)eRén Yw.o be the conormal variety. Since each Y, o is irreducible of dimension equal to

dim(V x G/B) = 2n% +n, the irreducible components of Y are the closures Yw.q. Our aim in this sec-
tion, following [St1] and [Trav], is to find a different parametrization of these irreducible components,
and thus construct a bijection between R/, and the other parameter set.

Proposition 3.1. With the above description of T*(V x G/B), we have

Y={(v,u,Ve,x) e T*(V x G/B) | X" —x =Ty u + Tuv}.

Proof. If we identify ¢* with ¢ using the trace form, then the natural linear map g* — ¢* becomes
the projection g — ¢:y %(y — y1). So the moment map for the action of K on V x G/B is the
map i : T*(V x G/B) — t defined by

(tv.u + Ty +x—x1). (32)

N =

1
PV, Ve, = = ((Tvu +) = (Tv +x)7%) =

Since Y = u~'(0), the result follows. O
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We let 7 : Y — Z denote the obvious projection where
Z={(v,u,x) eV x Vx N |x" —x=Ty 4+ Tuv}. (3.3)
Note that each fibre 7 ~1(v, u, x) can be identified with the Springer fibre (G/B)y.

Remark 3.2. If Yy denotes the conormal variety for the action of K on G/B, then the statement
analogous to Proposition 3.1 is that Yo = {(V,,x) € T*(G/B) | x € S}, and the analogue of 7 is the
projection g : Yo — N NS, which is the restriction to Yy of the moment map for the action of G
on G/B. We have no such moment-map interpretation of 7 or Z. Note that (v,u,x) € Z does not
imply x € S.

Here is a vital fact about the variety Z.

Proposition 3.3. If (v, u, x) € Z, then
(xiv,xjv)=<xiu,xfu> = (xiv,xfu> =0, foralli,j>0.

1

Proof. The assumption x~ —x =1y y + T,,v means that for all v, vy €V,

(v1,Xv2) — (xv1, v2) = (U, vi){v, v2) + (v, v1){u, va). (3.4)

Setting vi = x'v, v, =xJv in (3.4) gives
<xiv, xij) — (x”lv, xjv) =(u, xiv><v, va> + (v, xiv)<u, xjv). (3.5)

From this we can deduce by induction on max{i, j} that (xiv,xJv) =0 for all i, j > 0 (noting that the
i = j case is trivially true). The proof that (x'u, x/u) =0 is identical. Setting vi =x'v, v, =x/u in (3.4)
then gives

(X, ) — (x v, xlu) = —(x'v, u)(v, xu). (3.6)

If we assume that (xiv,u) =0 for all i >0, (3.6) allows us to deduce by induction on j that
(x'v,xju) = 0 as required; similarly if we assume that (v,x/u) =0 for all j > 0. So it suffices to
find a contradiction to the assumption that there is some ig such that (xov,u) # 0, and some jg
such that (v, xou) # 0. Since x is nilpotent, we can assume that ip and jo are maximal with these
properties. Then by downward induction on i, we can prove using (3.6) that (x'v, x/u) = 0 whenever
i > ip; similarly, we can prove this whenever j > jo. But then when we set i =ip and j = jp in (3.6),
the left-hand side is zero and the right-hand side is nonzero, giving the desired contradiction. O

Corollary 3.4. Suppose (v, u, x) € Z, and let C[x]v be the subspace of V spanned by {x'v | i > 0}. Then:

(1) x+ Ty stabilizes C[x]v, and acts on C[x]v and on V /C[x]v in the same way as x;
(2) x+ Ty ueNNS.

Proof. Proposition 3.3 shows that u € (C[x]v)<, so im(7y,y) € Clx]v € ker(zy,y), from which (1) fol-
lows. Therefore x + t, , acts nilpotently on C[x]v and on V /C[x]v, implying that x + 7, , € V. Since
X+ Tyy € S by definition of Z, (2) holds. O

Recall from [AH, Section 2] and [Trav, Section 2] that the G-orbits in the enhanced nilpotent cone
V x N are in bijection with the set Q,, of bipartitions (u; v) of 2n. To say that (u; v) is a bipartition
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of 2n is to say that u = (w1, u2, 43,...) and v = (vq, vy, v3,...) are partitions (weakly decreasing
sequences of nonnegative integers, eventually zero) such that |u| + |v| = 2n, where || =1 + u2 +
W3 +---. For (u; v) € Qay, the corresponding orbit O, C V x N consists of those pairs (v, x) such
that x has Jordan type p + v = (1 + vi1, U2 + V2,...) € Pop, and the endomorphism of V/C[x]v
induced by x has Jordan type (w2 4+ vi, 43 + V2, ...) € Pap_y, (which forces dim C[x]v = ).

Similarly, by [K1] and [AH, Section 6], the K-orbits in the exotic nilpotent cone M=V x (N NS)
are in bijection with the set Oy of bipartitions of n. The orbit O, C 91 is the intersection of 91 with
Opup:vuv, where U o denotes the duplex partition (i1, 1, (2, 12, .. .).

We define

Qu={(;v) € Qun | 1 —p2+ U3 —pra+---=vi— v+ V3 —vg+---]. 37

In terms of the diagrammatic representation of bipartitions used in [AH], this condition says that
the number of odd-length columns to the left of the wall is the same as the number of odd-length
columns to the right of the wall.

Proposition 3.5. If (v,u,x) € Z, then (v,x) € Oy, for some (u;v) € Q) . We then have (v,x + Ty 4) €
Opi.v where

/7«1 =M1,

V1 =1 — (U1 — H2),

H2 = (1 — p2 + p3) — (1 = v2),

V2= (1 —v2+v3) — (U1 — K2 + K3 — Ka),

3= (1 — p2 + 3 — pa+ @s) — (V1 — V2 + V3 — va),

V3= (V1 — V2 + V3 —Va+Vs5) — (U1 — A2 + k3 — L4 + s — [46),

Proof. Certainly we have (v,x) € Oy, for some (u;v) € Q. By Corollary 3.4(2), we know that
(v,x+ Tyy) € O for some (fI; V) € Q. This implies that as an element of V x N, (v,x+ Ty y)
belongs to the orbit Opyp;5uv. By Corollary 3.4(1), we must have
= pa,

1+ V1 =p2 + v,

2+ V1 = 3+ va,

Ho + 7V = s+ v,

3+ V2 = s +vg,

R3 + V3 = e + vs,

(3.8)

This obviously implies the formulas for fi;, V; given in the statement. Then from the fact that [i; =
V; = 0 for sufficiently large i we deduce that (u;v) € Q5. O

Note that if v =0, then =t = and v is the duplex partition V U V.
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Let ¥ : Q) — QOn:(u; V)~ (fi; V) be the map defined in Proposition 3.5. For fixed (ii; V) € Qp,
w=1(ji; D) is the subset of Q,, consisting of all (u; v) satisfying (3.8). In the notation of [AHJ, Sec-
tion 7], this set is Qp, .+ ko471 o +72. 34 7..)-

Recall from [AH, Definition 3.6] the partial order < on Q;, which corresponds to the closure
order on orbits in the enhanced nilpotent cone. Namely, (o; o) < («; v) if and only if the following
inequalities hold for all k > 0:

p1+o1+p+0a+- -+ pk+o <1 +vi+ a2+ + g+ v and
01+ 014+ Pk + Ok + Prg1 < U1+ V14 g+ Vi kg (3.9)
As observed in [AH], Proposition 7.2(2)], the restriction of this partial order to ¥ ~1(fi; V) is given by
(p;o)<(u;v) <= o;<y forali>1. (3.10)

Note that (fL U fi; D U7) belongs to ¥~1(ji; V), and is in general neither a minimal nor a maximal
element for this partial order.

Example 3.6. If n =2 and /i =V = (1), then ¥~1({i; V) consists of the three bipartitions (13;1),
(12;12%), (1; 21), on which the partial order is a total order.

For any (u; v) € Q5,, we define

Zuv={(v,u,x0)eZ|(v,x) €Oy} (3.11)

Thus Z is the disjoint union of the locally closed subvarieties Z,.,. It is not immediately clear that
every Z,., is nonempty; this will be shown in Corollary 3.11.
For any (i; V) € Qy, define

ZEV (v, u,0) € Z | (v, X+ Tv.u) € Opw). (3.12)

Then by Proposition 3.5 we have

ZmY — U Zyw. (3.13)

For any (u;v) € ¢~ 1(fi; D), we define

Z ) = U Zp:o (3.14)
(0;0)e¥ 1 (IL;D)
(p;0)<(13v)

which is clearly a closed subvariety of 7R,

Proposition 3.7. For any (fi; V) € Qn and (u; v) € ¥~ 1({i; V), the map
Ve Zg;(‘;w) - O (v, u, %) > (V, X+ Ty )

is a fibre bundle whose fibres are isomorphic to affine space of some dimension d ., (or else, for the moment,

there is the possibility that Zg;(l;v) is empty).
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Proof. Fix (v,y) € Op.5, and let W = C[y]v (whose dimension is fi; = pu1). If u € V is such that
(v,u,y —tyy) € Z, thenue wt by Proposition 3.3. Conversely, if u € W+, then im(ty,y) CW C
ker(ty,u), SO y — Ty y is nilpotent, implying that (v, u, y — 7y 4) € Z. Moreover, if this condition holds,
then

k
-tk =y - Zyk_jrv,uyj_l, for all k > 0. (3.15)
=1

Now the fibre ¥ ~1(v, y) can be identified with {u e WL | (v,y—1,4) € Op;v}. It follows immediately
from [AH], Proposition 7.2(3)] that for u € W+, the condition (v,y — 7,4) € Oy is equivalent to

(v — T () T (w)) =0, foralli> 1. (3.16)

Since the matrix coefficients of (y — r,,,u)" are affine-linear functions of the coefficients of u, these
equations define an affine-linear subspace of W+ (conceivably empty). As (v, y) ranges over the
K-orbit Oy, the fibres ¥~1(v, y) clearly fit together into a bundle as required. O

Corollary 3.8. Z,,., is an irreducible variety of dimension

2n2+dmv — 2V — 23 —2V3 — 2/4g — 4vg — 45 — 4vs — 4l — BV — - - -
(or else, for the moment, there is the possibility that Z,,.,, is empty).

Proof. Certainly the orbit Oy is irreducible. By [AHS, Theorem 2.20] and (3.8),

dim Oy = 2n* — 271 — 4, — 6V — 8fi3 — 1073 — - -

=2n* — 2([la + V1) — 2(flz + Vo) — 4(fl3 + V) — 4(i3 + V3) — -+

=2n% —2(u3 + v2) — 2(tta + v3) — 4(1s5 +v4) — (K6 + V5) — -+

=2n% — 2V — 23 — 203 — 24ug — 4vg — 4jis — 4Vs — Aplg — - - . (3.17)
by

<(usv)
Since Z,., is an open subvariety of Z

By Proposition 3.7, Z is an irreducible variety of dimension equal to this plus d,., (or is empty).
;v
<Gy’ the result follows. O

Now we return to the variety Y. Recall that for any x € N/, the Springer fibre (G/B)y is the variety
of flags V, € G/B such that x(V;) € V;_; for all i. To any such flag we can associate the sequence
of partitions which give the Jordan types of x|v,,x|v,,.... These can be regarded as a standard
tableau of shape A, where A € Py, is the Jordan type of x. In this way, (G/B)y is the disjoint union
of locally closed subvarieties (G/B)I where T runs over SYT(A). As shown by Spaltenstein [Sp] and

Steinberg [St1], each one of these subvarieties is irreducible of dimension

M 4+2x34+304+4h54+---, (3.18)

and their closures are exactly the irreducible components of (G/B)x.
Let 75, be the set of pairs ((u;v),T) where (u;v) € Q5 and T € SYT(u + v). For any
((n; v), T) € T5,, we define

Yi., ={(v,u, Ve, 0 €Y | (v,X) € O, Vo €(G/B)y}. (319)
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Thus Y is the disjoint union of the locally closed subvarieties Yﬁ,v (some of which, for the moment,

are conceivably empty).
The main result of this section is:

Theorem 3.9. Each Y;TL- , is nonempty and irreducible of dimension 2n? +n. Hence the irreducible components

of Y are the closures YLU as ((u; v), T) runs over T,.

Proof. It is clear that 7 : Y};;v — Zy.v is a fibre bundle whose fibres are isomorphic to (G/B)I where
x € N has Jordan type u + v. By Corollary 3.8 and (3.18), Y;;U is an irreducible variety of dimension

202 +dyy + o — V2 + (g — v+ e — Vg + - (3.20)

(or else, for the moment, there is the possibility that Y; is empty). Hence we can define a map

v

f T, — R, such that Y;;v C Yy, 1)- Since Y = YZ;V, f must be surjective. If we can show
that |75,| = R}, |, then it will follow that f is bijective, implying that Y[L;\) is dense in Y f((uv,1) for

all ((u; v), T) € T;,, which gives the result. By Proposition 2.5, we are reduced to showing that

n

. 2n)!
| Ton| = 2 T (321)
]=

This follows by taking dimensions of both sides in Proposition 3.10 below, and using the well-known
fact that dimV, = |SYT(A)|. O

For A € Py, let V, denote the irreducible complex representation of Sy, labelled by A (with the
usual convention that Vp) is the trivial representation and V 2, the sign representation).

Proposition 3.10. We have an isomorphism of representations of Sop,

n

~ 5211
P Vi =@de(cn,j)xijsj(C‘3)’
(wiv)€Qy, Jj=0

where W (Cy,_;) is the subgroup of Sy, centralizing some fixed-point-free involution, § is the linear char-
acter of W (Cy— ;) obtained by restricting the sign character of Syn_j, and Cj is a 1-dimensional vector space
on which W (C,_;) acts via § and S x S acts trivially.

Proof. It is well known that

San—2j ~
Indvj(ciij)((c(g): QB Ve, (3.22)
0673;:521.

where P;#Ez i denotes the set of duplex partitions of 2n — 2j, i.e. those in which every part has even
multiplicity. Using the Pieri rule, it follows that the multiplicity of V; in Ind%rzcn_j)xijsj (Cs) is the
number of ways to successively remove two horizontal strips of size j from the diagram of A so that
what remains has only even-length columns.

Any bipartition (u;v) € Q) such that u + v = A determines such a pair of horizontal strips,
as follows. The columns of the diagram of A are the union of the columns of y and the columns
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of v - for definiteness, say that among columns of the same length, those belonging to © come
after those belonging to v. The first horizontal strip consists of one box from each column of w. The
second horizontal strip consists of one box from each odd-length column of v and one box from
each (originally) even-length column of . By the assumptions on (u; v), both strips have size wq. It
is easy to check that every choice of two horizontal strips as above arises in this way for a unique
(u; v), and the result follows. O

As a consequence of Theorem 3.9, we have:

Corollary 3.11. For every (i1; v) € @), Zy,., is indeed nonempty, and the quantity d,,., in Proposition 3.7
and Corollary 3.8 equals |v|.

Proof. Since each YT;
(3.20), we find that

, is nonempty, Z,., = n(YZ;v) is nonempty. Comparing Theorem 3.9 with

dyy=n—po+Vvy — g +v4— g +ve—---. (3.23)

Now since (u; v) € Q’Zn, we have

H1+v2+pus+va+pus+ve+---=vi+U2+vi+us+vs+pug+---=n, (3.24)
and it follows that d;,., =vi+v2+v3+---=[v]. O
More importantly, we now have our exotic Robinson-Schensted correspondence:

Corollary 3.12. There is a bijection
Ron <= Ty
such that (w, o) € R, corresponds to ((j4; v), T) € 75, ifand only if Yy, o = Y;;v.
Proof. This is the bijection f mentioned in the proof of Theorem 3.9. O
An equivalent way to characterize this correspondence is: (w, &) € R’ corresponds to ((u; v), T) €
7;;1 if and only if, for generic (v,u, V,,x) € Yy o, we have (v,x) € Oy, and V, € (G/B),{.
We do not know a combinatorial description of this correspondence. The method used by Travkin

[Trav, Section 3.4] to relate his mirabolic Robinson-Schensted correspondence to the ordinary one
does not appear to work in our setting.

Example 3.13. Let n =2 as in Example 2.6. We have

Q,={(2:2), @1; 1), (1: 21), (2%:9). (1%: 1%), (#: 2%). (1°: 1), (1: 1), (1%: 0). (2. 1%) }.

Easy calculations show that the exotic Robinson-Schensted correspondence in this case is as shown in
Table 2. For any A € P4, it happens that a standard tableau T € SYT()) is determined by its descent set
Des(T), consisting of those i € {1, 2, 3} such that i + 1 is in a lower row than i; for ease of reference
in connection with Conjecture 4.1, we have listed Des(T) rather than T itself.
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Table 2

Exotic Robinson-Schensted correspondence for n = 2.
(w,a) (u;v) Des(T) (w,a)  (u;v) Des(T)
1234 (@ 2%) 2} 3412 @; 1% {1,2,3)
1234 (1;21) 2} 3412 1;13) 2,3}
1234 (2:2) ? 3412 131 (1,2}
1234 211 2 3412 12,12 {2}
1234 2%: ) 2 3412 1;13) (1,3}
2143 (@; 22) {1,3) 3412 131 (1,3}
2143 (1;21) (3} 3412 (1;1%) (1,2}
2143 (1;21) (1) 3412 131 2.3}
2143 1%;1%) (1,3} 3412 1%, %) {1,2,3)

2143 21;1) {1}
2143 21;1) (3}
2143 2%, 0) {1,3}

4. Conjectures

Continue the notation of the previous sections. Let Pk (V x G/B) be the category of K-equivariant
perverse sheaves on V x G/B, and define

M (V x G/B) = Ko(Px(V x G/B)) ®z Z[v,v™'].

By Proposition 2.4, this is a free Z[v, v_1]-module with basis {Cw,a | (W,a) € R, } where Cy ¢ is
the image in Ko(Pg(V x G/B)) of the intersection cohomology complex of Cm (shifted so as to be
perverse). Define M¢(G/B x G/B) similarly.

There is a well-known convolution product on Mg(G/B x G/B) which makes it isomorphic to
the Iwahori-Hecke algebra H;, of Sy;. A similar convolution construction makes Mg (V x G/B) into
an Hpp-module. This is a direct generalization of the Hj,-module Mg (G/B) defined by Lusztig and
Vogan [LV] (indeed, M (G/B) occurs in My (V x G/B) as the Z[v, v_']-submodule spanned by Cy, g
for w € Ry,). By analogy with [LV] and [Trav], we are led to the following conjecture. A reference for
the W-graph terminology used here is [GPf, Chapter 11].

Conjecture 4.1.

(1) The basis {Cw «} of the Hop-module Mg (V x G/B) is a W -graph basis.

(2) If (w, @) corresponds to ((u; v), T) under the exotic Robinson-Schensted correspondence, the label of
Cw,« in the W-graph is the descent set Des(T).

(3) If (w, &) corresponds to ((i; v), T) and (y, B) corresponds to ((p; o), U), then (w, &) 3= (y, B) in the
W -graph preorder if and only if (i; v) > (p; o) and (v; ) = (o; p). In particular, (w, &) and (y, B) lie
in the same cell if and only if (it; v) = (p; o). Hence the cells are indexed by Q) .

(4) For (w; v) € Q,, the corresponding cell module is the irreducible H,-module labelled by the partition
/4 + v. Hence the representation of S, on Mg (V x G/B)|y=1 is isomorphic to those mentioned in Propo-
sition 3.10.

It is straightforward to verify Conjecture 4.1 in the cases n=1 and n=2.

Remark 4.2. It is known [Trap] that the cells for the (GL, x GL;)-action on G/B are indexed by the
sign tableaux of signature (n,n). There is a simple bijection between these sign tableaux and Q) :
transpose rows to columns, and assign columns beginning with + to the u side of the bipartition,
and those beginning with — to the v side. We do not know any deeper connection between the two
types of cells.
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We return now to the setting of the introduction, and the proposed classification of unipotent
exotic character sheaves. Imitating the arguments of [Gr, Theorem 3.4], one can assign to each unipo-
tent exotic character sheaf a pair (cq,c2) where cq is a cell for the action of K on V x G/B and
¢y is a cell for the action of K on G/B, with the property that the two-sided cell in Sy, asso-
ciated to cq is the same as that for cy. If Conjecture 4.1 holds, then such pairs (cq,cy) are in

bijection with pairs ((u;v),A) € @5, X P;,;lp with the property that w + v = A, or in other words

with (u;v) € Qzn such that p + v is duplex. These in turn are in bijection with Q, via the map
On— Qop: (U;V) = (LU ; vU WD), and of course Qp parametrizes the irreducible representations
of Wx = W(Cy) as in [GPf, Section 5.5]. Hence we would have a map from the set of isomorphism
classes of unipotent exotic character sheaves to the set of isomorphism classes of irreducible repre-
sentations of W. It seems plausible that this map is a bijection, as with ordinary character sheaves
for GL, (but in contrast to the situation of ordinary character sheaves for K). If true, this would be
another respect in which the exotic picture has neater combinatorics than the usual picture for the
symplectic group.
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